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Abstract

In this work, we study the sample complexity of obtaining a Nash equilibrium
(NE) estimate in two-player zero-sum matrix games with noisy feedback. Specif-
ically, we propose a novel algorithm that repeatedly solves linear programs
(LPs) to obtain an NE estimate with bias at most ε with a sample complexity
of O

(
m1m2

εmin{δ2,σ2
0 ,σ

3} log
m1m2

ε

)
for general m1 ×m2 game matrices, where σ,

σ0, δ are some problem-dependent constants. To our knowledge, this is the first
instance-dependent sample complexity bound for finding an NE estimate with
ε bias in general-dimension matrix games with noisy feedback and potentially
non-unique equilibria. Our algorithm builds on recent advances in online resource
allocation and operates in two stages: (1) identifying the support set of an NE,
and (2) computing the unique NE restricted to this support. Both stages rely on a
careful analysis of LP solutions derived from noisy samples.

1 Introduction

Minimax optimization [39] is a fundamental problem in machine learning and game theory, with
applications including adversarial training [19] and robust optimization [36]. A canonical example of
a minimax problem is the two-player zero-sum matrix game, also known as the bilinear saddle-point
problem, defined as minx maxy x

⊤Ay, where A is the payoff matrix, and (x,y) are the strategies of
the two players lying within the simplex. The goal is to compute a Nash Equilibrium (NE), a strategy
pair in which neither player can improve their expected payoff by deviating from their strategy.

A significant line of research focuses on computing the NE when the game matrix A is fixed and fully
observed. However, much less is known about computing NE when the learner only receives noisy
and bandit feedback, when each player picks an action and only receives a noisy observation of A on
the chosen action pair. While it is possible to find an ϵ-approximate NE using O(1/ϵ2) samples by
sampling each action pair O(1/ϵ2) times and computing NE based on the empirical utility matrix, it
remains unclear whether a better instance-dependent sample complexity can be achieved. Therefore,
this paper aims to investigate the following question:
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How to achieve better instance-dependent sample complexity for computing a Nash Equilibrium in
two-player zero-sum matrix games with noisy and bandit feedback?

Problem Formulation. We consider the bilinear saddle point problem defined as follows

min
x∈X=∆m1

max
y∈Y=∆m2

x⊤Ay, (1)

where ∆n = {x ∈ Rn :
∑n

i=1 xi = 1,xi ≥ 0, ∀i ∈ [n]} denotes the (n− 1)-dimensional simplex
and A ∈ [−1, 1]m1×m2 is the payoff matrix. According to the celebrated minimax theorem [39], we
know that minx∈X maxy∈Y x⊤Ay = maxy∈Y minx∈X x⊤Ay. Define X ∗ × Y∗ as the set of Nash
Equilibria where X ∗ = argminx∈X maxy∈Y x⊤Ay and Y∗ = argmaxy∈Y minx∈X x⊤Ay. In the
following, we introduce two definitions that measure of the closeness between a strategy (x, y) and
the Nash Equilibria set X ∗ × Y∗.

Definition 1 We call a pair of strategy (x,y) ∈ ∆m1
×∆m2

an ϵ-close NE if argminx∗∈X∗ ∥x−
x∗∥2 ≤ ϵ and argminy∗∈Y ∥y − y∗∥2 ≤ ϵ.

Definition 2 Define the sub-optimality gap of x ∈ X and y ∈ Y as maxy′∈∆m2
x⊤Ay′ −

maxy′∈∆m2
x∗⊤Ay′ and minx′∈∆m1

x′⊤Ay∗ −minx′∈∆m1
x

′⊤Ay (independent fo the choice of
x∗ ∈ X ∗ and y∗ ∈ Y). We call x ∈ X (y ∈ Y) an ϵ-sub-optimality-gap NE if x’s (y’s) sub-optimality
gap is no more than ϵ.

Since we assume that A ∈ [−1, 1]m1×m2 , we know that an ϵ-close NE implies an ϵ-sub-optimality-
gap NE, while the reverse is not true. In this paper, we consider the setting where only noisy bandit
feedback is available. Specifically, the learner can only query an entry (i, j) of A and observe a
sample Ai,j + η ∈ [−1, 1] where η is a zero-mean noise.

Main Results and Contributions. Inspired by the recent advance of online resource alloca-
tion [40, 29, 25, 30], we design an algorithm based on resolving linear programs (LP) achieving
an ϵ-approximate NE with sample complexity O( m

ϵmin{δ2,σ2
0 ,σ

3} log(
m
ϵ )), where m = m1m2 and

δ, σ0 and σ are instance-dependent values related to LP.1 Specifically, our algorithm includes two
components.

The first phase is to identify the support of an NE. Specifically, we first sample each entry of matrix
N1/m times and construct an empirical LP formulation of the game. Our algorithm then iteratively
computes the estimated support of the NE by restricting the strategy to progressively smaller supports.
Concretely, at each step, we select an entry from the current support and compare the objective
value of the empirical LP in two cases: one where the strategy remains unrestricted and one where
the selected entry is removed. Otherwise, we terminate the process and output the current support.
With a high probability, this guarantees to find the support of an NE when N1 exceeds certain
instance-dependent constant.

After obtaining an optimal basis of an NE from the first phase, the second component is to find the
NE on this support. Specifically, inspired by the recent advances in solving online resource allocation
that achieves logarithmic regret via LP resolving (e.g. [40, 29, 25, 30]), our algorithm iteratively
solves the LP based on the historical samples with an adaptive choice of the constraint slackness. We
show that our algorithm achieves an instance-dependent sample complexity of O( m

δ2ϵ log
m
δϵ ), then

complementing with a robustness guarantee O(mϵ2 log
m
ϵ ), which does not depend on the instance-

dependent value δ.2

2 Our Approach

Reformulation as Linear Programming In order to solve Equation (1), we can focus on two
linear programs, which can be regarded as the primal-dual form to each other. We have the following

1All problem-dependent constants are formally defined in later sections.
2We omit some other problem-dependent constants for conciseness. These dependencies are explicitly written

in the theorem statement.
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“primal” linear program.

V Prime = min
x⪰0,µ∈R

µ s.t. µ · em2 ⪰ A⊤x, (em1)⊤x = 1. (2)

According to the celebrated minimax theorem, Equation (1) is equivalent to maxy∈Y minx∈X x⊤Ay.
We also have the “dual” linear programming that computes y.

V Dual = max
ν≥0,y⪰0

ν s.t. ν · em1 ⪯ Ay, (em2)⊤y = 1. (3)

Classic LP analysis (e.g. Theorem 16.5 in [18]) shows that it suffices to find an optimal solution
x∗ to LP Equation (2) and an optimal solution y∗ to LP Equation (3), such that x∗ and y∗ are the
corresponding primal-dual solutions.

Saddle Point Support Identification. In order to identify the optimal basis I∗ and J ∗ from noisy
observations, we first sample each entry Ai,j a number of times and construct an empirical game
matrix Â with each entry the empirical average of the N observations, and construct the primal LP
of Equation (2) using Â. Next, we successively shrink the size of x-player’s support based on the
objective value V̂ Prime

I . Specifically, V̂ Prime
I is defined as the empirical primal LP with non-zero

values only on I and we initialize the support set to be I = [m1]. At each time, we sequentially pick
each i ∈ I and compare the objective value of V̂ Prime

I with V̂ Prime
I\{i} . If these two quantities are the

same, this means that there exists an NE that is not supported on i and we set I ← I\{i}; otherwise,
we keep i in I. We then obtain the support set I∗ after iterating over all i ∈ [m1].

After identifying the set I∗, we also need to find the set J ∗, which is equivalent to see what is the
support for the dual LP. We apply a similar approach to find J ∗. Specifically, based on I∗, we define
the dual LP V̂ Dual

I∗,J in which we only include the rows of Â whose indices are in I∗ and set the dual
variables outside J to be 0. We initialize J = [m2] and successively eliminate an element j ∈ J
if V̂I∗,J\{j} equals to V̂ Prime

I∗,J . Finally, we obtain J ∗ after iterating over all j ∈ [m2]. Note that it
is possible that there are multiple optimal basis of I∗ and J ∗ and we show later that our approach
essentially identifies one particular optimal basis, since our goal is to find one NE of the game. In the
following, we provide both instance-dependent and worst-case sample complexity guarantees.

LP Resolving Procedure. After obtaining the support I∗ and J ∗, we conduct LP resolving to
approximate the optimal solution. Note that the optimal solution x∗ enjoys the following structure:
x∗
I∗c = 0 and the other elements x∗

I∗ can be given as the solution to[
A⊤

I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤ 0

]
·
[
x∗
I∗

µ∗

]
=

[
0
1

]
. (4)

Our approach is formalized in Algorithm 1. Specifically, in each iteration n, we observe a noisy
matrix entry Ãn,in,jn with E[Ãn,in,jn ] = Ain,jn and (in, jn) uniformly drawn from I∗ × J ∗. A
naive approach would be to directly use these samples to form an empirical estimate of AI∗,J ∗ and
compute the optimal basis. However, this would result in estimation error of Θ(1/

√
N) by standard

concentration bounds, leading to a suboptimal Θ(1/
√
N) approximate Nash Equilibrium.

To achieve a better convergence rate, Algorithm 1 is inspired by the LP resolving algorithms for
online resource allocation problems [40, 29, 25, 30] that can achieve O(logN) regret after N
iterations. Specifically, we interpret Equation (4) as a resource allocation problem: the right-hand-side
represents resources, variables x represent actions, and the left-hand-side matrix represents resource
consumption. The goal is to determine actions {xn}n∈[N ] such that resources are appropriately
consumed over N iterations. The crucial point of Algorithm 2’s effectiveness lies in its adaptive
resource allocation procedure (Line 8 of Algorithm 1). By dynamically updating an according to
Equation (6), we create a self-correcting system that forms and solves the LP for x̃n as specified
in Equation (5). This resolving procedure ensures that an converges to a with a gap bounded by
O(1/(N−n+1)) – a critical factor in achieving our instance-dependent guarantee. For example, when
a binding constraint j ∈ J ∗ has a value below its target aj under the current action

∑n
n′=1 x

n′
/n, the

algorithm compensates by setting anj /(N − n+ 1) greater than aj , thereby increasing the constraint
value for x̃n+1. Through this continuous feedback loop, the algorithm dynamically adjusts for
constraint violations, enabling the significantly fast convergence rate of O(1/(N − n+ 1)).

3



Algorithm 1 The Resolving Algorithm
1: Input: the number of samples N , the support I∗ and J ∗ with |I∗| = |J ∗|, L = 4.
2: InitializeH1 = ∅, a1 = 0 ∈ R|J ∗|

3: for n = 1, . . . , N do
4: Construct estimates ÂI∗,J ∗ using the datasetHn.
5: Construct a solution (x̃n, µ̃n) such that x̃n

I∗c = 0 and x̃n
I∗ is the solution to[

Â⊤
I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤ 0

]
·
[
xI∗

µ

]
=

[
an/(N − n+ 1)

1

]
. (5)

6: Project (x̃n, µ̃n) to the set {(x, µ) : x ≥ 0, ∥(x, µ)∥1 ≤ L} to obtain (xn, µn).
7: Observe Ãn,in,jn = Ain,jn + ηn, where in and jn are uniformly sampled from I∗ and J ∗.
8: UpdateHn+1 = Hn ∪ {(in, jn, Ãn,in,jn)} and compute an+1 as

an+1 = an − |J ∗| · |I∗| · Ãin,jn · xn
in · hjn + µn · e|J

∗|, (6)

9: where hjn ∈ R|J ∗| denotes a vector with jn-th position being 1 and other positions being 0.
10: Compute x̄ = 1

N ·
∑N

n=1 x
n and output x̄.

3 Sample Complexity Analysis

We now show that our Algorithm 1 achieves an instance-dependent sample complexity for approxi-
mating the optimal solution to the primal LP problem V Prime.

