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Abstract

Generating synthetic datasets that accurately reflect real-world observational data is critical for
evaluating causal estimators, but it remains a challenging task. Existing generative methods offer a
solution by producing synthetic datasets anchored in the observed data (source data) while allowing
variation in key parameters such as the treatment effect and amount of confounding bias. However,
it is often unclear which generative methods to use and which values of parameters to choose when
generating synthetic datasets. Moreover, existing methods typically require users to provide fixed
point estimates of such parameters. This denies users the ability to express uncertainty over both
generative methods and parameter values and removes the potential for posterior inference, poten-
tially leading to unreliable estimator comparisons. We introduce simulation-based inference for
causal evaluation (SBICE), a framework that treats the generative method and its corresponding
generative parameters as uncertain and infers their posterior distribution given a source dataset.
Leveraging techniques in simulation-based inference, SBICE identifies suitable generative meth-
ods and infers distributions over its parameter configurations to produce synthetic datasets closely
aligned with the source data distribution. Empirical results demonstrate that SBICE improves the
reliability of estimator evaluations by generating realistic datasets whose causal estimates closely
match the estimates of the source data, making it a robust and uncertainty-aware approach to se-
lecting causal estimators.

Keywords: Causal Evaluation, Generative Methods, Simulation-based Inference

1. Introduction

A central challenge in causal inference is evaluating the accuracy of causal estimators. This is a
difficult task due to the fundamental problem of causal inference (Holland, 1986)—we only observe
the outcome under the assigned treatment group for each unit. In contrast to associational machine
learning, where ground truth labels enable cross-validation with held-out data, causal inference
almost always lacks direct access to counterfactual outcomes or ground truth estimates, making
such cross-validation techniques infeasible.

These challenges are exacerbated when we wish to evaluate causal estimators for a specific,
real-world dataset (referred to henceforth as the source dataset). Existing approaches use synthetic

* Corresponding Author

© 2026 P. Amaranath, V. Muralikrisnan, A. Sharma & D. Jensen.



AMARANATH MURALIKRISNAN SHARMA JENSEN

and semi-synthetic datasets as benchmarks (e.g., Dorie et al., 2019), but they are often not designed
to reflect the specific assumptions or characteristics of a given source dataset. Recent approaches
use generative neural networks (Parikh et al., 2022; Neal et al., 2020; de Vassimon Manela et al.,
2024; Athey et al., 2024) to approximate the distribution of the source data and potentially gener-
ate counterfactual outcomes and ground-truth estimates. We refer to such methods as generative
methods and focus on their use for generating synthetic datasets for causal evaluation.

Generative methods aim to produce a distribu-
tion of datasets that correspond to: (1) what can
be inferred from the source data; and (2) domain-
specific prior knowledge specified via parameters
that directly or indirectly influence confounding
bias, selection bias, treatment propensity (over-
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lap), unobserved confounding, and treatment het- ~ piosterior
erogeneity in the generated datasets. We refer to Oj‘\ﬂx (6,61 | D)
these parameters as data generating process (DGP) W\
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ters that are specified as part of the data generat- SRS (SMC-ABQ)

ing process.! The specification of DGP parameters
is central to evaluating the sensitivity of causal es-
timators and using a plausible range of values re-

mains critical for robust evaluation.
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However, it is often true that the distribution G={Gr,.. G}
inferred from the source data using these gener-
ative methods is far from the true distribution or
even that the DGP parameters are inconsistent with
the observed distribution. Under such conditions,
downstream tasks such as estimator selection and
sensitivity analysis can yield biased conclusions.
These differences in the inferred distribution of the
various generative methods can be attributed to a
number of potential causes: the neural network ar- : )
chitectures employed (VAEs (Parikh et al., 2022), and robust benchmarking of causal estima-
GANS (Athey et al., 2024), normalizing flows (Neal tors.
et al., 2020; de Vassimon Manela et al., 2024)) have
different convergence properties for the limited sample sizes of the source data, the factorization of
the joint distribution and the set of parameters they incorporate are different. This raises an im-
portant question—which generative method should be used, and what parameter values should be
chosen?

Moreover, existing generative approaches allow users to fix DGP parameters to point estimates
informed by domain knowledge, from which synthetic datasets can be generated. However, these
methods vary substantially in how they encode such assumptions, and how changes in DGP pa-
rameters propagate through the generation process. As we demonstrate in Section 3, incompatible

Figure 1: Workflow for simulation-based
inference for causal evaluation (SBICE).
Simulators corresponding to parametric/non-
parametric generative models that generate
data similar to the source dataset. Then, using
SMC-ABC, we generate posterior datasets
that are closer in distance to the source data.
These datasets can then be used for reliable

1. To be precise, these parameters are the DGP model parameters, as they pertain to the parameters that define the
model that produces the data as opposed to the actual data generating process which may not conform to simplistic
mathematical expressions
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choices of DGP parameters can distort the evaluation of causal estimators by inducing synthetic
datasets that poorly represent the underlying source data. Moreover, most current methods do not
explicitly correct for mismatches between the source data distribution and the data generated under
a given DGP parameter configuration, increasing the risk of drawing misleading conclusions about
estimator performance.

To address this issue, we advocate for a principled approach that incorporates Bayesian model
selection to select generative methods and represent DGP parameters not as fixed values but as dis-
tributions that reflect user uncertainty. This perspective enables a more expressive form of sensitivity
analysis, where identifiability of causal effects is treated as a continuum: users can encode varying
degrees of uncertainty over different parts of the generative model, and some joint configurations of
DGP parameters may become more or less probable given the source data.

Our approach anchors the choice of DGP parameters in the observed characteristics of the source
dataset. Instead of relying on arbitrary or uniformly sampled parameter settings, our method uses
simulation-based inference to estimate a posterior distribution over the generative method and the
corresponding DGP parameters consistent with the source data. This posterior captures both the un-
certainty in the assumptions and their compatibility with the observed distribution, allowing us to fil-
ter out implausible parameter configurations (DGP parameters that may lead to datasets that are un-
like the source data, as measured qualitatively by examining the marginal/conditional distributions
or quantitatively by computing a distance value). By generating datasets from this posterior rather
than from a potentially uninformative prior, our approach provides more reliable sensitivity analy-
ses and produces estimates of causal estimators closer to that of the source dataset. We formalize
this approach in simulation-based inference for causal evaluation (SBICE)?, detailed in Section 4.
SBICE encodes the user’s initial assumptions as a prior and using techniques in simulation-based
inference (Cranmer et al., 2020) to infer a posterior over the generative method and its DGP pa-
rameters. Generative methods serve as simulators, enabling likelihood-free inference, as illustrated
in Figure 1. Importantly, SBICE acts as a wrapper around existing generative methods, enhancing
their utility by grounding the generative process in data-informed posterior distributions over DGP
parameters, rather than relying on fixed or arbitrary configurations. Admittedly, the improvements
of SBICE rely heavily on the ability of the simulator to generate datasets that are close to the source,
in the absence of which we see equivalent performance for the posterior and the prior.

This approach offers several key advantages: (1) The generated data distribution more closely
aligns to the source data distribution even in the absence of strong prior knowledge about true DGP
parameter values; (2) By sampling according to the posterior, our method avoids the naive assump-
tion that all parameter values are equally plausible. In scenarios where the source dataset offers little
information about DGP parameter, our approach naturally falls back to a uniform prior, recovering
standard sensitivity analysis practices; (3) The posterior distribution supports both marginal and
joint sensitivity analyses over DGP parameter; and (4) It facilitates the integration of datasets from
multiple generative methods through Bayesian model selection. Our primary contributions are:

1. Empirical evaluation of generative methods for causal estimator selection: We present a
systematic evaluation of existing generative methods for the downstream task of causal esti-
mator evaluation. Our study reveals that generative methods often yield inconsistent synthetic
datasets, both with respect to each other and to the source dataset. This inconsistency can lead
to divergent or misleading assessments of estimator performance.

2. Our implementation is available at https://github.com/PrachetaBA/sbi-causal-evaluation
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2. Improved estimator evaluation through posterior-weighted simulations (SBICE): We
introduce SBICE, a novel simulation-based inference framework that addresses the incon-
sistency of generated datasets problem by learning a posterior distribution over generative
methods and their corresponding DGP parameter values consistent with the source data. This
approach enables principled filtering of implausible parameter settings and facilitates down-
stream tasks such as estimator selection and robustness assessment across DGP parameter
variations.

2. Prior Work

Early generative approaches directly estimated causal effects by approximating the counterfactual
outcome distributions (Yoon et al., 2018; Shi et al., 2019). Recent frameworks instead use generative
models to evaluate causal estimators by incorporating DGP parameters that encode prior knowledge.
SBICE extends this paradigm by treating DGP parameters as uncertain, enabling systematic assess-
ment of estimator performance across plausible scenarios rather than at fixed parameter values.

A complementary perspective comes from Bayesian causal inference (Li et al., 2023; Linero
and Antonelli, 2023; Hahn et al., 2020; Oganisian and Roy, 2021; McCandless et al., 2007), which
propagates uncertainty directly into the causal effect estimates through explicit probabilistic models
for the covariate, treatment and outcome distributions. However, this requires explicit specification
of independence assumptions and parametric forms that may not scale to high-dimensional settings.
SBICE instead leverages generative neural networks as flexible non-parametric representations of
the data-generating process, reducing the need for such assumptions, while still enabling posterior
inference.

A related body of work is the literature on source distribution estimation (Vetter et al., 2024)
which identifies distributions compatible with source data by selecting the maximum-entropy solu-
tion. SBICE pursues a different objective: rather than recovering a single distribution, it extracts
the full set of plausible generative processes that yield diverse yet source-consistent datasets. Ex-
isting generative frameworks each address part of this problem. Credence (Parikh et al., 2022)
incorporates DGP parameters but constrains them through training-time hyperparameters, prevent-
ing posterior refinement. WGANSs (Athey et al., 2024) learn the source distribution flexibly but do
not support controlled parameter variation for sensitivity analysis. SBICE bridges these approaches:
it allows users to specify priors over multiple generative methods and parameters, infers posteriors
reflecting the data fit, and supports both domain-informed simulators and data-driven generative
models.

3. Inconsistencies in Generative Methods for Causal Evaluation

In this section, we highlight a key obstacle to reliable causal evaluation using generative meth-
ods: the lack of principled approaches for selecting among generative methods and specifying
DGP parameter values. We consider source datasets with binary treatment 7', outcome Y and
pre-treatment covariates X. The causal estimand is the average treatment effect (ATE), defined as
7 =E[Y(1) — Y(0)], where Y (¢) denotes the potential outcome under treatment ¢ € [0, 1].

Our goal is to generate synthetic datasets that can support downstream tasks such as estimator
ranking and selection, hyperparameter tuning for causal machine learning models, and sensitivity
analysis. The reliability of these tasks hinges on whether the generated datasets faithfully reflect the
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source data distribution and whether causal estimates from synthetic data align with those from the
source. Without this alignment, downstream analyses risk producing misleading conclusions about
estimator performance. Our analysis addresses two central questions: (1) How well do generative
methods faithfully encode prior knowledge? and (2) How accurately do they infer the probability
distribution over possible datasets that align with source data and prior knowledge?

We investigate the differences between generative methods across synthetic and observational
datasets, highlighting our findings using the Lalonde (Lal.onde, 1986) dataset. This dataset is par-
ticularly well-suited for our analysis because it includes a corresponding randomized controlled
trial (RCT) arm, providing access to a ground-truth ATE. We evaluate four generative methods—
Credence (Parikh et al., 2022), a modified version of Credence with a different factorization of
the joint distribution (mod-Credence), Realcause (Neal et al., 2020), and FrugalFlows (de Vassi-
mon Manela et al., 2024)——each representing distinct approaches to encoding causal assumptions
and DGP parameters. Detailed descriptions of each method are included in Appendix B. Additional
experiments for other datasets are included in Section C.

To quantify inconsistencies across generative methods, we generate 50 synthetic datasets from
each method and compute the bias of a set of causal estimators for three settings of the DGP pa-
rameters. The bias of an estimator is defined as the estimated ATE minus the ground-truth ATE.
We use the following set of estimators: X-Learner (Kiinzel et al., 2019) with linear and gradient
boosted tree (GBT) models, Double Machine Learning (Chernozhukov et al., 2018) with linear and
GBT models, Doubly Robust (Dudik et al., 2014) (labeled as DR (Lin)), BART (Hill, 2011) and
TMLE (van der Laan Mark and Daniel, 2006).
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Figure 2: Boxplots of estimator bias (estimated ATE — true ATE) across four generative methods
for the Lalonde dataset under three DGP parameter setting: (a) Learned ATE, (b) True ATE, and
(c) Incorrect ATE. Estimator performance varies substantially across both generative methods and
parameter settings, highlighting the sensitivity of causal benchmarking to these choices.

Figure 2(a) presents results for the flexible ATE setting, where the treatment effect depends on
what the generative model converges to during training. Even without imposing constraints, we
observe substantial variation in estimator bias across generative methods, indicating that different
methods learn different representations of the source distribution. Figure 2(b) shows results when
the ATE parameter is set to the true value obtained from the RCT. Despite this informed specifi-
cation, notable disagreement in estimator performance persists, suggesting that differences in how
methods encode this constraint lead to divergent synthetic datasets. Figure 2(c) depicts the incor-



AMARANATH MURALIKRISNAN SHARMA JENSEN

rect ATE setting, where the ATE is fixed to an arbitrary value (10.0) Here, inconsistencies are most
pronounced: some methods produce large estimator biases while others yield moderate deviations,
reflecting differences in how each method reconciles an incompatible constraint with the source.

Credence mod-Credence Realcause FrugalFlows
Flexible ATE = 0.254 £0.010 0.015+£0.001 0.3944+0.029 0.573 +0.038
True ATE 0.254£0.012 0.066 £0.005  0.388+0.028 0.479+0.021

Incorrect ATE  0.856 £0.080 0.876 £0.076 10.190 +1.022 0.882 £ 0.071

Table 1: Mean sliced Wasserstein distance (and the corresponding standard deviation) between the
source (Lalonde) and 50 generated datasets for each generative method and DGP parameter setting.

Beyond estimator performance, we also assess distributional alignment by computing the mean
sliced-Wasserstein distance (SWD) (Nadjahi et al., 2020) between generated and source datasets for
each generative method and parameter setting (Table 1). Notably, the distributional distance also in-
creases for incorrect ATE values, reflecting the tension between satisfying user-imposed constraints
and maintaining fidelity to the source data. However, even methods with similar SWD values can
yield divergent estimator biases as generative methods encode and enforce DGP parameters differ-
ently. For example, Credence and Realcause achieve similar SWD values in the flexible and true
ATE settings (Table 1), yet produce markedly different estimator biases (Figure 2).

Across all three settings, we find that estimator rankings are not stable across generative methods—
an estimator that appears to perform well under one method may perform poorly under another. This
inconsistency poses a fundamental challenge for practitioners using synthetic data for estimator se-
lection or benchmarking, as conclusions may depend heavily on the choice of generative method
and parameter specification. We hypothesize two primary causes. First, limited sample sizes may
lead to different convergence properties across generative methods, causing each method to learn
subtly different approximations of the source distribution. Second, when the standard assumptions
of causal identifiability do not hold for the source data—a plausible scenario in many real-world
settings—multiple DGP parameter configurations may be consistent with the observed distribution,
yet different generative methods may implicitly select different configurations. We formalize this
intuition in the following proposition.

