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Abstract

Designing efficient algorithms for multi-agent reinforcement learning (MARL) is
fundamentally challenging because the size of the joint state and action spaces
grows exponentially in the number of agents. These difficulties are exacerbated
when balancing sequential global decision-making with local agent interactions. In
this work, we propose a new algorithm SUBSAMPLE-MFQ (Subsample-Mean-Field-
Q-learning) and a decentralized randomized policy for a system with n agents. For
any k < n, our algorithm learns a policy for the system in time polynomial in
k. We prove that this learned policy converges to the optimal policy on the order
of O(1/V/k) as the number of subsampled agents k increases. In particular, this
bound is independent of the number of agents n.

1 Introduction

Reinforcement Learning (RL) has become a popular framework to solve sequential decision making
problems in unknown environments and has achieved tremendous success in a wide array of domains
such as playing the game of Go [Silver et al.| 2016], robotic control [Kober et al., [2013]], and
autonomous driving [Kiran et al., 2022, |Lin et al., [2023a]]. A key feature of most real-world systems
is their uncertain nature, and thus, RL has emerged as a powerful tool for learning optimal policies
for multi-agent systems to operate in unknown environments [Kim and Giannakis, |2017, Zhang et al.|
2021} [Lin et al.l |2024] |Anand and Qul [2024]]. While early RL works focused on the single-agent
setting, multi-agent RL (MARL) has recently achieved impressive success in many applications, such
as coordinating robotic swarms [Preiss et al.l 2017, [DeWeese and Qu} 2024]], real-time bidding [Jin
et al.,[2018]], ride-sharing [Li et al.,|2019]], and stochastic games [Jin et al., | 2020]].

Despite growing interest in MARL, extending RL to multi-agent settings poses significant compu-
tational challenges due to the curse of dimensionality. MARL is fundamentally difficult as agents
in the real-world not only interact with the environment but also with each other [Shapleyl, |1953]:
if each of the n agents has a state space S and action space A, the global state-action space has
size (|S]|A])™, which is exponential in n. Thus, many RL algorithms (such as temporal difference
learning and tabular Q-learning) require computing and storing an (|.S||A|)"-sized Q-table [Sutton
et al.,[1999, Bertsekas and Tsitsiklis, |1996]]. This scalability issue has been observed in a variety of
MARL settings [Blondel and Tsitsiklis} 2000, [Papadimitriou and Tsitsiklisl (1999, |[Littman), |1994]].
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An exciting line of work that addresses this intractability is mean-field MARL [Lasry and Lions| [2007}
Yang et al., |2018| |Gu et al., [2021} 2022, Hu et al., 2023]]. The mean-field approach assumes agents
are homogeneous in their state-action spaces, enabling their interactions to be approximated by a
two-agent setting: here, each agent interacts with a representative “mean agent” which evolves as the
empirical distribution of states of all other agents. With these assumptions, mean-field MARL learns
an optimal policy with sample complexity O(n!%I41|S||A]), which is polynomial in the number of
agents. However, if n is large, this remains prohibitive even for moderate values of | S| and | A|.

Motivated by this problem, in this paper we study the cooperative setting—where agents work
collaboratively to maximize a structured global reward—and ask: Can we design a scalable MARL
algorithm for learning an approximately optimal policy in a cooperative multi-agent system?

Contributions. We answer this question affirmatively. Our key contributions are outlined below.

Subsampling algorithm. We model the problem as a Markov Decision Process (MDP) with a global
agent and n local agents. We propose SUBSAMPLE-MFQ to address the challenge of MARL with a
large number of local agents. SUBSAMPLE-MFQ selects & < n local agents to learn a deterministic
policy 7$** by applying mean-field value iteration on the k-local-agent subsystem to learn QESt,
which can be viewed as a smaller ) function. SUBSAMPLE-MFQ then deploys a stochastic policy m¢™,
where the global agent samples k local agents uniformly at each step and uses 7§ to determine its
action, while each local agent samples k — 1 other local agents and uses 7" to determine its action.

Sample complexity and theoretical guarantee. As the number of local agents increases, the
size of Q) scales polynomially with k, rather than polynomially with n as in mean-field MARL.

Analogously, when the size of the local agent’s state space grows, the size of () scales exponentially
with k, rather than exponentially with n, as in traditional @)-learning. The key analytic technique
underlying our results is a novel MDP sampling result. This result shows that the performance gap
between ¢ and the optimal policy 7* is at most O(1/v/k), with high probability. The choice of
k reveals a fundamental trade-off between the size of the Q-table and the optimality of 7¢**. For
example, if k is set to O(logn), SUBSAMPLE-MFQ is the first centralized MARL algorithm to achieve
a polylogarithmic run-time in n, representing an exponential speedup over the previously best-known
polytime mean-field MARL methods, while maintaining a decaying optimality gap as n gets large,

While our results are theoretical in nature, we hope SUBSAMPLE-MFQ will further exploration of
sampling in Markov games, and potentially inspire new practical multi-agent algorithms.

Related work. MARL has a rich history, starting with early works on Markov games [Littman, |1994|
Sutton et al., [1999], which are a multi-agent extension of MDPs. MARL has since been actively
studied [Zhang et al.,|2021] in a broad range of settings. MARL is most similar to the category of
“succinctly described” MDPs [Blondel and Tsitsiklis, 2000], where the state/action space is a product
space formed by the individual state/action spaces of multiple agents, and where the agents interact
to maximize an objective. A recent line of research constrains the problem to sparse networked
instances to enforce local interactions between agents [Qu et al., 20204, |Lin et al., 2020} Mondal
et al., [2022]. In this formulation, the agents correspond to vertices on a graph who only interact with
nearby agents. By exploiting Gamarnik’s correlation decay property from combinatorial optimization
[Gamarnik et al.l 2009], they overcome the curse of dimensionality by simplifying the problem to
only search over the policy space derived from the truncated graph to learn approximately optimal
solutions. However, as the underlying network structure becomes dense with many local interactions,
the neighborhood of each agent gets large, and these algorithms become intractable.

Mean-Field RL. Under assumptions of homogeneity in the state/action spaces of the agents, the
problem of densely networked multi-agent RL was studied by Yang et al.|[2018]],|Gu et al.|[2021]], who
approximated the solution in polynomial time with a mean-field approach where the approximation
error scales in O(1/+/n). In contrast, our work achieves subpolynomial runtimes by directly sampling
from this mean-field distribution. |Cui and Koeppl|[2022] introduce heterogeneity to mean-field MARL
by modeling non-uniform interactions through graphons; however, these methods crucially assume
the existence of graphon sequences that converge in cut-norm to the finite graph. In the cooperative
setting, Subramanian et al.| [2022], (Cui et al.[[2023] studies a mean-field setting with ¢ types of
homogeneous agents; however, their learned policy does not provably converge to the optimum.

Other related works. Our work is related to factored MDPs, where there is a global action affecting
every agent; however, in our case, each agent has its own action [Min et al.| [2023| |Lauer and



Riedmiller, 2000]]. Jin et al.| [2020] reduces the dependence of the product action space to an additive
dependence with V-learning. Our work further reduces the complexity of the joint state space,
which has not been previously accomplished. We add to the growing literature on the Centralized
Training with Decentralized Execution regime [Zhou et al., [2023]], as our algorithm learns a provably
approximately optimal policy using centralized information, but makes decisions using only local
information during execution. Finally, one can efficiently approximate the ()-table through function
approximation [Jin et al.| [2021]]. However, achieving theoretical bounds on the performance loss
due to function approximation is intractable without strong assumptions such as linear Bellman
completeness or low Bellman-Eluder dimension [[Golowich and Moitral [2024]]. While our work
primarily studies the finite tabular setting, we extend it to non-tabular linear MDPs in Appendix [J}

2 Preliminaries

Notation. For k,n € N where k < n, let (1) denote the set of k-sized subsets of [n] = {1,...,n}.
For any vector z € R%, let ||z||; and ||z|| denote the standard ¢; and £, norms of z respectively.
Let ||A||; denote the matrix £;-norm of A € R™*™, Given variables s1, ..., Sn, sa = {s; : i € A}

for A C [n]. We use O(-) to suppress polylogarithmic factors in all problem parameters except n. For
a discrete measurable space (X', F), the total variation distance between probability measures p1, po
is given by TV (p1,p2) = £ > . cx |p1(z) — p2(z)|. Next,  ~ D(-) denotes that x is a random
element sampled from a distribution D, and we denote that = is a random sample from the uniform
distribution over a finite set Q2 by = ~ U()). We include a detailed notation table in Table

2.1 Problem formulation

We consider a system of n + 1 agents, where agent g is a “global decision making agent” and
the remaining n agents, denoted by [n], are “local agents.” At time ¢, the agents are in state
s(t) = (sq(t), 51(2), ..., sn(t)) € S =Sy x S, where s4(t) € S, denotes the global agent’s state,
and for each i € [n], s;(t) € S; denotes the state of the ’th local agent. The agents cooperatively
select actions a(t) = (ay(t), ai(t),...,an(t)) € A= Ay x A}, where a,(t) € A, denotes the global
agent’s action and a;(t) € A; denotes the 7’th local agent’s action. At time ¢ + 1, the next state for all
the agents is independently generated by stochastic transition kernels P, : Sy x Sy x A, — A(S)
and P, : §; x §; X §; x A — A(S;) as follows:

st +1) ~ Py(lsy(0),a,(0),  silt+1) ~ Pllsi(t) s, (0, as®) Vi€ [nl. (1)

The system then collects a structured stage reward 7(s(t), a(t)) where the reward r : S x A — R
depends on s(t) and a(t) through Equation (2), and where 74 and r; is typically application specific.

1
T(Sva) = Tg(sgvag) +E Z rl(8i78g7ai) 2)
N—— ;
global component i€[n] local component

A policy 7 : S — P(A) maps from states to distributions of actions such that a ~ 7(-|s). Given
v € (0,1), we seek to learn a policy 7 that maximizes the (y-discounted) value for each s € S:

V7(5) = Bauyncls) | 3 7'7(s(8), alt))[5(0) = 5]. 3)

t=0

The cardinality of the search space simplex for the optimal policy is |Sy||S;|"|Ag||-A;|™, which is
exponential in the number of agents, underscoring the need for efficient approximation algorithms.
To efficiently learn policies that maximize the objective, we make the following standard assumptions:

Assumption 2.1 (Finite state/action spaces). We assume that the state and action spaces of all the
agents in the MARL game are finite: |S;,[S|, |Agl, |Ai] < oo. Appendix|J]of the supplementary
material relaxes this assumption to the non-tabular setting with infinite continuous sets.

Assumption 2.2 (Bounded rewards). The components of the reward function are bounded. Specifi-
cally, |rg(-,-)|loo < 7g» and ||77(:, -, -)|loo < 7. This implies ||7(-, -)||co < Fg + 71 1= 7.

Definition 2.3 (e-optimal policy). Given a policy simplex II, 7 € II is an e-optimal policy if
V7™(s) > sup,.cq V™ (s) — e



Motivating examples. Below we give examples of two cooperative MARL settings which are
naturally modeled by our setting. Our experiments in Appendix [B]reveal a monotonic improvement
in the learned policies as & — n, while providing a substantial speedup over mean-field Q—learningﬂ
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Figure 1: Bounded exploration in warehouse accidents, and traffic congestions with Gaussian squeeze.

* Gaussian squeeze: In this task, n homogeneous agents determine individual actions a; to jointly
maximize the objective r(z) = ze~(@=1?/7" where z = >ia; and p and o are the pre-
defined mean and variance of the system. In scenarios of traffic congestion, each agent i € [n] is a
controller trying to send a; vehicles into the main road, where controllers coordinate with each
other to avoid congestion, hence avoiding either over-use or under-use, thereby contributing to
the entire system. This GS problem is previously studied in|Yang et al.|[2018]], and serves as an
ablation study on the impact of subsampling for MARL.

* Constrained exploration: Consider an M x M grid. Each agent’s state is a coordinate in
[M] x [M]. The state represents the center of a d x d box where the global agent constrains
the local agents’” movements. Initially, all agents are in the same location. At each time-step,
the local agents take actions a;(t) € R2 (e.g., up, down, left, right) to transition between states
and collect rewards. The transition kernel ensures that local agents remain within the d x d box
dictated by the global agent, using knowledge of a;(t), s,(t), and s;(¢). In warehouse settings
where shelves have collapsed, creating hazardous or inaccessible areas, we want agents to clean
these areas. However, exploration in these regions may be challenging due to physical constraints
or safety concerns, causing exploration in these regions to be disincentivized from the local agents’
perspectives. Through an appropriate design of the reward and transition functions, the global
agent could guide the local agents to focus on specific d x d grids, allowing efficient cleanup while
minimizing risk.

Capturing heterogeneity. Following|Mondal et al.| [2022]], Xu and Klabjan|[2023|], our model can
capture heterogeneity in the local agents by modeling agent types as part of the state: to do this, we
assign a type €; € £ to each local agent by letting S; = £ x S/, where £ is a set that enumerates
possible types that are treated as a fixed part of the agent’s state, and S; is the latent state space of
any local agent. The transition and reward functions can vary depending on the agent’s type. The
global agent can provide unique signals to local agents of each type by letting s, € Sy and a4, € A,
denote a state/action vector where each element corresponds to a type.

3 Algorithmic Approach: Subsampled Value Iteration

Q-learning. Our starting point is the classic Q-learning framework [Watkins and Dayan| |1992] for
offline-RL, which seeks to learn the Q-function @ : S x A — R. For any policy 7, Q™ (s,a) =
E™[> 020 7'r(s(t), a(t))]s(0)=s,a(0)=a]. Initially, Q°(s,a) =0, for all (s,a) € S x.A. Then, for
all t € [T, it is updated as Q' (s, a) <+ T Q' (s, a), where the Bellman operator T is

TQt (3’ CL) = ’I"(S, Cl) + ’YES;NPQ(<|SQ,(L),S;~PL(-\si,sg,ai),ViG[n] (Ilr,lg‘ﬁ Qt(sl’ a/)' 4)
It is well known that 7 is 7y-contractive, ensuring that the above updates converge to a unique
Q* such that TQ* = @Q*. The optimal policy 7* : S — A can then be computed greedily as

2We provide supporting code for the algorithm and experiments in https://github.com/emiletimothy/
Mean-Field-Subsample-Q-Learning
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7*(s) = arg max,ec 4 Q* (s, a). However, the update complexity for the Q-function is O(|S||A]) =
O(|S,1|S1|™Agl|As]™), which is exponential in the number of local agents increases.

Mean-field transformation. To address this, mean-field MARL [Yang et al., [2018]] (under homo-
geneity assumptions) studies the empirical distribution function Fz[n] : 21— R, for 2, =8 x A;:

1 n
F.., (z) = - Z si = zs,a; = 20}, Vzi=1(25,24) € Z1 =8 X A %)
i=1
Let 11, (21) = {216 € {0, ..., n}}?!| be the space of | Z;|-sized vectors (or |S;| x |.A,|-sized tables),
where each entry isin {0,1/n,2/n, ..., 1}. Intuitively, 1, (Z;) is a discrete distribution over (S;, A;)
where each probability assigned is a multiple of 1/n. Then, F., €pn (Z)) indicates the proportion
of agents in each state-action pair.

As in Q-learning, in mean-field Q-learning initially Qo(sg, S1,0q,01, Fz[n]\l) = 0. Ateach time
t € [T, we update Q as Q'*! = TQ!, where T is the Bellman operator in distribution space:

t Nt o
TQ (sg7sl7a_{])a’l)FZ[n]\1) zr(s,a) +7E sy~ Pg(-lsg,ag) max Q (Sg?817ag)a’l)Fz[/n]\1)
4 ’ g (a ,al ,a )
S:LNPZ('lshsg#a’i) ! \,,,1 1
Vig[n] EAG XA X A]

Since the Q-function is permutation—invariant in the homogeneous local agents, one sees that for

eacht > 0, Q" (g, S[n]s g, afn)) = QF (89 81,ag,a1, I, ). In other words, mean-field Q- -learning

implements the same updates as standard Q-learning. However the update complexity of Q is only
O(|S,||A4||Z1|n/%11), which scales polynomially in 7 but exponentially in | Z;|.

Remark 3.1. Existing methods use sample complexity O(min{|Sy||A,||Z1]", |Sy|| Ayl 2101 Z1}):

one uses Q-learning if | Z;|"~* < nlZ!l, and mean-field value iteration otherwise. In each regime, as
n scales, the update complexity becomes computationally infeasible.

To further reduce the update complexity, we propose SUBSAMPLE-MFQ to overcome the polynomial
(in n) sample complexity of mean-field Q)-learning and the exponential (in ) sample complexity of
traditional @-learning. We begin by motivating the intuition behind our algorithms.

3.1 Overview of approach.

Offline Planning: Algorithm[i} First, the global agent randomly samples a subset of local agents
A C [n] such that |A| = k, for k < n. It then ignores all other local agents [n] \ A, and performs
value iteration (using m samples to update the Q-function in each iterate) to approximately learn
the -function QeSt and policy 7r95t for this surrogate subsystem of k local agents. We denote the
surrogate reward gamed by this subsystem at each time step by ra : S x A — R, where

ra(s,a) =ry(sq,aq) + |A| Zrl Sg,Siy ;). 6)
i€EA

In Theoremn we show that ||QeSt — @Q*|| s is Lipschitz continuous with respect to the TV-distance
between the state/action pairs of the subsampled agents and the full set of n agents. Equipped with
this approximation guarantee, we show how to construct an approximately optimal policy on the
full system on n agents. In general, converting this policy on k local agents to a policy on the full
n-agent system without sacrificing error guarantees can be intractable, and there is a line on works
on centralized-training decentralized-execution (CTDE) [Xu and Klabjan, 2023 |Zhou et al., 2023|]
which shows that designing performant decentralized policies can be highly non-trivial.

