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ABSTRACT

Despite the advantageous subquadratic complexity of modern recurrent deep
learning models — such as state-space models (SSMs) — recent studies have high-
lighted their potential shortcomings compared to transformers on reasoning and
memorization tasks. In this paper, we dive deeper into one of such benchmarks:
associative recall (AR), which has been shown to correlate well with language
modeling performance, and inspect in detail the effects of scaling and optimiza-
tion issues in recently proposed token mixing strategies. We first demonstrate
that, unlike standard transformers, the choice of learning rate plays a critical role
in the performance of modern recurrent models: an issue that can severely affect
reported performance in previous works and suggests further research is needed to
stabilize training. Next, we show that recurrent and attention-based models exhibit
contrasting benefits when scaling in width as opposed to depth, with attention be-
ing notably unable to solve AR when limited to a single layer. Finally, by further
inspection of 1-layer transformers, we reveal that despite their poor performance,
their training dynamics surprisingly resemble the formation of induction heads, a
phenomenon previously observed only in their 2-layer counterparts.

1 INTRODUCTION

Associative Recall. There is growing interest in benchmarking basic properties and capabilities
of new language models (Gu & Dao, 2024; Nguyen et al., [2024)) that use recurrent mechanisms as
opposed to softmax attention (Vaswani et al., 2017). One key aspect of language modeling is the
ability to recall previously encountered information. Following Arora et al.|(2023)), given the input

”Hakuna Matata means no worries for the rest of your days. Hakuna Matata means ...”,

a well-performing model should predict ”ro worries” with high likelihood. Building on this
idea, the synthetic associative recall (AR) task was introduced (Graves et al., 2014} |Ba et al.| 2016;
Olsson et al., 2022)), and gained popularity as an efficient reasoning benchmark to assess promising
model architectures at a relatively low cost. Specifically, given a fixed vocabulary V', each sample
consists of a sequence of tokens sampled from V representing alternating key-value pairs. Given
such a sequence and a key that appeared earlier in such sequence, the model must correctly infer its
corresponding value: For example, given the input sequence and the key:

A619C7P1S4D2C—7

the model should predict 7. A crucial aspect of this task is that the tokens serve interchangeably as
keys and values—they are drawn from the same vocabulary rather than separate sets. Consequently,
the model cannot rely on preassigned roles for tokens. Moreover, since token roles and positions
vary, the model cannot memorize a fixed mapping but must instead infer the correct associations dy-
namically in-context. Since performing AR can be seen as a fundamental prerequisite for reasoning,
we expect that models capable of solving this synthetic task are promising LLM when scaled.

Multi-Query Associative Recall. Building on previous research (Arora et al.,[2023)), our experi-
ments employ a variant of AR known as multi-query associative recall (MQAR). There are two key
distinctions between MQAR as implemented in |Arora et al.|(2023)) and standard implementations
of AR, both of which align more closely with natural language. First,|Arora et al.|(2023)) introduced
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a significantly larger vocabulary: from the 50 tokens of standard AR to approximately 8000 tokens
in MQAR. This makes the task more representative of real-world language processing where the
vocabulary size is in the order of hundreds of thousands of tokens. Second, instead of recalling a
single key-value pair, the MQAR definition in|Arora et al.|(2023)) requires the model to retrieve mul-
tiple values based on multiple queries. This more accurately mirrors the nature of language, where
meaning is often derived from groups of words and interrelated concepts rather than isolated tokens.
For instance, given an input sequence and multiple keys:

A67I9C7P1S5S4D2C—-7A—-7D—7

we ask the model to recall the relative values 7, 6 and 2. While all of our analyses are made using
MQAR, throughout this note we use the terms AR and MQAR interchangeably for simplification.

