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ABSTRACT

Training deep networks on large-scale datasets is computationally challenging. In
this work, we explore the problem of “how to accelerate adaptive gradient algo-
rithms in a general manner”, and aim to provide practical efficiency-boosting in-
sights. To this end, we propose an effective and general Weight-decay-Integrated
Nesterov acceleration (Win) to accelerate adaptive algorithms. Taking AdamW
and Adam as examples, we minimize a dynamical loss per iteration which com-
bines the vanilla training loss and a dynamic regularizer inspired by proximal
point method (PPM) to improve the convexity of the problem. To introduce
Nesterov-alike-acceleration into AdamW and Adam, we respectively use the first-
and second-order Taylor approximations of vanilla loss to update the variable
twice. In this way, we arrive at our Win acceleration for AdamW and Adam
that uses a conservative step and a reckless step to update twice and then linearly
combines these two updates for acceleration. Next, we extend Win acceleration to
LAMB and SGD. Our transparent acceleration derivation could provide insights
for other accelerated methods and their integration into adaptive algorithms. Be-
sides, we prove the convergence of Win-accelerated adaptive algorithms and jus-
tify their convergence superiority over their non-accelerated counterparts by tak-
ing AdamW and Adam as examples. Experimental results testify to the faster con-
vergence speed and superior performance of our Win-accelerated AdamW, Adam,
LAMB and SGD over their non-accelerated counterparts on vision classification
tasks and language modeling tasks with both CNN and Transformer backbones.
We hope Win shall be a default acceleration option for popular optimizers in deep
learning community to improve the training efficiency. Code will be released at
https://github.com/sail-sg/win.

1 INTRODUCTION

Deep neural networks (DNNG5s) are effective to model realistic data and have been successfully ap-
plied to many applications, e.g. image classification (He et al., 2016) and speech recognition (Sainath
et al., 2013). Typically, their training models can be formulated as a nonconvex problem:

min, egs F(z) 1= Benlf(z. O] + 5 12I3. m
where z € R? is the model parameter; sample ¢ is drawn from a data distribution D; the loss f
is differentiable; A is a constant. Though many algorithms, e.g. gradient descent (Cauchy et al.,
1847) and variance-reduced algorithms (Rie Johnson, 2013), can solve problem (1), SGD (Robbins
& Monro, 1951) uses the compositional structure in (1) to efficiently estimate gradient via minibatch
data, and has become a dominant algorithm to train DNNs in practice because of its higher efficiency
and effectiveness. However, on sparse data or ill-conditioned problems, SGD suffers from slow con-
vergence speed (Kingma & Ba, 2014), as it scales the gradient uniformly in all parameter coordinate
and ignores the problem properties on each coordinate. To resolve this issue, recent work has pro-
posed a variety of adaptive methods, e.g. Adam (Kingma & Ba, 2014) and AdamW (Loshchilov &
Hutter, 2018), that scale each gradient coordinate according to the current geometry curvature of the
loss F'(z). This coordinate-wise scaling greatly accelerates the optimization convergence and helps
them, e.g. Adam and AdamW, become more popular in DNN training, especially for transformers.
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Unfortunately, along with the increasing scale of both datasets and models, efficient DNN training
even with SGD or adaptive algorithms has become very challenging. In this work, we are particularly
interested in the problem of “how to accelerate the convergence of adaptive algorithms in a general
manner” because of their dominant popularity across many DNNs. Heavy ball acceleration (Polyak,
1964) and Nesterov acceleration (Nesterov, 2003) are widely used in SGD but are rarely studied in
adaptive algorithms. Among the very few, NAdam (Dozat, 2016) simplifies Nesterov acceleration
to estimate the first moment of gradient in Adam while totally ignoring the second-order moments,
which is not exact Nesterov acceleration and may not inherit its full acceleration merit.

Contributions: In this work, based on a recent Nesterov-type acceleration formulation (Nesterov
et al., 2018) and proximal point method (PPM) (Moreau, 1965), we propose a new Weight-decay-
Integrated Nesterov acceleration (Win for short) to accelerate adaptive algorithms, and also further
analyze the convergence of Win-accelerated adaptive algorithms to justify their convergence superi-
ority by taking AdamW and Adam as examples. Our main contributions are highlighted below.

Firstly, we use PPM to rigorously derive our Win acceleration for accelerating adaptive algorithms.
By taking AdamW and Adam as examples, at the k-iteration, we follow PPM spirit and minimize
a dynamically regularized loss F'(z)+ ﬁ |z — zx H%/W with the second-order gradient moment
v, and the stabilizing constant v in AdamW and Adam. Then to introduce Nesterov-alike accelera-
tion and also make the problem solvable iteratively, we respectively approximate F'(z) by its first-
and second-order Taylor expansions to update the variable z twice while always fixing the above

. . . . 1 2 . . .
dynamic regularization and also an extra regularizer o 1=l Nore=y induced by the weight decay in

AdamW. As a result, we arrive at our Win acceleration, a Nesterov-alike acceleration, for AdamW
and Adam that uses a conservative step and a reckless step to update twice and then linearly com-
bines these two updates for acceleration. Then we extend this Win acceleration to LAMB (You et al.,
2019) and SGD. The above acceleration derivation is transparent and general which could motivate
other accelerations and provide examples to introduce other accelerations into adaptive algorithms.

Secondly, we prove the convergence of our Win-accelerated AdamW and Adam. For both, to find

2.5
an e-approximate first-order stationary point, their stochastic gradient complexity is O(Df;ﬁ)

and matches the lower bound Q(e%) in (Arjevani et al., 2019; 2020) (up to constant factors) un-
der the same conditions, where ¢, upper bounds the /., norm of stochastic gradient. Moreover, this
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complexity improves a factor O(cgi_s) over the complexity O(%) of Adam-type optimizers

in (Zhou et al., 2018; Guo et al., 20031), e.g. Adam, AdaGrad (Duchi et al., 2011), AdaBound (Luo
et al., 2018), since network parameter dimension d is often much larger than c%:°, especially for
over-parameterized networks. Indeed, Win-accelerated Adam and AdamW also enjoy superior com-

plexity than other Adam variants, e.g. Adabelief (Zhuang et al., 2020) with compelxity (’)(Vg—;;), es-
pecially on over-parameterized networks, where cs is the maximum ¢5-norm of stochastic gradient.

Finally, experimental results on both vision classification tasks and language modeling tasks show
that our Win-accelerated algorithms, i.e. accelerated AdamW, Adam, LAMB and SGD, can acceler-
ate the convergence speed and also improve the performance of their corresponding non-accelerated
counterparts by a remarkable margin on both CNN and transformer architectures. All these results
show the strong compatibility, generalization and superiority of our acceleration technique.

2 RELATED WORK

In the context of deep learning, when considering efficiency and generalization, one often prefers to
adopt SGD and adaptive gradient algorithms, e.g. Adam, instead of other algorithms, e.g. variance-
reduced algorithms (Rie Johnson, 2013), to solve problem (1). But, in practice and theory, adaptive
algorithms often suffer from inferior generalization performance than SGD (Zhou et al., 2020a;b).
To solve this issue, AdamW (Loshchilov & Hutter, 2018) proposes a decoupled weight decay which
introduces an ¢s-alike regularization into Adam to decay network weight iteratively, and its effec-
tiveness is widely validated on ViTs (Touvron et al., 2021) and CNNs (Touvron et al., 2021). Later,
LAMB (You et al., 2019) scales the update in AdamW to the weight magnitude for avoiding too
large or small update, but suffers from unsatisfactory performance on small batch. In this work, we
aim to design a general acceleration to accelerate these adaptive algorithms.

Heavy-ball acceleration (Polyak, 1964) and Nesterov acceleration (Nesterov, 2003) are two classi-
cal acceleration techniques, and their effectiveness in SGD is well testified. Later, NAdam (Dozat,
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2016) integrates Nesterov acceleration into the first-order gradient moment estimation but ignores
the second-order gradient moments which harms the acceleration effect. Some works (Anil et al.,
2022; 2020) also explore Nesterov acceleration for second-order algorithms, e.g. shampoo (Gupta
et al., 2018). Recently, for full gradient decent algorithm, a new general Nesterov-type accelera-
tion (Nesterov et al., 2018) directly interpolates two variables to look ahead for correction, and is
more flexible than vanilla Nesterov acceleration (Nesterov, 2003) which interpolates the variable
and gradient. See discussion in Sec. 3.2. Here we use proximal point method to introduce this new
acceleration into adaptive algorithms by a rigorous and transparent derivation and necessary tailors.

3  WEIGHT-DECAY-INTEGRATED NESTEROV ACCELERATION

To accelerate full gradient descent algorithm, given a full gradient V F'(zy) of problem (1) at the
k-th iteration, Nesterov-type acceleration (Nesterov et al., 2018) generally uses a conservative step
1, and a reckless step 7y to update two sequences xy; and yx; respectively, and then linearly
combines them to update the variable 2z of the problem. Similar formulations are also observed
and proved in recent works, e.g. (Allen-Zhu & Orecchia, 2014; Bansal & Gupta, 2019; Ahn & Sra,
2022). In general, their acceleration formulation can be formally formulated as

Trr1 =Tp — M VE(2), Yrr1 =2 — M VF(21), 21 = pe®etr + (1 — pe)Yrsr1. Q)

This acceleration enjoys provably faster convergence rate for full gradient descent method on convex
problems (Nesterov et al., 2018), and is then empirically validated in many convex and nonconvex
cases, e.g. (Wilson et al., 2017; Nado et al., 2021). Despite its effectiveness, such acceleration
is rarely explored in adaptive gradient algorithms, especially for network training. In determinis-
tic optimization setting, another widely used optimization-stabilizing and acceleration approach is
proximal point method (PPM) (Moreau, 1965; Rockafellar, 1976). At the k-th iteration, PPM op-
timizes an ¢5-regularized loss F'(z)+ 2,,1% |2 — zx_1]|3 instead of the vanilla loss F'(z). This small
change enhances the convexity of the problem, accelerating and also stabilizing optimization pro-
cess (Kim et al., 2022; Zhou et al., 2021c). To make the ¢5-regularized problem solvable iteratively,
PPM approximates the loss F'(z) by its first- or second-order Taylor expansion so that each iteration
has a close-form solution (see below). At below, we borrow the idea in PPM to induce a Weight-
decay-Integrated Nesterov acceleration (Win) for adaptive algorithms by using AdamW and Adam
as examples in Sec. 3.1, and then extend this acceleration technique to LAMB and SGD in Sec. 3.2.

