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Abstract

Stochastic Natural Gradient Variational Inference (NGVI) is a widely used method
for approximating posterior distribution in probabilistic models. Despite its em-
pirical success and foundational role in variational inference, its theoretical un-
derpinnings remain limited, particularly in the case of non-conjugate likelihoods.
While NG VT has been shown to be a special instance of Stochastic Mirror Descent,
and recent work has provided convergence guarantees using relative smoothness
and strong convexity for conjugate models, these results do not extend to the non-
conjugate setting, where the variational loss becomes non-convex and harder to
analyze. In this work, we focus on mean-field parameterization and advance the
theoretical understanding of NGVI in three key directions. First, we derive suffi-
cient conditions under which the variational loss satisfies relative smoothness with
respect to a suitable mirror map. Second, leveraging this structure, we propose a
modified NGVI algorithm incorporating non-Euclidean projections and prove its
global non-asymptotic convergence to a stationary point. Finally, under additional
structural assumptions about the likelihood, we uncover hidden convexity prop-
erties of the variational loss and establish fast global convergence of NGVI to a
global optimum. These results provide new insights into the geometry and con-
vergence behavior of NGVI in challenging inference settings.

1 Introduction

Variational Inference (VI) is a powerful framework for approximating Bayesian posteriors by casting
inference as an optimization problem [JGJS99, BKM17]. Unlike sampling-based approaches such
as Markov chain Monte Carlo (MCMC; [MRR"53]) VI enables scalable posterior approximation
through stochastic optimization, often with significant computational advantages. In practice, how-
ever, the exact gradient of the variational objective—such as the evidence lower bound (ELBO)—is
rarely available in closed form, especially for complex or non-conjugate models. Consequently,
gradients must be estimated from data using Monte Carlo sampling. Since the advent of Black-
Box VI [WW13, TLG14, RGB14], this form of gradient-based stochastic optimization in Euclidean
parameter spaces has become the de facto standard in practical applications.

While gradient descent in the Euclidean space of parameters has become the standard tool in modern
VI, it ignores the intrinsic geometry of the space of probability distributions. This has motivated the
development of Natural Gradient Variational Inference (NGVI) [HTRKO7], which replaces stan-
dard gradients with natural gradients [Ama98] that account for the underlying information geom-
etry of the variational family. NGVI follows the steepest descent direction (on average) with re-
spect to the Kullback-Leibler (KL) divergence, rather than the Euclidean norm. Empirical evidence
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Figure 1: Convergence of SNGD on Poisson regression with different initialization. The function
value gap refers to the difference between the objective value at iteration ¢ and the optimal value;
performance is averaged over 10 runs for each algorithm. In the left panel, SNGD is initialized with
o2 = 2. We observe instability at the initial iteration and slow convergence with step sizes 0.5 and
0.3. In contrast, with a different initialization 08 = 0.4 shown in the right panel, we observe stable
behavior and fast convergence for larger step sizes.

suggests that this geometry-aware approach leads to faster or more stable convergence in various
applications, including Bayesian neural networks [ZSDG18, OSK™19] and probabilistic filtering
[SEH18, LZM*25]. However, theoretical understanding of NGVI remains limited—particularly in
the case of non-conjugate models, where the posterior is not contained in the variational family and
the optimization landscape becomes non-convex.

Recent work [WG24] established the first non-asymptotic convergence guarantees for stochastic
natural gradient descent (SNGD), a basic variant of NGVI, under conjugate likelihoods, by framing
SNGD as a special case of stochastic mirror descent (SMD; [NY83]). Their analysis hinges on
the strong convexity and smoothness of the variational objective in the Bregman geometry induced
by KL divergence. Unfortunately, these guarantees fail to extend to non-conjugate models such as
logistic or Poisson regression, where the objective becomes non-convex and the geometry is not
well-behaved. For instance, Figure 1 indicates that 1-smoothness of the objective as in conjugate
models does not hold globally (see Section B for more detailed explanation). This observation serves
as a motivation for our subsequent analysis of relative smoothness in non-conjugate models.

Contributions. This work develops a theoretical foundation for stochastic natural gradient varia-
tional inference (NGVI) in the non-conjugate setting. Our main contributions are as follows:

o Relative Smoothness of the Variational Objective. We derive sufficient conditions under which
the negative ELBO is smooth relative to the Bregman geometry induced by the KL divergence on a
compact set of parameters. Our results apply to a broad class of non-conjugate models in mean-field
parameterization, including logistic regression, and provide explicit smoothness constants (polyno-
mial in the problem dimension) over arbitrary compact subsets of the parameter space.

e Projected Stochastic NGVI Algorithm. Based on the relative smoothness analysis, we introduce
a projected variant of NGVI called Proj-SNGD that enforces updates within a compact parameter
domain using non-Euclidean projections. This approach leverages the dual structure of exponential
families and admits efficient implementation in the mean-field Gaussian case. The resulting algo-
rithm improves numerical stability while preserving the geometric fidelity of the natural gradient
updates.

e Convergence Guarantees via Mirror Descent. We analyze Proj-SNGD through the lens of
stochastic mirror descent (SMD), extending recent non-convex convergence theory [FH24]. We
establish non-asymptotic convergence to a stationary point at rate O(1/ VT ), and further show that
under concavity of the log-likelihood, a hidden convexity structure [FHH25] allows us to prove
global convergence at rate O(1/T).

By extending convergence guarantees to the non-conjugate regime, this work addresses a fundamen-
tal challenge in the theory of NGVI and provides a principled framework for variational inference
in complex, non-linear Bayesian models.



1.1 Related Work

In the Euclidean setup, A large body of prior work provides convergence guarantees of standard
VI algorithms. Building on smoothness and convexity properties established in [TLG14, Dom20],
authors of [DGG23] propose two gradient descent-based algorithms that achieve convergence
rates of O(1/v/T) using convexity, and O(1/T) using strong convexity. Concurrently, Kim et
al. [KOW 23] analyze the convergence behavior of gradient-based VI under various parameteri-
zation and prove similar convergence bounds. Furthermore, a linear rate in the case of conjugate
likelihoods is established in [KMG24]. In the non-Euclidean setup, Wu and Gardner [WG24] es-
tablish the first O(1/T) convergence rate of NGVI assuming the model is conjugate. For general
overview on natural gradient descent, we refer to the survey by Martens [Mar20].

Since its introduction in [Ama98], natural gradient descent has been extensively studied in the
context of variational inference [HRL12, HBWP13, LT21], particularly for non-conjugate mod-
els [KBL™16, KL17, SEH18, TR19]. Notably, [LKS19] and [ADY "23] extend natural gradient
methods to mixtures of exponential-family variational distributions, while [CAAK19] and [JCM24]
focus on their application in online learning scenarios. In reinforcement learning, a series of works
has focused on natural policy gradient [KakO1, AKLM21, Xia22, SLZ*23]. Natural gradient vari-
ational inference (NGVI) has also been applied across various domains, including the training of
variational Bayesian neural networks [ZSDG18, OSK ™' 19], Kalman filtering [LZM*25], and multi-
modal optimization [MAM™25].

There exists an extensive body of work on the convergence of stochastic mirror descent (SMD)
under convexity assumptions [NJLS09]. Later, [Lan12, AZO17] show that mirror descent can be
accelerated, similar to Nesterov’s method. Relative smoothness, which was introduced concurrently
in [LFN18, BBT17], has become an important tool in analysis of SMD [HR21, VYBT22]. In the
non-convex setting, [GLZ16] derive an O(1/+/T') convergence rate to a stationary point, albeit un-
der very strong assumptions and with large mini-batches. This requirement is relaxed by [ZH18] and
[DDM18], who establish similar convergence guarantees without relying on mini-batching. More
recently, Fatkhullin and He [FH24] further relax the smoothness assumptions on the distance gen-
erating function using a distinct proof technique and improved convergence criterion. Non-convex
SMD has also been studied in the context of reinforcement learning, where the value function is typ-
ically highly non-convex but admits certain structures analogous to our problem, see, e.g., [Lan23].
Additionally, alternative variance assumptions for SMD are explored by [Hen24].

2 Background

Notation. We write || - || for the Euclidean norm of a vector or the operator norm of a matrix, and
(-, ) to denote the standard inner product in Euclidean space. For vectors a,b € R, let a ® b denote
their entrywise (Hadamard) product. Let S ﬁlr denote the cone of d x d symmetric positive definite

matrices. For symmetric matrices A, B € R?*?, we write A = B if A — B € S§¢. For distributions
p and ¢, we write Dky,(¢ || p) = ]Eq(z log(q(z)/p(z)) for the Kullback-Leibler divergence from p
to ¢. When needed, we write ¢(z; #) to emphasize the parameterization of the distribution.

2.1 Variational Inference and Exponential Families

Let z € R? be a latent variable and D = {(z;,y;)}?, be the observed dataset. Given a prior p(2)
and likelihood model p(D | z), the goal of Bayesian inference is to compute the posterior p(z | D) o
p(2)p(D] z). Since this posterior is generally intractable, variational inference (VI) approximates it
by minimizing the KL divergence from p(z | D) to a tractable distribution ¢(z) within a family O:

min Dk (q(2) | (2| D))-

This is equivalent to minimizing the negative evidence lower bound (negative ELBO) [BNO06]:

Uq) = —Eq(»)[log p(D | 2)] + Dxr(q(2) || p(2)). (1)

In this work, we assume Q is a minimal exponential family [WJ108], i.e., each ¢ € Q has the form

q(z;n) = h(z) exp ((¢(2), n) — A(n)),



where 7) is the natural parameter, ¢(z) is the sufficient statistic, and A(n) is the log-partition function.
The dual expectation parameter is defined as w := E; (.., [¢(2)].

Let Dy == {n € R?: A(n) < oo} be the natural parameter domain, and let {2 be the set of corre-
sponding expectation parameters. The gradient map VA : D4 — (Q is bijective, with inverse VA*,
where A*(w) := sup,cp, ((n,w) — A(n)) is the convex conjugate of the log-partition function.
This duality ensures that for any distribution ¢ € Q, parameterized by either 7 or w, we have

VAm) = w, VA*(w) =1.
For a comprehensive overview of exponential families and duality, we refer readers to [WJT08].

Remark. With a slight abuse of notation, we denote the negative ELBO as £(n) := £(q(z;7n)) or
¢(w) := £(gq(z;7m)) when working in either parameterization.

Example: Gaussian Family. For the multivariate Gaussian family ¢ = A (p,X), the natural
parameter is 7 = (\,A) with A = 7!y and A = 7%2’1, and the expectation parameter is
w=(&E)withé = pand Z = X+ pp . The standard parameterization (u, ) and Cholesky form
(1, C) (C is the Cholesky factor of X3) are often used in practice.

2.2 NGYVI as Stochastic Mirror Descent

Stochastic mirror descent (SMD) generalizes standard SGD to non-Euclidean geometries by replac-
ing the squared Euclidean distance with a Bregman divergence.

Definition 2.1 (Bregman Divergence). Given a strictly convex and differentiable function ® : U —
R, the Bregman divergence between u,v € U is Dy (u,v) := ®(u) — ®(v) — (VO (v),u — v).

The update rule for SMD on a differentiable objective ¢ : U — R is in

primal form: w1 = argmin v, (VO(ur),u) + Da(u, uy), or equivalentlyin  (2)
ueU

dual form: VO (viq1) = VP(uy) — 'ytﬁﬁ(ut), g1 = argmin Dg (u, ve41),  (3)
uel

where V/ (u¢) is a stochastic gradient and ; is a step size.