Theorem 1 For any ϵ > 0, with a sample complexity of N = O
((

d5/2

σ3 + m
δ2

)
· log(m/ε)

ε

)
, where δ

being certain problem-dependent constant and d = |I∗| = |J ∗|, applying Algorithm 1 guarantees
that argminx∗∈X∗ ∥E[x̄] − x∗∥2 ≤ ε. Here, σ > 0 is the minimum singular value of the full-rank
matrix A∗ defined as

A∗ =

[
A⊤

I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤, 0

]
. (7)

we show that Algorithm 1 also achieves an δ-independent sub-optimality gap with N samples,
demonstrating the robustness of our algorithms. Specifically, we have the following theorem:

Theorem 2 For a fixed sample size N , denote by x̄ the output of Algorithm 1. We know that E[x̄] is
a feasible solution to V Prime with an suboptimality gap upper bounded by

O

(
d2

σ
·
(
1 +

d

σ2 · L2

)
· log(N)

N
+ κ̂ ·

√
dm · log(N)

N

)
,

where κ̂ is certain constant independent of N , d = |I∗| = |J ∗|, and σ is the minimum singular
value of A∗ defined in Theorem 1.

Combining the above two thoerems, we have the following result.

Theorem 3 For a fixed accuracy level ε > 0, denote by x̄ the output of Algorithm 1 with N samples.
We know that E[x̄] forms a feasible solution to V Prime, with an suboptimality gap upper bounded by
ε, as long as the sample complexity bound holds

N = O
(
d3

σ3
· log(m/ε)

ε
+m ·min

{
d · κ̂2

ε2
,

1

δ2 · ε

}
· log(m/ε)

)
,

where δ being certain problem-dependent constant, and σ the minimum singular value of A∗ defined
in Theorem 1, and κ̂ is certain constant independent of ε.
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A Related Works

There is a line of works considering the sample complexity of finding NE for matrix games. When
the observations are deterministic, [32] proposed an inefficient algorithm that identifies all Nash
Equilibria by querying O(nk5 log2 n) entries of the matrix, where k denotes the size of the support
across all Nash Equilibria and A ∈ Rn×n. For Pure Strategy Nash Equilibria (PSNE), a special class
of NE where each player’s strategy is restricted to a single action, [10] developed a deterministic
and efficient algorithm requiring only O(n) samples. This was subsequently improved by [11], who
introduced a randomized algorithm that further reduced the runtime complexity while maintaining
the same sample complexity.

When the observations are noisy, [45] proposed a lower-upper-confidence-bound (LUCB)-based
algorithm [26] for identifying pure-strategy Nash equilibria (PSNE) with probability at least 1− δ,
achieving a sample complexity of O(log(1/δ)). [31] later improved this result by refining problem-
dependent constants to achieve better sample efficiency. Similar to our approach, their algorithm
consists of two subroutines: the first identifies the support for the x-player, with a size of at most 2,
and the second computes the unique NE on the resulting 2× 2 sub-matrix. [33] considered the case
where one player competes against an adversary, deriving logarithmic Nash regret guarantees.

There is another related line of work which aims to find the NE of a matrix game via regret min-
imization. Specifically, [16] shows that if both players adopt an algorithm with individual regret
bound R over T rounds, then the average-iterate for each player forms an R

T -approximate NE. Since
R = Θ(

√
T ) in the worst case, this leads to an O(1/

√
T )-approximate NE. Later, a line of works

[12, 37, 38] show that with full gradient feedback, if both players apply certain optimistic online learn-
ing algorithms, the average-iterate converges to NE with a faster rate. A recent work [22] shows that
under noisy bandit feedback, if both players apply Tsallis-INF [46], then the expected average-iterate
converges to an Õ(1/

√
T )-Nash Equilibrium, with a faster O(log T/T ) instance-dependent rate if

the game has a unique PSNE. Besides average-iterate convergence, there are also works studying the
last-iterate convergence [13, 41, 21, 2, 9, 8, 22], which is more preferable in many applications.

Our algorithm design is inspired by the recent advances in near-optimal algorithms for the online
resource allocation problem, which has been extensively studied, with diverse applications modeled
through various linear program (LP) formulations. Representative examples include the secretary
problem [15], online knapsack [4], network revenue management [17], network routing [6], and online
matching [34]. Two primary input models are commonly considered in online LP research: i) the
stochastic model, where each constraint column and objective coefficient is drawn independently from
an unknown distribution, and ii) the random permutation model, where inputs arrive in a uniformly
random order [35, 1, 27, 20]. Under a standard non-degeneracy assumption, logarithmic regret
bounds have been established for problems such as quantity-based network revenue management
[24, 23], general online LPs [29], and convex resource allocation [30]. More recent work has relaxed
this assumption (e.g. [7, 40, 5, 25, 42, 3, 44]), leading to improved theoretical guarantees under
broader and more realistic conditions. Our algorithm is new compared to the existing ones and we
also relax the non-degeneracy assumption.

B Preliminary

We consider the bilinear saddle point problem defined as follows

min
x∈X=∆m1

max
y∈Y=∆m2

x⊤Ay, (8)

where ∆n = {x ∈ Rn :
∑n

i=1 xi = 1,xi ≥ 0, ∀i ∈ [n]} denotes the (n− 1)-dimensional simplex
and A ∈ [−1, 1]m1×m2 is the payoff matrix. According to the celebrated minimax theorem [39], we
know that minx∈X maxy∈Y x⊤Ay = maxy∈Y minx∈X x⊤Ay. Define X ∗ × Y∗ as the set of Nash
Equilibria where X ∗ = argminx∈X maxy∈Y x⊤Ay and Y∗ = argmaxy∈Y minx∈X x⊤Ay. In the
following, we introduce two definitions that measure of the closeness between a strategy (x, y) and
the Nash Equilibria set X ∗ × Y∗.

Definition 3 We call a pair of strategy (x,y) ∈ ∆m1
×∆m2

an ϵ-close NE if argminx∗∈X∗ ∥x−
x∗∥2 ≤ ϵ and argminy∗∈Y ∥y − y∗∥2 ≤ ϵ.
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Definition 4 Define the sub-optimality gap of x ∈ X and y ∈ Y as maxy′∈∆m2
x⊤Ay′ −

maxy′∈∆m2
x∗⊤Ay′ and minx′∈∆m1

x′⊤Ay∗ −minx′∈∆m1
x

′⊤Ay (independent fo the choice of
x∗ ∈ X ∗ and y∗ ∈ Y). We call x ∈ X (y ∈ Y) an ϵ-sub-optimality-gap NE if x’s (y’s) sub-optimality
gap is no more than ϵ.

Since we assume that A ∈ [−1, 1]m1×m2 , we know that an ϵ-close NE implies an ϵ-sub-optimality-
gap NE, while the reverse is not true. In this paper, we consider the setting where only noisy bandit
feedback is available. Specifically, the learner can only query an entry (i, j) of A and observe a
sample Ai,j + η ∈ [−1, 1] where η is a zero-mean noise.

Other Notations. For a vector v ∈ Rd, let vi denote its i-th entry, and for a subset S ⊆ [d], let
vS denote the subvector of v containing the entries indexed by S. We say v ⪰ 0 (v ⪯ 0) if vi ≥ 0
(vi ≤ 0) for all i ∈ [d]. Denote en as the all-ones vector in n-dimensional space and 0 as the all-zeros
vector in an appropriate dimension. For a matrix M ∈ Rn1×n2 and two sets S1 ⊆ [n1], S2 ⊆ [n2],
let MS1,: ∈ R|S1|×n2 denote the submatrix containing the rows of M indexed by S1. Similarly,
let M:,S2

∈ Rn1×|S2| denote the submatrix containing the columns of M indexed by S2, and let
MS1,S2

∈ R|S1|×|S2| denote the one containing the entries with the row indices in S1 and the column
indices in S2. We also let m = m1m2 for notational convenience.

B.1 Reformulation as Linear Programming

In this section, we present a reformulation of the bilinear saddle-point problem defined in Equation (8).
We show that in order to solve Equation (8), we can focus on two linear programs, which can be
regarded as the primal-dual form to each other. We then exploit the specific structures of the
linear programming reformulations to derive our algorithms. Specifically, for a fixed x, the inner
maximization problem over y can be viewed as a linear program, the dual of which can be written as

min
µ∈R

µ s.t. µ · em2 ≥ A⊤x. (9)

Further minimizing over x ∈ X reaches the following “primal” linear program.

V Prime = min
x⪰0,µ∈R

µ s.t. µ · em2 ⪰ A⊤x, (em1)⊤x = 1. (10)

According to the celebrated minimax theorem, Equation (8) is equivalent to maxy∈Y minx∈X x⊤Ay.
Then, following a similar process, we obtain the “dual” linear programming that computes y.

V Dual = max
ν≥0,y⪰0

ν s.t. ν · em1 ⪯ Ay, (em2)⊤y = 1. (11)

Direct calculation shows that LP in Equation (10) and LP in Equation (11) are primal-dual to each
other. Moreover, in order to solve Equation (8), classic LP analysis (e.g. Theorem 16.5 in [18]) shows
that it suffices to find an optimal solution x∗ to LP Equation (10) and an optimal solution y∗ to LP
Equation (11), such that x∗ and y∗ are the corresponding primal-dual solutions.

Lemma 1 For any optimal solution to the primal LP Equation (10), denoted by (x∗, µ∗), and the
corresponding optimal dual solution to LP Equation (11), denoted by (y∗, ν∗), (x∗,y∗) is an optimal
solution to Equation (8).

In the following, we first present in Section C a method for identifying the support of an NE, denoted
as I∗ ⊆ X ∗ and J ∗ ⊆ Y∗, using O(mδ2 ) samples, where δ is a problem-dependent constant defined
in Section C. Then, in Section D, we demonstrate how to compute the NE supported on I∗ × J ∗.

C Saddle Point Support Identification

In this section, we develop methods to identify the support for an optimal solution x∗ to the primal
LP Equation (10). Following standard LP theory, we know that when solving an LP, we can restrict
to the corner points of the feasible region, which is also referred to as basic solution. The following
lemma shows that there always exists two index sets I∗ and J ∗ such that one optimal solution to
the LP V Prime can be fully characterized by the sets I∗ and J ∗ as the solution to a set of linear
equations.
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Theorem 4 There exists index sets I∗ ⊂ [m1] and index sets J ∗ ⊂ [m2], such that |I∗| = |J ∗| = d,
for some integer d ≤ min{m1,m2}. Also, for the given sets I∗ and J ∗, there exists an optimal
solution (x∗, µ∗) to Equation (10) that satisfy

A⊤
I∗,J ∗ · x∗

I∗ = µ∗ · e|J
∗| and (em1)⊤x∗ = 1, (12)

and x∗
I∗c = 0, where I∗c = [m1] \ I∗, and J ∗c = [m2] \ J ∗ denote the complementary sets.

In order to identify the optimal basis I∗ and J ∗ from noisy observations, we first sample each entry
Ai,j a number of times and construct an empirical game matrix Â with each entry the empirical
average of the N observations, and construct the primal LP of Equation (10) using Â. Next, we
successively shrink the size of x-player’s support based on the objective value V̂ Prime

I defined in
Equation (13). Specifically, V̂ Prime

I is defined as the empirical primal LP with non-zero values only
on I and we initialize the support set to be I = [m1]. At each time, we sequentially pick each i ∈ I
and compare the objective value of V̂ Prime

I with V̂ Prime
I\{i} . If these two quantities are the same, this

means that there exists an NE that is not supported on i and we set I ← I\{i}; otherwise, we keep i
in I. We then obtain the support set I∗ after iterating over all i ∈ [m1].

V Prime
I =min µ V̂ Prime

I = min µ

s.t. µ · em2 ⪰ A⊤x s.t. µ · em2 ⪰ Â⊤x

(em1)⊤x = 1 (em1)⊤x = 1

xIc = 0 xIc = 0

x ⪰ 0, µ ∈ R, x ⪰ 0, µ ∈ R.

(13)

After identifying the set I∗, we also need to find the set J ∗, which is equivalent to see what is the
support for the dual LP. We apply a similar approach to find J ∗. Specifically, based on I∗, we define
the dual LP V̂ Dual

I∗,J in Equation (14) in which we only include the rows of Â whose indices are in I∗
and set the dual variables outside J to be 0. We initialize J = [m2] and successively eliminate an
element j ∈ J if V̂I∗,J\{j} equals to V̂ Prime

I∗,J . Finally, we obtain J ∗ after iterating over all j ∈ [m2].
The pseudo code of the algorithm is shown in Algorithm 2. Note that it is possible that there are
multiple optimal basis of I∗ and J ∗ and we show later that our approach essentially identifies one
particular optimal basis, since our goal is to find one NE of the game. In the following, we provide
both instance-dependent and worst-case sample complexity guarantees.

