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Abstract

Multiscale problems are notoriously difficult to
tackle using traditional numerical methods, as
accurately resolving fine-scale features often re-
quires prohibitively fine discretizations. This chal-
lenge is particularly pronounced in applications
such as materials science, fluid dynamics, climate
systems, chemical processes, and complex net-
works. Recent neural operator models provide a
promising data-driven alternative, but frequently
struggle to achieve sufficient accuracy in the pres-
ence of strongly heterogeneous or oscillatory co-
efficients. In this work, we focus on the solution
of elliptic PDEs with rough and high-contrast in-
puts. The Localized Orthogonal Decomposition
(LOD) method is a well-established numerical ap-
proach for such problems, but it comes, however,
at a substantial computational cost. In this work,
we investigate the performance of popular neural
operator architectures on these challenging mul-
tiscale problems and identify key limitations in
their ability to resolve fine-scale structure. We
introduce LOD-MSNO (LOD-Multiscale Neu-
ral Operator), a hybrid approach that leverages
the LOD method as a strong multiscale prior by
building on its representation of the solution as a
linear combination of problem-adapted basis func-
tions, while addressing its main computational
bottlenecks through data-driven operator learning.
We demonstrate that our proposed method outper-
forms current neural operator baselines in terms of
accuracy for challenging multiscale input, while
mainly retaining the computational efficiency of
neural operator models.
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1. Introduction

Multiscale systems, characterized by the coexistence of im-
portant features across multiple spatial and temporal scales,
arise in a wide range of scientific and engineering domains.
Modeling such systems typically requires the integration of
multiple models operating at different resolutions, where
microscale phenomena must often be resolved to accurately
capture system behavior. A representative example is given
by Darcy Flow,

-V (kVu) = f
-0

in D,

1
on 0D, M)

u

where D C R%, d = 2,3 is a bounded physical domain,
u : D — R denotes the pressure, f € L?(D) is a given
source term, and x : D — R, is a heterogeneous perme-
ability coefficient. The Darcy Flow equation can be viewed
as a heterogeneous extension of Poisson’s equation, which
arises naturally across a range of physical settings involving
transport through complex media. For example, it describes
fluid flow in porous subsurface (Bear, 1988) formations,
while analogous formulations govern heat conduction in ma-
terials (Yang & Huang, 2024) with spatially varying thermal
properties and potential fields in electrically inhomogeneous
media (Kirkham, 2023). Across these problems, the spa-
tial variability of the coefficient field plays a central role,
as even fine-scale heterogeneities can significantly influ-
ence the global solution behavior, leading to pronounced
multiscale effects. This interplay between fine-scale struc-
ture and macroscopic response poses significant challenges
for both modeling and computation, often requiring high-
resolution simulations to accurately capture the underlying
physics. Such demands are particularly critical in practical
engineering workflows, where repeated evaluations under
varying material configurations or design parameters are
often required. As a result, developing accurate and effi-
cient solution strategies for this class of problems remains
a key objective in both scientific computing and industrial
applications.

In this context, neural operator methods have emerged as
promising alternatives, as they aim to learn mappings be-
tween infinite-dimensional function spaces and thereby ap-
proximate solution operators of parametric PDEs directly.
However, despite their favorable computational properties
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Figure 1. Example permeability fields x(z) (color bars show ranges). (a) Two-faces piecewise-constant as considered in many related
works. (b) Six-faces piecewise-constant. (c) lognormal random field. (d) High-contrast lognormal random field spanning several orders of
magnitude, yielding a particularly difficult regime due to extreme coefficient variation. (e) Cell-wise i.i.d. discrete random field sampled

from a finite level set.

and remarkable success in learning solution operators of
parametric PDEs, neural operator models exhibit important
limitations when applied to multiscale problems with rough
and strongly heterogeneous inputs. Much of the existing
neural operator literature focuses on relatively simplified
flow configurations; for instance, benchmark studies involv-
ing the Fourier Neural Operator (FNO) (Li et al., 2021),
Deep Operator Network (DeepONet) (Lu et al., 2022), and
Transformer-based architectures such as Transolver (Wu
et al., 2024b), and related approaches frequently consider
two-phase Darcy flow problems with moderately varying
permeability fields (Figure 1(a)). While these settings pro-
vide useful testbeds for model development and evaluation,
they do not fully reflect the complexity encountered in real-
istic subsurface flow applications. In particular, multi-phase
Darcy flow in highly heterogeneous and highly oscillatory
media (Figure 1(b)-(e)) remains largely unexplored in the
neural operator community, despite its relevance in ground-
water hydrology, petroleum engineering, and carbon seques-
tration.

Contributions. In this work, we address these gaps and
make the following contributions.

* We identify a key shortcoming of existing neural op-
erator models when applied to multiscale problems
with rough, high-contrast coefficients. Using Darcy
flow as a prototypical example, we demonstrate the
challenges posed by highly heterogeneous and multi-
scale permeability fields through a series of carefully
designed datasets based on applications in industry that
exhibit complex fine-scale features.

* We propose LOD-MSNO, an operator learning model
specifically designed for multiscale PDE problems that
follows a coefficient-learning paradigm. The approach
adopts a hybrid strategy by using the FEM-based Local-
ized Orthogonal Decomposition (LOD) approximation
as a strong numerical prior and employing neural net-
works to learn the associated multiscale basis functions
and expansion coefficients.

* We demonstrate that our method can outperform es-
tablished neural operator benchmarks on the proposed
multiscale datasets. These results validate the feasibil-
ity of our idea and highlight its potential for reliable
and efficient surrogate modeling of multiscale PDE
problems.

2. Related work

Multiscale Numerical Methods. The numerical approxi-
mation of PDEs with highly heterogeneous and multiscale
coefficients has been extensively studied in computational
mathematics. Classical multiscale methods (Pavliotis & Stu-
art, 2008) and numerical homogenization (Blanc & Le Bris,
2023) techniques aim to derive effective coarse-scale models
that capture fine-scale effects implicitly. While successful
in settings with clear scale separation, their performance
degrades when coefficients exhibit strong local variations
or lack periodicity. Localized approaches, most notably the
LOD (Malqvist & Peterseim, 2020) method, address these
limitations albeit with a high computational cost.

Neural Operators. Neural operator methods aim to learn
mappings between function spaces directly. DeepONet (Lu
et al., 2021b) represents operators using coupled branch and
trunk networks, with extensions such as Physics-informed
DeepONet (PI-DeepONet) (Goswami et al., 2022) or Hy-
perDeepONet (Lee et al., 2023). A complementary class of
methods is based on spectral representations. The FNO (Li
etal., 2021) and its variants, including Convolutional Neural
Operators (CNO) (Raoni€ et al., 2023), U-shaped Neural
Operators (UNO) (Rahman et al., 2023) and the physics-
informed PINO (Li et al., 2024), have demonstrated strong
performance on parametric PDE benchmarks. However,
their reliance on global spectral representations can limit
their ability to resolve localized fine-scale features in highly
heterogeneous and multiscale settings. Recent work has
explored attention-based and graph-based operator learning,
for example, is Transolver (Wu et al., 2024Db) is a represen-
tative example that leverages Transformer architectures to
model long-range dependencies.
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Hybrid approaches/Coefficient Learning. Recent work
has explored hybrid approaches that combine classical nu-
merical methods, such as finite element or spectral dis-
cretizations, with neural networks in order to leverage the
strengths of both paradigms (Fanaskov & Oseledets, 2023).
In these methods, the solution is represented in a fixed basis,
and the learning task is to infer the corresponding expansion
coefficients. For example, Finite element operator network
(FEONet) (Lee et al., 2025) integrates neural networks with
the continuous Galerkin FEM by directly learning solu-
tion coefficients, enabling physics-aware training without
requiring labeled data. Related spectral approaches, such
as SCLON (Choi et al., 2024) and ULGNet (Choi et al.,
2023), learn coefficients in spectral or Galerkin bases, fur-
ther demonstrating the effectiveness of coefficient learning
as a hybrid modeling strategy for PDEs. Other hybrid Al-
based approaches have also demonstrated substantial com-
putational speedups and improved flexibility, with success-
ful applications reported in areas such as solid mechanics
(Kalina et al., 2023; Yizheng et al., 2026), fluid dynamics
(Vinuesa et al., 2022), climate science (Gentine et al., 2018),
and biomedical systems (C.Y.Peng et al., 2021).

