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Abstract

In this work, we study the sample complexity of obtaining a Nash equilibrium
(NE) estimate in two-player zero-sum matrix games with noisy feedback. Specif-
ically, we propose a novel algorithm that repeatedly solves linear programs
(LPs) to obtain an NE estimate with bias at most € with a sample complexity

mimso mims .
of O (Emin{62108703} log ™1 ) for general m; X mo game matrices, where o,

00, 0 are some problem-dependent constants. To our knowledge, this is the first
instance-dependent sample complexity bound for finding an NE estimate with
¢ bias in general-dimension matrix games with noisy feedback and potentially
non-unique equilibria. Our algorithm builds on recent advances in online resource
allocation and operates in two stages: (1) identifying the support set of an NE,
and (2) computing the unique NE restricted to this support. Both stages rely on a
careful analysis of LP solutions derived from noisy samples.

1 Introduction

Minimax optimization [39] is a fundamental problem in machine learning and game theory, with
applications including adversarial training [19] and robust optimization [36]. A canonical example of
a minimax problem is the two-player zero-sum matrix game, also known as the bilinear saddle-point
problem, defined as miny max, x " Ay, where A is the payoff matrix, and (x, y) are the strategies of
the two players lying within the simplex. The goal is to compute a Nash Equilibrium (NE), a strategy
pair in which neither player can improve their expected payoff by deviating from their strategy.

A significant line of research focuses on computing the NE when the game matrix A is fixed and fully
observed. However, much less is known about computing NE when the learner only receives noisy
and bandit feedback, when each player picks an action and only receives a noisy observation of A on
the chosen action pair. While it is possible to find an e-approximate NE using O(1/¢?) samples by
sampling each action pair O(1/¢?) times and computing NE based on the empirical utility matrix, it
remains unclear whether a better instance-dependent sample complexity can be achieved. Therefore,
this paper aims to investigate the following question:
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How to achieve better instance-dependent sample complexity for computing a Nash Equilibrium in
two-player zero-sum matrix games with noisy and bandit feedback?

Problem Formulation. We consider the bilinear saddle point problem defined as follows
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where A, = {x e R": Y | x; = 1,x; > 0,Vi € [n]} denotes the (n — 1)-dimensional simplex
and A € [—1, 1]™1*™2 ig the payoff matrix. According to the celebrated minimax theorem [39], we
know that miny ey maxycy x Ay = maXyey Milyex x| Ay. Define X'* x J* as the set of Nash
Equilibria where X* = argmin, .y maxycy x ' Ay and YV* = argmaxy, ¢y Milxe x x ' Ay. In the
following, we introduce two definitions that measure of the closeness between a strategy (z,y) and
the Nash Equilibria set X'* x }*.

Definition 1 We call a pair of strategy (x,y) € Ay, X Ap,, an e-close NE if argmin . c y. [|x —
x*[|2 < e and argming..y, [y — y*[2 < e

x' Ay —
maXy/eA,,, 2*T Ay’ and minyen, x'T Ay* — minxrea,,, 2T Ay (independent fo the choice of
z*e X andy* € Y). Wecall z X (y € Y) an e-sub-optimality-gap NE if x’s (y’s) sub-optimality
gap is no more than e.

Definition 2 Define the sub-optimality gap of v € X and y € Y as maxy/ca

mo

Since we assume that A € [—1, 1]™*™2_ we know that an e-close NE implies an e-sub-optimality-
gap NE, while the reverse is not true. In this paper, we consider the setting where only noisy bandit
feedback is available. Specifically, the learner can only query an entry (¢, 5) of A and observe a
sample A; ; +n € [—1,1] where 7 is a zero-mean noise.

Main Results and Contributions. Inspired by the recent advance of online resource alloca-

tion [40l 29, 25/ 130], we design an algorithm based on resolving linear programs (LP) achieving

an e-approximate NE with sample complexity O(m log("*)), where m = mims and
290>

9,00 and o are instance-dependent values related to LP Specifically, our algorithm includes two
components.

The first phase is to identify the support of an NE. Specifically, we first sample each entry of matrix
N; /m times and construct an empirical LP formulation of the game. Our algorithm then iteratively
computes the estimated support of the NE by restricting the strategy to progressively smaller supports.
Concretely, at each step, we select an entry from the current support and compare the objective
value of the empirical LP in two cases: one where the strategy remains unrestricted and one where
the selected entry is removed. Otherwise, we terminate the process and output the current support.
With a high probability, this guarantees to find the support of an NE when N; exceeds certain
instance-dependent constant.

After obtaining an optimal basis of an NE from the first phase, the second component is to find the
NE on this support. Specifically, inspired by the recent advances in solving online resource allocation
that achieves logarithmic regret via LP resolving (e.g. [40, 29, 25/ 130]), our algorithm iteratively
solves the LP based on the historical samples with an adaptive choice of the constraint slackness. We
show that our algorithm achieves an instance-dependent sample complexity of O (2= log 5% ), then
complementing with a robustness guarantee O(%; log "), which does not depend on the instance-

dependent value & [

2 Our Approach

Reformulation as Linear Programming In order to solve we can focus on two
linear programs, which can be regarded as the primal-dual form to each other. We have the following

'All problem-dependent constants are formally defined in later sections.
2We omit some other problem-dependent constants for conciseness. These dependencies are explicitly written
in the theorem statement.



“primal” linear program.
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According to the celebrated minimax theorem, :Equation (1))is equivalent to maxy cy minye x x " Ay.
We also have the “dual” linear programming that computes y.
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Classic LP analysis (e.g. Theorem 16.5 in [[18]) shows that it suffices to find an optimal solution

x* to LP|Equation (2)|and an optimal solution y* to LP|Equation (3), such that x* and y* are the
corresponding primal-dual solutions.

Saddle Point Support Identification. In order to identify the optimal basis Z* and J* from noisy
observations, we first sample each entry A; ; a number of times and construct an empirical game

matrix A with each entry the empirical average of the NV observations, and construct the primal LP

of using A. Next, we successively shrink the size of z-player’s support based on the
objective value VIP rime - Specifically, VIP rime jg defined as the empirical primal LP with non-zero

values only on Z and we initialize the support set to be Z = [m1]. At each time, we sequentially pick
each i € Z and compare the objective value of V}"™¢ with VIP\{%"ie If these two quantities are the

same, this means that there exists an NE that is not supported on ¢ and we set Z + Z\{i}; otherwise,
we keep ¢ in Z. We then obtain the support set Z* after iterating over all i € [m4].

After identifying the set 7%, we also need to find the set J*, which is equivalent to see what is the
support for the dual LP. We apply a similar approach to find J *. Specifically, based on Z*, we define
the dual LP VID*“}I in which we only include the rows of A whose indices are in Z* and set the dual
variables outside 7 to be 0. We initialize 7 = [ms] and successively eliminate an element j € J
if VI*7 J\{j} €quals to VP’“““e Finally, we obtain J* after iterating over all j € [ms]. Note that it
is possible that there are multlple optimal basis of Z* and J* and we show later that our approach
essentially identifies one particular optimal basis, since our goal is to find one NE of the game. In the
following, we provide both instance-dependent and worst-case sample complexity guarantees.

LP Resolving Procedure. After obtaining the support Z* and J*, we conduct LP resolving to
approximate the optimal solution. Note that the optimal solution x* enjoys the following structure:
X7.. = 0 and the other elements x7.. can be given as the solution to

AL ;. —el71] [)LI] _ m . @
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Our approach is formalized in [/ Specifically, in each iteration n, we observe a n01sy
matrix entry A, ; ;. with E[A,, Zn_’]n] = A, ;. and (i, jn) uniformly drawn from Z* x J*. A

naive approach would be to directly use these samples to form an empirical estimate of Az~ 7 and
compute the optimal basis. However, this would result in estimation error of ©(1/+/N) by standard
concentration bounds, leading to a suboptimal ©(1/+v/N) approximate Nash Equilibrium.

To achieve a better convergence rate, is inspired by the LP resolving algorithms for
online resource allocation problems [40} 29, 25 [30] that can achieve O(log N) regret after N
iterations. Specifically, we interpret[Equation (4)|as a resource allocation problem: the right-hand-side
represents resources, variables x represent actions, and the left-hand-side matrix represents resource
consumption. The goal is to determine actions {X; },c[n] such that resources are appropriately
consumed over NV iterations. The crucial point of Algorithm 2’s effectiveness lies in its adaptive
resource allocation procedure (Line 8 of [Algorithm T)). By dynamically updating a™ according to
Equation (6)] we create a self-correcting system that forms and solves the LP for X" as specified
in[Equation (5)] This resolving procedure ensures that a™ converges to a with a gap bounded by
O(1/(N—n+1)) —acritical factor in achieving our instance-dependent guarantee. For example, when

a binding constraint j € 7 * has a value below its target a; under the current action ", _, X" /n, the
algorithm compensates by setting a7 /(N — n + 1) greater than a;, thereby increasing the constraint
value for x"*!. Through this continuous feedback loop, the algorithm dynamically adjusts for
constraint violations, enabling the significantly fast convergence rate of O(1/(N — n + 1)).




Algorithm 1 The Resolving Algorithm
1: Input: the number of samples N, the support Z* and J* with |Z*| = |J*|, L = 4.
2: Initialize H' = 0, a' =0 e R’
3: forn=1,...,N do

4: Construct estimates ﬁp’ 7~ using the dataset H".

5: Construct a solution (X", ™) such that X7.. = 0 and X%.. is the solution to
A;*J* —el7”! Cxz-| _ |2/ (N —n+1) . )
(e hHT 0 1 1

6: Project (X", i™) to the set {(x, 1) : x > 0, ||(x, 1) ||1 < L} to obtain (x™, u™).

: Observe A,, ;. ;. = Ai, j, + 7n, Where i, and j,, are uniformly sampled from Z* and J*.
8: Update H ! =H"U {(invjna An,in,jn)} and compute a™tl as

a™th =a" — T[T Ay, by, el ©)
9: where h; € RIV"I denotes a vector with j,,-th position being 1 and other positions being 0.
10: Compute X = + - 3" x" and output .