3.1 WIN-ACCELERATED ADAMW AND ADAM

To begin with, following most adaptive gradient algorithms, e.g. Adam and AdamW, we estimate
the first- and second-order moments 1 and vy, of gradient as follows:

1 b 9
9k =73 Zi:l Vf(zi:6i), me=(1—B1)my—1+bige, vk =(1-P2)vk-1+ B2gi, (3)

where gy, is the average gradient on a minibatch data of size b, 5, € [0,1] and B2 € [0, 1]. For the
initialization, we set my = gg, Vg = gg. For brevity, with a small scaler v >0, we define

S = VU, + v, uk:mk/\/kary. 4)

Then following the spirit of PPM, at the k-th iteration, we minimize a regularized loss F'(x)+

ﬁ |z —a]3, . where |||, = \/(z, s *a) with an element-wise product operation . Here we use

the regularizer ||z—y||2, instead of the /3-regularization ||zz—y||3, since 1) this new regularization
can induce adaptive algorithms as shown below Eqn. (5), and 2) it increases the convexity of the
problem and further considers different sharpness property of each coordinate because of different
elements in sg, accelerating convergence. To make the problem solvable iteratively, we approximate
the vanilla loss F'(z) by its first-order Taylor expansion at the point z; and update 1 as

. 1 A
Tpq1 = argming F'(z;)+(my, a:—zk>—|——||a:—wk||ik+7k||m||§k = (T —nrur), (5)

277k 1+)\k77k
where my, is used to approximate the full gradient V F'(z;,). We add a small regularization ’\7‘ 2|2, .
since 1) it can largely improve the generalization performance in practice (Loshchilov & Hutter,
2018; Touvron et al., 2021); 2) it allows us to derive Adam (A = 0) and AdamW (A > 0). Here
Ak can be fixed as a constant or evolved along iteration number k. But in practice, a evolving Ay
often enjoys better performance than a fixed one (Caron et al., 2021; Zhou et al., 2022). When
Ak =0, the updating (5) becomes the exact Adam. If \;, > 0, the updating (5) can approximate the
updating rule @1 = (1 — A\gng )@k — nru, of AdamW. This is because consider Ag7y is small in
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practice, we can approximate (1+\gng) "' =1 — A\gmp+O(A2n3) and thus m(wk — M) =

[1—XAemw + O(/\knk)] — [k — (’)()\knk) + O(A3n3)]ug which becomes AdamW by ignoring the
ignorable terms O(n;t) or O(n3). This is also one reason that we adopt the regularizer || — @2,
in (5) instead of the /5-regularization in PPM, since we can flexibly derive Adam and AdamW.

Similarly, we minimize a regularized loss F'(z) + 21 |z — @2, again and further approximate

F(z) by its second-order approximation F(zy) + (m;€7 z—zi) + 5|1z — zi)2,

277k

i1 = argmin, F(z2)-+(mi, = 2+ 512 = 2l + 512 - wkﬂusﬁ%nznik o
=MkThTr+1 + M7k (20 — Thtr),
where 7, = m, my, is used to approximate VF'(xy) as guaranteed by Theorem 1 in
Sec. 4, 7, approximates the inverse of the local smoothness parameter of F'(z) around z;. Here we
use a regularizer ||z — @1 |3, with the latest update . instead of @, as an anchor point, since
the latest update @1 could often provide better regularization for the concurrent optimization.

Now we have used PPM to rigorously derive our Win-accelerated AdamW and Adam in Eqgns. (3),
(5) and (6). For more clarity, we summarize their algorithmic steps in Algorithm 1 in which we
omit the bias-correction term for simplicity. When A\ = 0, it is Win-accelerated Adam; if A >
0, it gives Win-accelerated AdamW. Generally, AdamW can greatly improve the generalization
performance of Adam by simply adding a weight decay (i.e. the regularizer %H - [13,) into Adam
as observed in many works, e.g. (Loshchilov & Hutter, 2018; Touvron et al., 2021). Our Win-
acceleration is quit simple and efficient, since our accelerated AdamW/Adam only adds one extra
simple algorithmic step, i.e. the seventh step in Algorithm 1, on vanilla AdamW/Adam, and brings
negligible extra computational overhead into vanilla optimizer, e.g. about 2% ~ 5% extra training
time per iteration on AdamW evaluated on ViT-small and ViT-base. Moreover, for the only extra
hyper-parameter, the reckless step 7y, in Algorithm 1 over AdamW/Adam, we always set it 2 larger
than the conservative step 7, for all iterations, i.e. 7y, = 27y, working well in our all experiments.

Now we discuss the relations between Nesterov-type acceleration (2) and our Win acceleration (6).
For comparison, we introduce a virtual sequence yx41 = 2 —frui in Win, and rewrite (6) as

ey =14 M)~ (K — MWL) s Yki1 =2k — ThUk, Zks1=TkTETR1 + ThYks1,  (7)
where uy, is defined in (4). By comparing Nesterov-type acceleration (2) with our Win accelera-
tion (7), one can observe some similarity and also differences as well. For similarity, both methods
use a conservative step 75 and a reckless step 7y to update x;; and yj1 respectively, and then
linearly combine x4 and yk+1 to obtain zj. For the differences, the first one is that Win has a
weight-decay-alike factor 1 )\ in (7) which slightly decays the variable xj, like AdamW and also
the update uy, while Nesterov acceleratlon does not have. Note, weight decay can greatly benefit
generalization in practice as shown in many works, e.g. (Loshchilov & Hutter, 2018; Touvron et al.,
2021; Liu et al., 2021). Another difference is that for almost all acceleration techniques, including
Nesterov-type acceleration (2), the sum of their linear combination factors (e.g. px and 1 — pg, in (2))
is always one. In contrast, in Eqn. (7), Win uses 757 + np 7 =1— W%ﬁ% <1 when A\, >0,
which further gives a second weigh decay. Since these two differences are caused by the weight
decay, we call our acceleration “weight-decay-integrated Nesterov acceleration” (Win for short).

3.2 EXTENSION TO LAMB AND SGD

Here we generalize Win acceleration to LAMB (You et al., 2019) and SGD (Robbins & Monro,
1951). For LAMB, it scales the update uj, of AdamW in Eqn. (4) so that uy, is at the same magnitude

of the network weight a;. That is, it changes the update rule 1 = (1 — A\gMk) Tk — MMk / Sk

in AdamW to @y 1 = @) — nk%(rk + Agxy) where r, = my/s,. This modification is

to avoid too large or small update, improving optimization efficiency. To extend Win acceleration to
LAMB, we inherit this scaling spirit, and scale the update uy, in (4) to the following one:

ug = ([lzkll2/llrk + Aezkll2) - (7 + Axzr). ®)

We scale my, /sy, instead of (my/si + Agxy) in LAMB, as our scaling can be repeatedly used to
update our two sequences x; and z;. Next, we can respectively follow Eqn. (5) and (6) to update
the two sequences x;, and zj. See the detailed steps of Win-accelerated LAMB in Algorithm 1, and
the detailed comparison between LAMB and Win-accelerated LAMB in Appendix A.
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Algorithm 1: Win-Accelerated AdamW, Adam and LAMB

Input: initialization xy = 2o = 0, step size {(nx, 7k ) }+_,, moment parameters {31, 32}
Output: (z, z) uniformly seleted from {(z, 1) }7_,.
while k£ < T do

b

gr = % Zi:l Vf(zk;Ci)
my, = (1 — B1)mp—_1 + B1gk /* mg=go */
vp = (1= B2)vp—1 + B293 /% vg=g5 */

. my _ HmkHz my
ug = \/#J”jl for AdamW and Adam, u;, = T Toer e (\/kaw—i—)\kack) for LAMB
Th+1 = Tome (T — meur)
Zht1 = MeTe@rr1 + Tk (21 — Trwk) With 7y = Lo

end while

For SGD, applying Win acceleration to it is quite direct. Specifically, the only algorithmic difference
between SGD and AdamW on the ¢5-regularized problems is that SGD has no second-order moment
v, while AdamW has. So we can borrow the acceleration framework of AdamW in Sec. 3.1 to
accelerate SGD by setting s, =1 € R in Eqn. (4), (5) and (6), and obtain Win-accelerated SGD:

1
—— (T — M), 2kt 1=NeTeTk+1+MeTk (2 — T ), (9
1_'_)\wk( k=TT, Zh41= Tk ThThp 10k Th (2K — ), (9)

where 3] € [0, 1] is dampening parameter. Here we slightly modify the moment m to accord with
the one used in Nesterov-accelerated SGD (e.g. SGD-M in Pytorch) whose updating steps are

my, = i1+ B1(gk + Mexk),  Thpr = (1= Mm@k — nk(ge + o). (10)
By comparing Win-accelerated SGD and SGD-M in (10), one can find their big differences mainly
caused by their different acceleration strategies and ways to handle weight decay. Win-accelerated
SGD is derived from PPM and a recently proposed acceleration (2), while SGD-M modifies an-
other previous Nesterov-type acceleration (Nesterov, 2003) (of formulation my = SBimg_1—

%’“Z?:Nf(wk + mmy_1;¢;) and @1 = X + Mmy) to better train networks. See more mecha-
nisms of previous Nesterov acceleration and (10) in (Sutskever et al., 2013; Bengio et al., 2013).

my, = Bimy_1+519k, Thr1=

4 CONVERGENCE ANALYSIS

Here we investigate the convergence performance of Win-accelerated algorithms by taking acceler-
ated AdamW, Adam and SGD as examples, as these algorithms are more preferably used in deep
learning field. Moreover, since we aim to accelerate deep network training which is highly noncon-
vex problems, we focus on analyzing nonconvex problems to accord with the practical setting.

For analysis, we follow previous optimization works, e.g. (Kingma & Ba, 2014; Reddi et al., 2019;
Duchietal., 2011; Zhou et al., 2020b; 2021a;b; Xie et al., 2022), to introduce necessary assumptions.

Assumption 1 (L-smoothness). We say a function f(z,-) to be L-smooth w.r.t. z, if forVzy, zo and
V¢ ~ D, we have |V f(z1,{) — Vf(22,¢)|ly < L||z1 — 22|, with a universal constant L.

Assumption 2 (Unbiased and bounded gradient estimation). The gradient estimation g;, is unbi-
ased, i.e. for Vk, Elgi] = VF(z), and its magnitude and variance are bounded, namely, for Vk,
llgk]l o < oo and E[||VF(zi) — gilly] < o with two universal constants ¢, and o.

