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ABSTRACT

Training with stochastic gradient descent (SGD) at moderately large learning rates
has been observed to improve robustness against spurious correlations, strong cor-
relation between non-predictive features and target labels. Yet, the mechanism
underlying this effect remains unclear. In this work, we identify batch size as an
additional critical factor and show that robustness gains arise from the implicit
regularization of SGD, which intensifies with larger learning rates and smaller
batch sizes. This implicit regularization reduces reliance on spurious or short-
cut features, thereby enhancing robustness while preserving accuracy. Impor-
tantly, this effect appears unique to SGD: gradient descent (GD) does not con-
fer the same benefit and may even exacerbate shortcut reliance. Theoretically,
we establish this phenomenon in linear models by leveraging statistical formula-
tions of spurious correlations, proving that SGD systematically suppresses spu-
rious feature dependence. Empirically, we demonstrate that the effect extends
to deep neural networks across multiple benchmarks. Our code is available at
https://github.com/mirzanahal/sgd-implicit-regularization-shortcuts.

1 INTRODUCTION

The primary goal of generalization in machine learning is to develop models that perform robustly
across diverse realizations of one or more distributions. However, this goal is often compromised
when models rely on shortcuts, or spurious features: features that are correlated with the target
in the training distribution but unstable across environments (Geirhos et al., 2020). Such spurious
correlations impede the learning of invariant features that remain stable across different distributions.
As a result, models that achieve high accuracy on the training data can fail dramatically on both in-
distribution and out-of-distribution samples (Koh et al.,2021b; [Puli et al.| [2022).

This phenomenon persists even in the presence of Fully Informative Invariant Features (FIIF), which
can perfectly predict the label. Despite their predictive power, gradient-based optimizers often se-
lect solutions that rely on spurious features (Puli et al., 2023 Nagarajan et al., |2021). In these
settings, the label is conditionally independent of the spurious feature given the invariant one, and
the Bayes-optimal predictor under the training distribution depends solely on the invariant feature.
Nevertheless, models that use both invariant and spurious features typically achieve lower empiri-
cal loss than those that rely only on the invariant feature (Arjovsky et al., 2019; [Puli et al., 2022}
Geirhos et al., [2020). This occurs because spurious features, while less predictive, often increase
the margin in margin-sensitive loss functions, making solutions that include them more attractive to
gradient-based optimization (Soudry et al.||2018). In other words, even when the invariant feature
alone suffices for perfect separation, incorporating spurious features can reduce the empirical loss
by amplifying the margin.
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The impact of data-dependent factors—such as the strength of spurious correlations and the geom-
etry of the data—on a model’s reliance on shortcuts has been extensively studied in linear settings
where a FIIF coexists with a spurious feature (Puli et al., 2023 | Xue et al., 2024} Nagarajan et al.,
2021). In these works, gradient-based optimizers are often treated as black boxes that converge to the
max-margin solution, while the role of training hyperparameters, such as batch size b and learning
rate €, in modulating shortcut reliance remains poorly understood. Empirically, higher learning rates
have been observed to reduce shortcut dependence and improve robustness (Idrissi et al., 2022} |Puli
et al.| 2023 Barsbey et al., 2025), yet this phenomenon cannot be fully explained within existing
frameworks. Consequently, the mechanisms by which gradient-based optimizer hyperparameters
influence shortcut learning remain unclear, representing an important open question.

1.1 FOUR-POINT DATA GENERATING MODEL

To concretely study the phenomenon described above, researchers have introduced a simple yet the-
oretically rich data-generating model. A widely used instance is the four-point model, defined in two
dimensions: a Fully Informative Invariant Feature (FIIF) and a spurious feature. Despite its simplic-
ity, this model exposes fundamental limitations of empirical risk minimization (ERM) algorithms,
including gradient-descent methods in linear classification, and has become a standard framework
for theoretical investigations in out-of-distribution generalization and shortcut learning (Rosenfeld
et al., 2021} Puli et al., 2023; Xue et al., 2024} Nagarajan et al.|[2021;|Ahuja et al.,[2021). The model
continues to inspire research and raises several open questions.

Definition 1.1 (Four-Point Data Model). Let Rad denote the Rademacher distribution over {—1, 1}.
Fix parameters p € (0,1) and B > 1. The data distribution P = P, (X ,y) is defined hierarchi-
cally as:

if z =y,

if z = —y, M

17
y ~ Rad, ZyN{p P

and X = [y, Bz].

Here, X; = y is the FIIF, and Xs = Bz is the spurious feature. The scaling factor B > 1 amplifies
the influence of X5, so for large B, models tend to rely on the spurious feature over the invariant
one. A natural, margin-sensitive hypothesis set and cost function in this setting is the class of linear
classifiers H £ {X — w' X | w € R?, ||wl|]z < 1} with the exponential loss

a2l - —yi(w' X;)

Clw) £ — ; e , )
where {(X;,y;)}7, are i.i.d. samples from Definition[I.1} Although X can fully predict the label,
the spurious feature Xo = Bz can increase the margin and reduce the loss when p is not too large.
Consequently, the learned classifier w* = [wy, w}] depends strongly on the specific optimization
algorithm (e.g., GD, SGD), its hyperparameters such as learning rate € and batch size b, as well as
the choice of the loss function.

While prior work has mainly studied the effect of the data-generating parameters B and p on shortcut
reliance (Puli et al.| 2023 [Nagarajan et al., 2021; Xue et al., [2024; |[Sagawa et al., [2020b)), our focus
shifts to training hyperparameters—specifically, batch size b and learning rate € roles through the
lens of the implicit regularization of GD and SGD algorithms.

1.2  OUR CONTRIBUTION

We theoretically examine how Gradient Descent (GD) and Stochastic Gradient Descent (SGD) in-
fluence reliance on spurious features in the setting of Section[I.I] We then extend these theoretical
insights with extensive experiments on real-world datasets, empirically validating the results across
a broader family of loss functions and classifiers, including cross-entropy loss and deep neural net-
works (see Sectiond)). In summary, we report two striking findings:

* SGD reduces reliance on spurious features, with this effect strengthening as the batch size
b decreases and/or the learning rate € increases. We provide explicit, non-asymptotic guar-
antees (see Theorem [3.2)).
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Figure 1: Implicit Regularization of GD and SGD on Four-Point dataset with FIIF. (a) Four-
point dataset with a FIIF. The data lie in two dimensions: an invariant feature (y) and a spuri-
ous feature (z). The majority of samples are shown in saturated colors. The invariant solution
winy achieves perfect classification. Similarly, the solutions that minimize C'(w), Cop(w), and
Csap(w), denoted by w*, w§, and wiyp, respectively, also achieve perfect accuracy, but with
larger margin with respect to majority samples. (b) Comparison of the minima of C'(w), Cap(w),
and Csgp(w), along with schematic trajectories illustrating the flows of SGD (blue line) and GD
(red line). (¢, d) Implicit regularization of GD and SGD. Darker regions indicate lower values. No-
tably, the implicit regularization of SGD imposes a weaker penalty on solutions with smaller w .,
thereby favoring parameters that rely less on the spurious feature.

* In contrast, GD does not confer the same benefit and may even slightly increase reliance
on shortcuts (see Figure[T). This behavior is also supported theoretically (Theorem [3.1).

A key insight into why the above phenomena occur is that, for non-negligible learning rates € > 0,
neither GD nor SGD exactly follows the gradient flow, i.e. gradient descent with an infinitesimal
learning rate, of the original loss C'(w) (Smith et al.| [2021; Barrett & Dherinl [2021)). Instead, both
methods approximately follow the gradient flow of a modified (surrogate) loss that augments the
original cost with an additional regularization term, known as the implicit regularization of GD and
SGD.

The mechanisms of implicit regularization differ between the GD and SGD. For GD, the regular-

ization penalizes the squared norm of the full-batch gradient, ||VC/(w)]|?, favoring flatter minima.

In addition, SGD also penalizes the average squared norm of the gradients across m = % non-

overlapping mini-batches, thereby reducing gradient variance between mini-batches. This differ-
ence, both theoretically and empirically, leads to markedly different behaviors in group robustness
and reliance on spurious features. Specifically, stronger implicit regularization in SGD, scaling
with the learning rate to batch size ratio, more effectively suppresses gradient variance across mini-
batches, yielding more consistent performance across subpopulations and greater reliance on invari-
ant features.

Our work aims to provide a foundation for understanding shortcut learning through the lens of opti-
mizer dynamics. In particular, we clarify the seemingly paradoxical benefits of large learning rates
and show that combining small batch sizes with appropriately tuned higher learning rates introduces
a favorable inductive bias toward robustness against spurious features. This perspective reduces the
need for exhaustive hyperparameter searches in explicit shortcut-mitigation methods

et all} 2023} [Qiu et al., 2023}, [Ghaznavi et al.} 2025), by leveraging the natural regularization effects
of SGD.

2 THE CORE IDEA: IMPLICIT REGULARIZATION OF GD AND SGD

In the continuous limit, gradient descent with an infinitesimal step size € is described by the ordinary
differential equation (ODE):

450 = —vew®), vt>o, 3)
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which defines the gradient flow. GD approximates this continuous process with discrete updates:
wt = w® — evCo(w®), Vt=0,1,2,.... 4)
This discretization introduces deviations from the exact gradient flow trajectory. As a result, the
optimizer effectively follows the gradient flow of a modified loss function that includes an additional
regularization term, this is known as implicit regularization. It is called “implicit” because no
explicit penalty is added; rather, the discretization inherent in GD biases the trajectory away from

steep regions with large gradients. Formally, this implicit regularization can be expressed as (Barrett
& Dherinl 2021)):

€ 2

Cep(w) éC’('uJ)+1||VC’('Lv)H : 3)
Consequently, GD trajectories are repelled not only from regions of high loss but also from areas
with large gradient norms. A formal statement is given in Lemma A similar characterization

holds for SGD, where the implicit regularization is expressed in terms of the average squared norm
of the mini-batch gradients (Smith et al.||2021)):

2

) (6)

Csap(w) 2 C(w) + ﬁ mi Hvék(w)]
k=0

with m denoting the number of mini-batches and V@k('w) represents the gradient computed over
the k-th mini-batch. This result is formalized in LemmalA.4]

We now sketch the key idea behind our theoretical analysis. In the four-point data generation model,
the SGD modified loss can be decomposed as:

eVar(pi:m ~
Nerern) i . 7). @
where p is the empirical estimate of p based on the dataset {(X;,y;)}" ;, Var(p1.m) denotes the
variance of p estimates across the m mini-batches of size b, and f (w; B, p) is a function with specific
properties. Notably, the magnitude of the second term scales as €/b. We show that f(-) effectively
shifts the optimal solution toward smaller w, (less reliance on the spurious feature) and larger w,,
(more reliance on the invariant feature), explaining why SGD with appropriate hyperparameters
suppresses shortcut learning.

