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Abstract

Neural likelihood estimation methods for
simulation-based inference can suffer from
performance degradation when the modeled
data is very high-dimensional or lies along a
lower-dimensional manifold, which is due to the
inability of the density estimator to accurately
estimate a density function. We present Surjective
Sequential Neural Likelihood (SSNL) estimation,
a novel member in the family of methods for
simulation-based inference (SBI). SSNL fits a
dimensionality-reducing surjective normalizing
flow model and uses it as a surrogate likelihood
function, which allows for computational inference
via Markov chain Monte Carlo or variational
Bayes methods. Among other benefits, SSNL
avoids the requirement to manually craft summary
statistics for inference of high-dimensional data
sets, since the lower-dimensional representation
is computed simultaneously with learning the
likelihood and without additional computational
overhead. We evaluate SSNL on a wide variety of
experiments, including two challenging real-world
examples from the astrophysics and neuroscience
literatures, and show that it either outperforms or
is on par with state-of-the-art methods, making it
an excellent off-the-shelf estimator for SBI for
high-dimensional data sets.

1 INTRODUCTION

In the natural sciences, especially in disciplines such as bi-
ology and physics, Bayesian inference is becoming increas-
ingly popular due to its ability both to quantify uncertainty in
parameter values and to incorporate prior knowledge about
quantities of interest. Bayesian statistics infers the posterior
distribution p(8|y) o p(y|0)p(6) of statistical parameters 0

by conditioning a prior distributions p(6) on data y. If the
likelihood function p(y|@) is available, i.e., tractable to com-
pute, conventional Bayesian inference using Markov chain
Monte Carlo or variational methods can be used for parame-
ter inference (Brooks et al., 201 1; |Wainwright and Jordan|
2008). However, for many scientific hypotheses, the likeli-
hood is not easy to compute and the experimenter merely
has access to a simulator function sim(#) that can generate
synthetic data conditionally on a parameter configuration 6.

In the latter case, an emergent family of methods collec-
tively called simulation-based inference (SBI, Cranmer|
et al.| (2020)) has been proposed. Traditionally, approximate
Bayesian computation (ABC, |Sisson et al.[(2018))), and most
successfully sequential Monte Carlo ABC (SMC-ABC; e.g.,
Beaumont et al.| (2009); Lenormand et al.| (2013)) or sim-
ulated annealing ABC (SABC; e.g., |Albert et al.| (20135))),
has been used to infer approximate posterior distributions
(Pritchard et al.,[1999; Ratmann et al.||2007)). More recently,
methods that are based on neural density or density-ratio
estimation have found increased application in the natural
sciences due to their reduced computational cost and con-
vincing inferential accuracy (Brehmer et al.,|2018}; Delaunoy
et al., 2020; |Gongalves et al., 2020; Hermans et al., 2021}
Brehmer, 2021} |Dax et al., |2021). Among these, several
branches of methods exist. Likelihood-based methods (Pa4
pamakarios et al.,|2019;|Glockler et al.| [2022) fit a surrogate
model for the likelihood function using neural density es-
timators (Papamakarios et al., [2021) which allows to do
conventional Bayesian inference and which has been shown
to bring significant performance advantages in compari-
son to ABC methods with the same computational budget.
Cranmer et al.| (2015); [Durkan et al.| (2020); Hermans et al.
(2020); [Thomas et al.| (2022); |Delaunoy et al.|(2022); |[Miller
et al.| (2022)) developed similar methods that instead tar-
get the likelihood-to-evidence ratio rather than the likeli-
hood, while [Papamakarios and Murray| (2016); [Lueckmann
et al.|(2017); |Greenberg et al.[(2019); Deistler et al.| (2022);
Wildberger et al.|(2023)); Sharrock et al.[(2024)) developed
methods that try to approximate the posterior distribution
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directly.

In the case of likelihood-based methods, the accuracy of
posterior inferences might suffer due to the inability of neu-
ral density estimators to correctly approximate the surrogate
likelihoods, e.g., if the data are very high-dimensional or
the data are embedded in a low-dimensional manifold but
lie in a higher-dimensional ambient space (Fetferman et al.,
2016; |[Kingma and Dhariwall 2018} |Greenberg et al.| |2019;
Cunningham et al.| 2020} |Dai and Seljak} 2021} |Klein et al.}
2021)).

To overcome this limitation, we present a new method for
simulation-based inference which we call Surjective Se-
quential Neural Likelihood (SSNL) estimation. SSNL uses
a surjective dimensionality-reducing normalizing flow to
model the surrogate likelihood of a Bayesian model by that
allowing improved density estimation and consequently im-
proved posterior inferences. We evaluate SSNL on multiple
experiments from the SBI, astrophysics and neuroscience
literatures and demonstrate that it achieves superior per-
formance in comparison to state-of-the-art methods. Con-
versely, we also demonstrate negative examples when our
method should, in theory and empirically, not have a perfor-
mance gain.

2 BACKGROUND

Given prior parameter values 6 ~ p(#), a simulator func-
tion sim(6) is a computer program or experimental proce-
dure that can simulate an observation y « sim(6). Apart
from stochasticity produced by p(#), the simulator might
be making use of another source of endogenous random-
ness. The simulator defines, albeit implicitly, a conditional
probability distribution p(y|6) to which the modeller does
not have access or which they cannot evaluate in reasonable
time. The goal of SBI is to infer the posterior distribution
p(0ly) o< p(y|@)p(#) using synthetic data {(y,, 0,)}Y_,
generated from the prior model p(#) and simulator sim(6).
Typically, the total simulation budget NV is limited and the
posterior for a specific observation y,ps is the target of infer-
ence (Cranmer et al.,2020). In the following, we introduce
relevant background on density estimation with normalizing
flows and neural likelihood methods (background on neu-
ral posterior and ratio estimation methods can be found in

Appendix [A).

2.1 DENSITY ESTIMATION USING
NORMALIZING FLOWS

Sequential density-based SBI methods (e.g.,|Greenberg et al.
(2019)); Papamakarios et al.[(2019); |Deistler et al.| (2022)))
use conditional normalizing flows to fit a surrogate model
to either approximate the intractable likelihood or posterior.
Normalizing flows (NFs, [Papamakarios et al.| (2021))) model

a probability distribution via a pushforward measure as

K
a5 (Wl0) = p(z0) [T | det Ji| (M
k

where det J, = det 62;{ k - is the determinant of the Jaco-

bian matrix of a forward transformation fj which is typ-
ically parameterized with a neural network, and p (z) is
some base distribution that has a density that can be eval-
uated exactly, for instance, a spherical multivariate Gaus-
sian. The forward transformations f = (f1,..., fx) are
a sequence of K diffeomorphisms which are applied con-
secutively to compute y = zx = fx o---0 fa o f1(2p).
The two densities ¢ and p are related by the multiplicative
terms det J;, which are needed to account for the change-
of-volume induced by fj and which are termed likelihood
contribution in Nielsen et al.| (2020) and Klein et al.| (2021)).
The diffeomorphisms f, are required to be dimensionality-
preserving and invertible to be able to both evaluate the
probability of a data point and to draw samples. Particularly,
in autoregressive flows (Kingma et al., [2016; Papamakarios
et al., 2017} |Germain et al., 2015)) each transformation f7
admits a Jacobian determinant which is efficient to com-
pute and which can be decomposed into an autoregressive
conditioner c¢; and an invertible transformer T; as

ki = Ti(zkah Ci(zk71,<i))

where all ¢; can be computed jointly using a masked neural
network (Figure [Ta)).

