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Abstract

Understanding causal relations between tem-
poral variables is a central challenge in time
series analysis, particularly when the full
causal structure is unknown. Even when the
full causal structure cannot be fully spec-
ified, experts often succeed in providing a
high-level abstraction of the causal graph,
known as a summary causal graph, which
captures the main causal relations between
different time series while abstracting away
micro-level details. In this work, we present
conditions that guarantee the orientability of
micro-level edges between temporal variables
given the background knowledge encoded in a
summary causal graph and assuming having
access to a faithful and causally sufficient dis-
tribution with respect to the true unknown
graph. Our results provide theoretical guar-
antees for edge orientation at the micro-level,
even in the presence of cycles or bidirected
edges at the macro-level. These findings of-
fer practical guidance for leveraging SCGs to
inform causal discovery in complex tempo-
ral systems and highlight the value of incor-
porating expert knowledge to improve causal
inference from observational time series data.

1 INTRODUCTION

Time series data arise in a wide range of domains, in-
cluding epidemiology, intensive care units (ICU) mon-
itoring, econometrics, neuroscience, and information
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technology systems. In these settings, understand-
ing the underlying causal structure is crucial: it en-
ables predictions under interventions, guides decision-
making, and supports robust explanations of observed
dynamics. For example, determining whether an ob-
served association between two physiological signals in
the ICU reflects a genuine causal influence or merely
a common response to another process can directly af-
fect patient management. Similarly, in epidemiology,
orienting the causal relations between incidence rates,
and behavioral factors is key to forecasting and policy
design.

Directed acyclic graphs (DAGs) provide a powerful
framework [Pearl, 2009] for representing causal rela-
tions. In the context of time-indexed systems [Pe-
ters et al., 2013, Runge et al., 2019, Runge, 2020],
such graphs are commonly referred to as full-time
DAGs (FT-DAGs), where each node corresponds to
a time-indexed variable. In many applications, how-
ever, an FT-DAG cannot be specified directly from
background knowledge [Ait-Bachir et al., 2023]. As
a result, researchers often rely either on abstractions
of the underlying FT-DAG, such as summary causal
graphs (SCGs) [Assaad et al., 2023, 2024, Ferreira
and Assaad, 2024] where each node corresponds to
an entire time series, or on causal discovery algo-
rithms that recover partially oriented structures such
as full time completed partially directed acyclic graphs
(FT-CPDAGS) [Spirtes et al., 2001, Chickering, 2002].
Each of these two representations (SCG and FT-
CPDAG) provides partial but complementary infor-
mation about the underlying causal structure.

Since both SCGs and FT-CPDAGs contain less infor-
mation than the true FT-DAG, it is natural to seek a
representation that integrates their strengths. A nat-
ural candidate is the maximally oriented partially di-
rected acyclic graph (FT-MPDAG) [Perkovic, 2020],
which retains all orientations guaranteed either by dis-
covery algorithms or by the background knowledge en-
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coded in the SCG, thereby bringing the representation
as close as possible to the FT-DAG. However, relying
on causal discovery algorithms comes at a cost: they
are computationally demanding and require strong as-
sumptions, such as faithfulness and causal sufficiency.
This motivates a fundamental question: can we deter-
mine in advance—Dbefore running the causal discovery
algorithm—whether a specific edge is guaranteed to
be oriented, given the SCG and the available back-
ground knowledge? Answering this question allows
researchers to focus discovery efforts where they are
most informative.

This paper investigates the conditions under which
causal relations in time series, particularly instanta-
neous ones, can be oriented by combining information
from SCGs with independence constraints extracted
from data. Furthermore it discusses the implications
of these results on causal reasoning and causal discov-
ery.

The remainder of the paper is organized as follows.
Section 2 introduces the necessary background and re-
lated concepts. Section 3 presents our main theoret-
ical contributions. Section 4 presents the direct im-
plications these results on causal reasoning. Finally,
Section 5 concludes with a discussion and outlines di-
rections for future work.

2 BACKGROUND

We consider multivariate time series V evolving ac-
cording to an unknown discrete-time dynamic struc-
tural causal model (DT-DSCM) [Peters et al., 2013,
Runge, 2020, Gerhardus and Runge, 2020, Ferreira and
Assaad, 2025], observed from an initial time ¢, up to
a final time tpay, e, VY € V, YV, = f¥ (X, LY"),
where X represents the observed direct causes of Y;
in V and LY a latent noise term for Y;. The DT-
DSCM governs the temporal and causal dependencies
among the variables in V. It respects the temporal
priority between causes and effects, ensuring that a
variable X; € V cannot influence a variable Y;_, with
¢ > 0, while allowing for instantaneous relations, so
that X; may directly affect Y;. The DT-DSCM in-
duces a full time! directed acyclic graph (FT-DAG)
G = (V,E) with vertices V and edges E. In G, a par-
ent of ¥; € Visany Xy € Vst. Xy — Y; is in
E. The set of neighbors of Y; is denoted Ne(Y:, G)
and the set of parents of Y; is denoted Pa(Y;,G). A
node Y; in G is considered a collider on a path p if
there exists a subpath Z;» — Xy < Y; within p. In

!The FT-DAG is a DAG; we add the prefix "FT” to
emphasize that it represents the full-time structure of the
dynamic causal model, capturing all temporal and instan-
taneous dependencies across the observed time series.

this context, we will interchangeably refer to the triple
Zyn — Xy < Yy and the node Xy as the collider. Fur-
thermore, Z;» — Xy « Y; is termed an unshielded
collider if Z;» and Y; are not adjacent.

