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Abstract

Understanding and identifying the features of a deep network (DN) is a focal
point of interpretability research. A common characterisation of the features of a
DN is that of directions in their latent spaces, known as the linear representation
hypothesis (LRH). However, there are increasingly apparent limitations of the
LRH and calls for strategies for understanding the functional behaviours of a
DN’s features. In this work, we explore the connection between a DN’s functional
geometry and its features. We demonstrate how a vector-summarisation of a DN’s
Jacobians — called centroids — possesses a semantically coherent affine structure
that arises from the linear separability of latent activations. Thus, we introduce
centroid affinity as a complementary perspective to the LRH that is grounded
in the functional properties of the DN. Importantly, we can continue to utilise
LRH-leveraging tools, such as sparse autoencoders, to study the features of a DN
through centroid affinity; with centroid affinity also facilitating the introduction
of novel measures for exploring the features and circuits of DNs. Indeed, we
demonstrate how centroid affinity can effectively and robustly interpret the features
of the DINOv2 and GPT2 models. The corresponding code for this work can be
found here.
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Figure 1: Centroid affinity identifies the meaningful features of a DN. Here we visualise the centroids
of a DN trained to classify the interior of a star-shaped polygon in the two-dimensional plane (see
Appendix [A). More specifically, we sample points in the input space, centre plot, and visualise
their corresponding centroids, right plot. Centroids are computed using Proposition 23] The
corresponding functional geometry of the DN is visualised in the left plot (using SplineCam [[1]]).
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1 Introduction

What are the features of a deep network (DN)? Fundamentally, DNs systematically intertwine linear
and nonlinear operations in a layer-wise fashion to induce expressive function approximators [2].
Thus, features should refer to the regions of the input space that have a determined influence on the
functional behaviour of the DN. With this, the practical question becomes how do we identify the
features of a DN?

In this paper, we propose an approach for identifying features using the functional geometry of a
DN. Using the spline theory of deep learning [3]], we demonstrate that a parametrisation of a DN’s
functional geometry represents meaningful features as affine structures, a notion we formalise as
centroid affinity. Since this parametrisation is accessible through Jacobian vector products, it follows
that centroid affinity offers an appealing approach for identifying the features of a DN.

To arrive at this, we first utilise prior works to introduce the notion of a feature and circuit of a DN,
which we then explore through the perspective of a DN’s nonlinearities. Using the spline theory of
deep learning, we contextualise this within the power diagram parametrisation of a DN’s functional
geometry [4]. Allowing us to introduce centroid affinity as a complementary perspective to the
prevailing linear representation hypothesis (LRH) [5}6]], which posits that features are represented as
linear structures in the latent spaces of a DN.

Evidence for the LRH was first teased out using text semantics in word-embedding models [7],
before being supported in transformers [[8]. The utility of this perspective is that it is simple
and intuitive; which facilitated the development of a variety of computationally efficient tools to
perform feature extraction [9-13]] and understand the behaviours of DNs [[14H519]. Furthermore, it is
amenable to theoretical characterisation, allowing for the systematic study of DN features [6, 120, 21].
However, there is a growing consensus that the LRH is limited in its capacity to provide a meaningful
understanding of the DN’s function [22] that is consistent [23]. Fundamentally, it is agnostic to the
input-output mapping [17} 24} 25] and is not easily contextualised within the DN’s input space [24].
Thus, it is difficult to interpret the dictionaries of the so-called features extracted by these methods,
which are often on the order of millions [26].

Thus, secondly, we demonstrate that centroid affinity overcomes these limitations of the LRH to
facilitate a function-aware study into the features of a DN. In particular, by considering a simple
example, we demonstrate explicitly how centroid affinity ignores functionally meaningless features
of a DN that are instead identified under the LRH.

Although more functionally aware approaches for identifying the features of a DN are being proposed
[27,128], often only an approximation of their theoretical construction can be implemented in practice
[29,130]. Despite this, these approaches have offered a range of intuitive and interpretable insights
(31, 132].

So thirdly, we highlight how centroid affinity can efficiently explore the features of the DINOv2
[33] and GPT2 [34] models in a similarly insightful way. For the DINOv2 model, by training sparse
autoencoders on centroids, we identify sparser, more meaningful, and more functionally relevant
features compared to the features of sparse autoencoders trained on latent activations. On GPT2, we
utilise novel centroid-based metrics to corroborate prior circuit analysis work [35]].

2 Background

Features and Circuits. As articulated in Section [T} the features of a DN should relate the input
space to the functional mapping.

Definition 2.1. A feature of a DN is a region of the input space that predictably influences the
functional behaviour of the DN.

Influencing the functional behaviour of the DN could refer to anything from inducing a particular
activation pattern in its nonlinearities, influencing the output logits in a consistent manner, or
triggering an attention head, for example. We formalise the precise functional influence of a feature
with circuits.

Definition 2.2. A circuit of a DN constitutes a sub-component of the DN’s computational graph that
is influenced by a feature.
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In Appendix B} we explain how this formalisation of features and circuits is analogous to prior work.