Online Execution: Algorithm[2] In order to circumvent this obstacle and convert the optimality of
each agent’s action in the k local-agent subsystem to an approximate optimality guarantee on the full
n-agent system, we propose a randomized policy Wzbfn, where the global agent samples A € ([ ]) at
each time-step to derive an action a, < 73"} (sg, s A) and where each local ¢ agent samples k£ — 1

other local agents A; to derive an action a; < W,‘zsfn(sg, Siy SA,)- Flnally, Theorem@] shows that
the policy Tr“t converges to the optimal policy 7* as k¥ — n with rate O( f)



3.2 Algorithm description.

We now formally describe the algorithms. Before describing Algorithm [T|(SUBSAMPLE-MFQ: Learn-
ing) and Algorithm [2{ (SUBSAMPLE-MFQ: Execution) in detail, it will be helpful to first define the
empirical distribution function:

Definition 3.2 (Empirical Distribution Function). For any population (z1,...,2,) € Z]’, where
2, = &, x A;, define the empirical distribution function F.,, : Z; — R, forall z == (25, 2,) €
S; x Aj and for all A € ([z]) by F., (x) := %ZEA 1{s; = zs,a; = 24 }.

Let pi(2;) = {2|b € {0,..., k:}}lzl| be the space of | Z;|-sized vectors (or |S;| x |.A;|-sized tables)
where each entry is in {0, 1/k,2/k, ..., 1}. Intuitively, ux(Z;) is a discrete distribution over (S;, A;)
where each probability assigned is a multiple of 1/k. Here, F., € ux(Z;) indicates the proportion
of agents (in the k-local-agent subsystem) at each state/action pair.

Algorithm ] (Offline learning). Let m € N denote the sample size for the learning algorithm with
sampling parameter k& < n. As in Remark[3.1} when | Z;|* < |Z;|k!#', the algorithm uses traditional
value-iteration, and when | Z;|¥ > | Z|k!Z!T, it uses mean-field value iteration. We formally describe
the procedure for each regime below:

Regime with Large State/Action Space: When | Z;|* < | Z;|k!Z!|, we iteratively learn the optimal
Q-function for a subsystem with k-local agents denoted by @7, ,,, : Sy X SF x Ay x AF — R, which
is initialized to 0. At time ¢, we update

QZJ;},L(SQ,SA,GQ,&A) :E,in,m(SQ7SAuagaa’A)7 (7)

where ’7~7€,m is the empirically adapted Bellman operator in Equation @i Since the system is
unknown, 7}, ,,, cannot directly perform the Bellman update, so it instead uses m random samples
s) ~ Py(:|sg,aq) and s] ~ Pi(-|si, sy, a;) for each j € [m], i € A to approximate the system:

= At 2 At i

Trom Qe m (89, 5A,ag,a0) = ra(s,a) + — Z max Qk’m(sé,sg,a’wag).

jem] a;EAg,a/AEAf

Since 7~7€’m is y-contractive, Algoritpm applies value iteration with 7 until Q k,m CONVErges to a

fixed point satisfying Tx ,» Q5 = Q.. yielding a deterministic policy 73"} (s4,sa) where
~est est
Tom(8g,sa)= argmax Q% (54,54, ag,an). (8)

ag€EAg,anc€Al

Regime with Large Number of Agents: When | Z;|* > | Z)|k!Z!|, we learn the optimal mean-field

Q@-function for a k local agent system, denoted by Q};,m 18y X S X p—1(Z21) x Ag x A = R,
which is initialized to 0. At time ¢, we update

At+1 T At
Qk-j_m(sg781aFZA7alva‘g) = n,ka,m(ngslanA;alaag)a (9)

where ﬁ,m is the empirically adapted mean-field Bellman operator in Equation . Similarly, as
the system is unknown, 7} ,, cannot directly perform the Bellman update and instead uses 1m random
samples s7 ~ Py(:|sg, ag) and s] ~ Pi(-|si, sq,a;),Vj € [m], i € A to approximate the system:

7 At g At i
E,ka’m(sga S1, FzA; ai, ag) :TA(Sa a)"’_* Z , E.%Ilna}/(EA Qk,m(sév Sia FSJ‘A’G‘A/ ) a/17 a;)
. Qg g a7 1y
]G[m]Fa'AGM—l(Al)
(10)
Since Q}im depends on sa and aa through F, ., ﬁ,m is also y-contractive. So, Algorithmapplies
value iteration with 7 until (), ,,, converges to a fixed point satisfying 7y @S5t = ¢t | yieldin
s 4 p ymg » k.m kmo Y g
a deterministic policy 73 (sg, 51, Fs ;)
~est Aest
Thm (8> 81, Fls )= arg max (89,51, Fz a1, a4)

ag€AG,a1€A; Faz €pr—1(AL)

For ﬁ',ecf:n(sg, Siy SA\i) =0y, a5, a*A\i, let [ﬁ'iffn(sg, sa)]lg=aj and [frzf;“n(sg, i, 8A\i)]1 =05



Algorithm 1 SUB-SAMPLE-MFQ: Learning

Require: A multi-agent system as in Section number of iterations 7', sampling parameters k € [n],
m € N, and discount factor v € (0,1).

I Let A= {1,...,k}, A={2,... .k}, and pp—1 (Z)) = {325 : b€ {0,1,... .k — 1} }ISixIAl
2: if | Z;|F < |Z|k1# then
3. //Sub-sampled version of standard QQ-learning
4:  Initialize Qg’m(sg7 SA,ag,an) = 0,Y(sg, 8, ag,an).
5. fort=1to7T do
6: for (sg, sa,an,ay) € Sy x S x Ay x A} do
Aprd RN
7: Z+m(5ga3A7agaaA):7;s mQ};m(SgaSA)agaaA)
8:  Let the greedy policy be 7}’ St (s, 5a) == arg MAX, 4 qpeAF Q;m(sg, SA,Qg, AA).
9: else

10:  // Sub-sampled version of mean-field Q-learning
11: Initialize Q7 ,,, (54, 51, Fz 5, a1, aq) = 0, ¥(sg, 54, an, ag).
122 fort=1to7T do

13: for (89,817FZA70,170,9) S Sg X Sl X /,Lk,l(Zl) X .Al X Ag do

1 ~ ~
14: Z+m(sg7817FZAaa17ag) = 776 mQ}; 7n(897817FZA7a'17a'g)

15:  Let the greedy policy be 71'est b (Sgs Sis FSA) =argmax q,cA,,a; eAz,Qk m(Sgs 51, F. a1, ag).
Faoz €pr—1(A1)

Remark 3.3. Since mean-field (-learning maintains the same updates as standard ()-learning (from
Lemma|C.19|which follows by noting that the Q-function is permutation-invariant in the homogeneous
local agents), the deterministic policies 75°;, (54, 5a) and 7%, (s, 51, Fis5 ) are equivalent.

Algorithm [2| (Online implementation). In Algorithm [2] (SUBSAMPLE-MFQ: Execution) the global
agent samples local agents A(t) ~ U([Z]) at each step to derive action a4 (t) = [7{%), (54, 5a(t))]g

and each local agent i samples other local agents A;(t) ~ U([,?]_\f) to derive action a;(t) =

[ (3g5 i, 5a(t))]1- The system then incurs a reward 7 (s, a). This procedure of first sampling

agents and then applying 73"}, is denoted by a stochastic policy 7§} (als), where 7} (a,|s) is the

global agent’s action distribution and 7TeSt t (ais) is the local agent’s action distribution:

e (agls) —) Z ¢ (5g:5A) = a) (11)
1
T (@il ) Z (m5%t (5g. 81, Fay ) =) (12)
e(ﬂ? Y)

The agents then transition to their next states.

4 Theoretical Guarantees and Analysis Approach

We now show the value of the expected discounted cumulative reward produced by 7r‘°‘s't is approxi-

mately optimal, where the optimality gap decays as £ — n and m grows.

Bellman noise. We introduce the notion of Bellman noise, which is used in the main theorem. Note
that 7, is an unbiased estimator of the adapted Bellman operator 7y,

EQk(sgbSAaag>aA):rA(sva)+PyE sy~ Py(]sg,a4), , ;naec AF Qk(szyvslAaa;7a/A)' (13)
si~Py(-|81,89,a:),Vic A Y9 €A A A

Let Q Sg,5A,0g,an) = 0. Fort > 0, let fol = ﬁ@i, where ﬁ is defined for k£ < n in Equa-

tion l| Then, 7 is also a y-contraction with fixed-point (J;,. By the law of large numbers,

1im,, 00 Trm = Tr and ||Qes'c — Q%loo — 0as m — oco. For finite m, e, = HQeSt — Q5



Algorithm 2 SUBSAMPLE-MFQ: Execution
Require: Parameter 7" for the number of iterations for the decision-making sequence. Sampling
parameter k € [n],m € N. Discount factor . Policy 7§} (sg, Fis,)-
Learn 7§, from Algorithm|1
Sample (sg( )5 8n)(0)) ~ so0, where s is a distribution on the initial global state (s, 5{,))
Initialize the total reward Ry = 0
Policy 7j"} (s) is defined as follows:
fort = OtoT’do
Choose A uniformly at random from ([Z]) and let a4 (t) = [}, (54(t), sa(t))]g-
fori =1tondo
Choose A; uniformly at random from (V) and let a;(t) = [t (sg (), si(t), s, (£)]-
Let sq(t + 1) ~ Py(-[s4(t), ag(t)).
Let Si(t + 1) ~ Pl(-|5i(t), Sg(t), ai(t)), Vi € [n}
Riy1 =R+ -r(s,a

TeY XN RN 2

—_—

is the well-studied Bellman noise. To compare the performance between 7* and 7§, we define the
value function of a policy 7:

Definition 4.1. For a given policy , the value function V™ : § — R for § := S, x S* is given by:

oo

vie= E l;v r(s(t), a(t))|s(0)=s|. (14)

Intuitively, V7 (s) is the expected discounted cumulative reward when starting from state s and
applying actions from the policy 7 across an infinite horizon.

With the above preparations, we are primed to present our main result: a high-probability bound on
the optimality gap for our learned policy 7%, that decays with rate O(1/VE).

Theorem 4.2. Let ﬂib:n denote the learned policy deployed in SUBSAMPLE-MFQ: Execution. Then,
forall sy € § =S8, x S, we have

* n— k + 1 40T|Sl |~Al |A |k‘Al|+2 1
V™ (s Vim (s \/ + + 2€k.m
( 0) ( 0 \/ ) 10\/E k,

We prove Theorem #.4]in Appendix |G| and provide a proof sketch in Appendix D] We also generalize
the result to stochastic rewards in Appendix

To control the Bellman noise €y, ,,, we show that for sufficiently many samples m*, e, .~ also decays
on the order of O(1/+/k) with high probability. For this, we introduce Lemma
Lemma 4.3 (Controlling the Bellman Noise.). For k € [n], let

15 1, !

(1 - 7) (1—=9)?
be the number of samples in Equatlon ). If the number of iterations T’ sansﬁes T2>1= log 1C
then with probability at least 1 — the Bellman error satisfies €j m+ < O( f)

!
m* = 218, |4, | A 11140 0805

100 100ek”

We defer the proof of Lemma4.3|to Appendlx To simplify notation, let ¢ := ﬂzbfn*. Then, by
combining Lemma[4.3]and Theorem [4.2] we obtain our main result in Theorem

Theorem 4.4. Let w3 denote the learned policy from SUBSAMPLE MFQ: Execution where the
number of samples m is determined in Lemma Suppose T' > %= log T‘f Then, Vsg € § ==
Sy x S, with probability at least 1 — 1/100€*, we haveﬂ

* est T n—k+1 407‘|8[HA[H.A |k’“’41|+2 4
V7T (s9) = V™ (89) < In +—.
o) “”(1—@2\/ o (1—? v

>The 1/ 100e” term can be replaced to any arbitrary § > 0 at the cost of attaching logarithmic dependencies
of 6 on the 4/ vk term in the error bound.




Remark 4.5. One could also derive an alternate bound that retains the T factor via a v? dependence
in the final bound (which shows an exponentially decaying error with the time horizon 7"). Moreover,
in Lemma|G.10} we show that the query complexity is on the order of O(mT|S,||S;[¥|A,4[|Ai|®),

and we bound 7T and set m = poly(1/(1 — 7)) to attain the 1//k rate.

Remark 4.6. Additionally, our poly(1/(1 — ~))-dependence may be loose since we do not use more
complicated variance reduction techniques as in [Sidford et al.| [2018alb], Wainwright|[2019], Jin et al.
[2024]] to optimize the number of samples m which is used to bound the Bellman error €, ,,,. Moreover,
incorporating variance reduction would significantly complicate the algorithm and intuition.

Our analysis hinges on two non-trivial technical steps. Firstly, for an intermediary step in Theorem|[E.3|
we establish that TV distance, rather than the stronger KL-divergence, is the correct metric to use (as
the KL-divergence between F,, and F} = decays too slowly as k — n, as we show in Lemma mi
This requires exploiting a recent extension of the DKW inequality to sampling without replacement
[Anand and Qul [2024], and showing that the transition dynamics we study saturates the data-
processing inequality for TV-distance. Secondly, we adapt the celebrated performance-difference
lemma [Kakade and Langford||2002]] to our multi-agent setting, which entails a principled analysis
and careful probabilistic argument (to which we refer the reader to Appendix [G).

Remark 4.7. We also extend the formulation of SUBSAMPLE-MFQ to off-policy ()-learning |Chen
et al.| [2021b],|Chen and Maguluri| [2022a]], which replaces the generative oracle assumption with a
stochastic approximation scheme that learns an approximately optimal policy using historical data.
Appendix [[| provides theoretical guarantees with a similar decaying optimality gap as in Theorem 4.4]

Remark 4.8. The asymptotic sample complexity of Algorithmfor learning 7§ for a fixed k is
min{O(|Z1|*|S,||A,]), O(k1Z!1| 2,||S,||Ay])}, which is at least polynomially faster the standard
Q-learning or mean-field value iteration as discussed in Remark [3.1] By Theorem as k — n,
the optimality gap decays, revealing a fundamental trade-off in the choice of k: increasing k im-
proves the performance of the policy, but increases the size of the Q-function. We explore this
trade-off further in our experiments. If we set k = O(logn), this leads to a sample complexity
of min{O(n'°¢1211|S, || A,4]), O((logn)|Z11|S,||.A,|)}. This is an exponential speedup on the com-
plexity from mean-field value iteration (from poly(n) to poly(logn)), as well as over traditional

value-iteration (from exp(n) to poly(n)), where the optimality gap decays to 0 with rate O( \/101@)

Remark 4.9. If k¥ = O(logn), SUBSAMPLE-MFQ handles |£| < O(logn/loglogn) types of local
agents, since the run-time of the learning algorithm becomes poly(n). This surpasses the previous
heterogeneity capacity from Mondal et al.[ [2022], which only handles constant || < O(1). In-
creasing the agent heterogeneity using this type formulation does make the algorithm somewhat
more expensive since it factors into the query complexity via the state space of the local agents;
however, since the optimality gap of the learned policy is on the order of O(1/ \/E) (modulo very
small +/log |S;||.4;| factors), increasing the amount of agent heterogeneity does not degrade the
quality of the learned policy as the theoretical bound does not get worse. Moreover, recent methods

from the graphon mean-field MARL community might be able to enable stronger heterogeneity in
the system [Cui and Koeppl, 2022, |Anand and Liaw} 2025, |Hu et al., 2023]].

In the non-tabular setting with infinite state/action spaces, one could replace the ()-learning algorithm
with any arbitrary value-based RL method that learns Q r with function approximation [Sutton et al.,
1999] such as deep @Q-networks [Silver et al., 2016]. Doing so raises an additional error that factors
into Theorem .4} We formalize this below.

Assumption 4.10 (Linear MDP with infinite state spaces). Suppose S, and &; are infinite compact

sets. Furthermore, suppose there exists a feature map ¢ : S x A — R? and d unknown (signed)
measures i = (p', ..., u?) over S and a vector § € R? such that for any (s,a) € S x A, we have

]P’(-|s,a) = <¢(S7a)a:u(')> and T(Sva) = <¢(s,a)79>.

The existence of ¢ : S x A — R implies one can estimate the Q-function of any policy as a linear
function. This assumption is commonly used in policy iteration algorithms |Lattimore et al.|[2020],
Wang et al.|[2023]], and allows one to obtain sample complexity bounds that are independent of |S;|
and |A4;|. Finally, as is standard in RL, we assume bounded feature-norms [Tkachuk et al., 2023]):

Assumption 4.11 (Bounded features). We assume that ||¢(s,a)|ls < 1forall (s,a) € S x A.



Then, through a reduction from|Zhang et al|[2024], Ren et al.|[2024] that uses function approximation

to learn the spectral features ¢y, for Qx, we derive a performance guarantee for the learned policy
7St where the optimality gap decays with k.

Theorem 4.12. When (" is derived from the spectral features ¢y, learned in Qk, and M is the
number of samples used in the function approximation, then

. (1 oxlPlog2k? 297 - ||gkl )] 200 201
Pr|V7™ (s) — V™ <O(— >14+— —
rve () < (@ N R N

We defer the proof of Theorem#.12]to Appendix [J]

5 Conclusion and Future Works

This work develops subsampling for mean field MARL in a cooperative system with a global decision-
making agent and n homogeneous local agents. We propose SUBSAMPLE-MFQ which learns each
agent’s best response to the mean effect from a sample of its neighbors, allowing an exponential
reduction on the sample complexity of approximating a solution to the MDP. We provide a theoretical
analysis on the optimality gap of the learned policy, showing that (with high probability) the learned
policy converges to the optimal policy with the number of agents k sampled at the rate O(1/ \/E),
and validate our theoretical results through numerical experiments. We show that the decay rate is
maintained, on expectation, when the reward functions are stochastic and when agents learn from a
single trajectory on historical data through off-policy Q-learning. Finally, we extend this result to the
non-tabular setting with infinite state and action spaces under assumptions of a linear MDP model.

Limitations and future work. Our current work assumes that the global and local agents cooperate
to optimize a structured reward under a specific dynamic model. While this model is more general
than the federated learning setting, one direction would be to extend our algorithms and analysis to
weaker network assumptions. We believe our framework, which can handle dense subgraphs, as well
as expander-graph decompositions [Reingold, 2008} |/Anand and Umans} 2023} |/Anand, 2025] may be
amenable for this. Secondly, our current work incorporates mild heterogeneity among agents and
assumes they are cooperative; thus, another avenue would be to consider settings with competitive
agents or more complex agent heterogeneity. Finally, it would be exciting to generalize this work to
the online no-regret setting.