3. Preliminaries
3.1. Problem statement and mathematical setup

We consider the Darcy flow problem with homogeneous
Dirichlet boundary conditions (1) where f € L?(D) and
k: D — R denotes the heterogeneous diffusion coefficient.
Throughout this work, we assume that « is uniformly ellip-
tic and almost everywhere bounded. However, no further
smoothness or scale separation assumptions on x are im-
posed; in particular, £ may exhibit highly oscillatory or
high-contrast behavior. A fine-scale Finite-Element approx-
imation for (1) is obtained by seeking uy € V}, such that

a(up,vy) = /nVuh -Vuy, :/ fopdx Yo, € Vp,
D
(2)

where V), denotes a Finite-Element space like V), =
Py(Tn) N H}(D) with

Pi(Ty) = {v € C°(D) | v|g is affine for all K € Tj, }

and 7T}, being a triangulation of the domain D. Writing uj, =

gvz’”ofl u; @t as a linear combination of the nodal basis
functions ¢;, associated with 7, this problem is equivalent
to solving the linear system Au = f with A;; = a (¢}, qﬁi)
and f; = | nf ®},, dz. In order to accurately resolve the fine-
scale features of a potentially highly varying and oscillatory
coefficient x, the mesh size i must typically be chosen very
small, which may result in prohibitively high computational
cost for solving the linear system. On the other hand, a
coarse-scale finite element approximation based on a coarser
approximation space Vy with h < H generally fails to

capture the influence of the unresolved fine-scale variations
in x and therefore leads to poor accuracy.

3.2. Localized orthogonal decomposition (LOD)

The LOD method, originally proposed in (Malqvist & Pe-
terseim, 2011), is a Finite-Element method designed to
overcome this difficulty by constructing problem-adapted
multiscale basis functions that combine the computational
efficiency of coarse discretizations with the accuracy of
fine-scale resolution.

3.2.1. ORTHOGONAL DECOMPOSITION OF SCALES

The central idea of the LOD method is to construct an ac-
curate approximation of the solution in a low-dimensional
space of the same dimension as a coarse finite element space
Vi, while enriching this space with fine-scale information
from a high-dimensional space V},. To this end, first define a
projection (or quasi-interpolation) operator Zg: V' — Vi,
which projects functions from the energy space V = H} (D)
onto its associated counterpart in the coarse finite element
space Vy. We define the space of microscopic fine-scale
functions as

Wi=ker(Zy) ={veV|Zy(w)=0}. @3

The space W contains all functions with fine-scale features
that cannot be represented in the coarse space Vi and yields
an orthogonal decomposition V. = Vg & W w.rt. the
standard inner product on V. In order to construct an im-
proved approximation space compared to Vz, we exploit
the problem-specific inner product on V induced by the
bilinear form

a(u,v) ::/ kVu - Vudz. 4)
D

and define the improved multiscale approximation space as

Vi ={vg® eV ]a(wy®,w) =0 forallw € W},

)
which is nothing else but the orthogonal complement of
the subspace W in V' with respect to the inner product a,
leading to the A-orthogonal decomposition V' = Vi* ¢ W.
By construction, V** has the same dimension as Vx and
consists of functions that are .A-orthogonal to all unresolved
fine-scale components. Based on this decomposition, we de-
fine the ideal numerical homogenization method as follows:
given f € L*(D), find u}}® € V5 such that

a(ug®,v) = / fvdx forallv € Vs, (6)
D

It is 7ideal” in the sense that Vj;** contains all coarse-
resolvable fine-scale features of the multiscale coefficient
K.
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3.2.2. PRACTICAL REALIZATION AND LOCALIZATION
OF THE ORTHOGONAL DECOMPOSITION

The ideal numerical homogenization method introduced
above is formulated in the abstract multiscale space V3** C
V. In order to make this formulation computationally fea-
sible, we next clarify how the corresponding variational
problem can be solved in practice. To this end, consider
the correction operator Q: V. — W, defined as the a(, -)-
orthogonal projection onto the detail space W = ker(Zy).
More precisely, for a given v € V, the correction Qu € W
is defined as the unique solution of

a(Qu,w) = a(v,w) forallw e W. @)

By construction, (1 — Q)v is a-orthogonal to W. One can
show that the operator (1 — Q): Vg — V¥ is bijective,
with inverse given by the projection Zp. Consequently,
every function v3;® € V7'° can be written uniquely as v}° =
(1 — Q)vy for some vy € Viy. Using this observation, the
ideal multiscale problem can be reformulated as follows:
find ug € Vi such that

a((1 — Qu, (1 - Quy) = /D J1 - Quude (8

for all vy € V. This formulation is more favorable from
a computational perspective, as it depends on the discrete,
low-dimensional unknown uy € Vj instead of the rather
abstract object u;® € Vi°. In practice, the computation of
the correction operator () itself is localized to small patches
around each coarse element in order to make the method
computationally feasible. This localization is motivated by
the exponential decay of the corrector functions away from
their associated coarse elements (Mélqvist & Peterseim,
2020). For a given coarse element 7' € Ty, we define
a patch NV'“(T') consisting of all coarse elements within ¢
layers of T', and compute the localized correction operator
i by solving fine-scale elliptic problems of the form (7)
on these patches. The global localized correction operator
is obtained by aggregating the contributions over all coarse
elements: Q! := Z Q£T7 n- Using this operator, the
TeETH
fully discrete multiscale finite element space is defined as
V;;’h = span {@L -Qf (CI)}{)} where {®7,} denotes the
standard coarse finite element basis. This space has the same
dimension as the coarse space but is enriched with fine-scale
information induced by the heterogeneous coefficient. The
final LOD solution is obtained by performing a Galerkin
projection of the original problem onto this problem-adapted
multiscale space.

3.3. Limitations of the LOD method

Despite its strong theoretical guarantees, the LOD method
suffers from notable computational limitations. In particu-
lar, the LOD-based discretization requires the solution of

fine-scale auxiliary problems on overlapping subdomains
N(T) for each realization of the random coefficient. As
the localization parameter ¢ increases, these subdomains
grow in size and overlap more strongly, leading to a rapidly
increasing computational cost for the construction of the cor-
rection operator Qf;. However, theoretical accuracy results
typically require choosing ¢ ~ C|log H | for some constant
C > 0, which may result in relatively large localization
patches in practice. This renders the computation of the
correctors a major computational bottleneck.

Moreover, the corrected basis functions lose the local sup-
port of standard finite element nodal basis functions: Instead
of being supported on a single coarse element 7', the LOD
basis functions have support on the entire patch N*(S),
thereby significantly polluting the sparsity structure of the
resulting system matrix. This effect is further exacerbated in
settings where the resulting sparsity-polluted linear systems
must be solved repeatedly. These considerations motivate
the development of fully surrogate-based models that bypass
both the explicit computation of the basis corrections Q%
and the solution of the associated dense or weakly sparse
linear systems.

4. Proposed method: LOD-MSNO

Central to the LOD method are the corrected basis functions

Uy =0y —Qu(®y),  j=1....Ny, )
where {®7,} denotes the standard coarse nodal basis func-
tions and QfL is the localized correction operator computed
from fine-scale problems posed on overlapping patches of
diameter proportional to the localization parameter £. Using
the corrected basis {07, }, the LOD-solution is represented

as

Nu
urop = Y ulon U, (10)
j=1

where the coefficient vector ur,op € RV¥ is obtained by
solving the corresponding system of equations that can be
derived by inserting (10) into the weak form in the space
Vi Z’h. The goal of LOD-MSNO is to learn the coefficients
ur,op of the LOD solution representation directly, while
avoiding the explicit and computationally expensive assem-
bly of the linear system and its solution.

4.1. Learning the coefficients

The coefficient vector ur,op is defined as the solution of the
linear system

Aropurop = frop, (11

where Arop denotes the stiffness matrix and f;op de-
notes the load vector expressed in the corrected LOD basis.
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Figure 2. Schematic of the proposed LOD-MSNO. Neural network predicts the coarse LOD coefficient vector.

The focus of LOD-MSNO lies on learning uy,op directly
without assembling and solving (11) explicitly. To train a
neural network surrogate for the coefficient vector ur,op,
we proceed as follows. Given permeability coefficients
k; := k(w;) parameterized by a random set of parameters
w; € 2, where (Q, F,P) is a possibly high-dimensional
probability space, we construct a dataset consisting of tu-
ples
{(Arop(wi), urop(wi) }L,,

where Apop(w;) denotes the LOD stiffness matrix and
ur,op(w;) denotes the ground truth coefficient vector cor-

responding to w; (to k(w;)). Since the space Vi =
span {\I/%I} is typically low-dimensional, saving the matri-
ces Apop remains feasible in terms of memory consump-
tion and computing them is necessary anyway to obtain the
ground truths urop(w;). Rather than employing a stan-

dard L?- or mean-square-based regression loss, we adopt
an energy-based loss which is defined as

Z ‘ALOD w;) uLOD(wZ-) - u(wz))’ .
(12)

Lgm(u

The choice of the energy-based loss (12) is directly moti-
vated by the variational formulation of the underlying ellip-
tic PDE. At the discrete level, this variational principle is
associated with the (discrete) energy norm of a coefficient
vector v, which is given by

HUH?ALOD = ’UTALODU-

Consequently, the proposed loss (12) measures the error
between the predicted and true coefficients in the natural en-
ergy norm associated with the elliptic operator. We hypothe-
size that employing this energy-based loss can be beneficial
for generalization, as it is more closely aligned with the
variational principle underlying the PDE. We empirically
observe that training with the energy-based loss (12) leads
to improved accuracy and better generalization, particularly
for coefficients exhibiting strong heterogeneity and high
contrast. An ablation study comparing different loss func-
tions is provided in Figure 4. In the next section, we prove

an error estimate for our LOD-MSNO model and analyze
how using the energy-based loss affects its convergence
properties.