The DT-DSCM also induces a distribution compat-
ible with G according to the causal Markov condi-
tion [Spirtes et al., 2001].

Definition 1 (Causal Markov condition, Spirtes et al.
[2001]). Consider an FT-DAG G compatible with a dis-
tribution P. For any variable Y; € V, Y; is indepen-
dent in P of its non-descendant conditional on its par-
ents in G.

In many applications, the FT-DAG cannot be fully
specified from background knowledge [Assaad et al.,
2023, Ait-Bachir et al., 2023]. Therefore, researchers
in different fields focus on specifying based on back-
ground knowledge a summary causal graph, which is a
summary of the FT-DAG where each vertex represent
a time series.

Definition 2 (Summary Causal Graph (SCG), As-
saad et al. [2024]). Consider an FT-DAG G = (V,E).
The summary causal graph (SCG) G° = (S,E®) com-
patible with G is defined in the following way:

[ SCZ{SYWSY:{YtO,"',Yt }EV},

max

o 5 = {Sx — SylVSx,Sy € S, I < t €
[thtmaac] s.t. Xy =Y, € E}

All graphical notions introduced for FT-DAGs, such as
kinship and paths, are also applicable to SCGs. Then,
as in an FT-DAG, a node S7 is a collider between Sx
and Sy if it is their common child. Since the SCG can
contains bidirected edges, we emphasize that configu-
rations such as Sx & Sz = Sy or Sx — Sz = Sy are
colliders. However, unlike FT-DAGs, SCGs can con-
tain cycles of various sizes. We denote the special case
of cycles which involve only one vertex in the SCG as
self-loops.

Definition 3 (Self-loop). Let G° = (S, E®) be an SCG
and Sx € S a variable. We say that G° contains a
self-loop on Sx if (Sx, Sx) € E°.

Many different FT-DAGs can be compatible with the
same SCG. Examples of an SCG together with two of
its compatible FT-DAGs are shown in Figure 1. We
denote the set of all FT-DAGs compatible with a given
SCG G® as compatible(G®).

SCGs can be very useful in many applications but they
contain less information than the FT-DAG therefore it
is not surprising that the set of causal effects identifi-
able from an SCG or from an FT-CPDAG is generally
smaller than the set identifiable from FT-DAG [Assaad
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) SCG G°. ) FT-DAG G;. ) FT-DAG Go.

Figure 1: An SCG G* and two FT-DAGs G1,G €
compatible(G®): The blue edge is oriented differently
in the two FT-DAGs.

et al., 2024, Ferreira and Assaad, 2024]. This difficulty
in SCG arises because of cycles.

Therefore, in contexts where it needed to acquire more
information than the ones provided by the SCG, e.g.we
would like to know if X; — Y3, it can be useful to apply
causal discovery algorithms to obtain a representation
closer to the underlying DAG. However, using causal
discovery algorithms comes with a cost. Causal dis-
covery algorithms can be computationally expensive,
and they require additional assumptions. In this pa-
per, we focus on algorithms that require the following
three assumptions.

Assumption 1 (Causal sufficiency, Spirtes et al.
[2001]). All noise terms in the DT-DSCM are mutu-
ally independent and each moise term can affect only
one observed variable.

Assumption 2 (Faithfulness, Spirtes et al. [2001]).
All conditional independencies in the distribution are
entails by the causal Markov condition.

Assumption 3 (Stationarity). For any two temporal
variables Y; and Yy belonging to the same time series
in a DT-DSCM, we have fYt = fY+. In contrast, this
equality does not necessarily hold for temporal vari-
ables Y; and Xy coming from two different time series
in the DT-DSCM.

Assumption 3 implies that, in an FT-DAG induced
by a stationary DT-DSCM, if an edge Xy — Y; ex-
ists, then all edges Xy _y — Y;_, also exist for every
£ >0 (st. ¢ — ¢ and ¢t — ¢ remain within the inter-
val [to, tmax]). Consequently, FT-DAGs can be repre-
sented by focusing on a time window ranging from the
variables at time ¢ to the variables at time t — yyax,
where vmax denotes the maximal lag for which a causal
link exists between a variable at that lag and . In the
following examples, we set Ymax = 1 to simplify the
FT-DAGs, although larger values are possible. To em-
phasize that we only depict a fragment of the FT-DAG
rather than the complete graph, we always add “...”
to indicate that, due to stationarity, the FT-DAG ex-
tends both into the past and the future beyond the dis-

played window of the FT-DAG. It is possible to relax
the stationarity assumption by using independent en-
sembles of time series realizations (i.e., multiple multi-
variate time series). However, in this paper, we mainly
focus on the case where only a single realization of the
multivariate time series is available, which makes As-
sumption 3 necessary. A weaker form of stationarity
that accommodates multiple realizations is discussed
in Section 5.

Under Assumptions 1, 2, and 3, the FT-DAG G can-
not be recovered; instead, one can guarantee identi-
fication of its FT-CPDAG [Chickering, 2002], which
represents the Markov equivalence class of all FT-
DAGs, denoted as M EC(G), sharing the same set of
conditional independencies [Verma and Pearl, 1990].
All DAGs in MEC(G) are characterized by the same
skeleton (i.e., the same unoriented graph over the vari-
ables) and the same unshielded colliders [Verma and
Pearl, 1990]. When additional background knowledge
is available, it becomes possible to orient more edges
beyond those oriented in the FT-CPDAG. The result-
ing graph, which augments the FT-CPDAG with these
orientations, is called a maximally oriented partially
directed acyclic graph (MPDAG) [Perkovic, 2020]. In
this paper, the only source of background knowledge
we assume is the information encoded in the summary
causal graph (SCG). Accordingly, we define the FT-
MPDAG? in terms of SCGs in the following.