Societal Impacts. This work is theoretical and foundational in nature. As such, while it enables
more scalable multi-agent algorithms, it is not tied to any specific applications or deployments.
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A Mathematical Background and Additional Remarks

QOutline of the Appendices.

* Appendix [B| presents numerical simulations on the performance of SUBSAMPLE-MFQ on the
Gaussian squeeze and constrained exploration tasks.

* Appendix presents notation and basic lemmas involving the learned Qk-function, as well
as a stable and practical implementation of Algorithm [T}

* Appendix [D] presents a proof sketch of our main result in Theorem [4.4]
* Appendix @ presents the proof of the Lipschitz continuity between Q r and Q*
* Appendix [F] presents our bound on the TV-distance in Theorem[D.2]

* Appendix proves the bound on the optimality gap between the learned policy ﬁ,‘;“m and

the optimal policy 7*.
* Appendix [H| presents an extension of the result to stochastic rewards.

* Appendix [[|presents an extension of the result to off-policy learning that follows by using
historical data.

» Appendix [J| presents an extension of the result to continuous state/action spaces under a

linear MDP assumption.

* Appendix [K] presents some practical derandomized variants with randomness-sharing.

Table 1: Important notations in this paper.

Notation Meaning
M-Th 7, (Manhattan) norm;
Il oo {5 norm;
Zy The set of strictly positive integers;
R4 The set of d-dimensional reals;
[m] The set {1,...,m}, where m € Z;
([";3]) The set of k-sized subsets of {1,...,m};
ag ag € A, is the action of the global agent;
Sg 54 € S, is the state of the global agent;
A1y .., Qp ai,...,an € A} are the actions of the local agents 1, ..., n;
S1y.++,8n 51,...,5, € S are the states of the local agents 1,...,n;
a a=(ag,a1,...,a,) € Ay x A7 is the tuple of actions of all agents;
s 5 =(8g,51,...,5n) €Sy x 8" is the tuple of states of all agents;
% z; = (si,a;) € 2, fori € [n];
:uk:(zl) Mk:(Zl) = {Oal/k72/k7~-~?1}|2l|;
:LL(ZZ) :U'(Zl) = ,U'n(Zl){Ov1/”72/n7~~'a1}|2l|;
SA For A C [n], and a collection of variables {s1,...,8,}, sa = {s; : 71 € A};
o(za, Zh) Product sigma-algebra generated by sequences za and z)x ;
m* 7* is the optimal deterministic policy function such that a = 7*(s);
T 77, is the optimal deterministic policy function on a constrained system of
|A| = k local agents;
est 7$5t is the stochastic policy map learned with parameter k such that a ~ 755 (s);
Py(-|sg,aq) | Py(-|sq,ay) is the stochastic transition kernel for the state of the global agent;
Py(+|as, s, 8¢) | Pi(-|as, si, s¢) is the stochastic transition kernel for the state of local agent i € [n];
r4(8q, ag 74 is the global agent’s component of the reward;
r1(83, S, Qi r; is the component of the reward for local agent i € [n];
r(s,a) r(s,a) =rg(sg,aq) + £ > icfn) T1(8i, Sg, i) is the reward of the system;
ra(s,a) ra(s,a) =rg(sq,aq) + ﬁ > iea (84, 84, a;) is the constrained system’s reward
with |A| = k local agents;
T T is the centralized Bellman operator;
T 7Ty, is the Bellman operator on a constrained system of |A| = k local agents;
19 (y) £ projection of y onto set O;
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Definition A.1 (Lipschitz continuity). Given metric spaces (X, dx) and (), dy) and a constant L >
0,amap f : X — ) is L-Lipschitz continuous if for all z,y € X, dy(f(x), f(y)) < L-dx(z,y).

Theorem A.2 (Banach-Caccioppoli fixed point theorem [Banachl|{1922]]). Consider the metric space
(X,dx), and T : X — X such that T is a y-Lipschitz continuous mapping for v € (0,1). Then,
by the Banach-Cacciopoli fixed-point theorem, there exists a unique fixed point v* € X for which
T(x*) = x*. Additionally, x* = lims_,o, T%(x¢) for any xg € X.

B Numerical Experiments

This section provides numerical simulations for the examples outlined in Section 2. All experiments
were run on a 2-core CPU server with 12GB RAM. We chose a parameter complexity for each
simulation that was sufficient to emphasize characteristics of the theory, such as the complexity
improvement and the decaying optimality gapE]
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Figure 2: a) Reward optimality gap (log scale) with wgsﬁn running 300 iterations. b) Computation
time (in minutes) against sampling parameter k, for k < n = 8, to learn policy #{* . ¢) Discounted

,m
cumulative rewards for k£ < n = 50.

B.1 Constrained Exploration

Let S, = & = [6]* where for s, € {Sg,Sl},sff) denotes the projection of s, onto its
i’th coordinate. Further, let A, = A, = {“up", “down", “right", “left"} given formally by

{((1)) , (_01) . (9), (%)} Let IIp(x) denote the ¢;-projection of x onto set D. Then, let st (sh,al) =

Ig, (st + ab),siT' (st 8!, al) = Ils, (st + [st — s'| + al). We let the global agent’s reward be

To(8g,aq) =250 1{a, = ((1))755(}1) <i}4+230 o 1{a, = (—01),851) > i}, and the local agent’s
rewards be r;(s;, sg,a;) = 1{al # 0} +6 - ]l{sgl) = s(gl)} +2-|ls; — syl

Intuitively, the reward function is designed to force the global agent to oscillate vertically in the grid,
while forcing the local agents to oscillate horizontally around the global agent, thereby simulating a
constrained exploration. This model has been studied previously in|Lin et al. [2023b]].

For this task, we ran a simulation with n = 8 agents, with m = 20 samples in the empirically adapted
Bellman operator. We provide simulation results in Figure Zh. We observe monotonic improvements
in the cumulative discounted rewards as k — n. Since k = n recovers value-iteration and mean-field
MARL algorithms, the reward at k = n is the baseline we compare our algorithm to. When k < n,
we observe that the reward accrued by SUBSAMPLE-MFQ is only marginally less than the reward
gained by value-iteration.

B.2 Gaussian Squeeze (GS)

In this task, n homogeneous agents determine their individual action a; to jointly maximize the
. . 2 2

objective r(z) = ze~(@=H7/7" where z = S| a;, a; € {0,...,9}, and ;1 and o are the pre-

defined mean and variance of the system. We consider a homogeneous system devoid of a global

*We provide supporting code for the algorithm and experiments in https://github.com/emiletimothy/
Mean-Field-Subsample-Q-Learning
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agent to match the mean-field setting in |Yang et al.|[2018]], where the richness of our model setting
can still express GS. We use the global agent to model the state of the system, given by the number of
vehicles in each controller’s lane.

We set §; = [4], A, = {0,...,4}, and S; = S such that s, = [L 3" 5], and A, = {0}.
The transition functions are given by s;(t + 1) = s;(t) — 1 - 1{s;(t) > s4(t)} + Ber(p) and
1 n

sg(t+1) = [L 3" | s;(t+1)], where Ber(p) is a Bernoulli random variable with parameter p > 0.

Finally, the gldbal agent’s reward function is given by r,4(s,, a,) = —s4 and the local agent’s reward

function is given by r;(s;, Sg,a;) = $; - e—(si=59)%/4 _ max{s;, a; }.

For this task, we ran a small-scale simulation with n = 8 agents, and a large-scale simulation with
n = 50 agents, and used m = 20 samples in the empirical Bellman operator. We provide simulation
results in Figure 2b and Figure 2k, where Figure 2p demonstrates the exponential improvement in
computational complexity of SUBSAMPLE-MFQ, and Figure 2k demonstrates a monotonic improvement
in the cumulative rewards, consistent with Theorem@ Here, both metrics outperform the mean-field
value iteration benchmark.

C Notation and Basic Lemmas

For convenience, we restate below the various Bellman operators under consideration.
Definition C.1 (Bellman Operator 7).

TQ(s,a) :==r(s,a) +1E max Q'(s',a) (15)

S;NPQ('|597‘19)7 a’ €A

si~P(+]8i,84,a:),Vi€[n]

Definition C.2 (Adapted Bellman Operator 75.). The adapted Bellman operator updates a smaller ()

function (which we denote by Q k), for a surrogate system with the global agent and k € [n] local
agents denoted by A, using mean-field value iteration and j € A such that:

EQZ(SQ’SJ’FZA\NGJ"GQ) = TA(S,G,)—‘,-’}/E sy~Py(-lsg,ag), ?gﬁ@k(sgvsgﬁFZ'A\jva;va;)
si~P(]s0,89,a:),ViEA
(16)
Definition C.3 (Empirical Adapted Bellman Operator 7A7€,m). The empirical adapted Bellman operator
’7A7€7m empirically estimates the adapted Bellman operator update using mean-field value iteration
by drawing m random samples of s, ~ P,(-|s4,ay) and s; ~ Py(+|s;, s¢,a;) fori € A, where for
¢ € [m], the £’th random sample is given by s} and s/, and j € A:

N A L Y At T2 [
77CJnCQk,m(Sga8]'7}WZA\j’a‘j’a‘g) T TA(S’Q) +— Z ?gﬁ@k,m(sg’SijzeA\j7aj’ag) (17)
Le[m]

Lemma C.4. For any A C [n] such that |A| = k, suppose 0 < ra(s,a) < 7. Then, forall t € N,

At T
Qk; S 1—v°

Proof. The proof follows by induction on ¢. The base case follows from Qg := 0. For the induction,

note that by the triangle inequality || Q%™ [loo < [Irafloe + 7/ Q%ll0e < 7+ 71_’:7 = 1_’:7. O

Remark C.5. By the law of large numbers, lim,,, 7A7€}m = Ty, where the error decaysin O(1/+/m)

by the Chernoff bound. Also, ’72 := 7. Further, Lemma is independent of the choice of k.
Therefore, for k = n, this implies an identical bound on @Q!. An identical argument implies the same
bound on @, .

T satisfies a y-contractive property under the infinity norm [Watkins and Dayanl [1992]]. We similarl
show that 7, and 7}, ,,, satisfy a y-contractive property under infinity norm in Lemmas and

Lemma C.6. 7}, satisfies the ~y-contractive property under infinity norm:

175Q) — TrQklloo < Q% — Qklloo (18)
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Proof. Suppose we apply Tz, to Qx(sy, Fzr, ag) and Q4. (s4, Fin, a,) for |A| = k. Then:
17e@% — Tk Qulloc

— A (o /
=7 max E ’NP (‘Isg,ag), ?ea'ﬁQk(Sg7Fz’Avag) -E 9 ~Py(-|sg,ag), maXQk( gan ;ag)

54€Sy,
SEX | SmPClsisgan), S\ Pi(sisg.a0),
F.\ €pr(21) VieA, VieA'
S’Y max Q;c( Fz’Av q) Qk( zAa ) _'YHQk; Qk:”oo

s; €89, F. p €pr(Z1),a’ €A

The equality cancels common 7a(s,a) terms in each operator. The second line uses Jensen’s
inequality, maximizes over actions, and bounds expected values with the maximizers of the random
variables. O

Lemma C.7. 7A7€$m satisfies the ~y-contractive property under infinity norm.

Proof. Similarly to Lemma suppose we apply 7A7c,m to Qkam(SQ)FZA)ag) and
;c,m(sfﬁ FZA7a'g)- Then:

||7A7i:,ka - ﬁ,nLQZ”O@ = % Z (E}gﬁ@k( Fz[ s g) maka( gsz/ ) g)>

Le[m]

§7 max ‘Qk( g7FZ ) g) Qk( Z ,Clg)‘
a’ eAg,s* ESQ,erZl

=@k = Qillos

The first inequality uses the triangle inequality and the general property | maxqeca f(a) —
maxpe 4 f(b)] < maxcca |f(a) — f(b)]. The last line recovers the definition of infinity norm.  [J

o0

Remark C.8. The ~y-contractivity of ’7} and ﬁcm attracts the trajectory between two Qk and

ka functions on the same state-action tuple by ~y at each step. Repeatedly applying the Bellman
operators produces a unique fixed-point from the Banach fixed-point theorem which we introduce in

Definitions and[C.10
Definition C.9 (Q;-function). Suppose Q9 := 0 and let Q}sjl(sg, Fopay) = TeQb(sg, Fen,ag)
for t € N. Denote the fixed-point of 77, by Q7 such that T,.Q% (54, Funsay) = Qi (S, Fin,ay).

Definition C.10 (Q¢* -function). Let Q9 m = 0and ijnl%(sg, F..,a) = TrmQL (89, Fznsag)
for t € N. Then, the Banach Cacmopoh fixed-point of the adapted Bellman operator T m 18 QeSt
such that 77, ka b (Sgy Fapnsag) = kfm(sg, F...aq).

Corollary C.11. Observe that by recursively using the «-contractive property for 7' time steps:
1Q% — QFlloo <"+ Q% — Q1w (19)
Q%5 = Qhmlloe <77 1Q3% — QR mllss (20)

Further, noting that Q9 = pom =0, Q%00 < T and HQZ%HOO < %fmm Lemma '

N AT < TL 21
L @

est AT < ~T r 2
Q88 = Qfmlle <571 22)

Remark C.12. Corollary characterizes the error decay between Qf and Q,’; and shows that it
decays exponentially in the number of Bellman iterations by a v7" multiplicative factor.

Furthermore, we characterize the maximal policies greedy policies obtained from Q*, QZ, and isfn
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Definition C.13 (Optimal policy 7*). The greedy policy derived from Q* is
*(s) := * . 23
7 (s) i= argmax Q" (s, a) 23)

Definition C.14 (Optimal subsampled policy 7). The greedy policy from Q;’; is

T (Sgs 8iy Fsp,) = arg max Q1 (89,80, Fapy,s @iy ag). (24)
(ag7ai7FaA\i)€-Ag><-AlXMk—l(Al)

Definition C.15 (Optimal empirically subsampled policy wzbﬁﬂ) The greedy policy from Qebt i
given by

~est Aest
Tom (89, Fsa) i= arg max o (Sgs 8is Fapy @iy ag). (25)

(ag,aisFay, ) EAG XA X pi—1(AL)

Figure [ details the analytic flow on how we use the empirical adapted Bellman operator to perform
value iteration on Qk m to get Qebt which approximates QQ*.

Algorithmﬁ gives a stable implementation of Algorithm! With learning rates {7; }+c|7- Algorithm

is provably numerical stable under fixed-point arithmetic [[Anand et al., 2024} 2025]]. Qz’m in
Algorithm [3] is ~-contractive as in Lemma [C.6] given an appropriately conditioned sequence of
learning rates 7;:

Algorithm 3 Stable (Practical) Implementation of Algorithm [T} SUBSAMPLE-Q: Learning
Require: A multi-agent system as described in Section[2] Parameter 7" for the number of iterations
in the initial value iteration step. Hyperparameter k € [n]. Discount parameter v € (0, 1). Oracle
O to sample sj, ~ Py([sy,ay) and s; ~ Py(-|si, s4,a;) forall i € [n]. Learning rate sequence
{nt }ee[r) where n; € (0, 1].
Let A = [k].
for (sg, 51, F.,,) € Sy X S X pui—1(2;) do

for (ay,a1) € Ay x A; do

Set Qg’m(sg, 81, Fopira1,a4) =0

fort =1toT do

for (Sg7 S1, FZA\l) S Sg X 8 X /kal(zl) do
for (ag,a:) € Ay x A; do

RN R W

Z—FV}L(SQ’ 51, Fo 515 Ggs ar) = (1— Wt)Qic,m(Sg, 517F2A\17a9’a1)

+’r]t7A7€,in;,n1,(Sga S1, FZA\l ) ag7 (11)
9: Let the approximate policy be

~T _ AT
ﬂ'kﬂn(sgvslaE‘iA\i) - arg max Qk,m(SEI?SlvFZA\i’agaal)'
(ag,a1,aa\1)€Ag XA X pg—1(Ar)

Theorem C.16. As T — oo, ithT:l N = 00, and Zthl n? < oo, then Q-learning converges to the
optimal Q function asymptotically with probability 1.

Furthermore, finite-time guarantees with the learning rate and sample complexity have been shown in
Chen and Maguluri| [2022b]], which when adapted to our Q) ,,, framework in Algorithmyields:

Theorem C.17 (Chen and Maguluri| [2022b])). For allt = {1,...,T} and for any € > 0, if the

[SyI1AL]
and T = |5LH-/4Z|’C(1_V)5 i59||Ag| 62, then

learning rate sequence n; satisfies n; = (1 — ~y)%€>

Q% — Qll < €
Definition C.18 (Star Graph S,,). For n € N, the star graph 9,, is the complete bipartite graph K ,,.

21



S, captures the graph density notion by saturating the set of neighbors of the central node. Such
settings find applications beyond RL as well [Chaudhari et al.| 2024} |/Anand and Qu| [2024, |L1 et al.,
2019]]. The cardinality of the search space simplex for the optimal policy is exponential in n, so
it cannot be naively modeled by an MDP: we need to exploit the symmetry of the local agents.
This intuition allows our subsampling algorithm to run in polylogarithmic time (in n). Some works
leverage an exponential decaying property that truncates the search space for policies over immediate
neighborhoods of agents; however, this still relies on the assumption that the graph neighborhood for
the agent is sparse [Qu et al.,[2020alb||; however, .S,, is not locally sparse; hence, previous methods
do not apply to this problem instance.

Figure 3: Star graph S,

Finally, we argue why mean-field value iteration faithfully performs the same update as value iteration.

Lemma C.19 (Equivalence of Mean-Field Value Iteration and Value Iteration). Since the local agents

1,...,n are all homogeneous in their state/action spaces, the Qy-function only depends on them
through their empirical distribution F’,  , proving the lemma. Therefore, for the remainder of the paper,

we will use Qi (sg, Frp s ag) = Qi(Sgs Sis Frp,»rag,ai) = Qr(Sg,8a,a,4,aa) interchangeably,
unless making a remark about the computational complexity of learning each function.