Proposition 1 Incompatibility of fixed DGP parameters under generative modeling: Let P(D; 1)
denote the true distribution of the source data D = {X,T,Y}, for a binary treatment T, consis-
tent with the DGP parameter: T*. Let P(D; T) represent the distribution of datasets generated
under a fixed parameter value 7. (i) Under assumptions of identifiability: If.:f’(D; T) 4 P(D;t*),
then there exists a unique value T = 7%, and any constraints imposed on the values of T # T*
results in incompatible generated data distributions: P(D;T) % P(D;t*). (ii) Under violations
of identifiability (e.g., due to unobserved confounding): There may exist a set of parameter values:
T = {7*, 1.7} such that forall T € T, P(D; ) 4 P(D;1*), while any value outside this set (or
interval), i.e., T & T, will produce data distributions that are not consistent with P(D; 7*).

Proof We provide a proof sketch here and include the full proof in Appendix A. Under the standard
assumptions of identifiability, a perfect generative method will match the true distributions P(X)
and P(Y | T, X), uniquely determining E[Y" | T, X] and therefore the ATE as 7*. If a strong
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constraint 7 £ 7* is enforced, the resulting conditional distribution P (Y | T, X) must diverge from
the true distribution to satisfy the constraint. We demonstrate this by including an example of two
different distributions P (Y | T, X) and P>(Y | T, X) that have the same value of 7. In contrast,
when identifiability is violated, even with a perfect generative method, multiple DGP parameters
configurations: @ = {7, p} (with p being the unobserved confounding parameter) exist that may be

consistent with the joint distribution P(D; 6) 4p (D). [ |

Simply put, this proposition states that there exists some DGP parameters that are inconsis-
tent with the source data distribution. This can arise due to (i) finite-sample estimation error when
learning the source data distribution even when the causal effects are identifiable, or (ii) multiple pa-
rameter values producing similar datasets due to the non-identifiability induced by unobserved con-
founders. This is compounded by how different generative methods model unobserved confound-
ing: Credence balances constraint satisfaction and fidelity to the source data and models unobserved
confounding by sampling from a learned counterfactual distribution; FrugalFlows introduces corre-
lation between covariates and the causal effect distribution; Realcause does not model unobserved
confounding, instead adjusting ATE, overlap and treatment heterogeneity post hoc. These varying
approaches can produce incompatible datasets.

These observations motivate a principled approach that treats both the generative method and
DGP parameters as uncertain quantities to be inferred from the source data. Rather than relying on
fixed specifications that may be inconsistent with the observed distribution, we seek a framework
that identifies plausible parameter configurations and weights them by their compatibility with the
source data. We develop this approach in the following section.

4. Simulation-Based Inference for Causal Evaluation (SBICE)

We propose SBICE, a framework that models both the choice of generative method and DGP pa-
rameters as uncertain quantities to be inferred from the source data. Unlike existing approaches that
require fixed specifications—Ieading to the inconsistencies observed in Section 3—SBICE estimates
a posterior distribution over generative methods and their corresponding parameters consistent with
the observed data. When all prior configurations are equally consistent with the source data, SBICE
reduces to a uniform distribution over the prior, making it a generalization of existing practices.

Let D = {X,T,Y } denote the source dataset, G = {G1, ..., Gk} aset of candidate generative
methods, and @} the DGP parameters associated with method G. SBICE requires the specification
of four components: simulators, priors, a distance metric and a posterior inference algorithm, which
we describe below.

Simulators. Each generative method Gy, € G serves as a simulator that produces synthetic datasets
D~ G1(0y) given DGP parameter values 6. Simulators may be parametric, with explicit func-
tional forms and parameters encoded as distributional parameters, or non-parametric, using gen-
erative neural networks to model the source data. Examples of non-parametric simulators include
FrugalFlows and Realcause, which first learn a flexible generative model from the source data and
then generate datasets conditioned on user-specified DGP parameters.

Priors. The prior distribution encodes the user’s beliefs about plausible generative methods and
parameter values. The method prior P(G}) may be uniform across candidate methods or weighted
based on domain knowledge. The parameter prior P(6y | Gy) specifies plausible ranges for DGP
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parameters such as the treatment effect 7, unobserved confounding p, degree of heterogeneity &,
propensity of treatment 7, depending on the generative method or parametric simulator. Priors may
be independent or joint distributions, and can be non-informative (uniform) or informative when
domain knowledge is available.

Distance metric. To compare generated and source datasets without explicit likelihood compu-
tation, we use a distance metric § (f), D) that quantifies distributional similarity. We employ the
sliced-Wasserstein distance (Nadjahi et al., 2020) due to its computational efficiency and suitabil-
ity for high-dimensional, mixed-type data. The distance metric guides parameter proposals during
inference and determines which configurations are retained. Alternatively, a composite metric dis-
entangling covariate, treatment, and outcome distributions (Amad et al., 2025) may offer a more
structured basis for measuring fidelity to the source dataset.

Posterior inference via SMC-ABC. Our trained simulators can be viewed as neural likelihood es-
timators (NLEs): once fitted to the source data, it implicitly defines a likelihood P(D | Gy, 8}) over
datasets. Following standard practice in simulation-based inference (Cranmer et al., 2020), we pair
these NLEs with Sequential Monte Carlo Approximate Bayesian Computation (SMC-ABC) (Toni
and Stumpf, 2010) to approximate the posterior. While neural posterior estimation (NPE) (Lueck-
mann et al., 2021) offers an alternative by directly learning the posterior, it poses challenges in
our setting: NPE requires training an additional neural network on limited source data, risking com-
pounded misspecification, and struggle with small sample sizes and mixed discrete-continuous data.
SMC-ABC avoids these issues while offering flexibility through user-defined distance metrics. It
also naturally flags model misspecification—if no simulator can generate data close to the source
distribution, the distance metric remains high. We acknowledge that SMC-ABC can be computa-
tionally intensive for higher dimensional datasets and sensitive to the choice of the distance metric.
We leave the incorporation of NPE to SBICE to future work. We include a computational complex-
ity analysis of SBICE with SMC-ABC in Appendix D.2.

We now provide an overview of how the components combine to form the SBICE algorithm.
Our goal is to infer a joint posterior distribution over generative methods and their parameters:

P(Gy, 0k | D) o< P(D | Gy, 0x) P(6y | Gi) P(Gy) (1)

Since the likelihood P(D | Gy, 0y) is typically intractable for complex generative models, we
employ likelihood-free inference via SMC-ABC. The algorithm proceeds in three phases and is
outlined in detailed in Appendix D. This process is also visually demonstrated in Figure 1.

Phase 1: Train simulators. Each generative method G, € G is trained on the source dataset D.
For non-parametric simulators, this involves fitting a generative model to approximate P(X,T,Y);
for parametric simulators, this involves estimating parameters of pre-specified functional forms.
Once trained, each simulator can generate synthetic datasets D~ Gr(6y).

Phase 2: SMC-ABC Posterior Inference. We initialize N samples (G, 0()) by sampling from
the prior: P(G},)P(0y, Gy). The algorithm iterates through decreasing tolerances €; > € > - -+ >
e, where at each iteration samples are perturbed, synthetic datasets are generated and compared to
the source via the distance metric, and samples with § < ¢, are retained. This concentrates posterior
mass on configurations that generate data similar to the source.
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Phase 3: Generate posterior datasets and compute causal estimates. We sample configurations
from the posterior and generate datasets Dr(,g)st ~ G (G(i)) from the selected and retained samples
(posterior distribution). For each dataset 7 and causal estimator M, we compute causal estimates
T, = M;(Dpox).

The posterior distribution enables several downstream applications. First, it provides principled
model selection: methods that consistently generate datasets close to the source receive higher pos-
terior weight while others are down-weighted or excluded, addressing the inconsistency problem
identified in Section 3. Second, it supports sensitivity analysis by allowing users to evaluate how
causal estimates vary across plausible DGP configurations, focusing effort on parameter regions
consistent with the observed data. Third, it enables robust estimator evaluation: causal estima-
tors assessed on posterior-weighted datasets receive more reliable performance assessments than
under arbitrary parameter settings. When multiple estimators exhibit similar posterior performance
distributions, SBICE recommends confidence-aware evaluation rather than deterministic ranking.

5. Experiments

We evaluate SBICE on its ability to generate posterior-weighted datasets useful for downstream
causal benchmarking. Our evaluation focuses on a key criterion: consistency of causal estimator
performance across generated and source datasets, measured using the bias squared error (BSE).

Bias squared error (BSE). The BSE quantifies whether a causal estimator exhibits similar per-
formance on a generated dataset as it does on the source dataset. Intuitively, if the generated dataset
faithfully represents the source, an estimator should produce comparable errors on both. For a
causal estimator M, let 7y denote its ATE estimate and 7* the true ATE (which is the specific DGP
parameter for a generated dataset or the ground-truth value for a source dataset). The estimator’s
bias is Tp4 — 7*. We compute this bias on both the generated dataset D and the source dataset D,
then measure their squared difference:

2

BSE%/)l;d = (T/(\i/l);d - T;(Z)) - (T/\/l;source - T*) , dE€ {post, prior} )
N—
N———

bias on generated data bias on source data

where the subscript d indicates whether the generated dataset is drawn from the posterior (6pos) or
prior (6prior) distribution. A BSE of zero indicates that the estimator exhibits identical bias on the
generated and source datasets—the ideal outcome for reliable benchmarking.

Aggregating BSE across datasets. Since SBICE produces a distribution over DGP parameters,
we generate N datasets from both the posterior (6o and prior (6pi0r) distributions of parameter
values and aggregate BSE values to obtain a summary measure. We report the mean BSE:

N
1 i .
Mean BSE \(.q = N E BSES\/)t;dv d € {post, prior} 3)
i=1

The mean can be replaced by other summary statistics (e.g., median or quantiles) depending on
the evaluation objective. For synthetic source datasets with multiple draws, we compute dataset-

specific comparisons using T,/(\l/?'source‘ A lower mean BSE for the posterior (mean BSE vq;posc <
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mean BSE uq,prior) indicates that posterior-weighted datasets yield estimator performance more con-
sistent with the source data when compared to the prior-weighted datasets.

The BSE can be interpreted as a task-specific posterior predictive check (Gelman et al., 1996).
Standard posterior predictive checks assess model fit by comparing summary statistics of observed
and simulated data. BSE applies this principle to causal benchmarking, comparing estimator bias
on generated datasets to that on the source. A low (mean) BSE indicates that the posterior generates
datasets on which causal estimators behave similarly to the source—precisely the property required
for reliable benchmarking.

We evaluate SBICE across a suite of synthetic datasets and multiple classes of simulators—both
parametric and non-parametric. Our empirical study is designed to answer the following questions:
(1) How can SBICE improve upon existing generative methods for benchmarking causal estimators
for a given source dataset? (2) Under what conditions does the estimated posterior distribution over
DGP parameters provide meaningful insights for benchmarking causal estimators?

Datasets We evaluate SBICE using synthetic and real-world datasets. These datasets are cate-
gorized into three types, referred to as LinearParam, Frugal and Real DGPs (data-generating pro-
cesses). LinearParam DGPs use linear, parametric data-generating functions with a single observed
covariate X, an unobserved covariate Z, binary treatment 7" and outcome Y. They are mainly
used to study the effects of simulator misspecification on SBICE. Frugal DGP datasets are based
on the synthetic datasets designed using the frugal parameterization (Evans and Didelez, 2024)
method (see de Vassimon Manela et al., 2024, Appendix D). These datasets introduce more com-
plexity, with 4-10 covariates, non-linear functions and model unobserved confounding. Real DGP
datasets are commonly benchmarks in the causal inference literature, limited by sample size and
often lacking a ground-truth ATE. We focus on two types of real datasets: (1) with an experimental
arm, that can be used to compute the ground-truth ATE, or (2) derived from real-world systems
where it is possible to intervene on the treatment and observe both potential outcomes. For the
second type of dataset, we sample treatments using importance sampling to create observational
datasets (Gentzel et al., 2021).

Simulators Our experiments use three simulator types: LinearParam simulators (based on para-
metric, linear models), FrugalParam simulators (based on frugal parameterization), FrugalFlows
and Realcause (non-parametric generative methods). An extensive outline of the results for each
dataset and simulator type is provided in Appendices E, F, and G.

5.1. Results

SBICE produces informative posteriors and enables principled model selection when simula-
tors are sufficiently flexible to approximate the joint distribution of the source data, and the
source data is informative of the DGP parameters When multiple generative methods are avail-
able, SBICE automatically identifies which methods best approximate the source distribution by
assigning higher posterior weight to methods that generate data consistent with the source. Table 3
demonstrates this for three real-world datasets—Lalonde, Postgres, and Twins—where we evaluated
two candidate simulators: Realcause and FrugalFlows. In all three cases, SBICE sampled datasets
exclusively from Realcause based on the empirical fit (lower distance metric values), and estimated
a posterior distribution over its corresponding DGP parameters. The resulting posterior-weighted
datasets yield substantially lower BSE than the prior across nearly all causal estimators, indicating

10



CAUSAL EVALUATION VIA SIMULATION-BASED INFERENCE

that estimator performance on posterior datasets closely matches performance on the source data.
Additional details are included in Appendix G. In addition, to verify that the results produced by
SBICE is not overly sensitive to the choice of the distance metric, we re-ran some experiments
with an additional distance metric, maximum mean discrepancy (MMD), which compares proba-
bility distributions by computing the distance between embeddings in an high-dimensional space,
and found that the learned posterior distributions were similar to those produced when using the
sliced-Wasserstein distance. These results are listed in Appendix H.

We also evaluate SBICE on synthetic datasets where the data-generating process is known (Ta-
ble 2, Figure 3). When the generated datasets closely reflect the true DGP parameters and the
simulator is well-specified, the mean BSEoc < mean BSE,,, for all causal estimators. To as-
sess the robustness of SBICE, we systematically introduced model misspecification—such as noise,
non-linear functional forms, and changes in parameter identifiability or prior informativeness. We
found that, as long as the misspecified simulator could still generate datasets resembling the source,
the posterior estimates remained informative and outperformed fixed DGP parameter baselines (see
Appendices F and E for details).

DGP LinearParam DGP1 Frugal DGP4 Frugal DGP4
Simulator LinearParam Sim1 FrugalParam Sim4(u) FrugalFlows Sim4(u)
DGP Param(s) 0 ={B,7,p} 0 = {7,p} 0 = {7,p}

Prior Posterior Prior Posterior Prior Posterior
SWD 0.52+£0.22 0.094+0.02 4.84+238 226+£0.08 3.33£1.75 0.30£0.03
Mean BSE
X (Lin) 0.574 0.015 0.277 0.196 1.970 0.315
X (GBT) 0.586 0.019 0.304 0.219 2.187 0.414
DML (Lin) 0.550 0.082 5.144 0.711 1.225 0.438
DML (GBT) 0.564 0.028 34.767 10.531 16.568 12.743
DR (Lin) 8eb 0.016 0.374 0.040 le6 0.628
BART 0.590 0.018 0.585 0.103 2.447 0.708
TMLE 0.624 0.064 4.809 2.554 48.568 21.787

Table 2: Mean BSE scores and sliced Wasserstein distances (mean =+ standard deviation) for three
synthetic datasets using different types of DGPs and simulators.