Csep(w) = Cap(w) +

3 MAIN RESULTS

Our main theoretical results are presented in this section. The following theorem shows that under
two conditions: (i) sufficiently large B, and (ii) sufficiently large n so that the sample mean p is close
to its population mean p, Gradient Descent (GD) provably increases reliance on spurious features.
This theorem provides a asymptotic guarantee, showing that the degree of worsening scales linearly
with the learning rate e.

Theorem 3.1 (Main Result on Gradient Descent). Assume the four-point data generation model
described in Definition |l.1|with parameters p € (0,3) and B > 1. Let D = {(X;,y;)}/, be a
dataset of n i.i.d. samples drawn from this model. Assume
B>3 log<1_p> > 988 log 2,
2 p ¢
for some ¢ € (0,1). Let w} gp denote the solution obtained using gradient descent with a suffi-
ciently small step size € > 0 (such that Lemmal|A.3] applies), and w} be the solution using gradient

flow of the original loss. Then, there exists a constant C' > 0, depending only on B and satisfying
C = O(1) with respect to B, such that

wigp —w = Cev/p(1—p)+0O(e), 8)
with probability at least 1 — ( with respect to the randomness of drawing D.

This shows that GD could result in a higher w} with respect to the true optimizer, worsening the
reliance on the spurious feature. The proof is given in Appendix

In contrast to GD, SGD has the potential to yield the opposite effect. This benefit, however, only
manifests when the minibatch size b is sufficiently small, large b recovers the GD regime, where the
improvement disappears. The following theorem formalizes this phenomenon:
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Theorem 3.2 (Main Result on Stochastic Gradient Descent). Assume the four-point data generation
model described in Definition|l.1|\with parameters p € (155, %) and B > 1. Let D = {(X;,y;) }1-4
be a dataset of n i.i.d. samples drawn from this model. Suppose that

3 1-p 8b310g(%) 25108(%)
B > 2log( . ) "2 max{ (b(L=p))2 " p(L=p) [

for some ¢ € (0,1). Let w? 4 denote the solution obtained using stochastic gradient descent with
a sufficiently small step size € > 0 and minibatch size b > 1 over a single epoch, and let w} be
the solution using gradient flow. Then, there exist constants Cy,Co > 0, depending on (B, p) and

satisfying Cy,Co = ©(1) with respect to both parameters, such that
CQ BE

by/p(1—p)

with probability at least 1 — ¢ with respect to the randomness of D.

wygap —w, < Crey/p(l—p)— +0(€ + B, &)

The proof is deferred to Appendix The key observation is that the negative term dominates
whenever B is sufficiently large and/or b is small, which implies w:’SGD < wj}, that is, SGD shifts
the solution toward the invariant feature. Moreover, just as in Theorem the effect scales linearly
with €, so larger learning rates intensify the phenomenon.

Corollary 3.3 (Upper bound on minibatch size). In the setting of Theorem[3.2} stochastic gradient
descent provably reduces the reliance on the spurious feature Bz provided that

= 8(a=n)

for a sufficiently small step size € > 0.

Intuitively, small mini-batches inject gradient variance that counteracts shortcut reliance. Our anal-
ysis shows that whenever p is small or B is large, there exists an explicit upper bound on b below
which SGD provably improves robustness. In other words, stronger spurious correlations, arising
from smaller p or larger B, require smaller batch sizes to guarantee that SGD effectively suppresses
shortcut learning. The dependence on e is natural, while the required sample size n remains moder-
ate rather than prohibitively large.

The core contribution of this work is the rigorous analysis of the four-point data-generating model
under the exponential loss and linear classifiers. To further clarify why the same mechanism should
persist beyond this stylized setting, we also provide a general result under mild assumptions. In
particular, in the regime n, m — oo, suppose there exists a shortcut solution wy,,4 that minimizes the
empirical risk, and a group-robust solution wgo4 that is not a minimizer. If, for every minibatch, the
gradient discrepancy between majority and minority subpopulations is uniformly smaller at w04
than at wy,q, then SGD’s modified loss with implicit regularization assigns a smaller penalty to
Wgood, thereby favoring it relative to the shortcut solution wy,q. In contrast, full-batch GD lacks
this variance-dependent effect and instead amplifies the preference for the wyaq. A formal statement
and proof are provided in Appendix[A.4]

4 EXPERIMENTS

We extend our analysis beyond theory with empirical evaluations on deep models (MLP, ResNets|/He
et al.[| (2015), and Bert |Devlin et al.| (2019b)) trained on established spurious-correlation bench-
marks. We focus on regimes achieving near-optimal in-distribution generalization, as indicated by
stable accuracy (ACC). We report worst-group accuracy (WGA) as a metric of shortcut reliance,
where higher WGA reflects stronger core feature learning and reduced dependence on spurious cor-
relations. These results confirm that strengthening the implicit regularization of SGD effectively
improve WGA.

4.1 NON-MONOTONIC EFFECT OF LEARNING RATE ON GROUP ROBUSTNESS

Theoretically, the strength of implicit regularization of SGD scales with increasing the learning
rate Smith et al.[(2021). In practice, however, very small learning rates lead to under-training, while
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Figure 2: Effect of Learning Rate on WGA and ACC. Test set ACC and WGA are reported
for a fixed batch size of b = 128 on both balanced and biased datasets with spurious correlation
(p = 5%). As shown, once ACC reaches an optimal or near-optimal level, WGA continues to
increase with learning rate up to an optimal point, beyond which both ACC and WGA decline.

Table 1: Best WGA across batch sizes (b). On datasets with spurious correlation (p = 5%), we
report for each batch size the highest mean WGA achieved across six learning rates. Within each
dataset, the maximum value is highlighted in blue, the minimum in orange, and A denotes the
difference between them.

CMNIST Domino Waterbirds CelebA CIFARI10

b | WGA | WGA | WGA | WGA | WGA
8 67.5:‘:1_1 59.3:‘:53 79-7:t0.8 46.0:‘:1.0 80.1:|:2‘2
16 68.4;|:1.2 56.3j:3,6 77.7j:2.g 51-9:};6.8 78'9j:147
32 68.011.9 494451 732487 45311 79.641.7
64 67.5+0.6 519436 67.9450 40.549.4 78.849.5
128 66.041 3 50.042.6 70.410.0 44341 3 76.3123
256 64.710.9 43449 682419 45.0413 779495
A +3.7 \ +159 | +11.5 \ +114 | +3.8

excessively large learning rates destabilize training or cause divergence |Goodfellow et al.| (2016));
Nocedal & Wright (2006); [Smith et al.[(2021)).

Within the regimes that an near-optimal in-distribution-generalization is achievable, and for a fixed
batch size, increasing the learning rate, equivalently, increasing log(e), improves the WGA, as re-
flected in the solid curves (Figure[2). This effect is especially pronounced in biased datasets relative
to balanced ones, as illustrated by the blue and orange curves, respectively. Overall, the results
reveal a non-monotonic relationship between the learning rate and group robustness: WGA in-
creases with the learning rate, reaches a near-optimal point, and subsequently declines, likely due to
convergence instability. Once the learning rate becomes sufficiently large to achieve near-optimal
in-distribution generalization, further increases in learning rate result in improved robustness and
yield higher WGA. However, when the learning rate grows too large, it hinders convergence, and
therefore both ACC and WGA decline. This pattern is consistent across different batch sizes and
datasets (see Figure|6).

4.2 SMALLER BATCH SIZES, STRONGER GROUP ROBUSTNESS

After confirming the effect of learning rate on group robustness, we investigate whether reducing
batch size enhances group robustness. Figure [3| presents both ACC and WGA.in biased datasets
with spurious correlation (p = 5%), where the hatched bars correspond to ACC and the solid bars
to WGA. Although datasets exhibited varying sensitivities of WGA to batch size, a consistent trend
emerged: once in-distribution generalization is saturated, training with smaller batch sizes improved
the final WGA of the model. These results suggest that, once the learning rate secures strong gen-
eralization, reducing the batch size also guides the optimizer toward solutions that are more robust
across both minority and majority groups. This effect is also observed in Transformer architectures
for language datasets(Table[2).

Furthermore, we optimized the learning rate separately for each batch size to determine the max-
imum WGA achievable under that configuration. Across all datasets, the highest WGA occurred
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Figure 3: Joint Effect of Learning Rate and Batch Size on WGA and ACC. When in-distribution
generalization is ensured, smaller batch sizes consistently yield higher WGA across all datasets,
indicating improved robustness. For extremely high or low learning rates, in-distribution general-
ization fails; in these regimes, reliable conclusions about robustness cannot be drawn.

Table 2: WGA and ACC across batch sizes on language datasets. WGA and ACC for Multi-NLI
and CivilComments across batch sizes for a fixed learning rate.

