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ABSTRACT

Here we clarify that, in Generator Matching (which subsumes a large family
of flow matching and diffusion models over continuous, manifold, and discrete
spaces), both the Bregman divergence loss and the linear parameterization of the
generator can depend on both the current state X, and the time ¢, and we show
that the expectation over time in the loss can be taken with respect to a broad class
of time distributions. We also show this for Edit Flows, which falls outside of
Generator Matching. That the loss can depend on ¢ clarifies that time-dependent
loss weighting schemes, often used in practice to stabilize training, are theoret-
ically justified when the specific flow or diffusion scheme is a special case of
Generator Matching (or Edit Flows). It also often simplifies the construction of
X -predictor schemes, which are sometimes preferred for model-related reasons.
We show examples that rely upon the dependence of linear parameterizations, and
of the Bregman divergence loss, on ¢ and X;.

1 INTRODUCTION

Diffusion (Ho et al.l|2020; Song et al.| 2021b) and Flow Matching (Lipman et al.,2023)) approaches
to generative modeling both train a model to transport samples from a simple distribution to the data
distribution. This family of approaches was recently subsumed under ‘Generator Matching’, which
characterizes a general space of states, processes, and losses under which conditional samples can
be used to train a marginal generator.

The loss used for these models generally involves i) a term that compares the model’s prediction
to some function of the conditional process generator, and ii) a time-dependent scaling constant
prescribed by the specific theoretical framework used to justify the method. Since the outset of
the field (e.g., [Ho et al.| (2020)) right up until recently (Nguyen et al.| [2025) the prescribed time-
dependent loss scaling is discarded or adjusted in practice, usually motivated empirically and often
without theoretical justification (with exceptions, e.g.|Zhang et al.[(2025); |Oresten et al.|(2025)).

With unlimited compute, if you trained a separate model for each time ¢ and state X}, scaling each
model’s loss by a different positive constant should not change what that model learns, suggesting
that time and state dependent loss scaling is justified and merely a practical issue. Here we formalize
this notion, and extend it in ways that are trickier to heuristically reason about.

2 PRELIMINARIES

Throughout this note, we make use of notation and definitions similar to those found in Generator
Matching (GM) (Holderrieth et al., [2025) and Flow Matching Guide (FMG) (Lipman et al., [2024)).
Following FMG, generator matching prescribes a conditional probability path p;(dz|z) interpolating
between a simple initial distribution pg and a target distribution p; on a state space .S, conditioned
on a latent state = € Z. With a distribution pz over Z, we consider the marginal probability path
pt(dz) defined via the two-stage sampling procedure

Z ~pz, (Xi|Z = 2) ~pyz(de|z) = X; ~ py(da).
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We assume the GM-specified regularity conditions hold (cf. Appendix [D), denoting our state space
by S and our class of test functions by 7. Under those conditions, the trajectories of a process X
are determined by i) its initial value, and 2) the infinitesimal generator — meaning that if a neural
network can learn to parametrize the infinitesimal generator, we then can transport from the initial
distribution to the target distribution. We aim to parametrize the infinitesimal generator £; of the
process X; by a neural network £¢.

FMG suggests the following form of a linear parametrization of the generator of the process X;:

Lif(z) = (Kf(x), Fy(z))a

for a function F} such that Fy(z) € Q,, where Q, C V, is a closed, convex subset of the inner
product space (V,, (-,-),). Analogously, FMG defines a linear parameterization of the conditional

infinitesimal generator by

Lif(z) = (Kf (), Ff (2))a
for a function F? such that F7(z) € €. Then for Bregman divergences D, : ©, x Q, — R, FMG
suggests the following form of a conditional generator matching loss

chm(‘g) = Et,Z~pz,Xt~Pz\z(rlZ) [DXt (FtZ(Xt)v Fte(Xt))],
and up to a constant in 6, this loss function coincides with the generator matching loss
Ly (6) = Et,x, ~p, [Dx, (Fo(Xe), FY (X2))],
so, their minimums also coincide.
We suggest that the class of generator matching loss functions be broadened to include those that
have 1) explicitly time- and state dependent linear parameterizations, ii) time- and state dependent

Bregman divergences, and iii) a nearly arbitrarily weighted time distribution ¢ ~ D. We also extend
this characterization to Edit Flows (Havasi et al.|[2025)), which falls outside of the scope of GM.

3 PREVIOUS WORK

The theoretical aspects of time-dependent loss re-weightings for flow and diffusion models are dis-
cussed in (Kingma et al.|[2023), (Song et al., 2021a)), (Lipman et al.| 2024)), (Esser et al.|[2024), and
others. See App. table|l|for a brief summary.

4 RESULTS

4.1 TIME AND STATE VARYING LINEAR PARAMETRIZATIONS

We extend the notion of a linear parametrization (Holderrieth et al., 2025)) to explicitly vary with
time and state, whereas in|[Lipman et al.| (2024) it was already clarified to be able to vary with state,
but to the best of our knowledge not with both.

Following their notation, let S be our state space, 7 a class of test functions on S and let B(S)
be the bounded functions on S. Fix atime ¢t € [0,1) and z € S. A time and state varying linear
parametrization of the subspace W, C {£ : T — B(S) | Lislinear} is given by: i) a closed,
convex set {2 ,, C V; ., where (V; o, (-, -)v, , ) forms an inner product space; and ii) a linear operator
Ktz : T — Vi 5 such that every £, € W, can be written as

‘th(x) = <’Ct,.'L'f? Ft(‘r)>Vt,m7

for a function Fy : S — [ ] g Q. such that Fy(x) € €, for every time ¢ and € S. If such
a construction exists, then F} is said to linearly parametrize W, or with the appropriate context, to
linearly parametrize the generator L;.

Assume that for each z € Z, where Z is a latent conditioning space, the conditional Markov process
X7 has a conditional infinitesimal generator £7. Then a time and state varying linear parametrization
of L7 is given by

ﬁ?f(x) = <’Ct,:€f7 th(‘r)>Vt,za

where F7 : S — | |,cg Q4,0 is such that F7(z) € Q; , for every time ¢, x € S and z € Z, and we
require the following regularity conditions:
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1. Foreachtimet € [0,1) and = € S, it holds that dim(V} ;) < oo and

EZnpdzla) | FE (@) Vi, < 00,
where pz;(dz|) is the posterior distribution (Z|X; = ).

2. The GM regularity assumptions listed in Appendix [D] hold for the marginal and
model parametrized generators and their associated Markov processes. For the model
parametrized generators, we write

LI f(x) = (Koo f, F (2))vi.
and we denote X! for the associated Markov process. For the marginal generator, we write
Lif(x) = (Keaf, Fi(2))v,

and simply denote X, for the associated Markov process. See Theorem {.10]for a connec-
tion between the conditional and marginal parametrizations.