Next, we first define a dynamic function F},(z) at the k-th iteration which is real loss minimized by
our algorithms. It combines the vanilla loss F'(z) in (1) and a dynamic regularization ’\7‘ Hz||ik

A A
Fi(z) = F(2) + 5 l2ll;, = Eclf (=01 + T Il=ll;, (n

where sy, is given in (4). To obtain (11), following PPM spirit and Eqn. (5), one can approximate
F'(z) by its first-order Taylor expansion, and obtain Eqn. (5) with  replaced by z to update zx1 =
m (zg—nrmy/sy). Since Mgy, is very small, one can follow the discussion below Eqn. (5) and
approximate 241 as zgt+1 = (1—A\pnk) 2x — MMy /S, Which becomes the update rule of AdamW.
This is the reason that our analysis on Win-accelerated AdamW involves a dynamic loss Fj(z)
in (11). Note, for Win-accelerated Adam (A, =0), F},(z) degenerates to the vanilla loss F'(z).

With these assumptions, we analyze the convergence behaviors of our accelerated algorithms on gen-
eral nonconvex problems, and summarize our main results in Theorem 1 with proof in Appendix E.
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Theorem 1. Suppose Assumptions 1 and 2 hold, and x, € argmin,, F(x). Let iy, =yng, v > 1, . =
1.25 .5 02
N<O(ortor) BL<O(U285), fa € (0,1) ¢ = (& +1)°% A = A1 — Z5=)F (k> 0)

co? (o]

5
and Ao = 0 with a constant A > 0. Then after T = O(iaLA) iterations with minibatch size

1.25ped
band A = F(zo) — F(x), the sequence {(xy, zi)}1_, generated by Win-accelerated AdamW
and Adam in Algorithm 1 satisfies the following four properties.
a) The gradient ¥ Fy,(zy,) of the sequence {xy }}_ can be upper bounded by

S E[IVE@) et e < sl <

b) The gradient moment my, can well estimate the full gradient VF (xy) and VF(zy,):

73 ymax {Blme — VF@)|} Bl - VP[5 (16 + 500°L) e

¢) The sequence {xy, zi } satisfies

1 T—1 9 9 9 9 9 1/1.5/8%62 V0r562
fzk:O{EHmk*-'Ek+l||skaE”Zk-H*Zk||2aE||zk*mk”2} <q4ne, 1e(=B L2 4L |
2.5 2
d) The total stochastic gradient complexity to achieve the above three properties is (’)(%)
Theorem 1 guarantees the convergence of Win-accelerated AdamW and Adam in Algorithm 1 on
nonconvex problems. When A; >0 (A; =0), Algorithm 1 corresponds to Win-accelerated AdamW
(Adam). For both cases, Theorem 1 holds. Theorem 1 a) shows that by running at most 7' =

O(%) iterations, the average gradient ~>"1 _ E[|[VFy(2)|3] is upper bounded by €2,
guaranteeing the algorithmic convergence. Theorem 1 b) indicates the gradient moment 1, can well
estimate the full gradient VF'(z;,) and also V F'();) because of their small distances, guaranteeing
the good Taylor approximation used in Eqns. (5) and (6). Moreover, in Theorem 1 c), one can find
that although Algorithm | uses a conservative step 7, and a reckless step 7, = Y (Vy > 1) to
update, the two sequences xj1 and zg1 can converge to each other, which could be the key for
the good convergence behavior of both Win-accelerated AdamW and Adam.

Now we discuss the stochastic gradient complexity of Win-accelerated Adam and AdamW. The-
orem | d) shows that to find an e- approximate first-order stationary point, both Win-accelerated

Adam and AdamW have the complexity (9( 2 2524L) which matches the lower bound Q( ) in (Ar-
jevani et al., 2019; 2020) (up to constant factors) under the same Assumptions | and 7. Our ac-
celerated Adam and AdamW enjoy superior complexity over Adam-type optimizers, e.g. Adam,

AdaGrad (Duchi et al., 2011), AdaBound (Luo et al., 2018), whose previously best known com-

plexity under the same assumptrons is O(%x o ;fsf ) in (Zhou et al., 2018; Chen et al., 2021; Guo

et al., 2021). By comparison, both accelerated Adam and AdamW improve their complexity by
a factor O(CU —&_), where the network parameter dimension d is often much larger than ¢5, espe-

cially for over-parameterized modern networks. Since the convergence of AdamW has not been
proved yet in the literatures, here we cannot directly compare With it. Moreover, the complexity
of Win-accelerated Adam and AdamW is also lower than (9(02‘7 ) of Adabelief (Zhuang et al.,
2020) and O(WT) of RMSProp (Tijmen & Geoffrey, 2012; Zhou et al., 2018), especially
on over-parameterized networks, since for a d-dimensional gradient, its £5-norm upper bound ¢ is
often much larger than the /.-norm ¢, and can be v/dx larger for worse case.

Now we discuss the convergence performance of Win-accelerated SGD in Theorem 2.

Theorem 2. Suppose Assumptions I and 2 hold, and x, € argmin,, F(x). Let T, =vn, v > 1, =
n< (’)(CMWIQ,%) 51 < (’)( be? ) Bi=1=p1, A=\ N =0. After T = (’)(AZ;‘;L) iterations with
minibatch size b and A= F(xo)—F (x.), the sequence {(zy,, z,) }_, generated by Win-accelerated
SGD in (9) satisfies the four properties in Theorem | with v =c., =c=1 and s, =1 R

See its proof in Appendix F. Theorem 2 also guarantees the convergence of Win-accelerated SGD.
By using the hyper-parameter settings in Theorem 2, the sequence {(x, zj) }1_, generated by Win-
accelerated SGD satisfies the four properties in Theorem | with v = cc =c =1and s, = 1. It

shows the complexity O(£5 ®) of Win-accelerated SGD which also matches the lower bound (%)
in (Arjevani et al., 2019; 2()20) (up to constant factors) under Assumptions 1 and 2.
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Table 2: ImageNet top-1 accuracy (%) of ResNet50&101 whose official optimizer is LAMB due to
the stronger data augmentation for better performance. * is reported in (Wightman et al., 2021).

ResNet50 ResNet101
Epoch 0 300 avg. 200 300 avg.
SAM ‘ 77.3 78.7 79.4 78.5 ‘ 79.5 81.1 81.6 80.7
SGD-H 75.3 76.9 77.2 76.5 71.7 78.6 78.8 78.4
SGD-M 77.0 78.6 79.3 78.3 79.3 81.0 81.4 80.6
SGD-Win 78.0 79.2 79.7 79.040.7 80.1 81.2 81.6 81.040.4
Adam 76.9 78.4 78.8 78.1 78.4 80.2 80.6 79.7
Adam-Win 77.4 78.8 79.3 78.540.4 79.2 80.6 81.0 80.340.6
AdamW 77.0 78.9 79.3 78.4 78.9 79.9 80.4 79.7
AdamW-Win 78.0 79.3 79.9 79.140.7 80.2 81.1 81.3 80.941.2
LAMB 77.0 79.2 79.8* 78.7 79.4 81.1 81.3* 80.6
LAMB-Win 78.4 79.7 80.1 79440.7 80.6 81.5 81.7 81.240.6

5 EXPERIMENTS

Here we evaluate our accelerated algorithms on two representative tasks, including vision classifi-
cation tasks and natural language modeling tasks. For vision tasks, we test accelerated algorithms
on both CNNs, e.g. ResNet (He et al., 2016), and vision transformers (ViTs), e.g. ViT (Dosovit-
skiy et al., 2020) and PoolFormer (Yu et al., 2021; 2022). For language modeling tasks, we use
LSTM (Schmidhuber et al., 1997) and Transformer-XL (Dai et al., 2019) for evaluation.

For clarity, we call our accelerated algorithm “X-Win”, where “X” denotes vanilla optimizers,
e.g. Adam. In all experiments, we do not change model architectures and data augmentations, and
only replace the default optimizer with ours. Moreover, for all experiments, our accelerated algo-
rithms, e.g. AdamW-Win, always use the default optimizer-inherent hyper-parameters of the vanilla
optimizers, e.g. first- and second-order moment parameters (31 and 3 in AdamW; and their reckless
step 7, always satisfies 7, = 2n;. These settings well reduce the parameter-tuning cost of our al-
gorithms. In the experiments, same with other optimizers, we only slightly tune other widely tuned
hyper-parameters around the vanilla ones, e.g. step size and warm-up epochs, etc, which is reason-
able, as our accelerated algorithms have two step sizes and the vanilla ones are not very suitable.

5.1 RESULTS ON VISION CLASSIFICATION TASKS

Results on ResNet18. Here we follow the conventional
supervised training setting used in ResNets (He et al.,
2016) and evaluate our accelerated algorithms on Ima-
geNet (Fei-Fei, 2009). Due to limited space, we defer

Table 1: ImageNet top-1 accuracy (%)
of ResNet18. %, { and { are respectively
reported in (Chen et al., 2021), (Zhuang
et al., 2020) and (Liu et al., 2019).

the hyper-parameter settings of the four accelerated algo- AdaBound [68.1*  |[Radam 67.7*

rithms in Table | into Appendix B. Nadam 68.8 Padam ~ 170.1
Yogi 68.2* AdaBelief [70.11

Table 1 shows that our accelerated algorithms can improve SGD-H 67.3 Adam-M  [67.7

the corresponding non-accelerated versions by a remark-  SGD-M ‘70.2* Adam  |66.5

able margin. For instance, AdamW-Win, Adam-Win and SGD-Win  [70.710.5 [[Adam-Win |69.342 .5

LAMB-Win respectively make 3.1%, 2.8% and 2.6% im- AdamW  |67.9* |[LAMB  [68.5
AdamW-Win(71.043 1 ||[LAMB-Win|71.142.6

provement over their corresponding non-accelerated coun-
terparts, AdamW, Adam and LAMB. Moreover, SGD-Win improves SGD-H (i.e. SGD + heavy ball)
by 3.4%, and also surpasses SGD-M ( Nesterov-accelerated SGD in Sec. 3.2) by 0.5%, also vali-
dating the superiority of our Win acceleration. Besides, our accelerated algorithms, i.e. SGD-Win,
AdamW-Win and LAMB-Win, beat several other optimizers, e.g. AdaBound, Radam (Liu et al.,
2019), Nadam, Padam (Chen et al., 2021), AdaBelief, Yogi (Zaheer et al., 2018), in which Nadam
uses Nesterov acceleration to estimate its first-order gradient moment. Actually, LAMB-Win sets a
new SoTA top-1 accuracy on ResNet18. All these results show the strong compatibility and superi-
ority of our Win-acceleration in adaptive algorithms.