2.2 NEURAL LIKELIHOOD ESTIMATION

Sequential neural likelihood estimation (SNL, Papamakar{
10s et al.|(2019)) iteratively fits a density estimator to approx-
imate the likelihood via ¢ (y|6) ~ p(y|¢). SNL proceeds in
R rounds distributing the total simulation budget IV evenly
in each of these: in the first round, » = 1, a prior sam-
ple 8,, ~ p(8) of size Np = N/R is drawn and used to
simulate data points y,, < sim(0,) yielding the data set
D = {(Yn>0n)}7.. Ny The simulated data is used to train a
conditional normalizing flow by maximizing the expected
probability Ep [¢f(y|6)]. Having access to a likelihood ap-
proximation, posterior realizations can be generated either
by sampling from 5" (6|Yobs) < ¢ (Yobs|0)p(6) via Markov
chain Monte Carlo or via optimization by fitting a vari-
ational approximation to the approximate posterior. SNL
then uses the surrogate posterior as proposal prior distribu-
tion for the next round, r + 1, i.e., it draws a new sample
of parameters 6,, ~ p" (6|yobs) Which are then used to sim-
ulate a new batch of pairs {(yy, 6,) ;HNR The data sets
from the previous rounds and the current round are then
appended together and a new model is trained on the entire
data set. With an infinite simulation budget and a sufficiently
flexible density estimator ¢z, SNL converges to the desired
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Figure 1: Conditional bijective and surjective flow layers illustrated with masked autoregressive flows. (a) A bijective flow

layer £~ (y;
c and transformer 7. (b) The surjective flow layer f~

6) transforms an input y; conditional on all previous values y.; and a parameter vector # using a conditioner
Yy, ;y_, 0) first splits the vector into two components ¥ and y_

and then uses the component y_ as additional conditioning variable. The implementations for conditioner and transformer
remain the same as for the bijection. To evaluate the likelihood, a surjective layer additionally computes the conditional

density p(y—

posterior distribution p(8|yobs ). The simulation budget is in
practice typically limited, the number simulations should be
held as small as possible, and finite data leads to inaccurate
approximations to the likelihood functions.

3 SURJECTIVE SEQUENTIAL NEURAL
LIKELIHOOD ESTIMATION

Surjective Sequential Neural Likelihood (SSNL) estimation
approximates the intractable likelihood p(y|6) function of
a Bayesian model p(f|y) while simultaneously embedding
the data in a lower-dimensional space using dimensionality-
reducing surjective flows. We assume that if the data lie in a
high-dimensional ambient space, which is the case for many
real-world data sets like time series data, embedding them
in a lower-dimensional space should improve likelihood
estimation and consequently posterior inference.

We motivate the derivation of the surjective flow layer using
the holistic generative framework of |[Nielsen et al.| (2020)
which models the log-probability of a P-dimensional data
point y as

logp(y) ~logp (2) +V(y,2) + E(y,2), z~q(zly)

where ¢(z|y) is some amortized (variational) distribution,
z is a latent variable with distribution p(z), V(y,z) =

p(yl2)
log Tty

E(y,z) = log E ‘Iy; is a bound looseness term. Intringu-
ingly, for 1nference surjections, i.e., the kind of flow layers
we are considering here, the likelihood contribution can be
calculated as

V(yv Z) =

is denoted likelihood contribution term and

. p(y|z)]
lim E,. 0
a(ely) =8z —h-1(y)) I [ & 4(zly)

where p(y|z) is a conditional density, h~! : Y — Zisa
dimensionality-reducing mapping, and where we for conve-

|z, 0) (which computationally is done after the transform).

nience of notation denote with h : Z — ) a right inverse
function to h~! such that h=! o h = Idz. Critically, for
surjective normalizing flows, the bound looseness equals
E(y, z) = 0 if a right inverse function h exists.

We design a conditional surjection layer for dimensionality-
reduction as follows (Figure [Tb]for a graphical overview).
We first split the data vector y € R” into two subvectors
y=[y_, y+]T where 37, € R? and @ is a hyperparameter.
The subvectors are obtained by (arbitrarily) defining two
disjoint permutations 7y Un_ = {1,..., P}, myNmw_ =0,
and then setting y4 = [Yr, (1)s-- - Yn,(@))" and y_ =
Wr_(1)s- s Yn_ (p_Q)]T. We then construct a conditional
normalizing flow f z;y—,0) (i.e., conditional on y_ and 6)
and its inverse f~ (y+, y_,0) and define

(
(Z y-‘r?y 9))
5 s f(zy 0)|det s 1|

where

Of (y+5y-,0)

J =
Oy

y+=f(zy-,0)

is the Jacobian of the inverse mapping (see Appendix [B]
for details). Using this result and the conditional distribu-
tion p(y|z) = p(y—|z,0) the likelihood contribution for a
surjection layer becomes

Viy,z) = lim
®:2) a(zly)—=6(z—h=1(y))

p(yIZ)}

IEq(zly) |:10g a(z|y)

:/5 (z = (y45y-.0))
(

p(y—|2,0)
6 (z = fHy+39-,9))
=logp (y_| /" (y+:9-.6)) —log|det J}|

log dz



where we used the change of variables 47 = f(z;y_,0)
yielding dg+ = dz|det J~!|~L. The likelihood of an ob-
servation using a surjective flow is consequently the product
of three terms:

p(2) ply_|2,0)| det J] "

where p(2) is a base distribution, z = f~!(y,;y_,0) and
det J = det W is again the Jacobian determinant of
the forward transformation acting on the lower-dimensional
vector z (see Appendix [B]for a detailed derivation of the
surjection layer). Note that this representation strictly ex-
tends the one by Klein et al.|(2021), since here we construct
flows that are conditioned on the parameter vector 6. Analo-
gously to multi-layered bijective flows (Equation (T))), the
conditional density of a normalizing flow that consists of K
dimensionality-reducing layers has the following form:

K

a5 (ylo) = p (20) HP(Zk,f\fkfl(Zk,Jr; 2k, —s 9))| det Jj,
k

|71

where 23, — and zj 4 are subvectors of z;, that have been

Ofk (521, —,0
constructed as above and J, = %’L)

of the kth surjective transformation f.

is the Jacobian

For simulation-based-inference, we model the likelihood
estimator ¢(y|f) as a composition of dimensionality-
preserving and -reducing layers:

ar(l0) =p(z0) J] |det Tl
K€/ pes

H P(zk,~| i (245 20—, 0))| det Ji
kEK ed

|71
2

where Kpes and Kg represent sets of indexes for
dimensionality-preserving and -reducing flow layers, respec-
tively. For instance, for a total of K = 5 normalizing flow
layers, one could alternate between bijections and surjec-
tions by setting the sets KCpres = {1, 3,5} and Kreq = {2,4}.
Here, we parameterize f using masked autoregressive flows
but in general any flow architecture, such as coupling flows
(Dinh et al.; 2015, [2017), neural spline flows (Durkan et al.,
2019) or neural autoregressive flows (Huang et al.| [2018;
De Cao et al., [2020), is possible.

The dimensionality-reducing flow is fully deterministic in
the pullback direction, i.e., in the case of likelihood estima-
tion, but requires sampling from the conditional p (y_|z, 8)
during the forward transformation and, hence, has additional
stochastic components other than the base distribution p(z).
For our setting, i.e., density estimation, this is however not
a limitation.