Deep Networks and their Approximations. An L layer DN f : R? — R4™ | with the convention

that d© = d, is a composition of L functions f® : R¥™" — R?" which usually constitute
some sort of affine transformation followed by a nonlinearity. Using the spline approximation theory
[36L [37], DNs can be approximated to arbitrary precision or even characterised exactly [3]] using
continuous piecewise affine splines. More specifically, one can write f(x) ~ A x+b

) (r) . . )
where A, € R?™ x4 and by, € R?" are affine parameters specific to the linear region

Wy(x) © R? encompassing x. Here v(x) identifies the equivalence class of x under the collection of
all equivalence classes V constructed by ~ where x; ~ X5 if and only if x; and x5 are in the same
linear region. In particular, one can construct these approximations for each function ) to obtain

fx)~ A%, ( (Afjg) x+ b, )) +b")

v (x) v(x) “u () “u ()

Wy (x) Wy (x)?

©

v(x)
£— .. . . . . .

RA“™ Similarly, one can compute continuous piecewise affine approximations for sub-components

of the DN, say f“lez?) SRV LRI for 1 < ¥t < 3 < L, for which we adopt a similar

notation. When the DN employs continuous piecewise nonlinearities (e.g. ReLU), these spline

approximations are exact [3l].

where w - R2“™" denotes the linear region for the mapping f(*) encompassing f( ¢~V (x) €

Henceforth, when we speak in terms of DN sub-components, we do so with the understanding that
this covers everything from a single layer to the entire DN.

Functional Geometry. The functional geometry of a DN sub-component refers to the arrangement
of the linear regions of its continuous piecewise affine approximation. Namely, the functional

geometry of the DN sub-component f(“1¢2) is the disjoint union of {w,(,flem} , which is a
veV

partition of R4 into convex polytopes [4]. The particular arrangement of the linear regions

characterises surprisingly many properties of the sub-component [38-40].

On the one hand, the linear regions can be thought of as being bounded by the level-sets of the
nonlinearities of the DN sub-component. Each nonlinearity has a level—seﬂ which is a hyperplane
in its input space. As the hyperplane is projected back to the input space of the sub-component, it
bends at the point of intersection with the level-sets of the preceding nonlinearities (see Figure 7). It
is the intersection of these planes that forms the regions which constitute the DN sub-component’s
functional geometry [[1]]. In particular, through this process one can contextualise the functional

geometry of a component f(“1<-¢2) into the input space of the DN, R,
On the other hand, it was shown in Balestriero et al. [4] that the functional geometry of f (bret2)
can be parametrised by a power diagram subdivision using a collection of centroid-radius pairs

{ (H'(J&eég)’ T'Sh efg)) } c Rd(elﬂ) « R, such that
vey
‘2 — ﬂ(}{u—b)) }
2

Proposition 2.3 (Balestriero et al. 4). Let Jy (f\“1%)) denote the Jacobian of f\“**) at
FOOD ). Then, pp 5 = (3 (1)) "1

v(x)

(t1-1) . 014
w'(jeu—fz) = {x e R? 1 v = arg min (Hx — /~L,(,/1<_ 2)
v’'ey

From Proposition [2.3|it follows that the functional geometry can be parametrised with a vector that is
computationally accessible through a Jacobian vector product.

'Tt should be understood that in this context, v/(x) identifies the equivalence class on the linear regions in
(e—1)
R,

2By level-set, we refer to the points in space — whether that be in the input space of the DN or the input space
of the nonlinearity — that activate the nonlinearity at its knots. For example, for the ReLU nonlinearity, the level
set would refer to the points that are zero when fed into the nonlinearity.
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3 Centroid Affinity Identifies Features

When the spline approximation is exact, say in the context of continuous piecewise affine DNs, clearly
linear regions satisfy Definition [2.1] Indeed, the inputs within a linear region, by construction, induce
the same activation pattern within the DN (see Figure[7). However, since DNs contain exponentially
many linear regions [41]], for purposes of interpretability, we need to refine the scope of Definition
[2.1)to meaningful features.

Meaningful Features as Aligned Linear Regions. Humayun et al. [42] characterised the grokking
phenomenon in DNs [43] — the observation that test accuracy can take substantially longer to
saturate compared to the train accuracy — as the migration of linear regions from the training data
to the decision boundary; which was compared with the phenomenon of circuit clean-up [44] — the
observation that redundant circuits are discarded as the DN generalises. Since Humayun et al. [42]
demonstrated that the region migration phenomenon — alignment of linear regions along a boundary
in the input space — is a universal phenomenon of DN training dynamics and has a link to grokking,
we will use this as an indicator of the meaningful features of a DN.

Definition 3.1 (Informal). A feature of a DN is a collection of aligned linear regions in the input
space. (Formalised in Appendix [C).

We will now further support and articulate Definition with a simple example Consider a fully
connected ReLLU network — with three hidden layers — of the form f : R? — R, trained to perform
the binary classification of a polygon in a two-dimensional plane (see Appendix [A). More specifically,
points within the polygon have label zero and points outside the polygon have label one. In this
instance, we would expect a feature of the DN to be the polygon.