In variational inference with exponential families, the natural parameter 7 admits a geometry gov-
erned by the Fisher information matrix Z(n) = V2A(n), where A(n) is the log-partition function.
Stochastic NGV in this space preconditions the gradient by the inverse Fisher matrix [RM15]. Ap-
plied to the variational objective ¢, the update becomes:

N1 = Nt — %I(nt)_lw(m) = — ’Ytﬁg(wt% €]

where w; = VA(n;) is the corresponding expectation parameter, see Section C.2 for details. Using
the duality between 1 and w, and the identity n = VA*(w), we can re-write the update in the
expectation parameter space as

SNGD:  VA*(wiy1) = VA" (wy) — 7 VE(wy).

This matches the update rule of stochastic mirror descent with mirror map A*. Hence, NGVI can
be viewed as mirror descent over the expectation parameter w, with geometry induced by KL diver-
gence. Indeed, for exponential families, the Bregman divergence associated with A* coincides with
KL divergence: D g« (w,w’) = Dkr(q(z;w) || g(z;w")), see e.g., [WG24].

2.3 Mean-field Parameterization

In the following, we assume that the prior is standard Gaussian, p(z) = N(0, I), and the variational
family Q is the mean-field Gaussian family, with mean @ = (1;)1<,<q and diagonal covariance
matrix ¥ = diag((0;)1<i<q). The corresponding expectation parameter w = (&, Z) is given by
¢ =pand E =X + diag(p © p), defined over the domain

Q={(&E): £ e R, = —diag(¢ ©¢) € S{ and is diagonal } .



This parameterization is widely adopted due to its tractability and interpretability, allowing efficient
coordinate-wise updates while still capturing key aspects of the posterior distribution. Moreover, it
often provides a favorable trade-off between computational complexity and approximation quality
in high-dimensional settings. It has been extensively studied in recent theoretical works, including
applications to Bayesian deep neural networks [CE24], high-dimensional Bayesian linear models
[CFLM23], and particle-based variational inference [DWZZ24].

3 Landscape Properties of Non-Convex NGVI

In this section, we investigate the landscape properties of variational objective £(w) with a particular
focus on the properties useful for establishing non-asymptotic convergence of NGVI. First, we note
that ¢(w) is coercive in the expectation parameter, i.e., it grows to infinity ¢(w) — oo when the
parameters approach the boundary of the set w — 0f2, see Section D for more details. This is a
useful property which guarantees the existence of the minima of ¢(w). Second, it is known that £(w)
is non-convex w.r.t.w in the general non-conjugate likelihood setting, i.e., when likelihood does
not belong to the variational family O, see Section E for details. This non-convexity is the main
challenge for establishing non-asymptotic convergence of NGVI. In what follows we aim to use
modern tools from non-convex optimization, which will allow us to provide a better understanding
of NGVI landscape and characterize its convergence. The rest of the section is organized as follows.
In Section 3.1, we will prove that, despite non-convexity, both the lower and upper curvature of ¢(w)
are bounded in the non-Euclidean geometry following the formalism of relative weak convexity and
relative smoothness [LFN18]. In Section 3.2, we uncover the hidden convexity properties of the
objective and connect them with Polyak-Lojasiewicz (PL) condition [Pol63, Loj63], which allows
us to show fast convergence of NGVI despite non-convexity.

3.1 Relative Smoothness of Variational Objective

We start with the definition of a3 relative smoothness [BBT17, LFEN18], which is a generalization
of smoothness and weak convexity to Bregman geometry,

Definition 3.1. Let © : U — R be a differentiable and strictly convex function on a convex set U. A
differentiable function { is said to be -3 smooth relative to ® for some a € R, 3 > 0 if

aDg(v,u) < L(v) —L(u) — (VL(u),v —u) < fDg(v,u), Yu,veld.

If a > 0, L is also called a-strongly convex relative to .

In our problem we will mostly deal with the case of negative curvature o < 0. Thenif L = 5 = —q,
we refer to /(+) as being L-smooth relative to @, or relative smooth with parameter L.

According to Proposition 1.1 of [LFN18], a-f relative smoothness is equivalent to
aV2®(u) = V20(u) < fV2D(u), forany u € U. ®)
In NGVI setting, we hope to find conditions under which negative ELBO objective (1)

lw) = —Egllogp(D|z)] + Dxrlq(2)] p(2)) (6)
—_— —
log-likelihood term KL divergence term

is L-relative smooth on  w.r.t. A*.

Relative Smoothness of KL Divergence Term Since A*(¢,Z) = — 3 log det(Z — diag(¢ ® &)
(see Section C.1), and the KL divergence between Gaussian distributions admits a closed-form

_ 1 - . 1=
Dxi(q(z &, E) [ p(2)) = ~3 log det(Z — diag(§ © €)) + §Tr(:>7
the Hessians of the two functions coincide. Thus KL divergence term is 1-1 smooth relative to A*.
Relative Smoothness of Log-Likelihood Term Now we consider the log-likelihood term in (6).

We explain the intuition for the derivation in the univariate case and state the general result in high
dimensional case, deferring the formal proof to Theorem 3.2.2

?For simplicity, we assume that D = {(z, )} only contains a single data point. If there are n data points
and each —E,[log p(xi,y:|%)] is au-Bi-relative smooth, then —Eq[logp(D|z)] is >, ai-y ., Bi-relative
smooth, since —Eq[log p(D|z)] = — D7 | Eq[log p(xs, yi|2)].



In order to compute the Hessian matrix, VZ]Eq(z;w) [f(2)], for some four times differentiable function
f, we need the following useful lemma [Pri58, Bon64, OA(09].

Lemma 3.1 (Bonnet’s and Price’s Gradients). Ler q(z) be the probability density function (PDF) of
the multivariate Gaussian, N (1, 2), and assume f is twice continuously differentiable, then

VB o) [f (] =Eg[VI(2)],  VsEqipun)[f(2)] :%Eq[v%(z)].

In the univariate case with standard parameters, = &, 02 = = — £2, we apply Theorem 3.1 and
chain rule to obtain

VeByeiem) | (2)] =Eq[V (2 >]%’g . [V%(z)}% —E,[Vf(z) - V2f(2) €],
Vo e ()] =B, (V£ 2 1 LB V21 (0) 28 = Lm0

Using Theorem 3.1 and chain rule again and we get the following result.

Proposition 1. When d = 1, let f(z) .= —logp(D| z), then the Hessian of the log-likelihood term
equals

Eq[=2V3f(2) -+ Vif(2) - p?] 5Eq[VEf(2) — VIf(2) -u])
V2B, (se = = (" 4 . @
weolel = (M el i W B, (V1) 7

Moreover, it is straightforward to see that
L (2p? 40 —
2 A% _ 1% M

VA@)&( o). ®)

Therefore, proving a- relative smoothness is equivalent to finding «, 3 such that for all w,
aVZA* (W) X =V?Ey(s0) [log p(D| 2)] X BVZA* (w). ©)

Using the same approach, we can compute the Hessian matrices for any d > 1 (see Theorems G.1
and G.2).

Forany U > 1, D > 1, define the bounded sets in the spaces of standard and expectation parameters:
Standard: Pi={(1,%) : |pus| <U,Yisdiagonal, D~! < %, < D, 1<i<d},
Expectation: Q= {(£,5): (&2 — diag(€ ©€)) € P} C Q.

Then we present our main result on relative smoothness on such bounded sets for any U and D.?

Theorem 3.2 (Sufficient Conditions for Relative Smoothness). Let f(z) = —logp(D | z) be a four

times continuously differentiable function in z on R?. Assume sup cgasup;_; .. 4|Vif(z)| < L,

SUD, cga SUP;—1 ... qSUP;—1 ... 4|V3;f(2)| < Ly. Then the log-likelihood term is L-smooth relative

to A* on Q with
L = O(dD?U(Ly + LyU) + dD?(Ly + LyU)).

Proof sketch. First, we use the approach mentioned above to compute the Hessian matrices
V2E(z:¢,2)[f(2)] and VZA*(w). To handle high-order derivatives appearing in VZE,.c =)[f(2)],
we apply Stein’s Lemma (Theorem F.3) to bound them by lower-order derivatives. Finally, we find
« and (3 as in (9) by proving the positive semidefiniteness of the corresponding matrices.

Example 1. For logistic regression, —logp(y|z,2) = log(l + e_WTZ), where * € R? is
a data point and y € {—1,1} is the label. Since —V;logp(y|z,2) = —o(—yx' 2z)yz; and
—VZlogp(y |z, z) = o(—yxT2)(1 — o(—yz " z))zx;, by writing || 2] == max; |z;|, we have
sup sup |—V;logp(y|z,z)| < |z|le = L1,
z€R4 i=1,--- ,d

sup sup sup | — Vi logp(y|x,z)| <|lz|% = Lo
ze€Rd i=1,---,d j=1,--- d

Therefore, £(w) is smooth relative to A* with parameter O(dD?||x||oo (U + D) (1 + Ul|z]|o0))-

3 A stronger statement with tight characterization for the case d = 1 can be found in Section F.



Comparison to conjugate case. For conjugate models, ¢(w) is 1-smooth and 1-strongly convex
relative to A* [WG24], which makes it very well-conditioned strictly (but not strongly) convex
objective. For non-conjugate models including logistic regression and Poisson regression, however,
« is typically negative, indicating that ¢(w) is a non-convex objective. The relative smoothness

constant in this case scales polynomially with the size of the set P and dimension d.

3.2 Hidden Convexity of Variational Objective under Log-concave Likelihood

We show that ¢(w) exhibits hidden convexity when the log-likelihood is concave in z, as in logistic
and Poisson regression. Formal proofs of statements in this section are relegated to Section G.3.

A function has hidden convexity if it becomes convex under a reparameterization ¢(-). Formally:

Definition 3.2 (Hidden Convexity; [FHH25]). Let ¢ : Q — R satisfy {(w) = H(c(w)) for an
invertible map c : Q) — ©. Then { is hidden convex with modulus pc > 0, pg > 0 if:

1. The set © is convex and H : © — R is py-strongly convex w.r.t. Euclidean geometry.
2. The map cis invertible and 3puc > 0 : ||c(w1) —c(w2)|l2 > pollwr—wall2, Ywi,ws € £

The result below follows from the fact that the strong convexity of f(u) transfers to the expected
value Eq(,.,, 0 [f (u)] under the Cholesky parameterization (1, C'), where C is lower triangular with

positive diagonals and CC'T = ¥ [Dom?20, Theorem 9].

Proposition 2. Iflog p(D | z) is concave in z, then the restriction of {(w) :  — R on €0 is hidden
convex with modulus pic = (A4U? +4D +1)"Y2 and ppy = 1.

Given hidden convexity, we establish the PL inequality based on the analysis in [FHH25].

Proposition 3. If log p(D | z) is concave and a stationary point w* lies in €, then w* is a global

minimum. Furthermore, {(w) satisfies the PL inequality in the relative interior ri(Q):

VL(W)]|? > 2ué (b(w) — %), VYweri(Q), with uc from Proposition 2. (10)

The assumption that w* € Q is mild. Under weak conditions, /(w) is coercive: £(w) — oo as

[ (1, 2)|| = oo or det(X) — 0 (see Section D), thus for large enough U and D, (2 contains a sta-
tionary point. Note that although the PL condition holds, it does not immediately imply the function
value convergence of NGVI, since for non-Euclidean algorithms the gradient norm may converge
arbitrarily slow. In the next section, we introduce an additional mild assumption (Assumption 2),
sufficient for the function value convergence.

4 Convergence of Non-Convex NGVI

This section analyzes convergence properties of NGVI. In Section 4.1, we introduce our projected

stochastic natural gradient descent (Proj-SNGD) algorithm and prove an O(1/+/T) convergence
rate under the relative smoothness condition in Section 4.2. Finally, if the log-likelihood is concave,
we show in Section 4.3 that Proj-SNGD achieves O(1/T) convergence to the global minimum.