D Proof Sketch

This section details an outline for the proof of Theorem[4.4] as well as some key ideas. At a high
level, our SUBSAMPLE-MFQ framework recovers exact mean-field ) learning and traditional value

iteration when k = n and as m — oco. Further, as k—n, Q % should intuitively get closer to @Q* from
which the optimal policy is derived. Thus, the proof is divided into three major steps: firstly, we

prove a Lipschitz continuity bound between Q: 5, and Q* in terms of the total variation (TV) distance
between F,, and Fz[" Next, we bound the TV distance between F,, and F Flnally, we bound

the value differences between 7% and 7* by bounding Q* (s, 7*(s)) — Q* (s, WzSt( )) and then using
the performance difference lemma from Kakade and Langford|[2002].

Step 1: Lipschitz Continuity Bound. To compare Qk(sg, sa» 0g) With Q*(s, ag4), we prove a
Lipschitz continuity bound between Q (8, Fsa,ag) and Qk, (sg,Fs,,,agy) with respect to the TV

distance measure between s € (*I")) and sar € (°7)):

Theorem D.1 (Lipschitz continuity in Q}). Forall (s,a) € S x A, A € (") ana A" € (1)),

Ak Ak 2
|Qk(sgaF2Aaa’g) - Qk’(sngZA/aag)‘ S 1 _,7”7“[(’)”00 TV (FZAaFZA/)

We defer the proof of Theorem to Appendix [El See Figure |4{for a comparison between the Qz
learning and estimation process, and the exact (-learning framework.

Step 2: Bounding Total Variation (TV) Distance. We bound the TV distance between F,, and

F,., where AclU ([”]) This task is equivalent to bounding the discrepancy between the empirical
dlstrlbutlon and the distribution of the underlying finite population. When each i € A is uniformly
sampled without replacement, we use Lemma [F-3] from [Anand and Qu [2024] which generalizes the
Dvoretzky-Kiefer-Wolfowitz (DKW) concentration inequality for empirical distribution functions.

Using this, we show:
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QY (Sg: Fen s ag) Q" (95 Sn]» ag» Afn))

(1)J ) T(i)

@) D

zb:n(sgﬂFZAvag) — Qk(sngZAﬂay> I Q;;(SWFZ[M’GQ)

Figure 4: Flow of the algorithm and relevant analyses in learning QQ*. Here, (1) follows by performing
Algorithm 1| (SUBSAMPLE-MFQ: Learning) on Q%m. (2) follows from Lem (3) follows from
the Lipschitz continuity and total variation distance bounds in Theorems[D.T[and [D.2] Finally, (4)
follows from noting that Q;’; =Q*.

Theorem D.2. Given a finite population Z = (z1, ... ,2y) for Z € Z", let A C [n] be a uniformly
random sample from Z of size k chosen without replacement. Fix € > 0. Then, for all x € Z;:

Pr {sup |A|Zl{zi:x}—%21{zi:m}

T€Z €A i€[n)

<e} 1—2|Zfe n 2==3

Then, by Theorem and the definition of total variation distance from Section[2] we have that for
d € (0, 1], with probability at least 1 — 4,

—-k+1, 2|2
TV(FSAvFS[n]) S \/n 8nk+ In ‘(5 l| (26)

We then apply this result to our MARL setting by studying the rate of decay of the objective function
between the learned policy 7§ and the optimal policy 7* (Theorem 4.4).

Step 3: Performance Difference Lemma to Complete the Proof. As a consequence of the prior two
steps and Lemma Q*(s,a’) and ?ﬁn(sg, F.,,ay) become similar as k — n. We further prove
that the value generated by the policies 7 and ¢ must also be very close (where the residue shrinks
as k — n). We then use the well-known performance difference lemma [Kakade and Langford, 2002
which we restate in Appendix [G.I] A crucial theorem needed to use the performance difference
lemma is a bound on Q* (8", 7*(s")) — Q*(s', 7™ (s}, Fyr, ))-

Therefore, we formulate and prove Theorem[D.3|which yields a probabilistic bound on this difference,
where the randomness is over the choice of A € ([Z]):

Theorem D.3. For a fixed s € S := S; x S and for § € (0,1], with probability at least
1 — 2| A, |k s:

R 2l )Mloo [m—k+1 2|12
* * ! ~est /
Q (5/77r (5’))—@ (S ka(sngs'A)) < -~ ok In 5 + 2€1,m.-

We defer the proof of Theorem and finding optimal value of § to Lemma [G.8]in the Appendix.
Using Theorem [D.3]and the performance difference lemma leads to Theorem 4.4

E Proof of Lipschitz-continuity Bound

This section proves a Lipschitz-continuity bound between QZ and Q* and includes a framework to
compare ﬁ ZAe(["]) Qi (s, 5n,a4) and Q* (s, ay) in LemmalE.12)
P k

Let z; := (s4,a;) € 21 =8 x Ajand zp = {z; : 1 € A} € Zlk. For z; = (s;,a;), let z;(s) = s,
and z;(a) = a;. With abuse of notation, note that Qf(sg, ag,SA,aa) is equal to Qf(sg, ag, ZA)-
The following definitions will be relevant to the proof of Theorem[E.3]

Definition E.1 (Empirical Distribution Function). For all z € leAl and (¢',d’) € § x A;, where
A C[n],

F. (s,d) “ A Z 1{z(s) = §',2i(a) = a'}

FASYAN
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Definition E.2 (Total Variation Distance). Let P and () be discrete probability distribution over some
domain ). Then,

1
V(PQ) =3 IP—-Ql, = sup

}i’Dr(E) - %r(E)‘

Theorem E.3 (Q7 is 17 l71(+, -) || co-Lipschitz continuous with respect to F, in total variation
distance). Suppose A, A’ C [n] such that |A| = k and |A'| = k. Then:

(Z 2’y> [721Coy Moo - TV (Fay, Fsy))

Qg(séﬁa‘g?FzA) Qk’(597a'g7 zA/

Y ) Q%,(-,-,-) = 0 from the initialization

Proof. We prove this inductively. First, note that Q o0,
,) >0 AtT =1:

step, which proves the lemma for 7" = 0, since TV

|Q,1€(Sg, a’g7FZA) - Qllc’(sga angzA/N = ‘ﬁQg(Sg, a_lJ?FZA) - E/Qg’(sga angzA/)

g9

= T(Sg»FsAa ag) + 'VEsfq,s’A ar;ngfl( Qg( Fs/ 3 g)

NO (o !
—1(sg,Fs,,,0aq) — 'yIES;],S/A, allneza( Qi (85, FS/A’ Q)
g g

= |r(sg, g, Fzpn) — 7(54,04, F. )|
1

1
z Zn(sg,zi) — v Z r1(8g, 2:)

i€EA €A’

= ‘EzzNFzArl(ng z) — EZZNFZA/ r1(8g, 27)

In the first and second equalities, we use the time evolution property of Q}C and Qi/ by applying
the adapted Bellman operators Ty, and Tj to Qg and Qg,, respectively, and expanding. In the third
and fourth equalities, we note that Q%(, ) = Qg,(~, -,+) = 0, and subtract the common ‘global
component’ of the reward function.

Then, noting the general property that for any function f : X — ) for |X| < oo we can write

flx) = ZyeX f(y)1{y = z}, we have:

|QA11€(Sga Qg, F.\)— Qllc’ (Sga Qg, FzA/)‘

= |Ez~r., Z ri(sg, 2) Mz = 2} | —Eyer, lz ri(sg,2)1{z = Z}] |
2€EZ 2€EZ
=1 rilsg:2) - (Bopmry Izt = 2} = Epur, , 1{z = Z})’
zEZ
| St (R - Fy, <z>>\
z€EZ
< max (sg, % Z |Fon(2) = F2,, (2)

z2€EZ
< 2””('7 )”00 TV(FZA7FZA/)

The second equality follows from the linearity of expectations, and the third equality follows by
noting that for any random variable X ~ X, Ex1[X = z| = Pr[X = z]. The first inequality
follows from an application of the triangle inequality and the Cauchy-Schwarz inequality, and the
second inequality uses the definition of TV distance. Thus, at T = 1, Q is (2||7(-, -)||oe)-Lipschitz
continuous in TV distance, proving the base case.
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Assume that for 7' < t' € N:

‘Qk 597a97FZA) Qk’(897a'g7 ZA/

(Z 27) ||Tl ||0<>TV (FZA)FZA/)

Then, inductively‘

g 97 gsYgys L zar
QF (59,09, Fuy) — QT“(S ag, F.,,)|
’I"l(Sg,Zz / Z Ty Sgazz
‘lﬁl =~ |A | &%,
+7E9§],9A max Qk(s a F ) IEs’g,s’A, Hé%ax Qk/(s a F )
g g g g
a/AeAk (J,/A,G_A;C

< 2[ri(s Moo - TV(Fes, Fy))

+ Y| E (s, 50 )~ _max Qk(s ay, F )f]E(s/g,sz,)Njk, max Qk,(s ay, Fu )
ay €Ay, aQGAg,
('LAEAk UIIA/GA?‘

<207 Yloo - TV(Fep, Foy, )+ (Z 27) Iri(s Moo - TV(Fey, Fy,)

T
= (Z 277) 170(s Mloe - TV (Fey, Fry))

7=0

In the first inequality, we rewrite the expectations over the states as the expectation over the joint
transition probabilities. The second inequality then follows from Lemma [E-T4] To apply it to
Lemma we conflate the joint expectation over (sq, saua’) and reduce it back to the original
form of its expectation. Finally, the third inequality follows from Lemma[E-3]

By the inductive hypothesis, the claim is proven. O

Definition E.4. [Joint Stochastic Kernels] The joint stochastic kernel on (s4, sa) for A C [n] where
|A| = k is defined as J, : Sy X SF x Sy x A, x SF x AF — [0, 1], where
Jk(s’g,s'A|sg,ag,SA,aA) = Pr[(s'g,s’A)|sq,a975A,aA] 27)

Lemma E.5. Forall T € N, for any ag € Ay, 54 € Sg7SA € Sl ,an € Al NS Af, and for all
joint stochastic kernels J; as defined in Definition[E-4}

]E(‘SgaéA)Njk( s |5gvaga‘5A7aA) maX Qk (S CL F )
alals

ag,aA/

_E(s RN Y CR EPR-PRINN-IND| max Qk’(s Cl F ’ (Z 27 ) |’I"l ||00TV (FszFzA/)

Proof. We prove this inductively. At T' = 0, the statement is true since Q9(-,-,-) = Q% (-,-,-) =0
and TV(-,-) > 0.

AtT =1,

AL/ ! /
‘]E(Sé,SIA)Njk('a'lsghagySA»aA) gl%),( Qk(sgv Qg SA» ap)
g A

= By )~ (olsg g s ans) 100X Qo (5, g, 5, aly)
~ a

A/
/ ! ZiEA T[(S az7 Sg)
E(SQ’SA)MYIC( |8g,0g,8n,a) THAX rg(sg, ag) + k
Agsqa
ro ZiEA’ T‘Z(S azvsg)
= B sy )i Colsgrag sasans) TAX {Tg(sgvagH W
ay,aly,
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ZieA Tl(sliv agv Slq)
k

= 1Es )iy ,ag .58 0) 1AX
A

2icar T1(85, @, 5)

B s 0n T (ol aran0) TAX X
aA,
1 1
. 2 :~ / 2 : /
- E(S_i;’SIA)NJk('7'|Sg7ag’5AsaA)% Tl(si’ ) E(quSA/)NJk’('s'lsy’agasAlwaA’)? Tl(s Sq)
iEA €A/

In the last equality, we note that

nclngZrls aj,sy) = Zmaxns a, s )72111&)(7’15 a;, 8y) = Zrl(s 5y)s

A e iea “a iea €A
=~ / / R / / /
where 7 (s, sy) := maxy: 7i(s}, aj, sp).-

Then, we have:

1 I 1 N
‘E(sﬁj,s’A)Njk(~,~sg,ag,sA,aA)k E Tl(sia Sg) - E(ég,éA,)Njk/( vlsg.ag,sarant) 77 L § Tl(szv Sg)
i€EA iEA!

1 -
= ’E(S’Q,S’A)N.]k(~,~|sg,ag,sA,aA)k Z T‘Z(LC,S;)FS/A ({E)

1
— By sty i o lsgrg sanann 7 D 7@ 55) Fur, (2)
TES;

= |Ey NZ ES|AUA’|J|AUA’|( s
AUA’

uarlsgagsauaraauar)

Z ’I“l(.]? § )E /A A/NJ\AUA’I('|5;’59»a9’5AuA”‘1AuA’)[FS,A (l’) B Fs, (x)]’

’
€S A
< ||Tl(~, )Hoo . Es NZ o ar \AUA/| Jaual|(, o oar150:90 5 ALAY S ALAY)
D (B 1oy Py (@) = B 1 For, ()
€S
< HTZ(-, )”oo s g NZ AUA, \AUA/l leUA/I( sA Arlsgiagisauaraanar)
D Byt oy (2) ~ B 1 Fa (3)
€S
< 2||74l<~7 )Hoo E \NZ AUA’E slava’] JIAUA/\( °A Arlsg:ag s AuATaALAY)
TV By, 15, Fory s By o 1, Fiy,)

<207 Moo - TV(Fza, Fry)

The first equality follows from noting that f(x) = >, » f(2")1{z = 2’} and from Fubini-Tonelli’s
inequality which allows us to swap the order of summations as the summand is finite. The second
equality uses the law of total expectation. The first inequality uses Jensen’s inequality and the
triangle inequality. The second inequality uses ||7;(-, *)||co < ||72(*; *)||oo Which holds as ||7;]|s is
the infinite-norm of the local reward functions and is therefore atleast as large any other element in
the image of 7;. The third inequality follows from the definition of total variation distance, and the
final inequality follows from Lemmal[E.7] This proves the base case.

Then, assume that for 7' < ¢’ € N, for all joint stochastic kernels Jj and Jj, and for all a}, €
Ay, aly € Ak

YA Y /
]E(Sévs/A)NJk('7'|ngag75AvaA) gl%},( Qk (ng Qg SA» G’A)_
g>rA

T-1
]E(Sg,SA,)NJk/( |8g7ag,SA/,aA/)aI/112’,X Qg/(sfzpafqulA/?alA/) S 2 Z’Yt ||Tl('a')||OOTV(FZA7FZA/)
g7maf t=0
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we adopt the shorthand E(s;,s’A)N 7 to denote

For the remainder of the proof,
and B o)~ g to denote Eqor sy gia) (5.0, ,a0)-

E(s: s0)~Ta)(rlsgrag,5a,aa)>

Then, inductively, we have:

T+1
’E<s R AR NN maXQ (Sg> ag, SA,AA)
AN

= (D - D,

1/./ / / /
(ngaga SA/7aA/)

=B s )T (ol5grag,5a0,0) MAX Q@
ag,an,,

where

|:TA(Sga agv SAa aA)

@ = ’E<sg,sA>~Jk( lsgiag,5a,aa) AX
g’ A

"
+7E(s” QLN ACRIEACIAEINGIN| J,I/lal*lx Qk (Sg7sAvagaaA):| ‘

and
ror I
(ID _‘E(s WS )~ Tt (o|8g.ag,8a7,a7) amaaX |:TA’ (sg7aga8A’>aA’)
grA!

" " " "
Ty G Colsay sty ) S Qi(s g,SA/,ag,aA,)”
9

Let
Qg, QA
_ AT .1 10 11
= argmax |:TA(sg7agvsA7aA) +’Y]E(9” LY NAICHEACALINTN. I}’}a},(l Qk (sgvsAvagvaA)]a
al €Ag,a/ €AY all,ak
and
ng, an’
1 "oon
E maX Qk (Sg7SA’>agaaA’):|

= argmax [TAr(s;7a;,s’A,,a’A/)+7
al €Ag,al, €A} (8,88 )~ T (-l sy,al 87 10y ) @408
~ AUA’
Then, define aauas € Ai | by
(@, ifieA,
a; = 4 . e
’ a;, ifie A"\ A

Similarly, define Gaua’ € ALAUA b
d' o &i, Z S A/
T \a, ie A\

Suppose (I) > (II). Then,

ANT+1¢.0 1
E(SQ,SA)NJR( |sg,ag,sA,aA) ma'X Qk (Sgaa/gaSAaaA)
RN
T+1/ 1 / / /
(SgyagaSA’7a’A’)

B s )T Colsgiagsarann) X Qo
A
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AT+1/.1 =~ /I~
E(s;,s’A)NJkC,-\sg,ag,sA,aA) k (SgaagvsAaaA)

AT+1/ .1 A / ~
_E(SQ,S’A,)NJW(-,-|sg,ag,sA/,aA/)Qk/ (Sg7agaSA’aaA’)

IA

NT+1/.1 ~ /I~
]E(ngS/A)NJk(‘v"Sgaag»SAyaA)Qk, (ngagvsAvaA)

AT+1/ .1 =~ / ~
- E(s;,s’A,)Njk/(~,‘|sg,ag,sA/,aA/)Qk/ (Sga Qgy, SA7y aA’)

/ / ~ ~
= E(s;7s’A)~‘7k(»7-\sg,ag,sA,aA) |:TA(Sga SAs Qg aA)

"
+7]E(s” s’ )"‘Jk( \s;,&g,s'A,&A) max Qk( gaa/g,SA7a/A):|

af
/ ! ~ ~
= E(sp,5, )T (oo [5g00,5070a0) [TA’ (8 Sars g, Gar)

1
+,YE(S;”SX/)NJJC'('r|5_ﬁ;ﬁga5’A/ﬁA/) max Qk'( a SA' SG/A'):| ’

"
(l (lA

;o o~ =
S ‘E(SQ7S’A)~‘71€(»7-sg,ag7sA,aA)TA(SgaSAvagaaA)

/ / ~ ~
= E(sp,5, )T (rolsgrag.5ar,aa) A (Sgy SAr, g, Gar)
a” a

noirn
+’Y‘E(S/g»SIA)NJIC('»'lsgﬂagﬁAyaA)E(sN5 O Tk (- |8h,8g,8 ,aa) TAX Qk( g’SA7aA)

1
= E(s s/ )T Coolsgagesaran (s 57 )n T (] g sy viar) DX Qk'(s gy SAY, AA)

1
ag ,G,A,

1
_ ’o
- ‘]E(s;vS/A)Njk(‘v'Sgaag73A7aA)k ZT’[(S“ Sgﬂ a‘i)
1EA

1
! !~
- ]E(sg,S’A,)Njk/(<,'\sg,ag,sA/,aA/) ? E Tl(siv Sg ai)
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The first equality rewrites the equations with their respective maximizing actions. The first
inequality upper-bounds this difference by allowing all terms to share the common action
a. Using the Bellman equation, the second equality expands QTH and QTH. The sec-
ond inequality follows from the triangle inequality. The third equahty follows by subtract-
mg the common 7, (sg, dy) terms from the reward and noting that the two expectation terms
S/ S ™ Ti(, g, ag, SA, aA)Esg7sA,,Njk(.y.‘sg@g,%’%) can be combined into a single expecta-
tion Es"s T lrolsgsag,5a,aa)"
In the special case where ap = aa, we derive a closed form expression for jk in Lemmam To
justify the third inequality, the second term follows from the induction hypothesis and the first term
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follows from the following derivation:

I ;o ~
E DieA Tl(sivsg?a’i) _E Dienr Tl(si,sg,ai)
(S;;13,A)N\7k('1‘|sgva9asAvaA) k (sgaslA/)Njk’('7"sg7a97sA/1aA/) k/
afao! o aflo! o
- E ZieA T (Si7 Sg) _E ZieA/ T (Si7 Sg)
- (SlgyslA)Njk('v"SgaagvsAaaA) k. (ngslA/)NJk’(‘»'ngvagvsA/aaA’) k.l

< i locEs s
' NN

< 2fri( Yoo - TV(Fay, F

ZAD ZA’)

cslava’] Javar (.’S/AUA/ EFICPILINUING ’aAUA’)TV(ES/AuA/ |3_£; FSA ’ EslAuA/ ‘SZ; FSA/ )
l

The above derivation follows from the same argument as in the base case where ] (s}, s/) :=

71(8}, 8y, a;) for any i € AU A’. Similarly, if (I) < (II), an analogous argument that replaces aa
with aa yields the same result.