4.2 TIME AND STATE VARYING LOSS

In this section, we extend the concept of a generator matching loss (GM loss) and a conditional
generator matching loss (CGM loss) as introduced in GM and FMG, to allow for a general class of
time distributions D, with an extended class of Bregman divergences D, ,. that depend on both time
and state, applied to linear parameterizations that are time and state dependent.

As in Banerjee et al.|(2005) and [Della Pietra et al.|(2002), we consider Bregman divergences corre-
sponding to ¢ : 2 — R that might only be differentiable on a subset €2 C () containing the relative
interior ri(f2) (see Remark|B.1)). In particular, this is useful for rigorously defining the Poisson-like
Bregman divergence and the Binary Cross Entropy Bregman divergence in Examples and[C.7]
where ¢ is not differentiable on the boundary of €. To our knowledge, Bregman divergences were
only defined in association with convex functions differentiable on all of 2 in GM and FMG, making
it difficult to rigorously reason about such cases.

For each time ¢ € [0,1] and z € S, let ; , be a closed convex subset of the inner product space
Vi, (- )v;..) and let ¢y, = Q;, — R be a strictly convex continuous function. Let €, be a

convex set satisfying ri(£2; ,) C ﬁt,w C 4, on which ¢, , is differentiable (see Remarkllz]for
the definition of ri(€2; ;)).

We define the Bregman divergence Dy , : ) ; X ﬁtyz — R associated to ¢, , by
Dy z(a,b) = ¢tz(a) = dr2(b) — (@ — b,V 2(b)v; .-

When ﬁt,x # () ., a closure property is required that, in practice, is nonrestrictive (cf. Assump-
tion [3| and its succeeding remark). Note that whenever ; , = V; ,, we have ri(); ) = Q4 4, S0

ﬁt,w = () , (see Remark ,

Definition 4.1 (Valid time distributions). We consider probability distributions D on [0, 1] satisfying
D > Xand D({1}) = 0 where X is the Lebesgue measure.

Definition 4.2 (Reweighting function). We consider weighting functions w : [0,1] — R satisfy-
ing E;wplw(t)] < oo and w(t) > 0 for A a.e .

Remark 4.3. Note that reweighting the loss by such a w(t) is tantamount to taking the expectation
over an alternative time distribution which also dominates the Lebesgue measure and selecting an
alternative Bregman divergence rescaled by a constant factor, as discussed in Lemma

We extend the notion of a GM loss to allow for
L (0) = Etap, X, mpy (o) [0(1) Dy x, (Fe(Xy), FY (X4))]
and we similarly extend the CGM loss to allow
chm(e) = EtN’D,Xtht (dz),Z~pz(dz|x) [w(t)Dt,Xt (FtZ (Xt)7 th (Xt)>] .

In the above, the integrands are defined for ¢ € [0,1) (since Fy, FZ, F parametrize the generator,
which exists only on [0, 1)), and we require the following integrability conditions:
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Lo E¢op, x,mpy (o) [0 () D x, (Fy (Xe), FY (X1))] < o0,
2. Btap, Xy mpy, Zoop gy, (dla) W () [De x, (FY (X)), Fi(Xe))] < o0,
3. Forallt € [0,1) and x € S: EZNPZH(dZ)[FtZ(x)] € ﬁt,m and FY(z) € ﬁt,m.

Remark 4.4. The third condition is automatically satisfied when (Alm = O . (see Remark .
Otherwise, the condition is not particularly restrictive: if it fails, then the essential convex hull of
z — F7(z) lies in the boundary of Qy 5, as noted in the case when Z is finite in |Banerjee et al.
(12005)). If this condition doesn’t hold exactly, then you can only ever be able to approach the true
expectation, and this assumption is implicit in e.g. parametrizing probabilities via a sigmoid function
in discrete models — in which case, the model cannot ever emit a probability of exactly 0 or 1 with

finite logits. In the separable case (Section , where ﬁm = vaztf ﬁiz as in Corollary this

condition reduces to B[F/"(z)] € @iz and F{"'(z) € ﬁ%x for each component i, with the same
remarks applying per component.

4.3 TIME DEPENDENT LOSS REWEIGHTING

Note: In what follows, we denote

(i f) = / f(@)p(de)

for the duality pairing between probability measures p on .S and test functions f € 7.

Lemma 4.5. Let D be as in and let w(t) > 0 be as in Then D(dt) := %D(dt) is
a probability measure on |0, 1] such that D > A and one has

Brlw(®f(0] =K B, lf(0). K= [uw(®D(d) >0
Proof. See Appendix [F1.1] O

Remark 4.6. In fact, in the above, we only require w(t) > 0 for D-almost every t € [0, 1].
Theorem 4.7. Let Ly, (0) be the generator matching loss defined in Section

Lagm(0) = Etap X, ~p, (da) [0 () D, x, (Fr (X2), FY (X1))]
again with D as inand w(t) as in Suppose that
Legn(0) =0

and that the GM regularity assumptions listed in Appendix @] hold for L, and Ef, for the same
class of test functions T. Then the model parametrized generator LY solves the Kolmogorov For-
ward Equation (KFE) for p; on [0, 1), and the Markov process X! associated to L with the initial
distribution po will satisfy X{ ~ p.(dx) for all t € [0,1]. In particular, X9 ~ p(dz).

Proof. See Appendix [F2] O

Example 4.8. Suppose D has a density against the Lebesgue measure that is positive Lebesgue-
almost everywhere in [0, 1]. That is, it would permissible if its density was zero on a set of Lebesgue-
measure zero. Then D > A since A C [0,1] and A(A) > 0 implies D(A) > 0, so we may take
our loss to be weighted by D — i.e., it is permissible for D to have a probability density function on
[0, 1] that is positive except for a set of Lebesgue-measure zero.

Example 4.9. It would, for example, be permissible if D had a density that vanished at finitely many
points of [0, 1], so e.g. either or both boundary points of [0, 1], e.g., a Beta(«, 3) distribution. It
would also be permissible if D had a density that vanished at countably many points of [0, 1].
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4.4 GENERATOR MATCHING

Assume for every z € Z there corresponds a conditional Markov process X7 with conditional
infinitesimal generator £; and linear parametrization

Lif = (Keaf; FE (@),
as is described in Section[d.1] By Proposition 1 in GM, we have that
Lif (@) = Egmpy, (dzlo) [£ ] (2)]
generates p; (dx) = [ pi(de|z)pz(dz) — i.e., the KFE holds for ¢ € [0,1):
Olpe, f) = (pr: Lo f)-

The proof of Proposition 1 in GM Appendix C.2 for time and state varying linear parametrizations
runs through the same and is adapted below:

Theorem 4.10. Let
Lif(x) = (Kiof; FE(@))v,,

be a linear parametrization of L7, as in Section for FE(x) € (Alm C Via. Then it follows that
Ft(x) = EZNpZ‘t(dz\x)[FtZ(x)]

linearly parametrizes the marginal generator.
Proof. See Appendix O

Next, we adapt Proposition 2 from GM to support a time and state varying Bregman divergence D; ,
with a corresponding time and state varying linear parametrization.

