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Abstract

Multi-level compositional optimization is a fundamental framework in machine
learning with broad applications. While recent advances have addressed composi-
tional minimization problems, the stochastic multi-level compositional minimax
problem introduces significant new challenges—most notably, the biased nature of
stochastic gradients for both the primal and dual variables. In this work, we address
this gap by proposing a novel stochastic multi-level compositional gradient descent-
ascent algorithm, incorporating a smoothing technique under the nonconvex-PL
condition. We establish a convergence rate to an (¢, €//k)-stationary point with
improved dependence on the condition number at O(x?/2), where € denotes the
solution accuracy and « represents the condition number. Moreover, we design a
novel stage-wise algorithm with variance reduction to address the biased gradient
issue under the two-sided PL condition. This algorithm successfully enables a
translation from and (e, €/+/k)-stationary point to an e-stationary point. Finally,
extensive experiments validate the effectiveness of our algorithms.

1 Introduction

This paper investigates the stochastic multi-level compositional minimax optimization problem:

i (&
Jnin max f(G(x),y), 1)

where f(G(x),y) = E[f(G(x),y;¢)] and ¢ denotes a random variable. The function G(z) =
g (- (gM(x))) is a K-level compositional function with K > 1, where each inner-level function
g® () = E[g¥)(;£(*))] depends on the random sample £*) for k € {1,--- , K'}. The function
f(-,-) is referred to as the outer-level objective. In this paper, we consider the general nonconvex—PL
setting, where f(G(x),y) is nonconvex in the primal variable x and satisfies the Polyak-Lojasiewicz
(PL) condition with respect to the dual variable y.

Multi-level compositional optimization has emerged as a vital framework in machine learning, with
broad applications across numerous domains. In meta-learning, it enhances model adaptability across
tasks [12} 22]; in finance, it supports risk-averse portfolio optimization under uncertainty [3}[20]; and
in reinforcement learning, it aids policy evaluation and decision refinement [8, [24]]. The widespread
impact of the multi-level compositional structure highlights its importance in handling complex and
structured optimization problems. Moreover, the scope of multi-level compositional optimization
extends naturally to the minimax setting, with applications in areas such as deep AUC maximization
[33]], multi-instance learning [40], and multi-objective learning [[19], etc. Despite the importance of
these applications, the stochastic multi-level compositional minimax optimization problem remains
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Table 1: The comparison of convergence rate between our algorithms and existing stochastic
compositional minimax algorithms.

Algorithms Convergence Rate Assumption Level

SCGDA [17] O(k*/€%) Nonconvex-strongly-concave | Two-level
SCGDAM [33] O(k*/eh) Nonconvex-strongly-concave | Two-level
CODA-Primal [9] O(k*/e") Nonconvex-strongly-concave | Two-level
NSTORM [26] O(K?/€®) Nonconvex-strongly-concave | Two-level
Smoothed-SMCGDA-VR (Thm. O(K*?/e?) Nonconvex-PL Multi-level
Onestage-SMCGDA-VR (Thm. |C.1) O(K3/€®) Nonconvex-PL Multi-level
Stagewise-SMCGDA-VR (Thm. |C.2) O(k%/¢) Two-sided-PL Multi-level

largely underexplored. This gap in the literature motivates our study, which aims to develop an
effective algorithmic solution for this challenging class of problems.

Solving multi-level compositional problems is challenging, even in the minimization setting. In
particular, when the inner-level functions are nonlinear, the stochastic gradient is no longer an
unbiased estimator of the full gradient. Recent research has proposed new algorithms to address this
issue. Notably, [31]] introduced a K -level stochastic compositional gradient descent algorithm, and
subsequent efforts [5 23 135] have developed algorithms specifically tailored to address the biased
characteristics inherent in the stochastic multi-level compositional framework. Unfortunately, these
minimization-targeted algorithms cannot directly address the stochastic multi-level compositional
minimax optimization problem in Eq. (I), as the stochastic gradients for both primal and dual
variables are biased estimators in stochastic multi-level compositional minimax problems—posing
greater algorithmic and theoretical challenges.

In addition, although [[17, 26} 9] investigate the two-level compositional minimax problem, it remains
within the classical minimax framework and does not consider more advanced techniques that can
improve convergence. In contrast, recent progress in classical minimax optimization has demonstrated
that smoothed techniques can significantly improve convergence. For instance, [36] proposed a
smoothed alternating gradient method for general nonconvex—concave problems, which achieves
superior performance compared to conventional approaches. Building on this, [30] further applied
this technique to the nonconvex-PL setting—a milder condition than strong concavity—and showed
that stochastic smoothed techniques yield improved complexity bounds with better dependence on
the condition number x. However, despite the clear benefits of smoothed techniques in traditional
minimax optimization, its application to multi-level compositional minimax problems remains
unexplored. This observation motivates a key question: Can smoothed techniques be effectively
integrated into the multi-level compositional framework to improve convergence performance?

Addressing this question is not straightforward and presents substantial algorithmic and theoretical
challenges. On the one hand, while existing studies [36,[30] demonstrate that smoothing techniques
are effective for unbiased stochastic gradient estimators, the biased nature of stochastic gradients for
both the primal and dual variables in Eq. (I) introduces uncertainty regarding the effectiveness of
applying such techniques. It remains unclear whether their use may lead to additional convergence
issues. Therefore, it is essential to develop new algorithms that can accommodate biased gradient
estimators and guarantee convergence when using smoothing techniques for Eq. (T). On the other
hand, as demonstrated in [30]], smoothed algorithms typically guarantee an (€1, €2)-stationary point,
rather than a standard e-stationary point, which are defined in Definition This necessitates
a translation between the two measures. While such a translation introduces negligible iteration
complexity in classical minimax problems when using an unbiased gradient estimator as shown in
[30], there is no known algorithm capable of performing this translation in the context of multi-level
compositional minimax optimization. In particular, it remains unclear how to design a translation
algorithm without degrading the iteration complexity of the smoothed algorithm in the presence
of a multi-level compositional structure. Therefore, these challenges motivate us to address the
problem through the following contributions:

* We develop a novel smoothed multi-level compositional minimax optimization algorithm
for Eq. (I) by leveraging the variance reduction technique to mitigate the biased gradient
estimator issue, and establish a convergence rate of O(x%/2/€®) to an (e, ¢/+/r)-stationary
point. Compared to existing algorithms, our method achieves a better dependence on the



condition number #: improving over the O(k?) rate of standard two-level compositional
minimax algorithms.

* To bridge the gap between an (¢, ¢/+/k)-stationary point and a standard e-stationary point,
we further propose a stage-wise variance-reduced algorithm for Eq. (I)) under the two-sided
PL condition. We show that the algorithm achieves a convergence rate of O(1/¢?) to an
e-stationary point. As a result, the iteration complexity from the translation is dominated by
the complexity of finding an (e, €/+/k)-stationary point.

¢ Meanwhile, we obtain two additional results, which may be of independent interest: the
convergence rates for the multi-level compositional minimax problem under the nonconvex-PL
and two-sided-PL assumptions without using the smooth technique, as summarized in Table[I]

* We conduct extensive experiments to validate the effectiveness of our proposed algorithms,
demonstrating superior performance compared to existing baselines.

2 Related Work
2.1 Stochastic Compositional Minimization Optimization

Recently, a general class of stochastic compositional gradient descent methods [29, |18, 132} [15} [16]]
was developed for two-level compositional minimization problems and established convergence rates
for nonconvex loss functions. Aiming to address practical problems with a more general stochastic
compositional structure, the stochastic two-level compositional problem has been extended to the
stochastic multi-level compositional problem. Stochastic multi-level compositional learning has
various applications, including multi-step model-agnostic meta-learning [12]], the stochastic training
of graph neural networks [6], the neural networks with batch-normalization [25], etc. Consequently, a
series of stochastic multi-level compositional minimization algorithms [31} 12} |5} 35 23} [13}|14]] have
been developed to solve this important problem. Notably, [31]] introduced the first stochastic multi-
level compositional gradient descent algorithm. Then, [2] employed a moving-average estimator,
and [5]] used the STORM variance-reduction estimator [7]] for each inner-level function, achieving a
convergence rate of O(1/¢*). Later, [35] improved the sample complexity to O(1/€3) by applying the
SPIDER variance-reduction technique [11} 27] to both the inner-level function and Jacobian matrix
at each level. Nevertheless, the large batch size required by this method makes it impractical for
large-scale models, and the learning rate must be sufficiently small to maintain Lipschitz continuity
of the variance-reduced gradient. By applying the STORM variance-reduction approach to both the
function value and its Jacobian matrix at each level, [23] developed a convergence rate of O(1/€%)
for the stochastic multi-level compositional problem with a mini-batch size of O(1). More recently,
for the first time, [13]] showed that the variance-reduction estimator is not necessary for the Jacobian
matrix in each level to achieve a convergence rate of O(1/e). However, these stochastic multi-
level compositional algorithms focus exclusively on minimization problems and therefore cannot be
directly applied to multi-level compositional minimax problems.

2.2 Stochastic Compositional Minimax Optimization

Stochastic compositional minimax optimization [[17, 33} 9l [26l |37} [38]] has attracted increasing
attention due to its important applications in machine learning. To solve the two-level compositional
minimax problem, [17]] developed the first compositional minimax algorithm based on the mini-batch
compositional gradient, achieving a convergence rate of O(x*/€*) for nonconvex-strongly-concave
loss functions. [33]] incorporated the momentum technique to reduce the mini-batch size to O(1) while
achieving the same convergence rate as [[17]. Similarly, [9] used a variance-reduced estimator for the
inner-level function, also reducing the mini-batch size to O(1) and achieving the same convergence
rate as [17]. [26]] introduced the STORM technique for estimating the inner-level function and
gradient, achieving a convergence rate of O(k3/e3). Recently, [9] claimed to achieve a convergence
rate of O(k?/e3). However, this convergence rate is established with respect to the stationary point
of the Moreau envelope of the primal function, rather than that of the original primal function. As a
result, it corresponds to the convergence rate for a strongly-convex—strongly-concave loss function,
rather than for nonconvex—strongly-concave or nonconvex-PL loss functions. More recently, [37]
developed the first stochastic multi-level compositional minimax algorithm for nonconvex-strongly-
concave loss functions in the federated learning setting. However, its convergence rate O(1/e?) is
suboptimal compared to the multi-level compositional minimization algorithm. On the other hand, the
smoothed technique was first introduced for nonconvex—concave minimax problems in [36], where
the convergence rate of a full alternating gradient descent ascent method was established. Later, [30]



extended this technique to the nonconvex—PL setting and further investigated the relationship between
two stationarity measures. However, none of these algorithms are equipped to handle the challenges
posed by multi-level compositional minimax problems, which remain largely unexplored.

3 Preliminaries

3.1 Notations

We begin by simplifying the complex formulation in Eq. (1) to facilitate analysis:

GH(a) = g (G* (@), Ve (2) = vG "V (2)veM (@D (), @
where k € {1, , K}, GO (z) = 2, and G(z) = G (x).
The partial gradients of the objective function can then be expressed as follows:

Vo f(G(z),y) = VGI) @)V f(GF)(2),y),  V,f(G(z),y) = Vof (G (z),y). ()

Following prior works [36,[30], we introduce an auxiliary variable z alongside the primal variable x
as part of the smoothed technique, and define the smoothed loss function as:

fo(G(@) y:2) = f(G(2).y) + Sl —z]* ©)

where w > 0 is a constant and f,,(G(x), y; z) is strongly convex with respect to = by selecting an
appropriate w. Using the smoothed loss, we can derive stochastic estimators of the compositional
gradients with respect to the primal and dual variables at the ¢-th iteration:

vsz(.7 g ~;€t,Ct) _ Vg(l)(:vt;§§1>)Vg<2)(g<1)(xt; ED); §2>) L vg(K—l)(g(K72)(.;§£K72));§£K—1))

x Vg (g (D) )V £ (00 (5 650), w0 G) + wlme — 20)
Vifoli5€G) = Vo f(g"0(565), 0 G 5)
where &, = {ft(l) §2)7 e 7§t(K)}~

3.2 Assumptions

We next introduce the following standard assumptions, which are commonly used in stochastic
compositional optimization [[17, 26} 9} 38} 37, 130].

Assumption 3.1. (Smoothness):
s Foranyk € {1,2,--- , K}, g™ (-) and g\¥(-; €) are Cy-Lipschitz continuous, Vg (-) and
Vg*) (- €) are L4-Lipschitz continuous,where Cyq > 0 and Ly > 0;
e f(-,-) and f(-,-;¢) are Cy-Lipschitz continuous, ¥V f(-,-) and V f(-,-; () are Ly-Lipschitz
continuous, where Cy > 0 and Ly > 0.
Assumption 3.2. (Variance):
s Forany k € {1,--- , K}, the stochastic gradients Vg (-;¢€*)) and V f (-, -; ¢) have upper
bounded variance o2, where o > 0.
Assumption 3.3. (PL Condition):

* Forany fixed x € R%, the maximization problem y* = max,cga, f(G(x),y) has anon-empty

solution set and a finite optimal value. Moreover, for all x € R%, there exists a constant value
p > 0 such that [V f (G (2), )l = 2u(f(G(z),y*) — f(G(z),y)).

Here, we define £ = max{Ly,Ce" Ly + Cj 25;01 LyCK=1%k} and k = ﬁ denotes the condition
number. Then, when w > ¢, f,,(G(x),y; z) is strongly convex with respect to x. We also introduce
the following definitions.

Definition 3.4. (Two-sided PL Condition):

* f(x,y) satisfies the two-sided PL condition, if there exist constants i, > 0 and i, > 0 such
that f(-,y) is pr,-PL for any y € R%, and — f(z,-) is ju,-PL for any x € R%.



Definition 3.5. (Stationarity measures):

* (z,y) is an (e, €z)-stationary point of f(--), if |Vof(G(x),y)ll < e and
IVyf(G(2),y)l| < €.

* z is an e-stationary point of ®(-), if [V®(z)|| < € where ®(x) = f(G(x),y*) and y* =
arg max, e, F(C(2), ).

3.3 Challenges

From the algorithmic design perspective, one of the primary challenges in incorporating
smoothed techniques is managing the intrinsic bias of stochastic gradients for both the primal
and dual variables. Specifically, as shown in Eq.(3)), the partial gradient regarding the dual variable y
relies on the stochastic estimator of K -level function G (%) (+), while that regarding the primal variable
x depends on the stochastic estimator of both GU)(-) and VG (.). In the stochastic setting,
however, computing the stochastic estimator for both the k-th level function and its corresponding
gradient introduces bias, as illustrated below:

E[g®) (g*1 (€D ¢0h) £ GR(
E[Vog® ™ (5 €8NV 00y g™ (gE D (5 €37D); 600)] £ V. GH () (6)

As aresult, the stochastic gradients with respect to both primal and dual variables are biased
estimators of the full gradient. Moreover, as shown in Eq. @, the estimation biases accumulate
across all compositional levels when estimating both the inner-level functions and their gradient.
This accumulation of bias introduces greater complexity compared to the two-level case and raises
concerns about whether the deeper compositional structure might undermine the effectiveness of
smoothed techniques, as all existing smoothed minimax methods handle deterministic gradients or
unbiased stochastic gradients.

From the theoretical analysis perspective, a major challenge arises from the gap between
different stationarity measures induced by smoothed techniques. As demonstrated in [30]], a
translation is required from an (€7, €2)-stationary point to an e-stationary point. In standard minimax
settings, this can be achieved by applying a stochastic gradient descent-ascent algorithm to the
auxiliary problem min, cga, max,cga, f(z,y) + €|z — 2 2, where 7 is the output of the smoothed
algorithm. Owing to the fact that this formulation satisfies the the PL condition in both x and v,
with an iteration complexity of O(1/e?). Therefore, if the cost of this translation remains lower
than that of the smoothed algorithm itself, it does not affect the overall complexity. However, for
multi-level compositional minimax problems, there do not exist algorithms for handling the
two-sided PL condition to complete the translation, and it is unclear whether the iteration
complexity of the translation is smaller than that of the smoothed algorithm or not. In particular,
the existing study [31] showed that the standard compositional gradient descent algorithm can only
achieve a convergence rate with an exponential dependence on the number of levels, even for strongly
convex loss functions. As a result, the complexity of the translation phase could dominate the overall
complexity. Therefore, it remains unclear whether there exists an efficient algorithm to translate from
an (€1, €2)-stationary point to an e-stationary point for multi-level compositional minimax problems.