Therefore, by the induction hypothesis, the claim is proven. O

Remark E.6. Given a joint transition probability function Jjaua-| as defined in Definition

we can recover the transition function for a single agent i € A U A’ given by J; using the law of
total probability and the conditional independence between s; and s, U s[,)\; in Equation qT_gp This
characterization is crucial in Lemma[E.7]and Lemma[E.5}

/ / AN
jl("8g78g7ag)8iaai) = § \ZAUA"(SAUA’\i OSi|8g7sg)agaSAUA’aaAUA/) (28)
AUA'| -1
S/AUA’\iNSll e

Here, we use a conditional independence property proven in Lemma[ET0]

Lemma E.7. The TV-distance between the next-step expected empirical distribution functions is
bounded by the TV-distance between the existing empirical distribution functions.

TV(IE/

shoarlsy~T avar Clsy:8g,a9,5a0a7 7a’AL_JA/)Fs/A ’ ]EslAuA/ [sy~T avar(1sy:8g,a9,5a0a7 7u'AuA’)FS/A/)

S TV(FZAaFZA/)
Proof. From the definition of total variation distance, we have:

TV (Es/ F, B

’
AUA/ ‘SQNQAUA’\ ('|5§;7597a975AuA’ aauarT SA? AUA/ |5/gNs7\AuA’\ ('|5;’597a975AuA’ »aauAa’ FSA/ >

P>

€S

]ES'AuA/ \S'gN~7|AuA/\ ("sépsgvagusAUA’ 1aAuA’)FS/A ((ﬂ)

shoarlsg~T avar Clsy,8g,a9,5a0A7 1aAuA’)F5/A/ ({E)

1 1
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B XY el st (556
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The second equality uses Lemmal[E9] The third equality uses the property that each local agent can
only have one state/action pair, and the fourth equality vectorizes the indicator variables. Then,
v <E shoarlsg~Tavar | (lsy:8g,ag,5a0a7, aAuA’F By shoarlsg~T avar |S;7597n‘975AuA’7G‘AUA/FS/A/)

SIDDY

€S a1€EA; 51€ES;

§i=S1 §i=S1

1€EA €A’

1 - 1 -
% Zjl(x|s;,sg,ag, ‘ ~>]1{ai:al — ? Z \71(3'}|S;7,Sg,ag7 ‘ ')]l{lli:al

1 1 - 1 -
=5 2 2 |5 2 Al seann M jazay = 5 30 Aillsysg g )T ggn
a €A s1€ES; 1EA 1€A! 1
1 1
<502 Zﬂ{g;g; IR =1 I ACCALEARRIE
a€A; 51ES; i€A 1
1 _ 1 _
NP0 3] D TEIRES
a;€A; 51€S; €A €A’ 1
1 1 _
=2 Y X Y
(Sl,al)ESlXAL 1EA €A/
1
:§ Z ’FzA(zl>_FzA/(Zl)‘
Z1ES| XAy

=TV(F.,,F.,,)

The first inequality uses the triangle inequality. The second inequality and fifth equality follow from
Holder’s inequality and the sum of the probabilities from the stochastic transition function 7; being
equal to 1. The sixth equality uses Fubini-Tonelli’s theorem which applies as the total variation
distance measure is bounded from above by 1. The final equality recovers the total variation distance
for the variable z = (s,a) € §; x A; across agents A and A’, which proves the claim. O

Next, recall the data processing inequality.

Lemma E.8 (Data Processing Inequality.). Let A and B be random variables over some domain S.
Let f be some function (not necessarily deterministically) mapping from S to any codomain T'. Then,

every f-divergence x satisfies
x(f(A)IIf(B)) < x(AllB)

Remark: We show an analog of the data processing inequality. Under this lens, Lemma[E.7]saturates
the data-processing relation for the TV distance in our multi-agent setting.

Lemma E.9.

— / . .
EslAuA/|5§;N~7\AUA’|("Sg:awSAuAhaAuA/)EslA(x) - L E jl(l‘|sgasg7aga827az)

iEA

Proof. By expanding on the definition of the empirical distribution function Fy,,(r) =
|T1| > iea I{s;i = x}, we have:

ESAUA’\SZ;NJ\AUA’\('|5§’ngag’5AuA”aAuA/)FS,A (CL‘)
1
_ 7} : r_
- k ESAUA"S;’\/\ZAUA’\('lsgvsyvag’SAuA”aAUA')]1{81 - J?}
1EA
1 /
Tk § :ESAUA/|5§N«71('|quv$g»ag7$i,(li)l{si =z}
1€EA
1
2 : ’
== E j1($|$g,$g,ag751,ai)
1EA
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The second equality follows from the conditional independence of sj from sayan; from
Lemma[E.T0] and the final equality uses the fact that the expectation of an indicator random variable
is the probability distribution function of the random variable. O

Lemma E.10. The distribution s’AuA,\i\s’g, Sg,Gg, SAUA’, GAUA’ i conditionally independent to
the distribution s}|s, 54, a4, si,a; for anyi € AUA".

Proof. We direct the interested reader to the Bayes-Ball theorem in |Shachter] [[2013[] for proving
conditional independence. For ease of exposition, we restate the two rules in|Shachter|[2013] that
introduce the notion of d-separations which implies conditional independence. Suppose we have a
causal graph G = (V, E) where the vertex set V = [p] for p € N is a set of variables and the edge set
E C 2V denotes dependence through connectivity. Then, the two rules that establish d-separations
are as follows:

1. For z,y € V, we say that x, y are d-connected if there exists a path (z, ..., y) that can be
traced without traversing a pair of arrows that point at the same vertex.

2. We say that z,y € V are d-connected, conditioned on a set of variables Z C V/, if there is a
path (z, ..., y) that does not contain an event z € Z that can be traced without traversing a
pair of arrows that point at the same vertex.

If z,y € V is not d-connected through any such path, then z,y is d-separated, which implies
conditional independence.

Let Z = {sy, 84, a4, 5i,a; } be the set of variables we condition on. Then, the below figure demon-
strates the causal graph for the events of interest.

Figure 5: Causal graph to demonstrate the dependencies between variables.

1. Observe that all paths (through undirected edges) stemming from sy | AN T SAUAN; Pass
through s, € Z which is blocked.

2. All other paths from s’AuA,\i to s} pass through s, U sy € Z.

Therefore, s’AuA,\i and s are d-separated by Z. Hence, by [Shachter; [2013]], s’AuA,\i and s are
conditionally independent.

Lemma E.11. For any joint transition probability function Jj, on sq4 € Sg,5a € Sk, an € Af
where |A| =k, given by Jj, : Sy X SZ‘A‘ X Sg x Ag X SllAl X A‘lAl — [0, 1], we have:

AT .10 1 11
B (s olsgagsn.an) [Blsgsf)ndiC ol agsnias) , WX @ (55,52, 09, 02)
g RN 1

_ AT (.1 1 "o
= Esy si)mT2 (ol oag.a.00) JAX Qk (Sg, 57, ag, aA)
g g9
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Proof. By expanding the expectations:

1 "
E( $ySA)~Tk (e |sg,a9,5,a) E(‘ﬂ/ QLN ACRIEACTEINCIN| //gAmaa}’(’ c Ak Qk( 97SA7a9’aA)
ag RN
/ / " " / !
= g g jk[sgasAvSgaagvsAaaA]jk[sga5A73gvagaSA,aA]

(54,85 )ESgx S| (s17,5%) €S, xS} %!
" "
max Qk( g,sA, g,aA)
all€Ag,aX €AY

271 M NT (I
= E Ti; (84, 5A, Sy Gg, 57, AA] ) jna}/{, Aka( s SAs Uy, GA)
"ol |A] g EAg,an €A
(s4,8A)ESg XS,

=E max s, ala
(s4,sK)~T2 (5 18g,a9,50,an) are Ayl €Al Qk( Sg» Aa 'L A)

In the second equality, the right-stochasticity of 7 implies the right-stochasticity of 7;2.

Further, observe that Ji.[s}, Sx, 8¢, ag, sa, an]Tk[sy, SA, 55, ag, Sh, aa] denotes the probability of
the transitions (sz,sa) — (sy,5h) — (s}, sA) with actions a,, aa at each step, where the joint
state evolution is governed by Ji. Thus,

Z jk[S;pS/Aasg7agaSA7aA]\7k:[Slg/78/A78;77agaS/gvaA] jk[ q75AaSqaaqa5A;aA}
(s;,s’A)GSgXSl‘A‘
since Z(s;,s’A)esngl‘A‘ Tk[55s Sn» Sgs gy SA, an]Tk[sy, SA, 8y, ag, Sy, aal is the stochastic proba-
bility function corresponding to the two-step evolution of the joint states from (sy, sa) to (s, sA)
under actions ag, aa. This can be thought of as an analogously to the fact that a 1 on the (i, j)’th

entry on the square of a 0/1 adjacency matrix of a graph represents the fact that there is a path of
distance 2 between vertices ¢ and j.

Finally, the third equality recovers the definition of the expectation, with respect to the joint probability
function [J2. 0

We next show limy_, o ]EAE([Z])QE(SWSA,%@A) = EAE([E])QZ(SWSA,CLW(IA) = Q*(s,a).

Lemma E.12. The Q* function is the average value of each of the (Z) sub-sampled QZ—ﬁmctions.

. 1 . 7
Q*(s,a) = 7w > Qi (sg,8a,ag,a8) <77 .
(k) Ae([:]) -

Proof. We bound the differences between Qf at each Bellman iteration of our approximation to (Q*.

Note that:

Q*(s,a) ( ) Z QF (sg55A,0Gq,0A)
k

Ae([ )

= TQ*(S (Z ( ) Z EQk ngsAaagvaA)
ae()
= T[n] (897 S[n]7ag) + ’YE S;NPQ("SQ,(ZQ), o G.Amg’x cAn Q*<S/a a/)
S;NPI('lsi’ai’sg%v'ie[n]) g 7] !

1 T
- m Z |:TA($97SA’a97aA)+7E s ~Pgy(-|sg,aq) Amax AP Qk (ngslAaaéaalA)
AG([Z]) s/ NPL( [si,ai8q),ViEA RTINS

Next, observe that T'n) (Sg7 S[n]s Ggs a[n]) = (7%) ZA€<[:]) T[A] (Sg, SA,Gg, CLA).

32



To prove this, we write:

(}L) Z [A](SgysAvagvaA) = (nl) Z (rq(sg,ag) + % ZT[<Si7ai759))
) ace) Vo “

71(84, @i, Sg) = T[] (Sg, S[n)s Gg Afn])

|
<
s)
—
»
)
Q
<
~—
+
SRS
.
™
2

In the second equality, we reparameterized the sum to count the number of times each ;(s;, s4) was
added for each i € A. To do this, we count the number of (k — 1) other agents that could form a
k-tuple with agent 4, and there are (n — 1)) candidates from which we chooses the (k — 1) agents. In
the last equality, we expanded and simplified the binomial coefficients.

So, we have that:

sup
(s,a)eSxA

Q*(s,a)

_(nl) Z Qf(sg,s[n],ag,aA)}
k

Ae(["])

S hor- sg,sA,ag,aA)}

= su T
p {Q ()AE(])

(s,a)eSxA

=7 sup E

o
:>*;NP(~|sg,ag)7 HlaXQ (S va)
(s,a)eSx.A

a’€A
si~Py(+|s5,ai,84),Vi€[n]
_ L E E max QT (s, s, a., aly)
(Tl) SgNPg('lsg ag), k 970 Pgr A

a' €A

k In] "P(+]86,a0,84) ViEA 9 97
AE S; 1 i,Qi,Sg

(k) A .Ak

_ .
=7 Sug £ S/gNPg("ngag)> [an'ﬁQ (S ) @ )
(s,0)eSxA si~Py(+|si,a4,84),Vi€[n]

1 AT—1
- W Z ma}/{ ka (5;a51A7a;aa/A):|

al €Ag,a,€A
k AE([Z]) g g %A 1

< Y sup E 5;"‘Pg("397‘7’9)7

(5:0)ESXA o1 Py (-[51,a1,54),ViE[n]
1 A
e T o)
agEAg,a[n]eAln k) [n]
ae(ly
<~ sup {Q( >, Qi Sg’slA’a;’a/A)}
(s’,a’)ESXA (k)

Ae(th)

We justify the first inequality by noting the general property that for positive vectors v, v’ for which
v = v' which follows from the triangle inequality:

1 , 1 /
= 2 e[ = e
W oacly) N B ac(py
1
— olloo — || o
8 Ae%) *
znvnm—(i) S 1l
ae()
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Thus, applying this bound recursively, we get:

Q*(Saa) - (nl) Z Q£<5975A7agaa/A>

ae()

* 1 A
<7 R R AN

(s',a’)eSxA

=47 sup  Q*(s,d)
(s’,a’)ESXA

r T

1=~
The first inequality follows from the «-contraction property of the update procedure, and the ensuing
equality follows from our bound on the maximum possible value of @) from Lemma [C.4]and noting
that QY := 0.

Therefore, as T — oo,

=7

Q*(S’G’g) - % Z Q;;F(sg,sA,ag) — 07
(k) Ae([ ])

>3

which proves the lemma. O

Corollary E.13. Since @ ZAE([:]) Qf(sg, SA, g, ap) 1= EAE([Z])Qg(sg, SA,Qg,an), we there-

fore get:

Q" (s,a) — TlgﬂooEAe([z])Qg(Sg, SA, g, an) < Tlgnoo’yT T
Consequently,

Q*(s,a) — EAG([Q])QZ(sg,sA,ag,aA) <0
Further, we have that

Q*(S, a) - EAE([Z])QZ(SQ7 SA,Qg, CI,A) = 07

since QZ(sg, SA, g, an) < Q*(s, a).

Lemma E.14. The absolute difference between the expected maximums between Qk and Qk/ is

atmost the maximum of the absolute difference between Qk and ri, where the expectations are
taken over any joint distributions of states J, and the maximums are taken over the actions.

AT () ro
E(ngslAuA/)Nj\AuA’\('7"391a973AUA’7aAuA’) , ma;( & Qk (sg’ SAs ag’ aA)
ay€EAG,apEA;
AT (.1 1 ro
- max ,Qk,(sg,sA/,ag,aA,)”
al,€Ag,aly, EA}
AT () ro
< max E(S/gvs/AuA/)Nj\AuA’\('7‘|nga975AuAM‘1AuA/) Qk (8978A’a9’a’ﬁ)

Aua’
a'geAg,a/AuAIEAl wall
AT (.1 ro
- Qk’ (Sga SA/aaga aA’):| ‘

Proof. Denote:
ok NT (! o
Qg,ap = AIg max Qk (ngF‘s'Aaag?aJA)
ag€Ag,
u,/AE.A{c
~k o~k AT (.1 / /
dg,axs = arg max Qk,(sg,EglA,,ag,aA/)
aQGAg,

/ K/
U‘A’ G.Al
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We extend aj, to a}, by letting a*A,\ A be the corresponding A \ A’ variables from a},

n .AiA \Al For the remainder of this proof, we adopt the shorthand Esg s\ 1O refer to
k) u ’

: AT ( o/ AN
E(SiyslAuA/)ijqu( ‘Isgrag,5auar0A0A")" Then, leS’g,S'AuA/ Inaxaée.Ag,a’Ae.A{C Qk (ng leA,ag)

K, alh€Ag,aly, €AY Qk,(s Fy ,,ay) > 0, we have:

s’ max
9’7 AUA’

T/ / /
N max Qk (sg,leA,ag) - ]Eg/ S ar max Qk,( F, /,ag)
ay€Ag,a\ €A} ag€Ag,ay JEAF

AT AT
- 9; EINUN Qk( g75A7ag7aA) Gg GAuA,Qk ( gﬂSA’ a’g7aA/)
AT T
<Eg s . Qk (CAYTNTON R Es'g,s’AuA,Qk /(85 Sars Gy )
AT (! o rol AT (o) o rol
< max Bop st on @i (g Sas 0, an) =By o Qpi(sg, Sars g, anr)
ay, g5 €
’
aauar€AIRYA

. . . . . A T / / / /
We observe that if the opposite inequality holds (i.e., Esfqu'AuA/ mMaXy c A, a/\ €AF Qk (Sg, N ay)—
VT (o o o : *
Es) st o MaXer €4, ./, , €A Qi (55, 8ar, ay, ala,) < 0), an analogous argument by replacing a;

with ag and aj; with aj yields an identical bound. O

Lemma E.15. Suppose z,z' > 1. Consider functions T : ©1 X O3 x --- x O, x O* — R and
O] x Oy x - x O, xO* 5 R, where ©1,...,0, and O, ... ,0’, are finite sets. Consider
a probability distribution function pe, for i € [z] and g, fori € [2']. Then:

* *
]Ef’l”__#f@l er*neag)(* re,...,0.,0")—E Oroiils, er*nax* '(01,...,0.,0%)
0~pe, ez,Nuéz/

* I *
< elglea@x* ]E01~;L()1 (917"'70279 ) EGINM (017"'502/79 )
O-~pie. 0,0~ y

Proof. Let 0% .= arg maxg-co- I'(01,...,0,,0*) and 0* := arg maxg-co- IV(6q,...,0.,6%).