The lower-dimensional embedding of SSNL solves pre-
vious issues of neural likelihood methods when scaled
to high-dimensional data sets. In addition, through the

Algorithm 1 Surjective sequential neural likelihood

Inputs: observation yops, prior distribution p(#), surjec-
tive normalizing flow ¢/ (y|6), simulations per round Ng,
number of rounds R
Outputs: approximate posterior distribution H*(6|yops)
Initialize proposal p° (6|yobs) < p(0), data set D = {}
forr <~ 1,...,Rdo
forn<1,...,Nrgdo
Sample en ~ ﬁr_l (0|yobs)
Simulate y,, < sim(6,,) using the simulator func-
tion
Concatenate D + {D, (yn,0n)}
end for
Train ¢ (y|6) on D

Set ﬁr(9|yobs) X qf (yobs|9)p(0)
end for

dimensionality-reduction the flows require less trainable
parameters, which can speed up computation such that more
of the computational budget can be used for the simulator
or more expressive architectures. The embedding acts, al-
beit only conceptually, as a collection of summary statistics
which consequently replaces the need of manually defining
them.

Like other sequential methods, SSNL is trained in R rounds
where in every round a new proposal posterior is defined.
The proposal posterior can be either sampled from using
MCMC methods or approximated with another conditional
distribution using variational inference (see Algorithm|T).

4 EXPERIMENTS

We compare SSNL to Sequential Neural Likelihood (SNL,
Papamakarios et al. (2019)), Sequential Neural Posterior
Estimation-C (SNPE-C, |Greenberg et al.|(2019)), Sequen-
tial Neural Ratio Estimation-C (SNRE-C, Miller et al.
(2022)), Sequential Neural Approximate Sufficient Statis-
tics (SNASS, |Chen et al.| (2021)) and Sequential Neural
Approximate Slice Sufficient Statistics (SNASS, (Chen et al.
(2023)) on seven synthetic experiments, a solar dynamo
model from the astrophysics literature and a neural mass
model from neuroscience to highlight the advantages and
disadvantages of the method. We chose SNPE-C as neural
posterior method since we found it is still state-of-the-art or
at least highly competitive on a large number of experimen-
tal benchmarks (see, e.g.,|Deistler et al.|(2022); Wildberger
et al.| (2023))). Similarly, SNRE-C is to our knowledge state-
of-the-art among methods for neural ratio estimation. Con-
ceptually related to our method, SNASS and SNASSS first
compute a set of near-sufficient summary statistics using
embedding networks and then use SNL to fit a posterior
approximation.

We followed the experimental details of Papamakarios et al.
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Figure 2: Method accuracies on SLCP with different evaluation measures (lower is better; y-axis shows measure).

(2019), |Greenberg et al.|(2019) and Miller et al.|(2022). In
short, for SSNL, SNL and SNPE-C we use masked autore-
gressive flows (MAFs) with five flow layers where each
layer uses a neural network with two hidden layers and 50
nodes per layer. Since SNASS and SNASSS have to fit ad-
ditional summary and critic networks, these use MAFs with
three and two layers, respectively, to have roughly the same
number of parameters as the previous methods. SSNL uses
a dimensionality-reducing surjection in the middle layer for
which the conditional density p (z;, | f ' (213 21, . 0), 0) is
parameterized using an MLP with two layers of 50 nodes
each. We selected the third layer as surjection such that the
entire data set is "processed" once in each direction before
reducing the dimensionality of the data. We evaluated sur-
jection layers that reduce the dimensionality by 25%, 50%
or 75%, respectively (see Appendix @] for all experimental
details).

For each experimental model, we sample a vector of true
parameters 6ops ~ p(6) and then simulate an observa-
tion yops < Sim(Bops) Which is then used to approxi-
mate p(0|yobs). We repeat this data generating process for
10 different seeds. We evaluate each method sequentially
in R = 15 rounds using a total simulation budget of
N = 15 000: in each round r we draw a sample 0], of size
Npr = 1000 from the trained surrogate posterior (or prior
if in the first round, respectively), simulate observations
yr < sim(67,), and train the density estimator/classifier
on all available data (i.e., including the data from all previ-
ous rounds, yielding a simulation budget of 1 000 for the
first round, 2 000 for the second round, etc.). After training,
we compare samples from the posterior approximation of a
method of each round to samples obtained from MCMC and
compute divergence measures between the two samples. For
the solar dynamo and neural mass models, we compare the
surrogate posterior samples to the true parameter values Gops
as in prior work (e.g., Rodrigues et al.| (2021]) or Buckwar]
et al.|(2020)).

4.1 COMPARING POSTERIOR DISTRIBUTIONS

Previous work has evaluated the accuracy of the approxi-
mated posteriors to the true posterior (or rather the posterior
obtained via Monte Carlo samples), mainly using maximum
mean discrepancy (MMD; |Gretton et al.| (2012); |Suther{
land et al.[(2017)) and classifier two-sample tests (C2ST;
Lopez-Paz and Oquab| (2017)). Recently, |Zhao et al.| (2022)
introduced a general H-divergence to assess the similarity
of two (empirical) distributions, p and ¢, and demonstrated
that their method has higher power than members of the
MMD and C2ST families in several experimental evalu-
ations while having a low number of hyperparameters to
optimize. Specifically, Zhao et al.[|(2022) propose to use the
divergence

DY (pllq) = ¢ (He (B52) — Holp), He (B52) — Ho(q))

where the H-min divergence D" = H, (%) —
min(H,(p), Hi(q)) and H-Jensen Shannon divergence
D = H, (2%) — $(H(p), He(q)) are special cases.
Hy(p) = infoe 4E,[¢(X, a)] is the Bayes optimal loss of
some decision function over an action set .4 and the loss
{ can in practice be implemented, e.g., using the negative
log-likelihood of a density estimator such as kernel density
estimator or Gaussian mixture model (see Appendix [D]for
details on H-divergences).

We evaluated H-Min and H-Jensen Shannon divergences on
the notorious simple-likelihood-complex-posterior model
(SLCP; see Appendix [E{for a description) following the ex-
perimental details in|Zhao et al.|(2022) and compared them
to MMD and C2ST distances (Figure[2). We found that the
profiles of H-Min or H-Jensen Shannon have similar trends
as C2ST and MMD, respectively (the H-Jensen Shannon
divergence is in fact strictly larger than the family of MMD
distances (Zhao et al.| 2022))).

Hence, we propose to use both the H-Min and H-Jensen
Shannon divergences as model evaluation metrics for SBI
benchmarks due to their power, implementational simplicity
and low number of tunable hyperparameters, and will report
them for the experimental evaluations. Note that in the SLCP



example, which we used to assess the different divergences,
SSNL outperforms the three baselines consistently with a
sufficient simulation budget.

4.2 SBI MODEL BENCHMARKS

We first evaluate SSNL on multiple benchmark models from
the SBI literature (i.e., Ornstein-Uhlenbeck, Lotka-Volterra,
SIR, and generalized linear model (GLM)) and discuss when
it should have performance benefits over alternative meth-
ods. We then demonstrate using two negative examples
where SSNL breaks and where it should fail to outperform
the baselines (Gaussian mixture model and hyperboloid
model). For a detailed description of the six experimental
models which we omit here, we refer to Appendix [E]

Results For SSNL, we first determined the optimal em-
bedding dimensionality in the following way: we extract
the validation loss, i.e., the negative log-likelihood on the
validation set, after training and use the embedding dimen-
sionality corresponding to the network that achieved the
lowest validation loss (Figure Since the loss profiles
on all four experiments are roughly the same for each pa-
rameterization, we, for simplicity, chose to use the networks
that reduce the dimensionality to 75% for each experimental
model.

For the two time series models Ornstein-Uhlenbeck (OU)
and Lotka-Volterra (LV), SSNL consistently outperforms
all baselines. SSNL is on par with SNL on the SIR and Beta
GLM models (see Figure 3a). The SIR model is the only
case with mixed, inconsistent results where for different
simulation budgets SNL gets outperformed by SSNL or
vice versa (the figures do not show SNPE-C for LV and SIR
due to its bad performance, see Figure 0]in the Appendix
for complete results).