4 Algorithm[I; Smoothed-SMCGDA-VR
4.1 Algorithmic Design

To address the smoothed loss in Eq. (), we design a novel algorithm, named stochastic smoothed
multi-level compositional gradient descent ascent with variance reduction (Smoothed-SMCGDA-VR),
as presented in Algorithm[I] To mitigate the accumulation of bias at each compositional level, our
method incorporates a STORM-like variance-reduced estimator. Specifically, for each inner-level
function g(*)(-), where k € {1,..., K}, we apply a recursive step that updates the estimator h(*)
while controlling variance. This variance reduction technique is also employed for the stochastic

gradients: V, fo, (-, -5+ &, G) and Vy £, (-, -5 5 &4, Go).-

More concretely, the variance-reduced estimator for each level-£ function is computed as:
k k—1), (K k ) p (k=1), o(k
hith = g® 60 + (1 an?) () — g P 1V 60), @

where hgg_)l = x4,1 when k = 0, and « > 0 is a hyperparameter such that an? € (0, 1).



Algorithm 1 Stochastic Smoothed Multi-Level Compositional Gradient Descent Ascent with
Variance Reduced ( Smoothed -SMCGDA-VR)
Input: > 0, > 0, pp >0, py > 0,7, > 0,7, > 0,7, >0, p,n> < 1, pyn* < 1, an? < 1,
Yen < 1.
Initialization: h(()o) = o, h(()k) = g(k)(h(k 1), (()k)) forke{1,---,K},
po = Vg (s &) - Vg (6" V5 6™ V1 (1), o3 Go) + wlwo — 20)
= V2f(h(()K),y0; o), o = Po, Vo = qo.
cfort=0,---,7T—1do
Update z and y: Tt41 = Tt — ValiPt 5 Ye+1 = Yt + VyMGt »
Update z: zi11 = 2¢ + vn(Tee1 — 2¢)

1

2

3

0

4: h§+)1 = Ti+1 >
5.

6

fork=1,--- ,Kdo
Compute k-th inner-level function:
k k=1). (K k k—1), (k
hith = g W (360 + (L= aP) (Y — g® (™ 60)
7:  end for
8:  Compute stochastic compositional gradient w1 and vy yq:
0) . #(1) K—2), ((K—1 K 1
e Vg (i €h) - VR (T T ) VM (V) x
Vlf( t+1 y Yia1; Cf+1)+W(It+1 — Zi41)
Vi1 = Vaf(h ) e o)
9:  Compute variance-reduced gradient p; 1 and g4 1:

Pig1 = Uprat1 + (1= pa®) (e — sseg1) » @1 = Veratr + (1= py1?) (@ — Ve41)
10: end for

For the outer-level update, we compute the stochastic gradient of the smoothed loss defined in Eq. (3),

based on the variance-reduced estimator {hii)l}f:l of the inner-level function, as presented in Step
8. Here, u¢41,¢4+1 denotes the stochastic compositional gradient regarding primal variable, where the
first index indicates the ¢ 4 1-th iteration of the variable, and the second reflects the sample indices

ét+1 = {{5,5?1}15:1» Ct+1}- Similarly, we compute the stochastic gradient with respect to the dual
variable based on the variance-reduced estimator hifl) of the inner-level function. The algorithm then
performs STORM-like updates on p;4 1 and g;41, as presented in Step 9, where p,, > 0 and p, > 0
are two hyperparameters such that p,n* € (0, 1) and p,n* € (0, 1).

4.2 Theoretical Analysis

We derive the convergence rate of Algorithmin the following theoremﬂ
Theorem 4.1. Given Assumptions when p, > 0, pﬁ] >0 a >0 w= O(), and the
194)

hyperparameter conditions in Eq. are satisfied, Algorithm|l|achieves the following convergence
upper bound:
Z (Ve f(G o), yo) 1] + KE[[Vy £ (G (xe), y)|I7])
kPo ko2 ko2 ko
<0225 ) 0l ) -0l ) 0l
0427725'2 2 2 a2n202 2 2 2 2
—I—O( T)—Q—O(nmna)ﬁ-O( T)—FO(&pynU)—i—O(/ﬁana), (8)

where Py = f,(G(x0), Yo; 20) — 2fw.a(Yo; 20) + 29(20), with the definitions of the involved terms
provided in Eq. (23))

Corollary 4.2. Given Assumptions by setting v, = O(1), v, = O(1), v, = O(1/k),
n = 0(e/Y?), pr = O1), py = O(1), a = O(1), S = O (k¥?/e), T = O (k*?/e3),

’Due to space limitations, the theorem with the full hyperparameter conditions is provided in the Ap-

pendix



Algorithm |I| can achieve the O(e, ¢/\/k)-stationary solution, where ¢ > 0 denotes the solution
accuracy, and S is the batch size in the initial iteration.

Note that our Theorem [4.1] provides the convergence rate in terms of the stationary point of rhe
original loss function f(G(xt),yt), rather than that of the smoothed loss function f,,(G(z),y; z).
Therefore, this result corresponds to the convergence rate for a nonconvex-PL loss function, rather
than for a two-sided-PL loss function. As a result, the comparison of convergence rates with existing
methods in Table [I] is fair and consistent with the comparison made in the context of classical
smoothed minimax optimization in [30].

Proof Sketch. To establish the convergence rate of Algorithm (1} we propose a novel potential
function as follows:

He = fulG(xe), yes 20) — 2he,a(yes 2¢) + 20(2¢) +va Bl|lpe — Vo fuo(H (24), 13 20) ]

PA Optimization Error: Lemmas Gradient Error regarding x: Lemma
K
k k—1
+ 1w Elllg = Vo JulH @),y 2) 17+ D A EllA"Y = g™ (" )IP] ©)
k=1

Gradient Error regarding y: Lemma Inner-level Estimation Error: Lemma[B3]

where the coefficient v,, v, and {\; }X_; are positive, where the notations of V. f.,(H (z¢), y; 2¢)
and V,, fo,(H (x¢), y¢; 2¢) can be found in Eq. (23).

To analyze the descent of the potential function, we decompose and bound each term through a
sequence of lemmas. First, we bound:

Pr = fu(G(xt), yes 2t) — 2hu,a(yes; 2¢) + 2h(24) , (10)
which characterizes the optimization error introduced by the smoothed technique. Each component
of P, depends on z, y and z, and the compositional gradient introduces additional bias:

» We first derive upper bounds for each component in P;.
* We then combine these bounds in Appendix [B.2.T|to analyze and quantify their dependence,
providing a clear characterization of how the three terms interact.
Second, three additional terms in Eq. (O) arise from the gradient errors regarding = and y, and the
inner-level estimation error in the multi-level compositional loss.

Third, the four terms in #, are interdependent. We analyze these dependencies in Appendix[B.2.2]and
show that H; satisfies a sufficient descent property, i.e., H;+1 — H; can be bounded under suitable
hyperparameter conditions, ensuring convergence to an (¢, €/+/k)-stationary point. The complete
proof is provided in Appendix [B]

5 Algorithm 2 Stagewise-SMCGDA-VR
5.1 Algorithmic Design

Algorithm 2 Stagewise-SMCGDA-VR
Input: p, >0, p, >0,a>0,7;, >0,n,, > 0.
1: for Stager =0,--- ,R—1do
% @o = Ers Yoo = G B = B fork € {0, K — 1},
Pr,0 = Prs> 4r,0 = qr-

3 fort=0,---,7T.—1,do

4 Perform one iteration ¢ of SMCGDA-VR update

5: Randornly select (i'r+1> g’l’+17 hilj»)]_?ﬁ’l““rla (.77’+1) from {(xr,h Yrits ha(ft) y Prits QT,t)}zéal‘
6: end for

7: end for

However, to facilitate a fair comparison between the convergence rate of Algorithm [I]and existing
stochastic two-level compositional minimax methods, which establish the rate in terms of e-stationary
point instead of (€1, e2)-stationary point, it is necessary to convert the (e, €/+/k)-stationary solution
into an e-stationary solution. As discussed in Section [3.3] making this translation is challenging for



multi-level compositional minimax optimization problems. Specifically, in the classical minimax
setting, [30] showed that the standard stochastic gradient descent ascent (SGDA) algorithm is
sufficient for the translation by solving a strongly-convex—strongly-concave problem, since its
convergence rate is only O(1/€2), which is dominated by that of the smoothed algorithm. However,
this approach does not work for the multi-level compositional minimax optimization problem.
Specifically, even for the multi-level compositional minimization optimization problem, the classical
stochastic compositional gradient descent algorithm can only achieve a convergence rate with an
exponential dependence on the number of levels for strongly convex loss functions, as shown in [31].

The aforementioned challenge motivates the development of a new algorithm to handle the translation
from an (e, €/+/k)-stationary solution into an e-stationary solution. To this end, we aim to develop a
new algorithm to solve the multi-level compositional minimax optimization problem that satisfies the
two-sided PL condition. Specifically, assume Z is the output of Algorithm[I] then we complete the
translation by solving the following problem.

min max f(G(x),y) = [(G(x),y) + llz—Z[]* . (11)
rER yE]Rdy
Note that Z is the output = from Algorithm [I]and it is fixed when solving this problem. Moreover,
since w is selected such that f(G(xz),y) is strongly convex with respect to z, f(G(x), y) naturally
satisfies the two-sided PL condition. Then, our next goal is to develop an efficient algorithm to solve
Eq. such that its iteration complexity is better than that of Algorithm[T} i.e., the translation does
not hurt the overall convergence rate.

To this end, we propose a novel stage-wise algorithm, named Stagewise-SMCGDA-VR, as shown
in Algorithm 2] (Note that a more general algorithm is presented in Algorithm 3|for the multi-level
compositional minimax optimization problem satisfying the two-sided PL condition. This algorithm
may be of independent interest, beyond its use for the translation phase.). The overall optimization is
divided into R stages, and in each stage, we run the SMCGDA-VR algorithm without updating z (i.e.,
removing the component highlighted in blue) and replacing z with Z in Step 8. At the end of each
stage 7, the algorithm randomly selects a tuple from the set {(x, ¢, Yr 1, hi{? JDrits qr,t)}tTgo_l, where
ke {1,..., K}, to be used as the initialization for the next stage r + 1. A complete description of
the algorithm is given in the Appendix[C|

5.2 Theoretical Analysis

We establish the convergence rate of Algorithm[2]in the following theorem. More general results for
the extended Algorithm 3] which may be of independent interest, are presented in Theorems [C.I}C.2]

2
Theorem 5.1. Given Assumption by setting co = 25;#, pe = 6400co L2, Py = 640L%, a=
64000L/2j, Ny,0 = ﬁ, To = max{225, ii‘;‘; boand forr > 1, g, = O(p?/ (V27 —1Lg)), ny.r =
O(1/(V2r=1Lg)), T = O(co/(p x 2"7Y)), after running Algorithm @for the total number of
iterations (not stages) O(1/€*), we can get E[||V®(Zg)|[|?] < €2

Remark 5.2. From Theorem it can be observed that the iteration complexity O(1/€?) of the
translation phase is much smaller than that of Algorithm|l} Therefore, the translation does not hurt
the overall convergence rate.

Remark 5.3. Since the overall iteration complexity is determined by Algorithm[l| we can conclude
that our algorithm achieves an iteration complexity of T = O (HS/Q/ES), improving upon the
O (H4/€4) complexity of the two-level compositional minimax problem in [\I7/| 9] by offering better
dependence on both  and € and the O (/<;3 / 63) complexity in [26] by a better dependence on k. To

the best of our knowledge, this is the first algorithm to achieve an O(k>/?) dependence for (multi-level
compositional) minimax problems under the nonconvex-PL setting.

Proof Sketch. To prove Theorem [5.1I] we use an induction approach to handle the stage-wise
structure of Algorithms 2] We introduce two metrics to facilitate convergence analysis:

EVr] = E[@(z,) — ®(z")] + E[®(E,) - f(G(Er),50)] ,
N— Yy,
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where V, denotes the optimization error, and I, is similar to the last three terms of Eq.

O, coisa
positive constant such that <=t = -5 Importantly, following Lemma and , we establish
Y,

how V; and U, affect each other across stages and derive the following inequalities in Appendix
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These bounds differ only by a factor of 1/u. Using induction, at the r-th stage, we assume
]E[VT‘] S 6'r‘ b ]E[ur] S HET‘ 9’ (14)

where €, > 0 is a constant. Finally, by selecting appropriate hyperparameters, we prove that

EVri] <erpr 25 (15)

2 )
As such, we establish the desired convergence rate. The complete proof is provided in Appendix [C|

E[urJrl] S HEr41 -

6 Experiment
6.1 Deep AUC Maximization

In the deep AUC maximization problem, applying K -step gradient descent to minimize the cross-
entropy loss function results in a K -level inner function G(-) in Eq. , with a detailed discussion
provided in Appendix [A] We compare our smoothed method with three baselines: SCGDA [17],
SCGDAM [33], and NSTORM [26] across three datasets: CATvsDOG, CIFAR10 and STLI10.
Imbalanced binary datasets are generated following the approach described in [33]], with an imbalance
ratio of 0.05. ResNet20 is employed as the model. For all algorithms, we set both the learning rate
and the momentum or variance reduction coefficient to 0.1. In our proposed method, we employ
smoothed techniques during the first 90 epochs, followed by stage-wise updates for the remaining 10
epochs.

AUC
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Figure 1: The test AUC score versus the number of stochastic first-order gradient evaluations.

We conduct experiments using our smoothed method for both K = 1 and K = 5, with results
presented in Figure[I] Notably, NSTORM applies STORM-like updates to the two-level(]{ = 1)
compositional minimax problem without smoothed techniques. Our results show that the smoothed
approach consistently outperforms all baselines. Moreover, as the number of levels increases, the
smoothed method does not degrade the performance, demonstrating its robustness to increased
compositional levels. This improvement is observed consistently across all datasets, highlighting the
effectiveness of incorporating deeper compositional structures. Additional experiments with varying
K are provided in the Appendix[A]

6.2 Multi-Instance Learning

Following [39]], multi-instance learning can be reformulated as a multi-level compositional minimax
problem as shown in Eq.[I] with details provided in Appendix [A] For multi-instance learning tasks,
our proposed approach utilizes two types of stochastic pooling operations: log-sum-exp (smx)
pooling and attention-based (att) pooling. We compare the performance of our smoothed methods
against six baseline methods: MIDAM(smx) and MIDAM(att) [40], both utilizing stochastic pooling
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Figure 2: The test AUC score versus the number of epochs for Tabular Datasets.

operations; DAM(mean), DAM(max), DAM(smx), and DAM(att), all of which update the AUC loss
with traditional PESG optimizer [34].

We conduct experiments on five commonly used tabular benchmark datasets [10, [1] for MIL tasks —
MUSKI1, MUSK?2, Fox, Tiger, and Elephant — as well as one histopathological image dataset, namely
Breast Cancer. For the tabular datasets, we use a two-layer feed-forward neural network with tanh
activation and a sigmoid output for AUC loss normalization. For the Breast Cancer dataset, each
image is divided into 32 x 32 patches and treated as a bag of 672 local patches to enable efficient
multi-instance processing, using ResNet20 as the model. All datasets are randomly split into training
and testing sets with a 0.9/0.1 ratio.