Theorem 4.11. Let 7 : S — | |, ¢ Q. be a time and state varying linear parametrization of the
conditional generator as in Section from which it holds that

Fi(2) = Ezmpy,,(delo) [FY (2)]

linearly parametrizes the marginal generator, by Theorem Let Dy 5 @ Q5 X ﬁm — R be
a Bregman divergence for each t € [0,1] and each x € S. Then the CGM loss and the GM loss
coincide up to a constant in 0
VoEtaD, X, ~pi (de) Zmp e (dzle) (W) De x, (FZ (Xy), FY (X))
= VoE D X, ~py (do) [0 (1) Dy x, (Fy(Xy), FY (X1))]

where D, w(t) are as in{4-1]
Proof. See Appendix[F3.2] O

4.5 SUMS OF LINEAR PARAMETRIZATIONS

Fix atime ¢t € [0,1) and = € S. Suppose that for all f € T the infinitesimal generator £; can be
written as a sum of linear parametrizations

Nt,m

Lif(z) = Z<]szf7 Ff(x))w‘w

=1

for Ny, < oo and functions F}(z) € fAliT C V{,, and linear operators K , : T — V;,, for
1= 17...,Nt71.

We show that a valid per-term conditional generator matching loss is given by a loss whose per-term
contribution is a sum of Bregman divergences, one along each component. This was mentioned in
GM Proposition 5 in the context of multimodal generative models with factorized probability paths,
but we would like to make this note more general.
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Theorem 4.12. Under the above setup, the sum of linear parametrizations can be rewritten as
a single linear parametrization Lif (x) = (Kiof, Fi(x))v, ,, where V; . = @;2{" V}, and
Fy(z) := (Fi(2))X'y. Assuming the conditions in Sections 4.1 and 4.2 hold for th Il
y(x) = (F{(x));y". Assuming the conditions in Sections¥.1|and 4.2\ hold for the overall linear
parametrization, a valid conditional generator matching loss under a separable Bregman divergence

Niw i N
Dy o(y, ) = ;24" Dy . (y*,x*) is given by

N¢ x,
i Zi 0,i
chm(e) = EtN'D,Zsz,XtNPt(dﬂZ) Z Dt,Xt (Ft Z(Xt)7 Ft 7(Xt))
i=1
Proof. See Appendix [F.4] O

4.6 FLOW MATCHING X; PREDICTION

The endpoint prediction formulation of flow matching losses provides a natural way to obtain a
time-dependent linear parameterization of the drift, and is discussed in e.g. [Zhang et al.| (2025));
Lipman et al.| (2024)); Oresten et al.|(20235)), and others.

In flow matching, conditioned on terminating at the endpoint x; € R", a time-dependent vector
field u.(x|z1) governs the drift along the conditional paths. Suppose that u:(z|x1) is affine in x4,
ie.

ug(x|r1) = Ag o1 + by o,
with A; , € R®*™ and b; , € R™.
Theorem 4.13. Let u,(x|x1) = Ay zx1+bs o be an affine conditional vector field as above. Then the
infinitesimal generator L' f(x) = V f(2)T (Ay w1 + by .:) admits a sum of linear parametrizations
as in Section and the model endpoint prediction 4 (t, z) yields a valid CGM loss:

chm(Q) = Et’VD,XleZ-,XtNPt(‘Wl) [w(t)Dt,Xt (Xl? i? (t7 Xt))]
where w(t) > 0 for A-almost every t € [0, 1].

Proof. See Appendix [F3] O
Example 4.14. One could take
1 — T
ui(efe) = 2=
in the above.
Example 4.15. Let ui(x|z1) = A 21 + by, be as above and parametrize x;-predictions by

#Y(t, X;). Due to the linear parametrization

L7 f(x) = (AL Vf(2), 21)re + (b0, V (@), D,
a valid CGM loss is given by

Leg(8) = B, X, mpis Xompaasfen) [w(DI| X1 = KOt X))

for some reweighting function w(t) that is positive A-almost everywhere on [0, 1], using the Bregman

divergence D(y, ) := ||y — x||? (cf. Example[C.2).

1
Example 4.16. Fix ¢ > 0, and let ¢(t) = -————. Then a valid CGM loss is given by

(1—t+e)

This is in contrast with the usual conditional flow matching loss under x; prediction

[ ’Xl — #0(t, X,) 2]

X, —24(t, Xy)
1—t+e¢

Legm(0) = Etup Xy ~ps, Xo~npr (derfer) U

chm(e) = EtND,X1NPZ7XtNPt(d$‘ml) 1—¢

whose per-term contribution has a singularity at ¢ = 1.
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4.7 DIFFUSION MODELS AND zo-PREDICTION

As in GM Section H.2, to view denoising diffusion models from the perspective of generator match-
ing, we consider a Markov noising process X; given by dX; = o,dW; fromt = 1tot = 0
backwards in time. Then the KFE holds in reverse time with

u(pe, f) = (i, VITE Vlogm

as it is shown in GM, corresponding to the probability ﬂow ODE in|Song et al.|(2021b).
Theorem 4.17. Suppose that ui(x|zo) = Vg logpi(x|xg) = Arzxo+be o is affine in xo. Then the
2
conditional generator L5 f (x) = (%V f(x), V log pi (x| 2))rn admits a sum of linear parametriza-
tions as in Section[d.3| and a valid CGM loss is given by
L(@) = ]EtND7w0diata7$tNpt('lwo) [w(t)llxo - i‘g(t, xt)”Q]
Sfor a reweighting function w(t) that is positive A-almost everywhere on [0, 1].

Proof. See Appendix [F.6] O

4.8 RESCALING TIME-DEPENDENT CONSTANTS OUT OF JUMP MODELS

As in GM, we let Q¢(dy; z) specify a time-dependent jump kernel on the state space S. It can be
useful to model jump intensities in terms of continuous hazards h; ;(x) > 0, together with individual
rate multipliers R; ;(x) > 0 that are continuous, and to train a model to match the rate multiplier (cf.
Equation 28 and Proposition 5 in|Gat et al.| (2024), where in their notation this is done by predicting

the posterior @7 (2| X) and the hazards are a/”).
Fix a time ¢ € [0,1) and 2 € S. As in Branching Flows (Billera et al., 2025)), consider a time-

dependent jump kernel of the form:
Ni,o

dy7 Z ht,j Rt] )61}7]' (z) (dy)7

for continuous functions I'; ; : S — S that we call jump targets, and continuous rate multipliers
R j(z) >0,forj=1,...,Ng.

