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Abstract—We use dense Sidon sets to construct small
weighted projective 2-designs. This represents quanti-
tative progress on Zauner’s conjecture.

I. INTRODUCTION

In his PhD thesis [19], Zauner conjectured that
for every d ∈ N, there exists an arrangement of d2

distinct points in CPd−1 with the property that every
pair of points has the same Fubini–Study distance.
Such arrangements are known as symmetric informa-
tionally complete positive operator–valued measures
(or SICs) in quantum information theory, where they
find use in quantum state tomography.

Over the last decade, there have been three main
approaches to make progress on Zauner’s conjecture.
First, computational investigations have produced nu-
merical approximations of putative SICs (as well as
some exact SICs) in finitely many dimensions [18].
Further analysis in [3] then established that the
coordinates of each of these exact SICs reside in
an abelian extention of a particular real quadratic
extension of Q. This discovery prompted a second
approach to Zauner’s conjecture, which leverages
conjectures in algebraic number theory (such as those
due to Stark) to find additional exact SICs and even
a conditional proof of Zauner’s conjecture [14], [1],
[5], [2].

As a third approach, [15] reformulated Zauner’s
conjecture in terms of the entanglement breaking rank
n(d) of a certain quantum channel over Cd×d.

Proposition 1. For each d ∈ N, n(d) ≥ d2, with
equality precisely when there exists a SIC in CPd−1.

Importantly, this allows for quantitative progress
on Zauner’s conjecture: For each d ∈ N, find an
upper bound on n(d). Then the closer this upper
bound is to d2, the “closer” we are to a proof of
Zauner’s conjecture in dimension d. Soon after the
release of [15], a follow-up paper [13] showed that
n(d) equals the size of the smallest weighted 2-design
for CPd−1, thereby identifying Proposition 1 above
with Theorem 4 in [17].

Definition 2. The unit vectors x1, . . . , xn ∈ Cd are
said to form a weighted 2-design for CPd−1 if there

exist weights w1, . . . , wn ≥ 0 such that the weighted
combination

n∑
k=1

wk(x
⊗2
k )(x⊗2

k )∗

equals the orthogonal projection onto the subspace of
symmetric tensors in (Cd)⊗2.

The following summarizes all of the best known
upper bounds on n(d):

Proposition 3.
(a) n(d) = d2 whenever a SIC in CPd−1 is known

to exist.
(b) n(d) ≤ kd2 + 2d whenever kd + 1 is a prime

power with k ∈ N.
(c) n(d) ≤ d2+1 whenever d−1 is a prime power.
(d) n(d) ≤ d2+d−1 whenever d is a prime power.
(e) n(d) ≤

(
d+1
2

)2
.

Proof. First, (a) follows from the fact that SICs
are weighted projective 2-designs of minimal size.
Next, (b) follows from combining Theorem 4.1 with
Proposition 4.2 in [16]. Also, (c) and (d) follow from
Corollaries 4.4 and 4.6 in [6]. Finally, (e) follows
from Corollary 7 in [13].

The weighted projective 2-designs that imply
Proposition 3(c) and (d) are instances of the same
Bodmann–Haas construction [6]. In this paper, we
identify a much larger class of weighted projective
2-designs that arise from this construction, which in
turn implies our main result:

Theorem 4. n(d) ≤ d2 +O(d1.525).

This is the first known general upper bound on
n(d) that is o(d4), let alone sharp up to lower-order
terms. In the next section, we present the Bodmann–
Haas construction and show that applying it to Sidon
sets results in weighted projective 2-designs. Next,
Section 3 reviews the densest known Sidon sets and
uses them to construct weighted projective 2-designs
that are nearly tight (meaning their size is close to
the lower bound d2). We conclude in Section 4 with
a discussion.



(After posting the original version of this paper on
the arXiv, we were alerted that our results can also
be derived from results in the recent paper [12].)

II. THE BODMANN–HAAS CONSTRUCTION

In what follows, we describe a construction tech-
nique due to Bodmann and Haas [6] that was origi-
nally obtained by generalizing a particular construc-
tion of mutually unbiased bases due to Godsil and
Roy [9].

Definition 5. Fix a finite abelian group G. The
Bodmann–Haas construction is a map that receives
a subset S ⊆ G and returns a sequence of |G|+ |S|
unit vectors in CS . In particular, each character
α ∈ Ĝ determines the vector xα ∈ CS defined by

xα(s) =
1√
|S|

α(s) (s ∈ S),

while each r ∈ S determines er ∈ CS defined in
terms of the Kronecker delta by

er(s) = δr,s (s ∈ S).

Overall, given S ⊆ G, the Bodmann–Haas construc-
tion returns {xα}α∈Ĝ ∪ {er}r∈S .