1.0 1.0

For the tabular datasets, we perform 5- oo

fold cross-validation, repeating each run ~ o.8{ W/ W e . i

. . [/ 0.81 ANNIYIA NI AN AN
with three random seeds. For the image £ 071 7
dataset, we use two random seeds. The §o . "\‘"\W“W,WWV‘A‘/W‘m «ﬂ"\,‘\"v\"wﬁ‘w Sos
learning rate for the primal variables ™ \ 051 A iy

. . . v ve smx 0.4 — al
is tuned within the set {le-1, le-2, le- 02 wowem | 03 T
3}, while the learning rate for the dual 4, Soowsemo | — ousn

. . 0 20 40 60 80 100 0 20 40 60 80 100
variables is fixed at 1. We vary the value Epoch Epoch

of K from 1 to 5 and ultimately fix it at
3 to achieve more stable performance.
We present the experimental results on
the tabular datasets in Figure[2} and on
the image dataset in Figure@ For the tabular datasets, to ensure clearer visualizations, we omit error
bars in the plots and instead report both the mean and standard deviation of the results in Table 2]
as shown in Appendix [A] For the image dataset, we focus our comparison on the softmax-based
and attention-based methods. In both experimental settings, our proposed algorithms consistently
outperform all baseline methods, demonstrating superior optimization behavior and generalization
performance across a range of tasks and datasets.

(a) Softmax-based (b) Attention-based

Figure 3: The test AUC score versus the number of epochs
for Breast Cancer Dataset.

7 Conclusion

In this work, we addressed the challenging problem of stochastic multi-level compositional mini-
max optimization by proposing a smoothed variance-reduced algorithm. Our theoretical analysis
demonstrates that the proposed smoothed method achieves a convergence rate of O (/<;3/ 2/ 63) to an
(e, €/+/K)-stationary point. Furthermore, to bridge the gap between different stationarity measures,
we developed a stage-wise algorithm under the two-sided PL condition, enabling a translation to an
e-stationary point. Extensive experiments on deep AUC maximization and multi-instance learning
tasks validate the superior performance of our approach.
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much the results can be expected to generalize to other settings.
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Answer: [Yes]
Justification: The limitations of previous work are discussed appropriately.
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* The answer NA means that the paper has no limitation while the answer No means that
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
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should reflect on how these assumptions might be violated in practice and what the
implications would be.
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only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.
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* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
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* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
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* The proofs can either appear in the main paper or the supplemental material, but if
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by formal proofs provided in appendix or supplemental material.
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nature of the contribution. For example
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to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The dataset is open access and the code will be shared after acceptance.
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* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized

versions (if applicable).

Providing as much information as possible in supplemental material (appended to the

paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Every relevant detail is covered.
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* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.
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Answer: [Yes]
Justification: The multi-instance task includes error bars.
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* The answer NA means that the paper does not include experiments.
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* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: This is a theoretical paper and not relevant to societal impacts.
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* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
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(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
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* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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Answer: [Yes]
Justification: Every relevant detail is covered.
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* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects
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16.

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: The core method development in this research does not involve LLMs.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Applications and Experiments

A.1 Deep AUC Maximization

AUC(Area under the ROC curve) is widely used to evaluate the classifiers for binary classification
with imbalanced data. [33] reformulated the AUC maximization problem as the following two-level
compositional minimax problem:
min max Lapc (W, a, b, a; z,y)
w,a,b o (16)
s.t. w:w_ﬁvwECE(QU,l',y),

where w € R? are model parameters while (a, b, o) are parameters for AUC loss, (z, y) represents
feature and label of a sample.

Here, Lo g indicates the standard cross-entropy loss func- 0.825
tion, w — V., Lo g denotes using the gradient descent ap- 0.800
proach on cross-entropy loss to update the model parameters, 0.775
where 77 > 0 is the learning rate. Then, the obtained model ¢ o.7s0
parameter @ can be optimized through the AUC loss. The o725

following serves as a generic representation of Eq. (I6) as o700} |/ | T ouike)
a two-level compositional minimax optimization problem: 0.6751 ! — Qustken
. 0.650 N —
min max f(g(z),y), 17 : Ours(k=5)
fL’GRdf’J yGRdy 0 4000 8000 12000 16000 20000
#SFO

where g denotes the inner-level function with one-step gradi- . Y
ent descent and f denotes the outer-level function. Inspired Figure 4: Different K on CIFARIO.
by the achievements in addressing the multi-level compositional minimization problem, we extend
the one-step gradient descent for the inner-level function to a multi-step update. In detail, for
ke {1,---, K}, the k-th inner-level function is defined as:
g0y 2 VBl @) = Ele —aA(w g™, k=1, a8
Elg™ ;™)) = Elg - 7A@G: ™)), k#1,

where § refers to g* =1 () when k € {2,--- , K}, £&*) represents the data distribution for the k-th
level function. The learning rate for the inner-level functions is denoted by 7. Consequently, Eq. (T7)
can be reformulated as a multi-level compositional minimax optimization problem exactly as the

Eq. (I).

A.2 Multi-Instance Learning

Multi-instance learning [[10] is designed for tasks with training data structured into bags containing
many instances, with only bag-level labels known. The symmetric function, also known as the pooling
operation, is a critical component of multi-instance learning. Diverse pooling strategies have been
investigated, including mean pooling, max pooling, and softmax pooling [28] and attention-based
pooling [21]. Then, to address memory concerns, [40] provided a class of variance-reduced stochastic
pooling approaches by reformulating the AUC loss function with the pooled prediction as a three-level
compositional minimax function as follows:

miré max F(w, a,b, &) : = Eiep, [(h(w; ;) — a)?] + Eiep_[(h(w; X;) — b)?]

2

e
+ alc+ Eiep_[h(w; A;)] — Eiep, [h(w; &7)]) — TR (19)
where X; = {z},--- ,z]'"'} denotes a bag of data instances, D represents only containing positive

bags with label y; = 1, D_ represents only containing negative bags with label y; = 0. The pooled
prediction h(w; X;) = fo(f1(w; X;)) denotes the predicted score of the bag i over all its instance,
which is a two-level compositional function. For example, for the log-sum-exp(smx) pooling, we
have:

1

fi(w; X)) = ]

> exp(¢(w;al)) /1), falsi) = Tlog(ss). (20)

z{eXi

For the attention-based (att) pooling, we have:

21



] exp(g(w;wi))wfe(we;xf)l  a(si) = 0(2)

fi(w; X)) = j 2

ﬁ Zw{exi exp(g(w; z7)) Si2

Similarly, the three-level compositional minimax problem in Eq. (T9) can be reformulated as a stochas-
tic multi-level compositional minimax problem by integrating it with cross-entropy loss minimization,
as in Eq. , after computing the predicted score h(w; X;). In particular, applying K inner gradient
steps to optimize the cross-entropy loss results in a K -level inner function. Consequently, Eq.(I9)
can be expressed in the unified form of Eq. , which corresponds to a stochastic (K + 3)-level
compositional minimax problem.

A.3 More Experimental Results

Here, we provide additional empirical results. Specifically, for the deep AUC maximization task, we
perform experiments to evaluate the impact of the number of levels K on performance. As shown in
Figure ] increasing the number of inner levels leads to further improvements in testing performance.
For the multi-instance learning task, we report both the mean and standard deviation of the results on
tabular datasets in Table 2l

Table 2: The test AUC score of different methods on all Tabular Datasets.

Methods | MUSKI | MUSK2 | Fox \ Tiger | Elephant
Ours(att) 0.942(0.039) | 0.965(0.029) | 0.738(0.018) | 0.942(0.017) | 0.931(0.034)
Ours(smx) 0.921(0.047) | 0.939(0.025) | 0.770(0.034) | 0.928(0.026) | 0.942(0.026)

MIDAM(att) | 0.841(0.142) | 0.868(0.087) | 0.718(0.078) | 0.918(0.030) | 0.919(0.029)
MIDAM(smx) | 0.841(0.142) | 0.905(0.117) | 0.702(0.056) | 0.909(0.031) | 0.903(0.039)
DAM(att) 0.770(0.143) | 0.782(0.075) | 0.686(0.050) | 0.870(0.027) | 0.861(0.022)
DAM(smx) 0.802(0.175) | 0.847(0.116) | 0.684(0.049) | 0.889(0.014) | 0.908(0.025)
DAM(max) 0.745(0.112) | 0.822(0.123) | 0.591(0.082) | 0.895(0.047) | 0.875(0.028)
DAM(mean) | 0.795(0.138) | 0.826(0.072) | 0.653(0.103) | 0.855(0.021) | 0.895(0.020)

B Appendix: Smoothed-SMCGDA-VR

To begin with, we introduce the following terminology to simplify the complex expressions, which
will be useful in the subsequent analysis:

Vol (Glae),ye) = Vg (@) VgD (GW (@) - Vg PGE D (@) Vi f (G (@), )

Vyf(Gl@e),ye) = Vaf (GF) (x0),m)

Vo f(H(ze),p) = VgD (@) Vg (b)) - Vg B =D (g2 g S (b )01 £ (0, )

Vo f(H(w),m) = Vaf (B, ) . (22)
Therefore, for the smoothed loss, we have

Vo fu(H (), ys; 2¢0) = Vo f (H(24),y¢) +w(we — 2¢)
VyfoH(xt), ye; 2¢) = Vo f(H(21), y1) - (23)

Moreover, we introduce Cg as follows:

€2 = max {(K +1)C2ED (K2 +C2) (K + 1)52} . (24)

p

Following [30]], we introduce the following auxiliary functions for convergence analysis:

hed(y; z) = migl fw(G(z),y;2), dual function
rER

hep(x; 2) = max f,(G(x),y;2), primal function
yER%Y
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h(z) = min max f,(G(2),y;2),
rERdz yE]Rdy

‘r*(ywz) = arg min' fw(G(x)7y7Z> >

zERde

xz*(z) = arg min hy, ,(z;2) ,
rER

y*(z) = arg max hy, 4(y; 2) . (25)
yER%Y

Proof Structure. Our proof consists of two key components. The first component, including
Lemma|B.3|and Lemma|B.4] addresses the smoothing technique. The second component, comprising
Lemma|B.5] Lemma[B.6 and Lemma|[B.7] deals with the multi-level compositional structure. In
Section|B.2| we complete the proof by carefully combining these two components while addressing
their interdependence.

B.1 Useful Lemmas
Lemma B.1. Given Assumptions[3.1}[3.3] we can know

1. G®)(z) is C§—Lipschitz continuous for k € {1,--- | K — 1} and G(z) is Cg-Lipschitz
continuous where Cg = C';( ;

2. VG(z) is Lg-Lipschitz continuous where Lo = Z]I.:)l L,CE-117;

3. V.f(G(x),y) is L-Lipschitz continuous where L = C3 L + CyLa;

2 r2
4. ®(x) = max, cge, f(G(2),y), ®() is Lo-Lipschitz continuous where Ly = % +
CrLg.
Proof. The first three properties follow from Lemma B.1. in [37]. The last property is based
272
on Lemma A.3. in [30] and can be established by showing that || ®(z2) — ®(x1)|| < (% +
CiLla)|we — 2. O
Lemma B.2. [30] Given Assumptions[3.1)[3.3] the following inequality holds:
o (1,2) — 2° (2, )1 < Ca.ln — sl
2% (y, z1) — 2" (y, 22)|| < Ca2_ll21 — 22|,
2% (21) — 2% (22)|| < Ce.[lz1 — 22|, (26)
where Cx%’z = %, ngz = ﬁ, and Cy, = ﬁ and w > /.
Lemma B.3. Given Assumptions[3.I3.3] and v.n < 1, the following inequality holds:
1. The smoothed function f,(G(xt),ys; 2¢) satisfies:
w
fo(G(@i11), Y13 2) — fo(G(@i41), Yeq15 2041) = o 77H2t+1 —z*. 27
2. The dual function Elhy, q(y:; 2t )| satisfies:
Elhw,da(Yt+15 264+1)] = Elhe a(ye; 20)] + wnEUVy fo (2 (e, 20), Yes 21), a)]
Y Lo o W .
- TE[H%H ]+ §<Zt+1 — 2, Ze41 + 26— 227 (Y15 2041)) - (28)
3. The function h(z;) satisfies:
w * [k
h(ze41) — h(z) < §<Zt+1 — 2, 2e1 + 2t — 207 (Y (2641); 20)) - (29)
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Proof. (I). From the update rule z;11 = 2z + v,n(2¢11 — 2¢), we obtain
fw(G(xt-i-l)a Yt+1; Zt) - fw(G(ﬂftH), Yt+1; Zt+1)

w
= §(H$t+1 - Zt||2 = |71 — Zt+1||2)

w, 1
= 5(727772“Zt+1 —ze)® = 111 = 7em) (w1 — 20)[I7)
z
w 1 (1 —72n)?
= 5(@\@#1 - Zt||2 - Tﬂznztﬂ - ZtHQ)
z z
wl—1+42y.n—72n° 2
= B V2 |21 — 2|
w2 =70

2
== Zia1 — 2
2 . [l 2+ al

%

w 2
2%77H2t+1 2|7

where the last step holds uses the fact that v,n < 1.

Proof. (2). Since the dual function hy, 4(y; 2¢) i8 Ly, 4-smooth, it satisfies that

(30)

Lw,d
Elhw,a(Ye+1; 2t)] > Blhg a(ys; 2¢)] + ]E[<Vth,d(yt; 2t)s Y1 — Ye)) — 7E[||yt+1 - ytH2]
* 7y77 w,
= Elhuw,a(ys; 2)]) + W TEN(Vy fu (2 (96, 20)s vei 20), 61)] — ~——P || gs]?] - €Y}
On the other hand, we have
P, a(Yes1s 2e41) = heo,a(Yes1s 2t)
= fo(@ (Y15 2001)s e 15 2e01) — fo (27 (Y15 2011) Yer1s 2¢)
> @™ (Yer1; 2e401), Y15 2e41) — (@ (Yer1; 26), Yer1; 2)
w * *
= §(||Zt+1 — 2" (Y15 20012 = 20 — 2 (yerrs ze40) 1P)
w X
= §<Zt+1 — 2, Ze41 + 2t — 287 (Yeg1; Ze41)) (32)
where we use the fact (a — b, a + b) = ||a||?> — ||b||? in the second-to-last step.
By combining the above two inequalities, the proof is complete. O
Proof. (3). From the definition of h(z;), we obtain
h(zi41) — h(z)
= huw,d(Y* (2e+1); 2e41) — hwa(y™ (20); 21)
< hea(Y* (2041)5 2641) — Poa(y” (2e41); 2 )
= fu(@* (Y (2t41); 241), ¥ (Zt+1)azt+1) Jo(@™ (Y (2041)5 20), Y™ (2641); 21)
< fo(@ (Y (2e41); 20), ¥ (2e41)5 2041) — fo (@™ (Y (2041)5 20), Y™ (2041); 2¢)
w *
= §(||Zt+1 — 2" (Y (2e41); 2 )||2 2t — 2" (y (Zt+1)§2t)|| )
w
= §<Zt+1 — 2ty 2001 + 2 — 227 (Y (2e41); 20)) (33)
where we use the fact (a — b,a + b) = ||a||* — ||b]|? in the last step. O

Lemma B.4. Given Assumptions when n < m, and v,n < 1, the following inequali-

ties hold:

Bl fu(Gr1) yesns 210)] < (G, yri 20)] = T BV fu(Glarn). s 20|

w

+ %E[Hvyfw(G(l't)vyﬁ )] = 5 Elllze41 — 2ell”] + 92l Ve fu (G(a

27.m

24
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K
k— k Yz
+ 2k Y AEllg® ) = nP )+ (4, - ) Elp))
k=1

3yyn  wHl 45,
(2 2 Bl (34

Proof. First, from Lemma|B.1] it follows that the smoothed loss function f,,(G(z:), y4; 2¢) is (w+0)-
smooth with respect to x. Therefore, we have

E[fu(G(2t41), yt; 20)]
S E[fu(G(@e), yt; 20)] + BV fu(G(24), Y15 26), Terr — T4)] + WTME[H%H —z?]
= B[fu(G(20), 15 20)] = VaBUVa fu(G(24), y1; 20), pi)] + cUTM%WIE[IIMIIQ]

= E[fu(Glar).yes 20)] = T BV ful( Glar) s 20)|] + TS BN Vi Lo (Gla), i 20) = il

Yol w+/
~ 2Ty + 2R

< E[fu(Glae) yos 2] = 5 B[V ful G ), 9 20) 7] + YamEl| Vo fu (H (1), 313 22) = pel?)