Let us consider the last component of the DN, namely g(z) = WU(Z)EI and focus on the k™
nonlinearity. Suppose eey, perturbs the input point z such that the nonlinearity becomes activeE] Then
g (z + eey) = g(z) + ([z],, + €)Wey,. That is, such a perturbation is going to influence the confidence
of the predicted class. Importantly, this contribution will not be present when the nonlinearity is
inactive. Thus, regardless of the nature of this contribution, the DN is incentivised to place the
level-set of the nonlinearity in a region where the output should change from one class to another.
Therefore, the level-set of the nonlinearities should align themselves along the boundary of the
polygon, which subsequently supports the characterisations of features as per Definition

Connection to the LRH. The level-set of a nonlinearity is a hyperplane in its input space, meaning
it can only identify boundaries in the input space of the DN when they are linearly identifiable in its
input space. For example, the k™ nonlinearity of f can only utilise the polygon as a feature when the
points inside and outside the polygon are linearly separable in the input space of the last layer of the
DN. Indeed, in Figure [2| we see that the entire shape of the polygon is captured in the third layer, with
the corresponding activations of the interior and exterior of the polygon being linearly separable.

By generalising these arguments, we have that the features of the £ layer of a DN are the regions
of the input space whose boundary is linearly identifiable within the input space of the /" layer and
populated with the level-sets of the nonlinearities of the /" layer.

This highlights a subtle, although complementary, difference from the LRH. The LRH posits that
the latent activations of features form affine structures, which is a stronger condition than being
linearly identifiable. Furthermore, the way the LRH is utilised and interpreted implies that any set
of activations that form affine structures corresponds to features of the DN [45]. However, from
the perspective of hyperplanes, even if a collection of latent activations forms a linearly identifiable
boundary, we also require that the nonlinearities align themselves along this boundary to form a
feature. For if no nonlinearities align themselves along this boundary, then moving along these affine
structures would not induce a distinct difference in the functional behaviour of the DN, and thus not a
feature as per Definition

3This simple example can also be followed in the repository, https: //anonymous . 4open.science/r/
centroid_affinity-E80C

“*For simplicity, we have removed the bias term, although in practice this bias term is present.

>Since we are using the ReLU nonlinearity, active refers to the state of the activation being positive.
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Figure 2: A DN migrates the level-sets of its nonlinearities to meaningful regions of the input space,
with earlier layers capturing coarser features which propagate back from the deeper layers. The
corresponding centroids form affine subspaces with the latent activations being linearly separable.
Here we train a fully connected ReLU DN with three hidden layers on the polygon classification task
of Figure[7| The DN has a width of 64 at each hidden layer. We visualise the functional geometry
of the first hidden layer component, the second hidden layer component, and the third hidden layer
component with the far left, left and centre plots, respectively. In the right and far right plots, we
project the latent activations and centroids in the input space of the third hidden layer onto their first
two principal components, respectively. Orange points correspond to input samples from outside of
the polygon, and blue points correspond to input samples from inside the polygon.

Therefore, linearity in latent activations is a sufficient representation of features of a DN, but it is not
a necessary representation, as seen in Figure [2] where the activations of the interior of the polygon do
not correspond to a direction in the latent space. Consequently, our framework provides a strategy for
mitigating the identification of spurious features of a DN. For example, in Figure 2| we see that the
activations of the external points of the polygon cluster into three directions; however, these will not
correspond to different functional behaviours in the last hidden layer of the DN since its nonlinearities
do not meaningfully partition the external regions of the polygon. Interestingly, the centroids align
along two distinct linear directions. We will now formalise this observation.

Centroid Affinity Identifies Meaningful Features. Above we supported Definition by consid-
ering the hyperplanes of the nonlinearities forming the regions. Fortunately, for practical purposes,
we can reformulate this within the power diagram perspective of the functional geometry.

Proposition 3.2 (Informal). The features of the ™ layer of a DN are the collections of regions in its

. (-1 . . . (-1 )
input space, R¢ , whose corresponding centroids form an affine subspace in R% . (Formalised
and Proved in Appendix|C).

To contextualise the features of the /" layer in a larger sub-component, it suffices to propagate the
regions back into the input space of the sub-component. As mentioned previously, this is done
by iteratively taking the intersection with the regions of the previous layers of the sub-component,
resulting in the refinement of the regions. For the corresponding centroids, it follows from Proposition
[2.3]that we perform a linear projection based on the activation pattern of the points in the region at
the previous layers of the sub-component, which refines the original centroids into multiple centroids.
Importantly, this refinement maintains the affine structure of the original centroids, although now a
single feature at the /" layer may partition into multiple refined features in the input space of the
sub-component. Thus, feature analyses of larger sub-components will often identify more granular
features than feature analyses on smaller components. We formalise this reasoning with Theorem [3.3]

Theorem 3.3 (Informal). The features of a DN sub-component are the collections of regions in its
input space whose centroids form affine subspaces. (Formalised in Appendix|C).

To make this concrete, recall Figure [2) where the nonlinearities aligning along the boundary of the
polygon identify the polygon as a feature of the last layer. Similarly, the second hidden layer identifies
the three sides of the polygon as features, as the nonlinearities align along these boundaries (evidenced
by the extending hyperplanes emanating from each of the three tips of the polygon). Consequently,
with the far right plot of Figure|2] we support Proposition since the centroids of the interior and
exterior of the polygon form affine subspaces in the input space of the last layer. Whereas with Figure
we support Theorem [3.3]since the centroids of the linear regions bounding the edges of the polygon
form affine subspaces segmented according to which edge they identify; vividly demonstrating the
hierarchical feature extraction capabilities arising due to their compositional nature of DNs. In
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particular, it becomes apparent from analysing the centroids that the features of the first hidden layer
ought to be further dividing the three sectors of the polygon identified in the second hidden layer into
the individual edges of the polygon — note this observation is challenging to make by just analysing
the nonlinearities in Figure[2]

In light of this and Theorem [3.3] we characterise this formalisation of the features of a DN as centroid
affinity. In Section[d] we will explore how centroid affinity can be used to identify the features of a
DN.