Bodmann and Haas [6] used this to construct
projective codes that achieve equality in the orthoplex
bound, and then seemingly as an afterthought, they
verified that these codes are weighted projective 2-
designs. In this section, we find many more instances
in which the Bodmann–Haas construction returns a
weighted projective 2-design.

Definition 6. A Sidon set is a subset S of a finite
abelian group G with the property that the map
{a, b} 7→ a + b is injective over a, b ∈ S (allowing
a = b).

Theorem 7. Fix a finite abelian group G. Then for
any Sidon set S ⊆ G, the Bodmann–Haas construc-
tion applied to S returns a weighted 2-design for
CP|S|−1.

Proof. Consider the transpose map T over (CS)⊗2

defined by taking T (x ⊗ y) = y ⊗ x and extending
linearly. The orthogonal projection onto the subspace
of symmetric tensors is then given by P = 1

2 (I+T ),
where I denotes the identity map. Identifing P with
its matrix representation relative to the basis {es ⊗
es′}s,s′∈S , then the matrix entries are given by

P(s,s′),(t,t′) = (es ⊗ es′)
∗ 1

2
(I + T )(et ⊗ et′)

=
1

2
(e∗s ⊗ e∗s′)(et ⊗ et′ + et′ ⊗ et)

=
1

2
(δs,tδs′,t′ + δs,t′δs′,t).

This leads us to consider the matrices A and B
defined by

A(s,s′),(t,t′) =

{
1 s ̸= s′, t ̸= t′, {s, s′} = {t, t′},
0 else,

B(s,s′),(t,t′) =

{
1 s = s′, t = t′, {s, s′} = {t, t′},
0 else,

since then P = 1
2A+B.

Given a Sidon set S ⊆ G, the Bodmann–Haas con-
struction returns the sequence {xα}α∈Ĝ ∪ {er}r∈S .
Consider the matrices

X :=
∑
α∈Ĝ

(x⊗2
α )(x⊗2

α )∗, E :=
∑
r∈S

(e⊗2
r )(e⊗2

r )∗.

We will express P as a nonnegative combination of
X and E, thereby demonstrating that {xα}α∈Ĝ ∪
{er}r∈S is a weighted projective 2-design. We pro-
ceed by computing matrix entries:

X(s,s′),(t,t′) = (es ⊗ es′)
∗X(et ⊗ et′)

=
∑
α∈Ĝ

(es ⊗ es′)
∗(x⊗2

α )(x⊗2
α )∗(et ⊗ et′)

=
∑
α∈Ĝ

(e∗sxα)(e
∗
s′xα)(x

∗
αet)(x

∗
αet′)

=
1

|S|2
∑
α∈Ĝ

α(s)α(s′)α(t)α(t′)

=
1

|S|2
∑
α∈Ĝ

α(s+ s′ − t− t′)

=

{
|G|
|S|2 s+ s′ = t+ t′,
0 else.

In particular, since S is Sidon by assumption, we have
X = |G|

|S|2 (A+B). Next,

E(s,s′),(t,t′) = (es ⊗ es′)
∗E(et ⊗ et′)

=
∑
r∈S

(es ⊗ es′)
∗(e⊗2

r )(e⊗2
r )∗(et ⊗ et′)

=
∑
r∈S

(e∗ser)(e
∗
s′er)(e

∗
ret)(e

∗
ret′)

=
∑
r∈S

δs,rδs′,rδr,tδr,t′

=

{
1 s = s′ = t = t′,
0 else,

and so E = B. Overall, we have

P =
1

2
A+B =

|S|2

2|G|
X +

1

2
E,

and so {xα}α∈Ĝ ∪ {er}r∈S is a weighted projective
2-design with wα = |S|2

2|G| for α ∈ Ĝ and wr = 1
2 for

r ∈ S.



III. NEARLY TIGHT WEIGHTED PROJECTIVE
2-DESIGNS

Recall that we seek a sharp upper bound on n(d).
Letting m(d) denote the size of the smallest group
that contains a Sidon set of size d, then the following
bound is an immediate consequence of Theorem 7:

Corollary 8. n(d) ≤ m(d) + d.

As we will soon see, Corollary 8 is the sharpest
known upper bound on n(d) for all but finitely many
d ∈ N. To obtain a tight upper bound on m(d), we
seek dense Sidon sets, i.e., large Sidon sets relative
to their parent groups. Note that the equivalence

a+ b = c+ d ⇐⇒ a− d = c− b

implies that S ⊆ G is a Sidon set precisely when all
pairwise differences between distinct members of S
are different. The pigeonhole principle then gives the
necessary condition

|S|
(
|S| − 1

)
≤ |G| − 1, (1)

i.e., |S| ≤ (1+o(1))
√
|G|. Meanwhile, every known

infinite family of Sidon sets that satisfies |S| ≥ (1−
o(1))

√
|G| stems from the following constructions;

see [7] and references therein:

Proposition 9. In what follows,1 q is a prime power
and S is a Sidon set in G.
(a) Erdős–Turán. (q2, q). G = (Fq,+)2,

S = {(x, x2) : x ∈ Fq}, char(q) > 2.
(b) Singer. (q2 + q + 1, q + 1). G = F×

q3/F
×
q ,

S = {[x] : x ∈ F×
q3 , trx = 0}.