Autocorrelation and intrinsic dimensionality We as-
sessed in which case and why SSNL has a performance
advantage over SNL and argue that a combination of au-
tocorrelation and intrinsic dimensionality (ID) of a data
set might be indicative of it (see Figure [3c| where realiza-
tions of a time series model with different parameter val-
ues are shown). Notably, for the Ornstein-Uhlenbeck and
Lotka-Volterra models the autocorrelation pattern seems to
benefit dimensionality-reducing methods. For the Ornstein-
Uhlenbeck process, the autocorrelation converges to zero

!This could be done more rigorously, e.g., by splitting the
data into an additional test set and evaluating its loss or by simply
reducing the dimensionality sequentially such that the embedding
has as many dimensions as required summary statistics, but we
found this simple heuristic to be sufficient and it does not require
additional computation. Furthermore, since the data is simulated
with iid noise, the likelihoods on validation and test sets should
be almost equal. Alternatively, information-theoretical approaches
could also be applied.
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Figure 3: Experimental results of OU, LV, SIR and GLM
models. (a) H-Min divergences of all models plotted against
the size of simulated data (lower is better). (b) Validation
likelihood profiles of SSNL models when the middle layer
reduces the dimensionality by 25%, 50% or 75%, respec-
tively. The performances are similar for all models which is
why we used the most conservative reduction, i.e. 75% for
all models. (c) Autocorrelation (AR) plots for the three time
series models up to a lag of 40 (black shades correspond to
realizations of a time series with different parameter values).
The AR for the OU model converges to zero while the AR
for the LV has a self-repeating structure. The SIR model has
a single saddle-point and does not converge.
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when considering longer lags meaning that information be-
yond a certain point is not informative of the parameters any
more. Similarly, for the Lotka-Volterra process the autocor-
relation patterns are repetitive after a certain lag meaning
that the data at larger time points is basically a copy of
previous time points (compare Figure[/|in the Appendix).
In the case of the SIR model, the autocorrelation has first
an negative slope and then changes the sign of its gradient
function after reaching a saddle-point. Consequently, the
entire time-series is informative of the parameters and di-
mensionality reduction has supposedly only little advantage
over dimension-preservation (more experimental results can
be found in Appendix [F).

Increasing the dimensionality The benefit of dimension
reduction depends arguably on the length of the time series
and its signal-to-noise ratio. To validate this hypothesis, we
replicated the OU and LV experiments but increased the
number of time points from 100 to 1000 and observed that
the performance difference between SSNL and SNL in fact
increases. For Ornstein-Uhlenbeck, SSNL has a significant
performance advantage over SNL, while for Lotka-Volterra
the same can be observed with sufficient simulation budget
(Figure ). We hypothesize that this is due to the fact that in
some cases learning the high-dimensional conditional den-
sity p (y—|f~*(y4+;y—,0)) requires an increased sample
size.

Negative examples and limitations The performance of
SSNL depends on whether the parameter-related informa-
tion in the data can be represented in a lower-dimensional
space. In scenarios where this is not the case, e.g., on Gaus-
sian mixture or hyperboloid models, SNPE-C or SNL ex-
pectedly outperform SSNL (see Figure[I0]in the Appendix).

4.3 SOLAR DYNAMO

We applied SSNL to a real-world solar dynamo model from
the solar physics literature that models the magnetic field
strength of the sun (see Charbonneau et al.|(2005)) and refer-
ences therein). The model is a non-linear time series model

with both additive and multiplicative noise terms

g(y) = 3[1 + erf(L0)][1 — erf(L202))]
Q' NU(91,91 +92)7 €t Nu(oaa?))a
Yi1 atg(yt)yt + €

The model is interesting, because it has more noise compo-
nents than observed outcomes and integrating out the noise
components yields a marginal likelihood that is outside the
exponential family. Consequently, the number of sufficient
statistics for such a model is unbounded (with the length of
the time series 7T") according to Pitman-Koopman-Darmois
theorem. We choose the prior p(#) and hyperparameters b
and w as in|Albert et al.|(2022) and simulate a single time
series of length T" = 100 (see Appendix [E.8]for details).

SSNL consistently outperforms the five baselines for this
experiment (Figure [5a]left column). Having a closer look
at the posterior distributions of one experimental run, one
can observe that SSNL already after the first round recovers
the true parameters reliably while the posterior mean of
SNL is heavily biased (Figure[6). After the final round, both
methods converge to the true parameter values.

44 NEURAL MASS MODEL

We also evaluate SSNL on the stochastic version of the
Jansen-Rit neural mass model (Ableidinger et al., 2017)
which describes the collective electrical activity of neurons
by modelling interactions of cells (see |Ableidinger et al.
(2017); Buckwar et al.|(2020); Rodrigues et al.| (2021)) for
details). The model is a 6-dimensional SDE of the form

R\ St 0
d (S,) = (—FQRt _orS, + GQ(Rt)> dt+ (29) W

where R = [V1,Y2, Y31, S = [V4,Ys, Ys]%, W, is a
Wiener process, Yy is a diagonal covariance matrix, Gy
is a displacement vector, I' is a matrix, and 6 is a four-
dimensional random vector with uniform prior (see Ap-

pendix [E.9|for details).

With a sufficient simulation budget, in this case 4000 simula-
tions, SSNL convincingly outperforms the baselines having
the lowest MSE. As before (see, e.g., Figure[d), we hypoth-
esize that the performance of SSNL is worse for lower sim-
ulation budgets, since an additional conditional density has
to be learned. Intriguingly, the inferences of SNL, which
like SSNL approximates the likelihood function, are sig-
nificantly worse than for SSNL and overall inconsistent,
indicating that SSNL is in general an excellent off-the-shelf
estimator for high-dimensional data sets (more experimental
results can be found in Appendix [F).
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Figure 5: Solar dynamo and neural mass model evaluation
(we show the MSE w.r.t. the prior sample s that was used
to simulate the observation y,,s. Values are normalized by
the minimum MSE in the entire data set).

S RELATED WORK

Neural simulation-based inference is an emergent field with
significant advances in the recent past. In addition to (se-
quential) neural approximations to the posterior (Papamakar{
10s and Murrayl, 2016} |Lueckmann et al.l 2017; |Greenberg
et al., 2019; |Deistler et al., [2022; Wildberger et al., [2023)),
likelihood (Papamakarios et al.,[2019; Glockler et al., [2022)
or likelihood-ratio (Cranmer et al., 2015; Durkan et al.|
2020; Hermans et al.,|2020; Thomas et al.,2022; Delaunoy
et al., [2022; Miller et al., [2022), recent approaches have
utilized flow matching and score-based models for poste-
rior inference (Schmitt et al., 2024} |Geffner et al., 2023}
Wildberger et al.| [2023)), albeit mainly in a non-sequential
manner. Score-based NPE methods are a fruitful research
direction which do not restrict the architecture of the neural
network architecture. More recently, (Gruner et al.| (2023)
proposed a new method that is targeted at models in which
the posterior is conditioned on multiple observations simul-
taneously. Jial (2024) introduce a new family of methods,
called neural quantile estimation, which uses quantile re-
gression to either approximate the intractable posterior or
likelihood functions of a model. (Glaser et al.| (2022); [Pac-
chiardi and Duttal (2022)) propose approaches to SBI using
energy-based models as density estimators. Finally, |[Yao
et al.| (2024) propose a method based on stacking to com-

bine the results of multiple posterior inferences, i.e., when
multiple posterior approximations from different methods
are available.