Results on ResNet50&101. Here we adopt the training setting in (Wightman et al., 2021) to train
ResNet50& 101, as this setting uses stronger data augmentation and largely improves CNNs’ perfor-
mance. See augmentation details and our algorithmic hyper-parameter settings in Appendix B. Here
LAMB is the default optimizer because of its higher performance than other optimizers caused by
the stronger augmentations (Wightman et al., 2021). All optimizers in Table 2 are under this setting.

Table 2 shows that our accelerated algorithms consistently outperform their corresponding non-
accelerated version. For example, across the three training epoch settings on ResNet50 / ResNet101,
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Table 3: ImageNet top-1 accuracy (%) of ViT and PoolFormer whose default optimizers are both
AdamW. x and ¢ are respectively reported in (Touvron et al., 2021) and (Yu et al., 2021).

ViT-S ViT-B PoolFormer-S12

Epoch 300 avg. 150 300 avg. 150 300 avg.
SGD-M 774 79.4 78.4 79.6 80.0 79.8 69.7 74.3 72.0
SGD-Win 78.1 80.1 79.140.7 80.4 80.8 80.640.8 71.1 74.5 72.840.8
Adam 77.3 79.3 78.3 79.0  79.7 79.4 74.3 76.3 75.3
Adam-Win 78.6 80.2 794411 80.0 80.5 80.310.9 756 771 764411
AdamW 78.3 79.8* 79.1 79.5 81.8* 80.7 752 71.1* 76.2
AdamW-Win 79.3 81.0 80.241.1 81.0 82.3 81.741.0 76.7 77.6 772410
LAMB 78.0  79.6 78.8 80.3 80.8 80.6 754 774 76.4
LAMB-Win 79.3 0.6 80.041.2 81.0 81.4 81.210.6 76.7 78.0 774410

LAMB-Win always achieves remarkable improvement over the official optimizer LAMB for this
training recipe. Specifically, LAMB-Win makes 0.7% average improvement over LAMB on both
ResNet50/ResNet101. For AdamW-Win and Adam-Win, they also respectively improve their coun-
terparts by 0.7% and 0.4% on ResNet50, 1.2% and 0.6% on ResNet101. SGD-Win also makes 2.5%
and 0.8% overall improvement over heavy-ball accelerated SGD (SGD-H) and Nesterov accelerated
SGD (SGD-M) on ResNet50, and also has similar advantage on ResNet101. These improvements
are not trivial because of the following two reasons. 1) Since the performance is already high and
may approach the model limit, it is already very hard to make very large improvement. This is
testified by the fact that in (Wightman et al., 2021), using LAMB to train ResNet50 for 600 epochs
only gives 80.4% top-1 accuracy. In contrast, our accelerated LAMB-Win uses 300 epochs (half
training cost) to achieve 80.2%. 2) By comparing the previous optimizers, including SAM, SGD-M,
Adam, AdamW and LAMB, one can observe smaller accuracy gap (< 0.2%) between the best op-
timizer and the runner-up. For example, on ResNet101, the SoTA optimizer, i.e. SAM, only makes
0.1% average improvement over the runner-up LAMB. All these comparisons show the non-travail
improvement of our accelerated algorithms over their counterparts.

Results on ViTs. We follow the widely used official training setting of ViTs (Touvron et al., 2021;
Yu et al., 2021). To evaluate the performance of our accelerated algorithms, we select two popular
and representative ViT architures, including ViT (Dosovitskiy et al., 2020) and PoolFormer (Yu
et al., 2021). See the training setting and our hyper-parameter settings in Appendix B.

We test our accelerated algorithms under different model sizes and different training epochs, and
report the results in Table 3. One can find that since AdamW and LAMB use the decoupled weight
decay, they enjoy better performance than SGD and Adam, which is also observed in other works,
e.g. (Xiaoetal.,2021; Nado et al., 2021). Moreover, under different training settings, our accelerated
algorithms consistently outperform the corresponding non-accelerated counterparts. Specifically,
compared the default AdamW optimizer on both ViT and PoolFormer, our accelerated AdamW-Win
respectively makes about 1.0%, 0.9%, 1.0% average improvement under the two training epoch set-
tings on ViT-S, ViT-B and PoolFormer-S12. For Adam-Win and LAMB-Win, one can also observe
their remarkable improvements on the three ViT backbones. Moreover, our accelerated SGD-Win
also outperforms the Nesterov-accelerated SGD denoted as “SGD-M” by non-trivial margins under
all settings. All these results are consistent with the observations on ResNets, and they together
demonstrate the advantage of our accelerated optimizers for deep network training.

-=-Adamw
——AdamW-Win / e
LAMB 7

~——LAMB-Win

Results Analysis. Here we investigate the convergence behaviors of
our accelerated algorithms, and aim to explain their better test per-
formance over their non-accelerated counterparts. In Fig. 1, we plot
the curves of training and test losses along with the training epochs

o N
[V -

Test Top-1 Accuracy
o
3

on ResNet18 and ViT-B. One can find that our accelerated algorithms, * Vo',

e.g. AdamW-Win, show much faster convergence behaviors than their % / o
non-accelerated counterparts, e.g. AdamW. Moreover, SGD-Win also sl = =
converges faster than Nesterove-accelerated SGD, i.e. SGD-M. We Training Epochs

also plot the curves of test accuracy in Fig. 2, showing the superior Figure 2: ~ Test accuracy

convergence speed of AdamW-Win and LAMB-Win over their non- curves of AdamW—Wm and
accelerated versions. Fig. 3 in Appendix B also reveals SGD-Win and LAMB-Win on ResNet18.
Adam-Win enjoy faster convergence than their non-accelerated counterparts in terms of test accu-
racy. So these faster convergence behaviors could contribute to our accelerated algorithms for their
higher performance over non-accelerated counterparts under the same computational cost.
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Figure 1: Visualization of training and test losses on ImageNet. In all figures, training loss is larger
than test one, as training data use random augmentations, e.g. random crop and clip, while test data
only adopt the centralization crop which eases the recognition difficulty and thus has small loss.

Robust Analysis. For the only extra hyper- Table 4: Effects of «y to top-1 accuracy (%) of
parameter 7, in our accelerated algorithms over AdamW-Win and LAMB-Win on ResNet50.
their non-accelerated counterparts, in experiments, y |15 2 3 4 6 8
we always set 7 = i), where 5 = 2. Here we - (3NNt | 163 704 754 784 T 783
investigate the effects of 7y to the accelerated algo-

rithms on ResNet50 by taking AdamW-Win and LAMB-Win as examples because of their superior
performance. Table 4 shows the stable performance of AdamW-Win and LAMB-Win when tuning
~ in a relatively large range, thus validating their robustness to the hyper-parameter .

5.2 RESULTS ON NATURAL LANGUAGE MODELING TASKS

Results on LSTM. We follow AdaBelief to test our Table 5: Test perplexity of LSTM on
accelerated algorithms via training three-layered LSTM  Penn Treebank. x* is reported by Ad-
(Schmidhuber et al., 1997) on the Penn TreeBank dataset aBelief (Zhuang et al., 2020).
(Marcinkiewicz, 1994) for 200 epochs. See optimization AdaBound |63.6* Radam 70.0*
and training details in Appendix B. Yogi 67.5*  ||AdaBelief |61.27

fromage 68.0* MSVAG  |65.3*
SGD-H 67.4 Padam 63.2*

From Table 5, one can observe that our Win-accelerated S 35 - 3

; : ; - 8* am 3*
allgo?thrtlli1 con51stto:ntlyt surpa(llss tltle 1(iorrgs.pondllnzg non-  SGp win 61.6+2‘2‘ Adam-Win [627 1.
accelerated counterparts, and actually bring 1.2 over- ———— 670" ‘ AMB 6.8

all average perplexity improvement over the four non-  AdamW-Win|66.5 0.5 |[LAMB-Win|66.2.0.¢
accelerated counterparts.

Results on Transformer-XL. We adopt a widely used lan- Table 6: Test PPL of Transformer-XL-
guage sequence model, i.e. Transformer-XL (Dai et al., base on WikiText-103 where Adam is
2019), to further evaluate the performance of our accel- the official optimizer. * is reported in
erated algorithms. Since 1) Adam is the most popular and the official implementation.
used optimizer in NLP models, including Transformer-XL, o Training Steps
pZEE | & Transformer-XL| 5o 100k 200k ave.
and 2) our limited resource cannot well tune the hyper-
¢ f oth timi s 51 take Ad Adam 28.5 25.5 24.2* 26.7
parameters of other optimizers in Sec. 5.1, we take Adam Adam-Win  |26.7 25.0 240 252415
as an example to show the superiority of our accelerated
algorithms. Follow the official setting of Transformer-XL-base, we use Adam-Win with the default
hyper-parameters of Adam on the WikiText-103 dataset. See more details in Appendix B.

Table 6 shows that under different training steps, our accelerated Adam-Win always achieves lower
test PPL than the official Adam optimizer. Spefically, it improves 1.5 average test PPL over Adam
on the three test cases. All these results are consistent with observations on vision tasks, and they
together demonstrate the advantages of our accelerated algorithms.

6 CONCLUSION

In this work, we adopt proximal point method to derive a weight-decay-integrated Nesterov acceler-
ation for AdamW and Adam, and extend it to LAMB and SGD. Moreover, we prove the convergence
of our accelerated algorithms, i.e. accelerated AdamW, Adam and SGD, and observe the superior-
ity of the accelerated Adam-type algorithm over the vanilla ones in terms of stochastic gradient
complexity. Finally, experimental results validate the advantages of our accelerated algorithms.
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APPENDIX

The appendix is structured as follows. In Appendix A, we provide more details of LAMB and Win-
accelerated LAMB. Then, Appendix B provides more experimental details, such as hyper-parameter
settings of the four accelerated algorithms and the official data augmentations. In Appendix C, we
define some necessary notations for our analysis. Then Appendix D provides some auxiliary lemmas
throughout this document. Then Appendix E presents the proof of the convergence results in Sec. 1,
i.e., the proof of Theorems 1 and 2. Finally, Appendix G provides the proofs of some auxiliary
lemmas in Appendix D.

A MORE DETAILS OF LAMB AND WIN-ACCELERATED LAMB

Here we introduce more details of vanilla LAMB (You et al., 2019) and our Win-accelerated LAMB.
Specifically, Algorithm 2 and 3 respectively summarize the algorithmic steps of LAMB and Win-
accelerated LAMB.