4.2. Error Analysis

Let AV be any class of R™V# -valued functions that are param-
eterized as a neural network, and let

uLO]\é = argmin Lz p(u)
ueN
be the neural network that minimizes the loss function (12).
In this section, we derive a quantitative error estimate be-
tween the exact solution of problem (1) and the proposed
LOD-MSNO approximation given by the linear combina-
tion of the predicted coefficients %o p(w), given an input
w € ), and the LOD-basis functions:

Ng

S (uroh? (W) W (z;w).

j=1

Theorem 4.1 (Error estimate for LOD-MSNO). Let
Amin (W) and Apax (w) denote the smallest and largest eigen-
values of the LOD stiffness matrix Apop(w) for a given
input representation w, and assume that there exist constants
co,c1 > 0 such that

Urop(z;w) ==

essinf A\pin(w) > ¢o > 0,
weN

|| V )\max”Lw(Q) < c1 < o9,

and patch size chosen as { = |log H|. Let Ry (GF) denote
the empirical Rademacher complexity of the function class
GF defined by

GE .= {w > ‘Ai/OZD(w)(uLOD(w) — u(w))‘ fu€ N}
Then

—~ 1
Elllu —trop i zoy) S H? + NG R (G7)
2c
T 7% inf | (v —urop)llLi@
(13)
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Figure 3. Prediction errors for lognormal2 coefficients using the best-performing baseline model and LOD-MSNO(ours).

Table 1. Test relative L? errors on the fine grid with b = 277,

Dataset FNO CNO UNO PI-DeepONet  Transolver PINO FEONet LOD-MSNO (ours)
Lognormall 0.0494+0.001  0.018+0.001  0.044+0.000  0.13840.001  0.082+0.022  0.02540.000  0.099+0.000 0.012+0.002
Lognormal2 0.163+0.002  0.093+0.003  0.160+0.003 2.0284+0.084  0.341+0.016 0.145+0.002 1.80540.073 0.042+0.006
Quantile 0.25440.010  0.120+0.007  0.239-+0.008 1.282+0.015 0.6104+0.050  0.203+0.012  0.129-+0.020 0.118-+0.017
Checkerboard  0.06440.000  0.010+0.001  0.064=0.001 0.0624+0.000  0.053+0.003  0.035+0.000 0.668-+0.109 0.018+0.003

Theorem 4.1 establishes that the total error between the
true solution of (1) is primarily governed by three contribu-
tions. The first term reflects the approximation properties
of the LOD method and recovers the optimal bound when
¢ ~ |log(H)|. The second term captures the generalization
capability of the neural network class, which can be quanti-
fied via its Rademacher complexity. The third term depends
on both the expressive power of the neural network class
N and the spectral properties of the LOD stiffness matrix
corresponding to a given input w € ). By picking a neural
network class N with strong enough approximation (third
term) and generalization properties (second term), and by
choosing H small enough (first term), we can achieve that
the expected error between the true solution u and the LOD-
MSNO prediction @ op converges to zero. A complete
proof of the theorem is provided in the appendix.

5. Experiments

We evaluate the proposed LOD-MSNO on the steady Darcy
flow problem, to learn the mapping from the permeabil-
ity coefficient s to the corresponding coefficients uy,op
in (10). Our model follows a hybrid coefficient-learning
paradigm that combines the multiscale structure of the LOD
method with neural networks. Using the corrected LOD
basis as a fixed representation, we train a convolutional
neural network, termed LODMimet icNet, to directly pre-
dict the LOD coefficient vector from the input permeability
field. The architecture consists of a convolutional encoder
that learns a restriction from the fine grid to the coarse LOD
grid, followed by a residual mixing trunk operating at coarse
resolution. The network is built from Conv—GroupNorm—
GELU blocks and ResNet-style residual layers, enabling
stable training and effective multiscale feature extraction.

Coarse-scale mixing is performed entirely at the LOD reso-
lution, and the final output corresponds to the interior LOD
coefficients, consistent with homogeneous Dirichlet bound-
ary conditions. This design explicitly mirrors the structure
of the LOD discretization while replacing the expensive
assembly and solution of the dense LOD system with a
learned surrogate. Further details on the architecture of
LODMimet icNet can be found in the appendix.

Baseline models. We compare our method against a range
of established baselines to ensure a balanced and meaning-
ful evaluation. First, we include FNO, CNO, and UNO,
which are widely used and representative neural operator
architectures based on global and multiresolution convo-
lutional designs. Similarly, Transolver is incorporated as
a transformer-based operator model capable of capturing
long-range dependencies. These models serve as standard
data-driven operator learning benchmarks. To ensure fair-
ness with respect to physics-informed approaches, we ad-
ditionally compare against PINO, as our method also in-
corporates physical structure—specifically through the use
of problem-adapted basis functions and the inclusion of
the LOD stiffness matrix Ao p in the loss function. We
further include FEONet as a representative hybrid neural
network—numerical method, since it integrates classical fi-
nite element method (FEM) principles into the learning pro-
cess, providing a relevant point of comparison for methods
that combine learned and discretization-based components.
Finally, we consider PI-DeepONet, which is both physics-
informed and structurally similar to our approach in that
it represents the solution as a linear expansion over a set
of basis functions. This makes it a particularly meaningful
baseline for evaluating the advantages of our LOD-based
formulation. Our LOD-MSNO model is trained to predict
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the LOD coefficient vector w0 p, from which the full fine-
scale solution is reconstructed using the corrected LOD
basis.

5.1. Benchmark datasets

As depicted in Figure 1, training and test datasets are gen-
erated using four distinct classes of permeability fields
designed to probe different multiscale and high-contrast
regimes. In the following, we refer to them as lognormall,
lognormal?2, quantile, and checkerboard. These datasets
are specifically constructed to highlight a key shortcom-
ing of neural operator models when applied to multiscale
problems, and are inspired by industry-relevant real-world
applications. A more detailed description of the dataset
characteristics and its generation process can be found in
the appendix.

Lognormal coefficients. For the lognormal datasets, we
consider permeability fields of the form x(x) = exp(Z(x))
where Z is a centered Gaussian random field with Whittle—
Matérn covariance with smoothness parameter v > 0, cor-
relation length ¢ > 0, and variance o2 > 0. We distinguish
two regimes: (1) Lognormall with 0 = 1.0, ¢ = 0.1, (2)
Lognormal2 with ¢ = 2.0, £ = 0.3. The second setting
exhibits significantly stronger oscillations and substantially
higher contrast, making it particularly challenging for oper-
ator learning methods.

Quantile coefficients. For the quantile dataset, we first sam-
ple a Gaussian random field Z with squared-exponential
covariance and define a lognormal field exp(Z). The result-
ing values are then discretized into a finite set of prescribed
permeability levels via empirical quantiles and randomly
permuted across the domain, yielding piecewise-constant
coefficients with sharp jumps and high contrast. This con-
struction produces highly heterogeneous coefficients with
nontrivial global structure and limited smoothness.

Checkerboard coefficients. The checkerboard coefficients
are defined as piecewise-constant random fields on a fine
Cartesian grid, where each cell independently takes values
from a fixed set of permeability levels. This yields coeffi-
cients with discontinuities at the grid scale and no spatial
correlation.