Centroid Stability Identifies Circuits. To identify the circuits of a DN, one needs to quantify
the relationship between components of a DN and features, which is usually done through attri-
bution methods [46H48]]. Based on our analyses, we propose to use the sensitivity of centroids to
manipulations in the components of a DN as an attribution method.

Formally, let f be a DN and f(“*) be the same DN but with the i neuron of the /" manipulated.
Then we can quantify the attribution of neuron i to the features of a collection of samples A as

g Pl

f(l 20)

\2

) ey

where ;i and p'"" are the centroids of f and £(9) at x respectively. By taking AV to be B, (x) =
{x' € R%: ||x — x|, < €}, we can quantify the attribution of a neuron to the local features of a
sample point x

4 Re-evaluating Interpretability Tools

Based on centroid affinity, we ought

to re-evaluate the application of inter- \
pretability tools. Here we consider =
the utilisation of sparse autoencoders /
[12, 13] and transcoders [49] for fea- p

ture and circuit extraction, and the
analysis of point clouds.

Our development of Theorem con-  Activation Features  Centroid Features Transcoder
sidered a DN utilising piecewise affine S )
nonlinearities. However, in practice, Figure 3: Sparse autoencoders identify the meaningful affine

one often utilises smooth nonlineari- Structures present in DN centroids, and are susceptible to
ties (e.g. GELU [50]). Furthermore, identifying linear structures in latent activations that have no
for practical reasons, we found it to be  functional relevance to the DN. Transcoders are limited in
useful to soften continuous piecewise their capacity to reconstruct the features of a DN. In the left
affine nonlinearities to smooth non- and centre plots, we train a sparse autoencoder to reconstruct
linearities when studying centroids. the latent activations and softened centroids of the input
Henceforth, when performing cen- sample'from Figure [9] at the last h1dden layer of the DN,
troid analyses, we will be computing respectively. In the right plot, we train a transcoder with
centroids of the softened DN, for ex- tWice as many features as neurons in the hidden layers of the
ample, the one where ReLUs are re- DN of Section B]to reconstruct the input-output mapping of
placed with GELUs. We justify this Fhis.DN..The _functional geometry of the DN sub-component
in Appendix [E} is visualised in the left plot of Figure T}

4.1 Sparse Autoencoders

Sparse autoencoders are a method for extracting an over-complete basis for a set of vectors [[12} [13]],
with the aim of identifying meaningful directions. A sparse autoencoder has an architecture of
. feat ac feat act feal
the form ¢(z) = Wieeo (WeneZ + benc), With Wepe € RE X4 b e R, W, € RI ™,
where d*! is the dimension of the set of vectors and d'* is the size of the over-complete basis which

(4,6)

Bo () unless stated otherwise.

6Henceforth we will use s to denote s
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is to be constructed. In the context of a DN, a sparse autoencoder is trained to reconstruct its latent
activations with an added sparsity regularisation term. The idea is that the rows of Wy, would then
constitute a dictionary of features, with the term o (W2 + benc) giving the decomposition of the
activation z in terms of these features.

Under centroid affinity, it is not necessarily the case that the latent activations of features correspond
to linear directions. This means that sparse autoencoders may not extract every feature, and may
extract spurious features instead. For example, in Figure[3] the sparse autoencoder trained on latent
activations identifies directions that are not functionally relevant (see Figure 2). Another problem
with this approach is the neglect of any functional information.

These problems can be mitigated by applying sparse autoencoders to reconstruct centroids rather than
latent activations. In Figure[3] we see that sparse autoencoders trained on centroids only recover the
affine structures of the centroids that correspond to the features of the DN.

4.2 Transcoders

Transcoders have a similar architecture to sparse autoencoders, except they are trained to reconstruct
the input-output mapping of a DN sub-component rather than its activations [49]. Although this
approach is more faithful to the function of the DN sub-component, it is inherently limited since the
transcoder only has one hidden layer and so its functional geometry is not very expressive. In Figure
[l we see that the transcoder’s functional geometry is not faithful to that of the DN sub-component,
meaning it has not captured its underlying features.

Transcoders were primarily constructed to overcome the apparent poly-semanticity of neurons in the
multi-layer perceptron components of transformers [S1], and facilitate circuit discovery. For this,
we can instead use (IJ) to effectively attribute the influence of a neuron to features, which directly
accounts for this poly-semanticity since centroids are necessarily influenced by the behaviour of
multiple neurons.

In our experiments, we consider the sensitivity of centroids to neuron pruning as a method for
quantifying the influence between neurons and features. In Figure[d] we see that the neurons of the
third hidden layer of the DN of Section [3|have a more encompassing effect on the entire boundary of
the polygon, whereas, the neurons of the second layer are more directly linked to the external sectors
of the polygon — as expected from our prior analyses.