(c) Bose. (q2 − 1, q). G = F×
q2 ,

S = {x ∈ F×
q2 : trx = 0}.

(d) Spence. (q(q − 1), q − 1). G = F×
q × (Fq,+),

S = {(x, x) : x ∈ F×
q }.

(e) Hughes. ((q − 1)2, q − 2). G = (F×
q )

2,
S = {(x, y) : x, y ̸= 0, x+ y = 1}.

Some of these Sidon sets have already met
the Bodmann–Haas construction. First, Godsil and
Roy [9] used a relative difference set isomorphic
to the Erdös–Turán Sidon set to construct mutually
unbiased bases. Later, Bodmann and Haas [6] used
the Singer Sidon set as well as a relative difference
set isomorphic to the Bose Sidon set to construct
projective codes and designs. We are not aware of the
Spence or Hughes Sidon sets appearing previously in
the literature on codes and designs.

Since subsets of Sidon sets are also Sidon sets, we
may bound m(d) by the size of the smallest group
described in Proposition 9 whose Sidon set has size
at least d. This allows us to prove our main result:

1For convenience, we report the parameters (|G|, |S|) of each
construction in terms of q.

Proof of Theorem 4. It suffices to demonstrate
m(d) ≤ d2+O(d1.525), since then the result follows
from Corollary 8. Considering Proposition 9(a),
it holds that m(d) is at most p(d)2, where p(d)
denotes the smallest prime ≥ d. Finally, the main
result in [4] gives p(d) ≤ d + O(d0.525), and so we
are done.

We conclude this section by discussing Table I,
which compares our bound based on Corollary 8 and
Proposition 9 to the previous bounds in Proposition 3.
Implementing Proposition 3(a) is cumbersome since
the known SICs are not maintained in a public
database. We first collected the dimensions listed
in [8], which represents a complete survey of known
dimensions as of September 2017. Then we included
the dimensions 23 (due to [14]), 52 (due to [5]), and
67 (due to [1]). As far as we know, this gives all
dimensions ≤ 100 for which an exact SIC has been
published. We do not include any of the unpublished
exact SICs that were announced in [14], [10], [11].

In Table I, the d2 column gives the best known
lower bound on n(d), while the next two columns
give competing upper bounds on n(d). We highlight
the better of the two upper bounds in yellow, and
when this matches the lower bound, we also highlight
the d2 column. At times, the Sidon set we use is
obtained by removing any k points from the Hughes
Sidon set, which we denote by H(q)− k.

We make a few observations from Table I. For
every d ≤ 100, exactly one of three things happens:
either a SIC exists, or the upper bounds tie, or our
upper bound is strictly better by using (a subset
of) the Hughes Sidon set. In this regime, none of
the bounds from Proposition 3 make use of part
(e). Similarly, m(d) is never achieved by the Erdős-
Turán Sidon set since there is always Bose Sidon
set of the same size but in a smaller group. When
the upper bounds tie, it’s frequently because our
use of the Singer and Bose Sidon sets align with
Proposition 3(c) and (d), respectively, as these cor-
respond to the original application of the Bodmann–
Haas construction. However, the upper bounds also
tie between Proposition 3(b) with k = 1 and our use
of Spence Sidon sets. In hindsight, these ties are made
possible because the parameters match, but we don’t
know of a deeper relationship between these weighted
projective 2-designs. One of the main takeaways from
Table I is that the improvements we provide are due
to (subsets of) the Hughes Sidon sets.

IV. DISCUSSION

In this paper, we used Sidon sets to construct
weighted projective 2-designs, which in turn repre-
sents quantitative progress towards Zauner’s conjec-
ture. In this section, we highlight some fundamental
limits of our approach.