1V fu (Gle). i 20) = Vi fulH (@) 20)]17) = 25 Ellp”

< E[fu(Glar) yos 20)) = S BV ful G ),y 20) ] + YamEI| Ve fu (H (1), 313 22) = pel?)

K
+ K Y AE(lg® () = nP 1P - ZLE ), (35)
k=1

where the second-to-last step holds due to n < m .
Similarly, since f.,(G(z+), y¢; 2¢) is (w + £)-smooth with respect to y, we obtain
Elfu(G(@e41), yet1; 21)]
S Elfu(G@et1), 5 20)] + E[(Vy fu(G(@eq1), v 26), Yo — )| + WTM]E[H%H —yell?]
= E[fu(G(@141), ye; 20)] + 1BV y o (G(es1), yt5 2¢) — Vi fu(G(@e), 3 20), av)]
AL, (G l) v 20, 0] + 2P E

< E[fu(G(@en),yri 20)] + 40 BV, fu(Glern), i 20) = Vi fulGlan),yas 20) 2] + LE o))

Yyl Yyl w+/
+ S ElIVy fu(G), 9o 20 I°) + - Elllal”) + — =1 Elllae”]

< E[fu(G(zir1), ye 20)] + M1EH|V fuo(G (@), yes 20) |17 + dyymyan® CE[||pe]?]

3vyn wH+l 4 o
(2 ) (36)

By combining the inequalities above with Lemma B3] the proof is complete.

Lemma B.5. Given Assumptions[3.1}[3.3] the following inequality holds:

1. The estimation error between V. f (G (1), yi) and V. f (H (x¢), y¢) satisfies:
K

E[|Vaf(G(xe),ye) — Vaf (H(we),y)lI?) < K> AE[lg® (rY) = P2, 37)

k=1

where Ay, = (CE(K”CJ%LE,(ZJK o) c;KL§c§<Kk>>.
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2. The bounded error between N . f,(H (1), yt; 2t; étJrl) and NV 5 [, (H (1), yi; 2¢) satisfies:
]E[Hvxfw(H(xt)v Yt Zt; €t+1) - mew(H(xt)v Yts Zt)||2] S 020—2 . (38)

3. Forany k € {1,--- , K}, the descent error between hgi)l and h( ) satisfies:

k
E[In) — nP|2) < 20251 Y202 IE[|RY — g9 (P D))

Jj=1

+ (2C) 2 E |lpe|*] + 2°n* 22 (202)7 (39)

4. For any A\, > 0 where k € {1, --

, K}, the estimation error between g' (h(k 2 ) and h,(fk)
satisfies:

K K
k— k k— k
STME[g® (hETY) = mEL 12 < (1= an®) DT MEllg® (AFTY) = nM |1

k=1
K K
+ 202" ( Z X202V ELlg® () = 2]+ 9202 D A(2C) Ellp )
k=1 j=k+1 k=1
k—1
+ 2a%n*o? Z/\k > e (40)
k=1 7=0

Proof. First, we have
E[[[Va fu (G (@), ye5 20) — Ve fuo(H (), o5 20)[|]
= E[|Vo f(G(xe), y0) + wlze — 2) = Vo f (H(2e), y0) — wlze — 20)|]
= IE[IIV F(G(@),90) = Va f (H (1), 1) ||°]

k k
<K2Ak1@ g™ (A1) = ni )12
k=1

where the last step follows from Lemma B.2, Eq. (25) in [37]].
Similarly,

E(|Vafu(H (), yes 263 &41) — Ve fu (H (), ye5 20) ||]

=E[|VgD () vg B (R N f(n <K>,yt;<t+1>+w<xtfzt>
K

= Vg (") VgD )T )T () y0) + (e — 20
= E[|[VgD () - Vg (hE Y e DV F (0 g Gn)

— VgD () - Vg E D (2w g E (BT £ () )|
< (K +1)CF"(KCF + C2)o? (42)

where the last step follows from Lemma B.2, Eq. (28) in [37]. From the definition of Cg, the proof is
complete.

(41)

Subsequently, the remaining inequalities follow from Lemma B.4 and Lemma B.5 in [37]. [
Lemma B.6. Given Assumptions[3.1}|3.3) we derive
Elllpe1 = Ve fo(H(ze41) yer1; 2e40) 1] < (1= par®)E[llpe — Ve foo (H (4), ye5 20)||]

K K K
+20220%0* 3 (S @C2TF)ELAS — g® (b2 + 262 3 (202 PR o)
k=1 j=k k=0

K k
+ 2027y n°Elllg:[*] + 4C50? ZZ (203Y~"0® + 203" Co® (43)
k=1j=1
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Proof.
Elllpes1 — Vafuo(H(@es1), yes1; 2e41)]%]
=E[|(1 = pan®) (Pt — VLo (H (@), yt; 26 E41)) + VLo (H (@e41), Y15 26415 Ee41)

— Vo fuolH(@e41), Yes1; 2e01) ||
= E[[[(1 = pur®) (b = Ve fu(H (@), 91520) ) + (Vi fu(H (241), Yss 20013 €01)

— Vo fo(H (@), yes 263 E1) + Vi Fuo (H (20), Y15 26) — Vo fuo(H (2041 Yot 15 Zt+1))

+ pan’? (szw(H(xt)7yt§Zt§ét+1) = Ve fu(H(2t),ye; 2t) )H?

< (1= pa®)?E[lpe = VgV (B - Vg B (NG £ (05, s 20) 1)
+2E[[ VgD (b)) - v ““(hifl Y ,géfbvlf( U i G)
— VgD (R 6Dy - g B (AN SN P (), s o))

+ 2020 Bl Ve foo (H (1), 965 225 €41) — Vo fuo (H (20), 915 20)||°]
< (1= pan®)E[|lpe = Vo Lo (H (1), ye5 20) |P] + 271 + 2p2n 402 2
where the last step holds due to Lemma [B-3]and third step holds due to the following inequality:

(44)

B[V fo(H(@t41), Yer1s 2041 E1) — Vo fuo(H(2e), ye 265 €41
+ Vo fu(H (), y152¢) — Vo fuo(H(2es1), yer1: ze41)|17]
= B[ Vo f (H(er1), Yer1; 1) + w(@ers — 2e41) — Vo f(H(@e), yei 1) — w(@ — 2)
+ Vo f(H(xe),y) + w(@e — 2zt) — Vo f (H(T441), Ye41) — w(@e41 — Zt+1)H2]

< E[||Vof (H(@e1), Ve &e41) — Vo f (H(@e), o5 €e41) 1]

E[|VgW (B 600) - Vg (hUE s e SN F () g Ga)
— VgD e g (WY SN (A s G (45)

Next, we bound 77 as follows:
= E[”Vg(l)(h(o)pftﬂ) "VQ(K (hgfl 1)a§t+1)vlf( t+1ayt+1 Gt+1)
= VgD (s ef)) - Vg (WD V(W) s Gy )
< (K +)CZ LR — b)) + (K +1)C25 L3E]lyes1 — o]
+ (K + D)C2E-DL2R]RE T — V)2 4 (K 1)C2EDC2L2E]|AY, — bl
+ (K + 1)C2E DO LIE || w441 — 20)?]
K
<c? ZE Ry — B2 + C2E[|l2gr — 2l + C2Ellysr — vell?]

K

< G220 Z(Z (202 )EIAY — g B (D)2 + G2 3 (202 20 B lpe ]
k=1 j=k k=0
+ C2n Bl q:l|”] + 2Cp0 422 (2C3)1o” . (46)

k=1 j=1

Combining this with the previous inequalities completes the proof.

Lemma B.7. Given Assumption we derive:
Elllge+1 — VLo H(@es1), yer1; 2e00) 2] < (1= py®)Elllae — Vo fuo (H (20), 925 20) 1]

K
_ k k—
+40271 L3 " (202 KRR — g™ (b V)12 + 203 (202) KA 202K |1pe|?)
k=1
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K
+ 2057 Blllgp %] + 40t L0 Y (202 + 2020t 0” . (47)
k=1

Proof.

Elllgi+1 — Vyfo(H(@i11), Yo 2e41) 7]

< (1= pyn?)E [||qt—v FuolH (), yt;zt)||2]+21a[uv2f< W) v Go) = Vaf (W) g ) 1)

+2/~’2774]E[||V2fw( aytyant-&-l) V2fw( ,yt7zt)H ]

K K
< (1= pyr)Elllg: = Vy fuo(H () ye: 20)|) + 2LFE[ g 3) — 1" ] + 2L3Ellyr1 — el
2,452
+2pyn°c (48)
by applying Lemma@ the proof is complete. O

B.2 Proof of the Theorem [4.1]

Theorem B.8. (Restatement of Theorem Given Assumptions [3.113.3} when p, > 0, p, > 0,
a > 0, w = O({), and the hyperparameter conditions are satisfied:

2 64¢ 1 1 1
rYx S min { b ) ) ) )
bw(w+ 0?7 (- g)zm 48wey, Cya " 8,/Cy, L " 16¢y, (2Lya +w + {)
VPa VPy Va Pz
40,28 (2020 4,50, 2CDRL; 8\ /YK du(ac2) SV G
VP vy VPy }
16C,,/20, SI (202) 16\/5% (2c2)K " 4v/10cy, Ly
Yo a2 7 o 98304w€2 ’
—— N—_———

11 1 1 1 1 A&
\/Piz \/7 va', 2'700(‘”"_@ 2 a(Zj{kJrl/\ (202)3 k)

; (49)

Algorithm[I|achieves the following convergence upper bound:

T-1

(E[Vaf (G@e), y) 7] + KE[[Vy f(G(ae), yo)I7])

Nl

t=0
2

2 2
<o(22) vo(2e) +o(15) + o o)

2,2 2 2,2 9

‘o ) +O(/€p177202) —1—0( i/ ) —I-O(F;py?]QO'Q) —|—O(/€an202) ,  (50)
Py

where Py = f,(G(20), Yo; 20) — 2fw,a(Yo; 20) + 29(20), with the definitions of the involved terms

provided in Eq.

+0(x

Pz

Proof. To establish the convergence rate of Algorithm|[I} we propose a novel potential function as
follows:

He = fu(G(x4),Ye5 2¢) — 2he,a(ye; 2¢) + 2R(2¢)
Pt
+ VaB[llpe = Vi fu(H (20), y15 20 1] + wElllqr — Vy o (H (1), yi; 20) 1]
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K
+ STME[RE — g® (DR 51)
k=1

where the coefficient v, 13, and {\; } 5, are positive.

B.2.1 Bound P —

First, we aim to derive an upper bound for P;; — P;. To this end, we begin by applying Lemmas
and[B-4} from which we obtain

Pir1— Py
< fw(G(mt+1)vyt+1§ Zt+1) - fw(G(xt)ayt; Zt) - 2(hw,d(yt+1§ Zt+1) - hw,d(yﬁ Zt))

n Q(h(th) — h(zt))

(Ve fu Gl s 20) 2] + BNV, £ (Glae), s 2)[17] = o Elllzer — 20l

S —
27:1m

K
+ Yo B[V £ (G (0), ye: 26) — pel®] + 7en S ARE[lg™ (b V) — n(™ |12
k=1

Ya) 3vn  wtl
+ (4m2nt = ZDE(lpd P+ (22 + =2 Bl

— 29y nE(Vy fu(z (yt,zt),yt,zt), t>]+vyn2Lw,dE[llqtll ]

— W(Zep1 — 2, 2e41 + 20 — 207 (Yeg1s Ze41)) Fw(Ze41 — 2 21 + 20 — 2287 (Y (2e41); 2¢))

) w
= —VQnE[Hmew(G(xt)ayt;Zt)HQ} + %E[”Vyfw(G(%)ayt; z)|1%] - ﬂE[HZHl — 2%

K
+ Yo Bl Vo fu (G (0), yes 26) — pel®] + 7en S ARE[lg™ (b V) — n(™ |12
k=1

Vall 3vn [ wH!
+ (42t = ZDE(pd ) + (22 + =120 + 420 Loa ) Elllar )

- 27ynE<Vyfw( (yu Zt)a Yt Zt)a >} + 2w<2t+1 — Zt, T (yt+1; Zt+1) - m*(y*(zt+1)§ Zt)(>5~2)

Next, we derive

20211 — 26,8 (Yer1; 2e01) — 25" (2e41); 21))
= 2(2e41 — 26, T (Y15 2e41) — 27 (Y (2e41)5 2e41))
+2(ze41 — 26, 27 (Y (2e41)5 2041) — 27 (Y" (2e41);5 21))

1
< — 6 ||Zt+1 — 2|l + 6vanlla* (yesss 2e41) — (Y (2e41); 201 ||

+ 2H2t+1 = zellll2™ (y* (2e41); 2e401) — 2" (Y™ (2e41); 20) |

<

1 % *
||Zt+1 — 2?4 67nl|2* (Yeg1; 2e41) — ¥ (U (ze41); 204 ) 1P + 2002 [lzeg1 — 2
67,

yz
(7 +2C3 )21 — 2el|* + 67nlle” (yer1s 2e41) — 2 (Y (2e1); 2e00) |7 (53)
where the third step follows from Lemma[B.2]
Additionally, we have

= 29ynE[(Vy fuo (2™ (Yes 2t), Y5 2t), Gr)]
= =29y nE[Vy fu (@™ (Y1, 2t), Y5 2t) — Vi fu(G(21), Y15 2t)5 a)] — 2vME[(Vy fu (G(24), Yt5 2¢), q1)]
= *Q’YynEKvyfw( (Yt 2t)s Y5 2t) — Vyfw(G(It)ayt; 2t), )]

= WBIVy fu (G (e), yes 2)IIP] = vynElllae|®] + vl Vy fo (G(@e), yes 20) — ae]1?]
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]' *
< Wi BV foo (@ (e, 20), 903 20) = Vi fuo(Glan), yes 20 1P + el 1]

— VB[V y fu (G(@0), ys5 20) 1] — vy nBllael|*] + 27y nE(V y fur (G (1), yes 21) — Vi fuo (H (1), yi; 20)|7]
+ 29y nE[IVy fo (H (24), ye5 2¢) — Qt||2]

1
< Wi BV fo (@ (v 20, 905 20) = Vo fuo(Gl@n) v 20) 1P = 3mE Vi fur (G(0), w5 ) ]

+27yanKZCZ<K DE[llg® (h V) — h{2] + 2y, nE[| Yy fuo (H (20), o3 22) — ael|?]
k=1

— (1= c)yynElllq?], (54)

where ¢ > 0 is a constant, and the last step follows from

E[Hvyfw( ( )ytvzt) Vyfw(H(J/‘t)ayt;Zt)”Q]

= E[||V, f(G(ze), 41) — Vo f (H(ze), 5)|1%]

< L3E[|GU) (z,) — b |12
K

< L3K Y CFPEg® () — hP|7] (55)
k=1

Setting ¢ = 3> We obtain

Pt+1 -

< RV £ @)y )]+ OB, Lo (Cl), s 20 ) —

27.1m

Ell|ze41 — 2]

K
+ Yo Bl Vo fuo (G (xe), yes 20) — pel®] + 7en S AGE[lg™ (b V) — n{™ |1
k=1

Yol 3vn  w+l 7
+ (4rmzn*? = ZDE(lpl ) + (2 + 53?9 Lo — 57m ) Ella|)