Related to our work, |Alsing and Wandelt| (2018)); |Chen et al.
(2021} 2023) have developed methods for SBI to compute
summary statistics which, however, requires learning an
additional embedding network while our approach learns
an embedding and computes likelihood approximations in a
single step and without computational overhead. Radeyv et al.
(2023)) discuss an approach that learns three networks for
posterior approximations, likelihood approximations and
summary statistic computation. Beck et al.|(2022) discuss
marginalization of data dimensions to see the influence of
different covariates on the posterior distribution and propose
an approach to find informative data dimensions.

In order to evaluate inferences of non-sequential procedures
of models for which samples from the true posterior are not
available, [Linhart et al.| (2023)) have proposed a local pro-
cedure based on classifier tests. Similarly,|Yao and Domke’
(2023)) proposed a diagnostic related to, and with higher
power than, simulation-based calibration (Talts et al.|(2018));
unfortunately, for neural likelihood methods we found them
computationally infeasible to use, since they require either
computing a vast number of permutation tests of which each
requires learning a classifier or repeatedly sampling from
the surrogate posterior for every model).

6 CONCLUSION

We introduced Surjective Sequential Neural Likelihood es-
timation, a new neural likelihood method for simulation-
based inference for high-dimensional data. SSNL uses
dimensionality-reducing surjections to embed the data in a
lower-dimensional space while simultaneously learning the
likelihood function.

SSNL performs particularly well when applied to high-
dimensional time series data outperforming state-of-the-
art methods and is on par with them in other experiments,
making it an excellent off-the-shelf estimator for high-
dimensional data sets. As a limitation, we identified that
due to introducing an additional conditional density, SSNL
in some cases requires a higher sample size than other flow-
based models like SNL or SNPE-C.

We anticipate that our method will complement other ap-
proaches in SBI well, but do not argue that it should be gen-
erally preferred over others. For instance, when posteriors
have a simple geometry and the likelihood function is com-
plicated to approximate, posterior estimators like SNPE-C
often provide superior performance. Similarly, neural ra-
tio methods, such as SNRE-C, are typically easier to fit
as flow-based methods, since they only require training a
classifier.
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Figure 6: Solar dynamo posterior distributions of SSNL and SNL after the 1st and 15th round (shown as kernel density
estimates. Black dots and lines represent true parameter values).

Future research could elucidate how deeper (stacked) sur-
jective architectures impact posterior inference and if more
suitable surjective architectures can be developed for SBI.
The application of information-theoretic criteria to more rig-
orously determine the dimensionality of the latent space, for

instance, as done in [Chen et al.| (2023)), is another possible

research direction.
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A BACKGROUND

A.1 NEURAL POSTERIOR ESTIMATION

Neural posterior estimation (SNPE) methods (Papamakarios and Murray}, |2016} |[Lueckmann et al.| 2017; \Greenberg et al.,
2019; Deistler et al., 2022} Wildberger et al.,|2023) use a normalizing flow to directly target the posterior distribution thereby
approximating ¢ (0|y) ~ p(6|y). SNPE-C (Greenberg et al., 2019)) uses the same sequential training procedure as SNL. In
the first round, however, it optimizes the maximum likelihood objective Ep [¢f(0|y)] in each round. Subsequent rounds
proceed by first composing a proposal prior as p" (6) = ¢;(6|yo), simulating new pairs {y,,, 6, }] » where 8,, ~ p"(6) and
then re-training the NF. Since the parameters are sampled from the proposal prior p” (6), the surrogate posterior would no
longer target the true posterior p(6|y) but rather

p"(0)
(©)

a5 (0ly) < p(0ly)

3

Greenberg et al.| (2019) overcome this by deriving the new objective Ep [% qr(0]y) f: ((99))] which however requires the

computation of a normalization constant Z.

SNPE-C can simulate posterior realizations by sampling from the normalizing flow base distribution first, and then
propagating the samples through the flow layers. This can lead to posteriors that are outside of the prior bounds which
need to be rejected and the procedure repeated until a sample of desired size has been taken. Specifically, if the prior
distributions are constrained, e.g., containing scale parameters, or are very narrow, APT is known to exert ’leakage’, i.e.,
the posterior approximation might produce samples that are not within the prior bounds. In this case, the rejection rate of
posterior samples is elevated, for instance, as reported in Durkan et al.|(2020) or|Glockler et al.| (2022), the latter of which
having observed rejection rates of up to 99%, which necessitates the use of MCMC methods instead. Leakage significantly
reduces the usefulness of SNPE methods in comparison to SNL where draws are generated using MCMC in the first place.
Furthermore, for structured data sets, e.g., time series data, SNPE-C requires facilitating a second neural network to embed
the data before conditioning which increases the number of effective parameters.

A.2 LIKELIHOOD RATIO ESTIMATION

Neural likelihood ratio estimation (NRE) methods (Hermans et al., 2020; |Durkan et al., 2020; Miller et al.| 2022} [Delaunoy
et al.,2022)) learn the likelihood-to-evidence ratio r(y, ) = £ ;Zlfj) =2z 1%1)!) and then build a surrogate posterior p(0]y) =
7(y,0)p(0). A major advantage of NRE methods is, that they do not need to train a model that estimates a density using
normalizing flow which often brings significant computational and numerical advantages. While NRE-C (Miller et al., [2022])
has been proposed in a non-sequential scenario, it is also possible to derive posterior distributions sequentially (SNRE-C;

see, e.g., [Tejero-Cantero et al.| (2020)). In this case, since a proposal posterior p”(6|yo) is derived after round r, which
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changes the joint distribution to p(y|0)p” (6|yo), the estimated ratio becomes

_ py,0)  pOly)
rW:0) = @)~ pl0)

Consequently, the true posterior can only be estimated up to a constant:

p(0ly) o< r(y,0)p(0)

A3 NOTES

The idea of using non-trivial embedding networks, such as CNNs or LSTMs for NPE and NRE methods is not new (see
e.g.,|Greenberg et al.|(2019)) or the notebooks of the SBI Python package[]_-]). This requires an additional neural network and
consequently increases the number of total parameters. We, on the other hand, do dimensionality reduction and likelihood
estimation in one step and with one network.

B MATHEMATICAL DERIVATIONS

The derivation of the surjection layer used in SSNL largely follows the SurVAE framework of |Nielsen et al.|(2020)) and
Klein et al.|(2021). The SurVAE framework models the log-probability log p(y) of a P-dimensional data point y € ) as

logp(y) =logp (2) + V(y, 2) + E(y, 2), z~q(zly) 3)

where ¢(z|y) is some amortized (variational) distribution, z € Z is a latent variable with distribution p(z), V(y, z) is
denoted likelihood contribution term and E(y, z) is a bound looseness term.

Nielsen et al.[(2020) define the likelihood contribution for inference surjections as

p(yIz)]
q(zly)

Viy,2) = lim E lo
(y ) q(zly)—d(z—h=1(y)) q(zll)|: g

where p(y|z) is some generative stochastic transformation, h~! : ) — Z is an inference surjection and where we for
convenience of notation denote with i : Z — ) a right inverse function to h~!. For bijective normalizing flows the bound
looseness term equals E(y, z) = 0. For surjective normalizing flows, the same is true if a right inverse A exists (i.e., when
the stochastic right inverse condition is satisfied).

By observing (see also Appendix A of Nielsen et al.|(2020) and main manuscript |Klein et al.|(2021)) that the composition of
a differentiable function g with a Dirac ¢ function and a bijection f is

[ @) 7o) e 252y = [0 7 )

we can conclude that .
qot 29 W)

d(g(y) =0y — o) 3y

Y=Yo

where ) is the root of g (which assumes that f has compact support, the root is unique and that the Jacobian is not singular).