Theorem 4.18. The generator L;f(x) = Z;V;f (f(Tej(x)) — f(x))he ;(x)Ry j(x) admits a
time and state dependent linear parametrization in which the rate multiplier vector Ri(x) =
(Rm(z));v:t’f is the linearly parametrizing function, with inner product space V;, = RNte
weighted by (v,w)y, , = ZN' " he j(x)viwd. For latent z € Z with conditional rate multipli-
ers R} ;(x) satisfying Ezp, , (dz|z) [MNota1 (t: 7)] < 00, a valid CGM loss under the conditions in
Section.2]is given by
Legm(9) = Etad, zmpz (d2), Xompi (ol ) Do x, (BY (X2), BY (X))

In particular, the hazard rates h; j(x) are not present in the loss, so the loss can be taken directly
against X1 -predictions.

Proof. See Appendix O

Remark 4.19. In accordance with Assumption 2] in Appendix [D} the expected number of jumps
should be finite, i.e. E Uol Atotal (L, Xt)dt} < o0 in the above.

Example 4.20. As used in Branching Flows (Billera et al.l 2025)), suppose the model predicted rate
multipliers are pf ; € (0,1) and the ground truth conditional rate multipliers are p7, € [0,1]. A
valid CGM loss is

Ny »
Legm(0) = Bt zmpy Xompy (dal2) [2oint” Deer(pfi(X1), pf (X))

Ntz
= EtD, Zop s, Ximpe (dal2) [ — it (p7s(Xy) log(pf ;(Xy))

+ (1= pZy(X)) log(1 — pf,(X2))) + const.
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via the separable Bregman divergence which takes the binary cross entropy loss on each component,
considering 0 - log 0 := 0 in the above (cf. Example[C.7).

Example 4.21. Alternatively, also as used in Branching Flows, we may consider the Poisson-style
Bregman divergence (cf. Example C.6) between predicted rate multipliers R ;(x) € (0,00) and
conditional, ground-truth rate multipliers R ;(x) € [0, c0),

Nix
Legm(0) = Etp, zop, Xompe(de|2) [Zi:i DPOiSS(RtZ,i(Xt)’Rf,i(Xt)ﬂ

N, x
=KD, Zrpz, Ximpe (dz|2) [Zz:tl (Rf,i(Xt) - RtZ,i(Xt) IOg(R?,i(Xt))) + const.} .

4.9 EDIT FLOWS PROPOSITIONS

In the notation of Edit Flows (EF) (Havasi et al., 2025), we let u;(x, z|z;, z;) generate p;(x, z) on
X x Z. By the first part of EF Theorem 3.1, u;(x|x:) := D, Ep, (2, |2, ue(2, 2|24, 2;) generates

pe(x) =32, pe(z, 2).
We show an extended second part of EF Theorem 3.1:
Theorem 4.22. For eacht € [0,1) and x € X, it holds that
VoEBiD oy zmpi(2,2) [W(E) Di o, (3, a(t)ue (-, 2|ag, 2¢), b(t)ul (+|x¢))]
= VoEin,zomp [W(t) Di, (a(t)u(-|2), b()ug (-|0))],
where a(t),b(t) > 0 are internally reweighting the loss and w(t) > 0 is externally reweighting the
loss, under the integrability assumptions:

(@) Btz [0(1) De, (a(t)ur (-|2), b(t)uf (-]2¢))] < oo,
(b) EtNDythpt»Ztht(zt‘:Et) [w(t)Dt»th (Zz a(t)ut('7 Z|xt’ Zt)7 b(t)ut(|xt))] < o0.

Proof. See Appendix [F.3.3] O

Note that Theorem [4.22]recovers the original statement of the second part of EF Theorem 3.1 when
for each ¢ and x4, we define w(t) = a(t) = b(t) = 1, Dy, = D and D = §; for some choice of
Bregman divergence D. We also remark that scaling both a(t) and b(¢) by the same factor has the
same effect as scaling the loss by w(t).

Example 4.23. Let h(t) be some overall hazard rate, e.g. h(t) := 15—% for a scheduler x;. Recasting

the per-time contribution to the loss in terms of a rescaled prediction v¢ (z|x;) of %gt), we have:

VGEmt,ztr\/pt(w,z) [D(ﬁ Zz ut('v Z|xt, Zt)v vte(|mt))] = v9Emt~PtD(ﬁut('|xt)a Uf(‘xt))

for any Bregman divergence D. The loss minimum is found at v (-|z;) := ﬁut(th), implying

that v? (-|z;) can be used to parametrize edit rates via u? (-|x;) := h(t)v?(-|z;), whereby we recover
the marginal rates at the loss minimum:

uf (|we) = (o) (|loe) = ue(-|ze).
5 DISCUSSION

While time-dependent loss reweighting is often used in practice, it is sometimes only heuristically
or empirically justified. Here we have clarified that, for a large class of generative models, it is also
theoretically justified. We further clarify that the linear parameterization of the generator, and the
Bregman divergence loss, can both depend on both the time and the state of the process.
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A PREVIOUS WORK

Work Result

Kingma et al.|(2023) | Justifies re-weighting a variational diffusion loss by a function of the
signal to noise ratio, which is assumed differentiable

Song et al.| (2021b) Justifies reweighting by a positive, time-dependent function A(t)
for a score matching diffusion model. Proposes re-weighting by
E[|| V., log pe (w¢|zo) |5~

Lipman et al.|(2024) | Equation (4.27) allows taking the time expectation of a flow match-
ing loss with respect to an arbitrary absolutely continuous distribution
on [0,1]. As will be shown in lemma this corresponds to time-
dependent loss reweighting.

Esser et al.[{(2024) Justifies time-dependent re-weighting for rectified flow models, and
gives an intuition to weight losses at the middle of the generative trajec-
tory higher, since endpoints are simpler prediction targets.

Table 1: Instances of time-dependent loss reweighting from the literature.

B PROPERTIES OF BREGMAN DIVERGENCES

We state and prove a general analogue of the statement of Proposition 1 in|Banerjee et al.| (2005)).

Remark B.1. Following |Lee|(1986)), the relative interior of €, denoted ri(XQ), is the interior of
taken within its affine hull. The affine hull of Q), denoted aff(R2), is the set of affine combinations
of elements of Q, and an affine combination of x1,...,x, € Q is given by > . | a;x;, where
Qai,...,an, € Rare such that Z?:l «o; = 1. Note that in contrast to convex combinations, the terms
«; can be negative. For example, if Q contains two distinct points, then aff () must contain the line
through them.