Prior and posterior BSE values converge when estimators are insensitive to DGP parameter,
the source dataset is non-informative, or the simulator poorly approximates the source dis-
tribution SBICE is most effective when the source data provides a clear signal about the DGP
parameter values and at least one simulator can accurately approximate the source distribution.
However, when these conditions are not met, or the priors are too narrow or misaligned with the
true values, the posterior and prior can yield similar estimator performance, highlighting the need
for flexible simulators and appropriately broad priors.

Table 4 presents three illustrative cases. In Frugal DGP3 and DGPS5, a narrow prior centered
on the true treatment effect 7% lead to nearly identical mean BSEs for both posterior and prior
datasets. For the Lalonde dataset with the FrugalFlows simulator, we found that the source dataset
was not informative of the DGP parameter values, leading to identical SWD and BSE values for
both the posterior and the prior. This demonstrates that when no candidate simulator fits the source

11
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Figure 3: BSE for a set of causal estimators for the datasets in Table 2. Lower BSE values for the
posterior indicate similarity to the source dataset.

DGP Lalonde Postgres Twins
Simulator(s) Realcause Lalonde, Realcause Postgres, Realcause Twins

FrugalFlows Lalonde FrugalFlows Postgres FrugalFlows Twins
DGP Param(s) 0 ={r¢mnp} 0 ={r¢mp} 0={r¢}

Prior Posterior Prior Posterior Prior Posterior
SWD 1.87+1.19 0.164+0.01 1.62+1.03 0.02+£0.001 1.01£0.62 0.01+£0.00
Mean BSE
X (Lin) 3.520 0.016 9.130 3.23e-4 0.044 0.003
X (GBT) 8.580 0.017 10.055 3.20e-4 0.063 0.001
DML (Lin) 8.332 0.022 7.827 3.56e-4 0.039 0.002
DML (GBT) 6.193 0.046 9.844 5.77e-4 0.048 0.001
DR (Lin) 4e3 4e3 le7 590 0.062 0.002
BART 4.631 0.017 8.738 3.23e-4 - -
TMLE 4.291 0.035 27.045 2.18e-3 - -

Table 3: Mean BSE and SWD (mean + standard deviation) for three real datasets using Realcause
and FrugalFlows simulators. For the Twins dataset, we find that the default setting of both the BART
and TMLE estimators results in high errors, due to which we omit computing their BSE.

data well, SBICE appropriately reverts to the prior rather than producing misleading posteriors—a
useful diagnostic indicating that alternative simulators should be considered.

6. Discussion

SBICE is a principled, practically deployable extension of existing generative approaches for causal
evaluation. Under the assumption that generative methods are appropriate for constructing synthetic
datasets, SBICE is strictly more informative: it enables explicit uncertainty quantification over DGP
parameters and mitigates inconsistencies from fixed, point-estimated specifications, operating as a
lightweight wrapper around existing generative models, as demonstrated in Section 5. It is not
restricted to neural generative models: any parametric or simulation-based family can be used—and

12
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Dataset Frugal DGP3 Frugal DGP5 Lalonde
Simulator FrugalFlows Sim3 FrugalFlows Sim5 FrugalFlows Lalonde
DGP Param(s) 0={r} 0={r} 0={r}

Prior Posterior Prior Posterior Prior Posterior
SWD 1.18+0.74 0.20+£0.03 2.68+148 0.32+£0.03 0.28+0.05 0.29+0.08
Mean BSE
X (Lin) 0.001 0.001 0.064 0.064 0.805 0.805
X (GBT) 0.002 0.002 0.040 0.040 0.843 0.845
DML (Lin) 0.002 0.002 0.319 0.178 2.622 2.310
DML (GBT) 0.003 0.003 2.172 1.876 248.36 254.512
DR (Lin) 0.001 0.001 1249.36 1249.37 ~ 2e7 ~ 2e7
BART 0.001 0.001 0.052 0.052 1.158 1.158
TMLE 0.011 0.011 0.790 0.789 2.198 2.445

Table 4: Mean BSE and SWD (mean =+ standard deviation) values for two synthetic datasets:
Frugal DGP3 and Frugal DGPS5 and a real-world dataset: Lalonde (Obs). For the synthetic data,
BSE Af;post = BSEaq;prior for nearly all the causal estimators M with the exception of the DML
estimator (in bold).

if all candidate generators are equally compatible with the source data, the posterior reduces to the
prior, ensuring SBICE does not degrade relative to existing methods.

We recommend SBICE in settings where SCMs follow a known functional structure, such as
data from sensors, physical systems (e.g., the Postgres dataset), or datacenters, where the simulator
can be parameterized to closely reflect the true DGP. When no such structure is available, SBICE
remains applicable with neural simulators, as our experiments demonstrate. Existing simulators can
also be replaced by tabular generative methods that do not explicitly model causal structure (Xu
et al., 2019; Hollmann et al., 2025; Kotelnikov et al., 2023), which may be preferable when there is
no prior signal on appropriate DGP parameters for the source data.

7. Conclusion

We addressed the problem of generating datasets that resemble a real-world dataset focusing on
approaches that use non-parametric neural network-based simulators. We observed that existing
methods often misrepresent the source data distribution under user-specified DGP parameters and
lack explicit mechanisms to assess this mismatch. To address this, we introduced SBICE, a princi-
pled framework that incorporates uncertainty over DGP parameters through prior distributions and
generates synthetic datasets that are better aligned with the source distribution, reducing the risk of
biased or misleading conclusions for downstream tasks. By simultaneously inferring both the gen-
erative model and its parameters, we enable principled model selection across generative methods,
producing richer, more diverse benchmark datasets for evaluating causal estimators.
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Appendix A. Inconsistency of arbitrary point estimates with source data
distributions

In this section, we prove Proposition 1 for two different sets of assumptions on the source data: (i)
under the standard assumptions of unconfoundedness, positivity and consistency; and (ii) under the
assumption that there are hidden confounders in the data.

(1) In this setting, we assume that the standard causal identification assumptions hold: uncon-
foundedness (no unmeasured confounding), positivity (0 < P(7'|X) < 1), and consistency.
We prove the proposition in three steps: (1) we establish that the ATE is a deterministic func-
tional of the observed distribution; (2) we show that matching the joint distribution implies
matching the ATE; and (3) we demonstrate that fixing the ATE does not uniquely determine
the conditional distributions, explaining why generative methods can produce inconsistent
datasets even when constrained to the same parameter value.

Proof

Step 1: The average treatment effect (ATE) is identified from the observed distribution. The
ATE 7* for the source distribution is given by:

Using linearity of expectation,

Applying the law of iterated expectations,
= Ex[E[Y (1)[X] - E[Y(0)|X]]

By the assumptions of unconfoundedness, consistency and positivity, we have E[Y ()| X] =
E[Y|T = t, X]. Therefore,

-%|[Sron-1.0)] -

This expression shows that 7 is a deterministic functional of P(X) and P(Y | T, X ), which
are the components of the true data distribution P(D).

- P(x)

> Pyt =0,x)

Step 2: Matching the joint distribution implies a unique ATE.

Forward direction. Suppose P(D;7) = P(D;7*), meaning the joint distributions are iden-
tical: P(X,T,Y) = P(X,T,Y) for all (X,T,Y). By the laws of probability, the joint
uniquely determines all marginals and conditionals, that is, P(X) = P(X),P(T | X) =
P(T | X),P(Y | T,X) = P(Y | T, X). For the generated data distribution P, we have

T=Epx) [Eprir YT = 1, X] = Epyip [V T = 0, X]

17



AMARANATH MURALIKRISNAN SHARMA JENSEN

=Epx) [Eprx YT =1, X] = Epyir.x) [Y|T = 0, X]]

=T

Contrapositive. Suppose T = 7*. If a generative method enforces this constraint while gener-
ating data, then either P(X) # P(X) or P(Y|T, X) # P(Y|T, X) (or both). This is because

N A

any pair of distributions (P(X), P(Y|T, X)) that matches the source would necessarily yield
7* via Equation (4), contradicting the constraint 7 # 7*. Therefore, P(D; 1) # P(D;1").

Step 3: Non-uniqueness of conditional distributions for fixed 7. While Steps 1-2 establish
that matching P(D) implies a unique 7, the converse does not hold: fixing 7 does not uniquely
determine P(Y | T, X'). Multiple conditional distributions can yield the same ATE. To see
this, observe that the conditional average treatment effect (CATE) is:

T(X)=E[Y |T=1X]-E[Y |T=0,X] (5)

and the ATE is its expectation over X:

T =Ex[r(X)] (6)

Consider modifying the outcome by adding a function h(X) that depends only on X:

Y =Y + h(X) (7
The CATE under this modification is:
FX)=E[Y |T=1,X]-E[Y |T=0,X] ®)
—E]Y +h(X)|T=1,X]—E[Y +h(X)|T =0,X] )
—E[Y |T=1,X]+h(X)—E[Y |T=0,X] - h(X) (10)
= 7(X) (11)

The h(X) term cancels because it does not depend on 7. Therefore 7(X) = 7(X) for
all X, and consequently 7 = 7. However, if h(X) is not identically zero, the conditional

distributions differ: 3
PY |T,X)# PY |T,X) (12)

This demonstrates that infinitely many conditional distributions P(Y | T, X) are consistent
with any given ATE value 7.

Example. We illustrate this with two concrete data-generating processes C', Cy that share
the same ATE but have different conditional outcome distributions.

DGP Cli
X ~ N(0,1) (13)
T ~ Bernoulli(c(X)) (14)
Vi=X+T+e e~N(0,1) (15)
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DGP CQZ
X ~N(0,1) (16)
T ~ Bernoulli(c(X)) (17)
Yo=X+T+(X2-1)4+e¢, e~N(01) (18)

Here, h(X) = X? — 1, which has mean zero since E[X?] = 1 for X ~ N(0,1).
ATE for C1:

n=Exn(X)]=EW |T=1,X]-E[}, |T=0,X] (19)
= (X +1)— (X +0) (20)
= Ex|[1] @21)

ATE for Cy:
m=Ex[n(X)=EYz | T=1,X]-E[Ys | T =0, X] (22)
=(X41+X2-1)— (X +04+X2-1) (23)
= Ex[1] (24)

However their conditional distributions P(Y | T, X) differ,

Po,(Y | T,X) = N(X +T, 1) (25)
Po,(Y |T,X) =N(X+T+X*-1,1) (26)

In practice, the learned conditional data distributions may not differ from each other drasti-
cally, but in cases when there is a conflict between the user-specified parameter value and the
possible conditional distributions that satisfy that assignment, we may see the effects of such
variation. |

We now consider the setting where the causal effect is non-identifiable from the source data
due to the presence of unobserved confounders. It is well-established in the causality liter-
ature that the treatment effect is not identifiable from the observed data in the presence of
unobserved confounders (Pearl, 2009; Shpitser and Pearl, 2006; Neal, 2021), which implies
that there are multiple values of 7 that are consistent with the observed data distribution. For
completeness, we outline this proof here. Note that the only assumption we make here is that
the outcome is bounded to some finite value, without which the treatment effect can be any
real value.

Essentially, in the presence of unobserved confounders, the potential outcomes Y (¢) are not
independent of the treatment given the observed covariates, then, there exists an interval 7 =
[7¢, 7] such that for all 7 € T, there is a valid distribution over potential outcomes that is
(i) consistent with the observed distribution, and (ii) has treatment effect in the interval 7.
For any 7 ¢ T, no such distribution exists. Consequently, a generative method can produce
P(D;7) = P(D) forany T € T, while any 7 ¢ T necessarily yields P(D; 1) # P(D).
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Proof We prove this in two steps: (i) we derive bounds on the ATE and show that it is the
interval 7, (ii) we show that within this interval, any 7 admits a valid distribution consistent
with the observed data.

Step 1: Bounds on the ATE The ATE is defined as
T=E[Y (1) - Y(0)]

= Ex[E[Y/(1) | X] - E[Y (0) [ X]]

We can decompose this into the observed and counterfactual distributions as follows
=EY(1)|T=1,X|PT=1|X)+EY(Q1)|T=0X]|P(T=0]|X)

—E[Y(0) | T=1,X|P(T=1|X)-E[Y(0)|T=0X]P(T=0]|X)

By consistency
EY | T=1,X|P(T=1|X)+E[Y(1)|T=0,X]P(T=0]|X)

“E[Y(0) |T=1,X]P(T=1|X)-E[Y|T=0,X]P(T=0|X)

Let us define 7(X) = P(T' = 1 | X), the observed treated outcome p;(X) = E[Y | T =
1, X1, the observed control outcome (X)) = E[Y | T = 0, X]. Let pu1o(X) = E[Y(1) |
T = 0,X] and po1(X) = E[Y(0) | T = 1, X] as the counterfactual treated and control
outcomes. The ATE can be written as

= Ex[m(X){p(X) — por (X)} + (1 — (X)) {p10(X) — po(X)}

Rearranging to separate the observed and counterfactual components, we have

= Ex[p1(X) — po(X)] + Ex[(1 — (X)) {p10(X) — p1(X)} + 7(X){p0(X) — po1(X)}]
= Tobs 1+ confounding bias

Under unobserved confounding Y (t) £ T | X, we have that at least one of these equalities
fail, 1.e.,

p10(X) # pa(X)
or

po1(X) # po(X)

Crucially, the observed data P(D) provides no information about these differences—they
depend on the unobserved joint distribution of potential outcomes.

Without additional assumptions, the counterfactual expectations z10(X ) and g1 (X) are con-
strained only by the support of Y. Assume Y has bounded support: Y € [Ymin, Ymax].>
For each X:

Ymin S ,U,l()(X) S Ymax and Ymin S ,U/OI(X) S Ymax (27)

3. If Y is unbounded, then Tymin — —00 and Tmax — 400, 0 7 = (—o0,+00). This vacuous bound motivates
parametric sensitivity analysis, which places structural assumptions on the confounding mechanism to obtain tighter
bounds.
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Lower bound on T: To minimize 7, set 110(X ) = Ymin and o1 (X ) = Ymax for all X:
7 = Ex [m(X){1(X) = ymax} + (1 = (X)) {ymin — po(X)}] (28)
Upper bound on 7: To maximize 7, set (110(X) = Ymax and 11 (X ) = ymin for all X:
Tu = Ex [m(X){p1(X) = Ymin} + (1 = 7(X)) {¥Ymax — p0(X)}] 29)
The set of consistent ATEs is therefore:
T = [Tmin, Tmax] (30)

This interval contains all ATE values consistent with the observed distribution P(X,7T,Y)
under any valid specification of the counterfactual distributions.

Step 2: Constructing valid distributions for any 7 € 7. We show that for any 7 € T,
there exists a valid joint distribution over potential outcomes consistent with the observed
data.

For a target 7 € [7y, 7], define:

T—1Ty

o= € [0,1] (31)
Tu — T¢
For each X, set:
/~L10(X) = (1 - Oé) * Ymin T & * Ymax (32)
po1(X) = (1 = @) - Ymax + @ - Ymin (33)

By construction, o = 0 yields 7 = 74, « = 1 yields 7 = 7, and intermediate values yield
intermediate ATEs.