3 Sample Complexity Analysis

We now show that our [ATgorithm T]achieves an instance-dependent sample complexity for approxi-
mating the optimal solution to the primal LP problem V Frime,

Theorem 1 For any € > 0, with a sample complexity of N = O

djf +5)- log(?/s)), where §
being certain problem-dependent constant and d = |I*| = | J*|, applying|Algorithm 1| guarantees
that argming. c y. |E[X] — x*||2 < e. Here, 0 > 0 is the minimum singular value of the full-rank
matrix A* defined as
A}—* T* —ej*lil

B
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we show that [Algorithm 1| also achieves an é-independent sub-optimality gap with N samples,

demonstrating the robustness of our algorithms. Specifically, we have the following theorem:

Theorem 2 For a fixed sample size N, denote by X the output of|Algorithm 1| We know that E[X] is
a feasible solution to V'™ with an suboptimality gap upper bounded by

d? d log(N) . /dm-log(N)
O<a'(”gz.L2)' N TR TN )

where K is certain constant independent of N, d = |T*| = |J*

value of A* defined in

Combining the above two thoerems, we have the following result.

, and o is the minimum singular

Theorem 3 For a fixed accuracy level € > 0, denote by X the output of| with N samples.
We know that E[X] forms a feasible solution to V'™, with an suboptimality gap upper bounded by
g, as long as the sample complexity bound holds

d® log(m/e) . [d-R* 1
N—O<.E+m.m1n{ = ’52~£} -log(m/s)>,

o3

where § being certain problem-dependent constant, and o the minimum singular value of A* defined

in and K is certain constant independent of «.
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A Related Works

There is a line of works considering the sample complexity of finding NE for matrix games. When
the observations are deterministic, [32] proposed an inefficient algorithm that identifies all Nash
Equilibria by querying O(nk® log? n) entries of the matrix, where  denotes the size of the support
across all Nash Equilibria and A € R™*"™. For Pure Strategy Nash Equilibria (PSNE), a special class
of NE where each player’s strategy is restricted to a single action, [[L0] developed a deterministic
and efficient algorithm requiring only O(n) samples. This was subsequently improved by [L1]], who
introduced a randomized algorithm that further reduced the runtime complexity while maintaining
the same sample complexity.

When the observations are noisy, [45] proposed a lower-upper-confidence-bound (LUCB)-based
algorithm [26]] for identifying pure-strategy Nash equilibria (PSNE) with probability at least 1 — 4,
achieving a sample complexity of O(log(1/0)). [31] later improved this result by refining problem-
dependent constants to achieve better sample efficiency. Similar to our approach, their algorithm
consists of two subroutines: the first identifies the support for the z-player, with a size of at most 2,
and the second computes the unique NE on the resulting 2 x 2 sub-matrix. [33] considered the case
where one player competes against an adversary, deriving logarithmic Nash regret guarantees.

There is another related line of work which aims to find the NE of a matrix game via regret min-
imization. Specifically, [[16] shows that if both players adopt an algorithm with individual regret
bound R over T rounds, then the average-iterate for each player forms an %-approximate NE. Since

R = O(V/T) in the worst case, this leads to an O(1/+/T')-approximate NE. Later, a line of works
(12,137, 138]] show that with full gradient feedback, if both players apply certain optimistic online learn-
ing algorithms, the average-iterate converges to NE with a faster rate. A recent work [22] shows that
under noisy bandit feedback, if both players apply Tsallis-INF [46], then the expected average-iterate
converges to an O(1/+/T)-Nash Equilibrium, with a faster O(log T/T) instance-dependent rate if
the game has a unique PSNE. Besides average-iterate convergence, there are also works studying the
last-iterate convergence [[13} 41 21} 2|9} 8} 22], which is more preferable in many applications.

Our algorithm design is inspired by the recent advances in near-optimal algorithms for the online
resource allocation problem, which has been extensively studied, with diverse applications modeled
through various linear program (LP) formulations. Representative examples include the secretary
problem [[15]], online knapsack [4]], network revenue management [[17], network routing [6], and online
matching [34]. Two primary input models are commonly considered in online LP research: i) the
stochastic model, where each constraint column and objective coefficient is drawn independently from
an unknown distribution, and ii) the random permutation model, where inputs arrive in a uniformly
random order [35} [1} 27, 20]. Under a standard non-degeneracy assumption, logarithmic regret
bounds have been established for problems such as quantity-based network revenue management
[24}123]], general online LPs [29], and convex resource allocation [30]]. More recent work has relaxed
this assumption (e.g. [7} 140, 15 25, 42l 3] 144]), leading to improved theoretical guarantees under
broader and more realistic conditions. Our algorithm is new compared to the existing ones and we
also relax the non-degeneracy assumption.

B Preliminary

We consider the bilinear saddle point problem defined as follows

. T
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where A, = {x e R": Y" | x; = 1,x; > 0,Vi € [n]} denotes the (n — 1)-dimensional simplex
and A € [—1,1]™*™2 ig the payoff matrix. According to the celebrated minimax theorem [39], we
know that minye y maxyey X' Ay = maxycy mingey x ' Ay. Define X* x V* as the set of Nash
Equilibria where X* = argmin,  y maxycy x' Ay and Y* = argmax, ¢y mingex x' Ay. In the
following, we introduce two definitions that measure of the closeness between a strategy (x, y) and
the Nash Equilibria set X'* x Y*.

Definition 3 We call a pair of strategy (X,y) € A, X Ap,, an e-close NE if argmin . ¢ y.
x*[|2 < eand argming.y, [y —y*[2 < e

X —



Definition 4 Define the sub-optimality gap of x € X and y € Y as maxyea,,, x' Ay’ —
maxyrea,,  ° Ay and mingen,, x'T Ay* — ming e A, 2 T Ay (independent fo the choice of
z*e X andy* € V) Wecallx € X (y € Y) an e-sub-optimality-gap NE if x’s (y’s) sub-optimality
gap is no more than e.

Since we assume that A € [—1, 1]™*™2_ we know that an e-close NE implies an e-sub-optimality-
gap NE, while the reverse is not true. In this paper, we consider the setting where only noisy bandit
feedback is available. Specifically, the learner can only query an entry (¢,j) of A and observe a
sample A; ; +n € [—1, 1] where 7 is a zero-mean noise.

Other Notations. For a vector v € R%, let v; denote its i-th entry, and for a subset S C [d], let
vg denote the subvector of v containing the entries indexed by S. We say v >= 0 (v < 0)ifv; > 0
(v; < 0)foralli € [d]. Denote e™ as the all-ones vector in n-dimensional space and O as the all-zeros
vector in an appropriate dimension. For a matrix M € R™*"2 and two sets S1 C [n1], S2 C [n2],
let Mg, . € RIS11X72 denote the submatrix containing the rows of M indexed by S;. Similarly,
let M. g, € R™ X152 denote the submatrix containing the columns of M indexed by S5, and let
Ms, s, € RIS11XIS2] denote the one containing the entries with the row indices in S; and the column
indices in S5. We also let m = mqmo for notational convenience.

B.1 Reformulation as Linear Programming

In this section, we present a reformulation of the bilinear saddle-point problem defined in[Equation (8)]
We show that in order to solve we can focus on two linear programs, which can be
regarded as the primal-dual form to each other. We then exploit the specific structures of the
linear programming reformulations to derive our algorithms. Specifically, for a fixed x, the inner
maximization problem over y can be viewed as a linear program, the dual of which can be written as

min g s.top-e™ > ATx C)
IS

Further minimizing over x € X reaches the following “primal” linear program.

yPime — - pin 4 ostop-e™ = ATx, (™) x = 1. (10)
x>=0,ueR
According to the celebrated minimax theorem, :Equation (8)|is equivalent to maxy ey mingey x' Ay.
Then, following a similar process, we obtain the “dual” linear programming that computes y.

y/Dual — D>I?83§’X>O v ostr-e™ < Ay, (em) Ty =1. (11)

Direct calculation shows that LP in|[Equation (10)|and LP in quation (11)|are primal-dual to each
other. Moreover, in order to solve [Equation (8)] classic LP analysis (e.g. Theorem 16.5 in [18]) shows

that it suffices to find an optimal solution x* to LP [Equation (10)|and an optimal solution y* to LP
Equation (11)} such that x* and y* are the corresponding primal-dual solutions.

Lemma 1 For any optimal solution to the primal LP|Equation (10)| denoted by (x*, i*), and the
corresponding optimal dual solution to LP|Equation (11)| denoted by (y*,v*), (x*,y™) is an optimal

solution to|Equation (8)

In the following, we first present in a method for identifying the support of an NE, denoted
asZ* C X*and J* C Y*, using (9(5%) samples, where J is a problem-dependent constant defined

in[Section C] Then, in[Section D] we demonstrate how to compute the NE supported on Z* x J*.

C Saddle Point Support Identification

In this section, we develop methods to identify the support for an optimal solution x* to the primal
LP[Equation (10)} Following standard LP theory, we know that when solving an LP, we can restrict
to the corner points of the feasible region, which is also referred to as basic solution. The following
lemma shows that there always exists two index sets Z* and J* such that one optimal solution to
the LP VPri™e can be fully characterized by the sets Z* and [J* as the solution to a set of linear
equations.



Theorem 4 There exists index sets T* C [m;] and index sets J* C [maq], such that |T*| = |J*| = d,
Sfor some integer d < min{m,,ms}. Also, for the given sets T* and J*, there exists an optimal
solution (x*, u*) to|Equation (10)|that satisfy

A;J* Xy =p* el and (™) Tx* =1, (12)
and x%.. = 0, where T*¢ = [mq] \ I%, and J*° = [ma] \ J* denote the complementary sets.