2 CLOSER LOOK INTO AR PERFORMANCE
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Figure 1: Performance of 2-layers models. Results for H3 (Fu et al.||2023), RWKV (Peng et al.|

2023|) and Based (Arora et al., [2024) included in App. We report the official resulty|(green
stars) and the replication running the original code of (Arora et al.| |2023)) (dotted blu line). While
for replication, we used the learning rates grid by |Arora et al|(2023), we note here that, due to
high sensitivity to the learning rate (Fig, [2), tuning drastically affects performance. In

we provide results with a finer grid (cf. Fig[2). Careful tuning of the learning rate gives a general
improvement in the performance of recurrent models. This becomes especially crucial in Mamba,
where the task becomes solvable at high sequence lengths >> hidden size. The results show the
mean and relative max-min errors for 3 seeds. Attention always solves the task (all curves overlap).

Building on previous research, we aim to provide an in-depth analysis of the differences and simi-
larities between attention and recurrent models through the lens of AR. Prior studies (Arora et al.,
2023)) have shown that transformers are inherently well-suited for solving the MQAR task, achieving
perfect accuracy regardless of model dimension, sequence length or number of key-value pairs to
infer. In contrast, it was argued (both theoretically and empirically) that new recurrent models (Peng
et al., 2023;|[Nguyen et al., [2024}|Gu & Dao| 2024) can only solve MQAR if the hidden dimension is
roughly equal to the sequence length (see analysis by Jelassi et al.|(2024)) in a related setting). How-
ever, a key aspect that has been overlooked in some prior works is the crucial role of optimization
in recurrent models —particularly, the use of an effective grid search for the choice of learning rate.

Hypothesis from previous works. Recurrent models update their hidden state (which serves as a
compressed representation of past information) at each time step, using the current input. Since the
model only has access to its hidden state and the current input, its ability to recall previous informa-
tion depends on how effectively it compresses past data into this state. With a simplified analysis
assuming uniform distribution over strings, Jelassi et al.| (2024)) showed that to successfully copy

"Mamba was not included in the official work but some experiments are documented in the blog post
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input strings, the hidden size needed grows linearly with the sequence length. In contrast, trans-
formers (Vaswani et al.,2017) dynamically access all previously seen inputs through the softmax
attention mechanism, allowing for the explicit computation of interactions between tokens. This
makes the task of recalling already seen tokens essentially a lookup table problem when two layers
work simultaneously, as described in|Jelassi et al.| (2024)); Olsson et al.|(2022) (see App. .

Results. Compared to previous work, in our experiments, we devoted more attention to tuning the
learning rates, drastically improving the reported performance for recurrent models (see Fig. [T&2).
As shown in Figure [I] and extensively in Appendix [A.3] a finer grid not only enhances average
performance across all settings but also proves particularly crucial for the Mamba model. With a
more suitable learning rate, Mamba (Gu & Dao, 2024)), which was previously shown to struggle with
long sequence lengths, becomes capable of solving MQAR at relatively small hidden model sizes.
All experimental details for this and the next experiments are in Appendix [A.2] This highlights a
key takeaway for MQAR: the choice of learning rate (and optimization strategy in general) can be
decisive in assessing whether a recurrent model can solve the task at all.
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Figure 2: We show the performance of Attention, Hyena and Mamba using the same learning rate
grid search. Differently from attention, the window of suitable learning rates for Mamba and Hyena
is relatively narrow. We also compare our grid search with the one used in Zoology (Arora et al.|
2023) (dashed vertical lines) to highlight how the suitable learning rate can be missed. The results
show the mean and relative max-min errors after 3 runs with different seeds.

Figure [2]illustrates that attention-based models maintain strong performance across a relatively wide
range of learning rates. In contrast, Hyena and Mamba exhibit a different behavior: performance
remains near zero for most learning rates but suddenly reaches near-optimal levels at specific val-
ues which may not be included in the grid by |Arora et al.| (2023)). These findings highlight a key
distinction between attention-based and recurrent models: a sparse learning rate grid search can
disproportionately impact their training outcomes. This discrepancy can lead to misleading con-
clusions about the capabilities of these models, emphasizing the need for careful tuning.