Definition 4 (FT-MPDAG using SCG). Consider an
SCG G and Markov equivalence class MEC(G). A
full-time maximally oriented partially acyclic directed
graph (FT-MPDAG) C = (V,E') defined using G° and
MEC(G) is a graph with the same vertices as the orig-
inal FT-DAG, with edges defined as follows:

e E”:={Xy =Y, | VXu,Y, €V, if

- VG e MEC(G), Xy — Y; €G' or
— both the following holds:
x* 3G, G7 € MEC(G), st. X — Y €
G'andY — X € G7, and
* SxﬁSYGQS andSY%nggs},

e E- = {X, Y, | VXY, €V, if

- 364,67 € MEC(G), st. X — Y €
G andY — X € G and
— one of the following holds:
* SX*>SY€SCG andSY—)Sngs, or
* Sy — Sy € SCG and Sy — Sx € QS},

2While the cited literature refers to CPDAGs and
MPDAGs constructed from DAGs, we here use FT-
CPDAGs and FT-MPDAGSs to emphasize that they are
built from FT-DAGs and thus encode temporal structure;
this does not change their definitions or any results about
them.
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where B/ = E~ UE™.

As in the case of SCGs, all graphical notions intro-
duced for FT-DAGs, applies to FT-MPDAG. Under
Assumptions 1, 2 and 3, causal discovery algorithms
can recover the FT-MPDAG from observational data.
One of the most widely used algorithms is the PC al-
gorithm [Spirtes et al., 2001, Colombo and Maathuis,
2014], which can be naturally extended to time se-
ries. We refer to this temporal extension as tPC. Sev-
eral variants of tPC have been proposed in the liter-
ature [Spirtes et al., 2001, Runge et al., 2019, Runge,
2020, Assaad et al., 2022a, Bang and Didelez, 2023],
each offering different advantages. For clarity and fo-
cus, we restrict our attention to the simplest version,
which forms the foundation of these extensions. The
only modification we introduce is that we present tPC
explicitly in the presence of background knowledge
provided by the SCG.

The tPC algorithm proceeds as follows: It starts with a
fully connected unoriented graph. It orients all lagged
relations from past to present, and orients all instan-
taneous edges that can be directly resolved using the
SCG (i.e., if Sx — Sy but Sy 4 Sk, then X; — Y;
is oriented). Using conditional independence tests, it
prunes edges from the graph: an edge between X;, and
Y; is removed if there exists a conditioning set Z s.t.
Y; and Xy are statistically independent given Z. The
above step guarantees detecting the correct skeleton
of the graph. At this step, because of the temporal
lag orientations (i.e. Xy — Y; is oriented whenever
t' < t), the only edges which are unoriented are in-
stantaneous edges (between X; and Y; at the same in-
stant t). Then, for each unshielded triple Zy — X; — Y3,
it identifies an unshielded collider Z;; — X; < Y; if
the middle node X; does not belong to the separat-
ing set that rendered Y; and Z; statistically indepen-
dent. For clarity, we will refer to this rule as the UC-
Rule. Then, it iteratively applies Meek’s four orien-
tation rules [Meek, 1995] to orient as much as possible
the remaining unoriented edges. For clarity, in the fol-
lowing we only recall Rules 1 and 2 of Meek, which
will be useful for the remainder of the paper.

Meek-Rule 1: If Z;; — X; — Y; is unshielded, then
Zy — Xy = Y.

Meek-Rule 2: If there is a directed path from X; to
Y; and X; — Y;, then X; — Y.

Finally, a subtle background knowledge rule implied
by the SCG can be applied to all discovered FT-
MPDAGs. By definition, an edge Sx — Sy is present
in the SCG if and only if there exist ¢’ and ¢ s.t.
Xy — Y, in the FT-DAG. Hence, if there is a reman-
ing unoriented instantaneous edge X; — Y; at this step
and no other oriented edge from Xy to Yz, then by this

definition of the SCG (and stationarity) we must have
X; — Y;; otherwise, the edge Sx — Sy in the SCG
would be contradicted.

The FT-DAG and the FT-MPDAG are guaranteed to
share the same skeleton and the same unshielded col-
liders [Verma and Pearl, 1990], along with additional
edge orientations implied either by constrains from
conditional independencies or by background knowl-
edge. Moreover, as we mentionned, due to the tem-
poral priority of causes over their effects, all lagged
relations are oriented identically in both the FT-DAG
and the FT-MPDAG. By definition, the only edges
that may remain unoriented in the FT-MPDAG are
the instantaneous ones. So if the goal is to deter-
mine whether an edge such as X; 1 — Y; exists in
the underlying DAG, then applying these algorithms
is certainly worthwhile. However, when the question
concerns edges of the form X; — Y}, the situation
becomes less straightforward as after running causal
discovery, it is possible that the FT-MPDAG only in-
dicates an unoriented edge X; — Y;, leaving the causal
direction unresolved.