Multi-NLI | CivilComments
e WGA ACC | e WGA ACC
8 10~4 76.7540.48 82.1810.04 10—° 60.7243.30 91.7640.26

16 | 107* 76.58 £2.04 82.4010.07 107° 59.7311.68 92.124¢.12
32 10—* 76.5010.57 81.7410.20 10—° 54.894 4 39 92.3440.17
64 10~4 75.8041 85 81.9310.13 10—5 53.4040.34 92.3040.02

128 10~4 75.78+10.68 80.96+0.05 10-5 53.7040.74 92.0210.02
256 10~* 75.174+0.63 79.3440.02 - - -
A +1.58 +7.32

consistently with smaller batch sizes (8 or 16), while the lowest values were typically observed at
the largest batch sizes (64 or higher) (see Table EI) These results indicate that smaller batch sizes
systematically enhance group robustness and allow the model to reach fundamentally higher ceilings
of group robustness.
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Figure 4: Scatter Plot and Pearson Correlation between R and WGA. A negative correlation
between R and WGA indicates that models converging to minima with more optimized implicit
regularization terms, exhibiting greater robustness to spurious correlations.

4.3 IMPLICIT REGULARIZATION FOR GROUP ROBUSTNESS

A key question is whether the observed improvement in group robustness under stronger implicit
regularization arises from a distinct mechanism that enhances robustness, or if it is merely a conse-
quence of overall improvements in standard generalization. To address this, we monitor improve-
ments in ACC and WGA. WGA is substantially more sensitive to variations in batch size and learn-
ing rate than ACC (Table [5] and Figure [3). Once the learning rate is within a range that ensures
in-distribution generalization, fluctuations in WGA are therefore much more pronounced than those
observed in ACC (Table[5). These findings indicate that improvements in group robustness are not
simply a byproduct of uniform gains in generalization. Instead, they reflect a distinct mechanism by
which the choice of batch size and learning rate directs the model toward solutions that have better
performance on minority groups.

To examine the relationship between implicit regularization and group robustness more rigorously,
we select models based on best validation performance and compute both the implicit regularization
term of SGD and worst-group accuracy (WGA) on a biased test set that matches the training distri-
bution. Recall that the implicit regularization of SGD can be computed as: R = % >y Hvd 2.
For consistency across experimental settings, we normalize R by b and report its logarithm, denoted

by R (see Figure@). As we expected the more robust solutions exhibit lower gradient variance across
mini-batches and consequently lower R.

To intuitively clarify why penalizing gradient variance across mini-batches improves group robust-
ness, we view each mini-batch as a sampled “domain” from the training distribution. Smaller batch
sizes increase variability in subpopulation composition across mini-batches, resulting in fluctuating
spurious correlations. Suppressing gradient variance under these shifts promotes reliance on sta-
ble, invariant features rather than shortcuts, thereby improving robustness. A very similar principle
that has been observed in domain generalization Rame et al.| (2022); Shi et al.| (2022). Therefore,
stronger suppression of gradient variance across mini-batches corresponds to improved robustness
and reduced shortcut reliance.

4.4 SMALL BATCH SI1ZE AS A TRICK FOR MULTI-LEVEL SPURIOUS CORRELATIONS

Existing methods for mitigating shortcut learning perform well on single-level spurious datasets such
as CelebA, Waterbirds, and CMNIST. However, on more realistic datasets that contain complex or
unknown spurious attributes, such as multi-level spurious correlations in Domino-CMF, these meth-
ods often perform at or below random chance on the minority groups |Ghaznavi et al.| (2025)). This
happens because, even after applying these methods, the second-level spurious attribute remains
encoded in the learned representation and cannot be corrected when the algorithm only targets the
first (known) spurious correlation (see Figure[5). In these scenarios, training with small batch sizes
provides a stronger inductive bias for current explicit methods. As shown in Table 2, applying
DFR, AFR, and EVaLS with small batch sizes yields substantial WGA improvements of 25-37%
compared to training the same methods with larger batch sizes.
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Group Info ‘ Waterbirds ‘ CelebA ‘ CMNIST ‘ Domino-CMF
Method

Train/Val ‘ Small Large ‘ Small Large ‘ Small Large ‘ Small Large
DFR 4 90.640.7 92.940.2 | 86.5423 88.3111|84.98.93 79.7340.0| 72.9447 42.7407
AFR X/ 778466 904417 | 71.5428 82.0405 | 72.92417 6811411 | 67.3456 40.310.5
EValLS X/X 78~4j:[]46 88.4i3'1 56.0:‘:1(]‘5 85.3j:0.4 78.3i1_9 7337:\:62 76-7i1.7 51~2i1.4
ERM X/X  |T4Bigg 674106 | 599451 477133 | Tl3412 652105 | 59.0448 36.8120

Table 3: Effect of batch size on explicit methods performance. Results are grouped by dataset
with comparisons between small and large batch sizes. The best result for each dataset is bolded,
and colored cells highlight the higher WGA between small and large batch settings for each method.
Notably, on the multi-level spurious dataset Domino-CMF, using small batch sizes with explicit
methods yields particularly significant gains.

Class: Car Class: Truck Class: Vehicle Class: Animal
| ‘a ] W
= More Samples ————————————— Less Samples — — Less Samples More Samp
- p— g
b \
.’ ‘ ﬁ ;
(a) 1 level spurious (b) two-level spurious

Figure 5: Illustration of datasets with 1 and 2 level of spurious(a) Domino dataset|Murali et al.
(2023) pairs a label-bearing CIFAR-10 image with a same-class Fashion-MNIST tile that adds a spu-
rious shortcut. Debiasing against MNIST shortcut result balanced groups. (b) Domino-CMF |Ghaz-
navi et al. (2025) uses a CIFAR-10 top and a red/green MNIST or FashionMNIST bottom, introduc-
ing two level of spurious correlations (style and color). Debiasing against color, lead to still a biased
dataset based on FashionMNIST shape.

5 RELATED WORK

5.1 BATCH SIZE AND LEARNING RATE FOR IN-DISTRIBUTION GENERALIZATION

Prior work on in-distribution generalization consistently shows that small-batch SGD outperforms
large-batch training. Studies focusing on batch size find that, for any fixed learning rate, general-
ization peaks at a moderate (non-large) batch size, while very large batches degrade performance
(Keskar et al., 2017; [Smith & Le, 2018)). Most studies examine batch size and learning rate jointly,
demonstrating that their ratio controls solution sharpness and, consequently, generalization (Goyal
et al., [2018; Jastrzebski et al., [2017; (Chaudhar1 & Soatto, [2018; [Park et al., 2019). Yet, how these
mechanisms extend beyond in-distribution generalization remains underexplored.

5.2 BATCH SIZE AND LEARNING RATE FOR ROBUSTNESS

The effects of batch size and learning rate on robustness are more nuanced. In adversarial training,
Wang et al.| (2024); |Yao et al.[ (2018) vary the inner mini-batch size used to generate adversarial
examples and show that increasing this batch size improves certified robustness up to a moderate
scale, after which gains saturate. Beyond adversarial settings, smaller batches have been shown
to improve performance under data imbalance (Shwartz-Ziv et al., 2023). In contrast, robustness
to label noise favors the opposite regime, large batch sizes and small learning rates, highlighting a
tension between hyperparameter choices that address different robustness objectives (Rolnick et al.,
2018). More recently, higher learning rates have been observed to reduce shortcut reliance and im-
prove robustness (Idrissi et al.|[2022; |Puli et al.|[2023; Barsbey et al.l |2025). Despite these empirical
findings, the mechanisms linking learning rate and especially batch size, to group robustness remain
largely unexplained.
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5.3 CONNECTION TO DOMAIN AND OUT-OF-DISTRIBUTION GENERALIZATION

In the domain generalization literature, reducing gradient variance across domains has been consis-
tently shown to improve out-of-distribution performance|Rame et al.|(2022); Shi et al.|(2022). In this
work we show that a similar principle arises in the context of mini-batch training: each mini-batch
can be interpreted as a domain sampled from the overall training distribution. Smaller batch sizes in-
crease the likelihood that a mini-batch will contain a disproportionate representation of underrepre-
sented samples relative to the majority, thereby inducing varying spurious correlations. Controlling
the variance of mini-batch gradients effectively enforces robustness to such distributional shifts. In
other words, minimizing gradient variance across mini-batches encourages the model to rely on fea-
tures that remain stable across changing correlation patterns, thereby promoting out-of-distribution
robustness.

6 DISCUSSION

Our study highlights how learning rate and batch size influence reliance on spurious features,
through the lens of implicit regularization. We show that SGD mitigates shortcut dependence, es-
pecially with smaller batch sizes and larger learning rates, while GD offers no such benefit and
can even exacerbate it. The distinction arises from different mechanism of implicit regularization
of these algorithms: GD penalizes full-batch gradient norms leading to flatter minima, whereas
SGD also reduces gradient variance across mini-batches, fostering robustness for underrepresented
groups. This explains the advantages of high learning rates and small batches for group robustness,
showing that robustness can emerge naturally from SGD’s inductive bias. We hope this work lays a
foundation for further research and reduces extensive hyperparameter tuning by encouraging smaller
batch sizes to leverage SGD’s implicit regularization.
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A THEORETICAL ANALYSIS

A.1 PRELIMINARIES

This section introduces our notation and reviews a set of relevant theorems and theoretical results
from prior work. We also present our main statistical data model: the four-point data generation
process.

A.1.1 NOTATION

Let [n] denote {1,2,...,n} for n € N. Vectors are denoted by bold letters, e.g. X, and scalars
are written in ordinary letters, for example y. For a vector X and for 7 < j, by Xj;.; we mean the
subvector of X from the ith component to the jth component.

Assume a binary classification problem with feature vector X € X" and binary label y € {—1,1}.
Here, X could be any measurable space, but we usually consider X C R¢ for some dimension
d € N. In our analysis, we consider a linear classifier of the form

Fi{fw: X w' X|weR?, |w|, <1},

where F represents the set of linear classifiers without bias. For a given feature-label pair (X, y)
and a classifier f,,, we define the exponential loss £(y, f.,(X)) as

Uy, fu(X)) = e v/, (10)

This loss, when averaged, provides a smooth, margin-sensitive estimate of the classification error
rate.
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A.1.2 DATA GENERATION MODEL

We adopt a recurrent statistical data model used in related works, particularly in the literature on
spurious features, known as the four-point data model. This simple construction captures funda-
mental effects of spurious features, while several theoretical and practical aspects of this model are
still unresolved.