4.1 Projected Stochastic Natural Gradient Descent

Given an initial point wy € €2, a number of iterations 7" and step sizes {y; }o<¢t<7—1, We introduce
the update rule of our projected variant of SNGD (with wg € §2)

Proj-SNGD:  VA*(wit1.) = VA™ (W) — % VE(w),  wir1 = Projg(wipi.).  (11)

Here Projg (w) denotes the non-Euclidean projection of w onto €2 induced by geometry of A*. This
involves 1) a transformation from the expectation parameter (£, =) to the standard parameter (u, X),
2) a Euclidean projection of (1, 33) onto P, and 3) a reverse transformation back to the expectation
space. Note that in the mean field case, the projection in the second step can be performed efficiently
by a simple entry-wise clipping. Denote the clipping function clip}, ;;(z) = min{max{a,z},b},
then the second formula of (11) is equivalent to

(Hr1)i = clip_y ) ((e41,4)1),  (Bes1)is = clippp p)(Beg1,)i), V1<i<d



Importance of projection. The projection onto the bounded set Qis necessary for two reasons.
Theoretically, as shown in Section 3, both relative smoothness and hidden convexity hold on the set

), and SNGD can potentially escape this set (as shown in Figure 1), invalidating its convergence
guarantees. Empirically, we will show in Section 5 that projection improves the numerical stability.

4.2 Convergence using Relative Smoothness

Equipped with the relative smoothness of ¢(-), we can prove that Proj-SNGD converges to a sta-
tionary point with an O(1/+/T) rate. We use V/(w) to denote the stochastic gradient and assume
E[V{(w)|w] = Vi(w). Randomness may stem from using mini-batches rather than the entire
dataset when computing the gradient. Next, we impose the following assumption on the variance of
stochastic gradients V/(w;).

Assumption 1. There exists V > 0 such that

WQIE[(@E(M) — Vﬁ(wt),wt‘:_l —wip1) |we] < V2 forall w, € Q, (12)

where w, | = argmin a7 (Vl(w;),w) + Dax(w,w;) is the output of a Proj-NGD step with
exact gradient.

Remark. Assumption 1, first proposed by [HR21], reduces to E||V{(w;) — V£(w;)||? in standard
gradient descent case, however, it does not depend on any particular norm in general. This as-

sumption was justified and used in [WG24] to show convergence of SNGD in conjugate setting. In
Section I, we prove Assumption 1 is satisfied for our (non-conjugate) logistic regression models.

For a general setting, we will use the Bregman Forward-Backward Envelope (BFBE; [ATP21,
FH24]) as the convergence criterion to a stationary point.

Deﬁn~iti0n 4.1 (Bregman Forward-Backward Envelope (BFBE)). For some p > 0, the BFBE at
w € Qis defined as £,(w) = —2pmin,, o[(Vl(w),w —w) + pD 4+ (', w)].

In the Euclidean case with unconstrained domain, BFBE becomes the squared norm of the gradient
Ey(w) = || V4(w)]||?. In non-Euclidean case it is a natural generalization of stationarity criteria to the

geometry induced by A*, and if w € 1i(€2), then &£,(w) = 0 if and only if || V/(w)| = 0. It is shown
in [FH24] that BFBE is the strongest criterion available for non-convex SMD. Next, we establish
non-asymptotic convergence of Proj-SNGD using BFBE criterion.

Theorem 4.1 (Convergence of Proj-SNGD). Assume {(w) has a bounded domain Q C Q and ri(Q)
contains at least one stationary point w*. Suppose € is smooth with respect to A* with parameter
L. Then under Assumption 1, for constant step size v, = v = rnin{ﬁ7 1/ ﬁ, } Proj-SNGD
satisfies

E[€s.(wr)] < 18%0 +9 LV;AO,
where Ao = {(wg) — €* and &t is sampled from {wy, . .. ,wp_1} with probabilities ~y;/ Zz:ol Vi

The proof is in Section H. Theorem 4.1 implies that Proj-SNGD converges at a rate of O(1/+/T) in
the number of iterations with the presence of randomness in gradients. In noiseless setting (V' = 0),
we obtain a faster O(1/T) convergence rate. With Theorem 4.1, one may plug in the relative
smoothness parameter derived from Theorem 3.2 to obtain the corresponding convergence rates.

4.3 Fast Convergence under Log-concave Likelihood

In this section, we prove that Proj-SNGD attains the global minimum at a fast O(1/T) rate if the
negative log-likelihood is convex. This fast rate relies on the PL inequality established in Proposi-
tion 3, but requires the following additional technical assumption.

Assumption 2. For any w € oR, let n, be an outward normal direction at w.* Then it holds that
(—(V2A* () 'Ve(w),n,) < 0.

*For a compact set P := {w € R? : p;(w) < 0,1 < i < k}, the set of outward normal directions
at w € OP is defined as the normalized cone of the gradients of the active constraints, i.e., cone{Vp;(w) :

pi(w) = 0,1 <i < k} N {v e R, ol| = 1}.




In the proof of fast convergence of Proj-SNGD (see Theorem 4.2 below), we require that for every
w e Q,

w, = argmin{(V{(w),w') + 2pD - (W', w)} € Q, (13)
w’' €N

where p > 0 is a constant that can be chosen arbitrarily large. When w lies in the interior of €,
the condition (13) is satisfied for sufficiently large p. When w lies on the boundary, Assumption 2
ensures that the gradient V¢(w) points towards the interior of Q under the geometry induced by A*.
It further guarantees that, for sufficiently large p, w, defined in (13) lies in Q.

The example below shows that Assumption 2 can be satisfied for a univariate Bayesian linear re-
gression model.

Example 2. We consider a univariate Bayesian linear regression model with a single data point
(z,y), where z,y,z € R, p(z) = N(0,1) and p(y | x,2) = N(xz,1). It can be shown that (see
Section H.4) Assumption 2 is satisfied if the following set of inequalities holds:

—U(z®+1) <2y <U(z*+1), D '<a2?+1<D. (14)
Therefore, by carefully choosing U and D, Assumption 2 can be satisfied for any data point (x, y).

Now we are ready to present the O(1/T') global convergence guarantee of Proj-SNGD algorithm.

Theorem 4.2 (Fast Convergence of Proj-SNGD). Suppose ri()) contains a stationary point w*
and ! is smooth with respect to A* with parameter L. Suppose logp(D | z) is concave in z. Let

2
Up = S)U“zicDQ. Under Assumptions 1 and 2, for the step size scheme

3, ift <T/2and T < %, 15)
Tt = 6 .
W, Oﬂ’lerWlse7

the iterates of Proj-SNGD satisfy

2
Et(wr.) — 1] < D250 o <uBT) 64SLV

1B 121 ppT
where U* = {(w*), wy» = argmin,, .o (VL(ws), w') + LD g (W', wy) and Ao = £(wo) — £*.
The proof of Theorem 4.2 can be found in Section H.3. In the noiseless setting, V' = 0, Theorem 4.2
implies linear convergence and in the stochastic case we have the O(1/T) rate. Notably, this rate
matches the rate in [WG24] under conjugate assumption, and the rates in [DGG23, KOW*23] under
strong convexity conditions. However, we work in much more general setting of non-conjugate
models and in non-Euclidean geometry.

One limitation is our technical Assumption 2 that can be difficult to verify for a more complex
model than a Bayesian linear regression. However, empirical results (see Section 5) indicate that
with moderate values of U and D, even if Assumption 2 may fail, the performance of Proj-SNGD
is no worse (and sometimes better) than SNGD.

S Experiments

Numerical Stability of SNGD and Proj-SNGD. In this experiment, we again focus on Pois-
son regression as discussed in Figure 1. We consider data (z,y) = (0.9,24) where y is sampled
from Poisson(e‘“”), fixed initialization of variance parameter 08 = 2, and stochastic initialization
of mean parameter (o ~ Unif([—3, 0]). We aim to demonstrate numerical stability of Proj-SNGD
and SNGD.’ The results of 10 independent runs are shown in Figure 2. The solid line represents the
median and the shaded area indicates the first and third quartiles. In the left panel of Figure 2, we ob-
serve an increase in £ at the initial iteration when using SNGD with larger step sizes. However, with
the same initialization, the increase is absent for Proj-SNGD, as shown in the right panel of Fig-
ure 2. Moreover, Proj-SNGD exhibits faster convergence and, despite the constraint an additional

(2, it converges to the same optimal solution as SNGD.

SPoisson regression admits a closed-form gradient, and thus no randomness is involved in the training
process. The only source of randomness is the initialization of j.
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Figure 2: SNGD (left panel) and Proj-SNGD (right panel) applied to Poisson regression problem
with different step-sizes and initialized with 07 = 2. Proj-SNGD is used with U = 4 and D = 25.
Non-Euclidean projection improves convergence and sensitivity of SNGD. The left panel here is
the same as the left panel in Figure 1. The right panel shows that projection fixes SNGD even when
starting with the same (large) initial point o3 = 2.
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Figure 3: Euclidean and non-Euclidean algorithms on MNIST dataset. Left: Objective during
optimization with tuned step size. Right: Number of iterations before the objective falls below
£(w) < 700 for different initial step-sizes . Non-Euclidean algorithms show consistently better
performance, tolerate larger step-sizes and are more robust to step-size tuning.

Experiment on MNIST Dataset. In this experiment, we compare non-Euclidean algorithms
(Proj-SNGD and SNGD) with Euclidean algorithms (Prox-SGD and Proj-SGD) proposed in
[Dom20]. Details of implementation and additional results can be found in Section J. We con-
sider logistic regression on a subset of MNIST dataset [LeC98] with labels 6 or 8 (n = 11769,
d = 784). We use mini-batches of size 2000 and set the step size v = o/ V/t, where Yo is a hy-
perparameter to be finetuned. We run the algorithm for 1000 epochs (6000 iterations). The results
averaged over 5 independent runs are shown in Figure 3. In the left panel of Figure 3, we observe
that non-Euclidean algorithms converge faster than Euclidean ones with fine-tuned step-size. The
right panel illustrates robustness to the initial step size 7y, with lower iteration counts indicating
faster convergence. Non-Euclidean algorithms reach the threshold in around 1000-2000 iterations
for a wide range 0.05 < 7y < 0.2, while Euclidean algorithms only do so at vo = 0.02. We also
observe that Proj-SNGD slightly outperforms SNGD. Therefore, non-Euclidean algorithms, espe-
cially Proj-SNGD, are more robust to step-size, potentially reducing the tuning burden in practice.

Additional experimental results on other datasets can be found in Section J.2.

6 Limitations and Future Work

While our work makes a significant progress in understanding NGVI in non-conjugate models, there
are certain limitation we want to discuss. First, our study of landscape properties is restricted to
a compact domain. Whether global relative smoothness and/or PL inequality holds remains an
open question. Second, our analysis is limited to the mean-field variational family; extending the
analysis to full-covariance Gaussian family is an important direction for future work. Third, to
obtain O(1/T) convergence rate, we invoke an assumption on the behavior of objective on the
boundary of the domain, which might be challenging to verify, and it would be important to remove
this assumption.
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presented throughout the work.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
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versions (if applicable).
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results?
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Justification: Necessary implementation details are provided in the Experiments section
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Licenses for existing assets
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Appendix

A Summary of Assumptions in this Paper

Below is a summary of the assumptions used in this paper for establishing the convergence of Proj-

SNGD:

1. The objective £ is smooth relative to A*. This assumption is required for both Theorem 4.1
and Theorem 4.2, and can be verified using Theorem 3.2.

2. The stochastic gradient is unbiased with bounded variance (Assumption 1). This is needed
for both Theorem 4.1 and Theorem 4.2, and holds for logistic regression models (see Sec-
tion I).