3 EFFECTS OF WIDTH/DEPTH SCALING INTO AR PERFORMANCE

While our findings in Sec. 2] show that some recurrent models can exhibit improved performance
on MQAR with proper learning rate tuning, we confirm that a sizeable gap with attention can still
be observed for some recurrent models at low widths (e.g. Hyena vs. Attention). The experiments
of Sec. 2 focused on comparisons of 2-layer architectures, at different sequence lengths and model
widths. This choice stems from prior research (Olsson et al.,2022)), where transformers have shown
peculiar in-context learning capabilities related to the formation of induction head circuits in 2-layer
models. With the intention of going beyond the setup that is known to show strengths for softmax
attention, our objective in this section is to explore the effects of scaling in different configurations.
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Figure 3: Performance of I-layer attention-based (Attention, Based) and recurrent-based (H3,
Hyena, Mamba, RWKV) models on AR. We show how for recurrent models, scaling the width boosts
performances. On the contrary, attention models cannot solve the task anymore as in the 2-layer
setting, and performances are unaffected by the scaling in width. The results show the mean and
relative max-min errors after 3 runs with different seeds.

To achieve this goal, we conducted experiments analogous to Section 2] using single-layer architec-
tureﬂ By doing so, we aim to decouple the effects of inter-communication between layers and to
isolate the impact of each model’s fundamental structure (attention versus recurrence) on MQAR.
Beyond this, our motivation also comes from the notable connections that have been drawn between
attention and recurrent models (Dao & Gu|, 2024} [Ali et al., 2024} [Sieber et al,2024) — all of which
concern 1-layer models. Our results, presented in Figure[3] reveal two key insights:

1. First, for a fixed sequence length, recurrent models always benefit from scaling in width — as
was happening in 2 layers (Sec.[2). That is, expanding the hidden state dimension enhances their
performance. This result aligns well with current literature (Jelassi et all, 2024} [Orvieto et al.}
2024): as already mentioned, at each time step recurrent models store compressed inputs into a
hidden state, which serves as a condensed representation of all past information. A larger hidden
dimension facilitates less aggressive compression, allowing the model to retain more information.

2. Attention models exhibit a surprisingly different behavior: when constrained to a single layer,
they fail to solve the task and increasing the hidden dimension does not affect their performance.
This is in stark contrast to their strong results in 2-layer architectures, where even the smallest
model was sufficient to solve the task in the hardest setting. Interestingly, in this setting trans-
formers are capable on average of recalling one key-value pair in every setting, suggesting a
memory size issue when only one layer is present.
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Figure 4: Scaling models in width and depth (Seq len: 256, KV pairs: 64). Symbols with the same
shape and color represent models of increasing size in the following order: 64, 128, 256, 512,
1024, and 2048. We show how rather than the number of parameters, is the way these models are
scaled that impacts performance. Specifically, recurrent models benefits from scaling in width, while
attention benefits from scaling in depth.

Our findings highlight a key takeaway from our study: attention and recurrent models exhibit oppo-
site scaling behaviors in width and depth. In other words, as shown in Fig. 4] rather than the number
of parameters, it is the way these models are scaled that has most impact on their performance.
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Figure 5: Training (lower opacity) and Validation dynamics of 1-layer models. We reported within
brackets the smallest width that solves the task, if possible; or otherwise the biggest width we
tried (for attention). Differently from Mamba, Hyena requires the model dimension to exceed the
sequence length. Both exhibit smooth learning dynamics, leading to perfect performance. Attention
shows a loss bump, but without accuracy gains, suggesting a failed attempt to form induction heads.

4 1-LAYER TRAINING DYNAMICS AND INDUCTION HEADS PHENOMENON

Sec. [3| sparked our curiosity, leading us to explore the single-layer architecture setup further — to
understand why attention hits a performance ceiling while recurrent models can solve the task.