5.2. Evaluation of baseline models and LOD-MSNO

For LOD-MSNO, we fix the coarse and fine mesh sizes to
H =2 %and h = 277, respectively. The model is trained
to predict the LOD coefficient vector ur,op associated with
the corrected multiscale basis {U%; }. At inference time, the
predicted coefficients are combined with the corrected basis
functions to reconstruct the solution, which is then evaluated
on a uniform 128 x 128 grid. Training of LOD-MSNO is
performed using a loss function based on the loss function

(12). In contrast, all baseline models are trained directly on
pairs {(k;, ugf))} of permeability fields and corresponding
fine-scale reference solutions, using the relative L? error
as the training objective. For the models LOD-MSNO,
FNO, CNO, and UNO, we apply the same input preprocess-
ing and normalization pipeline, consisting of a logarithmic
transformation of the permeability field, gradient-magnitude
and coordinate channels, and channel-wise input as well as
per-component output normalization (see Appendix C for
details). For PI-DeepONet and Transolver, which do not sup-
port additional input channels, the gradient-magnitude and
coordinate augmentations (add_-grad and add_coords)
are therefore omitted. For evaluation, we report the mean
and standard deviation of the relative L? error (Rel-L?)
computed on the fine grid, where u denotes the reference
solution and u the model prediction. The aggregated results
are summarized in Table 1. The results indicate that LOD-
MSNO attains competitive and, in three out of four cases,
improved relative L2-error accuracy compared to the consid-
ered baselines, with particularly strong performance on the
multiscale lognormal datasets, while remaining comparable
to the best-performing methods on the other coefficient con-
figurations. In comparison to FEONet and PI-DeepONet,
the results highlight the advantage of employing problem-
adapted multiscale basis functions. While FEONet relies
on a fixed coarse P1-FEM basis and PI-DeepONet learns
a global set of basis functions via the trunk network, LOD-
MSNO leverages LOD basis functions that are specifically
tailored to the underlying coefficient field. This leads to
consistently improved accuracy, particularly in strongly het-
erogeneous regimes. Moreover, when comparing to physics-
informed approaches such as PINO and PI-DeepONet, the
results suggest that incorporating physical structure through
a strong numerical prior is more effective than enforcing the
PDE via autodifferentiation-based loss terms. In particular,
constructing the solution using the LOD framework allows
the model to directly encode relevant multiscale features
of the problem, which appears to be a more robust way of
injecting physical information than relying solely on PDE
residual minimization.

5.3. Ablation study

We conduct an ablation study to assess the impact of the
training loss function on the performance and generalization
ability of LOD-MSNO. In particular, we train the model
using three alternative losses: the standard L? loss, the rela-
tive L2 loss, and the L' loss. All models are trained on 500
samples with lognormal2 and quantile-type permeability
fields, and we report the evolution of the test relative L2
error during training. As shown in figure 4, training with
the energy-based loss yields the lowest final error for both
coefficient classes, while the L' and (relative) L? saturate
at higher error levels. Especially in the lognormal2 case, the
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Table 2. Ablation on preprocessing and input-channel augmentation for LOD-MSNO. Fine-grid test relative L? errors.

Dataset Training setting
LOD-MSNO  w/o log + normalization =~ w/o add_grad + add_coords ~ w/o all
log + normalization v X v X
add_grad + add_coords v v X X
Lognormall 0.025 0.080 0.034 0.236
Lognormal2 0.042 0.135 0.096 1.215
Quantile 0.089 0.247 0.319 0.313
Checkerboard 0.020 0.020 0.056 0.188
Lognormal2 in enabling accurate and stable learning for LOD-MSNO.
— L1
‘ —— MSE .
g 100 | — RelL? 6. Conclusion and Outlook
et Energy (Ours)
rz In this work, we focused on learning the LOD solution coef-
EIJ ficients, while the construction of the corrected multiscale
4 basis functions, as outlined in Section 4.1, was not surro-
= 107 gated. An interesting extension of the proposed framework
is therefore to move beyond a fixed, precomputed multi-
T %0 00 750 1ooo 1350 1500 1750 2000 scale basis and instead lear.n the l?a51s functions directly
Epoch from data. In the LOD setting, this corresponds to learn-
. . Z . .
Quantile ing the' correction operator (5, as a function of the input
—— coefficient .
o] | 4
. 10 L ':z.iz Such an approach would further increase the computational
% — Energy (Ours) advantages of our model, removing the need to numerically
Y compute the LOD basis to obtain the full solution. A natural
g strategy is to couple the learning of the correction opera-
@ tor with the coefficient prediction, instead of learning both
. components separately. In this setting, one model would
predict the coefficient vector, while another (or a shared ar-
107!

0 250 500 750 1000 1250 1500 1750 2000
Epoch

Figure 4. Loss ablation for predicting ur.op. Test Rel-L? error vs.
epoch for lognormal2 (top) and quantile (bottom).

energy-loss exhibits the most stable convergence behavior,
whereas the L2- and L'-based trainings display larger fluc-
tuations and higher asymptotic errors. Table 2 reports the
impact of the proposed preprocessing and channel augmen-
tation strategies on the performance of LOD-MSNO. All
models are trained using the energy-norm loss on 500 sam-
ples from the Quantile dataset. Across all datasets, the full
configuration—combining logarithmic scaling, normaliza-
tion, and the additional gradient-magnitude and coordinate
channels—consistently yields the lowest relative L? errors.
Removing either the log-scaling and normalization or the
auxiliary channels leads to a noticeable degradation in ac-
curacy, while omitting all preprocessing steps results in a
substantial loss of performance. These results demonstrate
that both the normalization strategy and the inclusion of
gradient and coordinate information play an important role

chitecture) would learn the correction operator defining the
multiscale basis. The training objective could combine mul-
tiple terms: for the coefficient prediction, an energy-based
loss together with a fine-scale reconstruction loss; and for
the learned basis, a supervised loss (when reference cor-
rection operators are available) augmented by a fine-scale
reconstruction loss to ensure consistency of the resulting so-
lution. However, a key limitation of this approach lies in the
cost of data generation. Constructing a sufficiently large and
diverse dataset of correction operators be may require solv-
ing a large number of localized fine-scale problems, which
can be computationally expensive. In practice, generating
thousands of such operators could become a bottleneck, po-
tentially limiting the applicability of this approach and the
performance gain in terms of computational time.

Furthermore, since LOD methods are available for a wide
range of problem classes, including elliptic eigenvalue prob-
lems and parabolic equations, extending LOD-MSNO to
these settings constitutes another promising avenue for fu-
ture work.
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A. Notations

The list of notations used throughout the paper is provided in Table 3.

Table 3. Notations

Notation Meaning

D physical domain of the Darcy problem

Q parameter/probability domain for coefficient realizations and training samples

T physical variable in D

w parameter / random input variable in {2

K heterogeneous permeability coefficient in the Darcy problem

U exact solution of (1)

up, fine-scale finite element approximation of u

UL,0D LOD approximation / reference multiscale solution

ufb]\g learned LOD solution reconstructed from the empirical minimizer

NYT) ¢-layer coarse patch around the coarse element 1’

ULOD coefficient vector of ur,op in the basis { W%, }

’;,\LEO D population minimizer for the energy-based loss

ﬁf’ohé empirical minimizer for the energy-based loss

A, f fine-scale stiffness matrix and load vector

Arop, frop LOD stiffness matrix and LOD load vector

h fine mesh size

H coarse mesh size

Np, Ng numbers of fine and coarse degrees of freedom (or basis functions/nodes, de-
pending on context)

M number of training samples used in the empirical loss

N neural network class used to approximate the LOD coefficients

GF function class associated with the energy-based loss

R (GF) empirical Rademacher complexity of G¥

N, R sets of natural and real numbers

B. Details on the LOD method

Interpolation operator. In order to introduce an A-orthogonal decomposition of V', we require a projection operator
IH V= VH,

which maps fine-scale functions to the coarse finite element space. The operator Zy is assumed to be a projection in the
algebraic sense, i.e.,
v H © T H = 7 H,

and to satisfy appropriate stability properties, see (Malqvist & Peterseim, 2020) for details. The purpose of this projection is
to characterize the fine-scale “detail space” ker(Zy ) and thereby enable a systematic separation of coarse and fine scales.
Several realizations of such a projection are possible. Typical examples include the global L?-orthogonal projection onto the
coarse finite element space V7, defined by

(IH’U,(I)H)Lz(Q) = ('U,(I)H)L2(Q) forall ®y € Vy,

as well as locally defined L2-projections based on nodal patches. These local constructions exploit projections onto
polynomial spaces restricted to coarse neighborhoods and lead to operators that satisfy the required stability properties on
quasi-uniform meshes. In contrast, nodal interpolation operators generally fail to provide sufficient stability in the H'-norm
and are therefore not suitable for the Localized Orthogonal Decomposition framework; see (Malqvist & Peterseim, 2020)
for a detailed discussion of admissible choices.
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Computation of the correction operator. Based on the projection Z, the Localized Orthogonal Decomposition method
introduces a correction operator () that accounts for the unresolved fine-scale features. For each coarse element 1" € Ty, we
associate an element correction operator

Qr:V —>W,

where W := ker(Zp ). The operator Qr is defined by requiring that Qv € W solves the local variational problem

a(Qrv,w) = / kVv-Vwdz foralw e W.
T

Using these local contributions, the global correction operator can be written as
Qu = Z Qrv.
TeTH

This decomposition enables an element-wise and thus parallel computation of the correction operator. Moreover, it can be
shown that the element correctors decay exponentially away from the corresponding coarse element, which motivates the
introduction of localized approximations.