3. The relative interior ri({2) contains a stationary point w*. This condition is required for
both Theorem 4.1 and Theorem 4.2. It is a mild assumption, since £ is coercive under very
weak conditions (see Section D).

4. The descent direction points inward on the boundary of Q. This assumption is only required
in Theorem 4.2, and it is satisfied, for example, in a univariate Bayesian linear regression
model (see Section H.4).

5. The log-likelihood log p(D | z) is concave in z. This is only needed in Theorem 4.2, and
holds for many models, including logistic regression and Poisson regression.
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B Descent Lemma for Mirror Descent

In this section, we prove a descent lemma for mirror descent.

Lemma B.1. Let ® be a strictly convex distance generating function on a closed domain Q C R?
with induced Bregman divergence Dg. Assume that { : U — R is L-smooth relative to ®. Consider
(deterministic) mirror descent update with step size

upr1 = argmin Y(VEL(u), u) + Do (u, ut),
u

ue

then with step size v = 1/ L, the objective decreases after each iteration, i.e.,

f(utJrl) S K(Ut).

Theorem B.1 indicates that if a mirror descent update with step size « causes an increase of the
objective, the relative smoothness parameter must be greater than 1/v. Thus in the left panel of
Figure 1, the smoothness parameter is greater than 1/0.3, hence 1-relative smoothness fails in the
non-conjugate model.
In addition, the necessary condition of «-f relative smoothness in univariate case (Theorem F.1)
implies
4
g 22
B > 2 1'4 eTf%v’

-2
thus the smoothness parameter should grow exponentially with respect to o2. Therefore, Figure 1 is
consistent with our theoretical findings.

Proof. By the second part of Lemma F.1 in [FH24] and the definition of w1, we have that for all
vEeEU,

1 1 1
(Ve(ut),v) + ;ch(v,ut) > (Ve(ur), up1) + ;D{)(ut+1vut) + gD‘b(’U,UtH)

Then, we use the relative smoothness of ¢ to get that for all v € U,

Ougr) <L(up) + (VE€(ur), uprr — ug) + LDg (w1, us)

=0(uy) — (Vl(uy), us) + ((Vﬁ(ut),uprﬁ + rlyDcp(utH,ut))
< 0u) = (VO(w), us) + (V(ur), v) + %Dq>(v,ut) - %DQ(U, Ursr).

Finally, we choose v = wu; and the result follows. O]
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C Background on Exponential Family

In this section, we will provide background information about the exponential family. In Section C.1,
we will derive the natural and expectation parameters of a Gaussian distribution. We will prove the
simple form of NGD update (formula (4)) in Section C.2.

C.1 Facts about Gaussian Variational Family

Recall that ¢ belongs to exponential family if it takes the following form:
q(z;n) = h(z) exp ((¢(2),n) — A(n)),

where 7) is the natural parameter, ¢(z) is the sufficient statistic, and A(n) is the log-partition function.
The expectation parameter is defined as w = Eq .. [¢(2)]. Now we let ¢(z) be the PDF of Gaussian

random vector NV (u, ), then
o) xexp (= )£ - ) - g logden(s))

1 1
scexp ( (527, =3 271) o (2,270 — (1, 2700 - J logden(3) ).

Therefore, the sufficient statistics are z and zz |, and we have the following fact.

Fact 1. For multivariate Gaussian distribution q, the expectation parameters of q are given by
¢ =FE[z] = pand = = E[z2"] = © + pu . The natural parameters of q are given by X\ == X"
and A = -3,

Moreover, by plugging the definition of A and A, one have
1 1 1
ANA) = (0,27 ) + 5 logdet(3) = —ZATA‘U\ — 5 log det(—24).
Next, we compute A* via the definition of convex conjugate:

A*(€,B) = max {<g, )+ (E,A) + EATA*)\ + %log det(QA)} :
It’s easy to see that the optimal solution of the previous problem is given by
M= 207, A= (& —B)7h
Moreover, we have the following result.
Fact 2. The convex conjugate A* equals

_1 = _¢eT d i = e T
A*(§,E):{ slogdet(E—&6") +d+ §log2, if 2 §§ =0,
+o0, otherwise.
Based on Fact 2, we can check that
1 1 1
VaANA) = —iA‘l)\ =& VaAAA) = ZA—IAATA—1 - 51\—1 =z,
* —_ — — * —_ 1 —_ —
VA(§E) = (E-¢&T) = VaA(E8) =—5(E-¢) T = A

This also indicates that VA and V A* are inverse operators of each other.
Moreover, when d = 1, it’s straightforward to check that
V2A* (W) = i4 (2“2 o _1“> .
o —H 5
This result will be useful in the proof of relative smoothness, e.g., in Section 3.1 (8).
Next, we consider the mean field family,

d
1 i ;o1
q(z) x exp (E —22”22-24— ;ZZ—F ;‘ - 210g2n> .
i=1 3 3 K43

7
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Fact 3. For multivariate Gaussian distribution q under mean-field parameterization, the expectation
parameters of q are given by &; = E[z;] = p; and Z;; = E[2?] = X+ u? entry-wise. Equivalently,
we have

§=p, E=X+dag(pop).

Similarly, we also have \ := ¥~ 11 and diagonal matrix A = —%Z’l.

In addition, Fact 3 implies that the transformation between any two of the natural, expectation and
standard parameters can be performed efficiently in O(d) time. Therefore, every update of Proj-

SNGD in (11) (given stochastic gradient V¢(w;)) can be performed in O(d) time.

C.2 Derivation of SNGD
In this section, we show that formula (4) holds, i.e.,
Z(ne) ' Ve(ne) = Ve(wy),

where 7; and w; are the natural and expectation parameter of the same distribution. The proof is
adapted from [RM15] and [WG24].

Proof of Equation (4). We first prove that Z(n) = V2A(n). Since
q(z;n) = h(z) exp({¢(2),n) — A(n)),

we have
Vylogq(z;n) = () — VA(n) = é(2) — E[6(2)]-
By definition of Fisher information and duality between 7 and w,

Z(n) =E[Vylogq(z;n)V,logq(z;n) '] = Cov(g(2)).

Moreover, we have

_ / q(2)V(log q(2)) (=) =

=E[¢(2)(¢(2) — E[¢(2)]) ]
=Cov(¢(2)).

Then, we use the chain rule to get
Vln(n) = Vplu(VA®N)) = Vi A®) - Vil (w) = Z(n) VE(w).

Multiplying Z(n)~* on both sides gives the desired result. O
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D Coerciveness of the Variational Objective for Gaussian Prior and
Gaussian Variational Family

In this subsection, we aim to investigate the coerciveness of the variational loss ¢(w) with Gaussian
variational family.

Definition D.1 (Coerciveness on Bounded Domain). Let f : U — R be a real-valued function
defined on an open set U. We say f is coercive if f(w) — +ooasu € U, u — U or ||u| — oo,
where OU denotes the boundary of U.

Notice that coerciveness may potentially depend on specific parameterization. We consider 4 differ-
ent parameterizations of Gaussian variational family in our work:

Standard: (1, %)
Expectation: w= (X +puu")
Cholesky: c(w) = (u, C)
1
Natural: n= (Z_l,m —22_1)

In Cholesky parameterization, C' is defined as the Cholesky factor of 3. Since our focus is the
convergence of NGVI, we are mainly interested in the landscape properties of /(w) in expectation
parameterization. We first show objective £(u, ) is coercive in standard parameterization (p, X) €
R4 x 84.

Theorem D.1 (Coerciveness of the Variational Objective in Standard Parameterization). Let q(z) =
N (z; 11, X)) be a Gaussian variational distribution with mean parameter ji € R% and covariance
matrix ¥ € Si. Let the prior be the standard normal distribution p(z) = N (2;0,1). Suppose the
log-likelihood function satisfies a sub-quadratic growth condition: there exist constants cy,c; > 0
and an exponent r € [1,2) such that for any observed data D and all z € RY,

logp(D|z) < co+crllz]” (16)
Then the variational objective £ : R% x Si — R defined in (6) is coercive, in the sense that

(@, 2)]| 500 or det(¥) -0 = £L(u,X)— oco.

The sub-quadratic growth assumption (16) is a very mild condition which is satisfied by most prob-
lems in practice. For example, the log-likelihood function log p(D | z) = logp(y | z, z) for dataset
D = {(w,y:)}7 diverges to —oo when ||z|] — oo in Bayesian regression and logistic regression,
and has at most linear growth in Poisson regression for bounded {z;}?_;.

With this result, we can prove that the objective is coercive in all parameterizations as listed below.

1. Expectation parameterization. The domain of expectation parameter is Q = {(£,E) :
EeRNLE—¢T € 8} For &, ||€]| — oo if and only if ||| — oc. For unboundedness of
=, since |Z]| < ||Z]| + ||pl|?, IZ]| = oo implies at least one of ||| — oo and ||| — oo
holds. Moreover, if (£,Z) — 09, i.e., det(E—£E€T) — 0, this is equivalent to det (%) — 0.

2. Cholesky parameterization. Since C' is defined as a lower-triangle matrix with positive
diagonal entries, ||C|| — oo if and only if ||X|| — oo, and det(C) — 0 if and only if
det(X) — 0.

3. Natural parameterization. The domain of natural parameter is D4 = {(A\,A) : X €
RY,—A € 81} For A, A < S Hflal] = win(2)) 1l thus [IA] — 0 implies
either det(X) — O or ||u|| — 0. The proof of A is obvious.

Proof of Theorem D.1. 1t’s clear that the boundary of R? x Sff_ is RY x {¥
Y is symmetric and det(X) = 0}. To show coerciveness, we need to prove that under the
following 3 cases, the objective £(u, X) will diverge to infinity:

L |l = oo,
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2. det(%) — 0,

3. |9 — oo

Recall from (6) that the variational objective is given by

(p, %) = Dxw(q(2) [ p(2)) — Eqllog p(D ]| 2)].

For the first term, we can find the closed-form solution of KL divergence between to Gaussian
distributions:

1
D (a(2) [|p(2)) = 5 [~ log det(X) + Tr(2) + [lul* — d] .
For the second term, the sub-quadratic growth condition (16) implies that
—Ey[logp(D2)] = —co — a1 E[|[2]"].

It remains to upper bound E[||z||"]. Let 2 ~ A (0, I) be a standard Gaussian random vector, then by
Minkowski inequality and Jensen’s inequality we have

E[=DY" = Elllp + =22 DH
< |l + (BI(IZY22|?) /2t
<l + (S22 2))7/2) "
= [l + Tx(2) /2.
Therefore, since 1 < r < 2, it can be shown that for some constant C' > 0, it holds that
E[|l2I|"] < C(lul” + Tr(£)™/?).

Finally, we have
1 . :
D) > 5 [~ log det(S) + Tr(S) + [|u]* = d] = co — e C([|a]|” + Tr(2)"?).

If det(X) — 0, the first term will diverge to +oo. If ||u]| — oo or ||X]|| — oo, the terms in the
square brackets dominate as r < 2, hence £(u, X) will diverge to +oco. O
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E Examples of Non-convex Objectives in Non-conjugate Models

In this section, we present two non-conjugate models where the objective is non-convex. These
examples are also discussed in Section 5 of [WG24], but we include them here for completeness.