V Dual
I∗,J =max ν V̂ Dual

I∗,J = max ν

s.t. ν · e|I
∗| ⪯ AI∗,: · y s.t. ν · e|I

∗| ⪯ ÂI∗,: · y
(em2)⊤y = 1 (em2)⊤y = 1

yJ c = 0 yJ c = 0

y ⪰ 0, ν ∈ R, y ⪰ 0, ν ∈ R.

(14)

C.1 Instance-Dependent Sample Complexity Guarantee

In this section, we show that Algorithm 2 can successfully detect the optimal support index sets
I∗ and J ∗ with a high probability with the number of samples a constant with respect to certain
instance-dependent quantity. Specifically, we define δ > 0 as follows

Definition 5 Define δ1 ≜ minI{V Prime − V Prime
I : V Prime − V Prime

I > 0} to be the minimum
non-zero primal gap where V Prime is defined in Equation (10) and V Prime

I is defined in Equation (13).
Define δ2 ≜ minI,J {V Dual

I,J −V Dual
I,[m2]

: V Dual
I,J −V Dual

I,[m2]
> 0} to be the minimum non-zero dual gap

where V Dual
I,J is defined in Equation (14). Define δ = min{δ1, δ2}.

Specifically, δ measures the minimum non-zero gap to the optimal objective values (for both the
primal and the dual) when the value on a support of the NE is set to be 0.
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Algorithm 2 Support Identification

1: Input: the empirical matrix Â with each entry the average of N
m noisy observations

2: Initialize I = [m1] and J = [m2].
3: Compute the objective value of V̂ Prime

I as in Equation (13). Set this value to be V .
4: for i ∈ I do
5: Let I ′ = I\{i} and compute the value of V̂ Prime

I′ .
6: if V = V̂ Prime

I′ then I = I ′.
7: for j ∈ J do
8: Let J ′ = J \{j} and compute the value of V̂ Dual

I,J ′ .

9: Compute the smallest singular value of the matrix
[

ÂI,J ′ −e|I|
(e|J

′|)⊤ 0

]
, denoted as σ̂I,J ′ .

10: if V = V̂ Dual
I,J ′ and σ̂I,J ′ > 2|I| · Rad(N ′/m, ε/m) with Rad(N ′/m, ε/m) =√

m·log(2m/ε)
2N ′ . then J = J ′.

11: Output: the sets of indices I and J .

The next theorem shows that when the number of samples N for each entry is at least Ω( 1
δ2 ), then

with a high probability, I and J output by Algorithm 2 satisfies Theorem 4.

Theorem 5 For any ε > 0, as long as N ≥ 2m log(2m/ϵ)
δ2 , with probability at least 1− ε, the outputs

I and J of Algorithm 2 satisfy the conditions described in Theorem 4.

The proof is deferred to Section G. To provide a proof sketch, following standard concentration
inequalities, with N ≥ 2m log(2m/ε)

δ2 , each entry of the game matrix A is approximated with an error
of δ

2 with probability at least 1 − ε. Under this high probability event, we can show that the gap
between the optimal objective value of V̂ Prime

I and V Prime
I , as well as the dual V̂ Dual

I,J and V Dual
I,J for

all I ⊆ [m1] and J ⊆ [m2], is smaller than δ
2 . Then, we are able to show that the optimal basis of

the empirical LP V̂ Prime estimated from samples is also an optimal basis of the original LP V Prime.

Two remarks are as follows. First, the proof sketch above shows that we can also directly compute an
optimal basis of V̂ Prime and, when N ≥ 2m log(2m/ϵ)

δ2 , this basis is also optimal to the original LP
V Prime with probability 1− ε. While there are standard methods to compute the optimal basis of
a given LP (such as the simplex method), these can require exponential time in the worst case. In
contrast, the approach in Algorithm 2, which computes the LP value to select the basis, achieves
a polynomial time complexity since linear programming itself can be solved in polynomial time.
Second, while we require the knowledge of δ to decide N in Theorem 5, we show in Section L
that we can also estimate δ within a factor of 2 using O(m log(m/ϵ)

δ2 ) samples without knowing the
parameter δ, meaning that we can find the support set without the knowledge of δ.

C.2 δ-Independent Sample Complexity Guarantee

In Section C.1, we show that with N = Θ(m log(m/ϵ)
δ2 ) samples, Algorithm 2 identifies the desired

optimal support I∗ and J ∗ with a probability at least 1− ε. However, when δ is small, to obtain I∗
and J ∗ that satisfies Theorem 4, the number of samples we need can be very large. Therefore, in this
section, we aim to provide a δ-independent sample complexity guarantee on the obtained support
I and J output by Algorithm 2. In this case, instead of proving that Algorithm 2 finds the optimal
support with high probability, we show that with N = O(m/ϵ2) samples, Algorithm 2 finds I and
J such that the optimal solution supported on I has a sub-optimality gap bounded at most ε. To
this end, for possible basis sets I ⊂ [m1] and J ⊂ [m2] such that |I| = |J |, we define x∗(I,J )
as the solution such that x∗

Ic(I,J ) = 0 and the non-zero elements x∗
I(I,J ) are the solution to the

following equation: [
A⊤

I,J −e|J |

(e|I|)⊤ 0

]
·
[
x∗
I(I,J )

µ∗(I,J )

]
=

[
0
1

]
. (15)
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The following theorem proves the sub-optimality gap of x∗(IN ,JN ), where IN and JN denote the
output of Algorithm 2 with sample size N .

Theorem 6 Let Rad(n, ϵ) = O
(√

log(1/ϵ)
n

)
. For a fixed sample size N , denote by IN and JN

the output of Algorithm 2. Then, for any ε > 0, with a probability at least 1− ε, we have that

|V Prime − V Prime
IN | ≤ Rad(N/m, ε/m) and |V Prime − V Dual

IN ,JN | ≤ Rad(N/m, ε/m). (16)

Moreover, with probability at least 1 − ε, the solution x∗(IN ,JN ) forms a feasible solution to
V Prime with a sub-optimality gap bounded byO (κ̂ · Rad(N/m, ε/m)), where κ̂ > 0 is the condition

number of the matrix

[
Â⊤

IN ,JN −e|JN |

(e|I
N |)⊤ 0

]
.

The proof is deferred to Section H and we provide a proof sketch here. Specifically, similar to the
proof sketch for Theorem 5, based on the high probability event that each entry of A is approxi-
mated within an error of Rad(N/m, ε/m), we know that the objective value gap between V Prime

and V̂ Prime, as well as V Prime
IN and V̂ Prime

IN , are bounded by Rad(N/m, ε/m). Since Algorithm 2
guarantees that V̂ Prime

IN = V̂ Prime, we know that the gap between V Prime
IN and V Prime is bounded

by Rad(N/m, ϵ/m), proving the first half of Equation (16). The second half can be obtained via a
similar argument. To prove the sub-optimality gap, we control the distance between x∗(IN ,JN ) and

x̂∗(IN ,JN ), which is (part of) the solution of

[
Â⊤

IN ,JN −e|JN |

(e|I
N |)⊤ 0

]
·
[
x
µ

]
=

[
0
1

]
. Following a stan-

dard perturbation analysis of the linear program, we can show that ∥x̂∗(IN ,JN )−x∗(IN ,JN )∥2 ≤
O (κ̂ · Rad(N/m, ϵ/m)). The remaining analysis follows a direct derivation.

D LP-Resolving Based Algorithm

In the previous section, we described how to identify one optimal basis I∗ and J ∗. In this section,
we describe how to approximate the optimal solutions x∗ and y∗ that corresponds to the optimal
basis I∗ and J ∗. Note that the optimal solution x∗ enjoys the following structure: x∗

I∗c = 0 and the
other elements x∗

I∗ can be given as the solution to[
A⊤

I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤ 0

]
·
[
x∗
I∗

µ∗

]
=

[
0
1

]
. (17)

While Algorithm 1 can determine the optimal basis I∗ and J ∗, since matrix A is unknown, and we
can only access noisy observations, we must construct estimates of A using sequentially collected
samples to approximately solve Equation (17).

Our approach is formalized in Algorithm 3. Specifically, in each iteration n, we observe a noisy
matrix entry Ãn,in,jn with E[Ãn,in,jn ] = Ain,jn and (in, jn) uniformly drawn from I∗ × J ∗. A
naive approach would be to directly use these samples to form an empirical estimate of AI∗,J ∗ and
compute the optimal basis. However, this would result in estimation error of Θ(1/

√
N) by standard

concentration bounds, leading to a suboptimal Θ(1/
√
N) approximate Nash Equilibrium.

To achieve a better convergence rate, Algorithm 3 is inspired by the LP resolving algorithms for
online resource allocation problems [40? , 25, 30] that can achieve O(logN) regret after N itera-
tions. Specifically, we interpret Equation (17) as a resource allocation problem: the right-hand-side
represents resources, variables x represent actions, and the left-hand-side matrix represents resource
consumption. The goal is to determine actions {xn}n∈[N ] such that resources are appropriately
consumed over N iterations.

The crucial point of Algorithm 2’s effectiveness lies in its adaptive resource management mechanism
(Line 8 of Algorithm 3). By dynamically updating an according to Equation (19), we create a self-
correcting system that forms and solves the LP for x̃n as specified in Equation (18). This resolving
procedure ensures that an converges to a with a gap bounded by O(1/(N −n+1)) – a critical factor
in achieving our instance-dependent guarantee. For example, when a binding constraint j ∈ J ∗

12



Algorithm 3 The Resolving Algorithm
1: Input: the number of samples N , the support I∗ and J ∗ with |I∗| = |J ∗|, L = 4.
2: InitializeH1 = ∅, a1 = 0 ∈ R|J ∗|

3: for n = 1, . . . , N do
4: Construct estimates ÂI∗,J ∗ using the datasetHn.
5: Construct a solution (x̃n, µ̃n) such that x̃n

I∗c = 0 and x̃n
I∗ is the solution to[

Â⊤
I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤ 0

]
·
[
xI∗

µ

]
=

[
an/(N − n+ 1)

1

]
. (18)

6: Project (x̃n, µ̃n) to the set {(x, µ) : x ≥ 0, ∥(x, µ)∥1 ≤ L} to obtain (xn, µn).
7: Observe Ãn,in,jn = Ain,jn + ηn, where in and jn are uniformly sampled from I∗ and J ∗.
8: UpdateHn+1 = Hn ∪ {(in, jn, Ãn,in,jn)} and compute an+1 as

an+1 = an − |J ∗| · |I∗| · Ãin,jn · xn
in · hjn + µn · e|J

∗|, (19)

9: where hjn ∈ R|J ∗| denotes a vector with jn-th position being 1 and other positions being 0.
10: Compute x̄ = 1

N ·
∑N

n=1 x
n and output x̄.

has a value below its target aj under the current action
∑n

n′=1 x
n′
/n, the algorithm compensates by

setting anj /(N − n+ 1) greater than aj , thereby increasing the constraint value for x̃n+1. Through
this continuous feedback loop, the algorithm dynamically adjusts for constraint violations, enabling
the significantly faster convergence rate of O(1/(N − n+ 1)) compared to the naive approach.

In the following, similar to Section C, we first introduce our instance-dependent sample complexity
for Algorithm 3 in Section D.1, followed by a δ-independent sample complexity in Section D.2.