¥

>, T8 ’é}}

52 503 Centroid Affinity 2" Layer t-SNE 3" Layer t-SNE

Figure 4: Here we study the centroids of the softened DN of Section In the far left and left plot,
we visualise the influence of neurons from the second and third hidden layer on the centroids of
points sampled in the input space. In the centre plot, we took individual points in the input space,
obtained a 128 sized sample of points within a 0.4 radius of this point, and computed the effective
dimension of the corresponding centroids. In the right and far right plot, we took the input sample
of Figure[0]and embedded — using t-SNE - their corresponding centroids obtained at the second and
third hidden layer. Points within the polygon are coloured grey, whilst the other points are coloured
depending on what sector of the input space they came from.

4.3 Point-Cloud Analysis

Another standard practice in interpretability is studying point clouds of latent activations or feature
directions using embedding methods [52], topological descriptors [53] or linear probes [8} [10].
Although centroid affinity only posits centroids having an affine structure, from our simple example,
we have seen that this structure is coherent. Namely, in Figure[T] the centroids possess an angular
structure that is relevant to their structure in the input space.
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Figure 5: For the left and centre plots, we train sparse autoencoders on the latent activations and
centroids extracted from all the tokens of the DINOv2 feature extractor. More specifically, we train a
TopK sparse autoencoder on the extracted vectors from the Imagenette train dataset with an expansion
factor of 10 and sparsity values in the range {8, 16, 32, 64}. In the left plot, we measure the accuracy
of the corresponding linear probe, and in the centre plot, we measure the firing distribution of
the 32-K sparse autoencoder. In the right plot, we train a 32-K TopK sparse autoencoder with an
expansion factor of 4 just on latent activations and centroids extracted from the class token of the
DINOV?2 feature extractor. We then record the activation similarity ratios for an input sample.

On the one hand, we can consider directly measuring the distribution of centroid affinity, using a
notion of effective dimension to identify feature boundaries. In Figure we see that this identifies
the external sectors and interior of the polygon as features of the input space.

On the other hand, one can consider the embeddings of centroids to determine different clusters
of features. Again, in Figure ] we consider embedding the centroids at the second and last layer
obtained from the samples of Figure 3| Before, we determined that the last layer of this DN captures
the inside and outside of the polygon, whereas the previous layers coarsen this representation to the
different sectors of the polygon. These observations are corroborated in the t-SNE embeddings [54]]
of Figure 4] where there is not much sector segmentation in the last layer centroids; whereas, the
centroids of the second layer cluster more saliently depending on which sector of the input space the
sample used to compute the centroid came from.

We reproduce these findings for DN trained to classify polygons of other shapes in Appendix [F
and extend the analysis of centroid structure to a convolutional neural network trained on MNIST in

Appendix [G|

5 Experiments

We now explore some of these ideas on larger models and datasets, including DINOv2 [33] — a Vision
Transformer with registers [S5] backbone pre-trained on ImageNet [56]] — on Imagenette [57], and
GPT?2 [34].

DINOV2 Feature Extraction with Sparse Autoencoders. Here we demonstrate that sparse autoen-
coders trained on the centroids from a DINOv2 with registers model yield a sparser, more meaningful
and more functionally relevant dictionary of features. Similar to Hindupur et al. [S8]], we extract the
features of Imagenette using this model, and train a TopK sparse autoencoder [59] on these features.
However, we additionally consider training a TopK sparse autoencoder on the centroids extracted
from the last multi-layer perceptron block of the model.

We compare the features of these sparse autoencoders in the following ways train linear probes on
the decompositions of the train set of Imagenette to classify its classes and then evaluate the accuracy
of the probe on the decompositions of the test set of Imagenette, record the frequency at which the
features of the sparse autoencoder fire on the test set of Imagenette, record the activation pattern
similarity ratios of an input sample. The activation pattern similarity ratio is computed as follows: we
sample an input point and record the Jaccard similarity between its sparse decomposition and the

"Here we measure effective dimension using the exponential of the entropy of the normalised singular values.
$We additionally provide a more qualitative analysis in Appendix
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sparse decomposition of the other points in the training distribution. We then compute the Jaccard
similarity of its binarised latent activation in the feature extractor to the other points in the training
distribution. The activation pattern similarity ratio is then this latter quantity divided by the former.

In Figure[5] we observe that the features from the centroid sparse autoencoders yield linear probes
with higher accuracy and have a more uniform firing distribution across the feature dictionary. In
particular, the activation pattern similarity ratios are generally larger, which means similar feature
decompositions correspond to similar activation patterns in the feature extractor. Therefore, with
Figure [5| we demonstrate that sparse autoencoders trained with centroids yield sparser, more general
and functionally relevant features.

GPT2 Circuit Discovery. In Clement and Joseph [335], it was observed that in GPT2-Large, there
is a neuron in the multi-layer perceptron component of the thirty-first layer, which is responsible for
predicting the ”an” token. This was determined through performing ablations and observing the effect
on the logits of the model. Through further manipulations, it was more generally concluded that this
neuron works in concert with other neurons within the multi-layer perceptron block to capture the
corresponding feature, which aligns with centroid affinity, where necessarily multiple neurons must
contribute to construct regions of the input space which form the features of the DN. We support this
by computing neuron attribution values with equation (T)) using a neighbourhood of the last token
embeddings at the input of the thirty-first layer on the prompt "I climbed up the pear tree and picked
a pear. I climbed up the apple tree and picked”.