* ! *
IfEg,~pe,,....0.~pe, Maxg-co- L'(01,...,0,,0 )_EglNule,17___702,~#’e,, maxg:ce+ I’ (01,...,0,,0%) >
z
0, then:
Eg,~ne. max I'(01,...,0,,0") —E, max I'"(0y,...,0, 0%
1..&019*69* ( ) sy Vzy ) 01“/19*69* ( ) s Uz )
0.~pe., 9 ”"Nf@/
N* / )
= Egypio, D01, 0:,07) B g, T'(01,...,0.0.07)
1
92’\"/’/@2 ,\'J”l
92/ u(_)/,
N / N
< E91~#91F(91,...,92,0 )—E 01~pily . r',,...,0.,0%)
0.~pe, 7] 'NP‘@’

< e Boyo, T(O1,-0:,67) ~ B gy, T'(6,...,0.,0%)

9;"’/‘4(—)2 9 /NH’O/,

Here, we replace each 6* with the maximizers of their corresponding terms, and upper bound them

by the maximizer of the larger term. Next, we replace g* in both expressions with the maximizer
choice 0* from ©*, and further bound the expression by its absolute value.

IfEelNuel,_“7ezNuez maxg-eco+ L'(01,...,0,,0%)— EGlNM

/ *
o GZ/NMZ_)/, maxg+ce* r (91, .. .792/,9 )
z

is negative, then an analogous argument that replaces 6* with 6* yields the same result. O
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F Bounding Total Variation Distance

As |A| — n, we prove that the total variation (TV) distance between the empirical distribution of
za and zp,) goes to 0. Here, recall that 2; € Z = &) x Aj, and za = {2; : i € A} for A € ([Z]).
Before bounding the total variation distance between F., and F,,, we first introduce Lemma C.5 of
Anand and Qu [2024]] which can be viewed as a generalization of the Dvoretzky-Kiefer-Wolfowitz
concentration inequality, for sampling without replacement. We first make an important remark.
Remark F.1. First, observe that if A is an independent random variable uniformly supported on
([Z]), then sp and aa are also independent random variables uniformly supported on the global
state (S[k]) and the global action (“I"'). To see this, let ¢ : [n] — S where ¢1(i) = s; and
&1t [n] — A; where & (i) = a;. This naturally extends to ¢y, : [n]¥ — SF, where ¢y (i1, ..., ix) =
(Siyy---,8:) and & : [n)F — AF, where & (i1, . . . ,ix) = (ai,, ..., a;,) forall k € [n]. Then, the
independence of A implies the independence of the generated o-algebra. Further, ¢, and & (which
are a Lebesgue measurable function of a o-algebra) are sub-algebras, implying that sp and aa must
also be independent random variables.

For reference, we present the multidimensional Dvoretzky-Kiefer-Wolfowitz (DKW) inequality
(Dvoretzky et al.|[1956], Massart| [ 1990], Naaman| [2021]]) which bounds the difference between an
empirical distribution function for a set Ba and Bp,,; when each element of A for |A| = k is sampled
uniformly at random from [n] with replacement.

Theorem F.2 (Multi-dimensional Dvoretzky-Kiefer-Wolfowitz (DFW) inequality [Dvoretzky et al.,
1956, Naaman, 2021]). Suppose B C R% and ¢ > 0. If A C [n] is sampled uniformly with
replacement, then

n

Pr ﬁﬂZ]l{B,;:z}f%Z]l{Bi:x}
[ISYAN

sup

zEB i—1

< e] >1—dn+ 1)672‘A‘62'

Lemma C.5 of|/Anand and Qu|[[2024]] generalizes the DKW inequality for sampling without replace-
ment:

Lemma F.3 (Sampling without replacement analogue of the DKW inequality, Lemma C.5 in/Anand
and Qu| [2024]). Consider a finite population X = (1, ...,x,) € B]' where B, is a finite set. Let
A C [n] be a random sample of size k chosen uniformly and without replacement. Then, for all
T € B;:

1 1 _ 20AIne?
Pr | sup |— Z Wy =2} — — Z Wz, =z} <e| >1-2|Be RETATET
z€EB; |A‘ iEA n i€n]
"7l62
Lemma F.4. With probability atleast 1 — 2|S;||.A;|e” R
TV(F.,, Fyy,) < e

ZA

Proof. Recall that z := (s;,a;) € S; X A;. From Lemma substituting 3; = Z; yields:

’!L€2
Pr | sup |Fo,(21) — Fopy (20)] < 2] > 1 2/Z)e" 74
€2
’7l€2
=1 28)|[Afe” w5,
which yields the proof. O

We now present an alternate bound for the total variation distance, where the distance actually goes
to 0 as |A| — n. For this, we use the fact that the total variation distance between two product
distributions is subadditive.

Lemma F.5 (Lemma B.8.1 of |Ghosal and van der Vaart|[2017]]. Subadditivity of TV distance for
Product Distributions). Let P and ) be product distributions over some domain S. Let a, . .., aq
be the marginal distributions of P and 31, .. ., B4 be the marginal distributions of Q). Then,

d
1P = Qlli < i = Bills

i=1
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Lemma F.6 (KL-divergence decays too slowly).
A

TV(Fey, Fy,y) < -

Proof. By the symmetry of the total variation distance metric, we have that
TV(FZ[n] ) FZA) = TV(FZA7FZ[7L])'

From the Bretagnolle-Huber inequality [Tsybakov|[2008]] we have that

TV(f,9) = V1 - e—DxL(fllg) .

Here, Dk1,(f||g) is the Kullback-Leibler (KL) divergence metric between probability distributions f
and g over the sample space, which we denote by X" and is given by

Diw(fllg) =Y f(x (29)

reX
Thus, from Equation (29):

Dt (Fy1Fe) = Z( > 1ai= ) EpmToE

zZEZ; 1EA
WX (Z te=s oy
1 Yiea Hzi =2}
Al I{zi==z}|In

L )y Diealtz=)
IR T 2 (Z“Z }>1 > e e = 2

z€Z; \i€A
n
AY

In the third line, we note that > > > ;- A 1{2; = z} = |A| since each local agent contained in A
must have some state/action pair contained in Z;. In the last line, we note that ) 0, \ 1{2; = 2z} <
> ien) Wz = 2}, Forall 2 € Z;, and thus the summation of logarithmic terms in the third line is
negative.

Finally, using this bound in the Bretagnolle-Huber inequality yields the lemma. O

Corollary F.7. From Lemma|[F6] setting A = [n] also recovers TV (F.,, F. ) = 0.

Theorem F.8. With probability atleast 1 — § for 6 € (0,1)%:

R R In 28l Al n—rk+1
* * )
‘Qk(sg’F5A7a97FaA)_Qn(SQ7FS[n]7ag7Fa[n]) < 1_7 Skn.

N7 )lloo

Proof. From combining the total variation distance bound in Lemma[F4]and the Lipschitz continuity
bound in Theoremeuh Zt o' < < 1= for ~v € (0,1), we have:

2e
1—

A% A sk _ 8kne?
Pr |:|Qk(sganA7ag7FaA) - Qn(SQ7F[ n]? ag7F )l < v ' ||rl('u )||oo:| > 1—2|Sl||Al|€ n—k+l

71,62
Then, reparameterizing 1 — 2|S;||.A;|e” "SR into 1 — 6 to gete = \/"8;;;1 In (2‘5’(‘;‘“41') gives
that with probability at least 1 — &,

In 2|51(\$\Al| n—k+1

Qi Fosr g Fas) = Q5 g, Fag )| < == A/ g el

proving the claim. O
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G Using the Performance Difference Lemma

In general, convergence analysis requires the guarantee that a stationary optimal policy exists.
Fortunately, when working with the empirical distribution function, the existence of a stationary
optimal policy is guaranteed when the state/action spaces are finite or countably infinite. However,
lifting the knowledge of states onto the continuous empirical distribution function space, and designing
a policy on the lifted space is still analytically challenging. To circumvent this, |Gu et al.| [2021]]
creates lifted e-nets and does kernel regression to obtain convergence guarantees. Moreover, our
result has a similar flavor to MDPs with dynamic exogenous inputs from learning theory, [Dietterich
et al.| 2018], [Foster et al., 2022, |Anand and Qu} 2024], wherein our subsampling algorithm treats each
sampled state as an endogenous state.

Here, our analytic approach bears a stark difference, wherein we analyze the sampled structure of
the mean-field empirical distribution function, rather than studying the structure of the lifted space.
For this, we leverage the classical Performance Difference Lemma, which we restate below for
completeness.

Lemma G.1 (Performance Difference Lemma, Kakade and Langford [2002]). Given policies 71, o,
with corresponding value functions V™, V™2

1
VI(s) =VT(s) = 7B van [A™(d)]
T dem(ls)
Here, A™(s',a’) = Q™(s',a’) — V™2(s') and d™'(s') = (1 — ) > pey ¥ Pryt[s’, s] where
Pryt[s’, s] is the probability of 7; reaching state s” at time step A starting from state s.

We denote our learned policy ’/TESt where:
T (89 5m) = (T (5,510 T (59551005 T (5, 51a1)) € P(Ag) X P(A),

,es ~ st . > : 1, est
where w,‘i'ffl (89:5[n]) = Tim (895 Sus Fisy,) is the global agent’s action and 7,0 (54, 8[n)) =

T (895 805 Fs »,) is the action of the i’th local agent. Here, A; is a random variable supported on
([k]_\l’), u is a random variable uniformly distributed on [r], and A is a random variable uniformly
distributed on [n] \ w. Then, denote the optimal policy 7* given by

7 () = (73 (39280071 (850 000). -+ (592 5000)) € PUA) x PLAD™,

where 7 (54, s[)) is the global agent’s action, and 7} (sg, s[n)) = T (s, s“FsAi) is the action
of the i’th local agent. Next, in order to compare the difference in the performance of 7*(s) and
T (895 8[n))> we define the value function of a policy 7 to be the infinite-horizon -discounted
rewards, (denoted by V™) as follows:

Definition G.2. The value function V" : & — R of a given policy 7, for S := S, x " is:

V7 (5) = Eatymn(s(6)) [Zw t))]s (o):s]. (30)

Theorem G.3. For the optimal policy 7 and the learned policy 77,2‘ , for any state sq € S, we have:

VT (s0) = VR o) < 7 _’ZW \/" sLhd \/m e ufirv)zmg\kmm
Proof. Applying the performance difference lemma to the policies gives us:
V™ (s0) — Vkim (s0) = 1_17E5Nd:§%§n Eonnest (1) V™ (s) — Q™ (s,a)]
= - i VEM ot {EG/W%MQ”* (5,0") = Bgmmset (9@ (s, )]
B |07 () < Ban (107 (50)
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Next, by the law of total expectation,

Ea~7rev5° (-1s) [Q* (S, CL)]

k,m

1 1 R R R
= Z W Y nQ*(Svﬂ-l(éf:n(sg’FSA)gﬂTI(;f:n(ng817F8A1)7---771'2?:71(3g>37uF8An))
AE([n]> Al . Am. \k (k,‘—l)
k) D I
Ate(Ply)

Therefore,

Q™ (s, ("]s)) — Eonnest (1)@ (s,a)

= Q" (5, 7 (59 Fon)gs Fiom (595 51, Fa ) -+, 7 (34, SmFsAn)))

Therefore, by grouping the equations above, we have:

V™ (s0) = V7 (s0)
1 1
S 7B, i Banait o) > X (n)(nl)”( >
%0 ac(my ate(fyy, Mk k1) Ve
Vi€[n]

Q" (s, (s))

- QZS,:TL(SQ? Siy FSAMW*(S){N {W*(s)j}jé{i,Ai})’

Azs;:n(sm Sis E‘iAi ) ﬁzs,;cn(sg’ EQA)ga {ﬁZ?:n(ng Sj,Aj)}jE{i,Ai})

)

- Q*(svﬁlifvtn(sga SA)gv {ﬁz?:n(sgv S35 FSAj)}jG[n]

Lemma|[G.4l shows a uniform bound on
Q*(S, W*(‘S)) - Q*(S, 7}2?%(35]7 FSA)Q? ﬁﬁfn(sga 51, FSAI )’ tee 77?2%(55:: Sn, FSA"))

(independent of A% Vi € [n]), allowing the sums and the counts in the denominator will cancel
out. Observe that 7}, : & — Aand 7* : S — A are deterministic functions. Therefore, denote

a = 7*(s). Then, from LemmalG.6|

1 1 _—
B, o Bammn 2 D D WZ Q"(s,7"(s))

0 AE([Z]) Ale([; \11) A"E([z],\ln) k—1/) i€[n]

- Qis,fm(sga Sis FSAi ) 7T*(S)‘lh {F*(S)j}je{i,Ai})’

Q;(SQ’ Fs[n] ) 7%:(597 Fs[n] )9’ 7}:(597 Fs[n] )1%)

- Aif:n<sg,si,FsN.m*<s>g,{w*(s)ﬁjqiw})’

T n—k+1\/ 2|S; || Al T N
< 1 4 N A | kA
(1- 7)2\/ 8nk . ) €k, (1- 7)2‘ gk
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Similarly, from Corollary [G.7] we have that

% YD Y (:(’i) 0 (59,50, F

dsg’ AE([n])Al ([n]\l) A"E([ZL\")

ﬁzsﬁn(sga SA)97 {’frlis,;cn(sga Sjs FSAJ' )}je{i,A"'}> - Q*(S, ﬁz%:n(sgv SA)ga {ﬁZ?fn(sga Sjs FSAJ' )}JE[n]

7 n—k+1\/ 2|8 A r A
< 1 mt — ElAils
= (1_7)2\/ e A e

Hence, combining the above inequalities, we get:

. 2F n—k+1\/ 28| |Ail or M
G — V™em < 1 2ekm + ———— [ A
V™ (sg) — V™ (s0) < (1—7)2\/ o n = 26 + (1_7)2\,49% )

which yields the claim. We defer parameter optimization to Lemma [G.8] O

Lemma G.4 (Uniform Bound on Q* with different actions). Forall s € S,A € ([”]) and A* €
(:7\12) fori € [n], we have:

Q" (s,

|s)) = Q(s, ff;?ﬁn(sg’FsA)g,{ﬁisﬁn(smsquAi)}ie[n])

(.
]‘ es * *
<= Z @7 (5.7 (8)) = Q551 500 Fayo o (5)s {7 () Ve )|
i€ [r

’Q%t Sg, Siy FSN ) Wzsfn(sgv Fsp)gs {ﬁzfﬁn(sg» sj,AJ')}je{i,Ai})

- Q*(svﬁﬁﬁn(sg’ sA)ga {ﬁzitn(sga Sjs FSAj)}jE[n]

Proof. Observe that
Q*(s T (18)) = Q" (s, Wi (59, Fon)gs {Thim (Sg 81 F 1) Yieln)

< - Z QeSt sgvs% SN’ﬂ-lisin(sg’FSA)gvﬁ-lec?:n(SwSi’FSAi)’ {ﬁzfvtn(sg’sjﬂFSAj)}jEAi)

-= Z Q5 (8,51, Fs 0 7558 (89, Fp ) g 7550 (Sg, 81, Fs )y ATES (89085, Fs ) Y jeat)

ze[n]

+= ZQQ“ Sgs 80y Fs 7 (8) g, ()i, {7 ()} jenr)
ze[n]

—fZQe“ Sgu iy P oy (8) o 7 (8)i, {77 (8) 1 }jear)
i€[n]

< Q*( - - Z Qe% 80’517 SN’W*( ) » T ( )Z’{Tr ( )j}jEAi)

2€ [n]

‘ ZQeSt Sgs Sis stﬁzS;@(Sg,FSA)gv{ﬁ'/ec?:n(sgwsj’FsAj)}je{i,Ai}>

- Q" (s, 7"k m(sg)Féa)gv{ﬂ' (SQ’S]7F5A7)}jE[n]

est

— Qi (5gs 50y Py 7 ()9 {7 ()i} ginn))|

IN

\
N
=)
Py
V2l

3

@
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+ = Z CSt Sga Sy FsN ) ”Zs;cn(sgv FSA)Q? {ﬁsfn(sm Sj,Ad )}je{i,Ai})
ze[n]
- Q*('S? ﬁ-lfftn(sgv SA)gv {ﬁ-l?f:n(sgv S5 FSAj )}je[n] )
which proves the claim. O

Lemma G.5. Fixs € S := S, x 8. For each j € [n], suppose we are given T-length sequences

of random variables {A{, ey A]f}je distributed uniformly over the support ([ ]\J) Further,
suppose we are given a fixed sequence (51, ..., 0p, where each 6; € (0,1] fort € [T). Let
1 —k+1_  2|S
by = nohd Ly, | ZHAZ‘.
’ 1-— Y 8kn (St
Then, for each action a = (ag,ap,)) = 7*(s), fort € [T] and j € [n], define deviation events
B, " such that:
ag7aj1A'Z Aest
B, @ (554 P05 00) = Q50055 Fe 05 09)| > Bt - 1o + €t |

(3D

Fori € [T, we define bad-events By (which is a union over each deviation event):

-y Uy s

[n] ag€Ag a . j.ad €AF
Next, denote B = UiT:1 B;. Then, the probability that no bad event By occurs is:
Pr[B] =1 Pr[B] > 1 — |4, [kM! ZT: 5;
i=1
Proof.
Q" (39 55 Frpyy Ggs 1) — sz:n(sg,sj,FzA{,ag,aj)\

= Q*(8978j7FZ[n]\j7ag7a]) Q (sgasj, z ]aa/q7aj)

+QZ(SQ7SJ7FZAj7a97aj) ?fn(sgvsijzAwawaj)
t t

IN

Q*(sg78j7FZ[n]\j7ag7aj) - QZ(SgaSj,FZAjaagpa‘j)‘
t

| Qi85 F 000 0) = Qb (59055, F 0 0))|

< Q% (89585, Fapypy ;g5 a5) — Qi (54, SijzAz ) ag’aj)‘ + €km
The first inequality above follows from the triangle inequality, and the second inequality uses

’QZ(Sgasj’Fzszagvaj) - sz;z(sgvsjanszagvaj)‘

A Aest
S “QZ(SQ75j7FZAj7ag)aj) - QZE:HL(Sg7sjaFZAj7agaaj)H
t t (o]
< €k,m>

where the €, ,,, follows from Lemma[4.3} From Theorem[F:8] we have that with probability at least
1- 6t9

‘Q*(sgvSjaFZ[n,]\jaagva]) Q (8978]3 z J,agaa])

T TGRS

1 218 A fn—k+1
In

et )l
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a
975 Al

a v
So, event B, * occurs with probability atmost ;.