Lemma B.2. Let (V,(-,-)) be a finite dimensional inner product space, let 2 C V be convex and
closed, and let ¢ : ) — R be a continuous strictly convex function. Let Q) be a convex set satisfying
ri(2) C Q C Q on which ¢ is differentiable (see Remark lBi]for the definition of ri(QY)). Define the
Bregman divergence D : ) x Q=R by

Disla,b) = ¢la) - 6(b) — (a — b, Vo (b)).
Let (2, F, ) be a probability space and let X : £ — Q C V be a random vector such that
1. E,||X|| < oo and E,[X] € Q,
2. E [Dy(X,E,[X])] < oc.
Then it holds that
(a) E,|X] is the unique minimizer of y — E,[Dy(X,y)] over Q.
(b) Eu[Dy(X,y)] = Dy(EL[X], y) + Eu[Dy(X,EL[X])], forall y € Q.

(¢) Dy(z,y) =0 <= x=yand Dy(z,y) > 0ifz #vy, overz € Qandy € (.

Proof. Property (c) is the first order characterization of strict convexity of ¢ at any point y where ¢
is differentiable, as seen in Equation (3.3) in Boyd & Vandenberghe|(2004); see also Property 1 in
Appendix A of Banerjee et al.|(2005).

For (b), first note that both y and E,,[X] lie in Q, so V¢ exists at both points. A computation gives

Dy(z,y) = Dy(2,y) = ¢(x) — ¢(2) — (x — 2, Vé(y))
= Dy(,2) = (x = 2, Vo(y) — Vo(2)).
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Setting z = [E,,[X] and taking expectations,
Ey.[Dg(X,y) — Dy(Eu[X],y)] = Eu[Dy (X, Eu[X]) — (X — E,[X], VO(EL[X]) — Vo(y))]
=B, [Dy(X, Eu[X])] — (Eu[X — Eu[X]], VO(E,[X]) — Vo(y))
—_———

=0
= E,[Dy(X,E,[X])].

Noting that Dy (E,[X],y) < co and E,[Dy(X,E,[X])] < oo, we can conclude (b). Finally, (a)
follows from (c) and (b). O]

Remark B.3. When Q = Q, condition 1 reduces to E, | X|| < oo, since E,[X] € Q is automatic:
Q is convex and closed, and E,,[X] is the limit of convex combinations in (.

Corollary B4. Fori=1,..., N, let Q; C V; be closed and convex and let ¢; : 2; — R be strictly
convex and continuous, differentiable on QZ where 1i(€);) C ﬁi C Q;. Define V = @5\;1 Vi,
Q= Hfil Q, Q= Hf\;1 Q;, and ®(x) = 21111 ¢i(z*). Then ® is strictly convex and continuous
on Q, differentiable on Q, and 1i(Q) = vazl ri(Q;) € Q C Q. In particular, Lemmaapplies to

Dg : Q x Q — R, and the separable decomposition D (y, z) = Zi\; Dy, (y*, %) holds.

Proof. Strict convexity, continuity, and differentiability of ® on the respective domains follow from
the corresponding properties of each ¢;. The inclusion ri(€2) C € follows from ri([[, ) =
[L,xi(%) € 11, Q; = Q. The separable decomposition is a direct computation using Vo(x) =
(Vor(zh), ..., Von(aV)). [

C EXAMPLES OF BREGMAN DIVERGENCES

Here, we present several examples of Bregman divergences, e.g., as in [Holderrieth et al.| (2025) and
Lipman et al.| (2024)).

Example C.1 (Time-Scaled Bregman Divergence). Let ¢; : £2; — R be a strictly convex differen-
tiable function from the closed convex set {2, C V; where (V4, (-, -)¢) is an inner product space. Let
w(t) > 0 and consider the mapping ¢, (z) = w(t)¢$.(x). Under these conditions,

Dy, (y, ) = Yu(y) — Ye(z) — (y — z, Vipe(2))
= w(t)(6u(y) = 61(2) — (y — 2, Ven(x))
= ’LU(t)D@ (y,x)

The above shows that w(t)Dy, (y, x) defines a Bregman divergence for each ¢ € [0, 1]. A critical
example is when w(t) = C > 0, some positive constant, which in particular shows that a Bregman
divergence rescaled by a positive constant is still a Bregman divergence.

Example C.2 (MSE). Let ¢nsE RN — R be the strictly convex and differentiable function

ouse () = ||z]|2 = I, &, using superscripts for components. Then the Bregman divergence
associated to ¢\sg is given by

Dyse(y, ) = ¢pmse(y) — dmse(x) — (¥ — =, Vouse(w))
N
= Z(yiyi —z'z’ =2y’ —2')(a")) = |ly — =|*.
i—1

Example C.3 (Separable Bregman Divergences). Let ¢; : {2; — R be strictly convex and differ-
entiable functions for ¢ = 1,..., N. Suppose further that 2; C Vj is convex and closed, where

(Vi, (-, -):) is an inner product space. Consider V' = @ZI\LI Viand = Hfil ;, and let the inner
product on V be given by (y, z) = vazl (y*, x%);, using superscripts to denote the i’th-coordinate.

Notice that €2 is convex and closed, and define @ : @ — R by ®(z) = Zfil ¢i(x?). Then ®
is strictly convex and differentiable. This gives rise to a separable Bregman divergence, where
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Dy, ,...,Dg, act separately on each of the N-components:

Da(y,2) = ®(y) — ®(z) - (y — 2, V(2))

Dy, (y',2").

|
2

-

) = dila)) = (' ', Vei(a): )

1

-
Il

I
.MZ

=1

Remark C.4. In Example each component can independently have its own ﬁi, and by Corol-
lary the product Q= Hil ﬁz again satisfies the hypotheses of Lemma This is useful in
practice: for instance, a loss combining MSE on one component (where f\lz = Q; = R) with Binary
Cross Entropy on another (where Q; = ri([0,1]) = (0,1)).

Remark C.5. In the next two examples, we show two Bregman divergences up to a constant in the
vy, i.e. the left slot, since the model is passed to the right slot. We consider Bregman divences

as mappings D : Q X Q — R with Q = ri(Q) in these examples, as discussed in Section 4.2 and
Lemma[B.2]

Example C.6 (Poisson-Style Bregman). Let ¢poiss : [0,00) — R be given by
xlogx if z € (0,00),

Ppoiss(2) = {0 it @=0.

A computation shows that ¢ is strictly convex and continuous on [0,00) and differentiable on

ri([0, 00)) = (0, 00). Its associated Bregman divergence is Dpoiss : [0, 00) X (0,00) — R,
Dpoiss(y, #) = ylogy — zlogz — (y — x)(1 +logz) = = —ylogx + f(y),

where f(y) = ylogy — y is a function only of y.