In this paper, we aim to characterize the orientations
of these instantaneous edges by exploiting the back-
ground knowledge provided by an SCG. To this end,
we introduce a simple operator that captures the sta-
tus of the causal orientation between two nodes in an
FT-DAG or in an FT-MPDAG:

Xtﬁift letg)Y*tGC,

Y, Xy Y, —= X
status(Xy, V€)= { A 1 0 t,e C,
if X; —Y;inC,

0 otherwise.

The central concept underlying our characterization is
the orientability of edges from an SCG.

Definition 5 (Orientability of an edge from SCGs and
faithful distributions compatible with an FT-DAG).
Let G° be an SCG, let G € compatible(G®), and let
P denote the set of faithful distributions compatible
with G. The direct relation between X; and Y, i.e.,
status(Xe, Y:; G), is said to be orientable from (G35, P)
if
VP eP, status(X:,Y;C) #1,

where C denotes the FT-MPDAG constructed from P
and GS.

Since there might exists many FT-DAGs compatible
with an SCG the set of distributions compatible with
an SCG is larger than the set of distributions compati-
ble with a DAG. Consequently, the standard definition
of orientability is not sufficient for our purposes. In
this paper, we assume that the underlying FT-DAG is
unknown, and thus we cannot classify a distribution as
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being compatible with any specific FT-DAG. Instead,
we must account for all distributions compatible with
the SCG. This distinction motivates the notion of s-
orientability.

Definition 6 (s-orientability of an edge from an SCG
and all compatible faithful distributions). Let G° be an
SCG, let G € compatible(G®), and let P* denote the set
of faithful distributions compatible with at least one
G € compatible(G®). The direct relation between X
and Yy, i.e., status(Xy, Yy; G), is said to be s-orientable
from (G5, P*) if for every G € compatible(G®) and
every set of distribution P C P* compatible with G,
status(Xy, Yi; G) is orientable from (G3,P), i.e.,
VP e P*, status(X:, Yy;C) # 1,

where C denotes the FT-MPDAG constructed from P
and GS.

We emphasize that we define s-orientability as s-
orientability from the pair (G3,P*) to highlight that
edge orientations can only be determined given a faith-
ful distribution compatible with G°. However, since
the set of faithful distributions compatible with any
FT-DAG compatible with G* depends solely on G5, s-
orientability is fundamentally a property of G° itself,
independent of any specific distribution. While we re-
tain the original notation to stress the role of faith-
fulness throughout the paper, one could equivalently
refer to it as s-orientability from G5 alone.

3 MAIN RESULTS

Starting from Definition 2, it is clear that an oriented
(non-bidirected) edge in the SCG is highly informa-
tive. Indeed, it indicates that any corresponding edge
in the FT-MPDAG is oriented in the same direction.
Thus, if an instantaneous edge exists between X; and
Y;, it is oriented consistently with the corresponding
macro-variables in the SCG. Lemma 1 formalizes this
intuitive result.

Lemma 1. Let G° be an SCG and P* the set of distri-
butions compatible with G5. Under Assumptions 1, 2
and 3, if Sx — Sy € G°, then VG € compatible(G®),
status(Xy, Ys; G) is s-orientable from (G5, P*).

Proof. Immediate consequence of Definition 4. O

We thus obtain that the only potentially unoriented
edges in the FT-MPDAG are instantaneous edges of
the form X; —Y;, whose associated macro-variables are
bidirected in the SCG, i.e., Sx &2 Sy. The following
lemma further reduces these cases by introducing a
condition on the self-loops of the macro-variables.

Lemma 2. Let G° be an SCG and P* the set of distri-
butions compatible with G°. Under Assumptions 1, 2
and 3, if Sx = Sy € G* and there is no self-loop
on both Sy and Sy simultaneously, then VG €
compatible(G®), status(Xy,Yy;G) is s-orientable from
(G°, 7).

Proof. If there is no edge between X; and Y; in G, then
no edge exists between them in C, since C shares the
same skeleton as G.

Suppose there is an edge between X; and Y; in C.
We show it must be oriented. First, assume there
are no self-loops. Since Sx = Sy € G5, there exist
ti,ta s.t. t — Ymax < t1,t2 < ¢, and Y;gl — Xy el
and X;, — Y; € C; and since C is acyclic, t1 < ¢
or to < t. Assume without loss of generality that
t;1 < t. Then, because of temporal ordering Y;, —
X; € C and (Y, X4, Y;) is an unshielded triple, since
Sy has no self-loop and thus Y;, and Y; are not ad-
jacent. This triple is either an unshielded collider
Y:, — X < Y;, which is oriented in C by UC-rule,
or a chain Y;, — X; — Y;, which is oriented in C by
Meek-Rule 1. Now, suppose there is a self-loop on one
of the nodes. Without loss of generality, let Sy have
a self-loop. Then, there exists t; < t s.t. Y, — Y,
in the FT-MPDAG. Two cases arise: (i) there is no
ta 8.6t — Ymax < to < t and X, — Y; so necessar-
ily X; — Y; to satisfy the SCG constraint Sx &= Sy,
which requires at least one edge between a time point
of { X4y, -+, Xt,..f and one of {Y;,,---, Y }; or (ii)
there exists t3 s.t. t — Ymax < t3 <t and X;, — Y; so
(Xts, Xt, Yy) forms an unshielded triplet (since Sx has
no self-loop), and the edge X;-Y; is oriented either by
Meek-Rule 1 if X; < Y; < Xy, or by the UC-rule if
Xt — }/t — Xt3. O