B MORE EXPERIMENTAL DETAILS

Due to space limitation, we defer the experimental details, such as hyper-parameter settings of the
four accelerated algorithms, and their official augmentations in (He et al., 2016) and (Wightman
et al., 2021), to this section.

For accelerated algorithms, including AdamW-Win, LAMB-Win, Adam-Win and SGD-Win, always
share the default optimizer-inherent hyper-parameters of the vanilla optimizers and its reckless step
7 1s always 2x larger than its conservative step 7 for all iterations, i.e. 7, = 21. For AdamW-
Win, LAMB-Win, Adam-Win, their first- and second-order moment parameters ; and 2 are set
to the default values 8, = 0.9 and B2 = 0.999 used in AdamW, LAMB and Adam. For LAMB-
Win, its other key parameters, such as “grad averaging” and “trust clip”, also adopt the default ones
in vanilla LAMB. For SGD-Win, it uses the default momentum parameter 0.9 and set dampening
parameter as 0.0 used in vanilla SGD.

Algorithm 2: LAMB in (You et al., 2019)

Input: initialization ¢y = 2o = 0, step size {(nx, k) }+_,, moment parameters {31, 32}
Output: Z uniformly seleted from {z) }7_,.
while £ < T do

gr =130 V(2 &)

mi = (1 — f1)me—1 + Bigsk /% mg =gy */

v, = (1 — B2)vg_1 + B2g7 /* vg=g5 */
_ |[EZ3 1P mp

Uk = Tme/Vor+tvaaells ( Creny +Aw’f)

Tpr1 = Tk — MWL
end while

Algorithm 3: Win-Accelerated LAMB

Input: initialization xy = 2o = 0, step size {(nx, 7k )} }_,, moment parameters {31, 32}
Output: (z, z) uniformly seleted from {(z, 1) }7_,.
while k£ < T do

gn =13 S VF(zk &)

my = (1 = fr)mp—1 + Pigk /x mg =gy */

v = (1 = Bo)vp—1 + Pag; /v vo=g2 */
— |z || my

Uk = i /Vortvtanerl (\/vkﬁr,, + k)

— 1 _
Thi1 = Ty (xr, — nruy) where A\, = 0 here

Zht1 = MeTh®k41 + MeTh (26 — Mrug) With 7, =
end while

_ 1 _
M+ + Ak Mk Mk and A = 0 here
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Settings on ResNetl8. Here we follow the conventional supervised training setting used in
ResNets (He et al., 2016) and evaluate our accelerated algorithms on ImageNet (Fei-Fei, 2009).
For data augmentation in (He et al., 2016), it uses random crop and horizontal flipping with prob-
ability 0.5. For warm-up epochs, for all four accelerated algorithms, we set it as 5.0. For base
learning rate, we respectively set it as 3 x 1073, 5 x 1073, 3 x 1073, and 1.2 for AdamW-Win,
LAMB-Win, Adam-Win and SGD-Win. Moreover, we follow the default setting and use cosine
learning rate decay. For weight decay, we respectively setitas 5 x 1072, 5 x 1072, 10~°, and 1073
for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. On ResNet18, all algorithms are trained
for 90 epochs with minibatch size 512 by following the conventional setting.

Settings on ResNet50&101. For these two networks, we use “A2 training recipe” in (Wightman
et al., 2021) to train them, since this training setting uses stronger data augmentation and largely
improves CNNs’ performance. Specifically, the data augmentation in (Wightman et al., 2021) uses
random crop, horizontal flipping with probability, Mixup with parameter 0.1 (Zhang et al., 2018),
CutMix with parameter 1.0 and probability 0.5 (Yun et al., 2019), and RandAugment (Cubuk et al.,
2020) with M = 7, N = 2 and MSTD = 0.5. Moreover, it often use binary cross-entropy (BCE)
loss for training.

On both ResNet50 and ResNet101, for base learning rate, we respectively set it as 2 X 1073,8%x1073,
1 x 1072, and 0.8 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. Moreover, we follow
the default setting and use cosine learning rate decay. On both ResNet50 and ResNet101, for weight
decay, we respectively setitas 5 x 1072,2 x 1072, 1075, and 5 x 10~* for AdamW-Win, LAMB-
Win, Adam-Win and SGD-Win. On both ResNet50 and ResNet101, for warm-up epoch number, we
respectively set it as 5, 5, 10, 5 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win.

Settings on ViT and PoolFormer. We follow the widely used official training setting of ViTs (Tou-
vron et al., 2021; Yu et al., 2021). For this setting, data augmentation includes random crop, horizon-
tal flipping with probability, Mixup with parameter 0.8 (Zhang et al., 2018), CutMix with parameter
1.0 and probability 0.5 (Yun et al., 2019), RandAugment (Cubuk et al., 2020) with M = 9, N = 2
and MSTD = 0.5, and Random Erasing with parameter p = 0.25. For training loss, we use cross
entropy loss.

On both ViT-S and ViT-B, for base learning rate, we respectively set it as 2 X 1073, 5 x 1073,
1 x 10~%, and 0.8 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. Moreover, we follow
the default setting and use cosine learning rate decay. On both ResNet50 and ResNet101, for weight
decay, we respectively set it as 5 x 1072,2 x 1072,107°, and 5 x 10~* for AdamW-Win, LAMB-
Win, Adam-Win and SGD-Win. On both ResNet50 and ResNet101, for warm-up epoch number,
we respectively set it as 5, 60, 30, 5 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. For
AdamW-Win, following the default setting in AdamW, its minibatch size is 1024 for ViT-S and 512
for ViT-B. For all other accelerated optimizer, their minibatch sizes are always 1024.

Settings on LSTM. On LSTM, for base learning rate, we respectively setitas 1 x 1073, 1 x 1072,
1 x 1072, and 15.0 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. Moreover, we follow
the default setting and divide the learning rate by 10 at epoch 100 and 145. For weight decay, we
respectively setitas 2 x 1072, 5 x 1072, 1.8 x 1075, and 2 x 10~° for AdamW-Win, LAMB-Win,
Adam-Win and SGD-Win. We do not utilize the warmup strategy in this experiment. Following the
default setting, we set minibatch size as 20.

Settings on Transformer-XL. On Transformer-XL, for base learning rate, we set it as 4 X 10~ for
Adam-Win. Moreover, we follow the default setting and use cosine learning rate decay. For weight
decay, we set it as 10~6 for Adam-Win. For warm-up steps, we set it as 2000. Following the default
setting, we set minibatch size as 60 x 4.

Test accuracy curves of SGD-Win and Adam-Win on ResNet18. Here we investigate the con-
vergence behaviors of our accelerated algorithms and hope to explain their better test performance
over their non-accelerated counterparts. In each sub-figure pair of Fig. 1, we plot the curves of train-
ing and test losses along with the training epochs on ResNetl18 and ViT-B. One can find that our
accelerated algorithms, e.g. AdamW-Win, show much faster convergence behaviors than their non-
accelerated counterparts, e.g. AdamW. Moreover, SGD-Win also converges faster than Nesterove-
accelerated SGD, i.e. SGD-M. We also plot the curves of test accuracy in Fig. 2, showing the superior
convergence speed of AdamW-Win and LAMB-Win over their corresponding non-accelerated ver-
sions. Fig. 3 in Appendix B also reveals SGD-Win and Adam-Win enjoy faster convergence than
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Figure 3: Test accuracy curve of SGD-Win and Adam-Win on ResNet18. See the curves of AdamW-
Win and LAMB-Win in manuscript.

their non-accelerated counterparts in terms of test accuracy. So these faster convergence behaviors
could contribute to our accelerated algorithms for their higher performance over non-accelerated
algorithms under the same computational cost.

C NOTATIONS

Here we first give some important notations used in this document. For brevity, we let

S = VU, + V.

Since we have ||my|| . < co and v < ||lv; +v|| < ¢% + v in Lemma 3 (see Appendix D), for
brevity, let

e =190 < |8kl < c2:= (c?>O + V)O‘5.

Also we define

M Mg+ A\gZp x Sp N~ W

Y Sy DY

Wy = My + \p Tk * Sk, Tpy1 — T =

Next, we introduce an virtual sequence {yy} into the algorithm. In this way, we can rewrite the
update steps in Algorithm | in the manuscript as its equivalent form (12):

gr =30 V(z &)
my = (1 — B1)my_1 + Bigk;
vg = (1 — B2)vk—_1 + B29%;

) (12)
Lht1 = 1+)]\-k7]k Tk — nk%
Yor1 = 2K — e 3 x
Zk+1 = MeTETk+1 + MeTEYk+1
where my = go and vy = gg.
For analysis, we further define
Ak 2 Ak 2
Fi(6r) = F(8) + - 101l =Ec[£(6; Q)] + <~ |6l . (13)

where A\, = A\(1— p)* in which 1 = %. In the following, we mainly use these notations to finish

our proofs.

D AUXILIARY LEMMAS

Before giving our analysis, we first provide some important lemmas.
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Lemma 3. Suppose the sequence {xy,yy,zr} are updated by Eqn. (12). That is, Tp1 =
m (-’Bk - nk%:) yYk+1 = 2k — ﬁk%’“,zkﬂ = MkTkThk+1 + MeThYk+1, Sk = Vg + V.
Then {(my, s1,)} satisfies Assume cs o < ||g1|| o < Coor then we have

Pt
2o+ V)

Bac2,
2(c2 o +v)

Sk

<1+

oo

Imillee < cooy Nlvi + vl < &+,

Sk+1

See its proof in Appendix G.1.
Lemma 4. (Xie et al., 2022) Suppose the sequence {xy, yi, 21} are updated by Egn. (12). That

is, k1 = T (:Bk - nk%’“) Ykl = 2k~ ThieS, Zhtl = ThThTh1 + MeThYk+1, Sk =
VUi + v. Then {zy} satisfies
2
E |l — VF ()]

(1—p1)2L?
B
Lemma 5. Suppose the sequence {xy,yy,zr} are updated by Eqn. (12). That is, 41 =
m Tk — 771@%:) yYk+1 = 2k — ﬁk%:azk+1 = MeThTr+1 + MeTeYk+1, Sk = VUL T V.

By setting ng, =0, N, =10, P15 = B1 and P2 i, = Pa, then we have

o

E ||z, — 21| + .