Definition A.1 (Four-Point Data Generation Process with FIIF). Assume d > 2. Let Rad denote the
Rademacher distribution over {—1, 1}, and let A/ denote the zero-mean Gaussian distribution with
identity covariance I. Fix parameters p € (0,1) and B > 1. The data distribution P = P,(X, y) is
defined via the following hierarchical process:

y ~ Rad,
1—p ifz=y,
2ly {p if z = —y,
X0~ N(0,1;-5). (11

We then define X £ [y, Bz, X3.4]. In this construction, X; = Bz is the spurious feature, X = y
is the FIIF, and the remaining d — 2 coordinates are independent Gaussian noise.

For some n € N, assume the dataset D = {(X;,y;)|i € [n]} consists of n i.i.d. samples from P,
for some fixed but unknown p € (0,1) and B > 1. Also, the empirical average loss with respect to
D and for any w € R? with ||w||, < 1is defined as

Clw) 2 2y fulX0). 12)

The Good vs. Bad Solutions. In the above model, the first component of the feature vector,
X1 = y, always provides a perfect estimate of the label. The spurious component, Xo = Bz,
coincides with the label with probability 1 — p, in which case it yields a larger margin for B >
1. However, with probability p, this component provides an incorrect estimate of the label. The
remaining d—2 components of X are independent of the label and therefore irrelevant for prediction.
We are interested in those solutions w of the linear model that assign significant weight to X; while
placing small weights on the remaining components.

For now, assume d = 2, i.e., only the core and the spurious components are present. In this case, we
partition the parameter space of w = [w,, w,]T € R? into good and bad solutions according to the
model’s relative reliance on the spurious feature z versus the core feature .

Definition A.2 (Good and Bad Solutions). For any w = [w,, w,]T € R2, we call w bad if Bw, >
wy, and good otherwise, i.e., Bw, < wy,.

In words, a solution is classified as bad if the weighted contribution of the spurious feature (scaled
by B) dominates that of the core feature; otherwise, it is classified as good.

A.1.3 BACKGROUND THEORY

Barrett and Dherin [Barrett & Dherin| (2021) analyzed the effect of finite learning rates on the dy-
namics of gradient descent (GD) using backward error analysis, a technique from numerical ODE
theory |Hairer et al.| (2006). Recall that the gradient descent method applied to a differentiable loss
C'(w) with step size € > 0 is given by
w™ — w® —evo(w?), Vt=0,1,2,....

A continuous-time analogue of GD is the so-called gradient flow (GF), formulated as the ODE

dw®

dt

which, unlike GD, is defined for all real times ¢ > 0. The goal of such analyses is to compare the
behavior of the discrete trajectory w(®) with that of the continuous trajectory w(t) across different
cost functions and step sizes €. The key observation of Barrett & Dherin| (2021)) is that the discrete

iterates of GD do not exactly follow the gradient flow of the original cost C'(w). Instead, they remain
close to the trajectory of a modified cost function. Formally:

=-vCc@®Y), vt>o,
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Lemma A.3 (Trajectory of Gradient Descent, from |Barrett & Dherin| (2021)). Consider gradient
descent on a differentiable cost C(w) with step size € > 0, and assume e is sufficiently small. Then,
given some mild conditions on C, the trajectory of the iterates w'*) resembles the gradient flow
trajectory, but with respect to the modified cost

€
Cap(w) éC(w)—i—ZHVC’('w)HQ, (13)
where VC(w) denotes the gradient of the original cost.

This result follows from backward error analysis, which shows that for small but finite €, GD iterates
track the gradient flow of Cgp rather than of the original C.

Smith et al.| (202 1)) introduced an alternative form of backward error analysis that explicitly accounts
for correlations between mini-batches within a single training epoch. Using this approach, it is
shown that for sufficiently small learning rates, the mean Stochastic Gradient Descent (SGD) iterate
after one epoch, averaged over all possible mini-batch orderings, remains close to the trajectory of
gradient flow on a modified cost function.

Lemma A.4 (Trajectory of Stochastic Gradient Descent, from (Smith et al.| 2021)). Consider the
setting of LemmalA.3} and assume SGD is applied with a sufficiently small step size € > 0, using m
non-overlapping mini-batches with m < n. Then the trajectory of SGD iterates resembles that of a
gradient flow, but with respect to the modified cost

Cran(w) 2 Cla) + -5 3 [ utun) 19
k=0

where V@k (w) denotes the gradient of the empirical loss on the k-th mini-batch.

Analogous to the GD case, this modified loss consists of the original full-batch loss plus an implicit
regularization term. However, the structure of this regularizer differs from that of GD, potentially
leading to distinct local and global minima.

We note that Lemmas [A.3]and [A.4] are derived for unconstrained optimization. Under the exponen-
tial loss, however, the unconstrained minimizer lies at infinity for separable data, meaning that the
norm of the weights grows without bound. To obtain a well-defined solution, we therefore restrict
the parameter space to the unit ball W € {w € R? : ||w||z < 1} . In this constrained problem, the
minimizer necessarily lies on the boundary ||w||s = 1.

After the trajectory reaches the boundary, projection removes the radial component of the gradient
(which would otherwise increase the norm), and only the tangential component determines how the
direction of w evolves along the sphere.

In our analysis, we assume that the first-order modified-loss characterization continues to describe
this tangential component of the projected GD/SGD dynamics. Thus, implicit regularization in-
fluences not only the loss landscape but also the directional evolution of the classifier within the
constrained domain.

A.2 BASIC LEMMAS

In this section, we present a collection of fundamental lemmas that will be used in the proofs of
Section[A.3] where we state our main results on the comparison between GD and SGD with gradient
flow.

Lemma A.5 (Exponential Loss). For constants B > 1 and p € (0,1/2), and assuming B >
3log((1 — p)/p). consider the constrained program

min e~ (ﬁesz +(1-p) e*BwZ) subject to  w} +w? < 1. (15)

Wy, Wz

Then the optimal solution is given by

{w: =T (1= ), wy = VI=w?, X = T /p(1 = p) (P + e‘Bm)} . 16)

Y
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where \* is the Lagrange multiplier at the optimal point and

1 1-5 R 1 ,
s _—log(—=) , A2 +0(1/B?).
2B g< p > 14+ B2y1 -T2+ 1 1/5)
Proof. For notational convenience set g(w,) = peP¥= + (1 —p)e B%= | f(w,,w,) = e Vvg(w,).
The optimization problem is
i LW, bject t 2wl <.
(wy,rgir)lERz flwy, w) subject to w, +wy <

Form the Lagrangian with multiplier A > 0: L(wy, w.,\) = e “vg(w.) + A (w} + w? — 1). The
KKT conditions consist of

(i) VuL(w,\) =0,
(i) wy +w? <1,
(i) A (w) +w? —1) =0,
(iv) A>0. (17)

Differentiating we obtain
Ow, L=—e""vg(w.) + 2 wy, =0 , 8, L=e""g'(w.)+ 2w, =0,

where ¢’ (w.) = B(pePV= —(1—p)e=B"=) , ¢"(w.) = Bg(w.).If A\ = 0 then —e~“vg(w.) = 0,
impossible since the left side is strictly negative. Hence A > 0, and by complementary slackness
w, + w? = 1. With A > 0 the stationarity equations read

2wy, = e Mrg(w,), 2 w, = —e g (w,).

Eliminating A gives = = _s;'((;vz))

contradiction), write w, = /1 — w?. Thus the necessary condition is

. Since w, > 0 (otherwise the first equation would give a

Wy _ _g/(wz) (%)
V1—w? g(w.) .

Define ®(w,) = \/%, U(w,) = —%. For ® we have @ (w,) = (1 — w?)~%/2 > 0, hence
® is strictly increasing. For ¥, ¥/ (w,) = —gN(wZ)g;gfj))Zg/(wZ)Q- Substituting ¢” (w.) = B*g(w.)
and simplifying yields

9//(WZ)9(U)Z) - gI(WZ)2 =4p(1 - ﬁ)B2 >0,

so U/(t) < 0. Thus @ is strictly increasing, ¥ strictly decreasing; therefore (x) admits at most
one solution. Since the feasible set is compact and f continuous, a minimizer exists, hence there is
exactly one solution w} € (—1,1). The minimizer is therefore

—w

" " L, e Mrg(ws)
= V1— ()2, =290

w.

2wy
Looking back at (x), it can be equivalently written as
w, [)@sz _ (1 _ p) ewaz
=-B=75 =) o—B
JIwE | pePust(1- p)e B
= —Btanh (sz +$log - ) . (18)
—p

We now try to approximate A up to an error of at most )(c¢=2). Without loss of generality, let us
write w? =T+ Awith £ ;L log(l;ﬁp). Then, we have

r+A

17
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By assuming BA < 1, we aim to approximate A. Therefore, we have tanh BA ~ BA and as a
result, we have

1 r

r
—B%A = A - O(A?),
e A e T T (A%)
which implies the following approximation:
NG
A=-— o(r/B?
B2(1-T?2)3/241+4+1 -T2 +O(/B7)
1
=w:=T(1- +O(T'B™?). 19
(- e ) T OB (19)
A

Next, we derive an explicit formulation for Lagrange multiplier A*. We have

1-p [1—p [ p
eBF:exp(%log 7'0) = 77;7 ,e Bl = 1-3 P -.
p Iz —-p

Hence,
g(wl) = pels + (1 - p)e P
_[T=p N
=p f@BFA—F(l_p) L BT A
p I-p
p(1—p) (BT + e B2, (20)
Substituting into \* = ¢ Trg(ws) completes the proof. O

>
2wy

Lemma A.6. Let C : RY — R be a twice continuously differentiable cost function, and assume
that its unconstrained minimizer lies strictly outside the unit ball, i.e., ’arg min,, C (w)”2 > 1.
Consider the constrained optimization problem

(w*,\*) £ argmin C(w) subjectto |w|3 <1, 1)

where, with a slight abuse of notation, \* denotes the Lagrange multiplier associated with the
quadratic constraint. By standard KKT arguments, we have \* > 0 at the optimum. Let f : R? — R
be another differentiable function. For a sufficiently small € > 0, consider the perturbed problem