Logistic Regression We consider 1-dimensional logistic regresswn model with data D =
{(zi,y:) + 2 € [-1,1],y; € {—1,1}}", and latent variable 2 = (w,b) € R?. The prior p(z)
is standard Gaussian. Then we have

w) =Y By llog(1 + exp(—yi(wz; + b)))] + Dxw(q(w,b) | p(w,b)).

i=1

In the following we will write s; = o(—y;(wz; + b)) for 1 < ¢ < n, where o(+) is the sigmoid
function. On the convex subset

D ={w=(0 7~)-~652 and::dlag(augz)} cQ,

we can compute the second derivative with respect to o3 using Theorem 3.1 as

n

1 1
2 2
Vozl(w) = i ;Eq(w,b) [si(1 —s;)(6s7 — 65; +1)] + 501"

A necessary condition of convexity of #(w) is that the second derivative w.r.t. o3 is non-negative.
Note that as 07,03 — 0, w,b — 0 and s; — 1/2 in probability for all 1 < i < n, thus
1 1
lim  ~Egp[si(1 — s;)(6s7 —6s; +1)] = —— < 0.

of,ag—ﬂ) 4 32

Then there exists § > 0 such that when 0} = 03 =4,
1
i(1—5;)(6s7 —6s; +1) < ——
(1~ 5652 — 6+ 1) < —

holds for all 1 < i < n. Then we can choose n > 32/6% to show that £(w) is non-convex when

02 =02=4,ie.,

v32£(0~)) <0.
2 £=0,E=diag(s,0)

Poisson Regression. In this example, we are given dataset D = {(z;,v;) : 7; € R% y; € N},
with latent variable z € R%. We assume that y | z ~ Poisson()), where
A =exp(z'z).

The expected log-likelihood admits the following closed-form solution:

n

B, log(ylz.2) = > [—yz-x? ¢ +exp (JJ E+al (E- ami)] .

i=1

Then we can compute the Hessian w.r.t. £:
Vil(w) Z exp < Tey J; T(=E- ggT)%) z) €] € — 2] + VEA(w).

We consider the following convex subset where the covariance matrix equals identity, i.e.,
Oy ={w=(£E8): £ eREE=¢¢T + 21}

We can find x; and ¢ such that 0 < z]¢ < 2 forall 1 < 7 < mn. Then we have
exp (] € + Sa] (- €€T)a;) > 1, and thus

Z z) € —2)wx) —I—VEA()
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where we used the fact that Dxy,(q(z;w) || ¢(z;w')) = Da=(w,w’). Moreover,

Vid*(w) = (14+£'871)n " + 27 Ts
Therefore, for some ¢ > 0, if rescale the dataset D’ = {(cz;,y;) : #; € R%,y; € N}, and evaluate
l(w) at &’ = ¢ /c, we have

e > Pl (] € = miz] + (14 PEP)T +c72¢¢T <0,
A

Vil(w)

if c is sufficiently large.
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F Tighter Relative Smoothness in Univariate Case (1,0 € R)

In this section, we will provide tighter relative smoothness guarantees in univariate case, i.e., i, 0 €
R, using the equivalent conditions for relative smoothness in (9).

F.1 Necessary and Sufficient Conditions for Relative Smoothness

Let f(z) = —logp(D| z). Inequalities (9) give the necessary and sufficient conditions under which
relative smoothness holds. We first find 5 such that the inequality on the right hand side of (9) holds,
ie.,

BVZA* (W) = VP Eqg(m[f(2)] = 0. 17)

Let B = E,[V3f(2)], C = E,[V*f(2)]. Using the explicit form of the Hessians (7) and (8), the
relative smoothness condition (17) is equivalent to

L4 258 4 9B — p2C] —4£ — 1B - uC
M(B): = +ﬁ ":[H W } O'LQ[l U] = 0. (18)
—55 — 5B —uC] 501 — 1C

Theorem F.1 (Necessary and Sufficient Conditions for Relative Smooth Condition (17), Univariate).
Let f be a four times continuously differentiable function on R. Then for Gaussian variational family
0 ={q(z;w) : w= (§,E) € Q} and some positive constant 3, condition (17) holds if and only if
forall p € R, 02 >0,

R, [VAf(2)] < 28,

2
L P 5 B [V9() + 2B, V), (19)
B EIVHEE B[R
206 402 4 =

Remark. Theorem F.1 is the immediate result of Sylvester’s criterion of positive-semidefiniteness
of matrix M (f).

The first condition corresponds to the non-negativeness of the bottom right entry.

The second condition corresponds to the non-negativeness of the top left entry. Note that this is not
a quadratic function of u since B and C implicitly depend on p. However, if we impose a uniform
bound |C| < 34 and | B| < 33 for some 34, 83 > 0 for all 4 € R, 0% > 0, the following inequality
will be a sufficient condition for it to hold:

2
<J€ - 54) 1’ — 2B+ % > 0. (20)

(20) holds for all i € R if and only if: either the coefficients of quadratic and linear terms are both
zero (V3 f(z) = 0), or the discriminant is non-positive, which gives

8 (B Ba 3
Uz<za4‘4>‘420- @D

The last condition corresponds to the non-negativeness of the determinant. A direct computation of
the determinant gives

wonn = [(3-0) (&) - (-5

g _C B _C B (B C\ B
2B\ ——-—=|-B(——-— Sl=—=-=]-—.
ﬂ‘[ (204 4 A 2)| 2\t 7))
Note that the coefficients of the quadratic and linear terms are both 0, therefore we only need to
guarantee that the constant term is non-negative. Interestingly, this condition is very similar to the

non-positive discriminant condition (21): one substitutes B, C' with the upper bounds of | B|, |C| to
obtain (21).
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We also need to find conditions under which the inequality on the left side of (9) holds, i.e.,
VZEq(z0)[f (2)] — aVZA*(w) = 0, (22)

which is equivalent to

2
—2uB + §2C — & _ 2o 1[B—MC]+““>
_M(a) = o7 ot 2 o1 ) = 0.
= (M e T 10— 2
We apply Sylvester’s criterion as before to obtain the following result.
Theorem F.2 (Necessary and Sufficient Conditions for Relative Weak Convexity (22), Univariate).
Let f be a (a.e.) fourth differentiable function on R. Then for Gaussian variational family Q =

{e(z;w) : w = (§,E) € Q} and some constant «, condition (22) holds if and only if for all
uweER,0%>0,

o Eg[V*f(2)] > 2a,

20{ [0

%4+ES—MMNWM+M&WV@L (23)
a2 E Vi) (Bg[VEf(2)])?

.- al 402( o (Egl 4()]) > 0.

Remark. The first condition implies an important necessary condition for relative convexity (i.e.,
a>0): VAf(z) > 0forall z € R. Indeed, if V* f(20) < 0 for some 2o and V* f(z) is continuous,
we can always pick some (u,0?) such that E,[V*f(2)] < 0 (e.g. u = zp and o is sufficiently
small), then we cannot find any o > 0 such that the first condition holds.

F.2 Simple Sufficient Conditions for Relative Smoothness
In the following, we aim to provide sufficient conditions for (17) and (22) with lower-order derivative
conditions by applying Stein’s lemma.

Lemma F.3 (Stein’s Lemma [Ste81]). Let Z ~ N (p, X), then for any differentiable function g, we
have

E[g(Z)(Z — p)] = X E[Vg(Z)].

Theorem F.3 can be used to reduce the order of derivatives. More specifically, we can show that (see
Theorem G.3 and Section G.2 for a more general proof in multivariate case)

Eq[VEf ()]l < o72sup|V2f(2)],  [Eg[VEf(2)] < 0% sup |V f(2)]. 24)

Combining the parts above, we can get the following sufficient conditions.

Corollary F.3.1 (Sufficient Conditions for Relative Smoothness, Univariate). Under the assump-
tions of Theorem F.1, if we further assume that sup, |V f(z)| < Ly and sup, |V?f(2)| < La for
some constant Ly, Ly > 0, then on the restriction of the parameter set {(j,0?) : 0 < 0® < D} for
some D > 0, condition (17) holds with

D V2D
ﬁ = 5112 + ?Ll-

Moreover, relative weak convexity condition (22) holds with parameter

D V2D
o = _ELQ — TL]_

Proof. For the choice of /3, we first check three conditions in Theorem F.1 one by one:

1. Since 02 < D and sup, |[V2f(z)| < Lo, use the upper bound on |E,[V*f(z)]| in (24) and
we have
g

"By [V f(2)] < 0% sup [V2f(2)] < DLy < 2.
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2. Thanks to our global bound on [E[V*f(2)]| and |E[V3 f(2)]| in (24), we have

(2 -mlvtsen) i + 50+ 5 = (B - )0 - 2+ 5

ot o2

holds for any p € R.
In order to show the RHS is non-negative for any px € R, we first assume g > 0 (similar
results follow if © < 0). In this case, we only need to prove

(28 — LQO'Q)‘LLQ — 20102+ Bo? > 0.

This is a quadratic function of p with positive quadratic term coefficient (this is the first
condition), hence a sufficient condition is that the discriminant is non-positive, that is,

4L30"% — 4B0%(26 — Lyo®) < 0. (25)

This is again a quadratic function of /3, and the inequality holds if we pick a sufficiently
large 5. More specifically, the larger root of (25) is

Loo? + \/L30* +8L%02  Ly0? + Lao?  2V2L10° D 2D
g D20t + VIR 4 8L Lao® +La0” | 2V2Lio? Dy V2D, g
4 4 4 2 2
Therefore, /3 satisfies the inequality (25).
3. We again use the upper bound of |E,[V* f(2)]| and [E,[V3f(2)]] in (24),
B2 BV RIB E (VIR B LB Lf
206 402 4 ~ 200 40t 4ot
In fact, RHS is non-negative if and only if (25) holds.
The proof of relative weak convexity is similar. O
Remark. In order to obtain a relative strong convexity guarantee of the objective £(w), since the KL
. . . . D V2D
divergence term in (6) is 1-relatively convex, we need to guarantee that _5[/2 — TLl > —1.

As aresult, under the assumptions of Corollary F.3.1, we conclude that E,[f(z)] is relatively smooth
with respect to A* with parameter

D V2D
L == 5[/2 + TLI

Example 3. Below are some examples where the likelihood p(D | z) = p(y | z, z) for D = {(x,y)}
is specified:

Linear Bayesian Regression. In linear Bayesian regression where p(y |z, 2) = N (zz,0?), it’s
easy to see that —log p(y |z, z) is a quadratic function in z, hence the necessary and sufficient
conditions in Theorem F.1 and Theorem F.2 are satisfied with « = 8 = 0. Therefore, the negative
ELBO is relatively smooth with respect to A* with parameter 1, and is also relatively strongly convex
with parameter 1. This coincides with the result in [WG24] when the model is conjugate.

Logistic Regression. For logistic regression, let f(z) = —logp(y |z, z) = log(1 4+ e~*¥#), then it
can be shown that |V f(2)| < |z, |[V2f(2)| < % for all 2 € R. Therefore, we can set 02 < D and

E,[f(%)] is relatively smooth with parameter L = ‘TQTD + @ according to Corollary F.3.1.

s

Poisson Regression In Poisson regression, we write f(z) = —logp(y|z,z) = €** — ayz + ¢
for y € N, and some constant c. Then E,[V*f(2)] = atere+o*2*/2 1n order to satisfy the first
necessary and sufficient condition 0?E,[V*f(2)] < 20 in the necessary and sufficient conditions
Theorem F.1, we have to upper-bound |z| ,|x| and o®. Therefore, it is in general difficult to prove
relative smoothness for Poisson regression without further assumptions (e.g., bounded domain).
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G Missing Proofs in Section 3

G.1 Proof of Theorem 3.2: Sufficient Conditions for Relative Smoothness

We begin with two lemmas which compute the Hessian matrices V2E, ...\ [f(z)] and V2 A* (w).
Lemma G.1. Let f € C*(R?), then for w = (£&1,Z11, - , €4, Zaa) € R?%, we have for p,q €

{17 - 7d}’
—2Bpppip + Cpp/‘;:zw 1=7=2p—1,
1Crp; i=j=2p,
%(Bpp — Cpphip), (i,5) = (2p — 1,2p)
i,7) = (2p,2p — 1)
VQ]E o fZ i = OF(Z,]) ( ’ )
( 4t )[ ( )D ! Hp — Bpgtiqg — Baphip + Cpgliphig, (%J) (2p -1,2¢-1),p #q,
( pq pqﬂp) (i,5) = (2p —1,2q)
or (i,j) = (2p,29 — 1),p # q,
iCra> (i,4) = (2p,29),p # q.

where H;j = Bq[V3;f(2)], Bij = Eq[V3;; f(2)] and Cij = Eq[Vij; £ (2)].

lej

Proof. We apply Bonnet’s and Price’s gradients (Theorem 3.1), we can easily get the following

partial derivatives
Ve E[f (2)] = Eq[Vif(2) = Vi f(2)&],
V=, Elf(2)] = 5B [VE ()]
Next, we use Theorem 3.1 again to get for i # 7,
Véng[f(Z)] :ijEq[Vz‘f( z) — 2‘f( )fi}
=Ey[Vi;f(2) = Vi f(2)6 — Vi f(2)& + Vigj; ()€€
= Hij — Bijp; — Bijpi + Cijpuafis.
And for¢ = j,
Ve Elf (2)] = Ve, Eg[Vif (2) — Vi f(2)&]
=B [V5f(2) = Viif(2)& — Viif (2)& + Vi f (2)€ — Vi f(2)]
= —2Bjipi + Cipis.