D.1 Instance-dependent Sample Complexity

We now show that our Algorithm 3 achieves an instance-dependent sample complexity for approx-
imating the optimal solution to the primal LP problem V Prime. A key step in our analysis is to
characterize how an behaves during the execution of Algorithm 3. For notational convenience, we
define

ãn =
an

N − n+ 1
. (20)

The key is to show that the stochastic process of ãn enjoys nice concentration properties such that it
will stay within a small neighborhood of their initial value 0 for a sufficiently long time. We denote by
τ the first time index at which ∥ãn∥∞ exceeds certain problem-dependent constant (formally defined
in Equation (63)). Then, we can show that the gap argminx∗∈X∗ ∥E[x̄]−x∗∥2 can be upper bounded
by E[N−τ ]

N . Thus, it only remains to upper bound E[N − τ ]. From the update rule in Equation (19),
we have

ãn+1 = ãn +
ãn − |J ∗| · |I∗| · Ãin,jn · xn

in
· hjn + µn · e|J ∗|

N − n
. (21)

Note that since in (resp. jn) is sampled from a uniform distribution over I∗ (resp. J ∗) , we have that

Eηn,in,jn

[
|J ∗| · |I∗| · Ãin,jn · xn

in · hjn

]
= A⊤

I∗,J ∗ · xn
I∗ . (22)

Note that we can show it is automatically satisfied ∥(x̃n, µ̃n)∥1 ≤ L when n ≥ N ′
0 for some fixed

N ′
0 = O(logN), and thus (x̃n, µ̃n) = (xn, µn). Then we know when n ≥ N ′

0, xn
I∗ is the solution

to Equation (18) and we know that Â⊤
I∗,J ∗xn

I∗ − µn · e|J ∗| = ãn. Therefore, if ÂI∗,J ∗ = AI∗,J ∗ ,
then ãn+1 will have the same expectation as ãn such that they become a martingale. However, this
is not exactly true since we have estimation error over AI∗,J ∗ , and we only use their estimates to
compute xn. Nevertheless, we can show that ãn behaves as sub-martingales with estimation error
over AI∗,J ∗ decreases. Then, from the concentration property of the sub-martingale, we prove that
ãn concentrates around 0. In this way, we prove that E[N − τ ] can be upper bounded by O(logN).
The following theorem shows our formal theoretical bound by applying Algorithm 2 and Algorithm 3.
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Theorem 7 For any ϵ > 0, with a sample complexity of N = O
((

d5/2

σ3 + m
δ2

)
· log(m/ε)

ε

)
, where

δ = min{δ1, δ2} with δ1 and δ2 given in Definition 5 and d = |I∗| = |J ∗|, applying Algorithm 2
and Algorithm 3 guarantees that argminx∗∈X∗ ∥E[x̄] − x∗∥2 ≤ ε. Here, σ > 0 is the minimum
singular value of the full-rank matrix A∗ defined as

A∗ =

[
A⊤

I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤, 0

]
. (23)

Note that the sample complexity presented in Theorem 7 again depends on the gap δ. However,
neither our Algorithm 2 nor Algorithm 3 requires the knowledge of δ since we can estimate δ within
a factor of 2 according to Theorem 10. The bound in Theorem 7 also depends on the parameter σ,
which is the smallest singular values of the matrix A∗ in Equation (23). Note that in previous literature
that develops the LP resolving algorithm with instance-dependent guarantees (e.g. [40, 28, 25]), the
conditional number of the constraint matrix will also show up in the final bounds. Therefore, we
regard the existence of σ as the consequence of adopting the resolving algorithms. In addition, similar
to the case for δ, we show in Theorem 11 in Section L that we can also estimate σ within a factor of 2
using observed samples, meaning that our algorithm also does not require the knowledge of σ.

D.2 δ-Independent Sample Complexity

In this section, we show that Algorithm 3 also achieves an δ-independent sub-optimality gap with N
samples, complementing the instance-dependent sample complexity proven in Section D.2. Specifi-
cally, we have the following theorem:

Theorem 8 For a fixed sample size N , denote by x̄ the output of Algorithm 3 (after processing
Algorithm 2 with the same amount of data). We know that E[x̄] is a feasible solution to V Prime with
an suboptimality gap upper bounded by

O

(
d2

σ
·
(
1 +

d

σ2 · L2

)
· log(N)

N
+ κ̂ ·

√
dm · log(N)

N

)
,

where κ̂ is defined to be the same as Theorem 6, d = |I∗| = |J ∗|, and σ is the minimum singular
value of A∗ defined in Theorem 7.

We provide a proof sketch of Theorem 8 with the full proof deferred to Section J. Note that following
Theorem 6, for a fixed sample size N , Algorithm 2 outputs index sets Î, Ĵ such that the variable
x∗(Î, Ĵ ), as defined in Equation (15), forms a feasible solution to V Prime with an suboptimality
gap Õ(1/

√
N). Then, we use the index sets Î, Ĵ as the input to Algorithm 3. Note that given the

index sets Î and Ĵ , the resolving steps in Algorithm 3 essentially approximate the solution to the
linear equations given in Equation (15). Following the same procedure as the proof of Theorem 7,
we can show that after N steps of resolving, the gap between E[x̄] and x∗(Î, Ĵ ) is upper bounded
by Õ(1/N), corresponding to the first term in Theorem 8. Therefore, we know that E[x̄] forms a
feasible solution to V Prime with an suboptimality gap bounded by Õ(1/

√
N).

E Combining Two Steps Together

Now we analyze the overall performance of our algorithm. Specifically, combining Theorem 5 and
Theorem 6 for the support identification step and Theorem 7 and Theorem 8 for the LP resolving
step, we show in the following theorem that given 2N samples as long as N = Õ

(
min

{
m
δ2·ε ,

m
ε2

})
,

Algorithm 2 followed by Algorithm 3 is able to find an ε-suboptimality-gap NE.

Theorem 9 For a fixed accuracy level ε > 0, denote by x̄ the output of Algorithm 3 with N samples
(after processing Algorithm 2 with another N samples). We know that E[x̄] forms a feasible solution
to V Prime, with an suboptimality gap upper bounded by ε, as long as the sample complexity bound
holds

N = O
(
d3

σ3
· log(m/ε)

ε
+m ·min

{
d · κ̂2

ε2
,

1

δ2 · ε

}
· log(m/ε)

)
,
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where δ = min{δ1, δ2} with δ1 and δ2 defined in Definition 5, and σ the minimum singular value of
A∗ defined in Theorem 7, and κ̂ given in the statement of Theorem 6.

The full proof is deferred to Section K. We remark again that our algorithm does not require the
knowledge of σ and δ since both parameters can be well approximated using the same sample
complexity as shown in Section L.

E.1 Results for the Dual Player

In this section, we briefly discuss how we derive an approximate NE for the column player. Specifi-
cally, we apply the exact same procedure, Algorithm 2 followed by Algorithm 3, but instead to the
dual LP V Dual in Equation (11). We then obtain the output of Algorithm 3 as ȳ to approximate
an optimal solution y∗ for the dual player. Note that all our previous results for the primal LP in
Equation (10) still applies to the dual LP. The only difference is that the problem-dependent constants
are now defined for the dual LP instead. For example, the problem parameters presented in Definition
5 can be modified into the following:

Definition 6 Define δ′1 ≜ minI{V Dual−V Dual
I : V Dual−V Dual

I > 0} to be the minimum non-zero
primal gap where V Dual is defined in Equation (11) and we further restrict yI = 0 to obtain V Dual

I .
Define δ′2 ≜ minI,J {V Prime

I,J − V Prime
I,[m1]

: V Prime
I,J − V Prime

I,[m1]
> 0} to be the minimum non-zero dual

gap. Define δ′ ≜ min{δ′1, δ′2}.

Similarly, we are able to define σ′, d′, and κ̂′ correspondingly to the dual system. Then, fol-
lowing the same procedure as Theorem 7, we know that with a sample complexity bound of
N ′ = O

(
(d

′5/2

σ′3 + m
δ′2 ) ·

log(m/ϵ)
ϵ

)
, Algorithm 3 outputs a solution ȳ such that ∥y∗ − E[ȳ]∥2 ≤ ε,

for an optimal dual solution y∗. Therefore, applying Algorithm 2 and Algorithm 3 separately to both
the row player and the column player leads to the output (x̄, ȳ) such that (E[x̄],E[ȳ]) is an ε-close
NE. A similar δ-independent sample complexity guarantee can be obtained by adapting Theorem 6
and Theorem 8 to the dual LP.

F Proof of Theorem 4

Theorem 4 follows from the theory of simplex method for solving LP. We rewrite the LP V Prime in
Equation (10) in the standard form as

V Prime = min
x,s⪰0,µ∈R

µ s.t. A⊤x+ s− µ · em2 = 0, (em1)⊤x = 1, (24)

where we introduce the slackness variables s ∈ Rm2 . The index set for the variables (x, s, µ) is
given by [m1 +m2 + 1] where the first m1 coordinates correspond to x, the next m2 coordinates
correspond to s, and the last coordinate corresponds to µ. Denote by Î an optimal basis to the LP
Equation (24). Then, we know that the corresponding optimal solution, denoted by (x∗, s∗, µ∗), can
be derived as the unique solution to the linear system

A⊤
Î1,:

xÎ1
+ s− µ · em2 = 0, (e|Î1|)⊤xÎ1

= 1, xÎc
1
= 0, sÎc

2
= 0, (25)

where we denote by Î1 as Î restricted to the index sets of x and Î2 as Î restricted to the index sets of s.
Define Îc1 = [m1]\Î to be the complementary set of Î1 with respect to x and Îc2 = [m1+m2]\[m1]\Î
to be the complementary set of Î2 with respect to s. Note that there are m2 + 1 constraints in V Prime

in (24) . Then the basis set Î should contain m2 + 1 elements, with one element being the one
denoting the index for µ. This implies that |Î1|+ |Î2| = m2, which implies |Î1| = |Îc2|. Then, we
know that the linear system

A⊤
Î1,Î2

xÎ1
+ sÎ2

= µ · e|Î2|, A⊤
Î1,Îc

2

xÎ1
= µ · e|Î

c
2 |, (e|Î1|)⊤xÎ1

= 1, (26)

also has a unique optimal solution, which is (x∗
Î1
, sÎ2

, µ∗). Otherwise, if the linear system Equa-
tion (26) has a different solution, then we append the solution with xÎc

1
= 0 and sÎc

2
= 0, and we
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obtain a different solution to Equation (25), which violates the uniqueness of the optimal solution
(x∗, s∗, µ∗).

Moreover, the uniqueness of the optimal solution to Equation (26) implies that all the linear equations
in Equation (26) are linearly independent of each other, since the number of equations and variables
are equivalent to each other. Therefore, we know that the subset of the equations in Equation (26),
which is shown in the following linear system

A⊤
Î1,Îc

2

xÎ1
= µ · e|Î

c
2 |, (e|Î1|)⊤xÎ1

= 1 (27)

is also linearly independent of each other. Further note that the number of equations and variables
in Equation (27) is equivalent to each other, we know that Equation (27) enjoys a unique optimal
solution, which is given by (x∗

Î1
, µ∗). Therefore, we know that the square matrix

Â =

[
A⊤

Î1,Îc
2

−e|Îc
2 |

(e|Î1 |)⊤, 0

]
(28)

is of full rank and all of its columns are linear independent. Further, we denote by I∗ the support set
of x∗ such that x∗

I∗ ≻ 0 and x∗
I∗c = 0. Then, we know that I∗ ⊂ Î1 and the matrix

Â∗ =

[
A⊤

I∗,Îc
2

−e|Îc
2 |

(e|I
∗|)⊤, 0

]
(29)

is of full column rank. We also know that (x∗
I∗ , µ∗) can be expressed as a solution to the linear

system

Â∗ ·
[
x∗
I∗

µ∗

]
=

[
0
1

]
. (30)

We now specify an index set J ∗ ⊂ Îc2 such that I∗ and J ∗ satisfy the requirements. Note that the
rank of a matrix is given by the largest rank of all its square submatrix. Therefore, we know that
there exists a square submatrix of Â∗, denoted as A∗, such that the rank equals |I∗|+1. On the other
hand, the matrix Â∗ has |I∗|+ 1 number of columns. Therefore, we know that the submatrix A∗ is
obtained from selecting |I∗|+ 1 number of linearly independent rows from the matrix Â∗ (note that
for square matrix A∗, full row rank implies full rank of |I∗|+ 1). In the following claim, we show
that there exists such a square submatrix A∗ which contains the last row [(e|I

∗|)⊤, 0].

Claim 1 There exists a square submatrix A∗ of Â∗ such that A∗ is of full rank (of rank |I∗|+1) and
A∗ contains the last row [(e|I

∗|)⊤, 0].