@* £ argmin C(w) + £f(w) subjectto [wl|3 < 1. (22)
w
Then the perturbed optimizer satisfies the first-order expansion

ok

w'=w" —

8; (I - w*w*T) (I + 2§*V2C(w*)>_1Vf(w*) + o). (23
Proof. Let w* = w* 4 § and denote the perturbed multiplier as X = A"+ A. As e — 0, both &
and A vanish. The KKT conditions for the perturbed program are
(i) VC(w*+6)+ {Vfw" +6)+2(\ +A)(w" +0) =0,
(i) (A +A) (Jw +6]3-1) =0,
(i) A*+A >0, 4)

Since A\* > 0, condition (iii) is automatically satisfied for small e. Expanding (i)—(ii) to first order
yields

(x) V2C(w*) 6+ SV f(w*) +2X*6 + Aw* = O(€%),
(k%) 6Tw* = O(e?). (25)

From (x) we obtain

*

€

0= g%

(1+ 2v200")) Vi) + ',

18
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where v depends on A. Imposing the orthogonality condition (xx) determines ~y uniquely, ensuring
that § has no component in the direction of w*. This yields

€ * ok * -1 *
6= (I_w w T) (1+ L V20 (w )) Viw) + Oe),
which proves the claim. O
Lemma A.7. Let X1, ..., X, be i.i.d. Bernoulli(p) random variables with parameter p € (0,1/3).
Fix integers m > 1 and b > 1 such that n = mb. Partition the indices {1, ...,n} into m disjoint
blocks of size b and let p; = % Zjeblocki Xj, v = 1,...,m be the block (mini-batch) averages.
Define the sample variance of the block means by 5% = % > (ﬁz — ﬁ)2, pE % ot pi- Set
o2 £ Var(p;) = p(ll:p). Fix a confidence parameter ¢ € (0,1). If
8b% log(2 2blog(2
n > max (4)2 s (C) R (26)
(p(1=p))* " p(1—p)

then with probability at least 1 —  we have

2b 2

Proof. For each block i write p; = % Z?Zl X, ; where, for fixed 7, the X;1,...,X; are i.i.d.

Bernoulli(p). Then E[p;] = p and Var(p;) = @ £ 2. Introduce the population second

moment about the true mean
m

1 ~
Vop 2 — Z(Pl - P)2-
M=
Using the identity = > | (9; — p)* = Vpop — (p — p)?, it suffices to ensure simultaneously
(A) Vpop > 30% and (B) (p—p)® < 107,
for then S? = Vi,op — (p— p)* > 30% — 102 = 152, We bound the failure probabilities of (A) and
(B) using Hoeffding’s inequality.

(A) bound. Define Y; £ (p; — p)?. The Y; are i.i.d., satisfy 0 < Y; < 1, and E[Y;] = o2. By
Hoeffding’s inequality, for any € > 0,

1 m ) )
]P’(m;Yi <gc —8) < exp ( — 2me?).
Taking ¢ = 02 /4 yields P (Vpop < 302) < exp( — 2m(0?/4)?) = exp(”’g‘#).

(B) bound. The overall average p is the average of all n = mb Bernoulli draws. By Hoeffding’s
inequality, for any ¢ > 0,

P(|p—p| > t) < 2exp ( — 2nt?).
Sett = 0 /2. Then P((p — p)? > 10?) < 2exp( — 2n(0/2)?) = 2exp( — %) Using n = mb
and 02 = p(1 — p)/b we have na? = mp(1 — p), hence
P((B) fails) < 2exp( — m20=2)),
By the union bound,
P((A) fails or (B) fails) < exp( — 22°) + 2exp( — mel=r)).

.. . . . _ 4
To guarantee this is at most ¢ it suffices to require each summand to be < /2, i.e. exp(%) < %

—mp(1—p)

5 ) < % Taking logarithms and rearranging gives the sufficient conditions

s SIBRIO L 2los(4/)
o p(1=p)
Substituting 0! = (p(1—p))?/b? yields the condition displayed in equation[26] Under that condition
the total failure probability is at most (, so with probability at least 1 — ¢ both (A) and (B) hold and
therefore
p(1—p)

26
as claimed. The proof is complete. [

and 2 exp(

52 >

m‘qm
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A.3 EXPONENTIAL RESULTS

Recall the four-point data generation model and the respective exponential loss function from Sec-
tion According to this setting, the cost function C'(w) can be rewritten as follows:

C(w)

%Zg(yiahw(Xi))
i=1

1 n
[ E e*yinXi
n -
=1

1 n w "  Buw
- 526 v (P 1z # i} + e PV 1z = ui})
i=1
—w, Bw 1 S —Bw 1 -
=e Y e "7 ﬁzl{zz#yz} +e ? gzl{zz:yz}
i=1 1=1
_ e—wy (ﬁesz 4 (1 _ ﬁ) e—sz) , (27)
where
. 1Y
P £ EZM%#ZM}

i=1
denotes the empirical fraction of samples with misaligned spurious component z with respect to the
core label y. Note that E[p] = p. Moreover, by a Chernoff bound, for all £ > 0,

(M

P(|p—pl>¢) <2 2. (28)

In the following subsections, we analyze how i) Gradient Descent (GD) and ii) Stochastic Gradient
Descent (SGD) with strictly positive step sizes € > 0 (and, for SGD, a specified number of mini-
batches m) affect convergence to the optimal point of the above loss. In both cases, we compare the
resulting solution to the optimal w of the linear classifier at the minimum loss.

Specifically, Theorem @] shows that GD, relative to gradient flow, increases the reliance on the
spurious feature z by raising the optimal value of w,, which is undesirable.

In contrast, Theorem [A.9] surprisingly demonstrates that SGD can reduce reliance on the spurious
feature, particularly when small batch sizes are used. Our results hold with high probability over the
randomness of the training data and provide strict, concrete, non-asymptotic bounds on the increase
or decrease of w,.

A.3.1 GRADIENT DESCENT

This theorem is our main result on gradient descent.

Theorem A.8 (Main Result on Gradient Descent for Exponential Loss). Assume the four-point
data generation model described in Section with parameters p € (0, %) and B > 1. Let
D = {(X;,yi) ', be a dataset of n i.i.d. samples drawn from this model. Assume

3 1- P
B>2 log(p> . n>288-log -,
2 p ¢

for some ¢ € (0,1). Let w} gy, denote the solution obtained using gradient descent with a suf-
ficiently small step size € > 0, and w} be the solution using gradient flow. Then, there exists a
constant C' > 0, depending only on B and satisfying C = ©(1) with respect to B, such that

wigp —wi > Cey/p(1—p)+ O(), (29)

with probability at least 1 — ( with respect to the randomness of drawing D.

The proof is provided after a brief discussion. The theorem considers a four-point data generation
model with hardness parameter B > 1 (see Section [A.1.2)) and misalignment probability p. It states

that, as long as B is sufficiently larger than the logarithmic ratio log 1_7” , and n is moderately
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large so that p and p do not deviate significantly, GD always increases reliance on spurious fea-
tures by increasing w,. The magnitude of this increase, up to first order in the step size € > 0, is

proportional to both € and /(1 — p), but does not grow unboundedly with B.

The conditions in the theorem are intuitive: when B is very close to 1 (especially for a moderate p),
the spurious feature is far less strong than the core feature from a margin perspective. In this regime,
reliance on the spurious feature is inherently small, and the analysis becomes cumbersome. Apart
from this, no additional restrictions are imposed.

The proof relies on tools from constrained optimization and KKT theory, combined with concentra-
tion bounds and basic linear and nonlinear algebra.

Proof of Theorem[A.8] The proof proceeds in four stages:

* Concentration of p: First, we show that the empirical quantity p—the fraction of samples
in D with counter-aligned core and spurious features (y, z)—concentrates around the true
value p with high probability.

* Gradient of the perturbation term: We leverage Lemma and compute the gradient
of the additional perturbation term, V f(w*), where

Zf(w) = ZHVC('w)H27 Y,

and w™* denotes the optimal solution of the unperturbed problem (i.e., the gradient flow
solution). Lemma|[A.5| provides an explicit expression for this unperturbed solution w*.

* Computation of the matrix term: Next, we compute the second component required by
Lemmal[A.6] namely
-1

(I—w*w*") (I+ 55 VC(w"))

* Analysis of the final solution: Finally, we analyze the resulting solution and determine the
condition under which it is positive—i.e., when gradient descent increases the reliance on
the spurious feature z by enlarging w,. We show that this holds under the stated constraints
of the theorem, and we further simplify the magnitude of this increase.

Concentration of p around p: For the remainder of the proof, we work with the empirical quantity
p in place of the statistical parameter p, where

n

= A 1 . .
P> Ha#uh (30)

i=1

since only p appears in our subsequent formulas. By the Chernoff bound, we have

P(lp—pl 2 ) < 2exp(-25°). (31)

3
p < 5 + 15. Thus, it suffices to ensure |p — p| < 15. Applying the Chernoff bound, we see that this
event holds with probability at least 1 — { whenever

Note that p < i, and the condition B > % log(%f) implies B > %log(%) , provided that

n > 288 log(%) .
Henceforth, we condition on this event and proceed under the assumption that B > % log (%) .

Computing V f(w*): Next, we aim to compute V f(w) at the optimal point w*, where f (as
defined above) is the perturbation term which is added to the original cost due to applying Gradient
Descent (GD). In this regard, we have the following relations:

C(w) = (peP*s + (1 — p)e” Bw=) e v
= VC(w)=[-C(w), Be™™ (peP"s — (1 - p)eBv)] " (32)
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Therefore, we have
IVC(@w)[)3 =C2(w) + B2 (g2e*P + (1 — )P0 —3pi(1 — p))
=(1+ B?) ( e2Bus 4 (1~ p)26723“’2) e 2wy
—(B* = 1)2p(1 — pi)e . (33)
The above can be represented in the following compact form:

Flwy,w.) = e=20 { (14 B2) 2032 4 e=20 (1 = p)?] = 2(B? = 1)a(1 - p) }.