We now define a conditional bijection f(z;y_,#) and its inverse f~!(y,;y_,0) for any Q < P, set g(y) = z —
f~Y(y+;y—,0) (which has its root at yo = f(2;9_,60)) and define

q(zly) =6 (2 — f(ys+3y-.0))

=6 (ys — f(zy_.0) | det S|

"https://sbi-dev.github.io/sbi/tutorial/05_embedding_net/
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where

g1 0 (Y-, 0)
0y

y+=Ff(zy-,9)

Using this result and the conditional distribution p(y|z) = p(y—|z, ) the likelihood contribution for a surjection layer
becomes

Vi,2) = q(z\y)ﬁy(gih—%y)) Bately) [log qug:;;]
= [3te ey s s
= [[3" — 0 et o e P
= [t~ os s B R

=logp (y—|f"(y+;y-,0)) —log |det J~|~

where we used the change of variables j+ = f(z;y_, ) yielding dj* = dz|det J 1|1

C IMPLEMENTATION DETAILS

Surjection layers can be implemented in a straight-forward manner by extending the bijection layers of conventional machine
libraries. Below, we demonstrate the implementation of a conditional affine masked autoregressive surjective flow that uses
an affine MAF (Papamakarios et al.,[2017), called AffineMaskedAutoregressive as a super class.

@dataclass

class AffineMaskedAutoregressiveSurjection(AffineMaskedAutoregressive):
n_keep: int
decoder: Callable
conditioner: MADE

def _inner_bijector(self):
# define the bijector ’'f’
return AffineMaskedAutoregressive(self.conditioner)

def _inverse_and_likelihood_contribution(self, y, x=None, **kwargs):
# here, we define the subsets by just splitting y after some index
# in general, we do it as describe it as in the main manuscript
y_plus, y_minus = y[..., :self.n_keep], y[..., self.n_keep:]
y_cond = y_minus

if x is not None:

y_cond = jnp.concatenate([y_cond, x], axis=-1)
# compute lower-dimensional representation
z, jac_det = self._inner_bijector().inverse_and_log_det(y_plus, y_cond)
z_condition = z
if x is not None:
z_condition = jnp.concatenate([z, x], axis=-1)
# compute conditional probability
lc = self.decoder(z_condition).log_prob(y_minus)

return z, lc + jac_det




where MADE is a masked autoencoder for density estimation (Germain et al.,[2015), decoder corresponds to the conditional
density p(y_|z, ).

D EXPERIMENTAL DETAILS

D.1 IMPLEMENTATION DETAILS

All models are implemented using the Python packages sbijax, (Dirmeier et al.| 2024)), surjectors (Dirmeier, 2024),
the SBI toolbox (Tejero-Cantero et al., [2020), and the Deepmind JAX ecosystem (Bradbury et al., 2018; Babuschkin et al.,
2020). We simulate data from stochastic differential equations using the package Diffrax (Kidger, 2021).

D.2 TRAINING AND SAMPLING

We trained each model using an Adam optimizer with fixed learning rate of » = 0.0001 and momentums b; = 0.9 and
ba = 0.999. Each experiment uses a mini-batch size of 100. The optimizer is run until a maximum of 2000 epochs is reached
or no improvement on a validation set can be observed for 10 consecutive iterations. The validation set consists of 10%
of the entire data set, while the other 90% are used for training. For each round, we start training the neural network from
scratch and do not continue from the previously learned state. Each model was trained on a HPC computing cluster using a
single node consisting of two 18 core Broadwell CPUs (Intel Xeon E5-2695 v4).

We train each method in R = 15 rounds. Each round a new set of pairs {(y,, 0,)}2_; of size N is generated using draws
from the prior 6,, ~ p(6) and simulator y,, < sim(6, ), and then used for training the density estimators or classifier,
respectively.

For SSNL and SNL, we used the No-U-turn sampler (Hoffman and Gelman|, |2014) from the sampling library BlackJAX
to sample from the intermediate and final posterior distributions p” (6|yo) using 4 chains of a fixed length of 10 000 each
of which the first 5000 iterations are discarded as burn-in per chain. For SNPE-C and SNRE-C experiments, we use
the slice sampler of the SBI toolbox for sampling (which we do in lieu of rejection sampling to avoid leakage; see the
Appendix [A).Samples from the "true" posterior distribution have been drawn using TensorFlow Probability’s slice sampler
where we used 10 chains of length 20 000 of which we discarded the first 10 000 as burn-in. Convergence of the true
posteriors in this case has been diagnosed using the potential scale reduction factor (Gelman and Rubin| |1992; Vehtari et al.|
2021)), effective sample size calculations, and conventional graphical diagnostics (Gabry et al.,[2019).

D.3 NEURAL NETWORK ARCHITECTURES

For all experiments and evaluated methods, we used the same neural network architectures. We followed the neural network
architectures as described in|Greenberg et al.|(2019); Papamakarios et al.| (2019); [Miller et al.[(2022) and tried to keep the
number of total parameters of each model as comparable as possible to allow for an unbiased evaluation.

SSNL  The SSNL architectures use a total of K = 5 layers, the third of which is a surjection layer with reduction factors of
25%, 50% or 75% which we chose arbitrarily. For instance, for a reduction factor of 25%, we take the initial dimensionality
P and reduce it to @ = |0.25 % P|. Each of the layers is parameterized by a MAF which uses a MADE network with two
layers with 50 neurons each as conditioner (Germain et al.} 2015 |Papamakarios et al., 2017). The MAFs use tanh activation
functions. The conditional densities are parameterized using a two-layer MLP with tanh activation functions. Between each
MAF layer, we add a permutation layer that reverses the vector dimensions. In practice, we assume that optimizing the
number of surjection layers and their reduction factors is advisable. This can, for instance, be done empirically by examining
the likelihood profiles during training or by reducing to the same order of magnitude as required summary statistics.

SNL SNL uses a total of K = 5 layers. Each of the layers is parameterized by a MAF which uses a MADE network
with two layers with 50 neurons each as conditioner (Germain et al., 2015 |Papamakarios et al.,|2017)) with permutations in
between which reverse the vector dimensions. SNL uses tanh activation functions.

SNPE-C SNPE-C uses the same normalizing flow architecture as SNL. We, otherwise, use the default SNPE-C parameter-
isation of the SBI toolbox which uses 10 atoms for classification.



SNRE-C SNRE-C architectures consist of MLP networks with two layers and 50 nodes per layers. SNRE-C uses ReLU
activation functions. We, otherwise, use the default SNRE-C parameterisation of the SBI toolbox which uses 5 classes to
classify against and v = 1.0.

SNASS To keep the number of parameters as equal as possible, SNASS uses a normalizing flow using three flow layers
each consisting of a MADE with two layers and 50 nodes each. SNASS uses as summary and critic networks two MLPs
with two hidden layers and 50 nodes each. All activation functions are tanhs.

SNASSS Similarly, SNASS uses a normalizing flow using two flow layers each consisting of a MADE with two layers
and 50 nodes each. SNASSS uses as summary and critic networks three MLPs with a single hidden layer and 50 nodes. All
activation functions are tanhs.

D.4 ESTIMATION OF DIVERGENCES

Zhao et al.[(2022)) propose using the H-divergence

Dy (pllg) = ¢ (Hz (p;q> — Hy(p), He (p;q> - He(Q))

to compare two empirical distributions. Here, H;(p) = infoc 4E,[¢(X, a)] is the Bayes optimal loss of some decision
function over an action set A.