Table I
BEST KNOWN BOUNDS ON n(d)

d d2
Prior

bound
on n(d)

Best known
bound on
m(d) + d

Sidon set

1 1 1 2 {0}
2 4 4 5 B(2)
3 9 9 10 Si(2)
4 16 16 17 Si(3)
5 25 25 26 Si(4)
6 36 36 37 Si(5)
7 49 49 55 B(7)
8 64 64 65 Si(7)
9 81 81 82 Si(8)
10 100 100 101 Si(9)
11 121 121 131 B(11)
12 144 144 145 Si(11)
13 169 169 181 B(13)
14 196 196 197 Si(13)
15 225 225 255 Sp(16)
16 256 256 271 B(16)
17 289 289 290 Si(16)
18 324 324 325 Si(17)
19 361 361 379 B(19)
20 400 400 401 Si(19)
21 441 441 505 H(23)
22 484 528 528 Sp(23)
23 529 529 551 B(23)
24 576 576 577 Si(23)
25 625 649 649 B(25)
26 676 677 677 Si(25)
27 729 755 755 B(27)
28 784 784 785 Si(27)
29 841 869 869 B(29)
30 900 900 901 Si(29)
31 961 961 991 B(31)
32 1024 1025 1025 Si(31)
33 1089 1090 1090 Si(32)
34 1156 3536 1330 H(37)−1
35 1225 1225 1331 H(37)
36 1296 1368 1368 Sp(37)
37 1369 1369 1405 B(37)
38 1444 1445 1445 Si(37)
39 1521 1521 1639 H(41)
40 1600 1680 1680 Sp(41)
41 1681 1721 1721 B(41)
42 1764 1765 1765 Si(41)
43 1849 1849 1891 B(43)
44 1936 1937 1937 Si(43)
45 2025 8190 2161 H(47)
46 2116 2208 2208 Sp(47)
47 2209 2255 2255 B(47)
48 2304 2304 2305 Si(47)
49 2401 2449 2449 B(49)
50 2500 2501 2501 Si(49)

d d2
Prior
bound

on n(d)

Best known
bound on
m(d) + d

Sidon set

51 2601 5304 2755 H(53)
52 2704 2704 2808 Sp(53)
53 2809 2861 2861 B(53)
54 2916 2917 2917 Si(53)
55 3025 18260 3419 H(59)−2
56 3136 6384 3420 H(59)−1
57 3249 13110 3421 H(59)
58 3364 3480 3480 Sp(59)
59 3481 3539 3539 B(59)
60 3600 3601 3601 Si(59)
61 3721 3781 3781 B(61)
62 3844 3845 3845 Si(61)
63 3969 4095 4095 Sp(64)
64 4096 4159 4159 B(64)
65 4225 4226 4226 Si(64)
66 4356 4488 4488 Sp(67)
67 4489 4489 4555 B(67)
68 4624 4625 4625 Si(67)
69 4761 9660 4969 H(71)
70 4900 5040 5040 Sp(71)
71 5041 5111 5111 B(71)
72 5184 5185 5185 Si(71)
73 5329 5401 5401 B(73)
74 5476 5477 5477 Si(73)
75 5625 11400 6159 H(79)−2
76 5776 17480 6160 H(79)−1
77 5929 35728 6161 H(79)
78 6084 6240 6240 Sp(79)
79 6241 6319 6319 B(79)
80 6400 6401 6401 Si(79)
81 6561 6641 6641 B(81)
82 6724 6725 6725 Si(81)
83 6889 6971 6971 B(83)
84 7056 7057 7057 Si(83)
85 7225 21845 7829 H(89)−2
86 7396 14964 7830 H(89)−1
87 7569 30450 7831 H(89)
88 7744 7920 7920 Sp(89)
89 7921 8009 8009 B(89)
90 8100 8101 8101 Si(89)
91 8281 49868 9307 H(97)−4
92 8464 25576 9308 H(97)−3
93 8649 34782 9309 H(97)−2
94 8836 26696 9310 H(97)−1
95 9025 18240 9311 H(97)
96 9216 9408 9408 Sp(97)
97 9409 9505 9505 B(97)
98 9604 9605 9605 Si(97)
99 9801 19800 10099 H(101)
100 10000 10200 10200 Sp(101)

Note that the necessary condition (1) gives that any
group containing a Sidon set of size d must have
cardinality at least d2 − d + 1. The weighted pro-
jective 2-design resulting from the Bodmann–Haas
construction then has size at least d2+1. As such, our
approach is not powerful enough to establish Zauner’s
conjecture that n(d) = d2. We suspect that the easiest
way to improve the bounds on n(d) in Table I is to
find more exact SICs, of which several have been
announced in [14], [10], [11].

Short of a proof of Zauner’s conjecture, it would
be interesting to improve Theorem 4. To this end, the
Bodmann–Haas construction is somewhat limiting,
since we believe m(d) is at least nearly achieved by
subsets of the Sidon sets in Proposition 9. As such,
any improvement must come from better bounds on

gaps between primes. Heuristics suggest that the best
possible bound is given by Cramér’s conjecture, and
so an estimate of the form n(d) ≤ d2 + o(d log2 d)
would likely require a different approach.
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