(1= BE [y — VE(zi) ] +

k
_ I n—n w;
Yrt1 — (L + Al Try1 = — pi —
+1—( M)Tx41 P41 ; Pt 14 A7 50
k 1 w. |12
_ 2 _ 2 %
Yr+1 — (L + ek <pk - —|
H +1 ( 77) +1|| p +1(77 77) ;pi+1(1 —777'1‘—1)(1“")\1'77)2 S;
k 1 ws |I2
2 _ 2 i
Zk+1 — Tk <TkPk - 1,
2 + Pi11(7 =) ; pi+1 (L =nrim)(1+Xin)? || s
2 2> wy ||
Zk41 — 2k <7 || —
k 1 ws |2
+ 2p% 72 (7 — 2T21+)\k 2 =1,
P17 (7 — 1) 75 ( n) ; pit(L— ) (L + \in)? || ss
where px4+1 = NTp—1pk, p1 = 1 and pg = 0.
See its proof in Appendix G.2.
Lemma 6. Suppose the sequence {xy,yx,zr} are updated by Eqn. (12). That is, 41 =
ﬁ,\nk Tk —771@%:) Ykl = 2k — eTeE, Zpgl = MeTe@t1 T METeYk+1 Sk = Uk + 1.
By setting ng, =0, N, =10, P15 = B1 and P2 i, = Pa, then we have
2IT, (1 — 31)%L?  2B%02
E [Hmk - VF(a:k)H?} <2(1— B1)E [||m,H - VF(zk,l)Hﬂ 4 2 3 )7L L2 4 2LIL;,
1
where
272 w1 |12 k—1 1 ws |12
Hk = -1 +2 k_z n— 27'2_ 1+)\k— 2 — ’
(1+Me_1m)? || Sp_1 P (0 = )T ( ) ; piv1(L =) (L + Xin)? || s
k—1 1 ws |12
I, :=74_1pkn(0 — 2 = ,
k 1P 77(77 77) Z pi+1(1 _ ,'77.7;_1)(1 + Ai'f})Q S;

i=0
where pyy1 = NTk—1Pk, p1 = 1 and pg = 0.

see its proof in Appendix G.3.
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E PROOF OF THEOREM 1

Proof. Recall our definition Fj(zx) = F(z) + % ||z||§k = E¢[f(2:¢Q)] + % ||z||§k , in the (13).
By using the smoothness of f(6;¢), we can obtain

Fr1(®rs1)

2, Ak+1

L
SE(zp) + (VE (@), Trtr = @) + 5 l|Ters — @] |zl .,

) L A
<F(zy)+ (VF (), k41 — k) + 5 |®ps1 — 2k + ﬁ ka+1||ik

@ Ak L Ak
<F(zy) + 5 kaﬂik +(VF(xp) + A\pxp * Sk, Thy1 — Th) + 3 | @pr — a]|® + 5 |Er1 — wk||§k

2 2 2
Mk wy, Lo, wy AkTi wy
=Fy(x) — ——— ( VF(x) + My * S, — +7 —_
(@) 1+/\k77k< () + A » 5 Sk> 2(1 +)\k771c) Sk 2(1 + Agme)?
—Fk .’Bk S — VF .’Bk + A\p Ty * S — wk S L — VF :ck + Apxp * Sk)
1 + )\k:nk: (1+ )\knk
3 H [ L [Jws? AkTli
+/\lmk (1 + Xemw)? || sk 2(1+ Aeme)? || si
Nk 2
<F ——— ||VF(x m —— ||VFi(x
@) + o VP (@) — | = g s VR (a0
_ Mk { el ek } w2
2¢2(1 + M) A+ k) (14 Aemge)
@

Mk 2 Mk 2 Nk 2
<Fp(xp) + —————— ||VF () — my||" — ———— [|[VFi(x - Jwg]||",
<Puwn) + g IVF @) = il = g o VP @) — i
where @ holds since Lemma 3 proves H WH €l —pu,1+p] (Vpel0,1])in which p = %;

@ holds because A\, = )"““ and
2 2 2
[Zrt1lls, = l2rlly, + lTesr — 2elly, 4+ 2(Tr1 — Tp, 2k s,
@ holds, because
Mk Mg+ ATy * S M Wi
Wy, 1= My + A\pTf * Sk, Tl — T = — = — —=
k kT ALk * Sk k+1 k 15 \erie s TF Ao sn
c1 =107 < lsg]l, < 2= (A + )P
. 2 (14+Xemk) caL c2A 1
@ holds, since we set 17, < W% such that c§(12+/\n:nk) + cl(f+’j\2’j7k) <3
From Lemma 6, by setting 0, = 1), M, = 7 and (1 , = (1, we have
M, (1 — B1)2L% 25202
B [~ VF (@] <201 - B0 [lmas - VPG |F] + 2RO A L 2AT iy
1
(14)
where
2772 Wi 2 k=1 1 w; 2

I — -1 +9 /_2_7 272_ 14 A 2 ? ;

k (T4+Xe—1m)? || Sk—1 P (0 =) T ( k-17) ; piv1(1 = n7i1)(1+ Ain)?

k—1 2

wj;

1
I, :=T-1pn(7 — 1)
g ;pi+1(1 —n7ie1)(1+ Ain)?

15)
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Here py+1 = n7k—1pk, p1 = 1 and py = 0. By considering c; > ||sk||oo > ¢1, we have

_ 27 20672 ( = 0)*T7_1 (1 + Ap-1m)? 2 1
11, <1l ::242 ||wk_1H2 + kz ! Z
ct(1+ A1) & — pit1(1 = n7i—1)(1+ Ain)
_ _1Pk - 1
I < [ . Te=1Pk( — 1) will?
P cf — pir1(L = nmim1)(1 + Ain)? o]
(16)
Therefore, by plugging the results in Eqn. (14) into the upper bound of F}1(xk+1), we have
Fip1 (1)
n 2 n 2
<F ——F||VF -
<Fy(xr) Sea(1 + A7) IV Ex ()| Tea(l 1 ) |||
n(l—p) 2], (1 = B1)°L? npio* nLIT;,
+7E[m L~ VF(z ]+
c1(1+4+ Aen) - (z-0)l cafr(T+Xen)  cer(T+Memb  cr(1+ Agnm)
o Ui 2 Ui 2
<Fp(xp) — ——— ||VFi(x - ||w
<Fi(@y) 2¢o(1 + Agn) IV Ei ()] deo(1+ M) il
n(1 - B1) 2], (1 = py)2L? nBio? nLIT),
ISy [ L~ VF(z } + ,
cl - (2l cfi(l+Am)  a(l+Mmb (1 + Agn)
(I7)
where @ uses the fact that 0 < A\, < A. Then, from Lemma 4, we have
E [[lmy — VF(z)||
1— 3:)2L2 252
<(1-p5)E [||mk_1 - VF(zk_l)IIQ] + %E llzr — Zk—lHQ} + 517 (18)
@ 1-— 2121 252
£0 - BB [l — VE ()] + 2 4 B
1
where we use the results in Lemma 5 that
2k — zp_1||” <ITy < T0y.
Then we add Eqn. (17) and a:x (18) as follows:
Fri(@is1) + o [[my — V(=)
Ui 2 Ui 2
<Fp(xg) — ——— ||VF(x - ||w
<Fy(zk) Sea(l + ) IV Ei ()| Tea(l ) [|ws||
n 2], k(1 —py)°L? nBio? (19)
+1-8) (2L ya ]E{m_—VFz_ }+ +
=5 (c1 > Al I NG W N Gy W
nLl:[;C a(l — B1)2 L2y, n afio?
01(1 + )\k’f]) 61 b
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Then by setting o = 77(1 ﬁl) and G11(xp+1) = Frr1 (1) + n(pllgﬁl)E [”mk - VF(:(;,C)HQ} =
Eclf(2: Q)] + ¥ |23, + “S2E [y — VF(@y)]*], we can obtain

n 2 n 2
G x <Gp(xp) — ———— | VF(x - ||w
k+1( k-‘rl) = k( k) 202(1+)\k77) || k( k)H 402(1+)‘kn) || k”
il (1 — By)2L2 npio’ nLIT;,

afi(l+Xen)  ea(T+Memb  cr(14 M)
n(1 — B1)> L*1Iy, L= B1)B10?

+ 61512 Clb
®
n 2 U 2
< SR/ — v o SR —
<Gy(zy) Sea(l+ ) IV Fi (k)| Toa (L ) [|wk]|
n n(1 — 1)L, nLII), npBio?

c183 c1(1+ \gn) c1b

where @ uses the fact that 0 < A, < A. Then summing the above inequality fromk = 0tok =T17—1
and using 0 < Ap < A give

1Tl

7 3B IV + g ol

<M 262ﬂ10 (]. + )\7]) 4 202[3%0’2

ST [G(xo) — G(zr)] + T b
| 202(1 = 31)°L2(L+ M) TZ 2, Tz‘lﬁ,
a1 B3T —~ ol k
9 T-1 T—1
262(1 + )\U)A 202610‘ ( + A ) 202(1 — ﬁl) L (1 + )\7]) — 2coL —,
< + + 2 11, Z I,
nT c1b aBiT P T P

where

G(SC()) — G(.’I}T)

=Fy(xo) + n(lcl_ﬂlﬂl)E [||m,1 - VF(w,l)Hz] — Fr(zr) — 77(16;8151)1}3 [HmTq — VF(zr_,)|?
=F(@) + o [eoll,, — Plar) ~xr larl,, - 2P [jme s - VF@r )]

<F(z) — F(zr)
<A

20



Published as a conference paper at ICLR 2023

where A = F(xg) —

F(zx,); £_1 and m_; are two virtual points which satisfy m_; = VF(x_;).