Figure 2 provides an intuitive visual illustration of
Lemma 2. The figures are separated into two cases:
one corresponds to an SCG G§ without any self-loop
(top) and one corresponds to an SCG G3 with a single
self-loop (bottom). In each case, the SCG is shown
alongside two examples of compatible FT-MPDAGs,
(Ci and C3 for the case without self-loop, C? and C3,
for the case with self-loop). In Ci, the edge between
X; and Y; is necessarily oriented according to Meek-
Rule 1, Y1 — Y; — X; (given that Y;—; — Y is
oriented by temporal order). In C3, the edge between
X; and Y; is oriented due to the unshielded collider
Y1 — X; < Y;. Note that this Meek rule and
the unshielded collider are applied because the triplet
(Yi—1, Xy, Y;) is always unshielded due to the absence
of self-loops. In C%, if the edge between X; and Y;
were oriented in the opposite direction, Y; < X, this
would contradict the SCG G°, as no edge would then
point from Sx to Sy. Therefore, the edge must be ori-
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Figure 2: Visual illustration of Lemma 2, with the top
FT-MPDAGS based on the top SCG G} (no self-loop)
and the bottom FT-MPDAGs based on the bottom
SCG G5 (with a self-loop). Red illustrates the edges
used to orient the edge X; — Y%, blue is the repetition
of this edge by stationarity.

ented as X; — Y; in all compatible DAGs and hence
in the FT-MPDAG. In C3, the situation is more simi-
lar to the case without self-loops: the edge between
X;—1 and Y; is oriented according to Meek-Rule 1,
Xt,1 — }/;5 — Xt.

From Lemma 1 and 2, it immediately follows that
for an SCG G°* without self-loops, any FT-MPDAG
C based on G° contains no unoriented edges (it is an
FT-DAG).

At this stage, the only potentially unoriented edges in
the FT-MPDAG are instantaneous edges whose cor-
responding macro-variables that are bidirected in the
SCG and each contain a self-loop. Lemma 3 further
restricts the possibility of unoriented edges in the FT-
MPDAG by stating that such edges are oriented when-
ever there exists a node that is a parent of one macro-
node but not of the other.

Lemma 3. Let G° be an SCG and P* the set of distri-
butions compatible with G°. Under Assumptions 1, 2
and 3, if Sx = Sy € G® and 357 € Pa(SX,gS) \ {Sx}
s.t. Sz ¢ Pa(Sy,G%), then VG € compatible(G®),
status(Xe, Yi; G) is s-orientable from (G5, P*).

Proof. If there is no edge between X; and Y; in G, then
no edge exists between them in C, since C shares the
same skeleton as G.

Suppose that there is an edge between X; and Y; in C.
We show that such an edge must be oriented. First,
since Sz € Pa(Sx,G%), there exists ¢’ < ¢ such that
Zy — Xy U't' < t, the triple (Zy, X3, Y}:) is unshielded
because Y; — Z;: is impossible due to the temporal or-
der. Hence this triple either forms a chain, which is
oriented by Meek’s rule 1 in C, or an unshielded col-

y?

) SCG G§. (b) FT-MPDAG C!. (c) FT-MPDAG C3.
a‘@ i@
) SCG G5. (e) FT-MPDAG C?. (f) FT-MPDAG (3.

Figure 3: Visual illustration of Lemma 3, with the top
FT-MPDAGS based on the top SCG G5 (unshielded
collider) and the bottom FT-MPDAGs based on the
bottom SCG G (shielded collider but with Sz not a
parent of Sy). Red illustrates the edges used to orient
the edge X; — Y}, blue is the repetition of this edge by
stationarity.

lider, which is also oriented by the UC-Rule in C. If
t' = t and there is no ¢ < t s.t. Zy — X;, the
edge Zy — X, is necessarily oriented in C (otherwise
it would contradict Sz € Pa(Sx,G®)). Then we distin-
guish two case. If Y; is not adjacent to Z; in C, the
unshielded triple (Z;, X;,Y;) can be oriented by the
same argument as in the case ¢’ < t. If instead Y; is
adjacent to Z;, then we necessarily have Y; — Z; since
Sz ¢ Pa(Sy,G%). To avoid creating a cycle (Meek’s
rule 2), since Y; — Z; — X, the edge Y; — X; must
be oriented in C. O

For a visual illustration of Lemma 3, consider the ex-
ample given in Figure 3 consisting of two SCG G and
G5 where Sx & Sy satisfies condition of Lemma 3, and
two compatible FT-MPDAGs for each. The SCG G3
contains an unshielded collider Sz — Sx & Sy and the
SCG G5 contains a shielded collider Sz & Sx & Sy
but with Sz ¢ Pa(Sy,G5). First, consider G5 : (i) in
C1, the edge between X; and Y; is oriented by UC-rule
applied to the triplet Z; — X; « Y;, where Z; — X,
is oriented by background knowledge from Sz — Sx
in G$; and (ii) in CJ, the orientation arises from Meek-
rule 1 applied to the chain 7Z; ;1 — X; — Y; with
Zy_1 — X, oriented by time. Now, consider G5: (i) in
C2, the edge between X; and Y; is oriented by UC-rule
applied to the triplet Z; 1 — X; < Y;; and (ii) in C3,
the orientation arises from Meek-rule 2 applied to the
triple Z; — X; — Y;, with Y; — Z; oriented by back-
ground knowledge from Sy — Sz in G5 and Z; — X,
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oriented to satisfy the constraint Sz € Pa(Sx,G3)
since there is no ¢’ < t such that Z — X; in C.