In order to identify the optimal basis Z* and J* from noisy observations, we first sample each entry
A; ; a number of times and construct an empirical game matrix A with each entry the empirical
average of the IV observations, and construct the primal LP of using A. Next, we
successively shrink the size of x-player’s support based on the objective value ‘7113 rime defined in

Equation (13)| Specifically, 171? rime j¢ defined as the empirical primal LP with non-zero values only
on Z and we initialize the support set to be Z = [m1]. At each time, we sequentially pick each i € 7

and compare the objective value of ‘711') rime yith VP\r{mie If these two quantities are the same, this

means that there exists an NE that is not supported on ¢ and we set Z < Z\{i}; otherwise, we keep 4
in Z. We then obtain the support set Z* after iterating over all i € [m].

VErme —min g VIPrime = min p
st. p-e™m = ATx st p-e™m = ATx
(eml)Tx =1 (eml)Tx =1 (13)
Xze =0 Xze =0
x>~ 0,u€eR, x> 0,uelR

After identifying the set Z*, we also need to find the set 7, which is equivalent to see what is the
support for the dual LP. We apply a similar approach to find j * Spemﬁcally, based on Z*, we define
the dual LP VID*”}I 1n in which we only include the rows of A whose indices are in Z*
and set the dual variables outside J to be 0. We initialize J = [ms] and successively eliminate an

element j € 7 if V- ,7\{;} equals to VI rime Rinally, we obtain 7 * after iterating over all j € [ma].
The pseudo code of the algorithm is shown in Note that it is possible that there are
multiple optimal basis of Z* and J* and we show Tater that our approach essentially identifies one
particular optimal basis, since our goal is to find one NE of the game. In the following, we provide
both instance-dependent and worst-case sample complexity guarantees.

{>Dual

vRual —max v Vi'ly = max v
st. v-elfl< Az« .-y st. v-elfl< 121\1'*’: -y
(emz)Ty -1 (emz)Ty -1 (14)
yge =0 yge =0
y>=0,veR, y>=0,veR.

C.1 Instance-Dependent Sample Complexity Guarantee

In this section, we show that [ATgorithm 2] can successfully detect the optimal support index sets
T* and J* with a high probability with the number of samples a constant with respect to certain
instance-dependent quantity. Specifically, we define 6 > 0 as follows

Definition 5 Define §; = ming{VFrime — yPrime . y/Prime _y/Prime ~ 01 1o pe the minimum

non-zero primal gap where V™™ is defined in|Equation (10)|and VP rime jo defined in|Equation (13)

Define 65 = ming, 7 {V} Dual VI]?‘;ZI VD‘““1 VD[‘;f:l > 0} to be the minimum non-zero dual gap

where VD“al is deﬁned in|Equation (14) Deﬁne 0 = min{dy, d2}.

Specifically, § measures the minimum non-zero gap to the optimal objective values (for both the
primal and the dual) when the value on a support of the NE is set to be 0.

10



Algorithm 2 Support Identification

1: Input: the empirical matrix A with each entry the average of % noisy observations
2: Initialize Z = [mq] and J = [ma].
3. Compute the objective value of VIP rime aq in [Equation (13)| Set this value to be V.
4: fori cZ do o
5: Let Z' = 7\{i} and compute the value of V5 rime,
6: if V = Virime then 7 = 7'.
7: for j € J do
8: Let 7' = J\{j} and compute the value of f;%l.
Ar - —elTl
9: Compute the smallest singular value of the matrix { ( fll‘?/f).r % } , denoted as o'z, 7.
e

100 if Vo= VP% and 675 > 2|Z| - Rad(N'/m,e/m) with Rad(N'/m,e/m) =
m-log(2m
mAE(m/E) then J = 7.

11: Output: the sets of indices Z and 7.

The next theorem shows that when the number of samples N for each entry is at least (<), then

62
with a high probability, Z and 7 output by [Algorithm 2]satisfies

Theorem 5 Foranye > 0, as long as N > %(fm/ﬁ), with probability at least 1 — ¢, the outputs

T and J of|Algorithm 2| satisfy the conditions described in

The proof is deferred to To provide a proof sketch, following standard concentration
inequalities, with N > %W, each entry of the game matrix A is approximated with an error
of g with probability at least 1 — . Under this high probability event, we can show that the gap
between the optimal objective value of VE™™e and VFrime a5 well as the dual IA/I]?}"“ and VP4 for
all Z C [my] and J C [mo], is smaller than %. Then, we are able to show that the optimal basis of
the empirical LP VPrime egtimated from samples is also an optimal basis of the original LP /Frime,

Two remarks are as follows. First, the proof sketch above shows that we can also directly compute an
optimal basis of V'F*™¢ and, when N > %&2’"/“, this basis is also optimal to the original LP

VPrime with probability 1 — . While there are standard methods to compute the optimal basis of
a given LP (such as the simplex method), these can require exponential time in the worst case. In
contrast, the approach in which computes the LP value to select the basis, achieves
a polynomial time complexity since linear programming itself can be solved in polynomial time.
Second, while we require the knowledge of § to decide N in we show in
that we can also estimate ¢ within a factor of 2 using O(%) samples without knowing the
parameter 0, meaning that we can find the support set without the knowledge of ¢.

C.2 Jj-Independent Sample Complexity Guarantee

In , we show that with V = @(%) samples, |Algorithm 2fidentifies the desired

optimal support Z* and J* with a probability at least 1 — €. However, when 9 is small, to obtain Z*
and J* that satisfies the number of samples we need can be very large. Therefore, in this
section, we aim to provide a d-independent sample complexity guarantee on the obtained support
7 and J output by [Algorithm 2] In this case, instead of proving that[Algorithm 2] finds the optimal
support with high probability, we show that with N = O(m/€?) samples, |Algorithm 2|finds Z and
J such that the optimal solution supported on Z has a sub-optimality gap bounded at most . To
this end, for possible basis sets Z C [m1] and J C [m2] such that |Z| = |7, we define x*(Z, )
as the solution such that x%.(Z, J) = 0 and the non-zero elements x(Z, J) are the solution to the

following equation:
A;j —elJl |xz(Z, )| _ |0 (15)
@hT o wZ.T)| 1)

11



The following theorem proves the sub-optimality gap of x*(ZV, 7%), where %V and 7" denote the

output of with sample size N.

Theorem 6 Let Rad(n,e) = O | 4/ log(i/e)> For a fixed sample size N, denote by T and JN

the output of [Algorithm 2] Then, for any € > 0, with a probability at least 1 — €, we have that
[VPrme — yEime| < Rad(N/m,e/m) and [VF"™ — VR | < Rad(N/m,e/m).  (16)

Moreover, with probability at least 1 — ¢, the solution xX* (ZN, TN) forms a feasible solution to
VPrime yith a sub-optimality gap bounded by O (% - Rad(N/m, e/m)), where & > 0 is the condition

ATe v —eld™
number of the matrix | L 47 .
e hT 0

The proof is deferred to and we provide a proof sketch here. Specifically, similar to the
proof sketch for [Theorem 5| based on the high probability event that each entry of A is approxi-
mated within an error of Rad(N/m, e/m), we know that the objective value gap between V/ Frime

and VPrime_ag well as Vxime and ‘75?““9, are bounded by Rad(N/m, e/m). Since|Algorithm 2
guarantees that VEi™me = VFPrme we know that the gap between V™ and V™€ js bounded
by Rad(N/m, e/m), proving the first half of[Equation (16)} The second half can be obtained via a
similar argument. To prove the sub-optimality gap, we control the distance between z*(Z, 7™ and
A\T —e‘jN| X 0

N, gN . = i -
(e‘Iﬁ T 0 [H} [1] . Following a stan

dard perturbation analysis of the linear program, we can show that | z*(ZV, 7N) —2*(ZV, TV)|2 <
O (k- Rad(N/m, e¢/m)). The remaining analysis follows a direct derivation.

z*(ZN, JN), which is (part of) the solution of

D LP-Resolving Based Algorithm

In the previous section, we described how to identify one optimal basis Z* and 7 *. In this section,
we describe how to approximate the optimal solutions x* and y* that corresponds to the optimal
basis Z* and J*. Note that the optimal solution x* enjoys the following structure: x%.. = 0 and the
other elements x7. can be given as the solution to
x5 0
Tl =
[ w ] H | e

While Algorithm 1 can determine the optimal basis Z* and 7 *, since matrix A is unknown, and we
can only access noisy observations, we must construct estimates of A using sequentially collected

samples to approximately solve [Equation (17)}

AL ;. —el|
CEa L

Our approach is formalized in [Algorithm 3] Specifically, in each iteration n, we observe a noisy
matrix entry A, ;, ;. with E[A,; ;1= A;, ;. and (in,j,) uniformly drawn from Z* x J*. A

naive approach would be to directly use these samples to form an empirical estimate of Az~ 7 and
compute the optimal basis. However, this would result in estimation error of ©(1/ VN ) by standard
concentration bounds, leading to a suboptimal ©(1/+/N) approximate Nash Equilibrium.

To achieve a better convergence rate, is inspired by the LP resolving algorithms for
online resource allocation problems [40? ,[25| [30] that can achieve O(log N) regret after N itera-
tions. Specifically, we interpret[Equation (17)|as a resource allocation problem: the right-hand-side
represents resources, variables x represent actions, and the left-hand-side matrix represents resource
consumption. The goal is to determine actions {X, },c[n] such that resources are appropriately
consumed over NV iterations.

The crucial point of Algorithm 2’s effectiveness lies in its adaptive resource management mechanism

(Line 8 of [Algorithm 3). By dynamically updating a™ according to[Equation (19)] we create a self-
correcting system that forms and solves the LP for X" as specified in This resolving
procedure ensures that a™ converges to a with a gap bounded by O(1/(IN —n + 1)) — a critical factor
in achieving our instance-dependent guarantee. For example, when a binding constraint j € J*

12



Algorithm 3 The Resolving Algorithm
1: Input: the number of samples N, the support Z* and J* with |Z*| = |J*|, L = 4.
2: Initialize H' = 0, a' =0 e R’
3: forn=1,...,N do

4: Construct estimates ﬁp’ 7~ using the dataset H".