+ 8yynE[||V,, fw( (yhzt) yti 2t) — Vy fu(G (@), y15 20)117] = YynElVy fu (G(ze), 15 20) || 7]

+ gmLszcw DE[|g® (h* ) = B 12) + 29, nEl| Yy fuo (H (1), o3 20) — ae])?]
k=1
1
+ w( +2C,2 )E[| 2041 — 20l|*] + 6w nE[l|2* (Y15 2041) — & (5 (20115 2041)||]

6v.m
Va1 . 2 Yy . 2 1 2
< =5 BllIVafu(Gle), v 2) 7] = =SBl Vy fu (G e), ye; 20) [F] + w(2C0z, — o= )E([[ze41 — 2|]

371
+ VB[ Vo fu (G(2e), ye: 2¢) — pell?] + 29mElVy fuo (H (1), ye; 26) — ae ]

K
+ 37 (enK Ay + 29, L3 KGR B[ ]g® (b)) — nP)2)
k=1

Yz 37yN
+ (4ymzn®e = EDE(Ipe)?) + (22 + 2=

+ 8y, nl®E[||z* (yt, Zt) — 2¢||*] + 6w B[z (Yes15 2e41) — 2* (" (2e41); 2e41)[I7] - (56)

10 7
Yon® + Yy Lus,a — gwyn)lE[HthIz]

Furthermore, due to the strong convexity of f,,(G(x¢), y:; 2¢) regarding =, we obtain

Bl (v 7) = 201] € e BlIVaLolClan).is )] 57)

In addition, by introducing

v (2) = ye + 0V fo(@ (e, 20), y65 20) (58)
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we obtain

Ell2* (ye115 2e41) — 2 (" (2e11); 2640 |I°]
= Elllz* (i1 2e41) — 2" (2140 II°]
<AE[[|2*(2041) — 2% (20)|1°] + 4E[[| 2" (21) — 2" (y™F (24); 21) 1]
+AE[|z* (v (20); 20) — 2 (yes1; 20)1%] + 4B 2" (yer15 2) — &% (Y15 2e40) [1?)
<ACT Ellze41 — 2] + 4E[l2" (2¢) — ™ (5" (20); 20) 1] + 4C3 Ellly™ (21) — g1 ]1?]
+4C% Efllze — ze41]°]
= 4(C3. + O )E[llzer1 — 2e|”] + 4E[|2™ (20) — 2™ (™ (22); 20) %]
+ 47577203%12E[||Vyfw(x*(yt, 2t),Yes 2t) — Ge”]
<ACT, + C% E[lze41 — 2ll”] +AE[[|2" (2) — 2™ (57 (20); 20) ]
+ 8ven*Ch Bl Vy Lol (e, 20), ys 20) — Vi fu(G(20), vt 20) ||

1
yz
+ 87577203;2E[||Vyfw(6‘(zt), yes ze) — ail|’]

<G+ C% E[lze4r — 2l”] +AE[[|2" (2) — 2™ (57" (20); 20) ]
+ 8y’ C CE[lla" (yr, 20) — Glao)1*] + 169y Cos Ell[Vy fur(H (), 563 2¢) — acl”]

zl,
+ 16’7577203;2E[||Vyfw(G(It)’yt; zt) — Vyfo(H(2t), Y13 Zt)”2]
<A(C3, + CF JElllzesn — zil*] + 4E [l (20) — 2" (7 (20); 20)||°)
+ 87377203;2521[3[”517*(%7 2) — @’ + 16757]203sz[\\Vyfw(H(xt),yt; ) = al|’]

K
_ k— k
+16)0°C2y LIy O ME(lg™ (h" V) — m|?). (59)
k=1

Moreover, we derive

" (22) = a* (" (20 201
(a0 (0 (20020 20) — gl (2); 2)

%(hw,p(m*(y"’(zt); 2t); 2) — fo(x® (y+(zt); Zt), y+(zt); )

+ fo @ (" (2)s 20), 57 (20)5 20) — haop(@™ (20)5 20))

mﬂvyfw(w*(y*(a);zt>,y+<zt); 2

1T 0 () 20,07 ) 20) = Tl )i 2
2

+ mllvyfw(x*(yt,zt),yt; z)||?

2022 )

zl 20 2
< vz Nl (2 — s |12 T(z) — 2 * sz |1
= (w — E),u ”y (Zt) yt” + (w — E),U/ Hy (Zt) ytH + (w — E)MHvny(x (yta Zt),yh Zt)H

21+ n?l2C2, +in?l?)
< Yz
B (w—=Op
4(1 + 757]2620%2 + o l?) . ,
< (w—0O)p IV y fo (@ (e, ),y 2) — Vi fu(G@e), ye; 20) |
AL 4 gn?2C2, +in?l?)

+ (w _éy)zu ”vyfw(G(‘Tt)ayt;Zt)HQ

IN

IN

IN

<

||Vyfw($*(yt, Zt); Yt Zt)||2
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4(1 4 %3772526'552 + )0

= (w—0O)p 2* (ye, 2¢) — @4|?
AL+, + gl
' eEny 9, £l Gl 201
AL+ Co + ) 2
= (w— 2)% Ve fulG (i), ye; 2e) |
AL+ 7P Ch + %)
’ (w— éy)zu IV y fu(G@e), yes 20) |1 - 60)

Therefore, we obtain the following upper bound for Py — P;:

Pt+1 - Pt

z 1
< BRIV fu(Glae),yis 20I°) = 5TBIIV Lo (Glan)s s 20 )+ w(2Cag, — 5 Elllzess — =)

+ VB[ Va fu (G (x0), yes 2¢) — pell’] + 29ymE[| Vy foo (H (1), 525 21) — qi ]

K
+ 3 (venK Ak + 29ynL3KC;H PV EL g™ (hF ) = hP ] + 24w9n(C2, + C2a JEl|z041 — 2]
k=1
V=N wH+l 5 o

3 7
+ (4min®e = ZDELpP) + (2 + S5 =200 + 530’ Lo — 57 Elllae |

8y, ne* + 48w72y27730511/ 2 96wy.n(1+ ygnQEQCilj + 72772€2)€2 )
Yz yz ]E oo G 7 :
PEE + @ —0u (Ve fu(G@e), yes 20)|7]

41+ 757}262030;2 + i 0?)
(w—0)p
+96wy:7y1° Coy Ell|Vy fuo(H (2t), yes 2¢) — al|”]

+ 24wz E[[[Vy S (G(@2), yos 20)|°]

K
+ 96w C2y LFKY ) CRNTPR[gM (h ) — h |
k=1

o (Sl A8ty € 96 CCS O o e
_( (w—0)2 T (w—0)3pu " ) (Ve fo(G(xe), yes 20)[I7]

AL+ yn*Co +vyn*l?)
Tyz _ ym . 2
(wff),u 2 ]E[”Vyfw(G(l‘t)?ytazt)H }

+ (24w’yz17

1
b (200(C2, 4 C2) 4 2Cug, — Y Bl — )

+ B Va fu(G0), 6 20) = pel”) + (290 + 96w:900° C ) BIIVy fu(H (20), 955 20) — )

K
— — — k
+ 3 (i A+ 29 mLFKC; D 4+ 96w C2y L3 C; D) Elllg™ (1Y) = 7]
k=1
UJ+/€ 2 2

@ 3 7
+ (4rmyin®e = BEDELp*) + (F2 + L0930 + 430’ Lo = 57 Ellar]*) (61)

B.2.2 Bound H;11 — H:

In the following, we aim to derive an upper bound for H; 1 — Hy:

Hir1 — He
2 2 3,2 2 2 2922 2. 292\ p2
< (8%% 8y Cay O 96l A Gy, O VB9 o (Gl s 20 ]
: PEE =0 > e
41+ PC2 +vin?l?)
. (zmzn i =) B[, (Gle), i 20
(w=0p

32



1
b (200(C2, + G2 )+ 2Cug, — Y Ellsvs — )

+ (van = pan’va) Ell|Va fu (G(@0), ye; 20) — pe|”]
+ (29m + 96w n° C2y | = i) BV fu (H (1), 15 1) — @il
K

+ Z (’yanAk + Z’yyancKCg(K*k) + 96w*yz'y§n3C§§z L?KC’?K*’C) + ZC§2a21741/a (

K
k=1 ;

> ™)
k

Jj=

K
+4a’n' LG 207 w20’ (30 M 2077 7) —an2xk> Ellg™ (he* ™) — b1

j=k+1
K K
+ 4y € + 205 3" (20 20 v + 203209 20w+ 2in* Yo M(209)" = ZD)E(pil )
k=0 k=1
+ (2, WTM%???Z + 0 Lo, + 20590 va + 20370 vy — gvyn)E[llthg]
K k K
+4C2a’n o*v, Z Z(2C’§)j71 + 200" vaCao” + 4o’ n vy Lio” Z(QCS)]C*1
k=1j=1 k=1
K k—1
+20om' o’ + 2070 0 > N D (2C7) (62)
k=1  j=0

We consider the following choice for bounding E[||V,f.(G(xt),y:;2:)||?] and
E[|Vy fu (G (@), yes 20)[1%):

8y ml? _ Yal 48W’Yz’7§7730311/z£2 e
w—02 8 = (w—10)2 512 =
2,292 12 2,292 p2
96wy.n(1 + v, Cz},z + vy le)e N
(w—10)3pu 512 = 7
A1+ 2C3, +gn*l?)
24wy,m v v Y _ W<y, (63)
(w—0Op 8
Since v,n < 1 and C’w;z = %’ we set
L w=0 . (w-0%
W= gz 0 TE T 0T 98304002
——— —
Cvy Crz
0? 64¢
¥z < min{ ; } (64)
bw(w + £)? (w—0)2 /Cz1 +1
Additionally, we consider the following choice for bounding E[|| ;41 — 2¢]|?], we set
2Cu, +2yn(C2 +C% )= =) S - 65
w( Ve +ody 7]( Lz + x%z) 3v.m/ —  4vy.ny (©3)
Specifically, we enforce
2w, < WUy n(C? +C2% )< 2. 66
YH = 24 wyen(Co, +Caz) < 247y:m (©0
Then, based on Eq. @, from C,, = 22, and 1 < 1, we obtain
Vo< o~ - (67)
48wey, Oz
To remove the term E[||V. fo, (H (z¢), yt; 2¢) — pt||*], we impose
Vol = pai Ve £ 0. (68)
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From this, we obtain the parameter choice
Ya

Vo = . (69)
Pz
Similarly, to remove the term E[||V,, f., (H (z¢), y+; 2¢t) — q¢]|?], we impose
29y + 9607270 Coa — pynry < 0. (70)
From the second inequality in Eq. @ and definition of ¢, , we have
27, (w—£0)%  2v.m 1
96wy’ Cly < g = o 6oy, < S (71)
As aresult, we require
5
W < Py’ (72)
which leads to the parameter choice
vy = 20 (73)
2pyn
Then, for any k € {1,--- , K}, to remove the term E[| g(* (h(]C 2 ) || ], we set
K
Yol K Ay + 27,nL3K C2E =R 1 96wy, (& LFKCRER —|—4a2774C§1/a( (20_3)]’*’“)
j=k
K K
+ 40Py L3 (202K F 4202t ST (30 A(202)7F) — an®ae 0. (74)
k=1 j=k+1
Plugging the value of v, and v, we obtain
K
YK Ay + 2'yy77L?¢KC§(K_k) +96w*yz'y§773021 L2 C2(K k) +4a2774C2 T (Z 202 i= k)
j=k
5 K
+ 4a2n42iL§(2C§)K—’f + 2a2n4( 3 Aj(2q§)ﬂ—k) — oA, 0. (75)
Pyn =kt
To analyze this, we first simplify the expression:
K
YanlK Ag + 29y L3 K C2E ) 1 960420 C2 L3KC2EN 4 ga?yic2 12 ( Z(%ﬁ)ﬂ*)
Pz =k
5. 1
402t 2 12 (002VK—k _ 202y
K
<'yanAk+2’yynL2 02(K k)+ 5 77L2 02(K k)+4a2n4cz Y (Z 202 i k)
Pal) N
57, _ 1
402t 2 12 002VK—k _ 202y
1 15 Vo /e
< Q[ KA+ — 2y LK CEED) 4 4anc2 12 (3 (202)7)
R P D R Aty j;f( o)
YTy y2 K-k 1
+ 10an—=L3(2C7) 2)\k . (76)
Py

Due to an? < 1, we enforce the following to be non-positive:

N

A > —[2KAk +5e,, L2K C20 k>] +ypan [802 (Z 202y~ k) +20- il L2(202)K k]
j=k
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- lz 2K A + 5e,, L3KC2EN| 1 a2p2 12 [802 (ZK: 22)17%) + 20 /:y 132024

(77)

Therefore, we obtain the parameter choice for any A\x, where k € {1,--- , K}:

K
A = %7 [QKAk + 50, LAKCHEF) 4 8033(2(2C§)j—’f) +20 p”v L3(202)K
Yy

Pz

j=k
SN (78)
an
Moreover, we enforce
X 1
2a2n4( 3 Aj(2c§)j*’“) — an®A < —an®Ar (79)
j=k+1

fork € {1,---, K}, which leads to

1 A
n<y — . (80)
a(Zg k+1)‘ (QCZ)J k)
To guarantee that E[||p;||?] cancels out, we enforce
K
dyyny2ne® + 2012) 2(202)]’“75772141 + 2L?(2C’2)K7§nzub + 72n? Z Ak( 26'2 %77
k=0
(81)
This is equivalent to enforce
K 5 K
Ay 2P + 2029202 TN (202)k 422 212 (202)K 442y Z R(202)F - 121 <
L/ R 2pyn — 4
(82)
Specifically, we enforce
V=1 gt = Yzl
4 22€2<L’ 61222z 2c2k<ﬂ?7
W < o kZ:O( D<=
5 Yal) = Vel
2.2 9y 5129 2\K © 2 2 3 2k x
—L2L%(20)" < — | — X\ (209)" < . 83
" 720" < 5 van kzdom 20" < 5 (83)

To solve the first third inequalities, we obtain

vz<{ ! VP vy } (84)
8,/ ¢ 4Cp\/2zkf<:0(203)k 4\/5c,yy(203)KLf

For the last inequality, it is equivalent to enforce

16

K K
2 2 Tz 2 & 2\j—k Cvy 12 2\K—k 2k<%77
Vall 1;0”7 (dk+80ppz (Z(zcg) )+20 o L3(2C2) )(209) <=1 (85)

where

dy, = 2K Ay, + be,, LK CZER) (86)
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Specifically, we enforce

=

2 2 Ve 2 %:77
22 4, 2C ,
Vel ,?: o dp(202)F < ol
5 4, 8C2a

QZ Va Z 203)3‘ < VT ,

= M P T 64

K 2\K
2C

2 ’71 2OCYC,Y ( g) S '79377 .
= on Py 64

Van

For the first inequality, since dj, is independent of hyperparameters, we obtain
Va

Yo < = :
8/ 2 k=1 k(207

For the remaining inequalities, we obtain
e < { v Pz vV Py } .