We have now explored all SCG configurations that
ensure s-orientability, as emphasized by Theorem 1
which summarizes these results and establishes their
completeness.

Theorem 1 (s-orientability of orientations in the
FT-MPDAG from the SCG and faithful distribution).
Let G5 be an SCG and P* the set of distributions
compatible with G%. Under Assumptions 1, 2 and
3, ¥G € compatible(G®), status(Xy,Y:;G) is not s-
orientable from (G*,P*) if and only if:

1. Sy = Sy € G5, and

2. both Sx and Sy have self-loops simultaneously in
G®, and

3. Pa(Sx,G®) = Pa(Sy, G%).

Proof. Lemmas 1, 2 and 3 establish immediately that
if at least one of the items of the theorem is not satis-
fied then status(X%, Y;; G) is s-orientable.

In the following, we prove that if the three items of
the theorem are satisfied then status(Xy, Y;; G) is not
s-orientable. Let G° be an SCG, and let Sx and Sy
be two nodes of G° satisfying the three items of the
theorem. We show that this implies the existence of
an FT-MPDAG C compatible with G° and a faithful
distribution P € P* such that, for every G compat-
ible with C, we have status(X;,Y;;G) = 1, that is,
the instantaneous edge X; — Y; remains unoriented in
C. To construct such an FT-MPDAG C, we begin by
constructing an FT-DAG G as follows: (i) add the
edge X; — Y; (or Xy + Y;, arbitrarily) (ii) for any
nodes Sw,, Sw, of G°, if Sw, € Pa(Sw,,G%), we add
the edge th_,ynm — W2 to G (it implies in particu-
lar that X, . — X¢, Yiyoo. = Yo, Xoeqo. = Y4,
and Y;_,... — X; in G since items 1 and 2 of the
theorem holds; and that for every Sz € Pa(Sx,G%),
Lt — Yr and Z;_,  — X; in G since item 3
of the theorem holds so Sz € Pa(Sy,G®). By con-
struction, it is immediate that the resulting FT-DAG
G is compatible with G° and we finally define C as
the FT-MPDAG obtained from G and incorporating
only the background knowledge given by the SCG. The
edge X; — Y; must remain unoriented in C because all
triples involving X; and Y; are shielded by construc-
tion, so neither the UC-Rule nor Meek’s Rule 1 can
be applied. Moreover, since no instantaneous edges
connect to X; or Y;, none of the other Meek rules can
be applied (as no cycle can occur between present and
past, and by construction there is only one instanta-
neous edge : X; —Y;). We have thus shown that if
the items of the theorem hold, it is always possible to

construct an FT-MPDAG C in which the edge between
X; and Y; is unoriented (status(Xy,Y;;G) = 1), that
is status(Xy, Y;; G) is not s-orientable. O

Figure 4 illustrates the statement of the theorem. It
shows that in any FT-MPDAG C compatible with G5,
the edge between Y; and Z; is orientable due to the
directed edge Sy — Sz in G, while the edge between
Z; and W, is orientable because of the unshielded col-
lider Sy = Sz < Sy in G°. In contrast, the edge
between X; and Y; is not s-orientable, since there ex-
ists an FT-MPDAG in which this edge is unoriented,
as illustrated in (b).

We emphasize that the theorem above is sound and
complete in the following sense: if an edge between X;
and Y; is s-orientable according to the theorem, then
there cannot be an unoriented edge between X; and
Y; in any FT-MPDAG compatible with the SCG; con-
versely, if the edge is not s-orientable according to the
theorem, there exists at least one FT-MPDAG com-
patible with the SCG where the edge between X; and
Y; is unoriented. In other words, in these cases we can-
not guarantee orientability prior to applying a causal
discovery algorithm such as tPC. However, this does
not imply that, in cases of non-orientability, applying
the tPC algorithm will always fail to orient the edge.
It is possible that there exists a specific distribution
for which the edge is orientable, and if tPC is applied
to data generated from this distribution, the edge may
in fact be correctly oriented. This is clarified by the
following proposition.

Proposition 1. Let G° be an SCG. Under As-
sumptions 1, 2 and 3, 3G € compatible(G®) s.t.
status(Xy, Y:; G) is orientable from (G*,IP) where P is
the set of distributions compatible with G.

Proof. Consider the trivial case without instantaneous
relations which contains only directed edges oriented
by time. O

Finally, we emphasize that non s-orientable cases are
rare, constituting only a small fraction of all SCG con-
figurations of a given size: among all possible SCGs of
5 nodes, less than 2% are not fully s-orientable (details
in supplementary material).

4 IMPLICATIONS ON CAUSAL
EFFECTS IDENTIFICATION

The previous section addressed the problem of iden-
tifying the orientation of an edge in an FT-MPDAG.
This provides a qualitative understanding of the re-
lationship between two variables, indicating whether
Xi_- causes Y;, whether the reverse holds, whether
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(a) SCG G°.  (b) FT-MPDAG Ci. (c) FT-MPDAG C,.
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Figure 4: SCG G° with two examples of FT-MPDAG
illustrating Theorem 1. Orange and purple edges are
s-orientable and thus oriented in the FT-MPDAGS,
while blue edge is non-s-orientable and may remain
unoriented as in (b).