Note the following is true.

1. By construction, 110(X), 01(X) € [Ymin, Ymax) for all X.
2. A valid distribution exists: Given any mean (. € [Ymin, Ymax|, valid probability distribu-
tions on [Yimin, Ymax| With that mean exist.

3. Consistency with observed data: The construction only specifies the counterfactual
distributions P(Y (1) | T'= 0, X ) and P(Y (0) | T = 1, X ). The observed distributions
remain unchanged, preserving P(X,T,Y).

4. Consistency axiom satisfied: Under any realization, Y =7 -Y (1) + (1 —T) - Y (0),
matching the observed outcome by construction.

Therefore, every 7 € T admits a valid potential outcomes distribution consistent with P (D).
Conversely, for 7 ¢ T, the required counterfactual means would fall outside [Ymin, Ymax)»
violating the support constraint. No valid distribution exists, and any generative method con-
strained to such a 7 must distort the observed marginals. |

The key implications of this are
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1. Set of multiple T values: The set T contains all ATE values consistent with P(X,T,Y").
The observed data alone cannot distinguish between them.

2. Generative methods implicitly resolve counterfactual ambiguity. When learning from
P(X,T,Y), each method must implicitly specify the counterfactual quantities 1119(X)
and po1(X). Different methods—with different architectures, inductive biases, and
training procedures—resolve this ambiguity differently, selecting different points in 7.
This explains why different generative methods produce different ATE estimates from
identical source data.

3. User-specified ATEs outside T produce inconsistent data. For 7 ¢ T, a generative
method must distort the observed marginals to satisfy the constraint, producing P(D; T) #
P(D).

4. The width of T quantifies fundamental causal uncertainty. The interval [Tiin, Tmax]
reflects inherent ambiguity given only observational data. Narrower intervals require
additional assumptions about confounding.

This motivates SBICE: rather than arbitrarily selecting a single 7 € 7, we infer a posterior
distribution over consistent values, enabling principled uncertainty quantification in causal
benchmarking.

Appendix B. Generative methods

In this section, we summarize the generative methods used this paper: Credence (Parikh et al.,
2022), Realcause (Neal et al., 2020), and FrugalFlows (de Vassimon Manela et al., 2024). While
all aim to generate synthetic datasets that closely resemble the source data distribution, they dif-
fer in how they model the joint distribution P(X,T,Y), the architectures they use, their training
objectives, and the user-defined DGP parameter they support. We outline these differences below.

Credence Credence models the joint distributionas P(X,T.Y) = P(T)-P(X |T)-P(Y | X,T)
using conditional variational autoencoders (cVAEs). cVAEs encode the data into a latent space
modeled by a user-defined distribution (normal or uniform) and recreates the data by sampling
from a decoder that takes as input the latent variable as well as the variable being conditioned on.
For binary treatment 7', P(T") is modeled as a Bernoulli distribution estimated from data, while
P(X |T)and P(Y | X,T) are learned via the cVAE framework.

Credence supports two DGP parameters: treatment effect and selection bias (also represent-
ing unobserved confounding bias), which users define as functions of the covariates and treatment.
These functions are incorporated into the loss through KL divergence to measure how closely the
generated data matches the source, along with two regularization terms that enforce the specified
DGP parameters, each controlled by a hyperparameter. This approach offers both benefits and draw-
backs. On the one hand, the data guides the strength of enforcement: low regularization weights
signal that the specified constraint is incompatible with the source data. On the other hand, users
must manually specify multiple constraint values and retrain the model each time, making the pro-
cess computationally expensive and less scalable.

modified-Credence We implement a variant of Credence that retains its original architecture (and
set of implemented DGP parameters) but changes the factorization of the joint distribution. We
factorize the data distribution as: P(X,T,Y) = P(X)-P(T | X)-P(Y | T, X). This modification

22



CAUSAL EVALUATION VIA SIMULATION-BASED INFERENCE

allows us to directly use the empirical distribution of covariates from the source data, avoiding the
need to learn P(X) from scratch. However, it increases the complexity of modeling P(T" | X)
especially with high-dimensional covariates. In practice, we found this factorization often produced
datasets that more closely resembled the source distribution, though not perfectly.

Realcause Realcause models the joint distribution of the source data using the same factorization
as our modified Credence: P(X,T,Y) = P(X)-P(T | X)- P(Y | T, X). It uses separate MLP
or flow networks to model each marginal and conditional distribution. This structure preserves
the empirical covariate distribution from the source data. Unlike Credence, Realcause adopts the
TARNET Shalit et al. (2017) architecture by learning two distinct models for the outcome: P(Y" |
T =1,X),P(Y | T = 0,X) which helps maintain treatment relevance in high-dimensional
settings where the model might otherwise ignore 7'.

Realcause supports three user-defined DGP parameters: positivity (overlap), treatment effect
heterogeneity, and the scale of the causal effect. These DGP parameters are applied as post-hoc
transformations to the generated data, allowing a single trained model to be reused for multiple
configurations by adjusting parameters that shift or scale the output. However, Realcause does not
support the simulation of unobserved confounding.

FrugalFlows FrugalFlows factorizes the joint distribution as the product of variationally inde-
pendent distributions: P(7T', X) - P(Y | do(T")) - ¢(Y, X). Here, P(T, X) is the distribution of the
‘past’, P(Y | do(T)) is the causal effect distribution and the ¢(Y, X') encodes the dependence (or
correlation) between outcomes and covariates. The model learns each component using normalizing
flows and enforces their dependence using copulas. Unlike other generative methods, FrugalFlows
generates only causal outcomes Y and does not simulate counterfactuals.

FrugalFlows supports three DGP parameters: causal effect scale, unobserved confounding, and
treatment effect heterogeneity. It incorporates these either through priors or post-hoc transforma-
tions, depending on the specific DGP parameter. This approach offers stronger enforcement of con-
straints since they directly shape the data generation process. However, overly strict specification
can lead to distortions that push the generated data away from the source distribution.

Appendix C. Comparing generative methods across fixed point estimates of DGP
parameters

This section expands on the results presented in Section 3, providing a detailed evaluation of estima-
tor bias across datasets generated by different generative methods. We conduct this analysis across
a range of source datasets, from simple synthetic data-generating processes to real-world observa-
tional data. We focus on the flexible DGP parameter specification, where parameters are learned
by the generative model due to the computational cost of training Credence and modified Credence
for every DGP parameter value. For each experiment, we also report the mean sliced-Wasserstein
distance between generated and source datasets.

Summary of key findings. Our analysis reveals two consistent patterns. First, no single gener-
ative method performs best across all datasets—a method that achieves low distributional distance
and estimator bias on one dataset may perform poorly on another. This underscores the importance
of careful generative method selection for each source dataset. Second, when DGP parameters
are incorrectly specified, the impact varies substantially across generative methods. Some methods
maintain reasonable fidelity to the source distribution under misspecified constraints, while others

23



AMARANATH MURALIKRISNAN SHARMA JENSEN

diverge significantly. These findings motivate the need for a principled approach to both method and
parameter selection, which we address with SBICE. The remainder of this section presents detailed
results for each dataset. We first discuss synthetic datasets (Section C.1), followed by real-world
datasets (Section C.2).

C.1. Synthetic datasets
C.1.1. LINEARPARAM DGPI11

We design a synthetic dataset with three covariates X;..X3, a binary treatment 7" and outcome Y
generated as follows.
X1~ N(0,1)
X5 ~ Exponential(\ = 0.5)
X3~ N(1,1
T ~ Binomial <Expit (1 + 32 254 M, 0.1)))
YNN([L:Xl +X2+X3+3T,0.1)

We generate 9000 samples, and remove rows exhibiting positivity violations, yielding approx-
imately 8000 samples. The ground-truth ATE for this dataset is 7* = 3.0. We train all generative
methods under three settings

1. Flexible ATE: No constraints are imposed; the generative method learns the ATE from the
source data.

2. True ATE: The ATE is constrained to the ground-truth value 7 = 3.0.

3. Incorrect ATE: The ATE is constrained to an incorrect value 7 = 10.0.

Distributional similarity. Table 5 reports the mean sliced-Wasserstein distance between gener-
ated and source datasets for each method and setting. Distances increase substantially under the
incorrect ATE constraint for all generative methods reflecting the tension between satisfying user-
imposed constraints and maintaining fidelity to the source distribution.

Credence mod-Credence Realcause FrugalFlows
Flexible ATE ~ 0.417 +£0.031 0.462 +0.029 0.452+0.023 0.414 +0.030
True ATE 0.624 +0.032 0.564 +0.034 0.454 £0.026 0.414 +0.028

Incorrect ATE  1.348 £0.106 1.386 +0.105 2.396 £ 0.217 2.048 £ 0.182

Table 5: Mean sliced-Wasserstein distance (4 standard deviation) between generated and source
datasets for LinearParam DGP11 across generative methods and ATE settings.

Marginal distributions. Figure 4 displays the marginal distribution of outcome Y for a single
generated dataset across all three settings. While most methods produce similar marginal distri-
butions under the learned ATE setting, imposing constraints affects Credence and mod-Credence
most dramatically. This difference arises from how constraints are enforced: Credence and mod-
Credence incorporate constraints directly into the loss function during training, whereas Realcause
and FrugalFlows apply post-hoc scaling to adjust the outcome distribution.
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Figure 4: Marginal distribution of outcome Y for LinearParam DGP11.

Learned ATE values. Figure 5 compares the ATE of generated datasets across methods and set-
tings. While all methods satisfy user-defined constraints when imposed, they learn different distri-
butions under the flexible setting. Notably, Credence and Realcause produce different learned ATE
values even for this simple, linear dataset.

Learned ATE True ATE (t=3.0) Incorrect ATE (t=10.0)
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Figure 5: ATEs for the generated datasets across generative methods for the three different settings
of the constraints.

Estimator bias. Figure 6 presents the bias (estimated ATE minus ground-truth ATE) for a set of
causal estimators across 50 generated datasets per method. For most settings, estimator biases are
comparable across methods. The exception is Credence under the learned ATE setting (Figure 6(a)),
which exhibits notably higher bias for several estimators.

Key takeaway. Even for a simple synthetic dataset with linear relationships and few covariates,
generative methods produce substantially different results—particularly under the learned ATE set-
ting where no constraints are imposed. This underscores that method selection matters even in
idealized scenarios.

C.1.2. PARAM DGP12

We next examine generative methods on a dataset with a larger number of covariates and non-linear
relationships between variables. We use a dataset derived from simulation SI 6 in Kiinzel et al.
(2019), with the following data-generating process:
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Figure 6: Boxplots of the bias (estimated ATE — true ATE) for a set of causal estimators for all
generative methods across three different settings for the Synthetic DGP1 dataset.

X ~ Uniform([0, 1]V*29)
e(X) = 3(1 + Beta(X1,2,4)
po(X) =2X1 -1

p1(X) = po(X)

(35)

This dataset contains 20 covariates X ... Xag, each drawn independently from a uniform dis-
tribution on [0, 1]. The propensity score e(X) introduces non-linearity through a Beta distribution
with shape parameters 2 and 4, evaluated at X;. The potential outcomes 1i(X) and 1 (X) depend
only on X7, and since they are identical, the ground-truth ATE is 7* = 0.0. We generate N = 2000
samples for this experiment. For this dataset, we train all generative methods under the flexible ATE
setting only (without imposing constraints on the DGP parameters).

Results Figure 7 presents estimator bias across 50 generated datasets per method as well as the
mean sliced-Wasserstein distances. With the exception of Credence, all methods yield comparable
estimator performance, with biases centered near zero. Credence produces notably higher and more
variable bias across most estimators. FrugalFlows achieves the lowest distance, indicating greater
distributional fidelity, while Credence exhibits the highest distance.

Key takeaway. With higher-dimensional covariates and non-linear propensity scores, differences
between generative methods become more apparent. Credence struggles to approximate the source
distribution, resulting in higher distributional distance and greater estimator bias, while the other
methods perform comparably.

C.1.3. PARAM DGP13

We next consider a dataset with 20 covariates and no confounding relationship between treatment
and covariates. We use simulation SI 2 from Kiinzel et al. (2019), with the following data-generating
process:
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Figure 7: Estimator bias and SWD for the flexible ATE setting across all methods: Param DGP12

X ~N(0,%)

e(X)=0.5

p1(X) = XT3y, with 81 ~ Unif([1, 30]%)
po(X) = XT3y, with By ~ Unif([1, 30]%°)

(36)

This dataset contains 20 covariates drawn from a multivariate normal distribution with covari-
ance .. The propensity score e(X) = 0.5 is constant, implying random treatment assignment with
no confounding. The potential outcomes 1o(X) and (X)) are linear functions of the covariates,
with coefficients drawn independently from a uniform distribution on [1,30]. We generate 2000
samples and train all generative methods under the learned ATE setting only.

Results. Figure 8 presents estimator bias across 50 generated datasets per method as well as the
mean sliced-Wasserstein distances. FrugalFlows achieves the lowest distance and exhibits the least
bias across all estimators when compared to other generative methods.

C.1.4. PARAM DGP14

We next consider a lower-dimensional variant using simulation SI 4 from Kiinzel et al. (2019).
This dataset contains 5 covariates with the following data-generating process. As in Param DGP13,
the propensity score is constant e(X ) = 0.5 implying no confounding. The ground-truth ATE is
7" = 0.0. We generate 2,000 samples and train all generative methods under the learned ATE
setting only.
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Figure 8: Estimator bias and SWD for the flexible ATE setting across all methods: Param DGP13

X ~ Uniform([0, 1]V*5)

e(X) =105

to(X) = XT3 with 8 ~ Unif([1, 30]°)
1 (X) = po(X)

(37

Results. Figure 9 reports the mean sliced-Wasserstein distance between generated and source
datasets. FrugalFlows achieves the lowest distance. In contrast, mod-Credence and Realcause ex-
hibit substantially higher distances indicating poor distributional fidelity. These results are reflected

by the estimator bias as well.

C.1.5. PArRaM DGPI15

We next consider simulation SI 5 from Kiinzel et al. (2019), which introduces a piecewise linear
relationship between covariates and outcomes. The data-generating process is as follows:

X ~ Uniform([0, 1]V*27)
e(X)=0.5
XTp  if Xo9 < —0.4

po(X) =< XTB,, if —0.4< Xo0 <04

XTp, if0.4 < Xo
1 (X) = po(X)

(38)

This dataset contains 20 covariates drawn from a uniform distribution on [0, 1]. The propensity score
is constant e(X) = 0.5, implying no confounding. The potential outcome (X)) is a piecewise
linear function of the covariates, with different coefficient vectors 3, 5,,, B, depending on the value
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Figure 9: Estimator bias and SWD for the flexible ATE setting across all methods: Param DGP14

of Xop. Since 111 (X) = po(X) the ground-truth ATE is 7* = 0.0. We generate 2000 samples and
train all generative methods under the learned ATE setting only.