Therefore, we know that the square matrix

A∗ =

[
A⊤

I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤, 0

]
(31)

is of full rank, and it holds that

A∗ ·
[
x∗
I∗

µ∗

]
=

[
0
1

]
(32)

which also implies that (x∗
I∗,µ∗) is the unique solution to the linear system Equation (32) with

x∗
I∗c = 0. We also have |I∗| = |J ∗|. Our proof is thus completed.

F.1 Proof of Claim 1

We show that any full rank square submatrix (with rank |I∗|+ 1) of Â∗ can be converted into a full
rank square submatrix A∗ (with rank |I∗| + 1) containing the last row [(e|I

∗|)⊤, 0]. Suppose that
we have such a full rank square submatrix A′ consisting of |I∗|+ 1 rows from [A⊤

I∗,Îc
2

,−e|Îc
2 |]. We

denote by the rows of A′ as a1, . . . ,ad+1, where we set d = |I∗|. Then, since the matrix Â∗ is of
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rank d+ 1, we know that there exists a set of constants α1, . . . , αd+1 such that the last row can be
expressed as

[(e|I
∗|)⊤, 0] =

d+1∑
i=1

αi · ai. (33)

From comparing the last elements of the rows in Equation (33), we know that

0 =

d+1∑
i=1

αi. (34)

Now suppose that αd+1 ̸= 0, we know that αd+1 = −
∑d

i=1 αi. Therefore, we have

ad+1 =
1

αd+1
·

(
[(e|I

∗|)⊤, 0] +

d∑
i=1

αi · ai

)
. (35)

Since every row of Â∗ can be expressed as the linear combination of a1, . . . ,ad+1, it can also
be expressed as the linear combination of [(e|I

∗|)⊤, 0] and a1, . . . ,ad by noting Equation (35).
Therefore, we know that a square submatrix A∗ consisting of [(e|I

∗|)⊤, 0] and a1, . . . ,ad is of the
same rank as Â∗, which is d+ 1, and thus A∗ is of full row rank, thus full rank.

G Proof of Theorem 5

We now condition on the event that

E =
{∣∣∣Âi,j −Ai,j

∣∣∣ ≤ Rad(N/m, ε/m), ∀i ∈ [m1], j ∈ [m2]
}
, (36)

where Âi,j is constructed using N/m number of i.i.d samples with mean Ai,j , m = m1m2, and

Rad(N, ε) ≜
√

log(1/ε)
2N . According to Hoeffding’s inequality, we know that this event E happens

with probability at least 1− ε.

Given a fixed sample setH such that event E happens. We first bound the gap between V Prime
I and

V̂ Prime
I , for any set I. The result is formalized in the following claim.

Claim 2 Conditioned on the event E Equation (36) happens, for any set I, it holds that∣∣∣V Prime
I − V̂ Prime

I

∣∣∣ ≤ Rad(N/m, ε/m). (37)

We can also obtain the bound of the gap between the the objective values of the dual LPs, V Dual
I,J and

V̂ Dual
I,J , for any sets I and J . The bound is formalized in the following claim.

Claim 3 Conditioned on the event E Equation (36) happens, for any set I and J , it holds that∣∣∣V Dual
I,J − V̂ Dual

I,J

∣∣∣ ≤ Rad(N/m, ε/m). (38)

Equipped with Claim 2 and Claim 3, we now proceed our proof. We first show that the output of
Algorithm 2, denoted as I∗ and J ∗, is indeed an optimal basis to the estimated LP V̂ Prime and its
dual V̂ Dual. We then show that as long as N ≥ N0 = 2m log(2m/ϵ)

δ2 , an optimal basis to V̂ Prime is an
optimal basis to V Prime.

Following the procedure in Algorithm 2, we identify an index set I ⊂ [m1], where we set xi = 0
for each i ∈ Ic. Note that we cannot further delete one more i from the set I without changing the
objective value according to our algorithm design. Thus, we know that our Algorithm 2 correctly
identifies an index set I, which is an optimal basis to the estimated LP V̂ Prime.

Now given that I is an optimal basis to the LP V̂ Prime, we know that

V̂ Prime = V̂ Prime
I = min

xI⪰0,µ∈R
µ s.t. µ · em2 ⪰ Â⊤

I,:xI , (e
|I|)⊤xI = 1. (39)
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Note that in the formulation of Equation (39), we simply discard the columns of the constraint matrix
in the index set I. Thus, if we denote by x̂∗ the optimal solution to V̂ Prime corresponding to the
basis I, then one optimal solution to Equation (39) will just be x̂∗

I . The dual of Equation (39) is

V̂ Dual
I = max

ν≥0,y⪰0
ν s.t. ν · e|I| ≤ ÂI,: · y, (em2)⊤y = 1. (40)

We now show that Algorithm 2 correctly identify an optimal basis of the estimated LP V̂ Dual
I , denoted

by J . Note that following the procedure of Algorithm 2, we identify an index set J ⊂ [m2], where
we set yj = 0 for each j ∈ J c. Similarly, we know that we cannot further delete one more j from
the set J without changing the objective value according to our algorithm design. Thus, we know
that our Algorithm 2 correctly identifies the index set J , which is an optimal basis to the estimated
LP V̂ Dual

I , conditional on the event E Equation (36) happens.

It remains to show that the index sets I and J identified by our Algorithm 2 satisfy the conditions
in Theorem 4, for the estimated LP V̂ Prime and its dual V̂ Dual. Denote by (x̂∗, ŷ∗) an optimal
primal-dual solution to V̂ Prime, corresponding to the optimal basis I and J . Since we know that
ŷ∗
J > 0, from the complementary slackness condition, the corresponding constraints in V̂ Prime must

be binding, i.e., Â⊤
:,J · x̂∗ = µ̂∗ · e, where we denote by (x̂∗, µ̂∗) the optimal solution to V̂ Prime

corresponding to the optimal basis I and J . Moreover, note that x̂∗
Ic = 0, we must have

Â⊤
:,J · x̂∗ = Â⊤

I,J · x̂∗
I = µ̂∗ · e|J |,

which proves the equations in condition Equation (12).

Next, we show that |I| = |J |, and ÂI,J is a non-singular matrix. Note that the index set J is
obtained from a basic optimal solution to the dual LP Equation (40), where there are |I| constraints.
Thus, the matrix ÂI,J can have at most |I| number of linearly independent columns, which implies
that |J | ≤ |I|, and the columns in the matrix ÂI,J are linearly independent from each other. Now
suppose |I| > |J |. Since the row and column ranks are equivalent, we know that at least one row
of ÂI,J , denoted by i, can be expressed as the linear combination of the other rows. However, this
means that we can further restrict xi = 0 by removing i from the index set I without changing the
objective value, which leads to a contradiction. Therefore, we know that |I| = |J | and the square
matrix ÂI,J is of full rank.

Finally, it remains to show that I and J is also an optimal basis to the original LP V Prime and its
dual V Dual as long as N ≥ N0 = 2m log(2m/ϵ)

δ2 . Suppose that I is not an optimal basis to the original
LP V Prime, then following the definition of δ = min{δ1, δ2} with δ1 and δ2 given in Definition 5,
we must have

V Prime
I > V Prime + δ.

On the other hand, from Equation (37) in Claim 2, we know that

|V Prime
I − V̂ Prime

I | ≤ Rad(N/m, ε/m),

and
|V Prime − V̂ Prime| ≤ Rad(N/m, ε/m).

However, we know that
V̂ Prime
I = V̂ Prime

since I is an optimal basis to V̂ Prime. Therefore, we conclude that we have

V Prime + 2Rad(N/m, ε/m) ≥ V Prime
I > V Prime + δ. (41)

However, the inequality Equation (41) contradicts with the condition that Rad(N/m, ε/m) ≤ δ/2
according to the definition of Rad(N/m, ε/m). Therefore, we know that I is also an optimal basis
to V Prime.

We then show that J is an optimal basis to the dual LP V Dual
I . Suppose that J is not an optimal

basis to the original dual LP V Dual
I , then following the definition of δ = min{δ1, δ2} with δ1 and δ2

given in Definition 5, we must have

V Dual
I,J < V Dual

I − δ.
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On the other hand, from Equation (38) in Claim 3, we know that

|V Dual
I,J − V̂ Dual

I,J | ≤ Rad(N/m, ε/m),

and
|V Dual

I − V̂ Dual
I | ≤ Rad(N/m, ε/m).

However, we know that
V̂ Dual
I,J = V̂ Dual

I

since J is an optimal basis to V̂ Dual
I . Therefore, we conclude that we have

V Dual
I − 2Rad(N/m, ε/m) ≤ V Dual

I,J ≤ V Dual
I − δ. (42)

However, the inequality Equation (42) contradicts with the condition that Rad(N/m, ε/m) ≤ δ/2.
Therefore, we know that J is also an optimal basis to V Dual

I . We conclude that I and J is an optimal
basis to the original LP V Prime and its dual V Dual, i.e., I and J satisfy the conditions described in
Theorem 4 for the original LP V Prime and V Dual.

G.1 Proof of Claim 2

Denote by x∗ an optimal solution to V Prime
I . We now construct a feasible solution to V̂ Prime

I based
on x∗. Note that conditional on the event E happens, we have that

Â⊤x∗ ⪯ A⊤x∗ + ∥x∗∥1 · Rad(N/m, ε/m) · em2 ⪯ µ∗ · em2 + ·Rad(N/m, ε/m) · em2 . (43)

Therefore, we know that (x∗, µ∗ +Rad(N/m, ε/m)) is a feasible solution to the LP V̂ Prime
I defined

in Equation (13), meaning that

V̂ Prime
I ≤ µ̂ = µ∗ +Rad(N/m, ε/m) = V Prime

I +Rad(N/m, ε/m). (44)

On the other hand, denote by x̂∗ and µ̂∗ certain optimal solution to V̂ Prime
I . We know that

A⊤x̂∗ ⪯ Â⊤x̂∗ + ∥x̂∗∥1 · Rad(N/m, ε/m) · em2 ⪯ µ̂∗ · em2 +Rad(N/m, ε/m) · em2 . (45)

Therefore, we know that (x̂∗, µ̂∗ + Rad(N/m, ε/m)) is a feasible solution to the LP V Prime
I ,

meaning that

V Prime
I ≤ µ̂∗ +Rad(N/m, ε/m) = V̂ Prime

I +Rad(N/m, ε/m). (46)

Our proof is completed from Equation (44) and Equation (46).

G.2 Proof of Claim 3

Denote by (y∗, ν∗) an optimal solution to V Dual
I,J . Similar to the proof for Claim 3, we now construct

a feasible solution to V̂ Dual
I,J based on y∗. Note that conditional on the event E happens, we have that

ÂI,: · y∗ ⪰ AI,: · y∗ − ∥y∗∥1 · Rad(N/m, ε/m) · em1 ⪰ ν∗ − Rad(N/m, ε/m) · em1 . (47)

Therefore, (y∗, ν∗ − Rad(N/m, ε/m)) forms a feasible solution to V̂ Dual
I,J . Thus, we know that

V̂ Dual
I,J ≥ ν∗ − Rad(N/m, ε/m) = V Dual

I,J − Rad(N/m, ε/m). (48)

On the other hand, denote by ŷ∗ and ν̂∗ an optimal solution to V̂ Dual
I,J . We know that

AI,: · ŷ∗ ⪰ ÂI,: · ŷ∗ − ∥ŷ∗∥1 · Rad(N/m, ε/m) · em1 ⪰ ν̂∗ − Rad(N/m, ε/m) · em1 . (49)

Therefore, (ŷ∗, ν̂∗ − Rad(N/m, ε/m)) forms a feasible solution to V Dual
I,J and

V Dual
I,J ≥ ν̂∗ − Rad(N/m, ε/m) = V̂ Dual

I,J − Rad(N/m, ε/m). (50)

Our proof is thus completed from Equation (48) and Equation (50).
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H Proof of Theorem 6

Consider a fixed N and we condition on the following high-probability event

E =
{∣∣∣Âi,j −Ai,j

∣∣∣ ≤ Rad(N/m, ε/m), ∀i ∈ [m1], j ∈ [m2]
}
, (51)

which happens with probability at least 1 − ε. We denote by Î and Ĵ the output of Algorithm 2.
From the implementation of Algorithm 2, we know that Î and Ĵ is an optimal basis to the LP V̂ Prime

and V̂ Dual
Î . Therefore, we know that

V̂ Prime = V̂ Prime
I = V̂ Dual

Î,Ĵ .