there is no direct causal relation between them, or
whether the orientation cannot guaranteed to be de-
termined from the SCG and a faithful distribution. In
this section, we shift our focus to the quantitative im-
plications of these results, namely how they inform the
identification and estimation of causal effects. SCMs
are particularly useful because they allow for the quan-
tification of causal effects from observational data.
There are many types of causal effects; in this section,
we focus on two central ones: the total effect [Pearl,
1995] and the controlled direct effect [Pearl, 2001]. The
total effect of X;_, on Y; captures the overall causal
influence transmitted both directly and through me-
diating variables, whereas the direct effect isolates the
portion of this influence that is not mediated by other
variables. Formally, the total effect on Y; of an inter-
vention on X;_., changing from zy to x; is defined as
E[Y; | do(Xi—y = x1)]—E[Y; | do(X;—y = x0)], and the
controlled direct effect is defined as E[Y; | do(X;—, =
1), do(Sy;,x,_,,¢ = Svi.x,_,.g)] — E[Y; | do(X;—y =
0),do(Sy;,x,_,,¢ = Svi.x,_,.¢)], where Sy, x, ¢ =
Pa(Y:,G) \ {X:} and do(-) denotes an intervention.
For brevity, we will denote the total effect and the con-
trolled direct effect, respectively, as Pr(y, | do(zi—-))
and Pr(y; | do(z—), do(Sy, x, o).

A causal effect is said to be identifitable when it can be
uniquely computed from any distribution compatible
with an FT-DAG. In other words, identifying such a
causal effect consists rewriting the causal effect using
a do-free expression (only in terms of observed vari-
ables without any need to perform a real interven-
tion). When the FT-DAG is specified and there are
no unobserved confounders (Assumption 1), causal ef-
fects are always identifiable from the FT-DAG [Pearl,
2009]. In practice, however, it is often easier to obtain
the SCG (for instance, from expert knowledge) than
the full FT-DAG, since the SCG represents a higher

level of abstraction that does not require knowledge of
the precise causal relations between variables at each
time step. From the SCG, causal effects can still be
identified [Assaad et al., 2024, Ferreira and Assaad,
2024], but due to the presence of cycles, some causal ef-
fects may remain non-identifiable solely from the SCG.
Moreover, the identification conditions in SCGs are in-
tricate and typically require examining multiple paths.

For these reasons, one may consider using causal dis-
covery techniques to estimate the FT-DAG. Given that
the SCG is available, it can naturally be incorporated
as background knowledge in the discovery process.
However, as discussed earlier, constraint-based proce-
dures do not recover the FT-DAG directly, but rather
a partially directed graph, the FT-MPDAG. Because
the FT-MPDAG may contain unoriented edges, causal
effects are not always identifiable from it. Neverthe-
less, in some cases it has been shown that causal effects
are identifiable from the FT-MPDAG [Perkovic, 2020,
Flanagan, 2020]. This raises the following question:
given the SCG, can we guarantee that the causal ef-
fect will be identifiable once a causal discovery step
is performed? The following propositions provide an
answer to this question.

Proposition 2 (Identifiability of total effects using
s-orientability). Let G° be an SCG. Under Assump-
tions 1, 2 and 3, if for every Sz € Ne(Sx,G®), VG €
compatible(G®), status(Z;, Xy;G) is s-orientable, then
P(Y; | do(xi—~)) is identifiable.

Proof. The result follows directly from the backdoor
criterion [Pearl, 2009], since under Assumption 1 the
parents of the treatment form a valid adjustment set.
Under the s-orientability condition, all edges con-
nected to the treatment can be oriented, allowing re-
covery of its parents and identification of the total ef-
fect. O

Proposition 3 (Identifiability of controlled direct ef-
fects using s-orientability). Let G° be an SCG. Under
Assumptions 1, 2 and 3, if for every Sz, € Ne(Sy, G*),
VG € compatible(G®), status(Z;,Yy; G) is s-orientable,
then Pr(y; | do(x;—), do(Sy, x,_..g)) is identifiable.

Proof. The result follows directly from Theorem 5.4
of Flanagan [2020], which states that a controlled di-
rect effect is identifiable from the FT-MPDAG if and
only if all edges adjacent to the outcome are oriented.
Under the s-orientability condition, these edges can be
oriented, allowing recovery of the relevant adjustment
set and identification of the controlled direct effect. O

These results provide theoretical guarantees for causal
effect identification, even in cases where identification
theorems applied to the SCG alone [Assaad et al.,
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2024, Ferreira and Assaad, 2024] do not succeed.
Moreover, they offer simpler criteria that can be veri-
fied directly on the SCG, relying only on pairs of nodes
rather than complex path-based conditions.

5 DISCUSSION

In this paper, we demonstrated that the background
knowledge encoded in an SCG makes it possible to
determine which edges are guaranteed to be oriented
after applying a causal discovery algorithm to a faith-
ful and causally sufficient distribution. At first glance,
this may appear straightforward, for instance, an SCG
without bidirected edges naturally enables the orien-
tation of many edges that remain ambiguous in the
output of causal discovery. However, the surprising
and more insightful aspect of our results is that even
bidirected edges in an SCG can provide valuable infor-
mation. We showed that it is possible to guarantee the
orientation of an edge at the micro level (e.g., between
X, and Y}) even in cases where Sx & Sy is in the SCG,
provided that at least one of these macro vertices does
not have a self-loop, or there exists a parent of Sx that
is not a parent of Sy. Moreover, we established that
these insights allow us to simplify existing identifiabil-
ity conditions in the literature for quantifying causal
effects, by leveraging SCGs in combination with access
to a faithful distribution compatible with the SCG.