To this end, for a given subset .S C €2, we define a sequence of patches recursively by
NO(S):= S,
NUS) = {T € Tu | TAN(S)#0}, (eN

Based on these patches, we define localized detail spaces W*(T') C W consisting of functions supported in A**(T') and
extended by zero outside this region. The localized element corrector

Q5 :V — WYT)
is then defined as the solution of

a(Qv, w) = / kVv-Vwdz forallw e W4T).
T

For practical computations, all spaces are discretized using the fine-scale finite element space V},. For a given vy, € V},, the
fully discrete localized element corrector
¢ ¢
Qr.p(vn) € WH(T)N V),

is defined as the solution of

a(QéT’h(vh),wh) = / kYo, - Vwy, dz for all w, € WHT) NV,
T

The corresponding discrete localized correction operator is then given by

Q= Z Q['T,h-

T€ETH
Finally, the fully discrete Localized Orthogonal Decomposition method reads as follows: given f € L?(D), find W'y €
Vir j’h such that
a(ulfry p,v) = /D fvdx forallv e V;Z’h7
where the multiscale space is defined by
V;j’h = span { @y — Q) (®Yy) | Zi € Ny}

This space has the same dimension as the coarse finite element space Vi, and the method can be interpreted as a Galerkin
approximation of the original problem in a problem-adapted multiscale space. Both the correction operator Qfl and the final
solution u'% ;, can be obtained by assembling and solving the corresponding linear systems; see (Engwer et al., 2019) for
implementation details.

12



LOD Surrogate Modelling

C. Theoretical Analysis
C.1. SPD-property of the LOD-stiffness matrix

Lemma C.1. Let D C R? be the physical domain and let ) be the input domain of the neural network. Assume that
A(z,w) € R4 js symmetric and uniformly elliptic, i.e.,

alé? < T A(z,w)é < BIE)?, VEERY,

fora.e.x € D and a.e. w € Q). For each fixed w € 2, define the bilinear form
ay(u,v) = / (A(z,w)Vu) - Vv dz,
D

and let Ap(w) be the coarse-scale stiffness matrix associated with a,,. Let Vins(w) be the matrix that represents the change
of basis from the nodal basis functions of Vi to the LOD-corrected basis and define

Arop (UJ) = Vins (w) Ap, (w) Vins (w)T'
Then, for a.e. w € ), the matrix Ay,op(w) is symmetric positive definite.

Proof. We first establish that the bilinear form a,, is coercive on V' = H1(D). Fix w € Q and letu € H{ (D). The Poincaré
inequality gives:

[ull g2 py < CplIVull2(p)

Therefore:

2 2 2 2
HUHHl(D) = HU||L2(D) + ||VUHL2(D) < (Cp2 + 1)HU||L2(D)

Using this and the uniform ellipticity of A we obtain

o) = | (Alz,w)Vu) - Vadz > Val? dz = a||ulPa; > e[| 21 -
ag (u, u) /D( (z,w)Vu) - Vu xfa/D| ul” dx = ollul|}, (D)7(02+1)\|U||H (D)

p

Next, the coarse-scale stiffness matrix Ay, (w) associated with a,,, defined by
(AH(w)>ij = ay(®;, ))
is positive-definite: Let ¢ # 0 and write vy € Vy as v, = > ; Cip; in the nodal basis. Then vy # 0, and therefore
CTA}L(LU)C = ag,(vp,vp) >0
The LOD construction gives the multiscale space
Vins(w) = (1= C*(@)) Vi,

and the map (1 — C*(w)) : Vg — Vins(w) is bijective. Therefore, the associated change-of-basis matrix By (w) has full
rank. Let z # 0 and set

Y := Bps(w) .
Since Bpys(w) has full rank, we have y # 0. Thus
xTALOD(w)x = xTBms(w)AH(w)Bms(w)Tx = yTAH(w)y > 0.
Symmetry follows from the symmetry of A (w). O
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C.2. Basic a priori error bounds

For the standard LOD method, we have the following error bound. Its proof and the definition of all appearing constants can
be found in (Malqvist & Peterseim, 2020).

Lemma C.2 (LOD approximation error). Assume that the permeability field is uniformly elliptic, i.e. 0 < a < k(z,w) <
B < oo. Let u(x,w) be the true solution of (1) and let uy,op(x,w) be the numerical LOD approximation as in (10) with
coefficients computed by solving (11). Then we have

2
02 3/2
lu —uollL2) < EI (H + s (gd/2 + 1) (i) exp (—c?é) I fllz2) S H?, (14)

and
HAl/QV(u(m, w) — uron(z,w)) || L2 ()

C 3/2 (15)
= 7% <H+ Crr (62 +1) (i) eXp<—Cgf)> 1/l z2(Dy)-

C.3. Approximation error for the energy-based loss function

Lemma C.3 (Uniform norm equivalence). Denote with Aj,op(w) the LOD-stiffness matrix and let Apin(w) and Apax(w)
denote its smallest and largest eigenvalues. Then for every measurable e : Q0 — RNH we have,

Amin(@) [e(w)] < [ALop(w)2e(w)] < v/ Amax(w) e(w
for a.e. w € Q). Consequently,
1/2
lALGpellz=(o) < IV Amaxllz=(@ el =@,

and

1/2
1A o ell (-
L (Q)

1
el <
llelln Q) = H\/m

Proof. Since Apop(w) is symmetric positive definite, it admits an orthonormal eigenbasis. Hence, for any z € RV#
Amin(W)|2]? < 2T ALop (w)z = [ALop (W) 22]? < Amax(w)]2|?.

Taking z = e(w) and then square roots yields

m1n | ‘ < |ALOD( 1/2 | < V /\max |
Taking essential suprema over w € 2 gives the two L°° estimates. O

Theorem C.4 (Approximation error for the energy-based loss). Assume that there exists a positive constant ¢y > 0 such that

essinf A\pin(w) > ¢g > 0.
weN

Denote with ur,op the true coefficients of the LOD approximation (i.e. the solution of the linear system Apopu = frop )
and define the LOD-energy loss as

Lp(w) = Ao (u —uron)|(@)-
Let N be any neural network class, and define
ufo ) € argmin L (u).
ueN

Then
lurop — UJEOD”LI(Q) < Co mf HALOD(U’ urop)llLi)-

If, in addition,
|| V )\max||L°°(Q) =cp <00,
then
E C1 .
lurop —uiopllLie) < — inf [[(u —wurop)|Li (o)

\/% ueN
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Proof. Set

e(w) == urop(w) — ufop(w).
By the uniform norm equivalence lemma,
|ALop (@)e(w)|

/\min (w)

le(w)] <

for a.e. w € ). Integrating over €2 gives

1
luson - wfople < | 4=

1/2
HAL()D(ULOD - UEOD)”Ll(Q)-
Lo (Q)

Since ufo p minimizes L over N,
1/2 .
1AL G (w — urop)llLi() = ulg/f\/EE(u).

Combining the two estimates yields

. 1/2
%fv ||AL/OD(u —urop)|ri(@)-

1
lurop — ufopllii @) < H
LODIILY(Q) Nt L)

The bound with ¢, 12 follows from

< 051/2.
Le=(Q)

1
H V )\min
For the final estimate, use the upper spectral bound

|ALop (w)Y?0] < v/ Amax (W) [v]

with v = urop(w) — u¥,p(w) to get

TAL20 (w = wron) | i) < IV Amaxll e @) | (@ = wr00) |21 (0)-

Substituting this into the previous bound gives

1
—uf < Amaxc || .00 (y inf - )
lurop —uiopllLio) < Hm )||\/ max|| Lo (Q) ullelNll(u urop)|lLio)

Lo (Q
O
C.4. Generalization error for the energy-based loss function
Theorem C.5 (Generalization error for the energy-based loss). Assume that
eﬁ;seisrzlf Amin(w) > ¢o > 0, esies;zlp Amax(w) < 00.
Let wy, ... ,wps be i.i.d. samples in Q). Define the empirical energy loss as the Monte-Carlo approximation of the energy loss

19 & 1/2
Lga(u) = N Z ‘ALOD(WZ') (urop(wi) — U(wz))‘ .

and let
~E,M .
U Hp € argmin L pr(uw)
ueN

be a minimizer of the empirical energy loss function. Define the associated function class
1/2
GF .= {w — ‘AL/OD((,«))(’U,LOD(Q)) - u(w))‘ TS N}