We aim to compute the term V f(w*) at the optimal point of the constrained ordinary loss, which is
already carried out in Lemma[A73] i.e.,

w[“’y}[ L-wil o —T1—A),

where I' £ log ( 1p ) and A is defined according to the lemma. Define the auxiliary function

g(-) as
g(w,) = (14 B?) [PV p% 4 2P (1 — p)*] = 2(B® - 1)p(1 - p).

Then f(wy,w,) = e~?“sg(w,), so the gradient is

% ) —2wy z)
v =i | - [

ow,

This way, we have
¢ (w.) = (1+ B*)[2Be*P"=p* — 2Be 2P (1 — p)?]
= 2B(1 + B?)[e*P":p* — e 2B (1 — p)?], (34)
where the terms can be simpliﬁed as follows:

1-5 _
w, = log PUTA — ¢2Bw- _ P ,—2BrA | e~2Bws — 14 _2BTA.
2B p p 1-p

Then
g’ (w.) = 2B(1+ B*)[p(1 — p)e P12 — p(1 — p)e*PT2]
= —4B(1+ B?)p(1 — p) sinh(2BT'A). (35)

On the other hand, using the same logic, we simply have

g(w,) = 2(1 + B?)p(1 — )(cosh(QBFA) BQ”).

B2 41
Hence,
—1
*) —4(1 BZ (1 — 75 —2w,y, COSh(QBFA) Bz+1 )
Computing the matrix (I — w*w*") (I + 5= V?C(w*)) ~': We now aim to find a closed-form

formula for the 2 x 2 matrix which should be multiplied to V f(w™*). Recall the auxiliary function
g(w,) = peP¥= + (1 — p)e~B¥=. Then, C(w*) = e~ “vg(w,) and therefore the Hessian matrix

can be written as
9 C —0y,C
view) = (Lo o e ).
with 9,,,C = e~"v B(peP*= — (1 — p)e~B*=). Using the special choice of I', we simplify
g(w,) =2/ p(1 — p)cosh(BT'A), ¢ (w,)=—2y/p(1 — p)sinh(BTA),

hence
C =2e""+/p(1 — p) cosh(BT'A),
Ow,C = —2Be™ "/ p(1 — p) sinh(BTA). (36)
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Since \* = e;:y \/p(1 — p) cosh(BT'A), we obtain
2 o . 1 Btanh(BT'A)
VIC(w) = 2wy A (B tanh(BTA) B )

which leads to the following formulations:
Buw, tanh(BFA))

N L oo o _ 14w,
M= T4 VIO = | By tanh(BTA) 1+ BPw,
I 1+ B*w, ~Buw, tanh(BTA)) 37
det(M) \ —Bw, tanh(BT'A) 1+ w,
where the determinant can be computed as det(M) = (1+w,)(1+ B*w,)— B*w} tanh?(BTA).
Since w = (wy, w,) " satisfies wz + w? = 1, the tangent-space projection operator can be written
as
a2 2 _
P2 -ww' = (1 Yy wyw;) -~ ( W w92w2> :
—wyw, 1—w: — Wy W, wy
Then, we have the following final formulation
1 -1
P(I 2C(w* 38
(1+ g vic) 68)
w2(1 4 B*w,) + Bwjw, tanh(BTA)  —Bw,w? tanh(BT'A) — wyw. (1 + w,)
Bwlw, tanh(BT'A) 4+ wi (1 + w,) ‘

1
:det(M) (wywz(l + B%w,) — ng tanh(BTA)
Determining w¢,, — w*: We now determine the sign and magnitude of the change in w} when
the implicit regularization term induced by Gradient Descent (GD) is applied to the original cost

function. By Lemma[A.6€] we have
—€ 1 -1
wigp — Wi = (I—ww ") (I+-—=VC(w*)] Vfw")| +0()
' A* 2%
4(1 + Bp(1 — ple 2w
— E ,,E + )p( p)e Y wy - G+ 0(62)
8 ewyy p(1 — p) cosh(BI'A)
_ AL BWAL=Pe™™ 1o o | (e (39)
2 cosh(BT'A) Y ’
where G is defined as

aa G1+ Gy

(14 wy)(1 + B2w,) — B*w? tanh?(BTA)’
G & — (wz(l + B’wy) + Bw, tanh(BFA)) (cosh(QBFA) — gz—;%),
Gy 2 B(Bwywz tanh(BTA) + w, (1 + wy)) sinh(2BTA). (40)

Noting I" < 2/3 due to the assumptions of the theorem, we have A < 1. Then, applying Taylor
expansion (valid for A < 1) and keeping only first-order terms yields
2w, 2B?T w, (B?(1 + +1
G=—y + = (B wy)Q) 1)
(B2+1)(1+wy,) (B2+1)(14 wy)(1+ B2w,)
Thus, G > 0 whenever
. (1+ B2
A W UEBw) ooy
BT’ w, (32(1 + wy) + 1)
1 _
= +OB 3. (42)
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This implies that the reliance on the spurious feature z (measured by w} o) is strictly larger under
GD than under gradient flow. On the other hand, we always have

1

+O(B™) > 5 +0(B7),

1
A =

L+ BRI 24 L
for sufficiently large B, ensuring that the above condition is satisfied. Finally, note that G =
O(B~2) by definition, and

1+ B%)V/p(1 = ple™™ 2

—o(Be/p(1-7)).
2 cosh(BT'A) Yy vpl=7p)

Therefore, the unbounded terms with respect to B cancel out, and the proof is complete. O

A.3.2 STOCHASTIC GRADIENT DESCENT

This theorem is our main result on gradient descent.

Theorem A.9. [Main Result on Stochastic Gradient Descent for Exponential Loss | Assume the four-
point data generation model described in Section with parameters p € (ﬁ, %) and B > 1.
Let D = {(X,v:) }_ be a dataset of n i.i.d. samples drawn from this model. Suppose that

3 1-p 8b%log(2)  2blog(?)
B> FaE), max{w(l—p))?’ o) |

Sfor some ¢ € (0,1). Let w;SGD denote the solution obtained using stochastic gradient descent with
a sufficiently small step size ¢ > 0 and minibatch size b > 1 over a single epoch, and let w} be
the solution using gradient flow. Then there exist constants Cy,Co > 0, depending on (B, p) and

satisfying Cy,Co = ©(1) with respect to both parameters, such that

W e —wt < Crev/p(l—p) - bC(f) Lo+ B, 3)
p(1—p

with probability at least 1 — ( with respect to the randomness of D.

Proof of Theorem|A.9, We revisit the derivation for gradient descent, now in the stochastic setting.
From Lemmal[A 4] recall that the surrogate cost for SGD is

2
. (44)
2

Csp(w) = C(w) + 1 i Hv@(w)‘

where @(w) is the empirical cost on the ith minibatch of size k& = n/m. If p; denotes the fraction
of “bad” samples (those with z # y) in minibatch 4, then

Ci(w) = (pie™"s + (1= pye Br=) e, )
~ B —6i(w)
VCi(w) = [Be—wu (piePvs — (1 - pi)e_sz)] . 0

Consequently,
~ 2 ~
|VC.(w)]|| = C2(w) + B2 (g2 4 (1= pi)2e 254 —20,(1 = py)
= (14 B?) (p;eP"= + (1 — p;)?e2P=) e —2(B* — 1)p;(1 — pi)e ",

47
Substituting into Csgp (w) yields
_ € 2w 2 2Bw, 1 - 2 —2Bw, 1 - 2
CSGD(’UJ)—C(’UJ)-FZG y{(l—i—B) e E;p,——&-e E;(l—Pi)
1 m
—2(B* —1)— (1 —pi) ¢ 48
( )— ;p (1-p )} 48)
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Define the minibatch averages

m
pr 1_ é%ZI—pz ’ sz z

Then Csgp can be expressed as a perturbation of Cgp:

eVar(pi.m) e 2wy
4

where Var(p1.m) £ p? — p? is the sample variance across the minibatch proportions.

Csan(aw) = Can(w) + (4 B2 4 o720 12(B2 1)) @9)

The remainder of the proof is very similar to that of Theorem Defining the above residual
perturbation term as ¢Var(p1.,,,) f(w), Lemma applies. Therefore, we need to find how the
addition of perturbation term would alter the solution from w*GD. As in the proof of Theorem
one needs the operator

* * * -1
(I - wGDwG—B) (I + #V2CGD(wGD)) ,
which suffices at zeroth order in e. The same holds for V f(w¢,,). Consequently, one can simply
consider the w* and C(-) of the ordinary (non-GD) loss and use the result of Theorem“ Carrying
out the calculations gives

cosh(log%(l - A)) + B2+}

_ 50
—Bsinh (log%(l - A)) 0

Vf(w") = —4(1+ B?)e >

After simpliﬁcation and noting the fact that due to the assumptions of the theorem we have w} <
log( £) and A < 1, this term contributes as

— ~ B
[U—uewﬁ$)u+2;v%me%m)1Vﬂwﬂzz@(m1_m)+0&rum34»
Applying Lemma[A.6] we obtain
~ ( BeV m _
wZsop ~ o = -8 oy L) 4 0(e) + OB ) 51)

Finally, Lemma[A.7) guarantees that, under the stated conditions on n, we have
P (Var(pim) = 20552) = 1-¢,

Thus, we have the following with probability at least 1 — (:

_ - B
Wl ggp — Wy < 9(6 p(1— P)) -0 <b\/p(1€7—p)> +0(€+B™1), (52)

and the proof is complete. O

A.4 GENERAL RESULTS

We now present a general result that does not rely on the four-point data-generating model of pre-
vious results or on any specific choice of loss function or model architecture. Based on the
Lemmal[A.4] we show that in a generic mixture setting with subpopulations overrepresented (major-
ity) and underrepresented (minority), the distributional heterogeneity itself strengthens the implicit
regularization induced by SGD. This effect biases the optimization trajectory toward solutions with
more uniform performance across subpopulations, thereby reducing the loss gap between Bad solu-
tions and group-robust solutions. In contrast, the implicit regularization induced by GD acts in the
opposite direction and amplifies this gap.