In this work, we assumed that the SCG is provided
as background knowledge (e.g., by an expert). How-
ever, we note that it may also be obtained using an
SCG discovery algorithm [Assaad et al., 2022b, Wahl
et al., 2023, 2024, Ninad et al., 2025]. For instance,
suppose that a coarse-grained SCG has already been
learned beforehand, and that we now seek to perform
a fine-grained causal discovery of the FT-MPDAG. In
this case, the previously obtained SCG can be used
in the same way as expert knowledge to assess the a
priori orientability guarantees established by our re-
sults. The key point is that the procedure used to
obtain an SCG does not affect our results, as long as
the provided SCG is considered to represent the true
underlying dynamic SCM.

A key limitation of this work concerns the strong as-
sumptions generally required by the PC algorithm in
causal discovery. Moreover, the stationarity assump-
tion (Assumption 3) is crucial for our results, as it
ensures (together with the definition of SCGs) the ex-
istence of certain edges in the FT-DAG that follow
from the SCG. For instance, if Sx = Sy is in the
SCG, we assume that there necessarily exists an edge
from some past or present instance of {Y;,, -+ ,Y: ..}
pointing to X; and an edge from {Xy,---,X;, ..

pointing to Y;. Moreover, stationarity guarantees that

orientations remain consistent when shifting the time
lag, thereby ruling out situations where, for exam-
ple, X;_ 1 — Y;_1 and X; < Y; coexist in the same
FT-DAG, which would invalidate parts of our proofs.
While this assumption is necessary for our theoretical
results, it may appear restrictive in applications. It
should be noted, however, that this is a standard as-
sumption adopted by most causal discovery algorithms
in time series settings [Peters et al., 2013, Malinsky
and Spirtes, 2018, Runge et al., 2019, Runge, 2020,
Assaad et al., 2022a]. In addition, a weaker version
can be considered, where stationarity is assumed only
on a subinterval T C [tg, tmax] rather than on the en-
tire interval. This is feasible provided that multiple
repetitions of the time series are available to perform
causal discovery. Otherwise, full stationarity must be
assumed, in which case the series can be partitioned
into subsamples and causal discovery can be carried
out on these subsampled segments.

Another strong assumption arises in the definition
of the SCG: we assume that an edge Sx — Sy
exists in the SCG if and only if there exist times
t and t st. Xp — Y; in the FT-DAG. Since
our proofs rely on this assumption, we do not al-
low cases where an effect is posited in the SCG but
absent from the FT-DAG. Consider a concrete ex-
ample: suppose that, a priori, there is an effect
from some instance of {Xy,,---,X;,..} to some in-
stance of {Y;,,---,Y;. ..}, and that there also ex-
ists another instance where {Y;,,---,Y; . } affects
{ X4y, s X, }» together with a self-loop on Sy.
Such prior knowledge translates into the SCG depicted
in Figure 2(d). Now, suppose that in reality the edge
Sx — Sy does not exist (i.e., the prior was incorrect),
and instead we actually have Y; — X;. In this case,
causal discovery would identify the presence of an edge
between X; and Y;, and by incorporating the prior
knowledge, we would incorrectly orient it as X; — Y;.
Our results are therefore strong in the sense that they
rely on having reliable prior knowledge encoded in the
SCG, faithful to its definition. This highlights the
importance of critically assessing the validity of SCG
edges before reasoning with the results presented in
this paper.

For future work, it would be interesting to extend these
results to the FCI algorithm [Spirtes et al., 2001], an
extension of the PC algorithm that does not rely on
causal sufficiency. Moreover, while Propositions 2 and
3 provide sufficient conditions for identifying total and
controlled direct effects, respectively, their complete-
ness remains an open question. Investigating this as-
pect represents another promising direction for future
research.
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Empirical scarcity of non s-orientable cases

The structure of a non s-orientable pair in an SCG satisfying the assumptions is highly specific according to
Theorem 1, and can therefore be expected to be rare. To gain an idea of its frequency, we enumerate all possible
SCGs for a given number of nodes and check whether there exists at least one pair of nodes in the SCG that is
non s-orientable (i.e., a pair of nodes satisfying Theorem 1). Since the number of possible SCGs with n nodes is
huge (2"*™), we only report results up to n = 5. The results are summarized in Table 1.

n # SCGs | # Not fully s-orientable %
2 16 1] 6.25
3 512 28 | 5.47
4 65,536 2,256 | 3.44
5 | 33,554,432 613,616 | 1.83

Table 1: Enumeration of all SCGs up to n = 5 nodes, showing the number of graphs that are not fully s-
orientable.

These results already illustrate the rarity of such cases and show that, in the vast majority of theoretically
possible SCGs, all edges are s-orientable using the background knowledge induced by the SCG. Moreover, we
emphasize that these rare cases are non-s-identifiable from the SCG, but this does not imply that a causal
discovery algorithm will fail to return an FT-DAG. Indeed, there is no a priori guarantee when considering only
the SCG; however, in some cases (which may be numerous), it is still possible for an edge to be oriented in our
specific setting. This is illustrated in Figure 4(c), where we observe a case in which a non s-orientable edge is
nonetheless oriented.

Note, however, that while this observation suggests that non—fully s-orientable SCGs are relatively rare in a
density sense over the space of all SCGs, one should keep in mind that such graphs may occur more frequently
in practice, since real systems do not arise from a uniform sampling process. For instance, our computation
includes SCGs with disconnected components, which are unlikely in realistic settings. This observation should
therefore be understood only as a general indication rather than a practical estimate.