5: Construct a solution (X", i) such that X%... = 0 and X%. is the solution to
AT J* n
AI**,j* el [xz- _|a"/(N—=n+1) . (18)
(elZh)T 0 © 1

6: Project (X", i™) to the set {(x, 1) : x > 0, ||(x, 1) ||1 < L} to obtain (x™, u™).
: Observe Ay, i, 5, = Ai, . + nn,~where in, and j, are uniformly sampled from Z* and J*.
8: Update H ! =H"U {(invjna An,in,jn)} and compute a™tl as
at =a" — |7 T A;, , -2} by, el (19)

in
9: where h; € RIV"I denotes a vector with j,,-th position being 1 and other positions being 0.
10: Compute X = + - 3" x" and output .

has a value below its target a; under the current action y \,_, x" /n, the algorithm compensates by
setting ag? /(N —n + 1) greater than a;, thereby increasing the constraint value for x"*!. Through
this continuous feedback loop, the algorithm dynamically adjusts for constraint violations, enabling
the significantly faster convergence rate of O(1/(N — n + 1)) compared to the naive approach.

In the following, similar to[Section C} we first introduce our instance-dependent sample complexity
for[Algorithm 3|in|Section D.1| followed by a d-independent sample complexity in

D.1 Instance-dependent Sample Complexity

We now show that our [Algorithm 3| achieves an instance-dependent sample complexity for approx-
imating the optimal solution to the primal LP problem V'*ime A key step in our analysis is to
characterize how a™ behaves during the execution of For notational convenience, we
define

A 20)

a N-n+1 (
The key is to show that the stochastic process of a” enjoys nice concentration properties such that it
will stay within a small neighborhood of their initial value O for a sufficiently long time. We denote by
7 the first time index at which ||a" ||, exceeds certain problem-dependent constant (formally defined
in|Equation (63)). Then, we can show that the gap argmin,. c v~ ||E[X] —x*||2 can be upper bounded

by = ]\][V_T . Thus, it only remains to upper bound E[N — 7]. From the update rule in[Equation (19)]

we have

& = || T A, g, e
N-—-n ’
Note that since %, (resp. j,) is sampled from a uniform distribution over Z* (resp. J*) , we have that

én+1 —_ én 4

21

i T
Epsinsgo ||T711T7] - Ay, - 33, 'hjn} = Az g - X (22)
Note that we can show it is automatically satisfied ||(X™, i")||1 < L when n > N for some fixed
N} = O(log N), and thus (X", [L”)Az (x™, ™). Then we know when n > N, 7. is the solution
to[Equation (18)|and we know that A—IF*J* x, — " - el = a", Therefore, if Az 7- = Az- 7+,
then 2" will have the same expectation as a” such that they become a martingale. However, this
is not exactly true since we have estimation error over Az« 7+, and we only use their estimates to
compute x". Nevertheless, we can show that a” behaves as sub-martingales with estimation error
over Az- 7« decreases. Then, from the concentration property of the sub-martingale, we prove that
a" concentrates around 0. In this way, we prove that E[N — 7] can be upper bounded by O(log N).
The following theorem shows our formal theoretical bound by applying[Algorithm 2|and [Algorithm 3}

13



d45/2

Theorem 7 For any ¢ > 0, with a sample complexity of N = O (

-+ 5 ) - bg(’:/e) , where
0 = min{01, d2 } with 01 and 02 given in Definition |5 and d = |T*| = |T*|, applying|Algorithm 2,
and |Algorithm 3| guarantees that argming. c . |E[X] — x*|2 < €. Here, 0 > 0 is the minimum
singular value of the full-rank matrix A* defined as

o [AL . =l
-l

(23)

Note that the sample complexity presented in [Theorem 7] again depends on the gap §. However,

neither our [Algorithm 2| nor[Algorithm 3|requires the knowledge of § since we can estimate ¢ within
a factor of 2 according to[Theorem The bound in also depends on the parameter o,
which is the smallest singular values of the matrix A* in|[Equation (23)] Note that in previous literature

that develops the LP resolving algorithm with instance-dependent guarantees (e.g. [40, 28| 25]), the
conditional number of the constraint matrix will also show up in the final bounds. Therefore, we
regard the existence of o as the consequence of adopting the resolving algorithms. In addition, similar
to the case for ¢, we show in[Theorem 11|in|Section L]that we can also estimate o within a factor of 2
using observed samples, meaning that our algorithm also does not require the knowledge of .

D.2 ¢/-Independent Sample Complexity

In this section, we show that [AIgorithm 3|also achieves an d-independent sub-optimality gap with N
samples, complementing the instance-dependent sample complexity proven in[Section D.2] Specifi-
cally, we have the following theorem:

Theorem 8 For a fixed sample size N, denote by X the output of (after processing
Algorithm 2\ with the same amount of data). We know that E[X] is a feasible solution to V'™ with

an suboptimality gap upper bounded by

d? d log(N) _ [dm-log(N)
O<U'(1+02.Lz)' N R T )

where % is defined to be the same as[Theorem 6] d = |I*| = |J*|, and o is the minimum singular
value of A* defined in[Theorem 7]

We provide a proof sketch of [Theorem 8| with the full proof deferred to Note that following
ﬁ

| for a fixed sample size [V, |Algorithm 2| outputs index sets Z, J such that the variable
x*(i’, J ), as defined in [Equation (15), forms a feasible solution to V'F™™¢ with an suboptimality
gap o (1/v/N). Then, we use the index sets 7,7 as the input to Note that given the
index sets Z and J, the resolving steps in|Algorithm 3|essentially approximate the solution to the

linear equations given in[Equation (T5)] Following the same procedure as the proof of
we can show that after N steps of resolving, the gap between E[X] and x*(Z, J) is upper bounded

by O(1/N), corresponding to the first term in Therefore, we know that E[X] forms a
feasible solution to V7™ with an suboptimality gap bounded by O(1/v/N).

E Combining Two Steps Together

Now we analyze the overall performance of our algorithm. Specifically, combining [Theorem 5]and

[Theorem 6] for the support identification step and [Theorem 7| and [Theorem §| for the LP resolving
step, we show in the following theorem that given 2V samples as long as N = O (min {6%, = }) ,

followed by is able to find an e-suboptimality-gap NE. :

Theorem 9 For a fixed accuracy level € > 0, denote by X the output of [Algorithm 3| with N samples

(after processing |Algorithm 2\with another N samples). We know that E[X| forms a feasible solution
to VEYIMe it an suboptimality gap upper bounded by €, as long as the sample complexity bound

holds & log(m/e) pe
og(m/e . "R 1
N:(’)<.€+m-mm{ = 752.5}.log(m/5)),

o3
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where § = min{d;, 62} with §; and & defined in[Definition 5| and o the minimum singular value of
A* defined in[Theorem 7] and R given in the statement of[Theorem 6]

The full proof is deferred to We remark again that our algorithm does not require the
knowledge of ¢ and § since both parameters can be well approximated using the same sample

complexity as shown in[Section

E.1 Results for the Dual Player

In this section, we briefly discuss how we derive an approximate NE for the column player. Specifi-

cally, we apply the exact same procedure, followed by [Algorithm 3| but instead to the
dual LP VPual jp We then obtain the output of y to approximate
an optimal solution y* for the dual player. Note that all our previous results for the primal LP in
still applies to the dual LP. The only difference is that the problem-dependent constants
are now defined for the dual LP instead. For example, the problem parameters presented in Definition

[5]can be modified into the following:

Definition 6 Define 6] = ming{V/Pual —y/Pual ; yyDual _y/Dual . 0% 16 be the minimum non-zero
primal gap where VP s defined in|Equation (11)\and we further restrict yz = 0 to obtain VID ual
Define 6y £ ming, 7 {VF1me — Vrime . yPrime _ yPxime . 0} 10 be the minimum non-zero dual

] Z,jm]
gap. Define §' = min{d}, &4}

Similarly, we are able to define ¢/, d’, and &’ correspondingly to the dual system. Then, fol-
lowing the same procedure as [Theorem 7, we know that with a sample complexity bound of

N =0 ((d:,f + 55 ) w ,|Algorithm 3|outputs a solution y such that ||y* — E[y]||2 < ¢,

for an optimal dual solution y*. Therefore, applying|Algorithm 2| and |Algorithm 3|separately to both
the row player and the column player leads to the output (X, y) such that (E[x], E[y]) is an e-close
NE. A similar §-independent sample complexity guarantee can be obtained by adapting
and [Theorem 8to the dual LP.

F Proof of Theorem 4

Theorem 4| follows from the theory of simplex method for solving LP. We rewrite the LP V/Fr™¢ in

Equation (10)[in the standard form as

VPrime — i} SE%)H;GR LS.t ATX +s—p- em? — 0, (em1)TX = 1’ (24)

where we introduce the slackness variables s € R™2. The index set for the variables (x,s, yt) is
given by [m; + ma + 1] where the first m; coordinates correspond to x, the next msy coordinates

correspond to s, and the last coordinate corresponds to y. Denote by 7 an optimal basis to the LP
Equation (24)| Then, we know that the corresponding optimal solution, denoted by (x*, s*, u*), can
be derived as the unigue solution to the linear system

A;h:xil ts—p-em =0, (el Tx; =1, Xze =0, 85, =0, (25)

where we denote by 7, as 7 restricted to the index sets of x and 7, as 7 restricted to the index sets of s.
Define Z§ = [m1]\Z to be the complementary set of Z; with respect to 2 and Z§ = [mq+ma]\[m1]\Z
to be the complementary set of Z, with respect to s. Note that there are ms + 1 constraints in V/Frime
in @ . Then the basis set Z should contain my + 1 elements, with one element being the one
denoting the index for 4. This implies that |Z; | 4 |Z5| = mq, which implies |Z; | = |Z§|. Then, we
know that the linear system
T iz T 75 TiNT

A 2%, + sz, = e el AL G = el () T =1, (26)
also has a unique optimal solution, which is (x*i1 +S%,5 w*). Otherwise, if the linear system
has a different solution, then we append the solution with Xz = 0 and Sge = 0, and we
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obtain a different solution to which violates the uniqueness of the optimal solution
(x*, 8", p*).