16C,/2 00, $215,(202)7 16, /5., (203)%

As for E[||q;||?], we enforce

A

3vn  wHl 7
1T T L + 205 ve + 2Ly v, — 2yyn < 0.
This is equivalent to enforce
3yn [ wt+l 5 4 2 2.2 2 Tz 2,2 My 7
= =y vy La,a + 205700 = + 2L — W <0.
4 2 o'l YT pan Y7 2pyn 87
Specifically, we enforce
2,2
2,2 Y W+ yyn
n°L =< ,
'Yyn w,d + 9 = 39
@ My _ W
202227 < Wi o12~2p2 2y Ty

To solve these inequalities, we obtain

1 \ Pz VPy
Yo < ; ; .
16¢y, (2Lw,a +w +£) " 8,/5,Cp " 44/10¢,, Ly

In summary, by setting

02 64¢ 1 1 1

87

(88)

(89)

(90)

O

92)

(93)

Yz < min ; ,
{Gw(w +0)2 (W — 0)2 /Ca%;z +1 48wey Cpz, '8, /ey, 0 " 16¢,, (2L a+w + L)’

VP VPy Va NG
4C; \/2 Zk 0(2C9)* 4\/5Cv QCQ)KLf 8 Zk L dr(2C2)k '8/, Cp
VP Py N }
16¢; \/2Zk 1Zj x(2C2)7 16\/50 (2C2)K " 4v/10c,, Ly
_ . (w0 (=0
W e T 9830402
N— —_—

36



pemn{ L L L1 1 A 3 o0
bz Py Vv 27w+ 0) T2 a(szﬂ)\(z(jz)y k)
we obtain
Hit1 — He

T w
< —Q”Euwmfw(c:(xt),yt;zmm = BBy ful Gy )] = Bl — =)

K
+4C20427]402 Y ZZ 202; 1+2p2 4% 0202+4a2 4,2 VJL 2202
k=1

= 1j=1 Pyl
5 K R k—1
+ 202" 262 1 20% ZlA Y ey
2pyn Pt =
Y1) VT ey,
<~ ElIVefu(Glan) yos 20I°]) — ey, T EllIVy fu(@ (xt),yt;Zt)IF]*szwT]EHISCt*ZtIF]

=C
+402a2n402 Yz 22202] 1+2 2 4[;Yw 0202+4a 774 2 ’7 ’YyL 2202
k 15=1

5 xT xT
+ 2020 ;p ;ya +2a n%QZ i Akz 202y (95)
y j=0

From

IV £(Glae) y) |2 < 20V fu (Gle), s 20) 1”4 26 | — =2,

IV F(G(ae), y) 1> = IV y ful G (), ye5 20) 1P (96)
by summing over ¢ from 0 to 7' — 1 and reformulate it, we obtain

T-1

Z IV f (G o), yo)lI?] + KE[IVy £(G (e), ye)I7])

t=0

z_: B[V fu(G(@e), ye; 2)IIP] + 2KE[| Vy fuo (G (x0), yes 20)|1%] + 20°Ell |2 — 2¢%])
=0

{ 8K 8w }(HO_HT+4C2a2n2ii2CQJ 1 2+2p 77202 2
Val) VallCy, ValiCr, T == ’
K k=1
+ IOC—M Z 202 k=152 4 5py77 cyya + 2@772022 kz 202 > 97
k=1 =0

When t = 0, we derive

5
Ho = Elllpo — Vi oo (H (20). 03 20) 2| + 5 " Elllao = VoS (H (o), y0: 20) ]
Yy
X Yz
kN k k—1
+Z—A E[||hg" — g® (b))
am
k=1
o2 2 K 2
Yo O | 9Valy, O Y3 O
< L R P 98
_PO+PmT)S+2py7) S+z::anks (98)

Finally, we have

TZ (IV2f (G(@e), y)I7] + KE[Vy f (G(), yo)[17])
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2 2 2
<0(35) +0(5s) + 0 ors) + 0iirs)

T 4 0 (ko) + O(kETY 40 (spyio?) +0(warie?) . 99

a‘nco a’n?o?

+O(/$

Pz Py

O

C Appendix: Stagewise-SMCGDA-VR

Note that in this section, we provide a general algorithm for the multi-level compositional minimax
optimization problem satisfying the two-sided PL condition. Specifically, we aim to solve the
following problem:

min max f(G(x

R emay [(G(z),y), (100)
where f(-,-) satisfies the two-sided PL condition. To simplify the analysis, we further assume that
the loss function satisfies the same continuity, smoothness, and bounded variance assumptions as
stated in the main text.

In this general setting, we can obtain two results which may be of independent interest beyond their
use for the translation phase.

First, when the number of stages is just one, i.e., R = 1, we can obtain the convergence rate for the
multi-level compositional minimax optimization problem satisfying the nonconvex-PL assumption in
Theorem

Theorem C.1. Given Assumption when R = 1, by setting 0,1 = O(€/k), ns,1 = O(€/K3),
and the initial batch size as O(k/€), after running Algorithm for Ty = O(k3/€?) total iterations,
we have 73 B[ V(a1 ,0)||2) < €

Note that in the proof of Theorem [C.1] we do not use the PL condition with respect to x. Therefore,
the result provides a convergence rate for the nonconvex-PL minimax problem. In addition, this
convergence rate corresponds to the standard compositional minimax algorithm without the use of the
smoothing technique. Therefore, in Table [C] we compare the convergence rate and learning rate with
and without the use of the smoothing technique. It can be seen that we should use a smaller learning
rate for  compared to y when not using the smoothing technique, as the condition number « > 1.

Table 3: The comparison of the convergence rate and learning rate with and without the use of the
smoothing technique. LR-x denotes the learning rate for x, and LR-y denotes that for y.
Algorithms | ConvergenceRate | LR-z | LRy | LR-z/LR-y

Smoothed-SMCGDA-VR (Thm.}4.1) O(k3? /%) O(e/r*?) | O(e/x'?) o(1)
Onestage-SMCGDA-VR (Thm.|C.T) O(x*/e%) O(e/K%) O(e/K) O(1/k%)

Second, when the number of stages is greater than one, i.e., R > 1, we can obtain the convergence
rate for the multi-level compositional minimax optimization problem satisfying the two-sided PL
condition in Theorem

. . . 25L7% 2 9
Theorem C.2. Given Assumption|3.143.4} by setting co = o Pr = 6400co L3, py = 640L5, 0 =
640c0L3. 1.0 = 51> To = max{225, 1%}, and for v > 1, 1, = O(u?/ (V21 Lg)), 1,0 =
O(1/(V2r=1Lg)), T, = O(co /(e x 2"71)), after running Algorithmfor O(k5 /e) total iterations,

we can get E[®(Zgr) — ®(z*)] < e.

C.1 Useful Lemmas

Lemma C.3. Given Assumptions and Mg, < ﬁ we know

’]

B[ (2r,041)] < E[®(2r0)] = "2 V(@) ] - = Elllprs
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Algorithm 3 Stagewise Stochastic Multi-level Compositional Gradient Descent Ascent with Variance
Reduced Algorithm (Stagewise-SMCGDA-VR)

Inmput: p; >0, p, >0, > 0,7, > 0,1y, > 0.

R = wo and h”) = g® (g1 60). for k € {1, - K.
fo = Vg (w0;619) - Vo' (g 66 )V f (G i o).
= Vo f (7S, y0; Co,0),

1: forr=0,--- ,R—1do

(K)

2 @ = Fra Yoo = G By = B fork € {0, | K — 1},
Pro = ﬁrv dr,0 = (jr~

3: fort=0,---,T.—1,do
4: Trt+1 = Lt — Na,rPrit s

Yrt+1 = Yrt + Ny, rdrt -
5: h£?2+1 = Trt+1,
6: fork=1,--- ,Kdo
7: Compute k-th inner-level function:

k) k—1)_ +(k k
hi t+1 (k)(hg“,t+1);€7(ﬂ,t)+1) +(1 - Oéni,r)(hi ) g(k)( r,t 7&7(“ t)+1))’
8: end for
9: Compute stochastic compositional gradient u, ;41 and v, 44 1:
0) 1 _ K—2) (K—1 K-1)
Ur,t4+15t+1 = Vg(l)(hg t+1) §£ t)+1) - Vgl 1)(h£,t+1 )7 rt+l ))V (K)(hg t+1 7§r,t+1)x
K
vlf(hs',tlla Yrt+1; Cr,t+1) s
K

Up t415t41 = v2f(h£=,t3_17yr,t+1; Grt) >
10: Compute variance-reduced gradient p, ;1 and g, ;11:

Prit+1 = Urt41;t+1 + (1 - pwn;r)(pnt - ur,t;t-ﬁ-l)’

Gri41 = Urprer1 + (1= pynp ) (Gt = Vr 1),
11:  end for - (%) * o
12:  Randomly select (Z,11,Jr+1, hpiy Prat, Gr+1) from {(z 1, Y 1 hr,t s Prity @rit) }ilo
13: end for

Proof.

E[®(zy,t41)] < E[@(2r1)] + E(VO(2rt), Tr 41 — Tre)] + LﬁE[HxTﬂ%l

E[®(27r,1)] = 0o B(V®(@r1), pr.o)] +

E[®(a.)] — “EC B[V (@) 7] — 2Ellpr|] + B[ V(ar,) -

K

k=1

+ QnI,TE[HVIf(H(xT,t)? yr,t) - pntHQ] .

2
2
L
779;,; (I)E[ 2]

2

< B(ar)] - B[V, ) + (22 M>IE[||pm||2}

2 2

4

+ 20, B[| V. f( (@) Yrt) = Vo f (H(@00)s yr) 2] + 200 BV f(H (210 yrt) —
< E[@(2,.0)] — EE[IVO (@ o)) = ELElprel?] + 10 B V(1) = Vaf(Glra),yrd) 1)

4

k=1

39

2]+

+ 0o B[V (20.0) — Vo F(G ), yr) 1P + 2000 K0S AE[g® (R — mE) |12

(101)

Nz Lo

2

+ nw,TE[”V(I)(xT t) - vwf( (xr,t)? yr,t)HQ] + nm,rE[vaf(G(xr,t)) yr,t) - pr,t”z]
< E[@(2,.)] — B[V O (@) = PELE[Iprel®] + 10 B V(1) = Vi f(Glra),yrd) 1)

’]

+ 20y, K ZAkE g™ (R ) = B2 4 200 BV f (H (204), yre) — prel?], (102)

E|

’]



where the second-to-last step holds due to 7, . < i O
Lemma C.4. Given Assumption|3.1113.3, 0, < 7, we have
E[f(G(2rt), yr,t)]

< B[ (G wna)s )] + BV f(Glre). ) I7] — RV, £(Gra), ) )

K K
k— k _ k—1 k
+ 100 K> AE[g® (A7) = b8 + 2, L3K ST C2ERE]|g® (nYY) — h)1?)

k=1 k=1
+ 02 B[ Vo f(H (Trt), Yrt) — pr,t||2] + 20y Bl Vy f(H(2r0) yrt) — (Ir,t”Q]
+ 202 CEprol!] = P2 Elllgre 2] (103)

Proof. First, from Lemma[B.I] we obtain
E[f(G(xrt), Yrt)]

l
S E[f(G(xr,t+1)7 yT,t)] - E[<vzf(G(xr,t)7 yr,t)y Trt+1 — x'r,t>] + iE[Hmr,tJrl - xr,t”Q]
2

l
= E[f(G(@r,t41)s Yrt)] + 02 BUV 2 f(G(@rt), Yr 1), Prt)] + nwér EHlpr,t||2]
= E[f(G(@r+1)syr,)] + 0 B[V F (G @r,0), 910) 7]
20
+ nm,rE[<V:L’f(G($r,t)7 yr,t)vpr,t - V:rf(G(x'r,t)7 yr,t)>] + 7712,T E[Hpr,tl|2]
< Elf(C )yl + T2 B[V f (@), ] + T2 Ve f (G ) e) — prel?
20
+ B,
377w,r 2 niﬂ'e 2
< Ef(G(are41),yre)] + =S ElIVof (Glar), yre) 1P+ =5 Ellprell’]

+ nzv,TE[vaf(G(xr,t)a yr,t) - va:f(H(-rr,t)a yr,t)||2] + 77I7TE[||wa(H(mnt)v ynt) - pr,tHQ]

377w,r n:%,re
< BIF(G 01 )] + 2BV f (G lna): ) I2] + 2B ]

K
+ 100K S AE[|gW (B = b ) 0 BNV f (H (200, yra) — prallP] . (104)
k=1

Moreover, we obtain

E[f(G(xr,t+1)7 yr,t)]

/
< E[f(G(l’r,tH),yr,tH)] - E[<Vyf(G($r,t+1)7 yr,t)7 Yrt+1 — yr,t>] + §E[Hyr7t+1 - yntHQ}

2
Myt
= E[f(G(xr,t—&-l)a yr,t+1)] - ny,rE[<Vyf(G(xr,t+l)a yr,t)a qnt>] + yT’E[HqT,tHQ]
< B (G pres)] — BEB{If (i), 9o+ BT F (G 2)s ) — el
2
Ty _ Ny 2

77' T 2 /'75 T'g ny I 2

S Ef(G(@rt41): Yrir1)] — ‘; E[IVyf(G(2re41), yro)lI7] + (T’ - 7’)E[||qr,t|| ]

+ 1y BV f(G(@r 1), yre) = Vil (Gare), yr) 1] + 0y BIIVy £ (G (2r2), yrt) = arell’]

2
< E[f(G(@ri41)s Y1) — LBV, (G @), yra) 7]+ (22 — Vg,

Myt
4 2 2
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3
+ 5Bl Vy f(G@ri1) ymt) = Vo (G(@r), yr ) I7] + 0y BV f(G(@re), yr) = arall’]

§ E[f(G(xr,t+l), y’l’,t-‘rl)] -

2
Myt e
v E[IIVyf(G(xr,t),yr,t)Hz]+(7y2’ *Lg VE[llgr,el|*]

3
+ 5y CEr i1 = 2ralP] 4 0y BV (G (@), Yrt) = @]

7‘ T 3
< E[f (G 1), yrasn)] — 24 NVJ<mmxwmm—$fmmmw+§ﬁwmn ?
+ 20y BV f(G(r0), yrt) = Vo f (H(r0), yr ) 1P] + 20y v BIIVy f (H (200), yr) = aril|]
<E[f(G(@rt+1)s Yra+1)] — My E[IIVyf(G(xr,t),yr,t)H2] - %E[H%,tnz] + gniﬂE[llpr,tHQ]

+ 20, L2E[|G(2r0) — RN+ 20 BV o f (H (20), Yrt) — it |?]