Moreover, for either i = j or i # j, we have

V21_‘], [f( )] V—‘]]E [V f( ) f( )51] - [Vf)]jf(z) lejf( )51] - ( ij

V2, U@FJV%&WW@]fEW%ﬂH=

EiiZj 2

1

1Cir

Lemma G.2. For mean field family q,,(z), we have
V2A* (w) = diag(V2 A% (w1), V2 A5 (ws), - -+, V2 A% (wy)),

where each V? A (w;) is a 2 x 2 matrix corresponding to univariate case, i.e.,

VA (wi) = — (7770 .
) 0—;1< —Hi 3

Proof. From Section C.1 we know that
Ved*(w) = (E-¢€7) 76 =071,
1 1
VeA*(w) = —5(5 &)= —52_1~
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Since the coordinates are independent, Vf)iij*(w) = 0 for all i # j. Therefore, V2A*(w) is a
block diagonal matrix, and it’s easy to show that each block
1 2 2y,
V2,0 A (W) = V2AS (W) = — (2“% o {”) :
o 7; THi 2

O

In order to prove the theorem, we still need a lemma to transform high-order derivative conditions
to lower-order ones with Stein’s Lemma F.3. The proof of this lemma is deferred to Section G.2.

Lemma G.3. For f € C*(RY), if Z ~ N(u, X)) where X is a diagonal matrix, we have that for any
ivj S {17 7d}’
E[Vii f(Z)]] < 07 oy sup | £(2)].

With the three lemmas above, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. First, we will show that with 3 = O(dD?U (L1 + LaU) +dD3(Ly + LoU)),
VZE (2. [f(2)] = BVZA*(w) holds, ie., M(B) == BV2A*(w) — V2E,(s.)[f(2)] is positive
semidefinite. According to Theorems G.1 and G.2, for p,q € {1,--- ,d},

252y +07) + 2Byppty — Cppy, i =j=2p—1,
%*ioppv i=j=2p,
— 588 — 5(Byp — Copitp), (i,4) = (2p — 1,2p) or (i, j) = (2p,2p — 1),
M(B):j = —Hpq + Bpgitq + Bapptp — Cpghiptig, (i,7) = (2p —1,2¢ —1),p # ¢,
_%(qu - Cpqﬂp)v (i,7) = (2p — 1,2q)
or (i,7) = (2p,2¢ — 1),p # ¢,
~1Cvg> (i,9) = (2p,2q),p # q.

(26)
Then, we will prove that with 3 = O(dD?U(Ly + LyU) + dD3(Ly + LyU)), M is positive
semidefinite. In the following, we will drop the dependence of 3 for convenience.
Note that the assumptions in the theorem and Theorem G.3 imply that |B,,| <
o 2sup, |V, f(2)] < DLy and |Cpy| < o;%sup, V3, f(2)] < DLy. It is obvious that
|Hpq| < L.

Define matrix M = M — 2diag(M), where diag(M) is the diagonal matrix by setting all non-
diagonal entries of M to 0. Then for any v € R4,

2d 2d
’UTM’UZ E E ’Ui’UjMij :227d E E E Uivaij
i=1 j—1 BeBicB jeB
27
d 2 2 (27)
FY DD v ayivap-opiMap-atizp-24j-
p=1i=1 j=1

Here B is the set of sets of cardinality d, which contain exactly one element of {1, 2}, one element
of {3,4}, ..., one element of {2d — 1, 2d}. The set B has cardinality 2¢. Equation (27) can be proved
by comparing the coefficient of each term v;v;M;; on both sides. Therefore, to prove v Mv >0

for any v € R2, we only need to show each term on the RHS is non-negative. In other words, we
only need to show

« For any B € B, the matrix M% is PSD, where M2 € R4*? is the submatrix of M by
choosing the -th rows and columns where ¢ € B.
» Forany p € {1,--- ,d}, the submatrices of M
M® — <M2p1,2p1 szl,zp)

2p,2p—1 2p,2p
are PSD.
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For the first set of conditions, we aim to find 3 such that the matrices M7 are diagonally dominant
and the diagonal entries are positive. For positiveness, if 8 > O(dD?*U(Ly + LoU) + dD3(Ly +
LyU)), then

B
;(2%29 + ‘72) + 2Bpphip — Cppﬁ‘;%
P

20;25 = 2|Bppllpp| — |Cpp||ﬂp|2
>D7 '8 —2DLU — DL,U?

M2p—1,2p—1 =

>0.
I} 1 1 5 1
M. = —_— — = >_-D — =-DLy > 0.
AT 9gd 4P 2 p=gPla 20
For diagonal dominance, we fix ¢ = 2p — 1 for some p € 1,--- ,d, and show that for every MB

containing the i-th row and ¢-th column, the diagonal element Mf is dominating in this matrix.
Indeed, since the 2p-th row does not appear in M B we only need to guarantee that Moy, _1 9,1 >

2d ~
Zi:l,i¢{2p71,2p} |Map—1,i:

2d
Map—1,2p-1 2 Z |Map—1,i
i=1,i¢{2p—1,2p}
8 2 1
— Q@N?n + 012;) + ngpﬂp - ngpﬂi > Z | = Hypi + Bpipti + Bippip — Chpifip il
P itk
1
+ i‘Bpi — Cpifip]
d
— 3% > d(Ly +2DL,U + DLyU?) + 5(DL1 + DLyU)
[0}
p

«—fB = 0(dD*U(Ly + LyU)).
Now, applying the same reasoning for ¢ = 2p, we obtain

2d

MQp,Qp Z Z |M2P7i‘
i=1,i¢{2p—1,2p}

g1 1 1
— @ - Ecpp 2 Z §|Bip = Cippa| + Z|Cpi|
i#p
B

d
— > —(DL1+ DLyU) +dDLy
Gap 2

<=2 O(dD*(Ly + LyU)).

p—

The second set of conditions can be easily verified. Since we have proved the non-negativeness of
diagonal entries, to prove PSD we only need to show that the determinant of M () is non-negative.
For every fixed p € {1,--- ,d} the determinant is given by

B B 1 1 1
(%1(2/@2, + 012’) +2Bpptip — OPPMJQD T‘g - ZCPP - (T;ﬂ ~ 3 (Bpp = Cpphip)

Let the determinant be non-negative and we get

B2 > O(D*U(Ly + LoU))B + O(D*U(Ly + LyU)).

2

Since the larger root of 32 = af + b (a,b > 0) is given by f = —atva~+db \/Qa“ﬁ“b’ the condition
B>a+ Vb= 24 “*ﬁ > atv g2+4b guarantees that 32 > a8 + b always holds. Therefore, the

determinant is non-negative if 3 > O(D?U(L; + LyU) + /D3U (L1 + LoU)) = O(D?U(L; +
LoU)).
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Clearly, 8 = O(dD?U(Ly + LoU) + dD3(Ly + LoU)) satisfies all the conditions.

Finally, we need to prove that « = —O(dD?U(L; + LoU) + dD?*(L; + LoU)) satisfies
V2E () [f(2)] = aVZA* (W), ie., VZEq(.0)[f(2)] — aVZA* (w) = —M(a) = 0. We can again
choose @ < 0 and || so large that the matrix — M («) is diagonally dominant with positive diago-

nal entries. Since the previous proof provides upper bounds on the absolute value of non-diagonal
entries of M, the same bound also applies to the absolute value of non-diagonal entries of —M ().

Therefore, using the same approach, one can show that —M («) = 0 with —« taking the same
value as 3. As aresult, —E,[logp(D|z)] = E,[f(2)] is L-smooth relative to A* on €2, where
L = O(dD?*U(Ly + LoU) + dD3(Ly + LyU)). O

G.2 Proof of Theorem G.3

We first restate Theorem G.3 below.

Lemma. For f € C?(R%), if Z ~ N(u,X) where ¥ is a diagonal matrix, we have that for any
i,j€{1,---,d},
E[Vi; f(2)) < o7 oy sup |£(2))-

Proof. For i = j, we have

BIVAA(2) = [ a0 [ aens|20Vas(e)ds s

=/Rq(zi)/z:1 q(z-0)Viif(zmi, zi) dz_i dz
Z/RCI(Zi)Vu' (/Rd_l Q(Zi)f(zivzi)dzi) dz;
=E[g"(Z,)],

where g(Z;) is a univariate function and

920 = [ Dl Z)de, 1) < sl 1)
Rd-1 ZER
Since Z; ~ N (pi,02), we apply Stein’s lemma (Theorem F.3) twice and we have
E[g”(Z,»)] o7 *Ely'(Zi)(Zi — pi)]
07 *Ely'(Zi)(Zi — wi) + 9(Z:)] — 07 *Elg(Z:)]
0 ‘Elg(Z:)(Zi — w)?] — 07 *Ely(Zy)]
o7 *Elg(Z:)(X? - 1),
where X; = (Z; — w;)/o; ~ N(0,1). Using Lemma G.4 and we get the following bound on
B[V f(2)]:
E[V5:f(2)) = Elg"(Z)] < 07 *Elg(Z:) (X7 = 1)] < 07 sup |f () [E|X] = 1] < 07 % sup |f(2)].
For i # j, we define g(Z) = (Z; — p;) f(Z) and use Theorem F.3 to get
Ef(Z2)(Z; — pi)(Z — )] = E[g(2)(Z — p)] = ZE[Vy(Z)].
Reading the i-th coordinate gives
ELf(2)(Z; = pj)(Zi = mi)] = Elg(2)(Zi — )] = 07E[Vi9(2)] = 07E[(Z; — ;) Vif (2)]. (28)
Then we define h(Z) = V,; f(Z) and Theorem F.3 gives
E[W(Z)(Z — w)] = SE[VA(Z)]
Reading the j-th coordinate gives

E((Z; — u)Vif(2)] = E[MZ)(Z; — py)] = 03B[V,h(Z;)] = 0BV f(Z)]. (29)
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Combining (28) and (29) and we have the following bound of E[V;; f(Z)]:
E[Viif(Z)] = o7 o7 'E[f(Z) X, X;],

where X; :== (Z; — p;)/0,; and same for X ;. Note that X;, X, are independent because we assume
3 is dlagonal Finally, we use the standard result that E| X| < 1 for standard Gaussian variable X
to get that

ElVi; f(2)] = o7 'o 'E[f(2)XiX;] S 07 o) bup\f( )EIXG[ELX;| < 07 oy bup\f( )l
By symmetry, —E[VZ, f(Z)] < o; 'o; ' sup, | f(2)] holds as well. O

Lemma G.4. Let X ~ N(0,1), then

E[|X? - 1|] = 2,/3 <1.
e

Proof. First, we have
E[|X? — 1]) = E[X — 1] + 2E[1 x <1 (1 — X?)] = 4E[Lxco1y(1 - X?).