Moreover, the uniqueness of the optimal solution to[Equation (26)]implies that all the linear equations
in are linearly independent of each other, since the number of equations and variables

are equivalent to each other. Therefore, we know that the subset of the equations in
which is shown in the following linear system

A;IC = u-elBl (e hTx; =1 (27)

is also linearly independent of each other. Further note that the number of equations and variables

in[Equation (27) is equlvalent to each other, we know that[Equation (27)|enjoys a unique optimal

solution, which is given by (x ( t , 1*). Therefore, we know that the square matrix
1

T —el%l
i-| fnz T
(BT, 0
is of full rank and all of its columns are linear independent. Further, we denote by Z* the support set
of x* such that x7. > 0 and x7.. = 0. Then, we know that Z* C Z, and the matrix

. AT el
A = L 175 © 1 (29)

(28)

elI*l)T, 0

is of full column rank. We also know that (x%.., u*) can be expressed as a solution to the linear

system
At [’;I] _ m . (30)

We now specify an index set J* C ig such that Z* and J* satisfy the requirements. Note that the
rank of a matrix is given by the largest rank of all its square submatrix. Therefore, we know that

there exists a square submatrix of A*, denoted as A*, such that the rank equals |Z*| 4+ 1. On the other
hand, the matrix A* has |Z*| + 1 number of columns. Therefore, we know that the submatrix A* is

obtained from selecting |Z*| + 1 number of linearly independent rows from the matrix A* (note that
for square matrix A*, full row rank implies full rank of |Z*| + 1). In the following claim, we show
that there exists such a square submatrix A* which contains the last row [(e/Z"1) T 0].

Claim 1 There exists a square submatrix A* of A* such that A* is of full rank (of rank |Z*| + 1) and
A* contains the last row [(€T1) T, 0].

Therefore, we know that the square matrix

3D

« |xX7| _ |0
e f)-[]
which also implies that (x}*7 u*) is the unique solution to the linear system [Equation (32)| with
X% = 0. We also have |Z*| = |J*|. Our proof is thus completed.

is of full rank, and it holds that

F.1 Proof of [Claim 1l

We show that any full rank square submatrix (with rank [Z*| + 1) of A* can be converted into a full
rank square submatrix A* (with rank [Z*| + 1) containing the last row [(e!Z")T, 0]. Suppose that

we have such a full rank square submatrix A’ consisting of |Z*| + 1 rows from [A; e —el”21]. We
denote by the rows of A’ as ay,...,a441, where we set d = |Z*|. Then, since the matrix A* is of
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rank d + 1, we know that there exists a set of constants o, .. ., ag+1 such that the last row can be
expressed as

d+1
[(el*"] Z i - a. (33)
From comparing the last elements of the rows inll we know that
d+1
0=> ai. (34)
i=1
Now suppose that az11 # 0, we know that g1 = — Ztl «;. Therefore, we have
agss = —— . [ [@T)T +Za a; (35)
+ Oéd-}-l [3 ‘3 .
Since every row of A* can be expressed as the linear combination of aj,...,a441, it can also
be expressed as the linear combination of [(e/*'1)T,0] and ay,...,ay by noting [Equation (35)
Therefore, we know that a square submatrix A* consisting of [(elZ )T, 0] and ay, ..., a, is of the

same rank as /1* which is d + 1, and thus A* is of full row rank, thus full rank.

G Proof of Theorem 3

‘We now condition on the event that

€= H&J .

< Rad(N/m,e/m), Vi€ [mi],j € [mg]}, (36)

where A; ; is constructed using N/m number of i.i.d samples with mean A; ;, m = myma, and

Rad(N,e) = 4/ M According to Hoeffding’s inequality, we know that this event £ happens
with probability at least 1—e.

Given a fixed sample set H such that event £ happens. We first bound the gap between V™™ and
VErime for any set Z. The result is formalized in the following claim.

Claim 2 Conditioned on the event £ happens, for any set Z, it holds that

‘ VPrime _ VPrime
T T

< Rad(N/m,e/m). 37
We can also obtain the bound of the gap between the the objective values of the dual LPs, VDual and
VPual for any sets Z and 7. The bound is formalized in the following claim.

Claim 3 Conditioned on the event £ [Equation (36)| happens, for any set T and 7, it holds that

‘ Dual Dual

< Rad(N/m,e/m). (38)

Equipped with [Claim 2| and [Claim 3| we now proceed our proof. We first show that the output of
Algorithm 2} denoted as Z* and [7*, is indeed an optimal basis to the estimated LP yPrime apd jts
dual VP4l We then show that as long as N > Ny = %(fm/e), an optimal basis to V™€ g an
optimal basis to VFrime,

Following the procedure in[Algorithm 2| we identify an index set Z C [m;], where we set x; = 0

for each ¢ € Z°¢. Note that we cannot further delete one more ¢ from the set Z without changing the
objective value according to our algorithm design. Thus, we know that our [Algorithm 2] correctly

identifies an index set Z, which is an optimal basis to the estimated LP j/ Prime

Now given that Z is an optimal basis to the LP VPrime we know that

y/Prime _ j/Prime _ i st e = A] xz, () Txz = 1. (39)
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Note that in the formulation of we simply discard the columns of the constraint matrix
in the index set Z. Thus, if we denote by x* the optimal solution to V"™ corresponding to the

basis Z, then one optimal solution to will just be X. The dual of [Equation (39)|is

IA/IDual = max v str-efl< /Alz: Y, (emQ)Ty =1 (40)
v>0,y>-0 ’

We now show thatcorrectly identify an optimal basis of the estimated LP XA/ID ual denoted
by J. Note that following the procedure of we identify an index set J C [msy], where
we set y; = 0 for each j € J¢. Similarly, we know that we cannot further delete one more j from
the set J without changing the objective value according to our algorithm design. Thus, we know
that our correctly identifies the index set 7, which is an optimal basis to the estimated

LP IA/ZD ual ' conditional on the event £ [Equation (36)| happens.

It remains to show that the index sets Z and 7 identified by our [Algorithm 2]satisfy the conditions
in for the estimated LP VPrme and its dual VP"#, Denote by (X*,§*) an optimal
primal-dual solution to ?Prime, corresponding to the optimal basis Z and 7. Since we know that
y% > 0, from the complementary slackness condition, the corresponding constraints in J/Prime g
be binding, i.e., ETJ -X* = [* - e, where we denote by (X*, i*) the optimal solution to j/ Prime
corresponding to the optimal basis Z and 7. Moreover, note that X7. = 0, we must have

*

which proves the equations in condition

Next, we show that |Z| = |J|, and EI, 7 is a non-singular matrix. Note that the index set 7 is
obtained from a basic optimal solution to the dual LP[Equation (40)} where there are |Z| constraints.
Thus, the matrix A7 7 can have at most |Z| number of linearly independent columns, which implies

that | 7| < |Z|, and the columns in the matrix IZI, 7 are linearly independent from each other. Now
suppose |Z| > |J|. Since the row and column ranks are equivalent, we know that at least one row

of Az, 7, denoted by 7, can be expressed as the linear combination of the other rows. However, this
means that we can further restrict x; = 0 by removing ¢ from the index set Z without changing the
objective value, which leads to a contradiction. Therefore, we know that |Z| = | 7| and the square

matrix EI, 7 1s of full rank.

Finally, it remains to show that Z and 7 is also an optimal basis to the original LP VFr™¢ and its
dual VPual aglongas N > Ny = %(sz/e). Suppose that Z is not an optimal basis to the original

LP VFrime then following the definition of § = min{d;, 62} with §; and & given in Deﬁnition
we must have ‘ )
VIPrlmc > VPrlmc + s

On the other hand, from [Equation (37)|in|Claim 2| we know that
|VEme — VETe| < Rad(N/m,e/m),

and ' o
‘Vane _ VPr1me| < Rad(N/m, E/m)
However, we know that
‘7213rime — ‘7Prime
since 7 is an optimal basis to i/ Prime Therefore, we conclude that we have
VErime 4 oRad(N/m,e/m) > VEme > vPrime g, (41)

However, the inequality [Equation (41)|contradicts with the condition that Rad(N/m,e/m) < §/2

according to the definition of Rad(N/m,e/m). Therefore, we know that Z is also an optimal basis
to VPrime.

We then show that 7 is an optimal basis to the dual LP V.P"2!. Suppose that J is not an optimal

basis to the original dual LP VID ual ‘then following the definition of § = min{dy, d2} with 01 and Jy
given in Definition [5] we must have

VID,}}al < VIDual Y
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On the other hand, from |[Equation (38)in|Claim 3| we know that

[VE5 — Dual| < Rad(N/m,e/m),

and N
|V Pual _ yDuall < Rad(N/m, e/m).