< Elf(Cars)svrer)] — BBV, F(G o), v I~ Bl + 5 i

K
_ k— k
+ 20, LK Y C2ERE[|g® (aYD) = (2] + 20, BV f(H (@00) yre) — aral®]
k=1

n; K[

(105)
where the sixth step holds due to 7, , < %, the fourth step follows from the following inequality:
~IVy f(G(@ri1)s o) I

1
< IV (G @),y I? + IV F (Gl ei1), Yre) = Vi f(Glrs) v (106)
By combining these two inequalities, the proof is complete. O
Lemma C.5. Given Assumption s N < %6@, we have

E[®(zyi41) = [(G(@ri41), Yras1)] — E[@(xrs) — fF(G(@r), Yrt)]
“”[WMwmu LBV, (Gt yr) 2] + 410 B[ V(1) = Vo f (Glare), o) )

k—1 k k—1 k
HMJZMMNW&Uw“MHwﬁKZ@“WWgW N = n|?]
k=1

k=1
+ 3000 Bl Vi f(H (@), yrt) = Prall”] + 209w B[V f (H (20,0), Y1) = a2 ]1%]
Na.,r Ny,r
— 5 Elllprdl") = = Elllgr ] (107)

Proof. In terms of Lemma|C.3|and Lemma|[C.4] we obtain
E[®@(zri41) = f(G(Tri41), Yrr1)] — E[@(zr0) — F(G(rt), Yrt)]
’r]a: "R N,
< =SBV ) I”) = T Ellprel®] + ne IV O(2re) = Vi f(G(@re), yr) )

k k
wmmmeWN T = RSP+ 200 BV o f (H (2r0)s o) — Proe?]
k=1

3%TMVﬂ<%m%mu LBV, (G re), yre) )

K
k—1 k — k—1 k
+%mzymwwm>wwm%mmxxz@wwwwm;54wm
k=1 k=1

+ nx,rE[Hvxf(H(mr,t)a yr,t) - pr,t||2] + 277y,7"E[Hvyf(H(zr,t)a yr,t) - Qr,t”Z]

Ty.r
+ 207 B[P |1*) = =5 Elllgr 1]

< - 77zr [qu)(xrt)n |- TIZT HlprtH ]+7791,TE[||V(I)($T¢) _Vﬂﬂf(G(xr,t)aynt)”Q]
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+3nz,rz<ZAkE[||g<k><h£’;‘”>fhff”n}+2ner2KZOQ<K DE[g® (n) — h)|?]
k=1 k=1
3nwr

E[|V.f(G (wr,t)’yr,t)IQ]—n“ E[|Vyf(G(xr.e), yra) ]

+3m,r UV o f (H (200)s Yrt) = Dot |2) + 2000 BV y £ (H (0,0), yrt) —
+ 202 CE|[pr |7 — Tt

E[||gr.¢|?
4 [llgr.e[I7]

’]

S - 577“ E[|V® (@) = = ElVyf (G(re), yr) 2] + 400, B[V (21,t) = Vo f (G (@rt), yrt) ]

K
+3%K2Ak1@ [llg™ (n% ”) R V2] + 20y, L2K S C2E-RE]|g® (n5Y)

T, It || ]

k=1 k=1

+ 37796,7"E[||v3:f(H(xr,t)a yr,t) - pr,t”Z] + 277y,7"E[||Vyf(H(xr,t)a yr,t) - 2]

— BE[prel”] - T Elllgn ] (108)
where the last step follows from ||V, f(G(xy4), Yrt) |* < 2| V(2 )12 + 2|V F(G(Trt), Yrt)
Vo (2,4)||* and 1 < 157 O
Lemma C.6. Given Assumption[3.1}3.3], by setting

. 1 1 1 Xk
771:,7‘ S min {7 vy

2Le 16072 XK,

R~

(202)3 k)} My,r < min{

2502
py = 640L3 , p, = 6400c L3, o0 = 640c L3 , co = — . (109)
I
where )\, is defined in Eq. , Lg is defined in Eq. , such that 1,

Ny,r

= f0e we have
c Uacr
= Z (EUV@ ol + BT (Glara), ) P])

4OCQVT 0 160c¢q h 2 2 2
< ’ (oF g+ 02y + 560 ) + 330coLspyn
ny,rTr pyny rT ,0 ,0 7,0 BFyy,r

(110)
Proof. We first propose a novel Lyapunov function as follows
c
Hr i1 = E[®(2r,111)] — D(2.) + %(E[‘P(%m)] — E[f(G(@rt41), Yra+1)])
y,r
4 4
+ E[[|Vof (H(@r141), Yris1) = Prasa 2] + E[[[Vyf(H (@r041): Yre1) = @rea||’]
,Ozﬁx r PyTly,r
+ Z ME[lg™ (il ) = i) (111
where 7, » = ?SC’; Then, from Lemman . .and .7, we obtain
7796 "R CoNz,r
Hrpr1 = Hep < =S E[[VO(2)°] — 04 E[|Vyf(G(xra), yre)|I?]
460773,7’ 2
+ (e + —)E[IVE(2rt) = Va f(G(@r0), yro) ]
y,r
36077923 r
+ (202, + n = = A0 ) E[|Va f(H(2rt), Yrt) _pr,tHz]
Y,r
+ (20077:1: r =40y ) E[IVy f(H(2rt), Yrt) — CIrt||2]
K
8 x,r 477(13 T x,r C x,Tr x,Tr
+ (2. Z Me(202)¢ + DL 02 S (002 21 (203K e Mar Ol e gy, 2
Pz =0 PyTly,r yr 8
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8 2"” 8 T x,r
+ (om0 4 L — T B g

Pallz,r Py 4
X BRI 2 1 ~2(K—k) 160‘ 77“ (o2
7 (20 KAy + 50 K A 4 201, LK G20 (X eoy)
k=1 ny,r pfﬂn$ T i—k
- J=
K
160‘2773#” 2 (02K —k 2.4 2\j—k (k) (k—1)
+ IO R R p oyt (DT A C2TR) —am2 A )E[IRL — g (ht )]
PyMy,r e "
Jj=k+1
160427]3 K k K k—1
100 e 2 NSNS 002yt P 020 4 202,073 M 3 (202
P k=1j=1 k=1  j=0
160°1;, o 2\k—1
+——"L}o Z 2CH1 + 8pymd 0? . (112)
pyn% k=1
To begin with, for any k € {1,--- , K}, to remove the term ]E[Hh£ g(’“)( )|| ], we set
3¢ 16a2n? al .
an,'rKAk: + Onx TKAk + 20077:v 'rL2 CS(K_IC) + &C’;( (QCgQ)J_k)
ny,r pa:nm,r =k
16a2n? K 4
22 Tar g2 902Kk 4 9g (O30 MEEHTH) —an2, M <00 A1)
PyTy,r okt
Since 7, = ?g;}, we enforce
Ly, L6aPng, & .
B30y K Ag + 2e07p n LFKCJI TR 1 — 2202 "(202)0F
Pxx,r i=k
16a2n? 1
+ iL?(QCj)H ——an? M. <0. (114)
PyTly,r 2 7
By solving this, we obtain
SKA, 8col2KC2HE=H g9 K »
Ao = -k TS0 + C23 202y + 32 p2 (902K~
anx,r anl,?" pmnz,'r‘ ]:k? pyny T
8A 8coA 32 32
s 81 | BCoAk2 k3 ki (115)
anxﬂ‘ C”hyr pwnxﬂ‘ pyny,r
where k € {1,---, K} and A, = max{\; 1, Ak.2, A\k.3, A\k.a }. Given that \i, can be organized as:
1 /8 8coA 32X 32 1 -
i G e et e T (116)
N, « « Px 1OCOpy N,
Moreover, we enforce
i 1
2a2n§,r Z )\j(2C§)J_k - ani,r)\k < —50”7379% , (117)
j=k+1
fork € {1,---, K}, which leads to
1 j\k
nw,r S a K ~ B . (118)
2 a(Zj:k+1 Aj (203)%]“)
Additionally, by plugging the value of Ay, we obtain
K K
20, TKZAk + 307(;771 TKZAk + 2¢07-, TLfKZC2(K M 4 2a 2 Z ( Z )\j(2C§)j7k)
k=1 vr = k=1 k=1 j=k+1
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160”08, 2~ (% 1602, 5 & K
rep o (DO + =L Y e T e, Y M
PaMz,r el PyNy,r — £
23 160”75, o5~ (- N e P
< 10 vKZAk + 2c0ma, TLfKZcW By 22 e g2y (Z(wjy k) 1 100 g 5
k=1 k=1 PxMNz,r 1 ik PyTy,r 1
(K—k) K
1 (SKAk 800L2KC2 32 e 2\j—k 32 o o 2 K—k
-3 + + Cc2¥ (203 k4 L(2C )
2 Z e, r ang,r PR pjgk( g) PuTlyr f( g)
23 16am? il ) 16am?2 K
< B IS A 2 LIS G+ M S (S acyt) 4 My S
k=1 Paa,r k=1  j=Fk PyTy,r =1
3 16an; < 16am?
3 (At 1 4 20 S a2 a0y
=1 pln‘L T ji=k Py77y,7
17 -
BRSTS TKZA’“ — 2eos, TLfKZCM Y (119)

k=1

To guarantee that E[|p,. +||?] cancels out, we enforce

K
8 xT,T 4 x,T x,Tr x,r xT,T
n“ZA (202)F + 212002 3902y 4213 (202)K e, Mer  QWllarller
Pa o PyTy.r 4 Ny 8
(120)
This can be done by setting
= n
5 2\k z,r
Nx,r Z)\k(2cg) - 16 = 0 5
k=1
8n . U
—2LCE Y (207" — =25 <0
0y >_(20))" - T <0,
k=0
4
212 (202)K M _ Mo <0. (121)
PyTly,r 16
For the first inequality, we enforce
K K
8>\k 1 Nk 1 8Co)\k 2 Nk 1
= (209)F — — <0 =(209)F — — <0
Za(g)mvza(g)m,
k=1 k=1
K K
3223 1 32M4 o 1
B0 - — <o, 1202 - = <. (122)
kz::l Pz g 64 I; 10copy = 7 64
It is easy to obtain
K K
a > max{) 512X:1(2C9)" > " 512e0Mk 2(2C5)"}
k=1 k=1
K K
1024)\
pr > 2048) 5(202)F >N TR 202)k (123)
k=1 k=1
For the second and third inequalities, we obtain
& 64
k
px > 128C2 Y (2C)*, py > 5—60L§(QC§)K : (124)
k=0
Similarly, to guarantee that E[||g, ¢ ||?] cancels out, we enforce
8n?2 8
ny,r C; + ny,r L?c _ CoNa,r S 0. (125)
pz"]w,r py
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With 7, = ;’gé’;, we obtain

800077';/ T 2 8771/ rr2 Ny, r
~C+ —=L; — = <0. (126)
Pz b Py I a0

To solve this inequality, we enforce
80 1 8 1
Ve < ZI2< .

127)

‘We obtain
pa > 6400c0C>,  p, > 640L7 . (128)

In summary, the hyperparameters should be set as follows:

1 1 1 A
= - ~k ‘ },nyﬂ,gmin{*}7
2Lo 16072\ a(F, , A;(202)iF) ¢

Neyr < min{

K K
pz > max{ ) 2048) 3(2C7)" ,128C2 > "(2C2)* ,6400¢,C}}
k=1 k=0
102N k4 o o0k 64 1500
, > (2C2)F | ——L3(2C%)% | 640L3
maX{Z 5o 3)" ' Sed #(2C5) 3

K
a > max{) 512\ (2C2) Z 512c0),2(2C2)%} . (129)
k=1 k=1

25€

Moreover, by setting ¢y = , we get

deonz N\ 2 conar
(1o + =) < " (130)

Then from Lemma A.7 in [4] , we have (1, + %) (V@ (z¢) — Vo f(G(@re), yre)]?] <
C(J?%E[Hvyf(G(xr,t)a yr,t)HQ]'
As a result, we have

Heyp41 — Hrp
Nz, "R
< B0 )] -
177736 "R

COTI.K "R 607790 "R

E[IVy f(G(@re) yra)I7] + E[IVy f(G(@re), yre)l?]

1977 r
]—‘f”WWJGMm&wﬂ—%Nﬂ

[”V f( (xr,t)ayr,t) -

17 _
- (5 %KZM+MW@«Z@KkWW@wWMfWﬂ

10
160273 k _ K k—1 _
+ T“C};a? Z D @C2YT 4 8pund  Cho® + 2073 0% > A Y (2C7)
z k=1 j=1 k=1  j=0

16a°n; .
—1—7112 22 202]“ 1+8Py771,r
PyTly,r =1

nm?” UERS Conmr
< —=LE[|VO(20) 7] -

4

COnm r

E[IVyf(G(xra), yre)I?] = E[|Vy (G (r.t), yr) ]

197y
5

y,r

17m
LBV f(H (1), Yra) = Prcll”) =

E[|Vyf(H (@) yre) = arel’]

17 k k—1
(m%xzm+mm@K2@KkﬁmwwWMJWﬂ
k=1
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16a%n3 Kk o Kookl .
+ ——=LCho? Z 2(2092)] Y+ 8pum . Coo” + 204277;17T02 Z Ak 2(2092)3

Pz k=1 j=1 k=1 7=0
16a2n?
+—Ljo 22 2C2)F1 + 8pyn3 0? (131)
Pyl k=1
. . r 2
where the last step holds due to omgm < 1,and — %t > — 1t since 1), = %—’CO, co = 2%.

Then, we set

L} =max{1, ZX Z (2C3) +OQZZ (2C2)7

k=1  j=0 k=13=0
py = 640L3 , p, = 6400co L3, o = 640co L3 (132)

where X is defined in Eq.(115). It is easy to verify that the conditions in Eq. (129) are satisfied.
Meanwhile, this indicates p; = 10copy, o = copy.

By summing ¢ from 0 to 7;. — 1, we obtain

COTI:DT 2
—Z( V@G 7]+ SRV, (G ), 90l

t=0 YT

K k
4(7{7",0 - Ht,Tr) 64@27’%,7’ i
< T = C2o? Y > (2C2) '+ 32p.m2 . Co”
x,rtr T k=1 j=1
K k—1 3
6402 32
+8a%} 0 ZZAkZ (sc2y 4 H12 e 22 (202)k~1 4 2 2
=1 =0 PyTly,r b1 Na,r
< 4V, 1607 1607, n 40’r0 (8)\k1 n 8coAk,2 +32)\k’3 Jr32)\k,4)
T e Tr penZ T oy y e Tr NaTr NNy QNpe P2l PyNyr
6402n§r22Kk 2\j—1 2 o o 040 77967"22 2
+——Co0 Y Y (200 +32p,m3  Co® + —— Lo Z (2C2)
Pz == PyTlyr k=1

A 8coA 32\ 32 32,13,
+80‘277xr 22(8 LA Co B2 LN k4>z(2cgg)j+ Py, o2

O”LL r Oém r Paﬂh r l)y77y, =0 nw,r
< 40¢oVr0 16007 o 16OCOJT7O 896Oc00n0
=y Iy pynng Pynng Pwﬁ,rTr
K
8 ) 2yj-1 4 2 2 8 2 72 2 2\ k—1
125/)?/7774 rCpo ZZ 2C5) o Opy yrcp 2500pyny,rLfU 2(209)
k=1j=1 _
8 82,1y, 32000, —
8)\/ ( 2 Yily,r Yily,r ) 202 320 2 2
+ Z 100py771/, 10000/)y77y,r+ 1000 1000 ]z:; + CoPyMy rO
4OCOVT,0 16000 m 2
S Ty o T 0t Oho + 560m0) + 330 L py 0% (133)
where V.o = E[®(z,0)] — ‘IJ(I*) + S (E[0(zr0)] — Elf(g9(zr0) 9r0)]). 0f0 =
ElIVaf(H(zr0),yr0) = proll ot = ElIVyf(H(zr0)9r0) = arol®] and oy =
k 1 k
E[lg® (hs ") = h)1%], 0 r,ozzk L Nt O
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C.2 Proof of the Theorem[C.1]

Proof. Based on Lemma[C.6] we have

CoNz,r 2
T Z( IV @G 7]+ RV, (G, e0l])

Y,
< 4000 VT,O 16000
= oy pyn2, T

(080 + 0¥y + 5600 ) + 330co L pyms .07 . (134)

Since co = O(k?), then it is easy to verify that by setting by setting 1,1 = O(€/k), n,1 = O(€/K?),
= O(k3/€?), and the initial batch size as O(r/¢), we have
4OCOVT’O

Ny, Ly
1606(]

Py T
330c0Lﬁpyn§,T02 <O(?). (135)

O(e*)

— (07 + oty + 5607}3,0) <0(e),

As aresult, we can conclude T E[|[V®(z1.4)|%] <

C.3 Proof of the Theorem[C.2]

Lemma C.7. Assumption[3.1}3.4], we have
32060
PynZ,TTT

QOCOVT,()

T + 338copyns » Lio” .
y,rdr

(136)

x Yy h T y h
Or4+1,0 + Ort1,0 + 56ar+1,0 < (JT,O + Or0 + 560'7.’0) +

Proof. In the following, we will bound o7, + U‘;{O + 560ﬁ o- At first, from Lemma we get