Results. Figure 10 reports the mean sliced-Wasserstein distance between generated and source
datasets. FrugalFlows achieves by far the lowest distance while Credence, mod-Credence, and Re-
alcause all exhibit substantially higher distances. The piecewise linear structure appears to pose
challenges for these methods. Consistent with its superior distributional fidelity, FrugalFlows pro-
duces estimator biases tightly centered around zero. The other methods exhibit higher and more
variable bias, with Credence showing the largest spread across estimators.

Key takeaway. The piecewise linear outcome model poses a significant challenge for most gen-
erative methods. FrugalFlows, which uses normalizing flows to flexibly model the data distribution,
substantially outperforms the other methods in both distributional fidelity and estimator bias. This
highlights the importance of selecting generative methods capable of capturing non-standard func-
tional relationships in the data.

C.2. Real-world observational datasets
C.2.1. LALONDE (RCT)

We examine the experimental arm of the Lalonde dataset, which contains data from a randomized
controlled trial evaluating the effect of a job training program on earnings. Due to randomization,
this dataset exhibits no confounding, and the ground-truth ATE is directly estimable from the data.
However, the sample size is relatively small, posing challenges for generative methods.

Distributional similarity. Table 6 reports the mean sliced-Wasserstein distance between gen-
erated and source datasets across methods and ‘default settings’ recommended by the generative
method (such as rescaling values). We note that the SWD is high across all methods. We also note
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Figure 10: Estimator bias and SWD for the flexible ATE setting across all methods: Param DGP15

the limitations of using the SWD as a distance metric here—while it may be fast to compute, the
distance metric is dependent on the scale of the data. We omit the SWD for Credence with the
incorrect ATE as we found that the Credence simulator did not converge to an acceptable value.

Credence  mod-Credence  Realcause  FrugalFlows

Learned ATE 5693 £ 364 5069 + 344 5049 £ 416 7623 £ 576
True ATE 5525 £457 4998 + 336 5094 £ 385 7670 £ 656
Incorrect ATE — 5097 £ 398 5057 £ 398 7452 £ 592

Table 6: SWD for (unscaled) Lalonde (RCT) across generative methods and three settings of the
ATE parameter.

Marginal distributions. Figure 11 displays the marginal distribution of outcome across settings
and methods. All methods show visible differences from the source distribution, with variation
across both methods and ATE settings. These discrepancies are consistent with the high SWD
values observed in Table 6.

Learned ATE values. Figure 12 compares the ATE of generated datasets across methods and
settings. Under the learned ATE setting, methods converge to different values, illustrating how gen-
erative methods encode different assumptions about the treatment effect even when unconstrained.
Under the true and incorrect ATE settings, all methods (except Realcause) approximately satisfy the
imposed constraints.

Estimator bias. Figure 13 presents estimator bias across 50 generated datasets per method. De-
spite there being no confounding bias in this dataset (drawn from an RCT), an incorrect DGP param-
eter value results in biased conclusions for estimator performance. This variability likely reflects the
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Figure 11: Marginal distribution of outcome Y for the Lalonde (RCT) datasets.
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Figure 12: ATE:s for the generated datasets across generative methods for the three different settings
of the constraints.

small sample size of the source dataset, which limits the ability of generative methods to reliably
approximate the underlying distribution.
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Figure 13: Estimator bias across generative methods for Lalonde (RCT) under three ATE settings.
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C.2.2. LALONDE

For the Lalonde (observational) dataset whose results were outlined in Section 3, we include addi-
tional details here.

Marginal distributions. Figure 14 displays the marginal distribution of the outcome across set-
tings and methods. We see that different methods learn different marginal distributions of the out-
come.
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Figure 14: Marginal distribution of outcome Y for the Lalonde datasets.

Learned ATE values. Figure 15 compares the ATE of generated datasets across methods and
settings.
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Figure 15: ATEs for the generated datasets across generative methods for the three different settings
of the constraints.

Estimator bias. Figure 2 contained the estimator biases for the different settings and methods.
We highlighted the differences between the generative methods by zooming in on the estimator
bias values that showed differences between the generative methods. However, we notice that for
some causal estimators, the variance of the estimator bias is very high. We present the full plot in
Figure 16.
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Figure 16: Estimator bias across generative methods for Lalonde under three ATE settings.

C.2.3. POSTGRES

This is a dataset collected from a computational system, a Postgres database (Gentzel et al., 2021).
Given the nature of the experiment, it is possible to collect both potential outcomes for a given treat-
ment with this dataset. We create an observational equivalent of this dataset by using subsampling
to induce a bias between some covariates and the treatment. Since this is a large dataset, we limit
the sample size to 3000 samples. The covariates describe the configurations of the postgres database
with the treatment being an indicator function of the index and the outcome being the runtime for
that index. We choose to use this dataset in our experiments as the ground-truth ATE estimate is
available for us to estimate the bias for each causal estimator.

Distributional similarity We denote the mean SWD for the different generative methods and set-
tings of the ATE parameter in Table 7. We note that Realcause is most sensitive to misspecification
of the DGP parameter value.

Credence mod-Credence Realcause FrugalFlows
Learned ATE ~ 0.181 £0.007 0.071£0.004 0.129£0.022 0.228 +0.014
True ATE 0.474£0.020 0.1424+0.021 1.733+0.236 0.251 £0.015

Incorrect ATE  1.042 +0.055 0.4724+0.065 43.271+£4.109 0.93 +£0.09

Table 7: SWD for (unscaled) Postgres dataset across generative methods and three settings of the
ATE parameter.

Estimator bias We also include the plots of the estimator bias for 50 generated datasets for the
different methods and settings of the ATE parameter discussed above 17.
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Figure 17: Estimator bias across generative methods for the Postgres dataset under three ATE set-
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Key takeaway

Across both synthetic and real-world datasets, we observe that different generative methods
produce notably different synthetic datasets—even when configured with the same DGP pa-
rameter constraints. This divergence persists across sample sizes and highlights the role of
inductive biases in shaping the generated counterfactual outcomes. These findings support
our theoretical proposition that fixed point estimates of DGP parameter may be incompatible
with the source data. Moreover, inconsistencies in the generated datasets lead to variability
in causal estimator outputs, complicating sensitivity analyses and making estimator selection
less reliable. These challenges motivate the need for a posterior-based approach like SBICE,
which explicitly accounts for uncertainty in DGP parameters and improves alignment be-
tween generated and source data distributions.

Appendix D. SBICE: Algorithm and Experimental details
D.1. SBICE: Algorithm

We present the full algorithmic procedure to use SBICE to evaluate the sensitivity of a set of causal
estimators in Algorithm 1. We provide a pseudocode description of the SMC-ABC algorithm, and
point to the original paper for details (Toni and Stumpf, 2010).

D.2. Computational Complexity

Our choice of SMC-ABC is motivated by its simplicity and suitability for the low-dimensional pa-
rameter spaces considered in current causal simulators (typically fewer than three DGP parameters).
Alternative neural SBI methods (e.g., NLE/NPE) require training additional neural density estima-
tors using simulator-generated data, which can compound model misspecification and be sensitive
to limited real-world sample sizes. We include an analysis of the computational complexity of
SMC-ABC here.

Let p be the number of parameters that are computed here. Since each parameter is one-
dimensional, we use p to also denote the effective dimensionality of the parameters. The complexity
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Algorithm 1 SBICE: Simulation-Based Inference for Causal Evaluation

Require: Source dataset D = {X,T,Y}; Generative methods G = {G1, ..., Gk }; Method prior
P(Gy); Parameter priors P (6, | Gy); Distance metric ¢; Tolerance schedule €1 > --- > er;
Number of particles V; Causal estimators { M, ..., M}

Ensure: Posterior P(G, 0 | D); Posterior datasets {ﬁé?st}ijil; Causal estimates {Tj(\izj Yij

// Step 1: Train simulators
fork=1,..., K do

Train generative method G, on source dataset D
end for

5: // Step 2: SMC-ABC posterior inference

6: Initialize N particles: (G, 0%)) ~ P(Gy) P(0y | Gi)
7. fort=1,...,T do
g
9

Sl A

fori=1,...,Ndo
Sample method G(*) from current particle weights

10: Perturb parameters: () ~ K,(6 | 0@1)

11: Generate synthetic dataset: D) ~ G()(9())
12: Compute distance: d) = §(D®, D)

13:  end for

14:  Retain particles satisfying d(¥) < ¢,
15:  Compute importance weights and resample
16: end for

17: // Step 3: Generate posterior datasets and compute causal estimates
18: for:=1,..., N do
19:  Sample (G, 07) ~ P(G,6 | D)
20:  Generate posterior dataset: ﬁé?st ~ G (W)
21: forj=1,...,Jdo
(4) 7 (%)

22: Compute causal estimate: 7, = M i (Dpost)
23:  end for
24: end for

25 return P(G,0 | D), {Di 3y, {7 }is

of running SBICE depends on the costs associated with each phase of the algorithm. We compute
the costs for each phase separately and then describe the total cost.

1. Simulator inference cost: Let Cyip be the cost associated with sampling from the simulator.
This would vary depending on the simulator in question, but we show an example for the NSF
(normalizing spline flows) generative model. The cost of inference from an NSF is given by
Csim = O(F x p x S) where F is the number of flow layers and S is the number of splines.
In almost all cases, we restricted the number of flow layers and splines to ~ 10.
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2. Distance computation cost: The cost of computing the sliced-Wasserstein distance for the

tabular dataset that we have typically is linear in the number of projections used. We represent
this cost as a fixed value D.

. SMC-ABC updates: The naive algorithm used to update the weights in SMC-ABC is O(N?),

where N is the number of particles. By using adaptive algorithms, this can be computed
in O(N) time. Note that N o e P for a tolerance of €, which means that the acceptance
probability (which determines the number of particles) decreases exponentially with the di-
mensionality of the parameters used.

Using 1" to denote the tolerance levels (or number of iterations), we have the cost of SBICE as
O(Te % + CymTeP). In our experiments, we found that for p < 3 using 7' < 15,¢ > 0.001
produced posterior datasets with minimal error and with computation times averaging 3 hours when
running experiments parallelized across ~ 10 samplers on CPUs with 16G RAM.

D.3. Experimental Details

We implement SMC-ABC using the Python library pyABC (Schilte et al., 2022). The hyperpa-
rameter and algorithmic choices required to run SMC-ABC are outlined in Table 8. All of our
experiments were run on a HPC cluster with distributed samplers to make sampling of datasets
from the simulator more efficient.

Table 8: Hyperparameters and Implementation choices for SMC-ABC.

Hyperparameter Range of values

Maximum number of iterations (12, 15]

Minimum epsilon threshold [0.001, 0.005]

Distance metric Sliced-Wasserstein (L2 norm; 100 projections)

We used the following set of causal estimators in our experiments.

1.

X-Learner (Kiinzel et al., 2019): A meta-learner algorithm to estimate the average treatment
effect using two different underlying function: Linear regression (referred to as X (Lin))
and Gradient Boosted Trees (referred to as X (GBT)). We used the implementation in the
EconML (Battocchi et al., 2019) package.

Double machine learning (DML) (Chernozhukov et al., 2018): An algorithm that constructs
a de-biased estimator of the causal parameter by using two models to estimate the residual
errors. We used the implementation in the EconML python package, and used two learners:
Linear regression (DML (Lin)) and Gradient Boosted Trees (DML (GBT)).

. Doubly robust (DR) (Dudik et al., 2014): This estimator combines two models: one for

outcome regression and another for the treatment (propensity score) to estimate the causal
effect. The advantage of using this estimator is that the effect is unbiased if either model
is correctly specified. We use the implementation in the EconML package and use a linear
model for both the treatment and outcome functions (DR (Lin)).
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4. Causal BART (Hill, 2011): This estimator leverages Bayesian Additive Regression Trees
(BART) to estimate the causal effect. We use its R implementation (Dorie et al., 2025) in our
experiments.

5. Targeted Maximum Likelihood Estimator (TMLE) (van der Laan Mark and Daniel, 2006):
We use the implementation of TMLE as described in the zEpid package.

Appendix E. Evaluating SBICE on synthetic datasets generated using parametric
data-generating processes

We evaluate SBICE on a suite of synthetic datasets generated from simple, parametric data-generating
processes. These experiments assess when the inferred posterior yields more informative datasets
than those generated by sampling from the prior. We systematically vary characteristics of the data-
generating process and simulator by introducing model misspecification, using non-identifiable and
partially identifiable DGP parameters. We label the synthetic datasets generated in this manner as
LinearParam DGP(z), with x being the experiment identifier.

For each experiment, we specify the data-generating process, simulator design, set of DGP
parameters, and user-defined prior. To evaluate SBICE, we compute the bias squared error (BSE)
of several causal estimators applied to these datasets, with lower values for the posterior indicating
better fidelity to the source distribution.

E.1. LinearParam Sim1: Linear, parametric data-generating process and simulator

In this setting, we consider a linear, parametric data generating process (DGP) involving a single
unobserved confounder Z, an observed confounder X, a binary treatment 7', and a continuous
outcome Y.

LinearParam DGP1
N(0,

N(O,
T ~ Binomial(pZ + X +N(O 0.1)

Y =pZ+ X +7T +N(0,0.1)

1)
1)
) (39)

We assume that the simulator is correctly specified, i.e., it closely matches the data generating
process.

LinearParam Sim1
Z ~ N(0,1)
X=X
T ~ Binomial(pZ + 8X + N (0,
Y =pZ+BX + 71T+ N(0,0.

(40)
0.1))
1)
This setting has three DGP parameters: p (unobserved confounding), 3 (observed confound-
ing), and 7 (causal effect). We assume that they are independent and therefore use uniform, non-

overlapping priors for them. The true parameter values used in the DGP are p = 1.0, 8 = —1.5,
and 7 = 1.5.
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We generate three sets of 50 datasets each:
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Prior(p) ~ U[0.0, 2.0]
Prior(3) ~ U[—2.0,1.0]
Prior(7) ~ U[0.0, 2.0]

1. Source datasets from the true DGP: LinearParam DGP1,

(4D

2. Posterior datasets using parameter samples from the posterior distribution, and

3. Prior datasets using parameter samples from the prior.

Evaluation We report the mean BSE for the posterior and prior datasets and also plot the BSE of
the causal estimators for the posterior, prior and source datasets in Figure 18. In addition, we plot
the posterior distribution for each of the DGP parameters in Figure 19. For this setting, we find that
SBICE improves posterior estimates and that posterior datasets are informative of the performance

of causal estimators.
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Figure 18: BSE for DGP: LinearParam DGP1 and Simulator: LinearParam Sim]1.
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Figure 19: Posterior distribution for DGP: LinearParam DGP1, Simulator: LinearParam Sim1
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E.2. Misspecified simulators

However, in real-world applications, the true data generating process (DGP) is typically unknown,
and the simulator specified by the researcher may be misspecified. To understand the effects of
such misspecification in parameterized linear models, we investigate how different types of model
mismatch influence the estimated posterior distribution and subsequent performance of causal es-
timators. We consider several categories of misspecification, including variations in the form of
unobserved confounding, increased noise levels, linear approximations to nonlinear functions, and
the inclusion of interaction terms. Each variant of the DGP and its corresponding simulator is de-
scribed below.

LinearParam Sim2: Noisy simulator In this setting, we examine the effect of additive, Gaussian
noise to the outcome model within the simulator. We use the same DGP as before: LinearParam
DGPI, but use the simulator LinearParam Sim?2 described below. The true parameter values are
p=10,=—-15and 7 = 1.5.