Now we try to bound ZZ;& II;, and Z;‘:;Ol II,,. Firstly, we have

T-1 T-1 _ i, k—1
T L T R L DS 1 ol
k=0 = LA+ Aem)® T o  pini(L—nrim)(L+Ain)? 7
_o9 T—1 T-1 k—1
0207° T 2], 27°(7—n)* 1 2
<= wy_ || + L 2 (14 A w;
2 — _|| k1]l | 2 kzopk 1 ( K-11)” ; pirt(L—nri_1)(1+ A2 [Jwil|
27 [ o] 2770 —m)? 1
-3 Wg— + i Ti— 1+ )\z
C% I;O »H k 1|| | C% Z pk+1(]— — T 1)(1 ¥ A\ 7} 2 || k?” Z PiT, 1 17])
T—1 T-1 T—
220 o~ [ 2], 207%(7 — n)? 1 2 2
S? Z ”wk_lH I+ ci(1—nr) Z Pk+1 ] pitiza
k=0 k=0 i=k
o T—1 T-1
21 [ o] | 20°7°(77 —n)*T 2
=20 > [lhwea ] + [l ]
ci ,;) cin(l—nr)? &
T-1 T-1
217 2], 2a°7%(7 —n)*1 >
<= Y [lwe ] + [l )]
ci kzzo cin(l—nr)? &
@2,72 2 T-1 5
<L 1+ 10+ = 12 Y [llona?]
i
k=0
2 2 92 T-—1
< 1+a2y] Y [Jwea ]
“ k=0

1+Ae—_1m
1+ Aem

. . . 1 )\i—
where @ holds since 0 < A\ < A; @ holds, since 1) for i > k we have L/\k;" <
1+A_17 1+An _ < 1 1 _ ntRtXNioann n
I+(A—p)Ak— m S THa-pan ¢ 1-p and 2) 1-nmi—1 =~ AtXi—aqm 1+ T+Xi—17m

— _ _ 1. : T-1 o
1+ ﬂ m whose minimum is at A;_; = 0 and 7 = = ® holds, since Y ik PiTi

1 T - rPk+1(1 —nTFTR TPk+1
ZZ b Pit1Ti-1 < 7 Ei:k pit1 < T < n(l—nt)°
Slmllarly, we can bound

IN

@ holds by setting 77 = 7.

T-1 T-1 T 17 — 77)2 k—1 . i
I = Te—1PETNT — 1) ol
kz:% ’62:;) cf i=0 pi+1(1 —nri—1) (1 + Ain)?
5 T-1 k—1
(7 — 1) 1 )
= Pk [
fi=h o |5
(i = n)* = will® [~
— k
= Pi
C%(l —nT) o Pr+1 l; ]
= -1 T-1
2 -’ { (v -1)° 7 )? 7’ (y = 1)
Ionl] < e 2 [l < 5= 3 (Il
62(1 nT)? Z 1 —|— ~)? k:Z:O C% ,;)
(20)
h : _ . T—-1 Pk(l ,,7 —k T— k)
where @ holds since 1) p11 = n74—1pr < n7prand p1 = land2) 37, 5" p; < B <

i “_ which together give

1 -1 1 Pk 1 _1 1
Py [Zz=k Pz} S o Tonr S wriser S wrtioany Therefore, we
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have
=
T LB IV + 5 ol
k 0
202(1+)\77)A 202510’2(14‘/\17)
< +
B nT c1b
| e’ (1= B’ L2 (14 ) (1 + a>°) TZ lona ] + 2e,’L(y —1)* (= [l
C?ﬂ%T k=0 C%T k=0
22e2(1+ A | 2e8102(1+ M) 1 (o]
< -
== T c1b T kZ:O ]
where @ holds since we choose proper 7 and /31 such that
deay?n? (1 — B1)2L2(1 + M) (1 + a~?) < 1
332 =3
b @1
2con*L(y —1)? < 1
s -8

where @ uses % <1457 =1+~n(y+1) and @ uses 7?1(1;)14)2 < 7. Now we select

7 and (31 such that (21) holds:

5 1.5
n S min ( 5 61 P ’ 05705 )
V2 (1= BOL(L+ Ap)O3 (1 + a23)05 g L0 (y — 1)

So we arrive at

T-1
1 2 1 2] 2e(1+ MDA 281 (1+ Ap)o? @
= E F - < < o)
F X B [V RO ¢ ] 2 2HRCEMT 2o
where we set T' > 4”“%”’ and 3; < ﬁ. This result directly bounds
T-1 T—1
1 2 772 1 2
- _ _n o+ Ao
T ; lIsk * (xr — Tpt1)| T 2~ (14 \n)? [[mg + A * sk
=0 k=0
n? T-1
<7 > lwil® < e
k=0

Moreover, from Lemma 5, we have
T—1 T-1

1 k-1 1 wl?e 11T
= -1+ < = )2 —| == 11},
7 2 o= (A e Zpk LIPSt erny 7 2 1
T-1 T-1 k—1 2 T-1
1 2@ 1 _ 9 1 w;l|" e 1 ,
— ZEp— < = Th— - —I| == 11,
T — || k kH = a k 1Pk77(77 77) Z pi+1(1 — ,,77_7;71>(1 + )\177>2 T kgo k
T-1 T-1 _ k 2
1 2 @1 20 9 1 wy,
- Zk — Zk S - — +2 k T 1+/\k
T2 2k — 2el” < = kZ:O T 20w (1 = )7 (14 M) ;pz+1(1—nn Sa | s
R =
<= ) I
T
k=0

where pr+1 = NTk—1pk, p1 = 1 and pg = 0. where @ holds by using Lemma 5; @ holds by using
the definition in Eqn. (15); @ holds by defining:

k—1 2

1

" — n — 2
k- Pk(n 77) ; pi+1(1 _ 7’]7'1-_1)(1 =+ )\177)2

w;
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Now remammg task is to upper bound & S°F — 117, & ST 7V, and L ST4 ) IT,. Here we first
bound 2 T Z 01 IT}/ by using almost the same proof in Eqn. (20):

1 @ pul = 1)? [R= 1 )
=) i< [Jwi|
T kZ:% g kzzo AT — piv1(1 = nmim1)(1 + Aim)?
_ T-1 k-1 T-1 2 [T—1
(n—mn)° 1 (n—mn)° [ |
Ssa o7 D Pk s |*| < Pi
i1 —n7)T ,;) ; i+1 i1 —nm)T kZ:O Pk+1 ;

g(WWZ/gﬂwﬂSiﬂlﬁf [wel?] < 205 (a7
=0

2
ey 4 ane

~ 16¢o L o 4eo L
(23)
where @ holds since 1_nln 3 = ”:j‘;’\f;g" =l+ il <1+ 1= 1_1777 whose minimum
isat \;_y = 0Oand 7 = n+n ; @ holds since 1) ppr1 = NTr—1pr < nTpr and p; = 1 and
1T —ksT—F . . T-1 .
2) Zz W pi < P 717 — ) < 1f’;17 which together give pk1+1 [Zz:k pi] < ﬁlfiﬁ <

7717 1jnT < nT(linT), ® holds by using 1) % :;01 Ellwg||? < 4€? in Eqn. (22); 2) we use the

results in Eqn. (21) to obtain

Py —1)? (- 17 ct 1y

< .
c — 4 16cL(y—1)2 T 16¢2L

From the bound in Eqn. (16) and the following bound on 4 >"1 1 Ty and % "7~ T}, we have

T—1 T—1 T—1
1 1 272772 9 3 9] @ 0161262
N1 < = SO0, < 1+a IE[ w }<
T feT - fear [ 7] P leowl"} < dea(1 = B1)2L2(1 + An)
T-—1 —1
1 1 n*(y — 1) cre
BRI L
72 Mesg ) T 2B [l < £
k=0 k=0 k=0

where @ holds, since 1) = Z:_ol E||ws|? < 4€%; 2) we use the results in Eqn. (21) to obtain

922 9n2 332 2
7277 [1+a%7] S% [+ a%?] 1Py < 1/
i cs 32¢0v2(1 — 51)2L%(1 + An)(1 4+ av3) ~ 16¢2(1 — £1)2L2%(1 + An)
-1 (-1 c __a
2 4 16c2L(y—1)2 ~ 16¢2L

Therefore, we have

T-1

1 _ 0176
— E —(1+ A
T;.?_o g — (1 + M)z ||” < il
T—1
1 2 0162
— E — <2
7 2 Ellze — Sdepl
k=0
g I? < aifie
— z — Z
T LTk —4c2(1—61)2L2(1+An)

k=0
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Besides, we have

T-1 T-1
1 1
T E [||mk - VF(SC]C)Hﬂ ST Z E [Hmk + Ay * s, — VF(xr) — Mgy * SkHz}
k=0 k=0
o T1
gf E [||mk+/\ka:k>ksk||2+ ||VF(mk)+)\ka:k*skH2}
k=0
o T-1
=7 ) E {||mk+)\kka « sil|” + ||VFk(93k)H2}
k=0

® 3
<2 |:€2 + 1% 462:| < 8¢2.

where in @ we use wy, = My + Ay @y * Si. In this way, we have

T-1 T-1
1 2 2 2 2
7 2E [llms = VF(z0I?) <7 > E (Il = V(@) + |V F () — VF ()|
9 T—1

oL
<166+ ;)E [||mk - zkﬂ

<166 4+ c1 Lé? _ (a1 L+ 3262)62
- 202 202 '

For all hyper-parameters, we put their constrains together:

B < Clb€2 O (Clb€2>
1> 7 77 7N\ )

dea(14+ An)o2 co0?
where ¢1 = 195 < [|sp]loc < (2 + y)0'5 = Co.
For 7, it should satisfy
n<mm( B ci® ﬁU+Mﬂ>
- 4\/50(2).57(1 — B1)L(1 + )\77)0.5(1 + a2,y3)0,57 468'5L0'5(’y _ 1)7 2¢o(L + Aey)

. . 1+An _ 1 : — ,,0.5
Considering \n << 1, Ty = @ < T Misa constant, and ¢; = v”° << 1, then we have

1.5 1.5 2
. c1° B C1 1
<O ( min L —_
n= ( <cg.572.5L’ Q5 L0 @L))

2.57 2 1.5 2 2.57 2
cybe c c cy°be
=@ | min 1 1 1 —0( == _
( <c%.572.502 L’ Q5yL05 ¢yl 1542552

where v is often much smaller than one, and (; is very small. For T', we have
1.5.2.5 2
T Z402(1 + An)A _0 OYANE ;y o?L
ne €2 25be?

—0 <C%.5,.Y2.50.2LA) B <C%'5’72'5O'2LA)

c35bet p1-25ped

Now we compute the stochastic gradient complexity. For 7 iterations, the complexity is

03'572'50'2LA>

pl1.254

O (Tb) =0 (

The proof is completed.
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F PROOFS OF THEOREM 2

Proof. Recall our definition F(8;) = F(6) + 2& 10112 = Ec[£(8;¢)] + Ak 0|12 in the (13). By
setting 8] = 1 — 1, then we have ||my|| < coo by using Lemma 3 (see Appendix D). Also we
define

Nk Mk
14+ Ang 1+ Mg

Note in the following, we set all A\, = \. By using the smoothness of f(;¢), we can obtain

Wy = My + )\.’Bk, Tpy1 — T = — (mk —+ )\.’I}k) = — wy.