In this section, we analyze the training dynamics of well-tuned Hyena, attention and Mamba models.
As illustrated in Fig. [5|we identify two main patterns. First, Hyena (and similarly other non-selective
recurrent models like H3 and RWKYV) exhibits consistently smooth learning dynamics, with a grad-
ual and steady improvement that eventually lead to convergence at the solution. Specifically, loss
reductions align closely with increases in accuracy. Differently, attention accuracy remains largely
unchanged throughout training. A similar trend appears in the test loss, which remains relatively
stable until a sudden bump occurs, after which the test loss settles again. This bump resembles the
formation of an induction head circuit (Olsson et al.;,|2022), and to the best of our knowledge has pre-
viously only been observed during the training of multi-layer transformer architectures. However,
as opposed to what can observe in 2-layer models, this phase transition in the loss does not corre-
spond to an accuracy improvement for attention. Based on previous work (Olsson et al., 2022}, we
hypothesize that during this phase transition, the attention mechanism attempts to form induction
heads. However, in the single-layer setting, the model lacks the expressivity needed to effectively
leverage this mechanism for task resolution. Interestingly, the dynamics of Mamba is mixed:

1. Like single-layer attention models, we report a significant loss bump, reinforcing the connection
between Mamba and attention mechanisms, as suggested in |Ali et al.|(2024);|Dao & Gu|(2024).

2. However, unlike transformers, Mamba can successfully solve the task even in a single-layer set-
ting — provided the learning rate is properly tuned, similarly to other recurrent models.

Our results highlight a crucial distinction: while attention and recurrent models share some common
ground, yet distinct inductive biases. Moreover, their performance is in strong interaction with the
optimization algorithm at hand (in our case, Adam (Kingma, 2014)), as we also saw in Figure [2]
Understanding these nuances is key to optimally leveraging both architectures, perhaps also towards
hybrid models (Waleffe et al., {2024} |Dao & Gu, 2024)).

5 DISCUSSION AND CONCLUSIONS

In this work, we used MQAR as a benchmark to compare attention and recurrent models at a small
scale. Our findings shed additional light on how the underlying mechanisms of these models in-
fluence their performance. Specifically, we showed that recurrent models are highly sensitive to
optimization, with their performance significantly affected by the choice of learning rate. This

’By single layer in attention and recurrent models we mean a sequence mizer followed by an MLP.
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underscores the need for further research to improve their stability. Additionally, we observed con-
trasting scaling behaviors: recurrent models benefit from the increased width and hidden state size,
whereas transformers struggle with MQAR in a single-layer configuration. Interestingly, despite
their poor performance, single-layer transformers exhibit training dynamics resembling the induc-
tion head phenomenon, previously reported only in multi-layer settings. Instead, Mamba displays
similar behavior but successfully solves the task. Our findings suggest overlaps between the op-
timization landscapes of Mamba and attention, yet with crucial differences related to expressivity,
to study further. Looking ahead, we think that exploring other synthetic reasoning tasks and other
positional embeddings could provide further insights into the mechanisms behind these models.
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A APPENDIX

A.1 RELATED WORKS

Induction Heads While investigating the capabilities of transformers in few-shot learning, pre-
vious work ( (Olsson et al., [2022)) showed the phenomenon of induction heads. The main insight
was that during training, with transformers with at least 2 layers, a special kind of attention heads
called “Induction heads” is formed, causing a noticeable drop in the loss perplexity, while giving a
sudden boost in In-context learning performances.

More formally, induction heads are implemented by a circuit consisting of a pair of attention heads
in different layers that work together to copy or complete patterns. The first attention head copies
information from the previous token into each other tokens. In this way, the second attention head
can attend to tokens based on what happened before them, rather than their own content. Specifically,
the second head (the proper “induction head”) searches for a previous place in the sequence where
the present token A occurred and attends to the next token (call it B ), copying it and causing the
model to be more likely to output B as the next token. That is, the two heads working together cause
the sequence ...[A][B]...[A] to be more likely completed with [B].