LinearParam Sim2
Z ~N(0,1)

X=X
T ~ Binomial(pZ + X + N(0,0.1))
Y =pZ+ X +7T +N(0,1.0)

(42)

Prior
Prior(p) ~ U[-5.0,5.0]

Prior(8) ~ U[-5.0,5.0] (43)
Prior(7) ~ U[-5.0,5.0]

w
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Figure 20: BSE for DGP: LinearParam DGP1 and Simulator: LinearParam Sim?2.

Evaluation We present the results of our evaluation for this setting in Figures 20 and 21. We find
that despite the noisy simulator, the BSE of the posterior estimates is lower compared to the prior,
highlighting the robustness of SBICE to moderate misspecification.
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Figure 21: Posterior distribution for DGP: LinearParam DGP1, Simulator: LinearParam Sim?2

LinearParam Sim3: Misspecified unobserved confounder (Z) In this setting, we investigate
the effect of misspecifying the distribution of the unobserved confounder Z. We use LinearParam
DGP1 as the data-generating process but misspecify the distribution of the unobserved confounder
Z. The true parameters are p = 1.0, 8 = —1.5, and 7 = 1.5. We use the same priors as in Linear
Sim2 (Equation 43). The unobserved confounder Z is modeled using an exponential distribution
rather than the true Gaussian distribution.

LinearParam Sim3
Z ~ Exponential(0.5)

X=X
T ~ Binomial(pZ + X + N(0,0.1))
Y =pZ+ X +7T +N(0,0.1)

(44)

Evaluation This experiment evaluates the robustness of SBICE when the unobserved confounder
deviates substantially from the assumed distribution. Notably, in this setting, the posterior distri-
bution over p concentrates near zero (see Figure 23), effectively down-weighting the influence of
the misspecified confounder in order to better match the source data distribution. Figure 22 illus-
trates the estimator bias and the posterior/prior distributions over parameters. The mean BSE for
the posterior estimates remain low, as the variance of the posterior distribution is low.
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Figure 22: BSE for DGP: LinearParam DGP1 and Simulator: LinearParam Sim3.
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Figure 23: Posterior distribution for DGP: LinearParam DGP1, Simulator: LinearParam Sim3

LinearParam Sim4: Misspecified simulator with additional interaction terms In this setting,
we explore the impact of misspecifying the functional form of the simulator by introducing an
interaction term between the observed and unobserved confounders, X and Z. The true parameter
values and prior distributions are identical to those used with LinearParam Sim2 (Equation 43). The
simulator is defined as follows.

LinearParam Sim4

Z ~N(0,1)

X=X
o 45)
T ~ Binomial(pZ + X + X - Z + N(0,0.1)
Y=pZ+pX+7T+X-Z+N(0,0.1
Evaluation The interaction term X - Z, which is absent in the true DGP (LinearParam DGP1),
introduces a form of structural misspecification in both the treatment and outcome models of the
simulator. Figure 24 displays the results. Despite the added complexity, SBICE is able to adjust for
the mismatch to some extent by adapting the posterior over 8, though some deviation in estimator
bias for the posterior datasets remains due to the unmodeled interaction. We include the posterior

distribution in Figure 25.
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Figure 24: BSE for DGP: LinearParam DGP1 and Simulator: LinearParam Sim4.
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Figure 25: Posterior distribution for DGP: LinearParam DGP1, Simulator: LinearParam Sim4

LinearParam Sim5: Misspecified simulator with linear outcome function In this setting, we
explore a structural mismatch where the true outcome function is nonlinear—specifically, a poly-
nomial function of the covariates and treatment—while the simulator assumes a linear relationship.
This setup reflects a common form of model misspecification in applied settings, where complex
interactions or nonlinearities in the data are simplified in simulation. The true DGP is defined as
follows.

LinearParam DGP5

1)
1) 46

T ~ Binomial(pZ + 38X + N(0,0.1)) o
1)

Y =p(Z*+Z-X)+B(X? =X -T)+ 1T + N(0,0.

The simulator, by contrast, is the same as LinearParam Sim1 (Equation 40), and does not capture
the true polynomial structure of the outcome. The true parameter values and uniform priors remain
the same as in LinearParam Sim2 (Equation 43). This experiment allows us to evaluate how well
SBICE handles misspecification arising from oversimplified functional forms in the simulator.

Evaluation The results are shown in Figures 26 and 27, which compares estimator bias and pa-
rameter distributions for datasets generated from the posterior and prior. In this setting, we find that
both the posterior and prior estimates are different compared to the source distribution (indicated by
the high BSE) and high variance across all estimates. We also find that SBICE is unable to recover
the true parameters from the data.

Key takeaway: With misspecified simulators, the causal estimates on posterior datasets do
not align with the source data—-sometimes performing worse than the prior—-depending on the
nature of the misspecification. This highlights the importance of using flexible simulators that can
accurately capture the source data distribution and independently vary the DGP parameters during
simulation. Such flexibility is crucial for ensuring meaningful inference under misspecification.

E.3. Non-identifiable parameters

We analyze the cases where the observed data distribution provides no information about the values
of DGP parameters.
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Figure 26: BSE for DGP: LinearParam DGPS5 and Simulator: LinearParam Sim1.
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Figure 27: Posterior distribution for DGP: LinearParam DGP5, Simulator: LinearParam Sim1

LinearParam Simé6: Non-identifiable parameters from observed data In this setting, we con-
strain the sum of two parameters: p, 7. This leads to a fundamental non-identifiability in the model.
In this formulation, 7" is deterministically derived from Z and a uniform random noise term. As a
result, the joint distribution of (7', Y") remains invariant for any pair of values (p, 7) such that their
sum p + 7 = c is constant. While individual values of p and 7 are not identifiable from the data,
their sum is identifiable. Consequently, any prior over p and 7 that maintains a constant sum will
yield a posterior distribution that is also uniform across that constraint. The data generating process
is described below.

LinearParam DGP6

Z ~ Binomial(0.5

X ~N(0,1

T = 1(Z + U[0,0.5)

Y =pZ+ X +7T+U[0,0.5

47)

We assume that the simulator is correctly specified and matches the structure of the true DGP.
The true parameters are p = 2.0, 8 = 0.5, and 7 = 2.0. The simulator is specified as:
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LinearParam Simé6
Z ~ Binomial(0.5)

X=X
T = 1(Z + U[0,0.5))
Y =pZ+pX +7T+UJ0,0.5)

(48)

We use uniform, independent priors over all three parameters:

Prior
Prior(p) ~ U[0.0, 10.0]

Prior(3) ~ U[0.0, 10.0] (49)
Prior(7) ~ U[0.0,10.0]

Evaluation This setup allows us to analyze the implications of parameter non-identifiability on
the posterior distributions and causal estimator performance. Figure 28 displays the BSE for pos-
terior and prior datasets. Despite the non-identifiability, the posterior estimates are similar to the
source estimates as we still have information on ( learned from the source data. The posterior also
converges to a distribution of values such that the sum of p 4 7 is a constant. This distribution is
displayed in Figure 29.
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Figure 28: BSE for DGP: LinearParam DGP6 and Simulator: LinearParam Sim6.
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Figure 29: Posterior distribution for DGP: LinearParam DGP6, Simulator: LinearParam Sim6
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LinearParam Sim7: Using joint priors with constrained sum We revisit the non-identifiability
scenario from LinearParam Sim6 with a key modification: instead of using independent priors over
p and 7, we impose a joint prior distribution that explicitly enforces the constraint p + 7 = ¢,
where c is a known, user-specified constant. This reflects a setting in which the researcher has
domain knowledge about the functional relationship between parameters, even if the individual
values remain unknown.

Our hypothesis is that under this constraint, the posterior and prior datasets may exhibit similar
behavior, as both are restricted to lie on the same manifold in parameter space. Consequently, any
observed differences can be primarily attributed to better posterior estimation of the identifiable
parameter 3. The true parameter values used to generated the observed data are p = 1.0,8 =
0.3, 7 = 2.0. The joint prior is defined as follows.

Prior
Prior(p) ~ U[-5.0,5.0]
Prior(3) ~ UJ0.0,5.0]
Prior(7) ~ U[—20.0, 20.0]
Constraint: p+7 =c,c = 3.0

(50

Formally, the joint prior distribution over (p, 7) is defined as P(p, 7) = P(p)-P(7) iff p+7 = ¢
else P(p, ) = 0. During simulation, we sample values for p from its marginal prior and determine
7 accordingly to satisfy the constraint. The mean BSE in this setting is visualized in Figure 30
and 31.
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£ 20 Diff. of Means  10.737  13.110
v g X (Lin) 10.860  13.120
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8! DML (Lin) 11230  13.011

51 T DML (GBT)  10.856  13.145

. 1 DR (Lin) 1¢6 1¢6
€ OO SN BART 10.856  13.122
A TMLE 10.860  13.120

= BSEprior

= BSEpost

Figure 30: BSE for DGP: LinearParam DGP6 and Simulator: LinearParam Sim7 (which is similar
to Sim6 with updated prior distribution).

Contrary to our initial hypothesis, imposing a joint prior that enforces a known relationship be-
tween parameters does not lead to a more informative posterior. Instead, we find that the constraint
restricts the flexibility of the posterior distribution, limiting its ability to align with the source data.
Both the posterior and prior datasets exhibit high BSE across all estimators. These results suggest
that, in scenarios with non-identifiable parameters, incorporating partial knowledge through hard
constraints on the DGP parameters may hinder rather than help. It may be preferable to allow the
inference process to explore a broader parameter space without such restrictions.
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Figure 31: Posterior distribution for DGP: LinearParam DGP6, Simulator: LinearParam Sim7 (sim-
ilar to LinearParam Sim6 with joint priors).

LinearParam Sim8: Partial identifiability of parameters Earlier, we examined a case where
the parameters p and 7 were non-identifiable due to a symmetry in the data generating process
(DGP): the treatment assignment depended solely on the unobserved confounder Z, and only the
sum p + 7 could be inferred. To make the setting more realistic and address the identifiability issue,
we now introduce a modified DGP where treatment 7' depends not only on Z but also on the ob-
served covariate X . This modification helps break the symmetry and allows for partial identifiability
of the individual parameters. The DGP is given by:

LinearParam DGPS
Z ~ Blnomlal(() 5
N(0,1
T—Il(Z+04X+U[OO 0.5)

)
)
(5D
)
Y =pZ + pX + 7T+ U[0,0.5)
We use the following true parameter values: p = 1.0, 5 = 0.3, 7 = 2.0. The priors are uniform,
independent random variables:

Prior
Prior(p) ~ U[0.0, 10.0]

Prior() ~ U[0.0, 10.0] (52)
Prior(7) ~ U[0.0,10.0]

Evaluation The inclusion of X as a predictor of T introduces additional variation that helps dis-
ambiguate the effects of p and 7, making it easier to learn about these parameters from the observed
data. The results of this experiment are shown in Figure 32 and 33.

By modifying the treatment assignment mechanism to include an observed covariate, we ensure
that the dataset is informative for the values of the DGP parameters, and learn a posterior over p
and 7. As a result, we observe lower BSE for the posterior datasets. These results demonstrate that
even small changes in the DGP that provide additional structure can lead to significantly more in-
formative posteriors—highlighting the importance of leveraging partial identifiability when complete
identification is not possible.

E.4. Misspecified prior distributions

In many real-world applications, domain knowledge about the underlying data-generating mecha-
nisms may be limited or imprecise. As a result, prior distributions over simulator parameters can
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Figure 32: BSE for DGP: LinearParam DGP8 and Simulator: LinearParam Sim8 (which is similar
to Simb6).
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Figure 33: Posterior distribution for DGP: LinearParam DGP8, Simulator: LinearParam Sim8 (sim-
ilar to LinearParam Sim6).

often be either too narrow or entirely misaligned with the true values. In this section, we explore
such scenarios to better understand the consequences of using misspecified priors in causal estima-
tion.

LinearParam Sim9: Narrow priors We begin with a scenario in which the prior distributions
are relatively narrow but still include the true parameter values. These priors represent a situation
where the researcher believes they have strong—but not necessarily perfect—knowledge about the
plausible range of parameter values. We reuse the data-generating process from earlier, LinearParam
DGP6, with a correctly specified simulator:

LinearParam Sim9

Z ~ Blnomlal( .5)
N(0,1) (53)
T = ]l(Z+U[O 0.5))
Y =pZ+pX +7T+UI0,0.5)

The true parameter values are p = 1.0, = 0.3,7 = 1.0. We assume independent uniform
priors over a narrow range:
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Prior
Prior(p) ~ U[0.0, 2.0]

Prior(5) ~ U[0.0, 2.0]
Prior(7) ~ U[0.0, 2.0]

(54

Evaluation Our hypothesis is that because the priors are informative and centered near the true
values, the posterior will not offer a substantial improvement in the quality of datasets or causal
estimates. The posterior and prior should lead to similar estimator performance. This hypothesis
is confirmed by the results shown in Figure 34 and 35, where both the posterior and prior samples

yield comparable ATE bias and parameter distributions.
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Figure 34: BSE for DGP: LinearParam DGP6 and Simulator: LinearParam Sim9.
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Figure 35: Posterior distribution for DGP: LinearParam DGP6, Simulator: LinearParam Sim9

LinearParam Sim10: ‘Incorrect’ priors In practical scenarios, it is not uncommon to misspecify
the range or directionality of plausible parameter values due to limited or misleading prior knowl-
edge. This setting examines such cases where the prior distributions do not contain the true values
of the DGP parameters that generated the observed data. When this occurs, we hypothesize that the
posterior distribution does not converge toward the true parameter values, but instead toward those
that produce simulations whose distributions are closest to the source data, as measured by our dis-
tance metric—here, the sliced-Wasserstein distance. To test this hypothesis, we run a controlled
experiment with a linear, parametric simulator. The data-generating process (DGP) LinearParam
DGP10 is defined as:

48



CAUSAL EVALUATION VIA SIMULATION-BASED INFERENCE

LinearParam DGP10
Z ~N(0,1)
X ~N(0,1)
. . (55)
T ~ Binomial(pZ + X + N(0,0.1))
Y =pZ+BX +71T+N(0,0.1)
The true values of the DGP parameters are p = 1.0, 5 = —1.5,7 = 1.5. However, the priors
are intentionally misspecified, such that none of the true values fall within their support:
Prior
Prior(p) ~ U[-2.0,0.0]
Prior(3) ~ U[0.0,2.0] (56)

Prior(7) ~ U[-2.0,0.0]

Evaluation The resulting mean BSE and posterior distributions are presented in Figures 36 and
37. We not that the posterior and prior exhibit similar performance across estimators.