However, we know that
V D ual VD ual

since J is an optimal basis to XA/ID ual Therefore, we conclude that we have
VP — 2Rad(N/m,e/m) < VP < VP —6. (42)

However, the inequality [Equation (42)|contradicts with the condition that Rad(N/m,e/m) < §/2.
Therefore, we know that 7 is also an optimal basis to VIDual. We conclude that 7 and 7 is an optimal

basis to the original LP VF"™¢ and its dual V", i.e., 7 and J satisfy the conditions described in
for the original LP VFrime and y/Pual,

G.1 Proof of[Claim 2

Denote by x* an optimal solution to VF"™¢. We now construct a feasible solution to ‘A/IP rime pased
on x*. Note that conditional on the event £ happens, we have that

ATx* 2 ATx* + ||x* |1 - Rad(N/m, e /m) - €™ < p* - €™ + Rad(N/m,c/m) - €. (43)

Therefore, we know that (x*, u* + Rad(N/m,e/m)) is a feasible solution to the LP XA/IP rime defined
in meaning that

VErme < i — ¥ 4+ Rad(N/m,e/m) = VE'"™ 4 Rad(N/m,£/m). (44)
On the other hand, denote by x* and fi* certain optimal solution to VIP rime We know that
ATx* < ATR* + ||%*||; - Rad(N/m,e/m) - €™ =< i* - €™ + Rad(N/m,e/m) - €™. (45)

Therefore, we know that (X*, i* + Rad(N/m,e/m)) is a feasible solution to the LP VFrime
meaning that

vErime < 0* 4 Rad(N/m,e/m) = VF™ 4 Rad(N/m,e/m). (46)

Our proof is completed from [Equation (44)/and [Equation (46)]

G.2 Proof of

Denote by (y*,*) an optimal solution to V%!, Similar to the proof for|Claim 3| we now construct
a feasible solution to VD‘”Ll based on y*. Note that conditional on the event £ happens, we have that

121\17; Yy = Az -y — |ly*llh - Rad(N/m,e/m) - €™t = v* —Rad(N/m,e/m)-e™. (47)
Therefore, (y*, v* — Rad(N/m,e/m)) forms a feasible solution to VI Pual ‘Thus, we know that
VPul > p* — Rad(N/m,e/m) = VLS — Rad(N/m,e/m). (48)
On the other hand, denote by y* and 2* an optimal solution to XA/ID}“ We know that
Az. 3" = AI —I7*|l1 - Rad(N/m,e/m) - €™t = 0" — Rad(N/m,e/m) - €. (49)
Dual

Therefore, (y*, 7" — Rad(IN/m, e/m)) forms a feasible solution to V'* and

VPwl > p* — Rad(N/m,e/m) = VP! — Rad(N/m, e/m). (50)

Our proof is thus completed from [Equation (48)|and |[Equation (50)}
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H Proof of [Iheorem 6
Consider a fixed N and we condition on the following high-probability event

& ={| 4 - Ais

< Rad(N/m,e/m), Vi€ [mi],j € [mz]}, (51)

which happens with probabiliti at least 1 — . We denote by 7 and J the output of

From the implementation of|Algorithm 2| we know that 7 and J is an optimal basis to the LP 1/ Frime
and ViD“al. Therefore, we know that

{7Prime __ {rPrime __ {rDual
pPrime _ prime — pbual

On the other hand, according to|Claim 2| and |[Claim 3| we know that

yPrime _ {7Prime; < Raq(N/m,c/m) and |[VP%! — VPul| < Rad(N/m,e/m).
,J ,J
Therefore, we have
Prim Prim: Prim Dual
[yrrme —yormel < 2. Rad(N/m,e/m) and [V e—Vij‘ﬂ < 2-Rad(N/m,e/m),
which completes our proof of

We now denote by x the optimal primal-dual solution to the LP {/Prime, corresponding to the optimal
basis Z and J. Therefore, it holds that
%5, =0, (52)

AT 7 .
Ay —eMil [Xz} _ m 7 (53)
(elZh)T 0 f 1

We now apply the perturbation analysis of linear equation to bound the distance between X5 and

x"‘f (f T ) defined in[Equation (15)} We denote by i, the smallest absolute value of the eigenvalues

and Gy« the largest absolute value of the eigenvalues of the matrix

and X is the solution to

— Y
A?j ell .
(e"hT o

Since 7 and 7 is the output of , we know that &,,;, > 0. The perturbation of the matrix
is denoted as R
AA = Aij — Aij'
Then, it holds that
|AAll2 < d-Rad(N/m,e/m). (54)

We now classify into two situations.

If Rad(N/m,e/m) > %z we know that d - & - Rad(N/m, e/m) > 1, meaning that the subopti-
mality gap is O(d - T%RadzN/m, g/m)) since it is at most O(1).

Otherwise, if Rad(N/m,e/m) < Zzi» we know that

IAA|ls < d-Rad(N/m,e/m) < U”;“. (55)

Following standard perturbation analysis of linear equations (Theorem 1 of [14]]), we can obtain that
i) = (52D Bl s (1241
16z )l S 1AL\ 5

Omin

Since (X4, /1) is the solution to the linear equations in[Equation (53), we know that

JAL %zllee < d

) < 2-|AA|l2/6min- (56)

max
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and thus |f2| < d. Therefore, we know that
(%7, 1)]l2 < 2d. (57)

Combining [Equation (57)|and [Equation (56)} we can obtain that

2
-Rad(N/m,e/m). (58)

min

1%z, ) = ST, ), (L, T))l2 < =
From the feasibility of (X5, /) to the LP VPrime we know that
fi-e™ = AT . %, (59)
which implies that
ATxHZ, )= AT %+ AT - (x*(L,J) - %) + AAT -x*(1,7)
=< (0 IAT (< (T, T) = K)o + 1AATXT, Tlloc ) €

T
N AT x5 « 60
=< (A + AT (E,T) = Rl + 1AATX(E, Tl ) €7 ©0
A 4d &max
= A+ —— Rad(N/m,e/m) + Rad(N/m,e/m)
We conclude that we can set
4d? 6 max
p = i+ Rad(N/m,e/m) + 7~Rad(N/m,E/m)

such that (x*(Z, J), ) is a feasible solution to VFr™¢_ Therefore, we know that the sub-optimality
gap for the solution x*(Z, J) is upper bounded by O (d? - % - Rad(N/m,e/m)).

I Proof of Theorem 7|

For a fixed dataset H" = {(ik, jk, Ak, j.) ti—1- We denote by A(H") the sample-average estimation
of A constructed from the dataset H™. Let n denote the n-th round of iteration in [Algorithm 3| In the
following, we condition on the event that[ATgorithm 2| has successfully identified the opt1ma1 basis Z*
and J*, which happens with probablhty at least 1 — € from[Theorem 5| We consider the stochastic
process " defined in [Equation (20)} For a fixed 7 > 0 which will be specified later, we define sets

A={a eRV': &, € [-n,+n],Vj € T}, 61)

Since a! = 0, we have a' € A. Then, we show that 2" “behave well” as long as they stay in the
region A for a sufficiently long time, where 8" = ~—y71- To this end, we define a stopping time

T = nnel[i]rvl]{é” ¢ A} (62)

The first lemma shows that when n is large enough but smaller than the stopping time 7, we have
[[(x™, p™)||1 < L with L = 4. The proof is deferred to[Section I.1

Lemma 2 There exist a constants N, such ‘that when N§ < n <7, it holds that ||(X™, i")|1 < L
with probability at least 1 — 2, where (X™, i"*) denotes the solution to|Equation (18) T is defined in

Equiation (62) with

o
= 63
(WY — (63)
Specifically, N is given as follows
128d°
N} = — -log(2d?/e). (64)

The next lemma bounds E[N — 7] with the proof deferred to

21



Lemma 3 Let the stopping time T be defined in|Equation (62)|with n = m. It holds

that
EN —7] < Nj+1+2- exp(—772/(8d4)),

where N, is given in|Equation (64)| as long as
102443 - ||Az- 7|3 - log(4d? /<)

N > 5 (65)
o
In addition, for any N’ such that N, < N’ < N, it holds that
2 /
n (N —N')
< _— .
Pr[r < N'| < i exp( s +e (66)

Now we are ready to prove From the definition of the stopping time 7 in
we know that for each j € J*, it holds

am te[-(N—74+1)-n,(N—-7+1)-1].

J

Since (i, jn) is uniformly drawn from Z* x J* and is independent of the randomness of x", we
know that

IZ"1 1T
BA, inin {IJ |12 - Ani, o, - 2 'hjn} => ) Aja} hy = AL g.x"
i=1 j=1
Then, following the update in we know that
N N
Ea" =R ' - > A7 ;. -Exp]+ > Ep"]-e,

Thus, we have that

B2 ]| < Bl + |3 (47 5 - Eixc] — Elu] - el 1)].

n=t |

Following the definition of the stop time 7 in (62)), since it is easy to show that 7 < 1, we know that
|E™ ]| <E[N—-7+2].

Also, from the boundedness that ||(x™, u™)||1 < L, we know that

N

> (A g -Elxg] — E[u] - el T)

As aresult, for each j € J*, it holds that
Ela} | < (L+1)-E[N = 7] +2 < (L+1) Ng+2(L+1) - exp(—/(8d")) +2, (67)

where the second inequality holds because of the upper bound on E[N — 7] established in
We further note that following the update in we have that

N
a1 ZAM- 3]+ 3 ] el
n=1

=-N-Aj. ;. E[xz:]+ N -E[] - e,

<L -(N-7).

o0

where i = & - SNy andx = L - 32N x”. Thus, we conclude that it holds

G V)] e

We now compare the linear equations [Equation (68)|to[Equation (17)|to bound the gap between X and
x*, where x7. = Xzc = 0. Following standard perturbation analysis of linear equations (Theorem 1

of [14]), we know
B,

N )

[x* —E[x]|2 < x(A7) - (69)
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where A* is defined in [Equation (23)] We now plug in the formulation of N/ that satisfies the
conditions in|Equation (64), We have that

|x* —E[x][l. <O (VMA*) : (iz + 1) log(2d? Je) - le) . (70)

In order to translate the bound in[Equation (70)]into the sample complexity bound, we let the right
hand sides of [Equation (70)|equal €, and we have that

N:o<d1/2.n(A*).(1+£)-bg(l/5)).

€

Further upper bounding «(A*) by g and combining with the complexity bound presented in
rem 5]completes our proof.

1.1 Proof of

Denote by (x*, u*) and (y*, v*) the optimal primal-dual solution corresponding to the optimal basis
Z* and J*. Then, it holds that X
Al 7o X =pt el (71)

We compare (X", ") with (x*, 4*) and when n is large enough. In the remaining proof, we focus
on comparing (X", i) with (x*, u*).