Example C.7 (Binary Cross Entropy). Let ¢pcrk : [0, 1] — R be given by

bpon(z) = zlogz 4+ (1 —z)log(l —x) if =z € (0,1)
BEEX 70 if ze{0,1}.
Then ¢ is strictly convex and continuous on [0, 1] and differentiable on ri([0,1]) = (0,1). Its

associated Bregman divergence is Dpcg : [0,1] x (0,1) — R,

DBCE(ya IE) = DPoiss(ya l‘) + DPois.s(1 - Y, 1- SC)
= —[ylogz + (1 — y)log(1 — x)] + g(v),
where g(y) = ylog(y) + (1 — y) log(1 — y).

D REGULARITY CONDITIONS INHERITED FROM GENERATOR MATCHING

We repeat a few basic definitions from Generator Matching (GM) (Holderrieth et al., 2025) and their
regularity conditions. The infinitesimal generator £; of a process X; acts on a test function f € T,
fort € [0,1), via

d

Lf@) = | (BUXem)lX, =a]),
h=0

and analogously, the conditional infinitesimal generator £; of a conditional Markov process X is
defined for each z € Z and ¢ € [0, 1) by

Cir) = | (RO = ).
h=0

Also following GM, we denote

(s f) o= B f(2)] = / F(@)u(dz)

13
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for the duality pairing between a Borel probability measure 1 on our state space .S (assumed to be
a Polish metric space) and a test function f € T C Cy(S), denoting Cp(.S) for the functions that
vanish at infinity. That is, f € Cy(.59) if for all € > 0 there is a compact K such that | f(x)| < ¢ for
all z € S\ K. In accordance with GM Section A.2., we make the following regularity assumptions:

1. The Markov process (X;)o<t<1 associated to L, is Feller, in the sense defined in GM
Appendix A.1.2. In particular, we require that £, f € Cy(S) forall f € T and t € [0, 1).

2. In each time interval [s, t], the expected number of discontinuities of v — X, is finite.

3. There is a dense subspace 7 C Cy(5) satisfying i) 7 C dom(L;) for all ¢ € [0,1), and
ii) the function ¢ — L, f is continuous on [0, 1) for any f € T. Moreover, two probability
distributions 11 and po are equal if and only if E,,, [f(2)] = Ez~p,[f(2)] holds for all
feT.

4. Any probability path (p;)o<¢<1 satisfies that ¢ — (p;, f) is continuous in ¢ forall f € T.
5. KFE Uniqueness: If (p;)o<i<1 is a probability path on S and X, is the Markov process
associated to £;, then
Xo~po and Oy (p:, f) = (ps, Lof) forallt € [0,1) = X; ~p; forallt € [0,1].

Remark D.1. We require the GM regularity conditions to hold for the model-parametrized gen-
erator LY as well. In practice, on compact state spaces — which covers all cases of practical
interest, since one can always restrict to a sufficiently large compact subset of R — the condition
LY f € Cy(S) reduces to LY f being continuous, which holds whenever F{(z) is continuous, as is
the case for standard neural network architectures. For uniqueness of the KFE, we direct the reader
to the discussion in Generator Matching (Holderrieth et al.| 2025), Appendix A.2.

Remark D.2. Note that AssumptionE] requires the KFE only on [0, 1), since the infinitesimal gener-
ator is not defined at the terminal time t = 1. The conclusion nonetheless extends tot = 1 by weak
continuity, as shown in the following lemma.

Lemma D.3. Let (p;)o<i<1 and (q;)o<i<1 be probability paths on S such that t — (p;, f) and
t — {qq, f) are both continuous on [0, 1] forall f € T. If pr = qi forall t € [0, 1), then p1 = q.

Proof. For any f € T, by continuity we have
<p17f> = lggl<pt7f> = 11511%111<Qt7f> = <Q17f>

Since T separates probability distributions by Assumption 3] it follows that p; = ¢;. O

Remark D.4. In particular, Lemma|D.3|together with AssumptionH justifies the extension to t = 1
in Assumption[3} if the KFE holds on [0, 1) and uniquely determines the law of X, on [0,1) (so that
Xy ~ pyfort € [0,1)), then since both t — (p¢, f) and t — (law(Xy), f) are continuous on [0, 1]
(the former by Assumption[d) and the latter by the Feller property), Lemma|D.3) gives X1 ~ p1.

Theorem D.5. Under the GM regularity assumptions found above, for every f € T the map t —
(pe, Lt f) is continuous on [0, 1).

Proof. First we show that ¢ — (p,, g) is continuous for all g € Cy(S). By Assumption 3] there is a
sequence (g, )52, C 7T such that ||g,, — g||cc — 0 as n — o0, and we see that

/ (0n(2) — 9(@)p(d)] < llgn — glloo

— 0, asn — oo.

sup |(pt, gn) — (Pt,9)| = sup
te[0,1] tel0,1]

This shows that t — (p:, g,,) converges uniformly to ¢ — (p¢, g). Since t — (p;, gp,) is continuous
for all n € N and continuity is preserved by uniform limits, we have that ¢ — (p;, g) is continuous
for any fixed g € Cy(S). Now fix f € T and let¢,, — ¢ in [0, 1). Using the triangle inequality, we
can bound

(e, Lo, [) — 0 Lo )| = [0, Lo | — Lo f + Lif) — (pe, Lo.f))]

\
[Pt Lo f = Lif) + (pr, — e, Lif)]
|(pt,s Lo, [ — L)+ [P, — 0, Lo S)]-

IN

14



Published as a paper at the 2nd DeL.Ta Workshop, ICLR 2026

Now, we have that L, f — L f as n — oo by Assumption 3] so that
(Pt Lo f = L) <L, f = Liflloo = 0, asn — o0,
Moreover, for all f € T itholds £, f € Cy(S) since X; is Feller by Assumption so we have that

[t — Pt L) = (Dt Lof) — (pe, Lef)] = 0, asn — o0
since we showed the map ¢t — (p;,g) was continuous for all g € Cy(S) (which implies that
(pt,,9) — (pt,9) if t,, — ¢t and g € T). Combining the above, we get

limsup |(pe, . L1, f) = (prs Lof)| < limsup (pe, s Lo, = Lef)|+1(pr, = prs £af)]) =0
n—00 n—00

so that
Jim (pe,,, Lo, ) = (pe; L1.f)
and we can conclude that ¢ — (p;, £, f) is continuous on [0, 1). O

E REGULARITY CONDITIONS FOR LINEAR PARAMETRIZATIONS OF
CONDITIONAL GENERATORS

Lemma E.1. Forall timest € [0,1) and all x € S, let dim V} ,, < 0o and let
Lif(x) = Kok Ff(2)v,.

be a linear parametrization of L. Then, whenever Ez..,, . (dz|x) |EZ (x)|]v, , < oo, we have