Let Dyaj and Dy, denote the majority and minority data distributions, respectively, and let
Dp = (1 - p)Dma] + poin7 P S (07 1),

be their mixture.
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A.4.1 STOCHASTIC GRADIENT DESCENT

In the following theorem, we show that the quantitative analysis carried out for the four-point model
under the exponential loss in Section[A.3|can be extended—qualitatively—to general loss functions
(e.g., logistic loss, cross-entropy loss) and general hypothesis classes (e.g., deep neural networks),
at least in the asymptotic case where n, m — oo. Specifically, we consider two solutions, wpaq
and Wgood, Where wyag relies on spurious correlations but attains a smaller loss value, while wgoo4q
exhibits reduced dependence on spurious features but typically incurs a larger loss value (as is
common in practice). We prove that the implicit regularization induced by SGD with sufficiently
small minibatch size b tends to favor wgeoq OVer wyaq by assigning it a smaller regularization value.

The key idea is that hypotheses such as wy,q, which rely heavily on spurious correlations, ex-
perience significant fluctuations in the number of samples in each minibatch with aligned versus
misaligned spurious features. As a result, their minibatch gradients exhibit larger variance—and
consequently a larger second moment—which increases the regularization term. In contrast, for the
solution wgy64, these fluctuations are controlled due to its reduced reliance on spurious features and
prediction based on core, and therefore leading to a smaller regularization penalty.

Theorem A.10 (Main Result (Asymptotic) on General Loss Functions and Hypothesis Sets). As-
sume any hypothesis set W (e.g., deep neural networks) and an arbitrary loss function C(w) for
w € W. Let Whad, Wgood € W be any two hypotheses. In particular, the hypothesis wyaq denotes
a minimizer obtained by training on a dataset whose samples exhibit spurious correlations at rate
p, while wgooq denotes a group-robust hypothesis whose predictive performance is almost-uniform
across both majority and minority subpopulations, yet it is not a minimizer of C(w). For some
e, A > 0, assume the following conditions hold:

° C(wbad) < C(wgood)7

(w ood) (w uud)
* \V/iE'HLHGman i Gmlrgll H2 =6
(Whaa) _ A(Whaa)
° ViemHGmaJ i Gmin,i ||2 z A’
where G’maJ i = VwCaji(w) and Gmm i = VaCin,i(w) denote the average gradients of the

majority and minority distributions within the i — th batch, respectively. Define the SGD implicit
regularization term (cf. Lemma[A.4) as

RSGD Z chk ‘

b

where m = n/b is the number of mini-batches in SGD, and b denotes the batch size. Then, for

< P(—p)(A?—¢%)
= sup,, [[VO(w)|l3

we have
’R’%GD (wbad) > R%GD (wgood)~

Proof. We model the random composition of each mini-batch as follows. Let «; ~ Binomial(b, p)
denote the number of minority samples in the ¢-th mini-batch, where b is the batch size and p is the
minority fraction in the dataset.

The empirical gradient of the ¢-th mini-batch can then be expressed as

+ (b—a)G™ . = ;D™ +bG™)

maj,i maj,i’

x™ = 0,G™ . 4

min, i

where D( w) _ ) G(w) and Gnm1 i GmaJ ; are the average of gradients of minority and

min,i maj,i’
majority samples in the i — th batch, respectively. Using Lemma |A.4] and taking the large-sample
limit n, m — oo, the expected implicit regularization term becomes

€ w
RECP(w) = B X
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Let us define
") 2 (a; — pb)D}

Then we have the decomposition

2
t/\
g
|I>

(mem i (1 - p)ér(:;jl) :

X{ = pl) 4 (™).

7

By construction,
Eg™] =0,  Var(a;) =bp(1—p),  E[|&]2] = bp(1 - p)| D™ 2.

Using the zero—mean property of &;,
E|X:[13 = el +E|&]3-

Substituting the definitions yields

BIXI = [0(o65 + (1 -GS | + o1~ I D13 (53)
=¥ |[ve)| + o1 - pID)3 (54)
Substituting into RZP (wpaa) — REEP (Wgood) we have
€ Wgoo
REP (i) ~ REP (0y000) = § [ IX7 15 - X ] (55)
eb? [ 2 2
= Pl Ivoalt - [vemmli s 66
1— ~ ~
A0 pmed g D) 57
eb? | 2 2
2T [VC(whaa)[[; = [|VC(wgo0a) |5 + (58)
1—
M(AQ _ 52)} (59)
Since wy,q is a stationary point of C', we have ||V C(wpaq)|| = 0. Using condition on b we have:
€ b?
REEP (wpag) — RECP (Wgo0d) > - |- |V C(wgood |}2 +sup [VC(w)| } >0  (60)

This establishes that
R%GD(wbad) > 7?/SGD(u)good);

and therefore completes the proof.

A.4.2 GRADIENT DESCENT

Theorem A.11 (General Result on the Implicit Regularization of GD). Consider two parameter vec-
107 Whad, Weood € RY. The solution wyaq denotes a minimizer obtained by training on a dataset
whose samples exhibit spurious correlations at rate p, while Wgooq denotes a group-robust classifier
whose predictive performance is uniform across both majority and minority subpopulations.

Assume that the corresponding population losses satisfy
C’(wbad) < C’(wgood).

Define the GD implicit regularization term (cf. Lemma[A.3) as

RGP (w) 2 Vo)

Then, we have
RgD (wbad) < R%D (wgood)-
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Proof. Since wpaq is @ minimizer of C, it is a stationary point and therefore satisfies VC'(wpad) =
0. Consequently,

R%D('wbad) - R’gD(wyood) = i ||vc(wbad)||§ - ch(wgood)H; (61)
= 2| VC(wooa)|3 < 0. (62)
4 2
which establishes the claim. O

Theorems and show that, for any cost function C' and any model architecture, the mere
presence of gradient discrepancies between samples in the training data is sufficient to increase the
implicit regularization effect of SGD. This effect acts to reduce the loss gap between shortcut and
group-robust solutions. Our findings align with the general understanding of implicit regularization
of SGD that smooths the loss landscape by penalizing gradient variance across samples, thereby
favoring solutions with more uniform loss across samples. In contrast, full-batch GD lacks this
mechanism and, in our setting, exhibits the opposite behavior, amplifying rather than reducing the
gap between bad and good solutions.

B EXPERIMENTS

B.1 DATASETS

In our experiments, we evaluate models on a diverse set of datasets that are specifically designed to
test robustness against spurious correlations. Each dataset introduces a known, controllable spurious
feature that can confound standard training methods. Below, we briefly describe the datasets used
in our experiments. Some example images from each dataset, including both majority and minority
samples, are shown in Tab]eE}

* Waterbirds (Sagawa et al., [2020a) is a synthetic dataset generated by placing bird images
from the CUB dataset onto backgrounds from the Places dataset. The task is binary classi-
fication: waterbird versus landbird. In this dataset, the background type (water or land) is
strongly correlated with the bird type, creating a pronounced bias—most waterbirds appear
on water backgrounds, and most landbirds on land. Consequently, models trained normally
often rely on the background instead of bird-specific features, which reduces generalization
performance for minority groups where this correlation is reversed.

* CelebA (Liu et al, 2015) contains over 200,000 celebrity face images annotated with 40
binary attributes (e.g., smiling, wearing glasses, hair color) along with identity labels. It
presents a multi-label classification challenge, as each image can have multiple attributes
simultaneously. The dataset exhibits natural biases in attribute co-occurrence and demo-
graphic distributions—for example, blonde hair is far more common among women than
men. As a result, standard models may rely on hair color as a shortcut for predicting gen-
der, failing to generalize to minority groups where this correlation does not hold. CelebA
thus serves as a valuable benchmark for testing methods that aim for robust and fair facial
attribute prediction.

¢ CIFAR-10 (Car vs. Truck) [Lubana et al.| (2023) is a subset of the CIFAR-10
dataset (Krizhevsky et al 2009) limited to two classes: car and truck. To create a spu-
rious correlation, a small colored square is added to the top-left corner of each image. The
square’s color is strongly associated with the label (e.g., green for cars, pink for trucks).
A small portion of samples breaks this correlation by having an opposite or random color.
This setup allows evaluation of whether models rely on the spurious cue or on the object’s
true shape for classification.

¢ Cmnist Arjovsky et al.| (2019) is a variant of the MNIST dataset with 10 classes corre-
sponding to the digits O through 9. Each grayscale digit is assigned a color determined
primarily by its label (e.g., 0 — red, 1 — green), while a small proportion is colored ran-
domly to introduce variation. This setup creates a strong but spurious correlation between
digit identity and color, even though the true predictive signal is the digit shape. As a result,
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standard models often over-rely on color, leading to reduced performance when the corre-
lation changes at test time. Cmnist thus serves as a simple and interpretable benchmark for
evaluating robustness to spurious features.

* Cmnist2 is a binary-class variant of Cmnist constructed using only the digits O and 1. It
follows the same coloring scheme as Cmnist, but restricts the task to distinguishing between
two classes, providing a simpler setting for studying robustness methods.

* Dominoes Murali et al.| (2023) is a synthetic dataset designed to examine model behavior
under multiple potential spurious features. It pairs CIFAR-10 images with Fashion-MNIST
images of the same class (e.g., a ’cat” image with a ’pullover”), forming composite images.
The CIFAR-10 segment serves as the primary cue, while the Fashion-MNIST segment
introduces a structured but potentially spurious feature. Models may preferentially use
the easier-to-learn Fashion-MNIST portion during training. Domino supports controlled
interventions like removing or randomizing the Fashion-MNIST side, making it ideal for
studying spurious feature learning and robustness.

* MultiNLI Williams et al.|(2018)) is a dataset where each sentence pair is labeled as entail-
ment, neutral, or contradiction. The dataset contains many examples of these three types
of relationships. We use a spurious feature from Sagawa et al.|(2020a)), which is the pres-
ence of negation words in the second sentence. Because of the way the data was collected,
sentences labeled as contradictions often contain negation words.