Note that when n > Ny, X" is the solution to the following linear equations

AT n _alT" on n o
AI*,J:(H )s e . X~17'L* _|a /(N —=n+1) ) (72)
(e, 0 H 1
When n < 7, we know that
an
— | <. 73
‘N—n—k 1‘ =1 (73)

Now, we denote by I{i, = i, j, = j} an indicator function of whether i, = i and j, = j, and we
denote by

nij =Y Wig =14y = i},
q=1
the number of samples of the matrix entry A; ;. From the uniform sampling rule and standard
Hoeffding bound, noting E[n; ;] = n/d?, we know that for all
Plnij >n/(2d*)] =1 — P(n;; <n/(2d*)) > 1 —exp(—n/(2d*)).
We now condition on the event £ happens, which is defined as
& ={ni;>n/(2d*),Vi e IT* NVj e T*}.
From the union bound, we know that
P[E'] > 1 —d? - exp(—n/(2d")).

Conditional on the event £’ happens, we know that the absolute value of each element of
Az« 7+(H™) — Az~ 7+ is upper bounded by Rad(n/(2d?),e/d?), given that the following event

=
n
(74)

is assumed to happen (it holds with probability at least 1 — ¢ following standard Hoeffding bound). We
now bound the distance between the solutions to [Equation (71)|and [Equation (72)} The perturbation
of the matrix is denoted as

1
Y Ag(i§) - Wig =i, jg = j} — Ai j| < Rad(n/(2d%),/d?), Vi€ I j € j*}
,J

q=1

AA = Aze 7o — Aze 7o (H").
It holds that
|AA|2 < d-Rad(n/(2d?),e/d?). (75)
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Therefore, as long as

1 o
|AAl|2 < d-Rad(n/(2d%),e/d?) < T = 5 (76)
2-(Azg)7MHl2 2
following standard perturbation analysis of linear equations (Theorem 1 of [14]), we have that
< on _ * * *
l(XI*’”/é 1 (§)1|7M = = o )HAAHQ . (|:|?4f|:|2 —|—d-77>
XTs — *) .
T H7) ]2 1 — k(A¥) TAl- 2 an
[AA[2
§2-/§(A*)~< +d-n),
([ A*[]2

where k(A*) denotes the conditional number of A*. We now want to propose conditions on ||A A2
and 7 such that the right hand side of (77) is small enough such that we can show the /1 norm of
(X%, ™) — (X%, 1*) is at most L /2. Together with the upper bound that ||(x%., #*)||1 < L/2, our
proof will be completed.

We note that [|(x%., 1*)||l2 < [|(x%., #*)|[1 < &. Then, (77) can be rewritten as

n  ~n * * * AA
8.7 = G )a < £ (1E8E 4 ).

which leads to

sn  ~n * * sn  ~n * * * AA
8 )=o) € VT T 7)) < 2V L) (L 4 ).

where last inequality follows from v/d + 1 < 2v/d. We now set the condition on n such that n
satisfies the condition in and the following condition

AA Rad 2d> d? L
o0 L rary 184l oy g Bad/C8) e/d) L (78)
[[A*[l2 o 4
we also set the condition on 7 such that
L
2L - k(A*) - dVd-n < T (79)
Clearly, as long as conditions (76)), (78), and (79) are satisfied, we have that
n  ~n * * * AA 2
68, ey < 22w (Lo ) < e
which will complete our proof.
We now set the condition n > Nj with N/ given by
128d°
n > N} := — -log(2d?/¢). (80)
Then, the conditions [Equation (76)|and |[Equation (78)]are satisfied. Moreover, we set
o
= 81
" 8 A, oy

Then, the condition (79) is satisfied. Therefore, with the conditions and (8T)), we know that

(X7, A") = (X7, 7)1 < L/2.

Moreover, note that ||(x%., 1*)||1 < L/2, we have that

Xz, )l < (K5 1) = (2o, ) 1+ 1<z 7)1 < L

Our proof is thus completed.
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1.2 Proof of
Now we fix an arbitrary j € J*. For any N} < N’ < N, it holds that

N'—1

~N’ ”‘Né _ ~n+1 ~n
a; —a;°= Z(aj —aj).
n=N|
We define fgl = &?“ —af. Then, we have
, N'—1 N’'—1
~N'’ ~ N,
af —a;0 =Y (€ —EEH) + ) EEIH,
n=N{ n=N|

where 1" denotes the filtration of information up to step n. Note that due to the update in
tion (21); we have

o (T 127 Anin g - 28, - Lg=jay + 1"
J N —n ’
where 1¢;_; 1 is an indicator function of whether j = j,. Then, it holds that
d2

&5 — E[§}1H"]] < (82)

where the inequality follows from the fact that the value of a} is deterministic given the filtration H"
and we have ||(x™, u™)|l1 < L for any n, as well as | J*| = |Z*| = d. Note that
{6} — IS 1H T vn=no,....N"

forms a martingale difference sequence. Following Hoeffding’s inequality, for any N” < N’ and any
b > 0, it holds that

—n

N//
b2
P (e Bl )| >0 ggexp< i )
; L 23 g dH/(N —n)?
b2 .(N = N"
< 2exp <(d4)
Therefore, we have that
N//
P Z (&} —E[¢}[H"])| > bfor some Ny < N < N’
n=N|

(83)
b2 ( N”) b2 b2 . (N _ N/)
< X e () < e ()

holds for any b > 0.

We now bound the probability that 7 > N’ for one particular N’ such that N} < N’ < N. Suppose
that N’ < 7, then, from[Lemma 2} for each n < N’, we know that ||(X" ~")||1 < L and therefore

x" = x", u” = " as the solution to Eguatlon (18) We have

Now, we denote by I{i, =i, j, = j} an indicator function of whether ¢, = i and j, = j, and we
denote by

n

Nij = ZH{% =1,Jq = Jj},
q=1
the number of noisy samples for A, ; till iteration n. From the uniform sampling rule and standard
Hoeffding bound, noting E[n; ;] = n/d?, we know that

Pln; ; > n/(2d*)] =1 — Pln,;; < n/(2d*)] > 1 — exp(—n/(2d*)).
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We now condition on the event £/, happens, which is defined as
& ={n;; >n/(2d*),Vie IT*Vj e T*}.
From the Hoeffding bound, we know that
PIE] > 1 —d - exp(—n/(2d")).

We now set a N7 such that the above probability bound is small enough when n > N7j. To be specific,
N7y is set as

Nj = 2d* - log(4d° /¢). (84)
Then, denote by £’ the event such that

&= {ngN{gr/L}'
From the union bound, we have
N

PIEN=1- Y d® exp(—n/(2d*)) > 1 - 2d° - exp(—N7/(2d*)) =1 — ¢/2.
n=N]
Conditional on the event &' happens, we know that the absolute value of each element of
Az 7-(H™) — Az~ s~ is upper bounded by Rad(n/(2d2),e/d?), given that the following event

al
(85)

is assumed to happen (it holds with probability at least 1 — ¢/2 following standard Hoeffding bound).
Therefore, from the union bound, we know that both event £’ and event £ happen with probability at
least 1 —e.

N, 5

ZA 0,7) - Wig=14,jg =13} — A
qg=1

1
n;

1,

< Rad(n/(2d%),¢/(2d%)), Vi€ T*,j € j*}

Conditional on the events £ and £ happen, for n > max{N;, N{} = N, it holds that

n 1 n n n Rad(n/(2d°),e/(2d%))
o . < . . — w i) . . < .
B, (6] < || (A5 ) = Az ) x| < e (36)
Then, we know that
ZLV N’ f”IH" /log 4d2/€
fn)
log(4d2/e) NI Z 1
B vy v (N =)
; - (87)
log(4d®/e) VN’ -1 Z 1 N 1
2 N ,\n N-—-n
VN’ —1 2log(4d?/¢)
< +/2log(4d?/e) - ———— -log(N) < Y——"—""—-log(N
< VRIog(I[2) - 5 log(V) < VST o ()
<
-2
for a NV large enough such that
2 3 2. 2
N> 16log(4d®/e)  1024d’ - || Az~ 7+ |5 - log(4d /5) (88)

772 - o2
Combining [Equation (87)|and [Equation (83)|with b = /2, and apply a union bound over all j € J*,
as well as event £ and £’, we know that

2 !

1 n*- (N - N')
< _— .
Pl[r<N'| < 1 exp( S +e (89)
Therefore, we know that (we set e = 1/N)
N N
EN—7]= > Pr<NJ<Nj+1+ Y Plr<NJ<Ny+1+2-exp(—n/(8d"))
N’'=1 N’'=Ng

which completes our proof.
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J  Proof of

We now present the worst-case bound on the suboptimality of |[Algorithm 2| and [Algorithm 3| with
a finite sample size N. Denote by 7 and J the output of |Algorithm 2L we know from [Theorem 6
that with a probability at least 1 — &, the solution x*(Z, J) forms a feasible solution to VFrime (by
properly defining variable y) with an sub-optimality gap bounded by

Rad(N/m,e/m) + 4d*% - Rad(N/m, e/m),

where d,in and 6.5 are the smallest and the largest absolute value of the singular values of the

matrix A
AT _elJl
Ay |
(e o
We now further denote by x the output of [Algorithm 3|and we compare x with x* (f T ). Note that
the procedure of is used to approximate the solution of the linear equations
AT . —elJl (1,7
rg L PBI) m (90)
(elFhT 0 w(Z,J)

which is exactly x* (f J ). Further note that fr we have that (we remove the depen-

dency on the sample size Ny and follows from (70) by setting e = 1/N)

A dd 1
(7, —IE‘H< A (L +1) log(N) - = ). |
@) - Ei], < 0 (Vanta) - (G +1) tostn) - ) o1)
Therefore, we know that E[X] is a feasible solution to V F¥™¢ with an optimality gap bounded by (we
sete = 1/N)
d® log(N log(N
oV (L 1) 180 L gy fmIosN) ) 92)
o2 N N

Our proof is thus completed.