EZmpy (o) (K fs FE (@), ] = (Kta f Bzmpy, (dzio) [FE (@), -

Proof. Let (eﬁ"'”)iv:tf be an orthonormal basis for V; ,, — such a basis can be obtained by the Gram-
Schmidt algorithm. Then writing v* := (v, el’")y, , and w’ := (w, e"” )Vi..» We have:

1€
(00w, = (T e, Tl we)
= S viel”, S wiel)
= S o W el )
= N ot N wis
= vatlx v'w'.
E:lr(ljcs)te (Kiof)i = (Ko foe2")v, ., and similarly denote (FZ (z)); := (F#(x),e"")v, .. Then, it

Ntz Ntz
Kiof = (Kiaf)ie;™ and  Fl(z) =) (F/(x))e;".
i=1 i=1
By the Cauchy-Schwarz inequality, we can bound
(FZ(@)il < IFZ @) - lleg ™| = 1 EZ ()] < oo,
The V; ,-valued expectation is defined by taking the expectation along the components
Nt x
]EZNpZ“(dz\z) ZEZ"‘PZ|t(dZ|I [(F ( ))Z] t:v.

In particular, we have

EZmpzo(azle) FE ()i = (B zmpyyyaste) [FE (@), €77) = Bzmpy, (@l [(FY (2))4]
and we therefore obtain

E[(Kue f, FE (@))via] = Bzepyy (st it (Kuw f)i - (FZ (2))i]
= S (Kt )i 2y (sl [FE (23]
= S (Kiw B Zp (sl [FE ()]
= (Kt s Ezmpyy(azlo) [FE (@)])vi -
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F PROOFS

F.1 TIME DEPENDENT LOSS REWEIGHTING

F.1.1 PROOF OF LEMMA [£.3]

Proof. Let K := f[o 1 w(t) D(dt) = Eyup|w(t)]. We first show K > 0and D > . Fix A C [0, 1]

with A(4) > 0. Since w > 0 for A-almost every ¢, we have A(A N {w > 0}) = A(A) > 0, and
hence D(A N {w > 0}) > 0since D > X. Writing AN {w > 0} = U~ An{w >n"'} and

using continuity of measure from below, there exists ng € N such that D(A N {w > ng >0,
and therefore

/ w(®) D(dt) > ng ' D(AN {w > ng'}) > 0.

Taking A = [0,1] gives K € (0,00), and D(A) = K~' [, wdD > 0 whenever A(A) > 0, so
D > ). The expectation identity follows directly from the definition:

E, 5l/(t)] = / F(0)Bldt) = K / F(8) w(t) D(dt) = K Eyopluo(t) £ ().

F.2 PROOF OF THEOREM [4.7]

Proof. Since D > X and w(t) > 0 for A\-almost every ¢t € [0, 1], we use Lemma to obtain
D > ) and a constant K > 0 such that
Ly (8) = E¢op, X, mpy (o) [W0(8) D x, (B (Xe), FY (X4))]
= En[w(t)Ex,~p, (ax) Dt x, (Fi(Xy), F (X0))]
=K' B, _5[Ex, mp, () [De.x, (Fi(X0), FY (X))

=K. BB, x,mpy (dry Pt (F1 (X)), F(X1))).

Since rescaling the loss by a positive constant factor simply corresponds to a different choice of
Bregman divergence (cf. Example , it therefore suffices to only consider the case w(t) = 1 and
D > ) in the proof going forward.

Suppose that Lgp,(6) = 0. Foreach t € [0,1) and f € 7T, consider the set £, := {z € S :
L9f(x) = Lf(x)}, and let A C [0, 1) be the set of all ¢ € [0, 1) such that p;(S \ E;) = 0.

Since Bregman divergences are non-negative, Ly, (6) = 0 forces
Dy x, (Fi(Xy), FY(X1)) = 0

to hold p;-almost surely for D-almost every ¢ € [0, 1], and thus A-almost every ¢t € [0, 1] since
D > \. By Lemma[B.2]c),

Dio(Fi(z), Ff (2)) =0 <= Fy(z) = F{(x),

and therefore £? f(X;) = L; f(X¢) holds p;-almost surely for A-almost every ¢ € [0, 1), from which
it follows that A(A) = 1. Now consider hf : [0,1) — R, defined by

B () = (pe L) = (pe, Lof).
Then, for every t € A we have

Wo(t) = (pes £0F — Lof) = /S L0 (2) — Lof (@)]pe(de)
- /E £ () — Lof (2)lpr(de) + / L0 F(2) — Lof (@)]po(d)

S\E,
= ()7
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where in the last equality, we have used that £ f(x) — £;f(z) = 0 for all z € E; and that p,(S \
Et) =0.

By the argument of Theorem applied to £; and LY, both ¢ — (py, L, f) and t +— (p;, LY f) are
continuous on [0, 1), and hence h?(t) is continuous on [0, 1). Since hfc(t) = 0 for A-almost every

t € [0,1), it follows that h(t) = 0 for all £ € [0, 1) by continuity.
This implies that for all ¢ € [0, 1), the KFE holds

(Dt Eff> = (pt, Li.f)
= 6t<pt7 f>

which by Assumptionimplies that X¢ ~ p;(dz) forall ¢t € [0,1]. O

F.3 GENERATOR MATCHING
F.3.1 PROOF OF THEOREM [£.10]
Proof. We have
O (pr(da), f(2)) = Ex,mpy(da), Zopz(dela) [LF F(X0)]
= ExX,~pe(dn)Ezop ) (aelo) (Ko x, fr FE(X))vx,]
= Ex,opo(an) (Kt X, fr Bz, (ax1) FE (X)) x, ]

= <pt(d95), <ICt7mf7 ]EZNpZ”(dz\x)FtZ(x) >V >,

=:F(x)

where we have used Lemma[E-T]in the third equality, possible by Assumption|[T]in Section[4.1] This
shows that

Lif(z) = (Kiof(@), Fe(2))vi.
solves the KFE for p; on [0, 1). O

F.3.2 PROOF OF THEOREM 4. 111

Proof. By the remarks in the beginning of the proof of Theorem 4.7} it suffices to consider when
w(t) = 1and D > A, since the reweighting of the loss by w(t¢) merely corresponds to an alternative

time distribution D > X with a rescaled choice of Bregman divergence. Now, note that by the
second integrability condition in Section[#.2] it follows that

EZmpyyazixo) [De.x, (FZ (Xp), Fo(Xy))] < 00

holds p;-almost surely for D-almost every ¢ € [0, 1]. Therefore, we may use Lemmab) to obtain
that

EZmpyi(az1x0) [Dr.x, (FZ (X1), FY (X0))] = Dix, (Fe(Xo), FY (X0) 4Bz, (az1x0) [De.x, (FF (X)), Fi(X3)).
holds p;-almost surely for D-almost every ¢ € [0, 1]. Now, we can write
oD, Xomps (do), Zop 21001 X0 [P x, (F7 (Xo), FY (X))

= By X,mpa) Bz a0 (Do (FE (X0), F (X))

= Etp, X, mpy (da) {Dt,xt (Fo(X0), Y (X0)) + Bz, (el Do x, (B (X2), Fi(X0))

=Eip, X, mope () [Pt x, (F2(Xe), FY (X)) + EtnD X, ~py (dx), Zrop 0 (dz] X0) [ Dt X, (FZ(Xy), Fo(Xy))]

const.

from which the result follows. ]
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F.3.3 PROOF OF THEOREM (4.22]
Proof. Note that

LRAEALD! [Za(t)ut('vﬂl’t,%)] = a(t)us(-|zt).