Note that

2

ddx (Jce %> =(1 —1‘2)6_%,

then we can compute the expectation in closed form

1 > 1 22 |1 1
E[1 1-X? :/—17:626*30/2@:7%*7 — ,
[Lxeqo,u( )] ; \/ﬂ( ) Nors 0= ore
Hence E[| X2 — 1]] = 4E[1y¢pq(1 — X?)] =24/2 < 1. O

G.3 Proof of Proposition 2: Hidden Convexity of /(w)

We define © := {(y,C) : C € S¢ and is diagonal}. This set corresponds to the Cholesky param-
eterization of the expectation parameters contained in ). Furthermore, we define ¢ : 2 — O to be
the one-to-one map from expectation parameter to Cholesky parameter of the same distribution.

Expectation parameters, 2 Cholesky parameters, ©
mapping c(w)
_ . — — cw)=(u, O),
w = (1, S + diag(u © ) clw) =, ),

For bounded expectation parameter domain ), we also define its counterpart in Cholesky parame-
terization © = {(u, C) : C'is diagonal and D! < C2Z < D, V1 < i < d}. With a slight abuse of
notation, we also use c to denote the one-to-one map from QtoO.

In the following, we will verify that the negative ELBO ¢(w) is hidden convex as defined in Defini-
tion 3.2 on the bounded domain 2.

Proof of Proposition 2. Define L : 0 - R,
L(g) = g(c@'})) = Eq(z;ﬁ) [_ lng(y ‘ Z) - logp(z)] + Eq(z;Q) [1Og Q<Z7 9)]a (30)

where q(2;0) = q(z; 1, C) = N (11, CC'T) is the Gaussian vector with Cholesky parameterization.
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Proof of the First Property in Definition 3.2. We first verify the strong convexity of L on O. 1t

is obvious that the domain © is convex. For the second term in (30), we note that it is simply the
negative entropy of Gaussian distribution:

d
Eq(z:0)[log q(2;0)] = —g(l + log(27)) — %log det(CCT) = Const — Zlog Cis.
i=1

Since each —log C; is convex in Cj;, the entropy is convex in C'. Then we can conclude that the
second term [, () [log go(2)] is convex in 6.

For the first term of (30), we apply Theorem 9 of [Dom?20], which states that the 11 z7-strong convexity
of f(z) for some function f implies the juf-strong convexity of E,(..0)[f(2)] w.r.t. the Cholesky
parameter 6. Therefore, we only need to prove the strong convexity of —log p(y | z) —log p(z) in 2.
Indeed, — log p(y | z) — log p(2) is 1-strongly convex in z because log p(y | z) is concave in z and

d 1
—logp(z) = 3 log(27) + §ZTZ

is 1-strongly convex in z.

Therefore, L(6), as the sum of a 1-strongly convex function (first term) and a convex function
(second term), is 1-strongly convex. Then we conclude that the first property in Definition 3.2 is
satisfied with p g = 1.

Proof of the Second Property in Definition 3.2. Now we compute p. by computing the Lip-
schitz coefficient of the inverse map ¢! on 0. We reparameterize w and 6 as vectors: w =
(61,211, ,€4,Zaq) € R2% and 0 = (u1,C11,- -+ 5 fta; Caq) € R4, respectively. Note that
W= 6_1(9) = (/’[’lhu% + C(121a T 7Md7M3 + Cﬁd)’ and Vc_l(a) = diag(le T aGd) € R2d><2d7

where
(1 0
For each block G, the largest singular value of G; is bounded by
Onax(G) = \ M (GG ) </ TH(GLGT) < VAU 44D 1 1.

The last inequality above holds since

T (1 24
GiGi = (21%‘ Api +4C3 )
and Tr(G; G ) = 1 4 4u? + 4C% < 4U? + 4D + 1 using the fact that (u, C) € ©.

Hence we conclude that ||[Ve=2(0)|| < 4U2 44D + 1, and ¢ 1(-) is v4U?2 + 4D + 1-Lipschitz
continuous. Then the second property is satisfied with po = (4U? + 4D +1)~1/2, O
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H Missing Proofs in Section 4

In this section, we will prove the convergence guarantees of Proj-SNGD in Section 4. We first
prove an auxiliary result of smoothness and strong convexity of A* in the Euclidean geometry in
Section H.1. Next, we prove Theorem 4.1 and Theorem 4.2 in Section H.2 and Section H.3, respec-
tively.

H.1 Smoothness and Strong Convexity of A*

In this subsection, we will establish the smoothness and strong convexity properties of A* in Eu-
clidean geometry in the bounded set
Q={(£2) : |&| < U E—diag(€©€) is diagonal, D! < (E—diag(£0¢));; < D, V1 <i < d}.

It is obvious that A* is globally 1-strongly convex in the non-Euclidean geometry induced by A*
itself. However, it is only globally strictly convex in the Euclidean geometry, and strongly convexity
only holds in a bounded domain of €2. In order to transform the PL inequality in Euclidean geometry
(10) to the PL inequality in non-Euclidean geometry (see Section H.3), such smooth and strong
convexity results are necessary.

Lemma H.1. A* is strongly convex with parameter Cis := (D(4U? + 2D + 1))~ with respect to

. . . . 2 2
Euclidean norm. Moreover, it is smooth with parameter Cp, :== 9U2D .

Proof. As shown in Lemma G.2,
V2A* (w) = diag(V2 AL (w1), -, V2A5(wa)),

1 2 2 .
VQA;‘F(wz‘)=4(2M+Gl iw), forl1 <i<d.
g; —Hi 5
For each block VQA;‘ (w;), its smaller eigenvalue satisfies

S det(VZAf (w;)) 1 1

. 2 Ak, — >
Anin (V2L i) 2 T 0G0 () — 022 T 202 7 1) © DADE + 2D+ 1)

Since V2A*(w) is a block diagonal matrix, we conclude that Ay, (VZA*(w)) >
hence

1
D(AU2+2D+1)°
1
- I
~ D(4U2 42D +1)

For the smoothness part, we solve for the larger eigenvalue directly to get

V2A*(w)

C2pf 4024+ 05+ /(262 + 0?7 — 0.5)% + 4p?

AmaX(VQAf(Wi)) 20;1
- 2u? + 02 + 0.5+ 2u2 + 02 — 0.5] + 2|
- 20}
- 2u? + 02405+ 2u?4+ 02 4+ 0.5 + 2|
- 207

1

<2U°’D?*+ D+ 5D2 +UD?
9

< Zy2p?

= 2 b)

where we used v/a + b < \/a+ /b in the first inequality, and 2,2 42 > 0 in the second inequality.
Then we conclude that A* is smooth with parameter Cy, := U?D?. O

H.2 Proof of Theorem 4.1: Convergence of Proj-SNGD

We first introduce the standard assumption on gradient variance, which is widely used in optimiza-
tion.
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Assumption 3. For all w; € Q, there exists V' > 0 such that

E[|Ve(w) = VE(w)|?] < V2. 31)

We also define the Bregman Moreau envelope of function ¢ as
£1/p(w) = min () + pDa- ()]
In order to prove Theorem 4.1, we will rely on the following theorem on the convergence of SMD

under relative smoothness condition. Note that this theorem assumes Assumption 3.

Theorem H.2. [Theorem 4.3 in [FH24]] Suppose A* is 1-strongly convex and ¢ is smooth with
respect to A* with parameter L. Let {v;}o<t<rT—1 be non-increasing with o < 1/(2L). For
{wi}z;_ol generated by (32), let o be randomly chosen from wy, - - - ,wr—_1 with probability p; =
At/ Z?:_Ol ~;, then under Assumption 3, we have

3N + 6LV A2

R > i
where \g = 2(l(wo) — ¢*) and (* = inf__s(w). If we use constant step size v; =
min{ﬁ, \/%} then
Lo LV2),

Eléa (@r)] < 18=52 + 9y ——

Note that £, /,(w) < £(w) for all w € Q. Thus Ao < 2(£(wo) — £*). Theorem 4.1 is essentially the
direct result of Theorem H.2 except two minor differences:

1. Instead of the update rules of Proj-SNGD as defined in (11), Theorem H.2 assumes a more
direct update rule

Wil = argrqiny&@ﬁ(wt),w) + D g~ (w, wt). (32)
we

We will prove the equivalence of two expression in Theorem H.3.

2. Theorem H.2 considers a different assumption on gradient variance, and Theorem H.2 as-
sumes 1-strong convexity of the distance generating function A*. In Proposition 4 we
will show that the same result holds also under Assumption 1, and that 1-strong convexity
assumption can be removed with this new assumption.

Lemma H.3. Let &y be the output of Proj-SNGD as in (11), and let wyy1 be the direct update
rule as in (32). Then @11 = wyy1. Moreover, (11) can be performed entry-wise in O(d) time.

Proof. Recall that in the update rule of Proj-SNGD as in (11), we define w41+ € 2 such that
VA* (wt+1,*) = VA*(wt) - 'yt@f(wt). (33)

By the duality of SMD, w;1 . is also the optimal solution without constraints, i.e.,

Witl,s = argmlin ”M@é(wt),w) + D« (w,wy).
wel

Use the definition of w;11 and (33), we have

Wiyl = argmin Y (VE{(w),w) + Da-(w, wr)
weN
= argmin(VA" (w;) = VA" (Wry1,4),w) + A% (W) — A% (wp) = (VA" (wr), w0 — wy)
weN
=argmin D 4+ (w, w41 5) + Const
we

=argmin D4« (w,wiy1..) + Const.
we@

42



Therefore, to find w;41, we only need to compute w1+ and then project it onto Q under the
geometry induced by A*. Next we show that ;1 solves the optimization problem above.
Use the fact that for mean-field parameterization (see Section C.1),

{ng@fvz(a—dmd€®£»*&
V=A*(¢,E) = —1(E - diag(€¢ ® €))7,

in the standard parameter space we have

[1

.1 1 _
(#t41, X¢41) = argmin — = log det(X) + 5 log det(Sr41,4) — (S b 1,05 1)

(1,2)eP
1, .
t 5 (B B+ diag(n © )
. d 1 -1 1 -1 2
=argmin » —5 108 Tii — (Ber1)i (Berrs)ips + 5 (Berra)sy (Bii + pi) | -
(1,2)€EP =1

(34)
The last equality holds due to the mean field assumption. Therefore, we can solve w;1 by optimiz-
ing over (u;, X;;) independently.

For each entry ¢, (34) is a quadratic function in p; with positive quadratic term and the (uncon-
strained) minimum is attained at p; = (44414 ). If (pe41,4)i < —U, (34) is an increasing function
on [—U, U], and if (pt441,4); > U, the function is decreasing on [—U, U]. Therefore, the minimum
on [—U, U] is always attained at (p1¢+1); = clip_y, ) ((fe+1,5)i)-

Similarly, (34) is a convex function in >, and the (unconstrained) minimum is attained at
Yi = (Zi41,4)ii- It's also straightforward to check that the minimizer is given by (X41)i; =
clip;p-1,p)((Xt+1,+)i:). The closed-form solution of (4141, X¢+1) coincides with the standard pro-

jection of (ft¢4 1.4, D¢ 41..) onto P under Euclidean geometry. By transforming (y, %) back to ex-
pectation parameter space, we conclude that w; 11 = wyy1.