Here, observe that if we union bound across all the events parameterized by the empirical distributions
of ag,a jai € Ay X .Af given by FaAj , this also forms a covering of the choice of variables FSA{. by

t
agents j € [m)], and therefore across all choices of A}, ..., A? (subject to the permutation invariance
of local agents) for a fixed ¢.

Thus, from the union bound, we get:

PriB< Y Y PeB ) < A KA Pr(B, A
a’JEAQFaAtENk(Al)

Applying the union bound again proves the lemma:

T T
Pr(B] >1—Y Pr[B] >1—|A, kMY 4,
t=1 t=1
which proves the claim. O

Lemma G.6. For any arbitrary distribution D of states S := S, x SJ", for any A' € ([,?]_\f) for
i € [n] and for 6 € (0,1] we have:

M[Z > o r (,’é)(n_ﬂ)nzi‘c;%s,w*(s))

AE([ )Ale( \1) Ane( k—1 i€[n]

_ cht (Sg,3i7FsAm7r*(3)g’ {ﬂ*(s)j}je{iyAi})H

T nkJrl\/ 2‘81H~A1| T A
< 1 A RS
—1—7\/ e N peiel

Proof. By the linearity of expectations, observe that:

M[Z D (%(l_ﬂylzi\crw*(s»

Ac() ate(Nl)  ang(fphr) W k1) icinl

_ ert (Sg, SivFSAHﬂ-*(S)g’ {W*(s)j}je{i,A"’})H

Z EQND

k— ze[n]

(s,7°(5))

I
(]
-]
(]

_ ert (897 Si7FSA“7T*(S)g7 {7“'*(8)]}]6{7’7A1})’

 In—k+1 2|81 A
(I)’“"s_\/ Snk \/m P

Then, define the indicator function Z : [n] x S x N x (0,1] — {0, 1} by:
Z(i,s,k,0) =

1@ (6.5 = Qo150 Fo 7 010 (5 G )| <

The expected difference between Q* (s, 7*(s')) and QS (895805 Fs 1 7r"‘(s)g7 {7*(s)j}jeqiai})
is bounded as follows:

B [Q"(/,7°(5) = Qi (50515 Foy s 7 ()9, {7 (5) e a0y
= Eoop [Z(i,5.k,0) Q5,7 () = Qb (s 500 Py 7 (8)a {7 ()3 e .0

+ Eo [(1=Z(i,5,k,0) [Q'(5', 7" (5) = Qi 9,51 oy o7 ()9, {7 (5)s e i)

Let

I desg, )
;
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Here, we have used the general property for a random variable X and constant ¢ that E[X] =
E[X1{X < c}]+E[(1 — 1{X < ¢})X]. Then,

B |Q(5',7(5) = Qi (551,007 (5)g, 7 (5):.0)
< 1i’y\/n —8:;:— 1\/1n 2|Sl(|s|Al| P % (1 = EypZ(s',.6)))
< 157\/n;sk+1\/1n2|85(|5|«45|+€k,m+1_7~‘7Agk|A,5
=7 i’y\/n ;:I: 1\/111 2|Sl(|5|Al| + €pm + %\Ag\kb“l\g

For the first term in the first inequality, we use E[X1{X < ¢}] < c. For the second term, we trivially
bound Q*(s', 7*(s")) — Qi (s, 8; A, T*(8)g, 7 (8); a¢) by the maximum value Q* can take, which

K In the second inequality, we use the fact that the expectation of an indicator
function is the conditional probability of the underlying event. The second inequality follows from

Lemma

Since this is a uniform bound that is independent of A7 for j € [n] and i € [n], we have:

R NI

(5,77(5)) = QR (5g+ 51, Fa oo (8)g, {77 (5) }se 5.0y

Al A" 16
(k )A E([n],\l)
7 n—k‘—l—l\/ 2|84 T A
< 1 m + ——| Ay kAtlg
= 17\/ sk VT Tt A
This proves the claim. O

Corollary G.7. Changing the notation of the policy to ﬂ'CSt in the proofs of Lemmasand
such that a ~ 7%, then yields that:

Es~p Z Z (1) (nll)n Z % ‘Q*(s,a) - Qz,m(sgvsivFSAmag’ai,AiQ‘

ety at,amatee(V) k=1/ " i€[n]

< 1
<. \/ — In 5 + €pm + 1 7|Ag|k’ )

Lemma G.8 (Optimizing Parameters). With probability at least 1 —

100(—:’C ’

V™ (s0) = V™ (50) < O (*}E)

Proof. Setting § = ﬁ% in the bound for the optimality gap in Theorem gives:

a T(k m < JR— l
V™ (s9) — V™m(sg) (1 — \/ + 2€pm + e | Ag| k1S

n—k—|—1 4r€|31||A1||A |klAd 1
+ -+ 2€k,m
(1-— v)? €

Setting ¢ = 10v/k for any ¢ > 0 recovers a decaying optimality gap of the order

n— k + 1 40r|Sl||Al||A |elAL+ 2 1
v V(s ,/ + + 2¢k.m
(s0) = (s0) < 7= \/ 7)? ove ok
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Finally, using the probabilistic bound of e, ,,, < O(ﬁ) from Lemma yields that with probability

1
at least 1 — T00cF >

V7 (s0) < Vo) < 0 (7).

which proves the claim. O

G.1 Bounding the Bellman Error

This section is devoted to the proof of Lemma[.3]

Theorem G.9 (Theorem 2 of |Li et al.| [2022]]). If m € N is the number of samples in the Bellman
update, there exists a universal constant 0 < co < 2 and a Bellman noise 0 < ¢y, p, < ﬁ such that

||77€ mQCSt 7;:@]@”00 = ||CQCSt QZHOO S €k,m,

Co - T - teover 9 <|S|A|) ( 1 )
m= - lo log| ——= |, (32)
TP, P EANTEE

with probability at least 1 — p, for any p € (0, 1). Here, tcover stands for the cover time, which is the
time taken for the trajectory to visit all state-action pairs at least once. Formally,

where €y, , satisfies

teover ‘= Min {t

1
in  P(Bilso,a0) > = b, 33
(so7a151€n3><.,4 ( t‘SO aO) - 2} (33)

where By denotes the event that all (s,a) € S x A have been visited at least once between time 0
and time t, and P(By|so, ag) denotes the probability of By conditioned on the initial state (s, agp).

Lemma G.10. If T = 2 logf¥t, SUB-SAMPLE-MFQ: Learning runs in time

O(T|Sg|2|Ag|2|Al\2\81|2k3'5+2|sl”“41| ), whlle accruing a Bellman noise ¢y, < O(1/Vk)
with probability at least 1 —

1
100k *
Proof. We first prove that | Q¥ — Q% || < i

For this, it suffices to show VT% < ﬁ — 3T < lf Then, usingy = 1 — (1 —~) < e~ (=7,

it again suffices to show e~ (1=17T < 71: NG Taking logarithms, we have

1—v
exp(=T(1—7)) < —
™k
1—v
—T(1—-7) <lo
(1—=9) STk
T> Ll ™k
_ 1—~
Since T' = 12 log ¥ ’,j > 125 log ¥ “ﬁ , the condition holds and [|Q7 — Qf[l.e < —=. Then,

rearranging Equation 2)) and 1ncorp0rat1ng the convergence error of the Qy,-function, one has that
with probability at least 1 — p,

en <i+ k27t cover log<Sg|Ag|Al|Sl|)log( 1 )
T VE S (1=9)25m p (1—9)?

Then, using the naive bound %oy (Since we are doing offline learning), we have

Teover < |Sg||~'49||Sl||Al|k|Sl”Al‘~

Substituting this in Equation (34) yields that with probability 1 — p,

L kS A ISTIAJRSTAT (|5q|Aq|«41|51> ( 1 )
m< =+ L 1 35
Y/ (1—7)?3/m tog p ®\i-) &

(34)
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Therefore, letting p = setting

_1
100e*

m — 27;|Sg||~’49||Sl||.Al|k3'5+|SlHAl|
(1—7)°

1
g (10013, 4, LAt o (=) G0

attains a Bellman error of ¢y, ,,, < O(1/v/k) with probability at least 1 —
of our learning algorithm is

5o - Finally, the runtime

O(mT|Sy||Sil| Ag|[| A KIS ATy = O(|S, || Ag [ A | 5,2 K215 7),

which is still polynomial in k, proving the claim. O

H Generalization to Stochastic Rewards

Suppose we are given two families of distributions, {Gs, 4, }s,.a,e5,x4, and
{Ls; 50,0: Y 55,509,065, x5, x A, - Let R(s, a) denote a stochastic reward of the form

R(s,a) =rg(sq,aq) + Z ri(8i, 8, a;), (37)

1€[n]

where the rewards of the global agent r, emerge from a distribution r,(sy, ay) ~ Gs, a,, and the
rewards of the local agents r; emerge from a distribution 7;(s;, 54, a;) ~ Ls, s, a;- For A C [n],
let Ra(s,a) be defined as:

RA(s,a) =r14(sq,aq) + Zrl(si, Sg, Qi) (38)
[ISYAN
We make some standard assumptions of boundedness on gsg,ag and L, Sghait

Assumption H.1. Define

Q
Il

U swp(Gs,.,)

(8g,a9)ESgxAg

U supp (‘CSri,sgva’i)

(8i,54,ai)ES; XS x A

D
Il

where for any distribution D, supp(D) is the support (set of all random variables D that can be sam-
pled with probability strictly larger than 0) of D. Then, let G = sup (G) , £ = sup (£) ,G = inf (G),

and £ = inf (f) We assume that G < 00, L< 00, G > —00, L > —o0, and that Q,ﬁ, ?, L are all
known in advance.

Definition H.2. Let the randomized empirical adapted Bellman operator be 77;?;}?0““ such that:

Frandom At 2 At 0L e ¢
H?&Oka’m(SQ’81>FZA7a’g7a1):RA(S7CL)+E Z}Lr}gﬁ@k,m(sg,sj,FzzA\j,aj,ag)7 (39)
Le[m)

SUBSAMPLE-MFQ: Learning with Stochastic Rewards. The proposed algorithm averages =
samples of the adapted randomized empirical adapted Bellman operator, 72:“;’5"“‘ and updates the

th function using with the average. One can show that 772%™ js a contraction operator with

module v. By Banach’s fixed point theorem, 7',3?’2;1"'“ admits a unique fixed point Qrg‘},‘fb‘)m
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Algorithm 4 SUBSAMPLE-MFQ: Learning with Stochastic Rewards
Require: A multi-agent system as described in Section[2] Parameter T for the number of iterations
in the initial value iteration step. Sampling parameters k € [n] and m € N. Discount parameter
€ (0,1). Oracle O to sample sy ~ Py(:|sq,ay) and s; ~ Pi(:|s;, s4,a;) forall i € [n].

I: Set A = {2,...,k}

2: Set pug— 1(Zl) = {0, T k217"'71}‘8l‘X‘Al|'

3: Set Qk’m(sg,sl,Fzé,ag,al) =0, for (sg, 81, F.,a1,ay) € Sy x S X pup—1(27) x Ag x Aj.
4: fort =1toT do

S: for (89781,F2A,ag,a1) € Sg X Sl X ,u,kfl(Zl) X .Ag X .Al do

6: p=0

7: for¢ € {1,...,E} do

8: p= p+T-randomQ§g7m(SgaslanAaagaal)

9: 2+é(sg,sl,FZA,ag,a1) =p/E

,_
=4

For all (sg, s;, F.

SA\i

) € Sg x 8§ X ,uk_l(Sl), let

~ est AT
Wzbm(sg,s“FSA\i) = arg max Qk’m(sg,si,FZA\i,ag,ai).

(angmFaA\i YEAGX A X pk—1(21)

Theorem H.3 (Hoeffding’s Theorem [Tsybakovl 2008])). Let X1, ..., X, be independent random
variables such that a; < X; < b; almost surely. Then, let S,, = X1 + - - - + X,,. Then, for all € > 0,

2 2
i=1 v

Lemma H.4. When 7TeSt is derived from the randomized empmcal value iteration operation and
applying our online subvampllng execution in Algorithm 2} we get

. . ~ (1 1
r {Vw (SO)_Vﬂ'k‘nz(So) <O <\/E>} >1-— 100\/E. 41
Proof.
P € 2¢2
Pr||= —E[Ra(s,0)]| > = <2€XP<— = 5 42 = v)
B als,a)] =) S G+L-G- L2

Rearranging this, we get:

NIC+L—C -T2
Pr ‘é - E[RA(s,a)]‘ < \/ln <5) G+ £2:2g il (42)
Then, setting § = 100f’ and setting = = 10|G + £ — G — L|k*/*1/In(200V/k) gives:
P [ [Ra( ! } >1 1
r S, a —
= & - m 100k

Then, applying the triangle inequality to €y ,,, allows us to derive a probabilistic bound on the

optimality gap between Qegt and Q*, where the gap is increased by m, and where the randomness

is over the stochast1c1ty of the rewards. Then, the optimality gap between V™" and v, m, for
when the policy we“ is learned using Algorithm EI in the presence of stochastic rewards obeying
Assumption[H.T] follows

r {V”*(sO) — Ve (s50) < O (\}%ﬂ >1- ﬁ 43)

which proves the lemma. O
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Remark H.5. First, note that that through the naive averaging argument, the optimality gap above
still decays to 0 with probability decaying to 1, as k increases.

Remark H.6. This method of analysis could be strengthened by obtaining estimates of G, L, é, L
and using methods from order statistics to bound the errors of the estimates and use the deviations
between estimates to determine an optimal online stopping time [Kleinberg, [2005] as is done in the
online secretary problem. This, more sophisticated, argument would become an essential step in
converting this to a truly online learning, with a stochastic approximation scheme. Furthermore,
one could incorporate variance-based analysis in the algorithm, where we use information derived
from higher-order moments to do a weighted update of the Bellman update [Jin et al.l 2024], thereby
taking advantage of the skewedness of the distribution, and allowing us the freedom to assign an
optimism/pessimism score to our estimate of the reward.

I Partially Relaxing the Offline Learning assumption: Off-Policy Learning

A limitation of the planning Algorithm |1|is that it learns Q,’; in an offline manner by assuming a
generative oracle access to the transition functions Py, IP;, and reward function r(-,-). In certain
realistic RL applications, such a generative oracle might not exist, and it is more desirable to perform
off-policy learning where the agent continues to learn in an offline manner but from historical data
Fujimoto et al.[[2019]]. In this setting, the agents learn the target policy 7, using data generated by a
different behavior policy (the strategy it uses to explore the environment). There is a significant body
of work on the theoretical guarantees in off-policy learning (Chen et al.|[2021b]], Chen and Maguluri
[2022b]], /Chen et al.| [2021a, 2025]].

In fact, these previous results are amenable to transforming guarantees about offline ()-learning to
off-policy Q-learning, at the cost of log |S,||Si|*|.A,4||.A:|* factors in the runtime. Therefore, this
section is devoted to showing that our previous result satisfy the assumptions of transforming offline

Q@-learning to off-policy @-learning for the subsampled Q g-function, and we further show that, in

expectation, can maintain the decaying optimality gap of O(l /V'E) of the learned policy 7y, where
the randomness is over the heuristic exploration policy .

The off-policy Qk—learning algorithm is an iterative algorithm to estimate the optimal Qk—function
as follows: first, a sample trajectory {(sg, sa, a4, aa)} is collected using a suitable behavior policy
7. For simplicity of notation, let SA = (s4,5a) and Ax = (ag,aa). Then, initialize Qg :
1Sy 1S11%| Ay||A; ¥ — R and let @ > 0 be determined later. For each ¢t > 0 and state-action pair
(Sa, Aa) that is updated to S, the iterate Q% (Sa, A ) is updated by

Y1 (5, An) = (1 — )0 (S, An) + <T‘(SA,AA) +y,, max QZ(S’A,A'A)> . (44)
A g 1

Note that the update in Equation (#4) does not include an expectation and can be computed in a
single trajectory via historical data. We make the following ergodicity assumption:

Assumption I.1. The behavior policy 7, satisfies m,(Aa[Sa) > 0 for all (Sa, Aa) € Sy X Slk X

A, x AF and the Markov chain Mg, = {SX)}tzo induced by m is irreducible and aperiodic
with stationary distribution 4 and mixing time ¢5(M) = min{t > 0 : maxg, cs sk | P*(Sa,-) —
w1()|l7v < d}. There are many heuristics of such behavior policies [Fujimoto et al., [2019].