K Proof of Theorem 9

We now compare the instance-dependent bound presented in [Theorem 7| with the worst-case bound
presented in On one hand, from [Theorem 8} we know that E[X] is a feasible solution to
VPrime with an optimality gap bounded by

o (\/ZZK(A*) : (;lz + 1) JosWV) | 2. mlog(N)) . 93)

N N
On the other hand, from the instance-dependent bound in and noting
AT — ATE[R][loo < [ATx" = ATE[R][l2 < [A]l2 - [|x* —E[R]ll2 < d - [[x* — E[%]||2

we know that E[X] is a feasible solution to VF*™¢ with an optimality gap bounded by (follows from
(70) by setting e = 1/N)

. d® log(N)
O (d?’/%(A ) - (ﬁ + 1) : N) : (94)
as long as
® m
N>0 (02 + 62) -log(2mN). 95)

Then, we translate the above bounds into the sample complexity bound. Note that the bound ©3)
implies that in order for E[X] to be a feasible solution to V" ™€ with an optimality gap bounded by
g, the number of samples N needs to satisfy the condition (where we upper bound x(A*) by d/o)

13/2 4 p2
Neo (d log(m/e) N d*- & m) . (96)

o3 € g2
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Moreover, the bounds in (94) and (93) imply that in order for E[X] to be a feasible solution to 1/ Frime
with an optimality gap bounded by ¢, the number of samples N only needs to satisfy the condition

N:(,)((dljf_’_m).bg(m/‘e)) 97)

02 €

We classify into the following two scenarios:
i) the instance-dependent bound is smaller. Note that when the bound in [Equation (97)]is smaller
than the bound in Eguatlon (9§ )L we have that

1 d*- w2
— <

In this case, as long as the sample size NV satisfies the condition in @), the condition in @) is also
satisfied, and therefore the instance-dependent guarantee is achievable (implied by finds
the optimal basis with a high probability). Then, in this case, we know that a e-suboptimality gap NE
can be obtained by our|Algorithm 2|and |Algorithm 3| with a sample complexity bound of

(5 5) )

d®/? log(m/e) _[d*R? 1
=0 ( S +m- mln{627 525} -10g(m/5)> .

o3

ii) the instance-independent bound is smaller. Note that when the bound in is smaller
than the bound in[Equation (97)] we have that

1 d* - ;2
—_ >
52—0( : )

In this case, we can directly apply the instance-independent bound and we know that a e-suboptimality
gap NE can be obtained by our|[Algorithm 2|and [Algorithm 3| with a sample complexity bound of

0 (d15/2 log(m/e) n d* - &2 -m>

o3 € g2
d®/? log(m/e) . [d*R2 1
=0 (03 T +m.m1n{52,62.€} ~log(m/s)> .

Our proof is thus completed.

L Parameters Estimation

We first show how to estimate some unknown problem parameters. We show that the gap ¢ in

can be estimated efficiently with finite sample. Here, we assume that there exists an
oracle algorithm that can solve the following minimum non-zero suboptimality gap problem
min {V-Vz:V —-Vz >0} (98)
ZC[mo]

for a given index set [mg] and a given LP V. Our algorithm is formally presented in [Algorithm 4
Note that we iteratively sample 4, € [m1] and j,, € [m2] lexicographically such that each matrix
entry A; ; will be sampled sufficiently many times.

We provide a brief explanation on why [Algorithm 4]can be used to give a lower bound of the gap
0. Note that following standard Hoeffding inequality, for any € > 0, we know that the gap between
each element of the matrix A and A is upper bounded by Rad(n/m, €/m) with probability at least
1 — €. Under this high probability event, we know that the value between VIP rime and VIP rime ‘a5 well
as VU and VLY, for any Z C [my] and J C [my], is upper bounded by Rad(n/m, e/m). This
result further implies that
Pr[|d6; — 67| > 2-Rad(n/m,e/m)] < e and Pr[|dy — 5] > 2-Rad(n/m,e/m)] <e.
Then, it holds that
Pr[|d —¢'| > 2-Rad(n/m,e/m)] < e.

Therefore, as long as ¢’ > 4 - Rad(n/m,e/m), we know that %, < § with a probability at least 1 — .
Our result is formalized as follows.
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Algorithm 4 Algorithm to lower bound §

Input: a failure probability e > 0, an oracle algorithm that can solve the problem in (98).
forn =1,2, ..., until stopped, do

Let a,, = (n mod m) + 1 and compute a,, = j,, - my + i, with 4,, and j,, are integers and
in€{1,...,mi}and j, € {1,...,ma}.

Take the primal action 4,, and the dual action j,, and observe A;, ;. = A;_ ;. + .

Update H" ™ = H™ U {(in, jn, Ai,, j. }-

~

Construct A and the LP 1/Prime,
Call the oracle algorithm to compute

5/1 — min {VPrime o Vll_Drime . {}Prime o ‘7IPrime > O} (99)
ZC[m4]
and compute
§y=_ min  {VPul_ypual, ybual _ypual 5 o} (100)

ZC[ma1],J C[mz2]

Stop if 6’ = min{d7, 05} > 4 - Rad(n/m,e/m).
Output: the estimation ¢'.

Theorem 10 Denote by &' the output o and denote by N the number of samples used

in[Algorithm 4| Then, with a probability at least 1 — €, it holds that
5 1
3 <§ <28 and Ny < % -log(2m/e).

Though the bound on V7 in[Theorem 10|depends on the true value of §, however, our

does not require the knowledge of d.

Next, we show that the parameter o, the minimum singular value of A* defined in [Equation (23)
can be efficiently estimated using finite samples. The algorithm is summarized in [Algorithm 5|
We provide a brief explanation on why can be used to give a good estimation of the
parameter o. Note that following standard Hoeffding inequality, for any € > 0, we know that the
absolute value of the matrix AA = Az« 7+ — A\I*7 7+ is upper bounded by Rad(n/d?, ¢/d?) with
a probability at least 1 — <. Then following Theorem 1 of [43]], we know that the difference of the
corresponding singular values of Az- 7+ and Az~ 7+ (sorted from the largest to the smallest) is upper
bounded by || A Al|2, which is again upper bounded by d - Rad(n/d?, e/d?) with a probability at least
1 — e. Formally, it holds that

Pr[|o — ¢'| > d-Rad(n/d* e/d*)] <e. (101)

Therefore, as long as o’ > 2d - Rad(n/d?,¢/d?), we know that %/ < ¢ with a probability at least
1—e

Algorithm 5 Algorithm to estimate o

Input: a failure probability € > 0, the support set Z* and J*.
forn=1,2,...,,do
Let a, = (n mod d?) + 1 and compute a,, = b,, - d + ¢, with b,, and c,, are integers and
b, €{1,...,d}and c,, € {1,...,d}.
Iteratively sample a pair (i, j,) ~ Z* x J* such that i, is the b,,-th element in Z* and j,, is
the ¢,,-th element in J*. B
Take the primal action 4,, and the dual action j,, and observe A; ;. = A; ;. + Nn.
Update anJrl =H"uU {(Z'nvjnv Ain,jn}'
Construct Az- 7+ (H"1) and let o’ denote the smallest absolute value of its singular values.
Stop if o’ > 2d - Rad(n/d?,e/d?).
Output: the estimation o”.
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Theorem 11 Denote by o' the output of and denote by N5 the number of samples used
in|Algorithm 5| Then, with a probability at least 1 — ¢, we have % < o < 20’ and it holds that

9d* 5
Pr|N; < 292 log(2d°/e)| > 1 —e.

Note that|Theorem 11|ensures that %/ is a lower bound on ¢ and we also obtain a high probability

bound on the number of samples needed.

L.1 Proof of[Theorem 10

Note that following standard Hoeffding inequality, for any € > 0, we know that the gap between
each element of the matrix A and A is upper bounded by Rad(n/m,e/m) with a probability at least
1 —&. Then, from |C1a1rn 2| and |Cla1m 3|, we know that the value between V™M and VPrime a5 well
as VP4 and Vz.7, forany T C [my] and J C [ms), is upper bounded by Rad(n/m, e/m), with a
probability at least 1 — e. This result further implies that

Pr[|d61 — &1 > 2-Rad(n/m,e/m)] <e and Pr[|dy — d5| > 2-Rad(n/m,e/m)] <e

Then, it holds that

Pr(|d —&'| > 2-Rad(n/m,e/m)] < e

Therefore, as long as 6’ > 4 - Rad(n/m,e/m), we know that %/ < § < 2§’ with a probability at
least 1 — €. On the other hand, in order to bound Ny, we know that with a probability at least 1 — ¢,
it holds that

§ <4¢"+2-Rad(Ny/m,e/m),

which implies that

18m
N, < > log(2m/e).

Our proof is thus completed.

L.2 Proof of[Theorem 11|

Note that following standard Hoeffding inequality, for any € > 0, we know that the absolute value
of the matrix AA = Az« s+ — Az. 7 is upper bounded by Rad(n/d2, ¢ /d2) with a probability at
least 1 — €. Then following Theorem 1 of [43], we know that the difference of the corresponding
singular values of Az« 7+« and EI*, 7+ (sorted from the largest to the smallest) is upper bounded
by || AA||2, which is again upper bounded by d - Rad(n/d?,e/d?) with a probability at least 1 — ¢.
Formally, it holds that

Pr[lo —o'| > d-Rad(n/d* e/d*)] <e

Therefore, as long as o’ > 2d - Rad(n/d?,e/d?), we know that % < o < 20’ with a probability at
least 1 — €. On the other hand, in order to bound N5, we know that with a probability at least 1 — ¢,
we have

o <o’ +d-Rad(Ny/d?, e/d?),

which implies that
4

d
Ny < 94 -log(2d? /¢).
202

Our proof is thus completed.
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