* CivilComments-WILDS (Borkan et al., 2019; |[Koh et al., 2021a)) is a dataset designed
for the task of classifying online comments as toxic or non-toxic. In this dataset, the la-
bels are spuriously correlated with mentions of specific demographic identities. Following
the evaluation protocol of (Koh et al., 2021a)), we consider 16 overlapping groups—each
demographic identity paired with toxic or non-toxic labels.

B.2 EXPERIMENTAL SETUP

For architectures, we used the PyTorch implementations of ResNet-50 (He et al., [2016) for Water-
birds, ResNet-18 for CIFAR-10 Domino, and CelebA and a three-layer MLP with two hidden lay-
ers of 128 units for Colored MNIST. ResNet backbones were initialized with ImageNet-pretrained
weights; inputs were normalized using the ImageNet mean and standard deviation. Colored MNIST
images were normalized with a mean and standard deviation of 0.5 across all channels. For fair
comparison of performance under small and large batch sizes, BatchNorm layers in ResNets were
replaced with GroupNorm (Wu & Hel |2018)) using 32 groups as suggested in [Smith et al.| (2021]).
For the MultiNLI and CivilComments datasets, we used BERT (Devlin et al.| [2019a)). We applied
the HuggingFace implementation of BERT (Wolf et al.,2020) and started from the pretrained model
weights.

All models were optimized with SGD with momentum 0.9 and weight decay 10~° and learning rates
{1076, 107°, ..., 1071}. All ResNet models were trained for 300 epochs; the Colored MNIST
MLP was trained for 150 epochs.

All reported results for effect of learning rate and batch size on WGA and ACC are reported by
final model (without model selection based on validation set). In contrast, when analyzing the
correlation between the normalized SGD implicit regularization term and WGA, we perform model
selection using validation-set ACC. This approach allows us to approximate the choice of parameters
corresponding to local minima.

We used an NVIDIA GeForce RTX 4090 for all runs, except Waterbirds runs with batch sizes of 128
and 256, which were executed on an NVIDIA A100 (80 GB) to accommodate the memory required
to compute the implicit regularization term at the end of training across all splits.

Results are reported as mean = standard deviation over three independent random seeds; seeds affect
dataset generation and model initialization.

B.3 EXPLICIT DEBIASING METHODS

AFR (Qiu et al.,|2023) first trains a model using standard ERM, and then retrains the classifier on a
weighted held-out dataset. The weights for each sample are based on the probability that the ERM-
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pretrained model assigns to the correct label, effectively giving more importance to samples from
minority groups. This approach aims to reduce bias by emphasizing underrepresented groups during
the retraining phase.

DFR (Kirichenko et al.|[2023) assumes that ERM-trained models are capable of capturing the core,
invariant features of the data. It first trains the full model with ERM, and then retrains only the last
linear classifier layer using a group-balanced subset of the validation set or held-out training data.
While DFR minimizes the need for extensive group annotations, it still requires group labels for the
retraining step.

EVaLS (Ghaznavi et al., 2025)) (Environment-based Validation and Loss-based Sampling) removes
the need for group annotations entirely. It leverages the loss values of an ERM-trained model to
identify hard or misclassified samples and constructs a balanced held-out dataset for last-layer re-
training. This approach improves robustness to spurious correlations by using high-loss samples as
proxies for underrepresented groups, effectively achieving group robustness without explicit group
labels.

B.4 OprPTIMAL WGA AND ACC PER BATCH SIZE

Across all datasets, worst-group accuracy (WGA) exhibits a substantially larger drop with increasing
batch size compared to overall accuracy (ACC). This indicates that once in-distribution generaliza-
tion is saturated, implicit regularization continues to drive out-of-distribution gains by enhancing
group robustness. In particular, smaller batch sizes tend to achieve the highest WGA, whereas larger
batches often degrade it, even when ACC remains nearly unchanged. The consistent gap between
AWGA and AACC confirms that improvements in robustness cannot be solely attributed to better
average accuracy, but rather to the differential inductive biases induced by the optimization dynam-
ics (Table[5).

B.5 EFFECT OF BATCH SIZE AND LEARNING RATE ON WGA AND ACC

Across vision datasets, overall accuracy (ACC) quickly saturates as the learning rate increases, while
worst-group accuracy (WGA) continues to benefit from stronger implicit regularization (Table [6).
This effect is particularly pronounced in biased datasets, where higher learning rates substantially
improve WGA even after ACC has plateaued. The contrast between biased and balanced settings
highlights that optimization dynamics influence robustness more strongly than average accuracy. A
similar trend is observed in the text domain on the MultiNLI dataset (Table @, indicating that the
relationship between learning rate, batch size, and worst-group robustness generalizes beyond vision
tasks.

C LARGE LANGUAGE MODEL (LLM) USAGE DISCLOSURE

We used large language models (LLMs) only for editing support (clarity/grammar) and for minor
non-core code cleanup (formatting, docstrings, renaming, etc.). All LLM-assisted edits were re-
viewed by the authors, who remain fully responsible under the ICLR 2026 policy.
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—— WGA (mean * std) - ACC (mean = std)
—— Biased = —— Balanced
b=64 b=128
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log(e) log(e) log(e) log(e) log(e)
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b=64
—4 -6 —4 -6 —4 -2 -6 —4 -2
log(¢e) log(e) log(g) log(e)
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log(e) log(e) log(e) log(e) log(e) log(e)

b =256

(f) CIFAR10

Figure 6: WGA and ACC across batch sizes (b) and learning rates (¢) for biased (p = 5%) and
balanced datasets. After ACC saturates (dashed lines), increasing the learning rate substantially

boosts WGA (solid lines). The effect is stronger in biased datasets (orange) than in balanced ones
(blue).
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Table 4: Representative examples of majority and minority groups from the benchmark datasets
(Waterbirds, CelebA, C-MNIST, CIFAR-10, and Domino). For each dataset, majority and minority
samples are shown side by side to illustrate the spurious feature: background in Waterbirds, hair
color in CelebA, digit color in C-MNIST, small square in the left corner in CIFAR-10, and number
position in the lower part of each image in the Domino dataset.

Dataset Group Examples
Waterbirds Majority
Minority
o *w s
Celeba | Majority '/ \\“
=4
l/ﬂi' Ny 2
Minority
CIFAR10 | Maority — ’- -
o ﬁ m
o o . B
o
- - ﬁ ﬁ
aa, | |
Minority “ (Y
P
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Table 5: Optimal learning rates and their corresponding WGA and ACC on the test set, reported
as meangq (%) for each batch size across biased datasets with spurious correlation p = 5%. The
highest and lowest values for each dataset are highlighted in blue and yellow, respectively. At the
end of each dataset block, A is defined as the difference between the maximum and minimum
values. The magnitude of changes in WGA exceeds that of ACC across all datasets, suggesting
that improvements in group robustness are not merely a byproduct of in-distribution generalization
enhancement achieved through strong implicit regularization.

CMNIST CIFAR10

b €* WGA* ACC b €* WGA* ACC
8 1073 675411 995400 8 1072  80.1425 98.7401
16 10—2 6844112 995100 16 10—3 789417 98.8401
32 10~2 68.0419 99.640.0 32 10—3 79.6417 989102
64 102 67.5406 99.5100 64 102 788428 98.840.1
128 1072 66.0413 99.5400 128 1072 763425 98.6402
256 1072 64.74109 99.540.0 256 1072 779455 98.740.2

A +3.7 +0.1 A +3.8 +0.3

Waterbirds Domino

b €* WGA* ACC b €* WGA* ACC
8 10~4 797108 973405 8 10~4 593453 972405
16 104 777408 974403 16 10—3 563136 974403
32 1073 732457 969106 32 1072 494151 96.8403
64 1072 679450 97.0403 64 1072 519436 972403
128 1073 704409 97.040.2 128 1072 50.0426 96.8404
256 1072 682419 96.9i0.4 256 1072 434457 96.5404

A +11.5 +0.5 A +15.9 +0.9

CMNIST2 CelebA

b €* WGA* ACC b €* WGA* ACC
8 10—3 99.1402 100.049.0 8 10— 46.041 9 87.6412
16 1073 9921092 100.049.9 16 101 519,68 88.241054
32 1073 99.1.4. 100.040. 32 107° 453115 884415
64 1073 99.0.95 100.040.0 64 107% 405424 86.6419
128 1072 99.0405 100.0400 128 107% 44343 872416
256 1073 98.9.0; 100.040 256 107 4504,5 877113

A +0.3 +0.0 A +114 +1.8

Table 6: Effect of batch sizes and learning rates on WGA and ACC for the Multi-NLI dataset.

\ e=10"° e=10"" e=10"°
b | WGA ACC | WGA ACC | WGA ACC

8 78.24 056 81.2540.22 | 76.7510.48 82.1810.04 | 76.88+11.14 81.7210.09
16 | 77.64+0.80 81.2910.03 | 76.5812.04 82.4040.07 | 76.31+0.83 81.3110.63
32 | 77454121 82124061 | 76.5040.57 81.7440.20 | 76.73+0.88 81.59+0.13
64 | 77.2841.95 81.8140.21 | 75.80+1.85 81.9340.13 | 74.57+0.70 79.46+0.00
128 | 77.731086 81.8610.18 | 75.7810.68 80.9610.05 | 73.9240.47 78.3310.20
256 | 76.74+0.48 81.67+10.27 | 75174063 79.3440.02 | 71.37+0.24 77.93+40.19
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Figure 7: Joint Effect of Learning Rate and Batch Size on WGA and ACC. Once the learning rate
is sufficiently large to guarantee ACC, smaller batch sizes consistently yield higher WGA across all
datasets, indicating improved robustness. It is important to note, however, that for very high or very
low learning rates, some datasets fail to achieve in-distribution generalization (e.g., € = 0.1 across
all datasets or e = 1076 for Waterbirds). In such cases, reliable conclusions regarding robustness

cannot be drawn.
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