In Figure[6] we observe that the neuron identified by Clement and Joseph [35]], marked in black, has
an attribution value within the 99.8™ percentile; with a select few other neurons also obtaining high
attribution scores and the other neurons obtaining near-zero attribution scores.

6 Discussion

=
o
1

In this work, we have attempted to ad-
dress the limitation of interpretability tech-
niques derived under the LRH of not be-
ing aware of the function of the DN. To
do so, we appealed to the spline theory of
deep learning to explore a parametrisation
of the functional geometry of a DN, where
the functional geometry of a DN refers to : : : : ‘

the arrangement of the linear regions of its ° 1000 2000 o Indae 4000 2000
continuous piecewise affine approximation.

We demonstrated that the affine structure of ~Figure 6: We prompt GPT2-Large to predict the "an’
the centroids of this parametrisation iden- token, using the prompt "I climbed up the pear tree and
tifies the features of a DN. Importantly, the Picked a pear. I climbed up the apple tree and picked”.
emergence of this structure requires fea- In a neighbourhood of the embedding at the input of
tures to have linearly identifiable latent ac- the multi-layer perceptron block at the thirty-first layer
tivations, which is not sufficient to also Of the last token of this prompt, we compute neuron
satisfy the LRH. Consequently, centroid attribution values for each neuron in the multi-layer

affinity provides a perspective for identify- perceptron using (1. The neighbourhood is constructed

ing DN features that is less susceptible to by sampling 256 points within a radius of 0.25 of the
identifying Spurious or Over_ﬁtted features’ embeddlng We normalise these ValueS to be between

something we demonstrated with experi- zero and one. In black we indicate the 892"¢ neuron in
ments on a DINOv2 model. Importantly, to the multi-layer perceptron.

explore centroid affinity, we can continue

to utilise interpretability techniques developed under the LRH; however, with novel centroid-based
metrics, we can also interpret DNs such as GPT2.

o
@
1

(Neuron 892

o
»
1

Normalized Attribution Value
g
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Although centroid affinity provides a principled and robust mechanism to extract the features of a DN,
it has some limitations, and thus, we consider it a complementary perspective to the LRH. For example,
features extracted using centroid affinity cannot be directly utilised for feature steering, unlike features
extracted using the LRH. Moreover, exploring centroid affinity requires more computation compared
to exploring the LRH; we quantify this for the Section [5|experiments in Appendix
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A Motivating Example

Throughout our discussion, we utilised a simple example to gain an intuition for how centroids identify
the features of a DN. In Figure[7] we illustrate this example and indicate how the nonlinearities of the
corresponding DN affect its functional geometry.

TS
= [\
SIS

Input Polygon Deep Network Functional Geometry

Figure 7: A DN has a functional geometry formed by its nonlinearities. Each nonlinearity identifies a
plane within the input space of the DN. These planes intersect to bound regions which construct the
features of the DN. On the left, we visualise the underlying data distribution that the DN is being
trained on. In the centre, we visualise a simplified schematic of the architecture of the DN. In this
schematic, we highlight the nonlinearities in the first, second and third hidden layers of the DN; each
of which constructs a hyperplane within the input space of the DN, which we identify in the right
plot. The right plot depicts the functional geometry of the DN (using SplineCam [1]]), having trained
on the polygon of the left plot.

B Comparison to Prior Work

Features. Definition [2.1] is analogous to the notion of a feature used in Park et al. [6], which
provides a rigorous theoretical characterisation of the LRH. In particular, in Park et al. [6]], a feature
is a variable that leads to a particular output when caused by a context. In Definition 2.1} the concept
would correspond to the region of the input space, the context would correspond to points within the
region, and the particular output would be the induced functional behaviour.

Since an underlying assumption of the machine learning paradigm is that there exists an underlying
distribution on the input space from which inputs are drawn, the probabilistic notion of a variable
used in Park et al. [6] is comparable to the notion of a region used in Deﬁnition@ More specifically,
aregion of the input space can be thought of as a variable whose probability distribution is derived
from the underlying distribution of the input space.

Circuits. Circuits were initially introduced in Olah et al. [60] to deal with the apparent poly-
semantic nature of neurons. That is, specific neurons were observed to trigger on seemingly semanti-
cally disjoint inputs, whereas ensembles of neurons demonstrated more reliable activation patterns.
Instead, our notion of a circuit arises naturally as the functional response to a feature. In particular,
this functional response is likely to incorporate multiple neurons or components of a DN due to the
DN’s compositional construction.

C Formal Theory

Definition C.1. A feature of the /" layer of a DN is a collection of regions constructed by hyperplanes
whose normals have a pair-wise cosine similarity bounded below by 1 — ¢, and whose closest points
to the origin have a pair-wise Euclidean distance bounded above by §.