15
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Then
1 1
E HﬂE ’l/],E M‘ :| 5 H M QE + H )\max 0o () inf uU—urLop 1(Q)-
[ LoD = YULoD|| ;1 g Vo ) (G") Now ) v [z )uGNH( N
Here, the expectation is taken with respect to the random training sample w1, . . . ,wys, and Ry (GE) denotes the empirical
Rademacher complexity of the function class G .
Proof. Set
1
Cmin = H .
V Amin L>(Q)
By the lower spectral bound,
1/2
()] < ALop@)v(e)]
N )\min (UJ)

for a.e. w € €). Hence

~E,M
ULOD Urop

1/2 AE E.M
Cuin E HALOD Urop — uLOD)‘

|- |
LY() LY()

< CuinE HAigD(ﬁEOD - ULOD)) op(@rar

"’ HALOD Urop — ULOD)‘

o)

1

=Cnin E »5 E(@Lop) + CE(QEOJ%)}

Since ﬂfo p minimizes the population loss,
~E ~E,M
Le(urop) < Le(upyp),

and therefore

ElllaZ ~E,M
Urop —Urop

< ~E,M
lej 2Cmin E| L5 (@700)]

Now,

co@Eh) = (Lo@EaD) — Lon(@ERh)) + Lo (@oh)

< sup ‘EE(U) — Lpum(u)| + L (Ur5m)
< sup‘EE —Lpu(u)|+ Le u(@rop)
ueN
B ~E
= Slele\)/|£E( —Lgu( | =+ (EE M(ULOD) ﬁE(uLoD)) + Le(urop)

<2sup|Lp(u) — Lgnm(u)|+ inf Lp(u).
ueN ueN

Taking expectation and using the fact that the Rademacher complexity serves as a measure between the error of population
risk minimizer and empirical rsik minimizer, we obtain:

sup |Lp(u) — Lpv(w)|| S Ru(G"),
uEN

we obtain
E[Lp(a nM)] < Ru(GF) +ui£/fv£E(u)
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Substituting this into the previous estimate yields

ElllgE ~EM
Urop —Urop

< . E i
] S Comi@) + (o ot

Finally, by the upper spectral bound,

1/2
Li(u) = Aoy —urop)|ri@ < IV Amaxllz= @l (@ = wron)| 11 @)

Therefore,
mf [:E < ||\/ maXHLQC(Q 1nf ||(u ULOD)”Ll(Q)

Combining the above bounds gives the claimed conclusion,

1
E ’AE ~E,M < E
[uLOD UrLop 2] | Vo | e e m(G")
1
+ IV Amax ) inf [[(w —wrop)|Liq)- O
HM Lo (Q) @ uen @

C.5. Convergence of the learned localized LOD solution

Theorem C.6. Assume that Ry (G¥) converges to 0 as M — oo and that there exits w € N such that ||(w —wrop)| L1 (o)
gets arbitrarily small.

Define the reference LOD solution and the learned LOD approximation by

Ny
(7)) i
ULop = E :ULOD\I]H

j=1
Ny
EM _E,M j
upoh (@ w) =Y (@rop” (W) W (z,w).
j=1
Then we have
Jim ]E[HULOD Ufb%\\Ll(Q;LZ(D))] =0. (3.12)

where the expectation is taken over the random sampling w; ~ Pq.

Proof. From the definition, we have that

Ny
M B, M(j i
luson —ufgblunoy = [ | (ufhn — GESH7)¥L|  do
Q j=1 L2(D)

_E,M(j
/ Z‘U(L]C))D uLOD |||‘I’HHL2(D) dw
(4) AE M (5)
§1§T§1§§§, 1%, ||L2(D)/ Z\uLOD ay5p” )| | dw
~E,M
S LN 1% 2oy 1wl p — Bron” i g)- (3.13)
Therefore, for fixed H > 0, by C.3 and C.4, we can conclude that for M — oo,
BM EM B 5 I
E[HULOD - UL0D||L1(Q;L2(D))} S E[HULOD - uLOD||L1(Q;L2(D))} < ]E[”'U'LOD - uLOD”Ll(Q)}"’]E[HuLOD _ uLODHLl(Q)} o

due to the assumptions that we made. O
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C.6. Proof of Theorem 4.1

Proof. We decompose the total error as

EM ~ - ~E.M
u—uryhp = (u—wurop) + (uLop — uop) + (@Lop — Urop)-

Lemma C.3 yields
|u—uropllzi@:L2(p)) < H?.

Theorem C.4 implies
c1 .
— i

lurop — ropllLi) < uf |[(u—urop)lri @),

while Theorem C.5 gives

R (GF) + “

1
~ ~E,M .
IE[||UJZJOD - ULOD”Ll(Q)] S ﬁ N ulgjf\/ [|(u — uLOD)”Ll(Q)-

Combining the three terms proves

~ 1 2¢
EN“ — @ opll oy | S H + —=Ru(G") + —= (w —urop)|L (-

inf
/% N

D. Baseline models
D.1. Common input—output format and training losses

All baselines learn the Darcy solution operator on a regular s x s grid. The input is a coefficient field (and optional
engineered channels), and the output is the scalar solution field. Concretely, the network input is a tensor in RE*s*sxCin
(or equivalently B x Cj, X s X s), and the output prediction is uy € RBx*sxs Here Cy, is the number of input channels
used in the experiment (denoted by Cin in our code).

For supervised training, we use the standard data loss
Lata(0) = ||u0 - U”%
For physics-informed training of PI-DeepONet and PINO, we additionally enforce the Darcy equation
~V - (k(2)Vu(@)) = f()
through coordinate-based automatic differentiation rather than a finite-volume/finite-difference stencil. Let
g= {xij}f,jzl

denote the regular grid points, and let ug(x; <) be the network prediction evaluated at coordinate = € §). We define the
pointwise residual by

ro(2; k) = =0, (K(x) Opy ug (23 1)) = On, (K(2) Dy up (75 K)) — f(2)-

In implementation, the spatial coordinates are treated as differentiable inputs, Vuy is obtained by automatic differentiation
with respect to those coordinates, and x(x) is evaluated from the raw coefficient field at the same coordinates by differentiable
interpolation. The physics loss is then

Lpae(8) = é Z ro(z; 1)|?, Lp1(0) = Laata(0) + Apae(0).

z€G
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D.2. Fourier neural operator (FNO)

The Fourier Neural Operator (FNO), introduced by Li et al. (Li et al., 2021), is a neural operator architecture for learning
mappings between infinite-dimensional function spaces, with a particular focus on approximating solution operators of
parametric partial differential equations. The key idea of the FNO is to parameterize an integral operator in Fourier space,
enabling efficient global convolution and resolution-invariant generalization.

Given a function v, defined on a spatial domain, the FNO constructs a learnable integral operator /C(¢) of the form

(K(¢)ve) (2) = F 1 (F(kg) - (Fr)) (),
where F and F~! denote the Fourier transform and its inverse, respectively, and 4 is a learnable kernel. This formulation
corresponds to a global convolution in physical space and allows the operator to capture long-range dependencies efficiently.

In practice, the continuous Fourier transforms are replaced by discrete fast Fourier transforms. Specifically:

* The operators F and F ! are replaced by the discrete fast Fourier transforms Fand F1.

* The input & € R®1**%4X" represents the evaluation of the function v on a uniform grid with s; € N points in each
spatial dimension.

* The Fourier transform of the kernel F () is replaced by a complex-valued weight tensor T" € CS1% " X8aXnXn whoge
entries correspond to the learnable Fourier modes of the kernel.

To reduce computational complexity and improve generalization, the FNO typically employs a low-frequency truncation in
Fourier space. Concretely, only a prescribed number of low-frequency modes are retained in each spatial dimension, while
the remaining high-frequency modes are set to zero. With this truncation, one Fourier layer of the FNO is given by

b (Tlow -ﬁ(@)) ,

where T’ denotes the restriction of T’ to the retained low-frequency Fourier modes. By stacking multiple such Fourier
layers and interleaving them with pointwise nonlinearities, the Fourier Neural Operator is able to approximate nonlinear
operators with global receptive fields while remaining computationally efficient.

Experimental configuration. In our experiments, the FNO uses 4 Fourier layers with channel width 64, retaining 12
low-frequency modes per spatial dimension in each spectral convolution layer.
D.3. Convolutional neural operator (CNO)

The Convolutional Neural Operator (CNO) (Raonic et al., 2023) is designed to approximate operators G : B,, (D, R%x) —
B (D, R% ) between band-limited function spaces. By restricting both the input and output to band-limited spaces, the
CNO mitigates aliasing errors and enables stable learning across different spatial resolutions.

The CNO represents the target operator as a composition of lifting, convolutional operator layers, and projection, expressed
as

G:ur Plu)=vg—>v1 == v = Qvg) =1,

where P is a lifting operator that maps the input function « to a higher-dimensional feature representation, @ is a projection
operator to the target space, and the intermediate states {w}eL:O are defined recursively by

Ver1 = Py o X o Ky(ve), 1<i¢<L-1.

Here, IC; denotes a convolutional operator, 3, a pointwise nonlinearity, and P, a resolution-changing operator.