On the other hand, according to Claim 2 and Claim 3, we know that

|V Prime − V̂ Prime| ≤ Rad(N/m, ε/m) and |V Dual
Î,Ĵ − V̂ Dual

Î,Ĵ | ≤ Rad(N/m, ε/m).

Therefore, we have

|V Prime − V Prime
Î | ≤ 2 · Rad(N/m, ε/m) and |V Prime − V Dual

Î,Ĵ | ≤ 2 · Rad(N/m, ε/m),

which completes our proof of Equation (16).

We now denote by x̂ the optimal primal-dual solution to the LP V̂ Prime, corresponding to the optimal
basis Î and Ĵ . Therefore, it holds that

x̂Îc = 0, (52)
and x̂Î is the solution to [

Â⊤
Î,Ĵ −e|Ĵ |

(e|Î|)⊤ 0

]
·
[
x̂Î
µ̂

]
=

[
0
1

]
, (53)

We now apply the perturbation analysis of linear equation to bound the distance between x̂Î and
x∗
Î(Î, Ĵ ) defined in Equation (15). We denote by σ̂min the smallest absolute value of the eigenvalues

and σ̂max the largest absolute value of the eigenvalues of the matrix[
Â⊤

Î,Ĵ −e|Ĵ |

(e|Î|)⊤ 0

]
.

Since Î and Ĵ is the output of Algorithm 2, we know that σ̂min > 0. The perturbation of the matrix
is denoted as

∆A = AÎ,Ĵ − ÂÎ,Ĵ .

Then, it holds that
∥∆A∥2 ≤ d · Rad(N/m, ε/m). (54)

We now classify into two situations.

If Rad(N/m, ε/m) > σ̂min

2d , we know that d · κ̂ · Rad(N/m, ε/m) ≥ 1
2 , meaning that the subopti-

mality gap is O(d · κ̂Rad(N/m, ε/m)) since it is at most O(1).

Otherwise, if Rad(N/m, ε/m) ≤ σ̂min

2d , we know that

∥∆A∥2 ≤ d · Rad(N/m, ε/m) ≤ σ̂min

2
. (55)

Following standard perturbation analysis of linear equations (Theorem 1 of [14]), we can obtain that

∥(x̂Î , µ̂)− (x∗
Î(Î, Ĵ ), µ

∗(Î, Ĵ ))∥2
∥(x̂Î , µ̂)∥2

≤ σ̂max/σ̂min

1− ∥∆A∥2

σ̂min

·
(
∥∆A∥2
σ̂max

)
≤ 2 · ∥∆A∥2/σ̂min. (56)

Since (x̂Î , µ̂) is the solution to the linear equations in Equation (53), we know that

∥Â⊤
Î,Ĵ x̂Î∥∞ ≤ d
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and thus |µ̂| ≤ d. Therefore, we know that

∥(x̂Î , µ̂)∥2 ≤ 2d. (57)

Combining Equation (57) and Equation (56), we can obtain that

∥(x̂Î , µ̂)− (x∗
Î(Î, Ĵ ), µ

∗(Î, Ĵ ))∥2 ≤
4d2

σ̂min
· Rad(N/m, ε/m). (58)

From the feasibility of (x̂Î , µ̂) to the LP V̂ Prime, we know that

µ̂ · em2 ⪰ Â⊤ · x̂, (59)

which implies that

A⊤x∗(Î, Ĵ ) = Â⊤ · x̂+ Â⊤ · (x∗(Î, Ĵ )− x̂) + ∆A⊤ · x∗(Î, Ĵ )

⪯
(
µ̂+ ∥Â⊤(x∗(Î, Ĵ )− x̂)∥∞ + ∥∆A⊤x∗(Î, Ĵ )∥∞

)
em2

⪯
(
µ̂+ ∥Â⊤(x∗(Î, Ĵ )− x̂)∥2 + ∥∆A⊤x∗(Î, Ĵ )∥∞

)
em2

⪯
(
µ̂+

4d2σ̂max

σ̂min
· Rad(N/m, ε/m) + Rad(N/m, ε/m)

)
em2 .

(60)

We conclude that we can set

µ ≜ µ̂+Rad(N/m, ε/m) +
4d2σ̂max

σ̂min
· Rad(N/m, ε/m)

such that (x∗(Î, Ĵ ), µ) is a feasible solution to V Prime. Therefore, we know that the sub-optimality
gap for the solution x∗(Î, Ĵ ) is upper bounded by O

(
d2 · κ̂ · Rad(N/m, ε/m)

)
.

I Proof of Theorem 7

For a fixed datasetHn = {(ik, jk, Ãk,ik,jk)}nk=1, we denote by Â(Hn) the sample-average estimation
of A constructed from the datasetHn. Let n denote the n-th round of iteration in Algorithm 3. In the
following, we condition on the event that Algorithm 2 has successfully identified the optimal basis I∗
and J ∗, which happens with probability at least 1− ε from Theorem 5. We consider the stochastic
process ãn defined in Equation (20). For a fixed η > 0 which will be specified later, we define sets

A = {ã′ ∈ R|J ∗| : ã′j ∈ [−η,+η], ∀j ∈ J ∗}, (61)

Since ã1 = 0, we have ã1 ∈ A. Then, we show that ãn “behave well” as long as they stay in the
region A for a sufficiently long time, where ãn = an

N−n+1 . To this end, we define a stopping time

τ = min
n∈[N ]

{ãn /∈ A}. (62)

The first lemma shows that when n is large enough but smaller than the stopping time τ , we have
∥(xn, µn)∥1 ≤ L with L = 4. The proof is deferred to Section I.1.

Lemma 2 There exist a constants N ′
0 such that when N ′

0 ≤ n ≤ τ , it holds that ∥(x̃n, µ̃n)∥1 ≤ L
with probability at least 1− 2ε, where (x̃n, µ̃n) denotes the solution to Equation (18), τ is defined in
Equation (62) with

η =
σ

8d3/2 · ∥AI∗,J ∗∥2
. (63)

Specifically, N ′
0 is given as follows

N ′
0 =

128d5

σ2
· log(2d2/ε). (64)

The next lemma bounds E[N − τ ] with the proof deferred to Section I.2.
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Lemma 3 Let the stopping time τ be defined in Equation (62) with η = σ
8d3/2·∥AI∗,J∗∥2

. It holds
that

E[N − τ ] ≤ N ′
0 + 1 + 2 · exp(−η2/(8d4)),

where N ′
0 is given in Equation (64), as long as

N ≥ 1024d3 · ∥AI∗,J ∗∥22 · log(4d2/ε)
σ2

. (65)

In addition, for any N ′ such that N ′
0 ≤ N ′ ≤ N , it holds that

Pr[τ ≤ N ′] ≤ η2

4d4
· exp

(
−η2(N −N ′)

8d4

)
+ ε. (66)

Now we are ready to prove Theorem 7. From the definition of the stopping time τ in Equation (62),
we know that for each j ∈ J ∗, it holds

aτ−1
j ∈ [−(N − τ + 1) · η, (N − τ + 1) · η] .

Since (in, jn) is uniformly drawn from I∗ × J ∗ and is independent of the randomness of xn, we
know that

EÃn,in,jn

[
|J ∗| · |I∗| · Ãn,in,jn · xn

in · hjn

]
=

|I∗|∑
i=1

|J ∗|∑
j=1

Aijx
n
i · hj = A⊤

I∗,J ∗xn.

Then, following the update in Equation (19), we know that

E[aN+1] = E
[
aτ−1

]
−

N∑
n=τ

A⊤
I∗,J ∗ · E[xn

I∗ ] +

N∑
n=τ

E[µn] · e|J
∗|,

Thus, we have that∣∣E[aN+1]
∣∣ ≤ ∣∣E[aτ−1]

∣∣+ ∣∣∣∣∣
N∑

n=τ

(
A⊤

I∗,J ∗ · E[xn
I∗ ]− E[µn] · e|J

∗|
)∣∣∣∣∣ .

Following the definition of the stop time τ in (62), since it is easy to show that η ≤ 1, we know that∥∥E[aτ−1]
∥∥
∞ ≤ E[N − τ + 2].

Also, from the boundedness that ∥(xn, µn)∥1 ≤ L, we know that∥∥∥∥∥
N∑

n=τ

(
A⊤

I∗,J ∗ · E[xn
I∗ ]− E[µn] · e|J

∗|
)∥∥∥∥∥

∞

≤ L · (N − τ).

As a result, for each j ∈ J ∗, it holds that∣∣E[aN+1
j ]

∣∣ ≤ (L+ 1) · E[N − τ ] + 2 ≤ (L+ 1) ·N ′
0 + 2(L+ 1) · exp(−η2/(8d4)) + 2, (67)

where the second inequality holds because of the upper bound on E[N − τ ] established in Lemma 3.
We further note that following the update in Equation (19), we have that

E[aN+1] = −
N∑

n=1

A⊤
I∗,J ∗ · E[xn

I∗ ] +

N∑
n=1

E[µn] · e|J
∗|

= −N ·A⊤
I∗,J ∗ · E[x̄I∗ ] +N · E[µ̄] · e|J

∗|,

where µ̄ = 1
N ·
∑N

n=1 µ
n and x̄ = 1

N ·
∑N

n=1 x
n. Thus, we conclude that it holds[

A⊤
I∗,J ∗ −e|J ∗|

(e|I
∗|)⊤ 0

]
·
[
E[x̄I∗ ]
E[µ̄]

]
=

[
E[aN+1]

N
1

]
, (68)

We now compare the linear equations Equation (68) to Equation (17) to bound the gap between x̄ and
x∗, where x∗

Ic = x̄Ic = 0. Following standard perturbation analysis of linear equations (Theorem 1
of [14]), we know

∥x∗ − E[x̄]∥2 ≤ κ(A∗) ·
∥∥E[aN+1]

∥∥
2

N
, (69)
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where A∗ is defined in Equation (23). We now plug in the formulation of N ′
0 that satisfies the

conditions in Equation (64). We have that

∥x∗ − E[x̄]∥2 ≤ O

(√
dκ(A∗) ·

(
d5

σ2
+ 1

)
· log(2d2/ε) · 1

N

)
. (70)

In order to translate the bound in Equation (70) into the sample complexity bound, we let the right
hand sides of Equation (70) equal ε, and we have that

N = O

(
d1/2 · κ(A∗) ·

(
1 +

d5

σ2

)
· log(1/ε)

ε

)
.

Further upper bounding κ(A∗) by d
σ and combining with the complexity bound presented in Theo-

rem 5 completes our proof.

I.1 Proof of Lemma 2

Denote by (x∗, µ∗) and (y∗, ν∗) the optimal primal-dual solution corresponding to the optimal basis
I∗ and J ∗. Then, it holds that

A⊤
I∗,J ∗ · x∗

I∗ = µ∗ · e|J
∗|. (71)

We compare (x̃n, µ̃n) with (x∗, µ∗) and when n is large enough. In the remaining proof, we focus
on comparing (x̃n, µ̃n) with (x∗, µ∗).

Note that when n ≥ N0, x̃n is the solution to the following linear equations[
Â⊤

I∗,J ∗(Hn), −e|J ∗|

(e|I
∗|)⊤, 0

]
·
[
x̃n
I∗

µ̃n

]
=

[
an/(N − n+ 1)

1

]
. (72)

When n ≤ τ , we know that ∣∣∣∣ an

N − n+ 1

∣∣∣∣ ≤ η. (73)

Now, we denote by I{iq = i, jq = j} an indicator function of whether iq = i and jq = j, and we
denote by

ni,j ≜
n∑

q=1

I{iq = i, jq = j},

the number of samples of the matrix entry Ai,j . From the uniform sampling rule and standard
Hoeffding bound, noting E[ni,j ] = n/d2, we know that for all

P [ni,j ≥ n/(2d2)] = 1− P (ni,j < n/(2d2)) ≥ 1− exp(−n/(2d4)).