Induction heads are named by analogy to inductive reasoning, where we might infer that if A is
followed by B earlier in the context, A is more likely to be followed by B again later in the same
context. Induction heads are capable of crystallizing that inference. They search the context for
previous instances of the present token, attend to the token which would come next in the pattern
repeated, and increase its probability in terms of logit. Induction heads attend to tokens that would
be predicted by basic induction (over the context, rather than over the training data).

A.2 EXPERIMENTAL DETAILS

In this section, we describe the experimental setup used throughout our study. Clearly outlining these
details is crucial for interpreting the results presented in subsequent sections. Our implementation
is inspired by methodologies from Zoology (Arora et al.|[2023).

Data. The dataset consists of sequences of tokens representing key-value pairs. Tokens are sam-
pled from a fixed vocabulary of 8, 192 tokens. Within each sequence, key-value tokens are assigned
randomly, ensuring that the model cannot learn a static mapping. Consequently, each sample is
independent, requiring the model to infer the role of tokens in context rather than relying on memo-
rization. The synthetic dataset is structured with four specific sequence lengths, each paired with a
corresponding number of key-value pairs to recall:

* 64 tokens with 4 key-value pairs;

* 128 tokens with 8 key-value pairs;

* 256 tokens with 16 key-value pairs;

* 512 tokens with 64 key-value pairs.
For the first three sequence lengths, the ratio of key-value pairs to sequence length is 1 : 16, whereas
for the longest sequence, the ratio is 1 : 8, making it the most challenging case. For each se-
quence length, a dedicated dataset is created, consisting of 100, 000 training samples and 3, 000 test

samples. Model evaluation is performed by training each model on a specific sequence length and
subsequently assessing its performance on that same length.

Models Our experiments utilize a total of six models:

¢ Two attention-based models: Attention and Based.
* Four recurrent models: H3, Hyena, RWKYV and Mamba.
Each model is tested across six model dimensions: 64, 128, 256, 512, 1024 and 2048. Additionally,

models are implemented in two configurations: 1-layer and 2-layer. Notably, a “layer” in our context
refers to the concatenation of two blocks: a sequence mixer (e.g., attention, RWKYV, etc.) followed
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by an MLP. Thus, a 1-layer model consists of two blocks, aligning with the terminology used in
prior work (Arora et al.[2023} [Olsson et al.|[2022)). Positional information is used only in attention
and Based.

Training and Evaluation We used GPU A100 in all our experiments. We trained for 100 epochs
using AdamW as optimizer, weight decay 0.1, warmup duration 10%, linear warmup. The batch
size varied depending on the sequence length: 128 for sequence length 512, 256 for sequence length
256 and 512 otherwise. Each configuration (combining model type, model dimension, and sequence
length) undergoes a learning rate sweep to identify the optimal learning rate. The reported accuracy
for each configuration corresponds to the best performance achieved across the tested learning rates.
We want to highlight that the accuracy reported should be interpreted as the average percentage of
key-value pairs correctly labeled. Specifically, achieving 50% accuracy with sequence length 64 and
4 as relative number of key-value pairs means that on average the model recalls correctly 2 values
given 4 keys. To ensure robustness, all experiments are conducted using three random seeds (42,
123, and 777), with results reported as the mean and standard deviation across these trials.

A.3 FULL TABLES
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Figure 6: Performance of 2-layers models. Results for H3 2023), RWKV
2023) and Based (Arora et all |2024) included in App. We report the official results’| (green

stars) and the replication running the original code of (Arora et al|[2023)) (dotted blu line). While
Sor replication, we used the learning rates grid by [Arora et al.| (2023), we note here that, due to
high sensitivity to the learning rate (Fig, [2), tuning drastically affects performance. In solid orange,
we provide results with a finer grid (cf. Fig2). Careful tuning of the learning rate gives a general
improvement in the performance of recurrent models. This becomes especially crucial in Mamba,
where the task becomes solvable at high sequence lengths >> hidden size. The results show the
mean and relative max-min errors for 3 seeds. Attention always solves the task (all curves overlap).

3Mamba was not included in the official work but some experiments, with different settings compared to
ours, are documented in the blog post.
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