They further illustrate the H-Min divergence

Dmejﬁmmwmw@>

and H-Jensen Shannon divergence

1

D =t (250 = § (il (o)

as two special cases.

We compute H, using the negative log-likelihood of kernel density estimators (KDEs) using 5-fold cross-validation.
Specifically, we first fit KDE with Gaussian kernels on samples of size NV = 10 000 from the true posterior distribution p
P = {#"eIN_ and surrogate posterior distribution ¢ Q = {65} N_, separately (i.e., one KDE for each set of samples).
We find the optimal hyperparameters ¢ € {0.1,...,5} for each KDE using a grid search. We then, in F' = 5 different
iterations (folds), subsample Sy C S and 7y C T randomly (i.e., with equal probability of being in the subsample) and
estimate a KDE on F; = S¢ U T¢. We compute estimates of H; via

Hy(p) =~ ir;f %E(P, a)
. 1

Hi(q) = 11;1“ NK(Q, a)
1

Hlf (pz—i-q) R~ iralf Nf(Sf,a)

where /(X a) is the negative log-likelihood of the data set X” given the optimized hyperparameters (action) a.

D.5 ESTIMATION OF INTRINSIC DIMENSIONALITY

We computed the intrinsic dimensionality of a data set using the "tight local intrinsic dimensionality estimator" (TLE)
algorithm (Amsaleg et al.,[2022). The TLE is an estimator of the local intrinsic dimensionality, i.e., the intrinsic dimension



of each data point in a data set. Mathematically, the local intrinsic dimensionality for a data point z w.r.t to the distance
r := r(x) to its k nearest neighbors is defined as

o log(F((14€) - r)/F(r))
ID(z) = }1—{% lg% log(1 + €)

where we denote with F'(r) the cdf of R which can be estimated empirically. The intrinsic dimension of a data point =
describes the relative rate at which F'(r) increases.
For details and the derivation of the TEL intrinsic dimensionality estimator, we refer the reader to Amsaleg et al.[(2022).

For Figure , we simulated N = 1000 observations {y,, })_, from the generative models of the Ornstein-Uhlenbeck, Lotka-

n=1
Volterra and SIR models, respectively, and estimated the local intrinsic dimensions of data set using the Python package

scikit-dimension (Bac et al.,[2021). The package contains several different estimators for local intrinsic dimensionality,
and we chose the TLE estimator arbitrarily.

D.6  SOURCE CODE

Source code including detailed instructions to reproduce and replicate all experiments can be found in the supplemental
material or on GitHub at github.com/dirmeier/ssnll

E ADDITIONAL DETAILS ON EXPERIMENTAL MODELS

This section describes the nine experimental models in more detail.

E.1 SIMPLE LIKELIHOOD COMPLEX POSTERIOR

The simple likelihood complex posterior (SLCP, Papamakarios et al.|(2019)) model with 8 dimensions uses the following
generative process
0; ~ Uniform(—3,3) fori =1,...,5
1(0) = (61,62), 1 = 03, ¢ = 03

_ 3 tanh(65) 1 &
3(0) = <tanh(95l)¢1¢2 ;% 1 2)
Yil0 ~ N (y;; 1(0),5(0)) for j =1,....4

Yy = [y17"'7y4]T

The SLCP generally favours neural likelihood methods of neural posterior methods, since modelling a simple likelihood and
then sampling from a multi-model posterior is easier in comparison to vice versa. For each round r, we generated 1000 pairs
{(yn, 0»)} from the SLCP model.

E.2 ORNSTEIN-UHLENBECK

The Ornstein-Uhlenbeck (OU) process (Sérkki and Solin, [2019) is a one-dimensional stochastic differential equation that
models velocity of a particle suspended in a medium. It has the following form:

dY; = —05(Y, — 61)dt + 05d WV,

where W, is a Wiener process and 6 are the parameters of interest. The presentation of the OR process above uses an
additional drift term 6.

Instead of solving this SDE numerically, the OR process admits the analytical forms

2
Yi | Yo=yo~N (91 + (yo — 61)e™ ", 29732(1 - e‘292t)>
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and
2
Vi | Yo = go ~ N (00 + (9o — 02)e 207, (1 — 7 202(0)))

where s < t. The conditional density above can be used both for sampling and evaluating the density of an observation Y;.
We simulate the OU process for each experiment using the generative model

6, ~ U(0,10)
05 ~ U(0,5)
05 ~ U(0,2)

2
Vi | Yo = go ~ N (00 + (o — 02)e %07, (1 — 720209)))

and initialize yo = 0. We sample 100 equally-spaced observations Y; where ¢ € {0, ..., 10}. The conditional density can be
used both for sampling and evaluating the density of an observation Y;.

E.3 LOTKA-VOLTERRA

The Lotka-Volterra model is a model from ecology that describes the dynamics of a "prey" population and a "predator"
population:
61 ~ LogNormal(—0.125,0.5)
05 ~ LogNormal(—3,0.5)
05 ~ LogNormal(—0.125,0.5)
64 ~ LogNormal(—3,0.5)
X = 01X — 0 X1 X5

X2 = 05X + 0,X1 X5

(Y11, Yi2) ~ LogNormal (log (X¢1, X2),0.1)

where X are is the density of the prey population and X5 is the density of some predator population. The parameter
0 = [01,...,04]T describes growth and death rates, respectively, and effects of presence of predators and prey, respectively.

We follow the parameterization in |Lueckmann et al.| (2021), but sample a longer time series, i.e., 50 equally-spaced
observations Y; where ¢ € [0,30]. We then concatenate the two 50-dimensional vectors y;, = [y}, y5]T yielding a
100-dimensional observation.

We solve the ODE using the Python package Diffrax using a Tsit5 solver.

E4 SIR MODEL

The SIR model is a model from epidemiology that describes the dynamics of the number of individuals in three compartmental
states (susceptible, infectious, or recovered) which is, for instance, be aplpied to model the spread of diseases. We again
adopt the presentation by Lueckmann et al.|(2021)) which defines the generative model

01 ~ LogNormal(log(0.4),0.5)

02 ~ LogNormal(log(1/8),0.2)

ds __, 1
a ~  'N

dr ST

a — Hlﬁ _621
dR

0]

a

I
Y, ~ Binomial (1000, z\tz>

where we set N = 1000000, and the initial conditions s) = N — 1,49 = 1 and o = 0. We sample 100 evenly-spaced
observations Y, where t € {0,. .., 160}.



Previous work, e.g.,|Lueckmann et al.| (2021}, used continuous normalizing flows (i.e., pushforwards from a continuous base
distribution, not continuous normalizing flows as in|Chen et al.| (2018));|Grathwohl et al.|(2019))). Continuous likelihood-based
models, such as SNL using MAFs, cannot adequately represent discrete data. As a remedy, we dequantize the counts
uniformly after sampling them (Theis et al., 2016), i.e., we add noise u; ~ U(0, 1), such that §; = y; + u; and use the
noised data for trained. While other approaches to dequantization, such as/Ho et al.|(2019), would possibly be more rigorous,
we found that this simple approach suffices.

We solve the ODE using the Python package Diffrax using a Tsit5 solver.

E.5 BETA GENERALIZED LINEAR MODEL

We evaluated SSNL and the three baselines against a Beta generalized linear regression model (Beta GLM). We use the
following generative model

6 ~ N(0,B)

n= X0, = sigmoid(n)

Y ~ Beta(uc, (1 — p)c)
where ¢ € RT is a non-negative concentration parameter, B is computed as in Appendix T.6 of |[Lueckmann et al.| (2021),
Beta describes a Beta distribution with a mean-concentration parameterization (Ferrari and Cribari-Neto}, [2004)

In|Lueckmann et al.[(2017), a Bernoulli GLM is used instead of a Beta GLM(called Bernoulli GLM raw). We changed the
Bernoulli likelihood to a Beta likelihood because of the the same reason as for the Lotka- Volterra model (a CNF can generally
not model a discrete distribution). We followed the implemtation in SBIBM (https://github.com/sbi-benchmark/
sbibm) as a design matrix B.