Proposition C.2. The features in the (™ layer of a DN are the collection of regions in its input

(e-1) ; . . (-1 o
space, R? , whose corresponding centroids form an affine subspace in R¢ with deviations
proportional to approximately +/2e.
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Proof. Let the corresponding centroids and radii of the / of the DN be { (uffg ), T,Se)) } C Rd(ﬁ'—l) X

R. Then suppose II and II are hyperplanes forming the feature. Each hyperplane, say II, corresponds
to a boundary of two regions, such that

2 2
e e S8

= e () =)

for some constant c. Thus, II has normal vector n; := ,ugz) — ,ugz). Similarly, we can assume I is

such that it has normal n, := ug) — ,ugé). By assumption we have that

nj-n
12 >
[ ], [zl
Thus, by using small angle approximations, the angle between the normal vectors 6 is approximately
less than +/2e¢. In particular, ns can be decomposed into components parallel and orthogonal to n; as

ny = ||ns||, cos(0)ny + ||ns||, sin(0),
where n; is the unit vector of n; and 1 is normal to it. Consequently, we can write

4
uﬁi)=u§€)+0-d
s = — |, d

¢ ¢ i 0
ps” = s + |nslly cos(0)d + [[ns|, sin(0)d,

where d = 1. Therefore, since sin(#) is of order V/2¢, the proof is complete. O

Definition C.3. A feature of a DN sub-component is a collection of regions in its input space formed
by a feature in the /™ layer.

Theorem C.4. The features of a DN sub-component are the collections of regions in its input space
whose centroids form approximate affine subspaces.

Proof. Suppose that the feature corresponds to a (¢, §)-feature of the /™ layer. Then by Proposition
the centroids at the /" form an approximate affine subspace. Thus, for sufficiently small d, the
DN sub-component corresponds to an affine transformer, meaning the corresponding centroids within
the input space of the DN sub-component also form an approximate affine subspace. O

D Emergence of Centroid Structure

The centroid affinity of Figure [[|emerges gradually through training. At initialisation, the centroids
have a similar arrangement to the input samples, due to the random initialisation of the DN. However,
as training progresses, we observe that the centroids slowly migrate and align themselves. In particular,
we can see the alignment of the centroids manifest before they arrive at their ultimate position.

-.4':;‘?! R, . -
-yt R T A
. B -

&,

Epoch 0 Epoch 18 Epoch 27 Epoch 147 Epoch 512

Figure 8: Throughout the training of the DN of Section |3} we tracked the DN centroids of the input
samples of Figure|[T}

15



570

571
572
573
574

576
577

578
579
580
581
582
583

584
585
586

587
588
589
590
591
592
593

594

595
596

597

598
599
600

E Softening Deep Networks

We developed centroid affinity by studying the level-sets of nonlinearities, which is a property of
continuous piecewise affine DNs (i.e. those implementing continuous piecewise affine nonlinearities,
like ReLU). We argued that this was valid since any DN can be approximated by such continuous
piecewise affine DNs. However, for these DN, the centroids are discrete objects since they exist
uniquely for each linear region, which may present a challenge since Theorem [3.3|is a necessarily con-
tinuous utilisation of centroids. Therefore, here we consider the effect of using smooth nonlinearities
on centroid affinity.

Firstly, to allow for better analyses of continuous piecewise affine DNs, we will explore the effect
of relaxing their nonlinearities to smooth nonlinearities. For example, for the DN of Section[3] we
consider softening it by replacing the ReLU nonlinearities with GELU nonlinearities [30]. The GELU
nonlinearity belongs to the swish family of nonlinearities [61]], which are theoretically known to
provide an appropriate softening of a ReLU DN’s functional geometry [62]]. In Figure[9} we see that
by softening the DN, we maintain and add more detail to the structure of the centroids.

Input Sample ReLU Centroids GELU Centroids

Figure 9: Softening a DN with ReL.U nonlinearities by replacing them with GELU nonlinearities
provides more detail to the structure of the centroids without affecting their overall structure. Here
we sample a grid of points in the input space of the polygon-classifying DN of Section [3] left plot,
and compute their corresponding centroids when the ReL U nonlinearity is maintained, centre plot,
and when the ReLU nonlinearity is replaced by the GELU nonlinearity, right plot.

Secondly, we determine whether our investigations of Section | hold for DNs trained from scratch
using continuous nonlinearities. That is, for a DN with GELU nonlinearities, we perform the exact
same training procedure for the DN considered in Section[3] and then analyse the resulting centroids.

From Figure [I0] we observe similar features as those identified for the ReLU DN considered in
Section[d} when replacing the nonlinearity back to a ReLU we can observe its functional geometry
using SplineCam [[1] and we see the alignment of the nonlinearities around the polygon, when we
observe the centroids of the input samples from Figure[9] we see the same affine structures that arose
in the ReLU DN, computing centroid affinity for points in the input space again identifies the edges
of the polygon as a feature, the influence of pruning neurons on the centroids is still effective as a
neuron attribution metric.

F Other Polygons

In addition to the star-shaped polygon considered in the main text, in Figure [IT| we corroborate the
observed patterns when the input distribution is a bowtie-shaped and reuleaux-shaped polygon.