Fri1(®p41)

L A
<F(zg) + (VF(xg), Tpy1 — Tr) + 3 |rr1 — zx* + 5 1 ||

@ A L A
<F(zy) + 3 ||93k||2 +(VF(xy) + Ay, Ty — ) + 3 [ fEk||2 + 3 [ wkHQ

=Fy(zy) — Mk (VF(xg) + Axg, wi) + 7[/”’% |w ||2 + 7)\77’% I H2
1+ )\nk ’ (1 —+ )\Uk)2 2(1 —+ /\nk)Q
/ Ty [ 2
=F( F( ATy, — — —— (VF A
& :Ek H 1 " )\nk V CBk + Ty wk 5 H (1 —|—)\77k>) (V (iL’k) + wk)
Lnk )\771% 2
_|_ - N
H\/ 1+>\nk 2(1+ Anp)2 ey 21+ )2 loxl
Tk
< e e
ka(wk)Jr (1+>\ 3 IV F () — m|® — 5T+ wg) IV Eyo () |
U Ly AT, } 2
1-—- - w
2(1+ i) { o) (g | 4]
@ Tk 2 Nk 2
<F S —\vi o S —\vj | —
SFu() + G IVF (@) = mal = 5 s IVF@) I = g el

where @ holds because

2 2 2
lzerlls, = llzxlls, + [Tres1 — zillg, + 2(Tor1 — T, Th) s, -
@ holds, because

Nk Nk

wg :=m Az, x —xp = — m Axg) = — w
k k+ Axg k1 k 1+)\77k( k+ Axk) T W
. c2(14+Anz) o L 2\ 1
@ holds, since we set ny < 517" such that c%(‘f+zﬁlk) + Cléﬁg’;}k) <3

Then in the following, we can directly follow the proof of Theorem 1. This is because the only
difference between accelerated SGD and AdamW is that SGD has no the second-order moment vy,
while AdamW has. By let s;, = 1 in accelerated AdamW and setting 5] = 1 — (31 in accelerated
SGD, then they share the exact the same updating rules. So after setting 8] = 1 — 31 in accelerated
SGD, to follow the proofs of Theorem 1, we only need to verify whether the auxiliary lemmas
and the proof process of Theorem 1 hold for s, = 1. This is the true case. Please check our
auxiliary lemmas, including Lemma 3 ~ 6, and the proof process of Theorem 1. Consider s, = 1
in accelerated SGD, we have ¢; := 1 < [|sk]loc < 2 := 1.

In this way, by setting 75, =ynk, 7> 1,k =1 < (9(275%) pr < (wz) Br=1-P1, A=
Ao =0, after T'= (’)(A" L) iterations with minibatch size b and A = F(x) — F(x, ), the sequence

{(zx, z) }I_, generated by accelerated SGD satisfies the following four properties.
a) The gradient V F},(zy,) of the sequence {x} }7_, can be upper bounded by

=S RVl + ¢ M3 ] <

b) The gradient moment 1, can well estimate the full gradient VF'(zy,) and VF(zy):

1 T-1 ) , h 2
Tzkzo max {JEHmk — VF(zy)ll;, E[[my — VF(Zk)HQ}S (16 n §L)€

25



Published as a conference paper at ICLR 2023

¢) The sequence {xy, 21 } satisfies

1T71E 2 g 2 g 2\ - J 2.2 pie e
Tkz—o{ ek —xr1]l”, Ellzer1—2k(5, ||Zk—wk||2}_ e 7W»E .

2.5 2
d) The total stochastic gradient complexity to achieve the above three properties is @(%)

The proof is completed.

G PROOFS OF AUXILIARY LEMMAS

G.1 PROOF OF LEMMA 3

Proof. To begin with, we assume that V¢ < k, it holds
Ml < coor lve+ V] S oo +v
Then we consider the case where ¢t = k + 1 as follows
[l = 11 = Br)my + ﬂlgk\loo < (1= B1) [lmall + B llgrll o < coo
[Wktilloo = ||(1 = B2)vk + Bagi|| . < (1= B2) [lvrllo + B2 ||g7 ]|, < €2

Then we derive the second results as follows:

v + v . 1+vk—vk+1
V vkt1 v V Vi1 +V ||

o
Therefore, we have

B Bac?, < |1_ ﬁ202 v + v /3202 14 Bact, '
N ) S e RER7AE

We complete the proof. O

9
14+ 62(1% gk)
Vg1 T+ V

G.2 PROOF OF LEMMA 5

Proof. To begin with, we have

Y1 — (L + Melik) Trgs

s M LN (o
kT Sk 1+ )\knk M Sk
_ ~my 14+ ATk my
=Nk—1Tk—1Tk + Me—1Tk—1Yk —Me—— — =~ | Tk — NM——
s 14 e Sk

14+ A1 )mk Ak (e — k)
LU [ Akl — k).,

Me—1Tk—1 (Y& — (L + Aplle—1)@k) (Uk T+ e ™) “si + Y

® _ B 14+ Aphp— wy — A\gA/V A —n
=Nk—1Th—1 (Y — (1 + MeT—1)Tx) — (Uk— Klk=1 > b ORVIR L AU nk)wk

1+ Apme_1 k 14+ ek
=Nr-1Tk—1 (Ye — (1 4+ M\efe—1) ) — (nk - mnk> ?:
<)\k7_]k - 71 1 ;:Z:: KTk )\i(zk)\_kgf)) x
Lo (g = (1 M) —

where @ holds since wy, := my + A\pxy * Si; @ holds since we set all 5, = n and 7, = 77 which

gives T, =T = m Therefore, by defining py 1 = n7x—1pk, p1 = 1 and pg = 0, then we
have
Yrr1 — L+ M Tra _ yr — (L4 Al))@ Lon—n wk, 3
Ph+1 Pk ok L+ M sk
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For k = 0, we have

_my 1+ )\077 mo
1+ A =zqg—N— — —n—
~ (L4 dom)@s =20 =1 so 1+ Am <w0 s >
_wo — A\pSp * Xg 14+ o7 wo — ApSp * Xg
=20 — 1] - T~ ———
S0 1+ )\07] S0
—zg —my— 10
0 0 1+ )\077 So
In this way, one can obtain
_ _ k _
Yr1 — (14 X)) gt g M W0 L n—n w;
Plk+1 L+ Xon so = piv1 1+ Ain si
_ Z n—n w;
pz—i—l 1+ >\z77 S
where @ hold since zy = &g and p; = 1. Then we can upper bound
2
Hyk+1 (1 + ki) Tt Zpkﬂ (L —nmi-1) n—n w;
Pk+1 Pit1 pr+1(1 =nmi—1)(L+ Ain) 8
k _ 2
22 pr+1(l —nTi1) (7—n)? w;
e Pit1 Pipr (L= m7i1)(1+ Ain)?
_ 2
(77 n)? Z 1 w;
Pre1 =5 pita (1= nrica) (1 + Ain)?

. k 1—mri—1 k 5 - .
where @ holds since 1) > p:'? = Zizo(piil - pi) = pk1+1’ and 2) Jensen’ inequality.
Therefore, we have

1 w; 2

k
1+ < )2
lyrt1 — (1 + kn)a:k+1|| Pr+1(1 — 1) ; pirt (L= 7)1+ Nin)2

Moreover, we can also bound
Zkt1 — wk+1||2 = |7Th@ht1 + NTRYRt1 — «’Bk+1||2

=7k Jyrs1 — (1 + M) |
k

1 w;
<TkpPk 7—n)?
Prn( =) ; pi+1(L—nrim)(1+Xin)? || s
On the other hand, we have
zk+1 — z&ll = 197Xk 11 + 170YR11 — 2k ]|
@ |-
= ||MTkThk+1 + NMTEYk+1 — Yk+1 — 77”
_ _ Wk — ART * Sp
= ||NTkTk+1 + NMTeYk+1 — Yk+1 — WT
_ _ Wk _
= || 1TkTrt1 + NTRYk+1 — Yrt1 — ﬂg + ATk
@ |, _ _ n o wg
2 A —(1- .
(N7 + Ak )Trg1 — (1 = 07%)Yra1 15w s ’
® || _ _ n o wg
= 1+ 1+ A — — —
N7 (14 Aen) (14 A6 Tri1 — Yrr1) 1 Mt 55
_ _ n Wy,
<qm(1+ A 1+ Ai))@ps1 — + =
<ni( k1) (I BT Trt1 — Yt || 1+)\k77’ -

27



Published as a conference paper at ICLR 2023

where @ we plug in yp41 = 2z — 7 pr; in @ we plug in @4 = ﬁ (Jﬁk - 77%;) =
1+)\k77 Lk — 77%:]6*%) = Tp— 7% o and @ we have 7y +0 Ak = 775 (147 Ak ) (147 Ax)

and (1 — n1) = 77%(1 4+ nAg). Then we can upper bound

_ 27 wy, ||
z —z <2n 1+ 1+ M) - 2 + —
| Zk-+1 k|| 7T, ( k)2 1I( KM Tht1 — Yrt |l FESYE
2772 wy, 2 b 1 w;
< ———— ||| +20k017° (7 — )T (1 + Xen)® i
(14 Agn)? Pl (7 = 1) "7 1) ; piv1(L=nri—))(L+Xn)2 || s
The proof is completed. ]
G.3 PROOF OF LEMMA 6
Proof. From Lemma 4, we have
E |[my — VF(z0)|
1— fB1x)2L2 B3 o
<= BwE | Imiy = VF(zp-0) ] + (gll’:)ﬂﬂ 2 =zl | + =
® (1 — 212 Bio°
(1~ 5108 [l — VP (z) ] + TP Pl
B,k b
where in @, we use the results in Lemma 5 that
2z — Zk—1H2 <II
with
_ k—1 2
2’172 Wik -1 2 2 1 w;
11, := + 2 72 (I+X —
k (T4 Xg—1m)? || Sk—1 PE (77 77) i1 k-111) ; pit1(1 —nri1)(1+ \in)?
Then we have
E[lImi = VF(@)|| <2E [my, — VF(z)|°] + 2B [|VF(z0) = VF (@)
<IE [|my — VF (1) *] + 2LE |12 — 4]
® oM, (1 — 212 2f7 07
<2(1 — Byi)E [||m,€_1 - VF(zk_l)nﬂ 4+ 20 Bliw) n 12)k +2LIT,,

where in @, we use the results in Lemma 4 that

E[lImi ~ VF(z0)|]

1— B14)2L2 Biro?
<= B [llmacs — V()] + %E e — zxal?] + 25
1
and also the results in Lemma 5 that
k—1 1 ws |12
2 / _ 2 i
Zp — X <II, :=7_ —
|| k k“ = Lk k 1pk77(77 77) ; pi+1(1 — 777-1'—1)(1 + )\in)g
The proof is completed. O
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