Theorem 1.2. Let 7y, be the policy learned through off-policy Qk—learning. Then, under Assump-
1

tion we have that that with probability at least 1 — 1557,

. nka 40r|5l||AlHA |elALl+ 2 1
]EVW S V S < + +26,n
V™ (so) = V™ (s0)] S \/ \/ )2 oV 2ekm

= 0(1/\f

where the randomness in the expectation is over the stochasticity of the exploration policy .
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Proposition 1.3. Recall that the following are true:

1 | Qu(Fsy, Fay) — Qu(Fsy Fa)ll < 7= ||7’l( Moo |1 Fsy, — Fsa
Sy x Afand Ax € A, x AF by Theorem

2 [1Qill < lc4
3 [1Q (Sar Aa) = Qi (Sa, Aa) oo < IQL — Q4 (Sa, A by Lemma[C.4
4. The Markov chain Mg enjoys a rapid mixing property from Assumption

1, forany Sa, S\ €

Then, by treating the single trajectory update of the Qy-function as a noisy addition to the expected
update from the ideal Bellman operator, Chen et al.|[2021b] uses Markovian stochastic approximation

to bound E[||QF — Q;|%,]. We restate their result:

Theorem 1.4 (Theorem 3.1 in|Chen et al.|[2021b] adapted to our setting). Suppose oy = « for all
Ry

t > 0, where o is chosen such that at, (Mg, ) < cq, om%

constant. Then, under Proposition|[.3] for all t >t (Mg, ), we have

A Ay 1—5)a)\ e Msa) log |S,y||Si|*[Ag | A |*
BIIQ} ~ QL] < cqu (1- 15220 + e BIISLISIAL o1, (s, ),
2 (1=7)

where cq1 = 3(Z — 1)% coo = 912e(32 =+ 1)%, and where the randomness in the expectation
is over the randomness of the stochasticity of the behavior/exploration policy .

Corollary 1.5 (Corollary 3.2 in Chen et al.|[2021b] adapted to our setting). 7o make E[[| Q% —Q% oo <
1001\/E]f0r6 > 0, we need

10000k log? (100VK)[S, |1 | A [|-Au|* Log S [|-Ag |51 AL*

(1=7)°

With this sample complexity, by the triangle inequality we also recover an expected-value analog of
Theorem

Corollary L6. For 6 € (0,1)2, with probability at least 1 — 6, we have

) In 28l Al
]E[QZ(SQ’ FSAaaga FaA) - Q;(Sg, Fs[n]vag’Fa, )] <

5 n—k+1
where the randomness in the expectation is over the stochasticity of the exploration policy .

where cq o is a numerical

> O ).

7]l oo

[n] 1—7 8kn

In turn, following the argument in the proof of Theorem|[G.3] it is straightforward to verify that this
leads to a result on the expected performance difference using off-policy learning:

Corollary 1.7. With probability at least 1 — 100ek’

. nfk+1 40r|Sl||Al|\A |kl A+3 1
E[V™ (s V7T (s0)] < + + 2€k.m
[V (s0) = V™ (s0)] S (7= oya ¢ E TR

= 0(1/f

where the randomness in the expectation is over the stochasticity of the exploration policy .

J Extension to Continuous State/Action Spaces

Multi-agent settings where each agent handles a continuous state and action space find many applica-
tions in optimization, control, and synchronization.

Example J.1 (Quadcopter Swarm Drone [Preiss et al.l [2017]). Consider a system of drones with
a global controller, where each drone has to chase the controller, and the controller is designed to
follow a bounded trajectory. Here, the state of each local agent i € [n] is its position and velocity in
the bounded region, and the state of the global agent g is a signal on its position and direction. The
action of each local agent is a velocity vector a; € A; C R® which is a bounded subset of R?, and
the action of the global agent is a vector a, € A, C R? which is a bounded subset of R?.
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Hence, this section is devoted to extending our algorithm and theoretical results to the case where the
state and action spaces can be continuous (and therefore have infinite cardinality).

Preliminaries. For a measurable space (S, 5), where B is a o-algebra on S, let RS denote the set
of all real-valued B-measurable functions on S. Let (X, d) be a metric space, where X is a set and d
is a metric on X. A set S C X is dense in X if every element of X is either in .S or a limit point of
S. A setis nowhere dense in X if the interior of its closure in X is empty. A set S C X is of Baire
first category if .S is a union of countably many nowhere dense sets. A set S C X is of Baire second
category if X \ S is of first category.

Theorem J.2 (Baire Category Theorem [Jin et al., 2020]). Let (X, d) be a complete metric space.
Then any countable intersection of dense open subsets of X is dense.
Definition J.3 (Linear MDP). MDP(S, A, P, r) is a linear MDP with feature map ¢ : S x A — R?

if there exist d unknown (signed) measures p = (', ..., u%) over S and a vector § € R? such that
for any (s,a) € S x A, we have

P([s,a) = (¢(s,a), u(-)),
’I‘(S, a) = <¢(57 a), 9>
Assumption J.4 (Bounded features). Without loss of generality, we assume boundedness of the
features: ||¢(s,a)|| < 1, forall (s,a) € S x A and max{||u(S)]], 0]} < Vd.

‘We motivate our analysis by reviewing representation learning in RL via spectral decompositions. For
instance, if P(s’|s,a) admits a linear decomposition in terms of some spectral features ¢(s, a) and
u(s"), then the Q(s, a)-function can be linearly represented in terms of the spectral features ¢(s, a).

Then, through a reduction from Ren et al.| [2024] that uses function approximation to learn the
spectral features ¢y, for )y, we derive a performance guarantee for the learned policy 7§, where the

optimality gap decays with k:
Theorem J.5. When 7t is derived from the spectral features ¢y, learned in Qk and M is the
number of samples used in the function approximation, then

1 l|én||° log 2k 247 ﬂ 1 201
— + + >+ == ———
NG VM WA 50k 100V

We assume the system is a linear MDP, where S, and S are infinite compact sets. By a reduction

from Ren et al.| [[2024]] and using function approximation to learn the spectral features ¢y, for Q K, WE

derive a performance guarantee for the learned policy 75, where the optimality gap decays with k.

Assumption J.6. Suppose S, C R79,S5; C R7', A, C R*, A; C R* are bounded compact sets.
From the Baire category theorem, the underlying field R can be replaced to any set of Baire first
category, which satisfies the property that there exists a dense open subset. In particular, replace
Assumption with a boundedness assumption.

Pr V™ (s) = V7% (s) < O(

Multi-agent settings where each agent handles a continuous state/action space find many applications
in optimization, control, and synchronization.

Lemma J.7 (Proposition 2.3 in Jin et al.{[2020]). For any linear MDP, for any policy 7, there exist
weights {w” } such that for any (s,a) € S x A, we have Q™ (s, a) = (¢(s,a), w™).

Lemma J.8 (Proposition A.1 inlJin et al.[[2020]). For any linear MDP, for any (s,a) € S x A, and
for any measurable subset B C S, we have that

o(s,a) " u(S) =1,
(s,a) " u(B) = 0.
Property J.9. Suppose that there exist spectral representation j,(s;) € R and 11;(s}) € R? such
that the probability transitions Py (sq, |sg, ag) and Py(s}|si, 4, a;) can be linearly decomposed by
Pg(3;|sgva9) = ¢g(39>a9>Tﬂg(sg)
Pi(s}siy 59, 0i) = $i(si, 59, a1) " pu(s7)

for some features ¢, (s,, a,) € R? and ¢;(si, s4,a;) € R Then, the dynamics are amenable to the
following spectral factorization, as in|Ren et al.|[2024].
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Lemma J.10. Qk admits a linear representation.

Proof. Given the factorization of the dynamics of the multi-agent system, we have:
n
P(s'|s,a) = Pg(8;\89>%) : H Pi(silsi, 54, ;)
i=1

= (¢g(sg, ag), pg(s H¢l SisSg, i), tu(s}))

= ¢9(59aa9)nu‘g( g)> ’ < i:1¢l(5i; Sg,ai)v(g)?:lul(sé»
= <an(sva)7ﬂn(sl)>

Similarly, for any A C [n] where |A| = k, the subsystem consisting of k local agents A has a
subsystem dynamics given by

P(sa, Sglsa,s 89, ag,a0) = @k(sgv SA, agvaA)»ﬁk(SlA)>~

Therefore, Qk admits the linear representation:

1 .
i (89, Fensag) =1g(sg, aq) + % Zrl(si’ 890 i) T VEs s rhax Qi (54, Fzy , ag)
i€A 9rma
1
=rg(sg,a4) + k Zrl(siv 5g,0;) + (PV™(sg, Fys, ag))

i€EA

~ra(s,a) N /
= [¢k(39,5A7@g,aA)] |:1 ,yfs’A Mk(SA)V (SA)dSA ,

proving the claim. O

Therefore, ¢, serves as a good representation for the Qk-function making the problem amenable to
the classic linear functional approximation algorithms, consisting of feature generation and policy
gradients.

In feature generation [Ren et al., [2024]], we generate the appropriate features ¢, comprising of the
local reward functions and the spectral features coming from the factorization of the dynamics. In
applying the policy gradient, we perform a gradient step to update the local policy weights 6; and
update the new policy.

For this, we update the weight w via the TD(0) target semi-gradient method (with step size ), to get

w1 = wy + a(ra(s’,a’) + vor(s) Twe — dr(sh) Twe) dr(sh) 45)

Definition J.11. Let the complete feature map be denoted by @ : S x d — R, and let the subsampled
feature map be denoted by @, : S, x SF x d € R, where we let

(1)
Dy (2
o) = k.( ) e RISsIx[pk—1(St)Ixd (46)
D (1Sy| % |1r—1(SD)])
Here, the system’s stage rewards are given by
r=r1) ... r(S)eRrR?

and
= (D) (S, % Lo (S]] € RIS (S0,

where d is a low-dimensional embedding we wish to learn.
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Agnostically, the goal is to approximate the value function through the approximation
(1)
Vi ~ Gpw = : w € span(Py)
O (18] x |1r-1(S1))

This manner of updating the weights can be considered via the projected Bellman equation dpw =
11,7 (®rw), where I, (v) = arg min |z — v||%. Notably, the fixed point of the the projected
Bellman equation satisfies

zEékw

w= (ézDH@k)flqA);Dﬂ(r + ’yP”@kw),
where D, is a diagonal matrix comprising of ’s. In other words, D, = diag(p1, ..., itn). Then,
() D, ®p)w = & D,,(r +yP"dpw)
In turn, this implies
! D,(I —yP™)®w = &/} D,
Therefore, the problem is amenable to AAlgorithm 1 in|Ren et al.|[2024]. To bound the error of using

linear function approximation to learn (), we use a result from Ren et al.| [2024].

Lemma J.12 (Policy Evaluation Error, Theorem 6 of Ren et al. [2024]]). Suppose the sample size
M > log (%), where n is the number of agents and 0 € (0, 1) is an error parameter. Then, with

probability at least 1 — 26, the ground truth Qg(s, a) function and the approximated Qk-function
QAI,;FA(S, a) satisfies, for any (s,a) € S x A,

A A 28 [1x° P
EHW7 _LFA7H<OI e pry - . ,
Qh(s:0) = Qi )] <O f1og (5 ) T+ 2ep7 -

statistical error approximation error

where €p is the error in approximating the spectral features ¢4, ¢;.

Corollary J.13. Therefore, when 7y, ,,, is derived from the spectral features learned in QI,;FA, applying
the triangle inequality on the Bellman noise and setting 6 = ep = ﬁ yieldsﬂ

Ioell® | 2 A7 - )] 1 201
4. >1 44—
VM  VE 1—7H¢k” ~ 50k 100VE

Pr {v”*(so)—v%m (50)<O (\}E

Using ||¢x|| < 1 and simplifying gives

. e (g (1 1og(2k2) 27 ~ 201
VT (s =V (°)<O<\/E+ VM +\/E(1’y)>]>l 100v/E

Remark J.14. Hence, in the continuous state/action space setting, as k — n and M — oo,
V7 (s9) = V™ (s9) = V™ (s0). Intuitively, as & — n, the optimality gap diminishes following the
arguments in Corollary As M — oo, the number of samples obtained allows for more effective
learning of the spectral features.

Pr

K Towards Deterministic Algorithms: Sharing Randomness

In large distributed systems, the random sampling in our communication network may be a bottleneck
for “decentralized execution”. In light of this, we have provided a practical derandomized heuristic
where the agents can share some randomness by only sampling within pre-defined fixed blocks of size.

SFollowing|Ren et al.|[2024], the result easily generalizes to any positive-definite transition Kernel noise (e.g.
Laplacian, Cauchy, Matérn, etc.
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Algorithm 5 SUB-SAMPLE-MFQ: Execution with weakly shared randomness

Require: A multi-agent system as described in Section[2] A distribution s on the initial global state
50 = (8g, S[n)). Parameter T" for the number of iterations for the decision-making sequence.

Hyperparameter & € [n]. Discount parameter . Policy frifﬁn(sm SA)-

1: Sample (s4(0), 51,)(0)) ~ so.

2: Define groups hy, ..., h, of agents where x := [%] and |h1| = |ho| = -+ = |hy—1| = k and
|he| =n mod k.
3: fort =0t0o 7" — 1do
4:  fori € [z] do
5: Let A; be a uniform sample of ([z]_\él“) and let a,, (t) = [77°), (s4(t), sa, ()] 12k
6 Letay(t) = majority ({[frisfw(sg (1), sa, (t))]g} [ ]).
’ i€z
7 Letsy(t+ 1) ~ Py(-lsy (), a,(t))
8:  Lets;(t+ 1)~ P(+]s:(t)
9:  s4(t),ai(t)), forall i € [n].

10: Getreward 7(s,a) = 74(sg, ag) + 1 2 sepn T1(5is @is 59)

Algorithm 6 SUB-SAMPLE-MFQ: Execution with strongly shared randomness
Require: A multi-agent system as described in Section[2] A distribution s on the initial global state
50 = (Sg, 8[n)). Parameter T" for the number of iterations for the decision-making sequence.
Hyperparameter k € [n]. Discount parameter +y. Policy 73"} (s¢,54).
1: Sample (s4(0), 5,1(0)) ~ s0.
Define groups A1, ..., h, of agents where z := [ %] and |hy| = |ho| = -+ = |hy—1| = k and
|hz] =n mod k.
fort =0to7" — 1do
fori € [z — 1] do
Let ap, (t) = [ﬁZ?:n(sg(t)v Sh; (t))hik'
Let af, (t) = 7%, (s (), s, (1) ]

._ n h.z
Let Aresidual — (k,(ij}n/k—l k))

»

~est

Let ap, (t) = [ﬂk,m(sg (t)v ShzUAresidual (t))]lzn— n/kk

Let a.;]LI (t) = [ﬁ-?:n(sg (t)7 ShaUAresidual (t))]g

Let a,(t) = majority ({a], (t) : i € [z]}).

Let sq(t 4+ 1) ~ Py(+|s4(t),aq(t)), si(t + 1) ~ Pi(-|si(t), s4(t), ai(t)), forall i € [n].
Get reward (s, a) = r4(sg, ag) + + Diem T1(8i, @i, Sg)

A B U

_.
»

In this section, we propose algorithms RANDOM-SUB-SAMPLE-MFQ and RANDOM-SUB-SAMPLE-MFQ+,
which shares randomness between agents through various careful groupings and using shared ran-
domness within each groups. By implementing these algorithms, we derive simulation results, and
establish progress towards derandomizing inherently stochastic approximately-optimal policies.

Algorithm [5| (Execution with weakly shared randomness). The local agents are heuristically divided
into arbitrary groups of size k. For each group h;, the k£ — 1 local agents sampled are the same at
each iteration. The global agent’s action is then the majority global agent action determined by each
group of local agents. At each round, this requires O(|n?/k| (n — k)) random numbers.

Algorithm [6] (Execution with strongly shared randomness). The local agents are randomly divided
in to groups of size k. For each group, each agent uses the other agents in the group as the k — 1
other sampled states. Similarly, the global agent’s action is then the majority global agent action
determined by each group of local agents. Here, at each round, this requires O( [nQ / k’]) random
numbers.

The probability of a bad event (the policy causing the Q-function to exceed the Lipschitz bound)
scales with the O(n*) independent random variables, which is polynomially large. Agnostically,
some randomness is always needed to avoid periodic dynamics that may occur when the underlying
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Markov chain is not irreducible. In this case, an adversarial reward function could be designed such
that the system does not minimize the optimality gap, thereby penalizing excessive determinism.

This ties into an open problem of interest, which has been recently explored [Larsen et al., [2024]].
What is the minimum amount of randomness required for SUBSAMPLE-MFQ (or general mean-field or
multi-agent RL algorithms) to perform well? Can we derive a theoretical result that demonstrates and
balances the tradeoff between the amount of random bits and the performance of the subsampled
policy when using the greedy action from the k-agent subsystem derived from Q}? We leave this
problem as an exciting direction for future research.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We provide clear and formal mathematical proofs to support each claim.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We explicitly discuss the limitations of our results in the paper: the lack of
matching lower bounds to verify if the scaling with the number of sampled agents k is
optimal in the final bound on the optimality gap of O(1/v/k), and that we do not provide
any online regret bounds.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: We provide clear and formal mathematical proofs to support each claim.
Guidelines:
* The answer NA means that the paper does not include theoretical results.
* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.
* All assumptions should be clearly stated or referenced in the statement of any theorems.
* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.
* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.
e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We provide a full description of the algorithms and experimental setup.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Our simulations are all on synthetic datasets, but the code we provide
inhttps://github.com/emiletimothy/Mean-Field-Subsample-Q-Learning, and
our algorithm design, is sufficient to faithfully reproduce our experimental results.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We run an explicit sweep of the parameter k.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We provide error bars that report over the min—max values.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide sufficient information on the compute resources in Appendix
all our experiments were run on a 2-code CPU server with 12GB RAM.

Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in this work conforms, in every respect, with the
NeurIPS code of ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: This work is theoretical and foundational in nature. As such, it is not tied toa
ny specific applications or deployments.

Guidelines:
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12.

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use any existing assets.
Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: This paper does not involve any crowd-sourcing nor any research with human
subjects.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: This paper does not involve any crowd-sourcing nor any research with human
subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.

60


https://neurips.cc/Conferences/2025/LLM

	Introduction
	Preliminaries
	Problem formulation

	Algorithmic Approach: Subsampled Value Iteration
	Overview of approach.
	Algorithm description.

	Theoretical Guarantees and Analysis Approach
	Conclusion and Future Works
	Mathematical Background and Additional Remarks
	Numerical Experiments
	Constrained Exploration
	Gaussian Squeeze (GS)

	Notation and Basic Lemmas
	Proof Sketch
	Proof of Lipschitz-continuity Bound
	Bounding Total Variation Distance
	Using the Performance Difference Lemma
	Bounding the Bellman Error

	Generalization to Stochastic Rewards
	Partially Relaxing the Offline Learning assumption: Off-Policy Learning
	Extension to Continuous State/Action Spaces
	Towards Deterministic Algorithms: Sharing Randomness