We now condition on the event E ′ happens, which is defined as

E ′ =
{
ni,j ≥ n/(2d2), ∀i ∈ I∗, ∀j ∈ J ∗} .

From the union bound, we know that

P [E ′] ≥ 1− d2 · exp(−n/(2d4)).

Conditional on the event E ′ happens, we know that the absolute value of each element of
ÂI∗,J ∗(Hn)−AI∗,J ∗ is upper bounded by Rad(n/(2d2), ε/d2), given that the following event

E =

{∣∣∣∣∣ 1

ni,j
·
ni,j∑
q=1

Aq(i, j) · I{iq = i, jq = j} −Ai,j

∣∣∣∣∣ ≤ Rad(n/(2d2), ε/d2), ∀i ∈ I∗, j ∈ J ∗

}
(74)

is assumed to happen (it holds with probability at least 1−ε following standard Hoeffding bound). We
now bound the distance between the solutions to Equation (71) and Equation (72). The perturbation
of the matrix is denoted as

∆A = AI∗,J ∗ − ÂI∗,J ∗(Hn).

It holds that
∥∆A∥2 ≤ d · Rad(n/(2d2), ε/d2). (75)
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Therefore, as long as

∥∆A∥2 ≤ d · Rad(n/(2d2), ε/d2) ≤ 1

2 · ∥(AI∗,J ∗)−1∥2
=

σ

2
, (76)

following standard perturbation analysis of linear equations (Theorem 1 of [14]), we have that

∥(x̃n
I∗ , µ̃n)− (x∗

I∗ , µ∗)∥2
∥(x∗

I∗ , µ∗)∥2
≤ κ(A∗)

1− κ(A∗) · ∥∆A∥2

∥A∗∥2

·
(
∥∆A∥2
∥A∗∥2

+ d · η
)

≤ 2 · κ(A∗) ·
(
∥∆A∥2
∥A∗∥2

+ d · η
)
,

(77)

where κ(A∗) denotes the conditional number of A∗. We now want to propose conditions on ∥∆A∥2
and η such that the right hand side of (77) is small enough such that we can show the l1 norm of
(x̃n

I∗ , µ̃n)− (x∗
I∗ , µ∗) is at most L/2. Together with the upper bound that ∥(x∗

I∗ , µ∗)∥1 ≤ L/2, our
proof will be completed.

We note that ∥(x∗
I∗ , µ∗)∥2 ≤ ∥(x∗

I∗ , µ∗)∥1 ≤ L
2 . Then, (77) can be rewritten as

∥(x̃n
I∗ , µ̃n)− (x∗

I∗ , µ∗)∥2 ≤ L · κ(A∗) ·
(
∥∆A∥2
∥A∗∥2

+ d · η
)
,

which leads to

∥(x̃n
I∗ , µ̃n)−(x∗

I∗ , µ∗)∥1 ≤
√
d+ 1·∥(x̃n

I∗ , µ̃n)−(x∗
I∗ , µ∗)∥2 ≤ 2

√
d·L·κ(A∗)·

(
∥∆A∥2
∥A∗∥2

+ d · η
)
,

where last inequality follows from
√
d+ 1 ≤ 2

√
d. We now set the condition on n such that n

satisfies the condition in Equation (76) and the following condition

2
√
d · L · κ(A∗) · ∥∆A∥2

∥A∗∥2
≤ 2L · d

√
d · Rad(n/(2d

2), ε/d2)

σ
≤ L

4
, (78)

we also set the condition on η such that

2L · κ(A∗) · d
√
d · η ≤ L

4
. (79)

Clearly, as long as conditions (76), (78), and (79) are satisfied, we have that

∥(x̃n
I∗ , µ̃n)− (x∗

I∗ , µ∗)∥1 ≤ 2
√
d · L · κ(A∗) ·

(
∥∆A∥2
∥A∗∥2

+ d · η
)
≤ L/2,

which will complete our proof.

We now set the condition n ≥ N ′
0 with N ′

0 given by

n ≥ N ′
0 :=

128d5

σ2
· log(2d2/ε). (80)

Then, the conditions Equation (76) and Equation (78) are satisfied. Moreover, we set

η :=
σ

8d3/2 · ∥A∗∥2
. (81)

Then, the condition (79) is satisfied. Therefore, with the conditions (80) and (81), we know that

∥(x̃n
I∗ , µ̃n)− (x∗

I∗ , µ∗)∥1 ≤ L/2.

Moreover, note that ∥(x∗
I∗ , µ∗)∥1 ≤ L/2, we have that

∥(x̃n
I∗ , µ̃n)∥1 ≤ ∥(x̃n

I∗ , µ̃n)− (x∗
I∗ , µ∗)∥1 + ∥(x∗

I∗ , µ∗)∥1 ≤ L.

Our proof is thus completed.
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I.2 Proof of Lemma 3

Now we fix an arbitrary j ∈ J ∗. For any N ′
0 ≤ N ′ ≤ N , it holds that

ãN
′

j − ã
N ′

0
j =

N ′−1∑
n=N ′

0

(ãn+1
j − ãnj ).

We define ξnj = ãn+1
j − ãnj . Then, we have

ãN
′

j − ã
N ′

0
j =

N ′−1∑
n=N ′

0

(ξnj − E[ξnj |Hn]) +

N ′−1∑
n=N ′

0

E[ξnj |Hn],

where Hn denotes the filtration of information up to step n. Note that due to the update in Equa-
tion (21), we have

ξnj =
ãnj − |J ∗| · |I∗| · Ãn,in,jn · xn

in
· 1{j=jn} + µn

N − n
,

where 1{j=jn} is an indicator function of whether j = jn. Then, it holds that

|ξnj − E[ξnj |Hn]| ≤ d2

N − n
(82)

where the inequality follows from the fact that the value of ãnj is deterministic given the filtrationHn

and we have ∥(xn, µn)∥1 ≤ L for any n, as well as |J ∗| = |I∗| = d. Note that

{ξnj − E[ξnj |Hn]}∀n=N̄0,...,N ′

forms a martingale difference sequence. Following Hoeffding’s inequality, for any N ′′ ≤ N ′ and any
b > 0, it holds that

P

]
∣∣∣∣∣∣

N ′′∑
n=N ′

0

(ξnj − E[ξnj |Hn])

∣∣∣∣∣∣ ≥ b

 ≤ 2 exp

(
− b2

2 ·
∑N ′′

n=N ′
0
d4/(N − n)2

)

≤ 2 exp

(
−b2 · (N −N ′′)

d4

)
.

Therefore, we have that

P

∣∣∣∣∣∣
N ′′∑

n=N ′
0

(ξnj − E[ξnj |Hn])

∣∣∣∣∣∣ ≥ b for some N ′
0 ≤ N ′′ ≤ N ′


≤

N ′∑
N ′′=N ′

0

2 exp

(
−b2 · (N −N ′′)

2d4

)
≤ b2

d4
· exp

(
−b2 · (N −N ′)

2d4

) (83)

holds for any b > 0.

We now bound the probability that τ > N ′ for one particular N ′ such that N ′
0 ≤ N ′ ≤ N . Suppose

that N ′ ≤ τ , then, from Lemma 2, for each n ≤ N ′, we know that ∥(x̃n, µ̃n)∥1 ≤ L and therefore
xn = x̃n, µn = µ̃n as the solution to Equation (18). We have

ãnj = Â⊤
I∗,j(Hn) · xn

I∗ − µn.

Now, we denote by I{iq = i, jq = j} an indicator function of whether iq = i and jq = j, and we
denote by

ni,j ≜
n∑

q=1

I{iq = i, jq = j},

the number of noisy samples for Ai,j till iteration n. From the uniform sampling rule and standard
Hoeffding bound, noting E[ni,j ] = n/d2, we know that

P [ni,j ≥ n/(2d2)] = 1− P [ni,j < n/(2d2)] ≥ 1− exp(−n/(2d4)).
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We now condition on the event E ′n happens, which is defined as
E ′n =

{
ni,j ≥ n/(2d2), ∀i ∈ I∗, ∀j ∈ J ∗} .

From the Hoeffding bound, we know that
P [E ′n] ≥ 1− d2 · exp(−n/(2d4)).

We now set a N ′
1 such that the above probability bound is small enough when n ≥ N ′

1. To be specific,
N ′

1 is set as
N ′

1 = 2d4 · log(4d6/ε). (84)
Then, denote by E ′ the event such that

E ′ = {∩n≥N ′
1
E ′n}.

From the union bound, we have

P [E ′] ≥ 1−
N∑

n=N ′
1

d2 · exp(−n/(2d4)) ≥ 1− 2d6 · exp(−N ′
1/(2d

4)) = 1− ε/2.

Conditional on the event E ′ happens, we know that the absolute value of each element of
ÂI∗,J ∗(Hn)−AI∗,J ∗ is upper bounded by Rad(n/(2d2), ε/d2), given that the following event

E =

{∣∣∣∣∣ 1

ni,j
·
ni,j∑
q=1

Aq(i, j) · I{iq = i, jq = j} −Ai,j

∣∣∣∣∣ ≤ Rad(n/(2d2), ε/(2d2)), ∀i ∈ I∗, j ∈ J ∗

}
(85)

is assumed to happen (it holds with probability at least 1− ε/2 following standard Hoeffding bound).
Therefore, from the union bound, we know that both event E ′ and event E happen with probability at
least 1− ε.

Conditional on the events E ′ and E happen, for n ≥ max{N ′
0, N

′
1} = N ′

0, it holds that

|Ein,jn [ξj(n)|Hn]| ≤ 1

N − n
·
∥∥∥(ÂI∗,j(Hn)−AI∗,j

)
· xn

I∗

∥∥∥
∞
≤ Rad(n/(2d2), ε/(2d2))

N − n
. (86)

Then, we know that∑N ′−1
n=N ′

0

∣∣E[ξnj |Hn]
∣∣

√
2 · d

≤
√

log(4d2/ε)

2
·
N ′−1∑
n=N ′

0

1√
n · (N − n)

≤
√

log(4d2/ε)

2
·
√
N ′ − 1 ·

N ′−1∑
n=N ′

0

1

n · (N − n)

=

√
log(4d2/ε)

2
·
√
N ′ − 1

N
·
N ′−1∑
n=N ′

0

(
1

n
+

1

N − n

)

≤
√
2 log(4d2/ε) ·

√
N ′ − 1

N
· log(N) ≤

√
2 log(4d2/ε)√

N
· log(N)

≤ η

2

(87)

for a N large enough such that

N ≥ 16 log(4d2/ε)

η2
=

1024d3 · ∥AI∗,J ∗∥22 · log(4d2/ε)
σ2

. (88)

Combining Equation (87) and Equation (83) with b = η/2, and apply a union bound over all j ∈ J ∗,
as well as event E and E ′, we know that

P [τ ≤ N ′] ≤ η2

4d4
· exp

(
−η2 · (N −N ′)

8d4

)
+ ε. (89)

Therefore, we know that (we set ε = 1/N )

E[N − τ ] =

N∑
N ′=1

P [τ ≤ N ′] ≤ N ′
0 + 1 +

N∑
N ′=N̄0

P [τ ≤ N ′] ≤ N ′
0 + 1 + 2 · exp(−η2/(8d4))

which completes our proof.
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J Proof of Theorem 8

We now present the worst-case bound on the suboptimality of Algorithm 2 and Algorithm 3 with
a finite sample size N . Denote by Î and Ĵ the output of Algorithm 2, we know from Theorem 6
that with a probability at least 1− ε, the solution x∗(Î, Ĵ ) forms a feasible solution to V Prime (by
properly defining variable µ) with an sub-optimality gap bounded by

Rad(N/m, ε/m) + 4d2κ̂ · Rad(N/m, ε/m),

where σ̂min and σ̂max are the smallest and the largest absolute value of the singular values of the
matrix [

Â⊤
Î,Ĵ −e|Ĵ |

(e|Î|)⊤ 0

]
.