Architecturally, the CNO adopts a modified operator U-Net structure composed of band-preserving building blocks. In the
encoder, the lifted representation vy is processed by a sequence of downsampling blocks (D-blocks), which progressively
decrease the spatial resolution while increasing the number of channels. This operation expands the feature width and
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contracts the spatial height, enabling multiscale feature extraction. The downsampled representations are then processed by
resolution-invariant residual blocks (R-blocks), which take the form

Ru(0) =0+ K (Suu (KD 0)).

where K 75;1) and K 1(1,2) are convolutional operators and X,,_,,, denotes a band-preserving activation.

The decoder reconstructs high-resolution outputs by successively upsampling the feature maps while reducing the channel
dimension. To compensate for the potential loss of high-frequency information caused by upsampling, feature maps from
earlier encoder stages are concatenated with decoder features, ensuring the preservation of fine-scale details. Finally, the
projection operator () maps the decoded representation to the desired output dimension, yielding the approximation u of the
target function.

Experimental configuration. We use a 4-level encoder—decoder CNO with base channel width 64 and 2 residual
(R-)blocks at each resolution.

D.4. U-shaped neural operator (UNO)

The U-shaped Neural Operator (UNO) (Rahman et al., 2023) is a neural operator architecture that adopts a U-shaped
structure to learn mappings between function spaces, sharing similarities with the Convolutional Neural Operator while
differing in the functional roles of the encoder and decoder. In particular, the UNO explicitly models operator layers that act
between function spaces defined on domains of varying resolution and channel width.

Each UNO layer is formulated as a map between function spaces

Gi : {”Ui : Dz — Rdv’i} — {Ui—i-l : Di+1 — Rd“i+1 } R
where both the spatial domain D; and the channel dimension d,,, may vary across layers. The architecture is organized into
an encoder—decoder structure that progressively contracts and expands the domain while adjusting the channel width.

The encoder is responsible for shrinking the spatial domain and increasing the channel dimension, satisfying

M(Dl) 2 /’L(Di+1)7 dvprl > dviv

where 11(D;) denotes the measure of the domain D;,. As a result, the encoder produces a sequence of feature functions
defined on progressively smaller domains with richer channel representations. Conversely, the decoder performs the inverse
operation by expanding the spatial domain and reducing the channel width in order to match the target output space,
expressed as

w(Di) < w(Dit1),  duy, < do,.

By symmetrically combining these encoder and decoder mappings, the U-shaped Neural Operator enables multiscale
operator learning, allowing information to be processed at different spatial resolutions while ultimately reconstructing
outputs on the original domain.

Experimental configuration. We use an 4-stage UNO with base channel width 64 in the lifting layer and scale the width
across encoder/decoder stages accordingly.

D.5. Deep operator network (DeepONet / PI-DeepONet)

Deep Operator Networks (DeepONets) (Lu et al., 2021a) learn nonlinear operators by combining two subnetworks: a branch
net that encodes the input function and a trunk net that encodes the query location. For an input coefficient field x and a
spatial point y € €2, DeepONet represents the solution operator in the separable form

p
up(yi k) = ba (k) te;(y), (16)
Jj=1

where by(x) € RP is produced by the branch net and ¢y (y) € RP is produced by the trunk net. Evaluating (16) over all grid
points yields the full predicted field.
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Physics-informed variants of DeepONet (often referred to as PI-DeepONet) incorporate the governing PDE as an additional
training signal. In our experiments, we adopt a PI-DeepONet-style training of DeepONet by using the common PI objective
in Section D.1, where the physics loss is computed by automatic differentiation with respect to the trunk coordinates.

In our implementation, the branch net takes as input the discretized coefficient field (stacked channels as described in
Section D.1) and maps it to a latent code, while the trunk net takes the coordinate y = (1, x3). Their inner product yields
the scalar solution value at y, and batching over all grid locations produces the full field prediction. For the physics loss, we
differentiate the prediction with respect to y, form x(y)Vug(y; x) using the coefficient sampled at the same coordinates,
and penalize the residual

_8931 (K;(y)aauuﬁ (y; H)) - 812 (’Li(y)aévzue (y; K)) - f(y)
Experimental configuration. For the plain DeepONet baseline, we set the latent dimension to p = 128. Both the branch
and trunk nets are MLPs of depth 4 and 4, respectively, with hidden width 128.

For the PI-DeepONet baseline, we use branch layers (dy, 100, 100, 100, 100) and trunk layers (2, 100, 100, 100, 100), where
dy = Ciys? is the flattened branch input dimension.

D.6. Transolver (Physics-Attention)

Transolver (Wu et al., 2024a) is an operator learning architecture built on physics-attention, which compresses dense
attention over grid tokens into a two-stage slicing—token mechanism. Let z € R *? denote the per-point features on a grid
(N = s2). Transolver first assigns each grid point to one of S latent slices by

A= softmax(st> e RV*S,
T

then forms slice tokens by normalized pooling,

ATz
T ="+ eR%
ATl ©

Multi-head self-attention is applied among the S tokens (cost O(5?)), and the updated tokens are projected back to the
grid by deslicing, # = AT". This reduces the quadratic cost in N to O(N S + S?) while retaining global information flow,
which is beneficial for elliptic problems where long-range dependencies are intrinsic.

Experimental configuration. We use feature dimension d = 128, number of slices S = 64, number of attention heads 8,
and temperature 7 = (.5 for the slicing softmax.

D.7. Physics-informed Neural Operator (PINO)

The Physics-Informed Neural Operator (PINO) combines an operator-learning backbone with a PDE residual during
training. In our implementation, the PINO baseline uses an FNO-style 2D architecture on the regular s x s grid. Given the
preprocessed coefficient tensor, we append the spatial coordinates to the input channels and form an input tensor in

RBxsxsx (Cin+2)

A lifting linear layer first maps these per-grid features to a hidden representation, after which a sequence of spectral
convolution layers and pointwise linear layers is applied in parallel and summed at each block. Finally, a pointwise
projection head maps the hidden representation back to a scalar solution field.

Concretely, if v, denotes the hidden feature map at layer ¢, one PINO block takes the form
ve1(x) = o (Ke(ve)(x) + Weve(x))

where /C; is a Fourier spectral convolution retaining only low-frequency modes and W, is a learnable pointwise linear map.
Stacking such blocks yields a neural operator with a global receptive field and efficient spectral mixing.

For physics-informed training, PINO uses the same PI objective from Section D.1. In particular, the network prediction is
differentiated with respect to the appended coordinates by automatic differentiation, and we penalize the Darcy residual

—0n, (K(2) 0y up (23 K)) — O, (K(2) D, ug (23 5)) — f(2).
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As in the PI-DeepONet baseline, the coefficient multiplying the gradient is obtained from the raw coefficient field at the
same coordinates.

Experimental configuration. We use four spectral blocks, hidden width 64, retain 12 Fourier modes in each spatial
dimension at every block, use a pointwise projection dimension of 128, GELU activations, and no domain padding.

D.8. Finite-Element Operator Network (FEONet)

FEONet is a neural operator model grounded in the finite element method (FEM), using nodal basis functions {¢;} to
approximate solutions as a linear combination

Ny
u=> i
i=1

where the index ¢ denotes the nodes of a triangulation of the physical domain and Ny the number of (coarse) nodes. The
basic idea of FEONet is to predict the FEM-coefficients {«; }. For the Darcy equation 1, the training procedure of FEONet
is based on the weak formulation, which reads: Find u € V such that

//iVu-Vvdx:/fvdx Yo e V.
Q Q

Using the FEM ansatz u = Y, ; @;¢; and testing with ¢;, one obtains the linear system Aa = b with the stiffness matrix
A = (A;;) and the load vector f = (f;) defined as

Aij = / anSj-V@ d{L‘, bi = / f¢z dr.
Q Q

fori,7 =1,...., Ng. FEONet is then trained by sampling permeability fields «; and computing corresponding stiffness and

load vector samples {(A;(k;), b;(x;))}X_, and then using the weak-form residual loss over samples with index i:

1 N
L= NZl | Aser; — by

Note that, by using this loss function, we do not need the ground-truth FEM-coefficients «; to train our model. This way,
FEONet can be interpreted as a hybrid Operator Learning model that combines neural networks with the conventional
FEM-method, which is data-free and fully physics-informed.

Experimental configuration. In our implementation of FEONet, we use a CNN-based feature extractor for the input
k, followed by a Multi-Layer Perceptron to predict the coefficients «; based on these features. For comparability with
LOD-MSNO, the input of the model is the permeability field x on a grid with the fine resolution £ and the output are the
coefficients «; for the coarse-scale-basis functions ¢;, ¢ = 1, ..., Ng.