4 mean BSE
5 s Prior  Posterior
K Naive 0.789 1.712
g2 X Learner (Linear) 0.627  0.756
g l X Learner (GBT)  0.627  0.742
DML (Linear) 0.649 0.866
0 L DML (GBT) 0.633 0.752
€ QO QR @& DR (Linear) 1e7 1e7
NN Causal BART 0.612  0.742
== BSE,,,“,,o B BSEpost TMLE 0.666  0.784

Figure 36: BSE for DGP: LinearParam DGP10 and Simulator: LinearParam Sim10.
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Figure 37: Posterior distribution for DGP: LinearParam DGP10, Simulator: LinearParam Sim10

The specification of priors—and their potential misspecification—is a long-standing considera-
tion in the Bayesian literature. While identifying the correct prior is often impractical, we recom-
mend that practitioners using this framework iterate over a range of plausible prior distributions and
manually inspect the datasets generated by the simulator. This process can surface misalignments

49



AMARANATH MURALIKRISNAN SHARMA JENSEN

between prior assumptions and observable data. As a practical guideline, we suggest beginning with
heavy-tailed and broad priors to allow the posterior more flexibility during the initial exploration

Key takeaway

Using parametric, linear simulators we explored how different sources of uncertainty and
modeling choices impact the effectiveness of SBICE.

* Flexible simulators: Even when the true functional form deviates from the simula-
tor’s assumptions (e.g., added interaction or non-linear terms), the method remains
robust as long as the simulator is expressive enough to capture distributional similar-
ities. In these cases, the causal estimates on posterior datasets mirrored that of the
source data.

* Well-calibrated, wide priors: In settings with limited domain knowledge, wide priors
with heavy tails allow the posterior to concentrate near plausible values. Even when
the priors are misspecified, if the simulator is accurate and the posterior matching is
distributionally guided (e.g., via sliced-Wasserstein distance), the resulting datasets
often lead to informative posteriors.

* Low model misspecification: In parametric settings where the simulator closely
matches the true DGP, the method reliably sharpens inference. Posterior datasets ex-
hibit lower bias squared error.

» Joint posterior estimation for identifiable subspaces: When parameters are non-
identifiable individually but have identifiable combinations (e.g., fixed sum con-
straints), the method can still recover meaningful structure when the remaining pa-
rameters (like ) are well-informed by the data.

Appendix F. Evaluating SBICE on synthetic datasets generated using
non-parametric data-generating processes

We evaluate SBICE on synthetic datasets with high-dimensional covariates, generated using para-
metric models and frugal parameterization (Evans and Didelez, 2024). For each experiment, we
report the mean BSE for a set of causal estimators to assess how closely the generated datasets
resemble the source distribution and how the inferred posterior affects estimator performance. For
these datasets, we vary observable characteristics, including sample size, number of covariates and
functional relationships between variables.

We use two types of simulators for these experiments: (1) FrugalParam, which implements
the data-generating process directly via frugal parameterization and serves as a correctly specified
simulator; and (2) FrugalFlows (de Vassimon Manela et al., 2024), a non-parametric simulator
based on normalizing flows and copulas. Note that the FrugalFlows simulators may not be able to
accurately learn the source data distribution as they require large sample sizes for convergence. We
use the labels Frugal DGP(z) to denote these types of datasets.
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F.1. Frugal DGP1

Frugal DGP1 This dataset includes two unobserved confounders Z1, Zo, and three observed con-
founders X7, X2, X3, a binary treatment 7" and outcome Y. We generate 3000 samples from the
following causal model.

Zy ~ Beta(1.0,1.0

Zy ~ N(1.0,0.5

Xy ~ N (=2.0,2.0

X2 ~ Beta(0.0,0.25

X3 ~ t(1.0,1.0

T ~ Binomial(0.5 + 0.4X; +0.321 + X171 + X2+ 1.5X35 + 2.5X3 — 0.5X; X3 + Z5
Y | do(T) ~ N (3.0T, 1.0)

We use a multivariate Gaussian copula to introduce dependencies between the covariates and
the causal effect distribution. The Spearman correlation matrix for the copula is

1.0 0.8 0.8 0.8 0.8 0.8
0.8 1.0 0.8 0.8 0.8 0.8
0.8 0.8 1.0 0.8 0.8 0.8

Ri=108 08 08 1.0 08 08 (58)
0.8 0.8 0.8 0.8 1.0 0.8

0.8 0.8 0.8 08 08 1.0

(57)

—_ — — — — —

FrugalFlows Sim1 We train a FrugalFlows simulator for this dataset, using the hyperparameters
shown in Table 9.

Table 9: FrugalFlows hyperparameters for Frugal Sim1.

Hyperparameter Value
RQS knots 2
Flow layers 1
Learning rate 0.0054
Network Depth 3
Network Width 9
Causal model (CM) Location translation
(CM) RQS knots 7
(CM) Flow layers 8
(CM) Network Depth 6
(CM) Network Width 6

Prior We specify a single value for the causal effect parameter 7 and p while generating the
datasets from the simulator. The prior is given by

Prior(7) ~ U[0.0,10.0]

Prior(p) ~ U[-1.0,1.0] (59)
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Evaluation We include the BSE for the estimators in Figure 38.

5

Prior Posterior

IS

£, Diff. of Means  0.748  0.227
g X (Lin) 0.857  0.196
5?2 X (GBT) 1.027  0.307
- DML (Lin) 1.297  0.461
DML (GBT)  1.007  0.308

o DR (Lin) 3e7 3eT
@1\»@ @Q;\\ V\”@ @Q;\; &@Q’@ && BART 0.982 0.262
S TMLE 1.779  0.620

= BSEpior [ BSEpost

Figure 38: BSE for DGP: FrugalParam DGP1 and Simulator: FrugalFlows Sim1. (Note the large
bias squared error for the estimates of the DR (Lin) estimator).

F.2. Frugal DGP2

Frugal DGP2 We use a similar dataset as Frugal DGP1, but vary the correlation matrix and the
dependence between the variables as follows

1.0 0.8 0.2 03 0.2 0.7
0.8 1.0 01 04 09 0.3
0.2 01 1.0 05 08 0.1
03 04 05 1.0 09 0.5
02 09 08 09 1.0 0.6
0.7 03 01 05 06 1.0

Ry

(60)

FrugalFlows Sim2 We simulate data using FrugalFlows with the hyperparameters shown in Ta-
ble 10.

We introduce some model misspecification in this experiment, by using a single value for the
DGP parameter p to approximate the dependence between all the covariates and the causal effect
distribution.

Prior
Prior(7) ~ U[0.0, 10.0]

Prior(p) ~ U[-1.0,1.0] (61)

Evaluation We include the mean BSE for the estimators in Figure 39. Note that BSE, o is lower
than the corresponding prior values, indicating that the posterior estimates are informative.

F.3. Frugal DGP3

Frugal DGP3 In this dataset, we have three covariates X7, X3, X3, a binary treatment 7" and
outcome Y for 5000 samples defined using the following model
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Table 10: FrugalFlows hyperparameters for Frugal Sim2

Hyperparameter Value
RQS knots 6
Flow layers 6
Learning rate 0.0027
Network Depth 7
Network Width 9
Causal model (CM) Location translation
(CM) RQS knots 6
(CM) Flow layers 5
(CM) Network Depth 2
(CM) Network Width 9

w

Prior Posterior

IS

£, Diff. of Means 0.516  0.067
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Figure 39: BSE for DGP: Frugal DGP2 and Simulator: FrugalFlows Sim2.

X1 ~ N(2.0,1.0)
X2 ~ Gamma(1.0, 1.0)
X3 ~ N (3.0,1.0) (62)
T ~ Binomial(—0.3X1 + 0.3X5 — 0.4X3 — 0.1X1 X3)

Y | do(T) ~ N(5.0T, 1.5)

The dependence between the covariates and the causal effect distribution is modeled using a
multivariate Gaussian copula with the following Spearman correlation matrix

1.0 0.0 0.0 -0.5
0.0 1.0 00 -0.3
0.0 00 1.0 0.9
-0.5 =03 09 1.0

Rs — (63)

FrugalFlows Sim3 We trained a FrugalFlows model on the source data using the hyperparameters
stated in Table 11. We ran two version of the simulator, one without unobserved confounding, by
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setting the parameter p = 0.0, and another with unobserved confounding by dropping the covariate
X5 from the source data. We call the second setup FrugalFlows Sim3(u) and show the priors for both
settings below. The hyperparameters for the dataset with unbserved confounding are also included
in Table 11.

Table 11: FrugalFlows hyperparameters for FrugalFlows Sim3 and FrugalFlows Sim 3(u)

FrugalFlows Sim3  FrugalFlows Sim3(u)

Hyperparameter Value
RQS knots 2 8
Flow layers 1 11
Learning rate 0.0061 0.0215
Network Depth 4 3
Network Width 39 89
Causal model (CM) Location translation = Location translation
(CM) RQS knots 15 6
(CM) Flow layers 15 4
(CM) Network Depth 53 62
(CM) Network Width 75 62
Prior: Sim3
Prior(7) ~ U[0.0,10.0] (64)

Prior: Sim3(u)
Prior(7) ~ U[0.0,10.0]

Prior(p) ~ U[—1.0,1.0] (63)

Evaluation We compute the mean BSE for causal estimators for FrugalFlows Sim3 in Figure 40
and FrugalFlows Sim3(u) in Figure 41. In both cases, the posterior estimates are informative and
similar to the source data.

2.5
2.0 Prior  Posterior
5. Diff. of Means  0.868  0.097
X (Lin) 0.633  0.069
g10 X (GBT) 0.610  0.064
8 os DML (Lin) 0.601  0.077
TLEE D - DML (GBT)  0.695  0.067
0.0/ TR e TR L - DR (Lin) 0.595  0.067
€ O Q0L ¢ BART 0.616  0.064
& VPPV
R R Ot TMLE 0.773  0.062

[0 BSEprior [ BSEpost

Figure 40: BSE for DGP: Frugal DGP3 and Simulator: FrugalFlows Sim3.
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Figure 41: BSE for DGP: Frugal DGP3 and Simulator: FrugalFlows Sim3(u).

F4. Frugal DGP4

FrugalDGP4 This dataset is based on the simulator in the FrugalFlows (de Vassimon Manela
et al., 2024) paper (referred to as M in the original paper). We have four covariates X;.. Xy, a
binary treatment 7', and outcome Y. We describe the full data generating process as shown below.

X1~ Gamma(p =1,¢ =
Xo ~ Gamma(p =1,¢ =
X3~ Gamma(p =1,¢ =
Xy~ Gamma(p =1,¢ =
T ~ Binomial(—2 + X7 + X9 + X3+ X4
Y | do(T) ~ N'(0.5 + 5T}, 1

1
1
1
) (66)

)
)
)
)
)
)

The gaussian dependency matrix Ry is given by

1.0 0.5 03 0.1 0.8
05 1.0 04 01 038
Ry=103 04 1.0 0.1 0.8 67)
0.1 01 0.1 1.0 0.8
0.8 0.8 0.8 08 1.0

FrugalParam Sim4(u) For this dataset, we use a simulator that is based on the frugal param-
eterization method, called FrugalParam Sim4(u). This experiment is a sanity check to verify the
informativeness of the selected DGP parameters. We drop the covariate X, from the dataset to
simulate unobserved confounding, and treat the last column of matrix R4 as the unobserved con-
founding bias. The simulator is as described below
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X1 ~ Gamma(p =1, =1)
Xo ~ Gamma(p = 1,0 = 1)
X3 ~ Gamma(p = 1,0 = 1)
1)
)
)

(68)
Xy~ Gamma(p =1,¢ =
T ~ Binomial(—2 + X; + X2 + X3+ X4
Y | do(T) ~ N(0.5+ 7T, 1
Prior: FrugalParam Sim4(u) The prior is given by
Prior(7) ~ U[—20.0, 20.0]
(69)

Prior(p) ~ U[—1.0,1.0]

Evaluation The BSE is displayed in Figure 42.
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Figure 42: BSE for DGP: Frugal DGP4 and Simulator: FrugalParam Sim4(u).

FrugalFlows Sim4 and FrugalFlows Sim4(u) For this experiment, we also train FrugalFlows as
the simulator using two versions: with and without unobserved confounding. These simulators are
described as FrugalFlows Sim4 and FrugalFlows Sim4(u) respectively. As stated earlier, to simulate
unobserved confounding, we drop the covariate X4 from the data. The hyperparameters for both
simulators are shown in Table 12.

Prior: FrugalFlows Sim4 The prior is given by
Prior(7) ~ U[-20.0,20.0] (70)
Prior: FrugalParam Sim4(u) The prior is given by

Prior(7) ~ U[—20.0, 20.0]

Prior(p) ~ U[—1.0,1.0] 1)

Evaluation We display the BSE in Figures 43 and 44 respectively.
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Table 12: FrugalFlows hyperparameters for FrugalFlows Sim4 and FrugalFlows Sim4(u).

FrugalFlows Sim4  FrugalFlows Sim4(u)

Hyperparameter Value
RQS knots 3 3
Flow layers 1 1
Learning rate 0.0077 0.0597
Network Depth 1 1
Network Width 98 58
Causal model (CM) Location translation  Location translation
(CM) RQS knots 5 4
(CM) Flow layers 3 2
(CM) Network Depth 78 68
(CM) Network Width 84 69
50
40 || Prior  Posterior
£ u Diff. of Means ~ 0.605  1.164
g L X (Lin) 2.182 1.039
g% X (GBT) 1.009  0.425
210 Hﬂﬁ n DML (Lin) 0.849  0.669
. I - .| DML (GBT) ~ 38.579  44.946
N , DR (Lin) 8eb le6
< <®+\V~@ \ég\\ & @Q;\;@@% /\@& BART 0.636 0.506
TN 0 TMLE 44.175  17.503

 — BSEprior

0 BSEpost

Figure 43: BSE for DGP: Frugal DGP4 and Simulator: FrugalFlows Sim4.

F.5. Frugal DGP5

Frugal DGP5 We replicate model M3 in the FrugalFlows (de Vassimon Manela et al., 2024)
paper for this experiment. It has 10 covariates, which are combination of discrete and continuous
covariates X7..X10, a binary treatment 7" and outcome Y. The data generating process is as shown

below
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Prior  Posterior
Diff. of Means  2.961 1.305
X (Lin) 1.971 0.315
X (GBT) 2.187 0.415
DML (Lin) 1.226 0.439
DML (GBT) 16.569  12.744
DR (Lin) le7 0.628
BART 2.447 0.709
TMLE 48.569  21.788

Figure 44: BSE for DGP: Frugal DGP4 and Simulator: FrugalFlows Sim4(u).

X1 ~Gamma(p=13,¢ =1
n=13¢=1
p=13¢=1
p=13¢=1
X5 ~ Gamma(p = 13,9 =1

)

X5 ~ Gamma )
)

)

)

X¢ ~ Bernoulli(p = 0.5)
)

)

)

)

X3 ~ Gamma

~~ I/~~~

X4 ~ Gamma

X7 ~ Bernoulli(p = 0.5
Xg ~ Bernoulli(p = 0.5
Xog ~ Bernoulli(p = 0.5
Xi0 ~ Bernoulli(p = 0.5

T ~ Bernoulli(—0.3 + 0.1X7 + 0.2X5 + 0.5X35 — 0.2X4 + 1.X5
+0.3Xg — 0.4X7 4+ 0.7Xg — 0.1.X9 + 09X10)

Y | do(T) ~ N'(2.5 — 5T, 1)

The gaussian dependency matrix Rs is given by

10 03 04 05 01
03 10 -03 06 -03
04 -03 1.0 -05 0.2
05 06 =05 1.0 -0.2
01 -03 02 =02 1.0
-02 04 -01 -0.2 —-0.2
-0.7 -04 -01 -0.5 -0.1
05 06 00 05 -05
-04 03 -04 03 -06
05 02 -04 04 -02
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-0.2 =07 05 -04
04 -04 06 03
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CAUSAL EVALUATION VIA SIMULATION-BASED INFERENCE

FrugalFlows Sim5 and FrugalFlows Sim5(u) We train two simulators FrugalFlows Sim5 and
FrugalFlows Sim5(u). To simulate unobserved confounding, we drop the covariates X3 and X7.
The hyperparameters for both simulators are displayed in Table 13.