We now further denote by x̄ the output of Algorithm 3 and we compare x̄ with x∗(Î, Ĵ ). Note that
the procedure of Algorithm 3 is used to approximate the solution of the linear equations[

A⊤
Î,Ĵ −e|Ĵ |

(e|Î|)⊤ 0

]
·

[
x∗
Î(Î, Ĵ )

µ∗(Î, Ĵ )

]
=

[
0
1

]
, (90)

which is exactly x∗(Î, Ĵ ). Further note that from Theorem 7, we have that (we remove the depen-
dency on the sample size N0 and follows from (70) by setting ε = 1/N )∥∥∥x∗(Î, Ĵ )− E[x̄]

∥∥∥
2
≤ O

(√
dκ(A∗) ·

(
d5

σ2
+ 1

)
· log(N) · 1

N

)
. (91)

Therefore, we know that E[x̄] is a feasible solution to V Prime with an optimality gap bounded by (we
set ε = 1/N )

O

(
√
dκ(A∗) ·

(
d5

σ2
+ 1

)
· log(N)

N
+ d2κ̂ ·

√
m log(N)

N

)
. (92)

Our proof is thus completed.

K Proof of Theorem 9

We now compare the instance-dependent bound presented in Theorem 7 with the worst-case bound
presented in Theorem 8. On one hand, from Theorem 8, we know that E[x̄] is a feasible solution to
V Prime with an optimality gap bounded by

O

(
√
dκ(A∗) ·

(
d5

σ2
+ 1

)
· log(N)

N
+ d2κ̂ ·

√
m log(N)

N

)
. (93)

On the other hand, from the instance-dependent bound in Theorem 7 and noting

∥A⊤x∗ −A⊤E[x̄]∥∞ ≤ ∥A⊤x∗ −A⊤E[x̄]∥2 ≤ ∥A∥2 · ∥x∗ − E[x̄]∥2 ≤ d · ∥x∗ − E[x̄]∥2
we know that E[x̄] is a feasible solution to V Prime with an optimality gap bounded by (follows from
(70) by setting ε = 1/N )

O
(
d3/2κ(A∗) ·

(
d5

σ2
+ 1

)
· log(N)

N

)
, (94)

as long as

N ≥ O
(
d5

σ2
+

m

δ2

)
· log(2mN). (95)

Then, we translate the above bounds into the sample complexity bound. Note that the bound (93)
implies that in order for E[x̄] to be a feasible solution to V Prime with an optimality gap bounded by
ε, the number of samples N needs to satisfy the condition (where we upper bound κ(A∗) by d/σ)

N = O
(
d13/2

σ3
· log(m/ε)

ε
+

d4 · κ̂2 ·m
ε2

)
. (96)
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Moreover, the bounds in (94) and (95) imply that in order for E[x̄] to be a feasible solution to V Prime

with an optimality gap bounded by ε, the number of samples N only needs to satisfy the condition

N = O
((

d15/2

σ3
+

m

δ2

)
· log(m/ε)

ε

)
(97)

We classify into the following two scenarios:
i) the instance-dependent bound is smaller. Note that when the bound in Equation (97) is smaller
than the bound in Equation (96), we have that

1

δ2
≤ O

(
d4 · κ̂2

ε

)
In this case, as long as the sample size N satisfies the condition in (97), the condition in (95) is also
satisfied, and therefore the instance-dependent guarantee is achievable (implied by Algorithm 2 finds
the optimal basis with a high probability). Then, in this case, we know that a ε-suboptimality gap NE
can be obtained by our Algorithm 2 and Algorithm 3 with a sample complexity bound of

O
((

d15/2

σ3
+

m

δ2

)
· log(m/ε)

ε

)
=O

(
d15/2

σ3
· log(m/ε)

ε
+m ·min

{
d4 · κ̂2

ε2
,

1

δ2 · ε

}
· log(m/ε)

)
.

ii) the instance-independent bound is smaller. Note that when the bound in Equation (96) is smaller
than the bound in Equation (97), we have that

1

δ2
≥ O

(
d4 · κ̂2

ε

)
In this case, we can directly apply the instance-independent bound and we know that a ε-suboptimality
gap NE can be obtained by our Algorithm 2 and Algorithm 3 with a sample complexity bound of

O
(
d15/2

σ3
· log(m/ε)

ε
+

d4 · κ̂2 ·m
ε2

)
=O

(
d15/2

σ3
· log(m/ε)

ε
+m ·min

{
d4 · κ̂2

ε2
,

1

δ2 · ε

}
· log(m/ε)

)
.

Our proof is thus completed.

L Parameters Estimation

We first show how to estimate some unknown problem parameters. We show that the gap δ in
Definition 5 can be estimated efficiently with finite sample. Here, we assume that there exists an
oracle algorithm that can solve the following minimum non-zero suboptimality gap problem

min
I⊂[m0]

{V − VI : V − VI > 0} (98)

for a given index set [m0] and a given LP V . Our algorithm is formally presented in Algorithm 4.
Note that we iteratively sample in ∈ [m1] and jn ∈ [m2] lexicographically such that each matrix
entry Ai,j will be sampled sufficiently many times.

We provide a brief explanation on why Algorithm 4 can be used to give a lower bound of the gap
δ. Note that following standard Hoeffding inequality, for any ε > 0, we know that the gap between
each element of the matrix A and Â is upper bounded by Rad(n/m, ε/m) with probability at least
1− ε. Under this high probability event, we know that the value between V Prime

I and V̂ Prime
I , as well

as V Dual
I,J and V̂ Dual

I,J , for any I ⊂ [m1] and J ⊂ [m2], is upper bounded by Rad(n/m, ε/m). This
result further implies that

Pr [|δ1 − δ′1| ≥ 2 · Rad(n/m, ε/m)] ≤ ε and Pr [|δ2 − δ′2| ≥ 2 · Rad(n/m, ε/m)] ≤ ε.

Then, it holds that
Pr [|δ − δ′| ≥ 2 · Rad(n/m, ε/m)] ≤ ε.

Therefore, as long as δ′ ≥ 4 ·Rad(n/m, ε/m), we know that δ′

2 ≤ δ with a probability at least 1− ε.
Our result is formalized as follows.
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Algorithm 4 Algorithm to lower bound δ

Input: a failure probability ϵ > 0, an oracle algorithm that can solve the problem in (98).
for n = 1, 2, . . . , until stopped, do

Let an = (n mod m) + 1 and compute an = jn ·m1 + in with in and jn are integers and
in ∈ {1, . . . ,m1} and jn ∈ {1, . . . ,m2}.

Take the primal action in and the dual action jn, and observe Ãin,jn = Ain,jn + ηn.
UpdateHn+1 = Hn ∪ {(in, jn, Ãin,jn}.
Construct Â and the LP V̂ Prime.
Call the oracle algorithm to compute

δ′1 = min
I⊂[m1]

{V̂ Prime − V̂ Prime
I : V̂ Prime − V̂ Prime

I > 0} (99)

and compute

δ′2 = min
I⊂[m1],J⊂[m2]

{V̂ Dual − V̂ Dual
I,J : V̂ Dual − V̂ Dual

I,J > 0}. (100)

Stop if δ′ = min{δ′1, δ′2} ≥ 4 · Rad(n/m, ε/m).
Output: the estimation δ′.

Theorem 10 Denote by δ′ the output of Algorithm 4 and denote by N1 the number of samples used
in Algorithm 4. Then, with a probability at least 1− ε, it holds that

δ′

2
≤ δ ≤ 2δ′ and N1 ≤

18m

δ2
· log(2m/ε).

Though the bound on N1 in Theorem 10 depends on the true value of δ, however, our Algorithm 4
does not require the knowledge of δ.

Next, we show that the parameter σ, the minimum singular value of A∗ defined in Equation (23),
can be efficiently estimated using finite samples. The algorithm is summarized in Algorithm 5.
We provide a brief explanation on why Algorithm 5 can be used to give a good estimation of the
parameter σ. Note that following standard Hoeffding inequality, for any ε > 0, we know that the
absolute value of the matrix ∆A = AI∗,J ∗ − ÂI∗,J ∗ is upper bounded by Rad(n/d2, ε/d2) with
a probability at least 1− ε. Then following Theorem 1 of [43], we know that the difference of the
corresponding singular values of AI∗,J ∗ and ÂI∗,J ∗ (sorted from the largest to the smallest) is upper
bounded by ∥∆A∥2, which is again upper bounded by d ·Rad(n/d2, ε/d2) with a probability at least
1− ε. Formally, it holds that

Pr
[
|σ − σ′| ≥ d · Rad(n/d2, ε/d2)

]
≤ ε. (101)

Therefore, as long as σ′ ≥ 2d · Rad(n/d2, ε/d2), we know that σ′

2 ≤ σ with a probability at least
1− ε.

Algorithm 5 Algorithm to estimate σ

Input: a failure probability ϵ > 0, the support set I∗ and J ∗.
for n = 1, 2, . . . ,, do

Let an = (n mod d2) + 1 and compute an = bn · d + cn with bn and cn are integers and
bn ∈ {1, . . . , d} and cn ∈ {1, . . . , d}.

Iteratively sample a pair (in, jn) ∼ I∗ × J ∗ such that in is the bn-th element in I∗ and jn is
the cn-th element in J ∗.

Take the primal action in and the dual action jn, and observe Ãin,jn = Ain,jn + ηn.
UpdateHn+1 = Hn ∪ {(in, jn, Ãin,jn}.
Construct ÂI∗,J ∗(Hn+1) and let σ′ denote the smallest absolute value of its singular values.
Stop if σ′ ≥ 2d · Rad(n/d2, ε/d2).

Output: the estimation σ′.
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Theorem 11 Denote by σ′ the output of Algorithm 5 and denote by N2 the number of samples used
in Algorithm 5. Then, with a probability at least 1− ε, we have σ′

2 ≤ σ ≤ 2σ′ and it holds that

Pr

[
N2 ≤

9d4

2σ2
· log(2d2/ε)

]
≥ 1− ε.

Note that Theorem 11 ensures that σ′

2 is a lower bound on σ and we also obtain a high probability
bound on the number of samples needed.

L.1 Proof of Theorem 10

Note that following standard Hoeffding inequality, for any ε > 0, we know that the gap between
each element of the matrix A and Â is upper bounded by Rad(n/m, ε/m) with a probability at least
1− ε. Then, from Claim 2 and Claim 3, we know that the value between V Prime

I and V̂ Prime, as well
as V Dual

I,J and V̂I,J , for any I ⊂ [m1] and J ⊂ [m2], is upper bounded by Rad(n/m, ε/m), with a
probability at least 1− ε. This result further implies that

Pr [|δ1 − δ′1| ≥ 2 · Rad(n/m, ε/m)] ≤ ε and Pr [|δ2 − δ′2| ≥ 2 · Rad(n/m, ε/m)] ≤ ε.

Then, it holds that
Pr [|δ − δ′| ≥ 2 · Rad(n/m, ε/m)] ≤ ε.

Therefore, as long as δ′ ≥ 4 · Rad(n/m, ε/m), we know that δ′

2 ≤ δ ≤ 2δ′ with a probability at
least 1− ε. On the other hand, in order to bound N1, we know that with a probability at least 1− ε,
it holds that

δ ≤ δ′ + 2 · Rad(N1/m, ε/m),

which implies that

N1 ≤
18m

δ2
· log(2m/ε).

Our proof is thus completed.

L.2 Proof of Theorem 11

Note that following standard Hoeffding inequality, for any ε > 0, we know that the absolute value
of the matrix ∆A = AI∗,J ∗ − ÂI∗,J ∗ is upper bounded by Rad(n/d2, ε/d2) with a probability at
least 1 − ε. Then following Theorem 1 of [43], we know that the difference of the corresponding
singular values of AI∗,J ∗ and ÂI∗,J ∗ (sorted from the largest to the smallest) is upper bounded
by ∥∆A∥2, which is again upper bounded by d · Rad(n/d2, ε/d2) with a probability at least 1− ε.
Formally, it holds that

Pr
[
|σ − σ′| ≥ d · Rad(n/d2, ε/d2)

]
≤ ε.

Therefore, as long as σ′ ≥ 2d · Rad(n/d2, ε/d2), we know that σ′

2 ≤ σ ≤ 2σ′ with a probability at
least 1− ε. On the other hand, in order to bound N2, we know that with a probability at least 1− ε,
we have

σ ≤ σ′ + d · Rad(N2/d
2, ε/d2),

which implies that

N2 ≤
9d4

2σ2
· log(2d2/ε).

Our proof is thus completed.
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