E. Neural architecture for predicting LOD coefficients

Task and I/O. Let a(z) > 0 denote a heterogeneous permeability field on a bounded domain with homogeneous Dirichlet
boundary conditions. Our network takes a fine-grid discretization a;, € R™»*"" and outputs the interior coefficient vector
of the LOD basis on a coarse grid with n g nodes per spatial direction. i.e., Ujny € RP where D = (ng — 2)2.

We package preprocessing and (de)normalization inside a single model so that the same transforms are applied in both
training and inference.
E.1. Input preprocessing
We form a multi-channel tensor X € RE*CinXnnXnn from the raw field a. Denote by b the base channel:
b(i, j) = log(max{an (i, j),}) (17)

where € > 0 is a small constant to avoid numerical issues. The log transform compresses the dynamic range of high-contrast
permeability fields. This is consistent with the common modeling practice in Darcy-flow settings (Bonizzoni & Nobile,
2014).
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Gradient-magnitude channel (add_grad). To expose sharp interfaces/discontinuities in a;, we append a gradient-
magnitude channel computed by forward differences (with zero padding at the boundary):

o b(i, 5 +1) —b(i,5), j<np—1,
gz(w){( A1) = blig). g <m (18)
Oa j:nh_la
o b(i +1,5) — b(i,5), i<np—1,
gy(z,ﬁ:{( J) = bl g), i< (19)
0, t=np — 1,
9(i,3) = /9200, )2 + 0, (i, 3)2 + 5, (20)

with § > 0 small.

Coordinate channels (add_coords). Convolutional networks are translation-equivariant, while boundary-value prob-
lems on bounded domains are position-dependent. We therefore append explicit coordinates (CoordConv-style positional
encoding (Liu et al., 2018)):

25 2i
) =—1 j) = —1 21
r()= 1+ g yli) =14 e
Channel count. The number of input channels is
Cin = 1 + I[add_grad] + 2I[add_coords], (22)

and the final preprocessed tensor is formed by concatenation along the channel dimension.

E.2. Normalization (input/output)

Channel-wise input normalization. Let X € RPZXCinXnnXnn be the preprocessed input. We compute per-channel
statistics (fic, o) on the training set after preprocessing:
pe = E[X.), o = E[X7] - pl, (23)

where expectations are taken over all training samples and spatial locations. We then normalize as

Xb,c,i,j — Me
Oc+ € ’

Xpeij = (24)

The values p, o are stored as non-trainable buffers and reused at test time.

Per-component output normalization. Let u;,; € RP denote the target interior coefficient vector. We compute per-

component statistics (,u,(c"), o,(cu)) on the training set and normalize:

) _ o, (u)
ulnt,k Mk

) (25)
+e€

U = (u
Oy

The core network is trained to predict ﬁ; inference returns the decoded coefficients ;¢ via the inverse transform of (25).
E.3. Core CNN: LODMimet icNet
Building block: Conv—GroupNorm-GELU (GNAct). We use the block

GNAct(z) = GELU(GN(Convgxy s(2))), (26)

where GN denotes Group Normalization (Wu & He, 2018). GELU is a smooth activation commonly defined as GELU(z) =
2®(x) with ® the standard normal CDF. For GroupNorm, we use G = min(8, C) groups for a C-channel tensor.

Residual block (ResBlock2D). At a fixed resolution and channel width C, we use a ResNet-style block:
ResBlock(x) = GELU (z + GN (Convsxs1 (GNAct(x)))) (27)
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Encoder: learned restriction from n;, x ny to ng x ng. Starting from X € RBXCimxna *Th we apply:

¢ Stem (stride 1): two GNAct blocks (kernel 3, padding 1): Cj,, — base — base.

* Downsampling stages (stride 2): log,((n, — 1)/(ng — 1)) stages, each consisting of one GNAct with stride 2
followed by one ResBlock:

np+1 np+1
— X

np X np —
2 2

— =g XNy

ny —1

base — 2base =& -+ — 2 base

ng —
Thus, the spatial resolution matches the coarse-grid node resolution (ng,ng).

Coarse-scale mixing and readout. At resolution ngy X ng, we apply:

* FirstMix: GNAct (stride 1) increasing channels followed by first_mix blocks residual blocks.
e Mixing trunk: mix blocks residual blocks at fixed width.

+ Head: a 1 x 1 convolution to produce a scalar coarse-grid map S € RE>*1xn#xnu We remove the channel dimension
and extract the interior coefficients:

ﬁint = VGC(S(:,1:nH—1,1:nH—1)) GRBXD» (28)

where the slicing (1 : ny — 1) removes the boundary nodes in each direction, consistent with homogeneous Dirichlet
conditions.

Hyperparameters used. We use base = 32, GroupNorm with G = min(8, C') groups, add_grad = True, and
add_coords = True. For the coarse-scale mixing, we set first mix blocks = landmix blocks = 6.

E.4. Data generation and dataset construction

Goal and supervised learning target. For each realization of a heterogeneous coefficient field «, we generate a LOD-

reduced coarse problem and its solution. Concretely, for every sample we compute

(kh, ALoD, ULOD),

where x;, denotes the coefficient sampled on the fine mesh 7, (stored as nodal values), Ay,op is the (interior) coarse LOD
stiffness matrix and load vector, and u,op is the corresponding (interior) coarse LOD solution. This provides paired
input—output data for learning an approximation of the parameter-to-solution map s +— u at coarse-grid resolution.

Meshes and coefficient resolution. We generate two nested conforming triangulations 7z and 77, of Q = (0,1)? with
H = 2 Hexp gnd b = 2 hexp assuming that 7y, is a refinement of Ty . The fine mesh 7, is chosen sufficiently small to
resolve the spatial variations of x. All discrete corrector problems are solved on V;, = Py (T;,) N H}(Q).

Coefficient families. We consider several coefficient models « :

* Quantile (discontinuous/high contrast). We first sample a smooth Gaussian random field g on the fine nodes with
squared-exponential covariance,

E[g(z) g(y)] = o” eXp(f%),

and set k = exp(g) (lognormal transform). We then compute empirical quantile edges of x and map nodal values into
a shuffled discrete set {k1, .. ., K, | by quantile binning; finally, we define an elementwise-constant coefficient on fine
triangles by averaging nodal values per element.
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* Lognormal Matérn (continuous). We sample a Matérn Gaussian field Z at fine nodes and set k = exp(Z).

o? \/5 Y V2
c(z,2") = m <£||x — J]/”g) K, <£||m 2|2 ],

To evaluate x(z) at quadrature points during assembly, we use a scattered interpolant based on the fine-node samples.

* Piecewise-constant patterns (checkerboard). We generate « as a discrete random field on a uniform grid (either
coarse- or fine-scale), including checkerboard, horizontal stripes, and vertical stripes, and define x(x,y) by O(1)
indexing into the corresponding cell.

Per-sample LOD assembly. Fix a localization depth ¢ € N. For each coefficient realization «, we perform:

1. Fine stiffness assembly. Assemble the fine stiffness matrix
Ay = [a(#w d)fl)} o, a(u,v) = / kVu-Vovdz.
2] Q

2. Localized correctors. For every coarse element 7' € Tz, form the /-layer patch A*(T') and solve the discrete localized
corrector problems

Tn(@) eWHT)N Vi, a(QF4(9%), wh) Z/HV@ZH-VU}hdm,
T

for all wy, € W¥(T) NV}, where W = ker(Zg) and W*(T') denotes functions supported in A*(7"). Summing all
element contributions yields the global discrete correction operator

Qj, = Z Q-

TETH
3. Multiscale basis and coarse operator. We assemble the multiscale basis matrix
Vs =Py — Qf,
and obtain the (Galerkin-projected) LOD coarse operator and load

Arop = Vs Ay VI, frop = Vs fh.

4. Dirichlet restriction and solve. We remove boundary coarse nodes using the diagonal mask B and solve the interior
system

ALoD,int ULOD,int = fLOD,int-

The vector ur,op,int is the supervision target used for training. Optionally, we also compute a fine reference solution
uy, by solving A,uy, = f;, (with Dirichlet constraints) for diagnostic comparisons.

Parallelization and GPU acceleration.

* Patch-level parallelism (dominant speedup). The localized corrector problems are independent across coarse
elements 1" € Ty;. We therefore compute {Q% » } in parallel using multi-core execution (Joblib), with progress tracking
via t gdm.

 Fast patch bookkeeping. To avoid scanning the full fine mesh for every patch, we precompute: (a) the coarse adjacency
graph for patch growth and (b) the list of fine triangles contained in each coarse triangle. This reduces per-patch
overhead substantially.

« Efficient patch solvers. Each patch stiffness matrix is symmetric and positive definite after Dirichlet restriction. When
available, we employ sparse Cholesky factorization (CHOLMOD/SuiteSparse).
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