Table 13: FrugalFlows hyperparameters for FrugalFlows Sim5 and FrugalFlows Sim5(u).

FrugalFlows Sim5  FrugalFlows Sim5(u)

Hyperparameter Value
RQS knots 1 1
Flow layers 1 4
Learning rate 0.0081 0.0043
Network Depth 50 77
Network Width 22 39
Causal model (CM) Location translation  Location translation
(CM) RQS knots 5 9
(CM) Flow layers 5 3
(CM) Network Depth 31 56
(CM) Network Width 1 36
Prior: FrugalFlows Sim5 The prior is given by
Prior(7) ~ U[-20.0, 20.0] (74)

Prior: FrugalParam Sim5(u) The prior is given by

Bias Squared Error

Prior(7) ~ U[—20.0, 20.0]

75
Prior(p) ~ U[—1.0,1.0] 7)
Evaluation The BSE is displayed in Figures 45 and 46.
3.0 J—J_
2.5 Prior Posterior
20 Diff. of Means  0.264 0.264
L5 X (Lin) 0.065 0.065
1.0 | X (GBT) 0.040 0.040
05 éﬁ DML (Lin) 0.319 0.178
T, P DML (GBT) 2173 1876
os DR (Lin) 1249.365 1249.374
T e Q& QL BART 0.053 0.053
ARSI < 7
VA SO TMLE 0.790 0.789
3 BSEprior 3 BSEpost

Figure 45: BSE for DGP: Frugal DGP5 and Simulator: FrugalFlows Sim5.
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8] Prior Posterior
£ Diff. of Means  1.955  2.249
[ X (Lin) 2.157  2.034
g 4 X (GBT) 2.033  2.224
g DML (Lin) 2179 2.195

JT DML (GBT)  2.880  4.193

0 AL LT DT DR (Lin) 4eb 5e5

& S & E S BART 2.013  2.149
TSy TMLE 3.171 2114

0 BSEprior [ BSEpost

Figure 46: BSE for DGP: Frugal DGP5 and Simulator: FrugalFlows Sim5(u).

Key takeaway

As long as the simulator is able to approximate the source data distribution, computing the
posterior is informative, i.e. we may be able to eliminate values of the DGP parameters that
are incompatible with the source data distribution. We verified this is true for non-parametric
DGPs and flexible, neural-network based simulators (FrugalFlows).

Appendix G. Evaluating SBICE on real-world, observational datasets

Apart from synthetic datasets, we also evaluated SBICE on real-world, observational datasets de-
scribed in Appendix C.2. We used the Lalonde (RCT), the Lalonde (observational) dataset, Postgres
and the Twins dataset which all have a ground-truth estimate of the ATE. This allows us to compute
the bias squared error (BSE). For the real-world datasets, we utilized two simulators: Realcause
and Frugalflows, we found that datasets generated by Realcause exhibited lower SWD values when
compared to FrugalFlows and was automatically selected by SBICE. We focused on three different
prior parameters: treatment effect 7, degree of heterogeneity &, and overlap m = P(T' =1 | X). We
measured the bias squared error for a number of estimators and found that the posterior BSE was
often lower than the prior BSE suggesting that our methods are useful in eliminating DGP parameter
values that are inconsistent with the source data.

G.1. Lalonde (RCT)

This dataset has 8 covariates (a combination of discrete and continuous values). It is based on the
randomized controlled trial that examines the impact of an employment program on the income
levels of participants. There is no unobserved confounding, as this is an RCT.

Simulators We include the details of the two simulators that were trained on the Lalonde (RCT)
data, named FrugalFLows Lalonde (RCT) and Realcause Lalonde (RCT). The hyperparameters
used are shown in Tables 14 and 15. To ensure that the scales of the generated datasets are the same
across the two simulators, we re-scaled the source data distribution prior to running SBICE.
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Hyperparameter Value
Hyperparameter Value Model TARNet
Distribution Sigmoidal Flow
RQS knots 20 stribu &
Dimensions 2
Flow layers 14 Y
. Base distribution Normal
Learning rate 0.001 .
Hidden layers 64
Network Depth 22 . . .
. Hidden dimensions 256
Network Width 11
) . Treatment Kernel RBFKernel
Causal model (CM) Location translation
Outcome Kernel RBFKernel
(CM) RQS knots 3 .
Learning rate 0.0068
(CM) Flow layers 13 )
Batch size 512
(CM) Network Depth 25 Max Epocs 1000
CM) Network Width 28 .
( ) W transform Standardize
Y transform Normalize

Table 14: FrugalFlows Lalonde (RCT)

Table 15: Realcause Lalonde (RCT)

Table 16: Hyperparameters for simulators trained on the Lalonde (RCT) dataset.

Prior The prior distribution is as follows

Prior(r, &, 7 | G, = RC1) = {U[-1.0,1.0], U[0.0, 1.0], U[0.0, 1.0]}

Prior(r, p | G, = FF1) = {U[~1.0,1.0], U[-1.0,2.0]} (70)

Evaluation Since this is an RCT, the difference of means is the ground-truth ATE 7*. We compute
the mean SWD for the posterior and prior datasets as well as the BSE for a set of causal estimators
and include the results in Figure 47. We note that the model probability P(Gy, = RC) = 1.0 for
the last iteration of SMC-ABC. Note that the Doubly Robust estimator exhibits a large mean BSE
value for both the posterior and the prior, primarily driven by outliers in the estimated ATE values
(for certain datasets). We examined the median values and found them to be comparable to other
estimators.

G.2. Lalonde

An observational counterpart to the RCT in Section G.1 is the Population Survey of Income Dy-
namics (PSID) control sample. This dataset contains the treated units from the RCT and the control
samples from the observational dataset. We use the same set of covariates, and use the ground-truth
ATE as the value obtained in the RCT.

Simulators The hyperparameters for the FrugalFlows Lalonde and Realcause Lalonde simulators
are shown in Table 19.

Prior We set the prior as follows

Prior(r, €, 7 | G, = RC2) = {U[-5.0, 5.0], U[0.0, 1.0], U[0.0, 1.0]}

Prior(7, p | Gy, = FF2) = {U[-5.0,5.0],U[-1.0,2.0]} 7"
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® 025 DML (Lin) 0.347 0.002

0.00 DML (GBT) 0.400 0.003
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Figure 47: SWD and Mean BSE of causal estimators for DGP: Lalonde (RCT) and Simulator:
Realcause Lalonde (RCT).

Hyperparameter Value
Hyperparameter Value Model TARNet
Distribution igmoidal Flow
RQS knots 1 . . Sig
Dimensions 2
Flow layers 8 S .
. Base distribution Uniform
Learning rate 0.0038 .
Hidden layers 1
Network Depth 2 . . .
. Hidden dimensions 4
Network Width 6
. . Treatment Kernel RBFKernel
Causal model (CM) Location translation
Outcome Kernel RBFKernel
(CM) RQS knots 9 .
Learning rate 0.01
(CM) Flow layers 4 )
Batch size 25000
(CM) Network Depth 3 Max Epocs 10000
CM) Network Width 6 .
( ) W transform Normalize
Y transform Normalize

Table 17: FrugalFlows Lalonde

Table 18: Realcause Lalonde

Table 19: Hyperparameters for simulators trained on the Lalonde dataset

Evaluation We include the bias squared error plot, the mean SWD and the BSE for each causal
estimator in Figure 48.

G.3. Postgres

The Postgres dataset contains 8 covariates measuring the settings of a Postgres database. The treat-
ment is a binary indicator of the index level and the outcome measures the run time for that setting.

Simulators The hyperparameters for FrugalFlows Postgres and Realcause Postgres simulators are
included in Table 22.
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w
o

Prior Posterior
25
5 SWD 1.874+1.20 0.15+0.01
u?é s Mean BSE
§ X (Lin) 3.520 0.016
g10 X (GBT) 8.580 0.017
® DML (Lin) 8.332 0.022
. DML (GBT) 6.193 0.046
A;z i@ N '0(\\ T I-\o\ ;é\ <« DR (Lin) 4e3 4e3
Y +@“’O@¢ RN BART 4.631 0.017
Q TMLE 4.291 0.035

[0 BSEpost [ BSEprior

Figure 48: SWD and Mean BSE of causal estimators for DGP: Lalonde and Simulator: Realcause
Lalonde.

Hyperparameter Value
Hyperparameter Value Model TARNet
ROS knots A5 D¥str1bu.t1on Sigmoidal Flow
Dimensions 3
Flow layers 38 o
. Base distribution Normal
Learning rate 0.0003 .
Hidden layers 2
Network Depth 2 . . .
. Hidden dimensions 32
Network Width 14
. . Treatment Kernel RBFKernel
Causal model (CM) Location translation
Outcome Kernel RBFKernel
(CM) RQS knots 46 .
Learning rate 0.007
(CM) Flow layers 41 Batch size 16
(CM) Network Depth 23 Max Epocs 1000
(CM) Network Width 48 W transform Standardize
Y transform Normalize

Table 20: FrugalFlows Postgres

Table 21: Realcause Postgres

Table 22: Hyperparameters for simulators trained on the Postgres dataset.

Prior We set the prior as follows

Prior(7, &, 7 | G, = Realcause) = {U[-5.0,5.0], U[0.0, 1.0], U[0.0,1.0]}

78
Prior(7, p | Gy = FrugalFlows) = {U[-5.0,5.0], U[—1.0,2.0]} (78)

Evaluation We include the bias squared error plot, the mean SWD and the BSE for each causal
estimator in Figure 49.

63



AMARANATH MURALIKRISNAN SHARMA JENSEN

50
- Prior Posterior
5“1 SWD 1.62+1.03 0.02 +0.001
u?é 30 Mean BSE
2.0 X (Lin) 9.130 0.0003
3 - u X (GBT) 10.055 0.0003
® 10/ DML (Lin) 7.827 0.0003
N N DML (GBT) 9.844 0.0003
@ \Q\ Q 0(\\ Q \0\ Q»g < DR (L1n) le7 590
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Q TMLE 27.045 0.002

Figure 49: SWD and Mean BSE of causal estimators for DGP: Postgres and Simulator: Realcause
Postgres.

G.4. Twins

We include another dataset with simulated treatment confounding (similar to the Postgres dataset) (Louizos
et al., 2017). We find that the posterior distribution is closer to the source distribution as demon-
strated by the lower BSE values. The experimental details are as listed below.

Simulators The hyperparameters for FrugalFlows Twins and Realcause Twins simulators are in-
cluded in Table 25.

Hyperparameter Value
Hyperparameter Value yPerp
Model TARNet
RQS knots 15 R .
Distribution Bernoulli
Flow layers 26 .
. Hidden layers 1
Learning rate 0.0055 . . .
Hidden dimensions 64
Network Depth 2
. Treatment Kernel RBFKernel
Network Width 49
. . Outcome Kernel RBFKernel
Causal model (CM) Location translation Learnine rate 505
(CM) RQS knots 9 S
Batch size 256
(CM) Flow layers 43
Max Epocs 10000
(€M) Network Depth 49 W transform Normalize
(CM) Network Width 15 )
Y transform Normalize

Table 23: FrugalFlows Twins Table 24: Realcause Twins

Table 25: Hyperparameters for simulators trained on the Twins dataset.

Prior We set the prior as follows

Prior(7,&, 7 | Gi, = Realcause) = {U[-3.0, 3.0], U][0.0, 1.0],U[0.0,1.0]}

79
Prior(7, p | Gy, = FrugalFlows) = {U[-3.0, 3.0],U[-1.0,2.0]} 7
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Prior Posterior
SWD 1.01 £0.62 0.01 +£0.00
Mean BSE
X (Lin) 0.044 0.0003
X (GBT) 0.063 0.0001
DML (Lin) 0.039 0.0002
DML (GBT) 0.048 0.0001
DR (Lin) 0.062 0.002
BART — —
TMLE — —

Table 26: SWD and Mean BSE of causal estimators for DGP: Twins and Simulator: Realcause
Twins.

Evaluation We include the mean SWD and the BSE for each causal estimator in Table 26. We
used the default settings of the estimators for BART and TMLE and found many errors for the
generated datasets. For this reason, we omit their causal estimates and corresponding BSE values
in the table.

Appendix H. SBICE with alternate distance metrics

We evaluate SBICE for the three real-world datasets using an alternate distance metric: maximum
mean discrepancy (MMD). MMD is a kernel-based distance metric that measures the difference
between two probability distributions by comparing their mean embeddings in a reproducing kernel
Hilbert space (RKHS). MMD is based on the idea that if two distributions are equivalent, then, their
moments match. While it is more appropriate for the mixed-type and high dimensional datasets,
exact computation is of the order O(n?), when compared to the sliced-Wasserstein distance (SWD)
which can be computed in O(n log n). We include the results of SBICE for three real-world datasets
in this section. We find that the BSE for all estimators across both the posterior and the prior datasets
is similar to that obtained using the SWD as seen in Appendix G.

H.1. Lalonde (RCT)

Figure 50 displays the BSE for each estimator with the posterior and prior datasets drawn using
MMD as the distance metric. We also include the mean BSE values, mean SWD and mean MMD
distances for all 50 datasets of the posterior and prior. As with the SWD metric, we find that the
posterior BSE is less than the prior BSE across all estimators.

H.2. Lalonde

Figure 51 displays the BSE for each estimator with the posterior and prior datasets drawn using
MMD as the distance metric.
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Figure 50: SWD, MMD and Mean BSE of causal estimators for DGP: Lalonde (RCT) and Simula-

tor: Realcause Lalonde (RCT) using MMD as the distance metric.

2.0 Prior Posterior
15 SWD 0.43+0.20  0.16+£0.01
£ L MMD 0.159 4 0.055 0.083 + 0.004
% Mean BSE
& o5 X (Lin) 0.187 0.025
5 | n X (GBT) 0.441 0.032

' DML (Lin) 0.427 0.039

05 DML (GBT) 0.498 0.028
& E S S DR (Lin) 4e3 4e3

TS0 BART 0.235 0.027

59 BSEpost [ BSEprior TMLE 0.238 0.049

Figure 51: SWD, MMD and Mean BSE of causal estimators for DGP: Lalonde and Simulator:

Realcause Lalonde using MMD as the distance metric

H.3. Postgres

Figure 52 displays the BSE for each estimator with the posterior and prior datasets drawn using
MMD as the distance metric for the Postgres dataset. We observe a similar trend as when using the

SWD metric.
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14 Prior Posterior
(12 SWD 0.12 4 0.07 0.04 + 0.02
§10 MMD 0.0019 & 0.0014  0.0005 = 0.0004
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Figure 52: SWD, MMD and Mean BSE of causal estimators for DGP: Postgres and Simulator:
Realcause Postgres with MMD as the distance metric.
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