The proof then runs analogously to that of Theorem .1} Using Lemma [B22[b) in the second
equality, and the integrability assumptions (a) and (b) to ensure well-posedness, we have

EtnD,ar. 2 pi(0,2) (W) Dea, (2, althus (- 2le, 20), b(t)uf ()]
= Et""Dﬂ:t"‘Pt I:w<t)]EZtht(zt‘1t) [Dt@t (Zz a(t)Ut(', ZlZCt, Zt), b<t)u?(|xt))]:|

= B imope |0(8) Do, (@) (f22), (L) (1)
+ Eeyopy o) [008) D (2, altue 2o, ), b(EueCfa))] |

= Bt 2y oy [W(E) Dy, (a(t)uig (- ), b(E)uf (+]a1))]
Bt zimopr,zemopy (2o |20) (W () D, (O, a(t)ue (-, 2|ty 20), a(t)ug(+[2))]

const.
from which the result follows. O

F.4 SuUMS OF LINEAR PARAMETRIZATIONS

F.4.1 PROOF OF THEOREM (4,12

Proof. We rewrite the sum of linear parametrizations as a single linear parametrization, and then we
take our Bregman divergence to be separable.

Define Vi, = @'y Vi, and Q. = [ Q% . Then we set F(z) := (Fi(z)Ny e Q.
Letv = (v},...,oM) and w = (w?, ..., w™Nt=) be elements of V; ... An inner product on V; ,; is
given by
Ni o
(v, w>‘/t,:l; = Z (v' wz>Vimv
i—1
and the map K . f = (K{ .f,..., ICQI .~ f)1is alinear operator from 7 to V; ;. A linear parametriza-

tion of the generator L, is therefore given by
Lif(x) = (Kiaf, Fe(2))vi..-
Consider the separable Bregman divergence D; ; : Q; ; X ﬁt’m — R acting on each component by
way of an individual Bregman divergence Dj , : Q} , x ﬁ;x — R, so that
Ntz
Dia(y,x) = > Di (v, a").
i=1

By Corollary Lemma applies to Dy , over {2 5 X ﬁt,x, from which the result follows. [

F.5 FLOW MATCHING X; PREDICTION

F.5.1 PROOF OF THEOREM [4.13]

Proof. We write the infinitesimal generator corresponding to the affine conditional vector field as
LY f(x) =V (@) (Arzz1 + big)

= (AL, VI (), 2)rn + (b7, V f (@), De.
The above is a sum of linear parametrizations as in Section[#.5] The model parametrization can be
written

LY f(x) = V(@) (Aed](t,x) + bya)

= <At7:mvf(x)7‘@§(t7$)>]1§" + <b£$Vf(SL‘), 1>R’
from which the CGM loss follows by Theorem #.12] O
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F.6 DIFFUSION MODELS AND zo-PREDICTION
F.6.1 PROOF OF THEOREM (4.17]

Proof. We write and linearly parametrize the conditional generator as follows:
z T 0—1%
£i f(@) = V() LV, log pi(o]2)

of
= <7Vf(ac)7 Ve logpt(l’|2)>]Rn.

Since V; logpi(x|zo) = At 2o + be s is affine in xg, the argument proceeds analogously to the
flow matching case (Theorem[.T3)), yielding the stated CGM loss.

F.7 RESCALING TIME-DEPENDENT CONSTANTS OUT OF JUMP MODELS

F.7.1 PROOF OF THEOREM [4. 18]

Proof. We define
Ni o

)\total(tax):/Qt(dy; th,y Rfj x)
S

foreachx € Sandt € [0, 1), and we require that )\total(t, x) < oo. The associated process X; can
be described by:

X X with probability 1 — AtAiotal(t, ) + o(At)
FPAE T\~ Ji(dy;z)  with probability  AtAorar (£, 7) + 0(Ab),

where in the above, the distribution J; (dy; x) is the normalized jump distribution:

Nt.m

Qi(dy; ) 1 Z he,j(x)Re,j(2)0r, ;) (dy)

Ji(dy; x) = -
t( y,l’) )\tota1<t7x) )\tOtal(t7x) j=1

having infinitesimal generator

Nt,m

Lof(z) = / (F) — F@)Quldyiz) = 3 (F(Tuy @) — F@))he s (2)Ros(a).

=1
Write Ry (z) = (R ;(z ))Nf . A time and state dependent linear parametrization of the generator is

given by
Lif(x) = (Kif(2), Re(2))v,
where V; ,, = RNt= is equipped with the inner product

Niw

= Z Ry j(z)viw?
j=1

and the linear map Ky, : 7 — RYVtw sends Ky, f = (f(Tyi(2)) — f(x))fvztf

For latent z € Z we specify a conditional atomic time-dependent jump kernel through conditional
rate multipliers 1} ;():

NtT

Q; (dy; ) Z ha i (2)0r, , () (dy),

Ni o
7 is Motal(ts @) 1= 32700 by j(2)Rf ;(x) and on the
marginal rates R, ;(z) and Aota1 (¢, ). In particular, we have

making the same assumptions on hy ;(x), R}

Atotal(x) = EZszp,(dZII) [)‘iotal(ta 33)] < Q.
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Using the elementary inequality Y, a? < (> ,a;)* for a; > 0, we can show that
EZszh(dZIZE)||RtZ('r)HVt,z < 00, since

N¢ 1/2 Ntz
175 (@)lv. . = Z hij(x Rt] ) < Z hm(x)Rij(x)
j=1

< Ct,x)“fotal (t7 I)
where C; , = max;{Ip, ;(z)>0 " I j (x)~'/2} is independent of z, so it follows that

Ezmp i (dzla) | BE (@) Vi < CtoBzmpy,(dzla) Motal (7)) < 00,

This satisfies the condition for Lemma [E.1] so the stated CGM loss is valid under the conditions in
Section In particular, the hazard rates h, ;(x) are not present in the loss, so the loss can be taken

directly against X;-predictions (e.g., in DFM, the posterior @] (z¢|X})). O
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