1 T —1 K

=3 ZA E[|[n{) — g™ ()17
t=0 =1

r

K
k k 20”7:87‘ k—
ZAkE[Hhiﬁfg“)(hi,ol 2]+ Z Z X;2C2Y TFE[IRY) — g™ (bl

T
anIT k=1j=k+1

1 K | Tl K k-1
A\ k 2 2 2 / 247
a g Al QC T E E[ |+ 2am; .0 E A (2Cy)

" t=0 k=1  j=0

20°n;,, _
< Zwmhm g (TP + e Z Z (2027 FE[|R%) — g™ (h )17

anzr o a’r]zr T k= 1j=k+1
1 K 1 Tr—1 K k—1
+ EZA (2C; )’“ > Elllprel®) + 2am3 0% > N> (2C,
k=1 Tr t=0 k=1 j=0
K
100 k) k—1 k k—
T ZME [l = 9 helg P + 7 2 NE [k = ¢® (g )]
T PyNyrdr PyTy,rdr i
Tr—1 k—1
LB LS py"“ SN S 202y 137
tapy 1y 2 Bl Z D (37)
=0

where the last step holds due to 0”79%,7« < 1. Then, according to the random sampling operation, we
have

T-—1 K

Z STNE[g® (hEY) = hE )17

TtOkl

K
otio= Y ME[lg™ (@ri10) — b,
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T,—1

k—1
pyny, o2 ’ 2
< T TT Z ZAk; (2C2)
T,—1 T.—1 2 K k—1
150 5 L%1 1 2 PyNyr 2 / 2.
<2 o+ —( 3 = Ellgro|’]) + 220007 5 00 > (203)
Pyl Tr py e i OT = 50 o T
Tr—1 —
ISOUTQ 1 /1 % 1 1 2 ;2 2
< 2t ool 2 El ——Z AP1) + copumirLho” (138)
pynz T 640 Py 10 T prt 50
where the last step holds due to p, = 640L%.
Then, based on Lemma|[B.6] we have
1 Ty —1
T E[|Vaf(H (zrt), yr,t) —pm||2]
T =0
n 1 Ty—1
< T E[||Va f(H(2r0), yr0) — Proll®] + —%— 02 Z E[llgr,¢[1%]
102 n 1 T—1 K K K 1 T, —1
17" k k—
=g 2 Y (e ) A%~ g™ BN+ 202 302 1 3 Ellpwel?
T t=0 k=1 j=k k=0 T t=0
4CM er S 2 2
+ 20" Y N (205 + 2002 . oo (139)
Px k=1 =1
10 2Lf 1 2003 1 =
< o BV (0 (r0).00) = peoll+ oz 3 Elleel D ElllareIl’)
Yyily,r T t=0
1 T,—1 K

K k— P, n, 1
+ ﬁ? D D OMENRY — g™ (hlTIP + St o 205771+ oy Cyo®
" t=0 k=1

¥ TTMN
HM?T

where the last step holds due to the definition of A} and an; . < 1. Then, due to the random
sampling in each outer iteration, it is easy to know

T,—1

1

ori1,0 = E[|Va f(H(@r11,0), Yr+1,0) = Presoll’] = T > ElIVe f(H(2rt), yrt) — Prol’]
T t=0
10 o, 200L% (172 s 11 = )
< 5 T v f Zr,0),Yr,0) — Pr,0 + —| = ]E pr, + — ]E qr,
o, E[|Vef(H(zr0),yr0) 7] o\ T ; [lpr "]+ 75 T ; [llgr.e "]

dpyn?., K k - 1
+ Lo SN 2O T + cpun o
k=1j=1

Tr—1 Tr—1
1002, aly 20171 < e 11 ¢ 2 2 9 12 o9
: : (=3 o > Ellardll’]) + ZpumiLho” (140
= s e oI 510 ( T o llarell")) + 5t Liso™ . (140)

T,—1 Tr—1
1 150 14 114 ) 1
95N Or, T El|gr ) rL
+ 555 (pyny > 7 7m0 T 10 (T > Elllpr ] + — 07, 2 [lgrell”] 50pu77y 8O >

where the last step holds due to p, = 640L%, ¢y > 1 and % = 5.

Similarly, from Lemma[B.7] we get

1 T,—1
7 22 ElVyf (H (@), yre) = Grt]|”]
t=0
2 4 Tr—1 K
< e BV (H (o), vr0) g 2}+“25§ij?% > >0 B — oI
22, 2 = L} = 4a Uzr 2 2 2 2 2
+ ot RO T 3 Bl + 7 3 Bl )+ S L S @O + 2

k=1
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1 11 k k—
Bl Vyf (H (2r,0),4r0) = grol® ”%? DD ONElRY —g®mETOIF a4y
pynyr (s t=0 k=1
203 1 % 4pyn, .
B yly.r 2\k—1 2 2
L _ IE " 20 2 O,
500[, T Z oy 77 2 BllaeelP)+ S50 L5 520D + 2000

where the second step holds due to the definition of A/, and the last step holds due to omi, <1
Then, due to the randomly sampling operation in each outer iteration, it is easy to know

T, —1
ol 10=EIVyf(H(@r11,0), Yr+1,0) — gri1,0]l°] T Z E[||Vy f(H(rt), Yr,t) = ar,e]|’]
1 Tr—1 2 1 T,—1
S T H T T - Yr 2 T E T 2
< o BV B ). 0e0) = anall)+ i 3 Bllonel’)+ =% 0 3 Bl
Yy t=0
11 dpyn,
1 1 MNE[NR® — (k) h(k 1) y Ty, r Lz 2 (2 9 12 o2
o Z S MBIk — o (I + ot Z O+ 20,0
202 T, -1 T.—1
< —5—+ T T - Yr 2 B ]E T ]E T
< o BTG o)) 0]+ ( S Bl + o S Bl
Tr—1 Tr—1
1 150 < '
2 olo+ — E[||p- ) L7
NS (pyny 2T fot 640( Z lp-I*] + 5 10T py"y G >
4Py77y 2 2 2 2
u Lo (2 2 142
10000 Z C + PyMy,r0 (142)

y T.—1 -1

< Ty S (T E ||2]+iiTr Ellg.d|)) + 5 oyt rL3o”
= oz Ty oy, Tr | 6A0NT, e P 07, & 5 Pullyr B9

where the last step holds due to p, = 640L%.
Then, we combine these three inequalities together as follows:

x Yy h
Or+1,0 + 010+ 96070
Tr—1

1007 o ol 201 /1 2 11 2 2 9 12 9
J d (= E[||lp- — E[|g- ) z »L
S ot et + i (7 2 el o ?:0: lavell?) + 2oy Lo

y T,—1 _
aly 6o 21 /1 1 11 5 .o o
SR + = ( E = . ) Lic
e T T T 60\ ; [ 0T Z llarell®]) + 5 Pyt L
Tr—1 Tr—1
84000’T0 1 < <
840970 E(|lp, e S Ellgnl?) + L 143
T ot T 640(TT tz; (-1 +10T Z eIl 50’)”"% 5o’ (143)
Tyr—1 Tr—1
100’:0 O—go 84070’:}0 1 1 < 11 S 2 2 2 2
< om0y Tho 24 (7 prall®]+ o )+ 8pu L3’
PyTIZ,rTr pyng,rT’r pyng,rTT 2\ T, ; [H ?“t” ] 10T [ } ylly B
T.—1 e -
Then, we need to bound - 3,7 E[||p,¢[|*] + C%:’T A Zt E| 2]. In particular, we have
COnIT
E[|lpr.el|*] + = E[|lgr]|’]
y,r

< 2Elprs — VO (@ro)|] + 2E[[ VP (e
+ D (2B llare = Vo f (H (), ) & Vo (@) vne) = Vil (Glane): ve) I

y,r

+ 2|V, £(G(wre), yre) 7))
<AE[|V(2r.e) — Vi f(C(@rt), yrt)1P] + BE[Va f(G(@r), yrt) — Vaf (H(@re), yr) ]
+ SB[V f(H (1), yrt) = Proal]P) + 2E[| VB (z0) ]
S (A9 (H (@), yra) = el '] + 4B 9y f(H (@r),y0) = V(G ane), )]

y,r
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+ 2B[|V, £ (Glere), eI
8

< o (RN P + ”ycfj“ﬁmvyf( (@r)sur)II]) (144)

L2 _
+ 47£E[I\Vyf(G(xT,t), yr) 1P + SKZ ARE[|lg™ (W7D — B P+ 8E[|Va f(H (2r4), yrt) — prl]
k=1

K
4coNa,r 4coNz,r —k k) oy (k—1 k
RV (H (), yre) = arell) o+ =2 L3y 2 REfg® (a0 — 57

y,r Y, el

By plugging Eq. (I31)), we obtain

CoNz,r 2 8(Hr,t - Hr,t+1)
—ElllgrelI’] £ =————
Ny,r Na,r

68 2, 182nyr
_ 7E = H - S Yr — T tgT
5 IVaef(H (zr,t), yr,t) ] .

E(llpr.e %] + - (;*O]E[Hvyf(G(wr,t)’yr,t)l\z]

E[|Vyf(H (@) yrit) = arel’]

K K
68 _ _
~ (TR A+ 16e0L; Y G NENRY — oM (hET)IP) + 664c0LE 0"
k=1 k=1

2 K
SLEIV £ (Gare) o) 1P) + 8K S AGE[lg™ (5) — hE) 2] + 8E(| Vo f (H(@rt), yrt) — prell?]
k=1
K
4conz,r 4coNe,r - —
+ 2T B gy — Yy f(H (@), yre) 2]+ =B L3S 2R g® (h$D) — h )17
y,r Ny,r 1
< M + 66000L%py77§,r02 , (145)
where ¢g = 2%2.

By summing up ¢ from 0 to 7. — 1, we get

T.—1

C

(HT,O - Ht,TT )
T,

c,rdr

+ 660co L%pyn;TU2

6077507‘
CILL R g,,)]) <
T2 g ]

80coVro  3200%,  320coc?,  17920co0’, s 9 o
< : : — + ~ + 660co L pyny 0
My Tr ' pyiae T pymaaTr | pymaTr Pl
8OCOVTO 3200() ( z h 2 2 2
< : 0%+ 0y + 5607 )+660c0L Py . (146)
Ny, Lr pynyrIr 0 0 0 prvly:
By plugging this inequality to Eq. (T43), we get
Orp10 0l 0+ 5607}}“,0
10070 a0 84070l 1,1 = 2 11 2 2 ;2 2
< ’ ©+ 2 (7 D Ellpral’1+ 57 O Ellanel®]) +8pymi. Lo
pu2 T py2 T pyn2, T 2\T, ; 10 T, ; v e
1007 ol 840707 o

o Te o pyma. T pymi . T
l (4060Vr,0 320co
2\ ny, T pyng . Tr
32060
= pym, 'rT

(0':,0 +olo+ 56020) + 66060L25py77§mc72) + 8pyn§,TL2502

20coVr0

T + 338copyny » Lio” . (147)
Yy,r T

(of0+ oty + 56070 ) +
In the following, we prove Theorem|[C.2}

Proof. Under the two-sided PL condition, we get

251(BIR ()] = B(a.) + B EIR(r0)] — B (G lore): o))
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CoNz,r

y,r

E[|Ve(xyt)[”] + E[|Vyf(G(xre), yra)IP] (148)

Due to the random sampling in each outer iteration, we get

T,—1
1 CoMNax,r
Vri10 = 7 Z (E[@(xr,t)] — ®(2,) + . (E[®(x,)] — E[f(g(xr’t)wr’t)]))
T =0 Y,
1 = CoNx,r 2
< o m 2 3 n
< our ZO( IV 7]+ S E2EI9, f o) ) )
V 16060 h 9 9 9
ory+ol,+ 560, )+ 330c Lo
( My Ty pyny,rTr( 0o o) 0Pylyrtp )

1

24
<= ( OCOV7 0 32000
Ny, I Pyny p Iy

Therefore, when r = 0, we have 0§  +0 o+ 5606’70 = 58L% o?. Based on Eq. (149) and Lemma
we have

(o0 + 0¥ +560% ) + 338copyn?, L30?) . (149)

1856000[1,3 9 QOCQV0,0
g
pyny’oTO 77y,0T0

oio+ oo+ 560’?,0 < + 338copy77§70L%¢72 ,

1856060.[/6 2 2080V00 2 2 9
1,0 < 7( o° + — 4 338copyn; o L0 ) . (150)
2 Pyny,()RO ny,08%0 vin0T8
When r = 0, by setting 1, 0 = ﬁ and Ry = max{225, 7 16V0 27}, we have

18560 x 45COL5 2 20 x 30coLgVo,0

oo +oio+ 560?,0 < 2R o o + 33800L%02 < SOOCOL%U2 ,
50000L%02
Vip< — (151)
U

where the second step holds due to p, = 64OL%,.

Therefore, we denote ¢; = 500co L0/ such that
Uf,0+0%,0+560?,0 <per, Vig <er. (152)

In the following, we use the inductive approach to prove the desired result. Specifically, suppose
ofo+ oty + 560", < perand V, o < €., we will prove o7, | o+ 0¥, o + 5600, o < pe, /2 and
Vrt1,0 < €-/2. At first, we have

h
o100l 0+ 560,
320co L3
< 05

0 2 72 2
< €r + 338copym;, »Lzo” . (153)
Pzﬂ?g,rTr v P

ny,rTr

ey +

To rpake Trt1,0 + 034_1,0 + 560,’}“70 < pe, /2, we enforce each term to be smaller than €, /6. In
particular, by setting

Her

888copy 1, Lio” < (154)
we set
33806402302, L30” < ”6 ,
ey
R, '/ i — (155)
T = 1140, /6 L0

It is easy to verify that pyn;T <lfort > 1.
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By setting

20c¢cy LEr
—€ < ) (156)
Ny, T 6
we get
120 x 114000L?3 coo
T, > . (157)
B/ ey
By setting
320c¢o L
L e < B (158)
pyny 7nT 6
we get
570 x 11400(2).[/?302
T, > . (159)
et
. _ N o coL> Voo 2Lt o
Therefore, by setting 7, . = 0y 20 and T, = O( m \ﬁ/;Ta \ Ou fr ), we get
€r €r € €
0% 10+ 5601 o+ oty o < B B B < B (160)
’ ’ ’ 6 6 6 2
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1 32000L2 202
v < - | ——£ 0 ¢, 4338 20%) << 161
r+1,0 S <Py77y rT per + ) €+ CoPyTly,rLig0o =5 (161)
Since €, = 5715 = %, we get
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coL%\/coo  col?\/coo . /2r—1 L L
0ZpyV 0T _ OBpvaT Ho_ QW8 o \for—T < D028 L or=1  (162)
K/ €y v VeoLso % %

Therefore, we set T, = O(%U x 27~1). Finally, to achieve Vr,o < € we need ;- = € so that
R = log, 2% As such, the total number of iterations is

6
T0+ZT O(max{225, 16V°0}+ij x 2771 = O(coq> :O(i) , (163)
/3

e

where the second step holds due to

ZQ(TI @2T=Ll_ g (Cogis,
po2—1 Iz

221) o) (6061> . (164)
L€
Moreover, we get

\/Er VI 500001%02
= - —0(1/V2r-1Ly), 165
My, 1140/coL20 ~ 1140/coL30 \| 27— p (1/ 8) (165)

and it is easy to know 7, ., = O(u?/v2"~1Lg).
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C.4 Proof of the Theorem [5.1]

Proof. Because f(G(z),y) is strongly convex with respect to 2 and satisfies the PL condition with
respect to y, we have

Ellzg — 2" <

SN

E[®(zz) — ®(z*)], (166)

where we set w = 2 such that f(G(z),y) is f-strongly convex with respect to z, and we define
d(x) = max, f(G(x),y*) with y* = arg max, cgdy f(G(z),y). Then, according to Proposition
2.1 in [30], to guarantee E[||z 5 — 2*[|?] < O(€?) such that E[||[V®(Zg)||*] < O(€?), we can enforce
E[®(x B)— &(x*)] < O(€?). Then, from Theorem it is easy to see that after running Algorithm
for the total number of iterations O(1/€?) (Note that 1/¢ is usually large in practice [30] so that we
omit other factors.), we have E[||z 5 — 2*[|?] < O(€?) and then E[||[V®(Zr)||*] < O(€?). O
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