E.6 GAUSSIAN MIXTURE MODEL

The Gaussian mixture (GGM) described in "Negative examples and limitations" in Section 4] uses the following generative
process:

6 ~U(—10,10)
Y |0~ 0.5N(0,1)+0.5N(0,0%])

where 02 = 0.01 [ is a unit matrix, and both # € R? and Y € R? are two-dimensional random variables. The GGM again
follows the representation in|Lueckmann et al.|(2021).

E.7 HYPERBOLOID

The hyperboloid model (Forbes et al., [2022) described in "Negative examples and limitations" in Section[d]is a 2-component
mixture model of ¢-distributions of the form

0 ~U(-2,2)
1 1
Y |6~ §t(y, F(0;a)l,0°T) + §t(y,F(9; b, o?1)
where ¢ represents a Student’s ¢-distribution with v degrees of freedom, mean F'(6;x) = (||0 — x1]]2 — ||0 — 22]|2) and

scale matrix 027 and I is vector of ones. We follow [Forbes et al.|/(2022)), and in our experiments set 6 € R2 to be uniformly
distribution, a; = [—0.5, O.O]T, as = [0.5,0.0]T, b = (0.0, —0.5]T, ay = [O.O,O.S]T, v =3and o2 = 0.01.
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E.8 SOLAR DYNAMO

The solar dynamo model is a non-linear time series model with both additive and multiplicative noise terms

0y ~1(0.9,1.4)
0 ~ U(0.05,0.25)
05 ~ 1(0.02,0.15)
o(y) = 11+ erf(ZE)][1 — erf(2522)
a; ~U(01,01 + 62)
€ ~U(0,05)
Yer1 < ig(y)ye + €

where erf(z) = % f; exp(—t?)dy is the Gauss error function. We simulate a time series of length N = 100 recursively
starting from yo = [1, 1]T. We follow |Albert et al.| (2022)), and set b; = 0.6, w; = 0.2, by = 1 and wy = 0.8.

E.9 NEURAL MASS MODEL

The stochastic version of the Jansen-Rit neural mass model (Ableidinger et al.,[2017) describes the collective electrical
activity of neurons. The model is a 6-dimensional stochastic differential equation of the form

01 ~ U(10,250)
0 ~ U(50,500)
05 ~ 14(100, 5000)
04 ~ U(—20,20)

Q) _ P, 0
(Pf ) (—FQQt _orp Ge(Qt,0)> det (Ee> s

The actual signal Y = 109/1°(X;; — Xy2) where Q = [Y7, Y5, Y3]T, P = [Y4, Y5, Ys|” and W, is a Wiener process. ¥y =
diag(c4,05,06) and T’ = diag(a, a, b) are diagonal 3 x 3 matrices with positive a and b. The vector

Aa[sig(Xg — X3)}
G(Qt,ﬁ) = AG[M+CQSIg(ClX1)]

Bb[C4§1g(C3X1)]

is a 3-dimensional vector of displacement terms and

. Umax

sig(x) =

g(x) 1+ exp(r(vg — x))
We are interest in inference of the 4-dimensional vector 6 = [6,...,04]7 = [C, i, o, g]T. The parameters C; are related
via C; = 601, Cy = 0.801, C'5 = 0.25 and Cy = 0.250,. The other parameters are py = 02, 05 = 03 and g = 6,4. Following
previous work, we initialize 3o = [0.08, 18,15, —0.5,0,0]7 and simulate a time series Y; with ¢ € [0, 8] with sampling

frequency Hz = 512. We then takes 100 equally-spaced elements from Y;.

We refer the reader to|Ableidinger et al.| (2017), Rodrigues et al.|(2021)) and |Buckwar et al.|(2020) for detailed explanations
of all constants and equations from where we also adopted the parameterization: A = 3.25, B = 22, a = 100, b = 50,
Umax = 9, Vg = 6, 7 = 0.56, 04 = 0.01 and g = 1 (see also|Linhart et al.| (2023)).

We solve the SDE with the Python library jrnmm using the Strang-splitting method as described in|[Buckwar et al.| (2020).



F ADDITIONAL RESULTS

This section presents additional results for the benchmark models.

F.1 FOUR SBI MODELS BENCHMARK

Ornstein-Uhlenbeck Lotka-Volterra
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Figure 7: Data visualisations of the four benchmark models, Ornstein-Uhlenbeck, Lotka-Volterra, SIR and Beta GLM. For
the first three models, the x-axis corresponds to the time index of the time series. For the Beta GLM, the z-axis only serves

as an index.
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Figure 8: Likelihood profiles for the four benchmark models, Ornstein-Uhlenbeck, Lotka-Volterra, SIR and Beta GLM with
different reduction factors. Each profile corresponds to the likelihood on the validation set used during training. Using the
validation set is a fairly ad-hoc approach and could be done more rigorously, e.g., by using an additional test set where the
loss is evaluated instead. Since the data is generated iid, however, this would not arguably not change much. The profiles for
these datasets are very similar, only the LV model benefits significantly from different surjection layer dimensionalities.
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(c) H-Jensen Shannon divergences.

(d) H-Jensen Shannon divergences (all baselines).

Figure 9: H-Min and H-Jenson Shannon divergences of the Ornstein-Uhlenbeck, Lotka-Volterra, SIR and Beta GLM
models (left withouth SNPE-C for Lotka-Volterra and SIR, right with all baselines). SSNL consistently outperforms all
five baselines on Ornstein-Uhlenbeck, Lotka-Volterra, is on par with SNL on Beta GLM and displays mixed results on
SIR on both divergence measure. Given that SSNL requires less parameters than SNL, SSNL has the clear advantage in
Ornstein-Uhlenbeck, Lotka-Volterra and Beta GLM. The two divergences are consistent for three of the four models, for
SIR the H-Min and H-Jensen Shannon show inconsistent divergences.



F.2 NEGATIVE EXAMPLES
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Figure 10: Negative examples. We show the H-Min and H-Jensen Shannon divergences on the Gaussian mixture and
hyperboloid models. In both cases, SSNL can not outperform the three baselines. Since all data dimensions are informative
of posterior parameters, reducing the dimensionality is theoretically only detrimental to the inferences. We did not conduct
experiments on SNASS and SNASSS here, since their is no dimensionality reduction necessary.

F.3 SOLAR DYNAMO MODEL
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Figure 11: Data visualisations of the solar dynamo models. The z-axis represents index of the time series ¢, the y-axis the
observed time point y;.
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Figure 12: Likelihood profiles for the solar dynamo model with different reduction factors. Each profile corresponds to the
likelihood on the validation set used during training. The likelihood profiles all show very similar losses (see y-axis). As a
consequence, we used the model with the greatest reduction on dimensionality, i.e., 25% which reduces the dimensionality
in the embedding layer to () = 25.



F.4 JANSEN-RIT NEURAL MASS MODEL
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Figure 13: Data visualisations of the solar dynamo models. The z-axis represents index of the time series ¢, the y-axis the
observed time point ;.
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Figure 14: Likelihood profiles for the Jansen-Rit model with different reduction factors. Each profile corresponds to the
likelihood on the validation set used during training. We used the model with the greatest reduction on dimensionality, i.e.,
25%, which reduces the dimensionality in the embedding layer to @ = 25.
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