G MNIST Centroid Structure

Thus far, we have seen theoretically and in a simple example how the centroids of a DN have a
semantically coherent structure; here, we demonstrate how this can be used to explore the feature
boundaries of a DN trained on the MNIST classification task. For this, we train a DN with a
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Figure 10: Here we train a DN in the same manner as the one considered in the main-text, except we
use the GELU nonlinearity. In the far left plot, we replace the nonlinearities with ReLU such that we
can use SplineCam to visualise its functional geometry. In the left plot, we visualise the centroids
from the input samples of Figure[9} In the centre plot, we compute the centroid affinity of points in
the input space based on a sample of radius 0.4. In the right and far right plots, we consider the
sensitivities of centroids when pruning neurons from the second and third layers, respectively.

convolutional feature extractor followed by a linear layer on MNIST. After training, we sample two
inputs from distinct classes and compute centroid affinity values — at the feature extractor component
of the DN — along the linear interpolation between the samples. We observe in Figure [12]that there is
a greater relative drop in centroid affinity between more distinct classes. More specifically, the 3 and
6 classes are intuitively more distinct than the 4 and 9 classes; consequently, centroid affinity is lower
along the interpolation between the 3 and 6 inputs since the features are more distinct. Whereas, if we
similarly consider the effective dimensions of the latent activations, we do not observe any contextual
change.

H Qualitative Analysis of Features

In Section[5] we demonstrated quantitatively that the features extracted from a sparse autoencoder
trained to reconstruct centroids were semantically- and functionally-relevant to the input distribution
and feature extractor. Here, we qualitatively support this and compare them to the features extracted
by the sparse autoencoder trained to reconstruct latent activations. To do so, we randomly sample
a point from the input distribution and identify the other inputs from the distribution with similar
feature decompositions — as measured by Jaccard similarity.

In Figure[I3] we see that the sparse autoencoder trained to reconstruct centroids identifies similar
features to those of the sparse autoencoder trained to reconstruct latent activations. This further
supports that the centroids of a DN have a coherent structure that can be used to identify the features
of the DN.

I Computational Requirements.

A valid concern with exploring centroid affinity is the computational burden it introduces into the
process of interpretability, since it requires interrogating the Jacobians of a DN. Fortunately, though,
this interrogation only requires considering Jacobian vector products (see Proposition [2.3)), which are
significantly cheaper to compute in common computational frameworks.

In this section, we empirically quantify the computational burden incurred by considering centroids
rather than latents in our main experiments of Section 5

DINO Feature Extraction. For this experiment, we compare the difference in computational time
to extract the latent activations and centroids from the feature model. After these vectors are extracted,
the computational pipeline is identical when using centroids or latent activations. We summarise
the results in Table[Ta] We see that extracting the centroid of the class token is only marginally
slower than just extracting the latent activation, and that extracting the centroids of all the tokens only
increases computation by 8%.

GPT2 Circuit Discovery. Although there is no direct analogue of this experiment with latent
activations, we can still argue that the computational burden is relatively benign. In particular,
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since we only compute centroids across the multi-layer perceptron block of the thirty-first layer, we
only need to consider the Jacobian vector product for this component. This can be done by storing
gradients of a forward pass across this block, which, in relation to performing a forward pass across
the model, is insignificant.

MNIST Centroid Structure. For this experiment, we compare the time necessary to perform the
experiment with centroids or latent activations. More specifically, instead of considering the effective
dimensions of the centroids of neighbourhoods of points, we compute the effective dimensions of the
latent activations of neighbourhoods of points. We summarise the results in Table[Tb] where we see
that using centroids instead of latent activations requires 21% more computation time.

Table 1: In this table, we compare the computation times (in seconds) for using the centroids of a DN
to perform interpretability to using latent activations.

(a) DINO Feature Extraction. Here we record the time taken (in seconds) to extract the centroids or latent
activations from a DINOv2 model on the training distribution of Imagenette.

Experiment With Centroids ~ With Latent Activations
Figures|5aland 685 684
Figure 27 673

(b) MNIST Centroid Structure.

Experiment With Centroids ~ With Latent Activations
Figure 323 266

18



Input Distribution Functional Geometry

L
3% adu? .3 rn'»ﬂ-ﬂ %
..‘3.'- feo | °

A R A
F R R JE T PRI )

g
-J? N3
..:l"v "."'\
:‘;‘. &
Input Samples Centroids
NSVINNY
Q\\ N N
N
S
Input Distribution Functional Geometry
”f‘k'(":.:.f( _‘ﬂ .
S0 . &
M ¢
h [ R
ﬁ-g'_{ t .
“' : P 3\ ?
l-'-‘$ N : -‘4."‘
: /
e "‘f 4 :" vy
T l,j:a.“""a' : ::3.
Input Samples Centroids Centroid Affinity

Figure 11: Here we perform some of the same analyses of Section |7_1| but with a DN trained on a
bowtie-shape polygon, top two rows, and a reuleaux-shaped polygon, bottom two rows.
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Figure 12: We train a DN on the MNIST classification. In the right plot, we consider the centroid
affinity of centroids at the feature extractor component of the DN — which constitutes three convolu-
tional layers. In the left plot, we similarly consider the effective dimensions of the latent activations.
For two training points of distinct classes, we compute the centroid affinity of samples along their
linear interpolation. In Figure[I2]we visualise these affinities for samples from class pairs (3,6) and

(4,9).
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Figure 13: For a sampled input, we compute its feature decomposition using the sparse autoencoders
of Figure[5c] and then identify the other inputs whose feature decompositions are most similar to this
using Jaccard similarity. More specifically, in the left column we consider the sparse autoencoder of
Figure [5c|trained using centroids, and in the right column we consider the sparse autoencoder of
Figure trained using latent activations. The central image of each plot represents the initial point
that is sampled from the input distribution, and the surrounding images are the identified inputs with
similar feature decompositions. Each row considers a specific input.
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