Since the computation of VA*(+) and its inverse (VA*(-))~! involves only entry-wise calculation
(see Section C.1), one can also compute

w1, = (VA" VA" (@) — 7 Ve(wr))

in O(d) time. Finally, the transformation between (y, X) and (&, =), and the projection both require
O(d) time. Therefore, w1 can be calculated in O(d) time. This completes the proof. O

Proposition 4. The results of Theorem H.2 also hold if Assumption 3 is replaced by Assumption I,
without requiring A* to be 1-strongly convex.

Proof. Fort > 0, define

A = Lyyp(we) — €+ ye_1p(L(wy) — £7).

In step II (one step progress on the Lyapunov function), formula (15) of the proof in [FH24], we
have

Av1 S A — yp(p — L) D g (G, wy) — l5p+L(wt) + 1 (Vl(wi) — V(W) @ — wr)
2(p+1L)
+ P’Yt<@g(wt) — Vl(wy),wr —wig1) — p(1 — L) D ax(weg1,we)
:5\t - ’Ytp(/) - L)DA* (dluwt) - %&HL(%) + P%(ﬁé(wt) - vg(wt)th - wi}»1>

+ e (Ve(w) — Vwy),wiy — wig1) — p(1 — %L)Das (wis1, wy)
here we define & = prox; /,(w).
Note that E[(V£(w;) — VE(w;), @ — w; 1) |w] = 0 because the &y — w;’,; has no randomness

given w,, and the gradient estimator is unbiased. Moreover, by bounded variance assumption (12),
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E[(V0(wy) — V(w), wiiy —wit1) |wi] < 7 V2. Therefore, we use the same assumptions as in the
proof that p = 2L and v; < 1/(2L) and we have

074 £

E\it1 |we] <M —7ep(p — L)Dax (@, wi) — 3 oL (we) + pp V2

(p+L)
—p(1 =7 L)Dax (wis1,we)
< j\t — %EgL(wt) + 2L7§V2.

This is the same formula as formula (17) in [FH24], where the last inequality holds due to the
non-negativeness of Bregman divergence. Note that in the original proof of Theorem H.2, 1-strong
convexity assumption is used only when deriving (17) from (15). However, in our new proof, we
can arrive at (17) without invoking the strong convexity condition. Therefore, the same results hold
following the proof of the theorem. O

H.3 Proof of Theorem 4.2: Fast Convergence of Proj-SNGD

To establish Theorem 4.2, we rely on Theorem 4.7 from [FH24] (restated as Theorem H.4 below).
Before doing so, we introduce the Bregman Prox-PL condition, which serves as an assumption in
Theorem H.4. It is similar to PL inequality with a difference that the gradient norm is replaced
with BFBE, a non-Euclidean first-order stationarity measure. Recall that BFBE is defined in Defi-
nition 4.1 as
Ep(w) == —2p mirg)[(VZ(w),w’ —w) + pDax (W', w)]. (35)

w'e
Assumption 4 (Bregman Prox-PL condition). There exists some constant p > 3L and g > 0 such
that for all w € Q,

£,(w) 2 2up(E(w) — £°).
Theorem H.4. [Theorem 4.7 in [FH24]] Suppose A* is 1-strongly convex and { is smooth with
respect to A* with parameter L. Let Assumptions 3 and 4 hold. For step size scheme

=, ift <T/2and T < %, 36)
M= 6 .
TE=TT/2)F12L° otherwise,

we have

. oM<
ténzlr—l1]E[€(wt’*) ) <

192L)\o upT 648LV?
ex — .
1B 121 ppT

We observe that there are slight differences between Theorem 4.2 and Theorem H.4 in assumptions
and upper bounds. Specifically, Theorem 4.2 requires Assumptions 1 and 2, whereas Theorem H.4
relies on Assumptions 3 and 4 together with the 1-strong convexity of A*. In addition, Theorem 4.2
gives the last-iterate bound, while Theorem H.4 does not. In the first step, we will prove that the
assumptions in Theorem H.4 can be derived from those required in Theorem 4.2. In the second step,
we will prove a stronger last-iterate bound.

Step 1.  First, following the same approach as in Proposition 4, we can show that Assumption 3
can be replaced by Assumption 1, without requiring A* to be 1-strongly convex.

Second, we will prove that Assumption 4 is implied by the PL inequality (10) in Q under Assump-
tion 2, by proving that BFBE (non-Euclidean measure of stationarity) is greater than || V/(w)]|?
(Euclidean measure of stationarity) up to a constant in the following proposition.

Proposition 5 (PL implies Bregman Prox-PL under Assumption 2). Under Assumption 2, for suffi-
ciently large p which may depend on w, it holds that

1 -
> 2 .
Ep(w) > 20, VeI, VweQ

Together with (10), we conclude that Assumption 4 holds with parameter

i
2Cr
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Remark. In Theorem 4.2, we require that Proposition 5 holds for all iterates {w; : 0 <t < T —1}.
Since this set is finite, we can take the maximum value of p corresponding to all w;, ensuring that
Proposition 5 holds uniformly along the entire trajectory.

The proof of Proposition 5 relies on another metric of first-order condition, which is closely related
to BFBE:

Definition H.1 (Bregman Gradient Mapping (BGM)). For some p > 0, the BGM at w € § is
defined as
At (w) = p* D" (w,w™), 37

where D" (w,w™) = Da«(w,w™) + Da- (w™,w) is the symmetrized Bregman divergence, and

wh = argmin(V4(w),w’) + pD = (W', w).
w’'eN
The following lemma from [FH24] reveals the connection between the two measures:
Lemma H.5. [Lemma 4.2 in [FH24]] For any w € §) and any p > 0, we have

28,/5(w) > A;(w).
Proof of Proposition 5. Recall in Theorem H.1, we have shown that A* is C-smooth and Cg-
strongly convex with respect to the Euclidean norm in the bounded set 2. By Lemma H.5 and
smoothness of A*, we obtain the following lower bound of BFBE
1
=2p* D™ (w,w™)

=2p*(VA*(w) — VA* (wh),w — w™) 9

2 2
> F VA" () ~ VA W),
CrL
where wt = argmin , 4 (VI(w),w') 4+ 2pD 4+ (w',w), following the definition in Definition H.1.

Then, we can show that without domain constraint, w, = argmin,, co(V4(w),w’) +2pD 4+ (W', w)
satisfies

1
VA" (ws) = VA* (w) — 2—pV€(w). 39)
By strong convexity of A*, we have
1 1
— < — * — * = — .
o —wll < F-IVAT (@) = AT 2pCSHW(W)II

If wT = w, holds, we can plug (39) into the lower bound of BFBE (38) and we conclude that
£() 2 20V A" () — VA" (@) = Vi) P
P - Cp 2CT, '

This completes the proof of Proposition 5. Therefore, it remains to prove w™ = w,.

For w lying in the interior of €, the condition holds for sufficient large p as || V£(w)| is bounded
on {2 and 2pD 4+ (w’,w) dominates in the optimization problem. The strong convexity of D 4 then
ensures that ||w, — w|| is very small.

For w € 09, we will need Assumption 2. Since VA() and VA*(w) are inverse operators of one
another (see Section C.1), (39) implies

w, =(VA*)™ (VA*(w) - 21pw(°’)>
Cw- 2ipv2A<n>w<w> +0(1/p)

- %(V?A*w)-lww +0(1/p)
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as p — oo.

Then under Assumption 2, for any w € 9 and any outward normal direction n,,, there exists some
€ > 0 such that

(—(VPA* (W) 'Vl(w),n,) < —¢.
Then we have c

(N, ws —w) < ~2, +o(1l/p) <0

for some sufficiently large p. Hence w, € Qand w™ = w,. O

Step 2. Now we aim to strengthen the bound in Theorem H.4 to a last-iterate bound. In the proof
of Theorem H.4 (which can be found in Appendix D in [FH24]), we can derive a recursion of form

Appr <A — LQLB Af/Q + 2LV %42
(40)

_ (1 — %53) Ay + 2LV2A2,

Therefore, we do not need to assume that A, > e forall 7 = 0, - - - , ¢ to obtain the same recursion.
As a result, the same approach directly gives the upper bound of the last iterate.

H.4 Proof of Example 2

In this section, we prove that Assumption 2 can be satisfied for a univariate Bayesian linear regres-
sion model, if the parameters U and D satisfy (14).

Proof. Using the explicit form of V2A*(w) in Section C.1, we can compute

2 2
2 g4 =\=1 _ [ O 2uo
(v A (57 ‘—‘)) - (2,[1,0’2 4,LL20'2 4 20,4> .

Since
UE,E) = —Eyllogp(y | =, 2)] + Dxr(q | p)

1 1

= 5Eql(y — 22)°] + (= logo® + 0% + p* — 1)
1

=5y —2p)’ +2%0* —logo® + o® + p* — 1]

= 5[y =€) + (27 + (E ~ €) ~ log(2 &)+~ 1]

_ _& n
— Y+ == —TY + =z
Vf(&:) = <x2+1 € ) = (m2+1 1 )7

Then we have

2 202

and

(V2A*(€.2)) I VH(E E) = o (W LT My)

— 2 (2% +1) —ay
E+) (22 +1)—1—2xy )"
Next, we consider the 4 constraints which define the boundary of Q.

1. £ = U. If this constraint is active, the unique outward normal direction is n,, = (1,0), and
Assumption 2 requires U (22 + 1) > xy.

2.2 — §2 = D. If this constraint is active, the unique unnormalized outward normal direction is
n, = (—2¢,1), and Assumption 2 requires D(z? 4+ 1) — 1 > 0.

3. £ = —U. If this constraint is active, the unique outward normal direction is n,, = (—1,0), hence
Assumption 2 requires —U (22 + 1) < zy.

4. 2 —-¢ 2 = D1 If this constraint is active, the unique unnormalized outward normal direction is
n, = (2, —1), and Assumption 2 requires —D~*(z? + 1) + 1 > 0.

For w at corners (multiple constraints are active), n,, can be any normalized linear combination of
the outward normal directions shown above. Then (14) remains sufficient to ensure Assumption 2.
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I Variance of the Gradient Estimator in Logistic Regression

In this section, we aim to show that Assumption 1 is satisfied for logistic regression in mean-field
setting. We assume that the dataset D = {(z;,v;) : z; € R,y; € {—1,1}}7,. We begin with
Theorem 1.1 to bound the gradient of the KL divergence term. In Theorem 1.2 we will bound the
gradient associated with the log-likelihood term.

Lemma L.1. Foranyw € Q,

VD (alzi) () < VL.

Proof. Using the closed-form solution of KL divergence between two multivariate Gaussian distri-
butions and the chain rule, we have

Ve, Dxi(q(zw) || p(2)) :L

1
(1 = f?) .
Therefore, we have
IV Dic(a(z) 1)
< I¥eDic(alz) 1) + 192 Dra a(z:) [ )|
<V sup IVe.Draa(ei) [p()] + sup 92, Dz | (D)1

1<i<

N = (1]

Vz,, DkL(q(zw) | p(2)) =

<Vd <UD+ %max{\l - D|,|1 —D—1|})

5\/&<UD+§)

3vdUD
< )
- 2
where we write V¢ Dkr,(q(2;w) || p(2)) as a vector in R? and use the fact that U, D > 1. O

Lemma L2. In D, denote s; = max; ||x;|| and so = max; ||x; ® z;||. Then forall 1 < i < n and
z € R? we have

U82 S92
4 4
Here V?logp(y;|xi,z) is defined as a d-dimensional vector where j-th entry equals
Vzm log p(yi | i, 2).

| = V. logp(y; | zi, 2) + V2log p(yi | @i, 2) © & < s1+ | = VZlogp(y; | i, 2)|| <

Proof. For the j-th entry,
| =V, log p(yilwi, z) + fjvijzj log p(yi | %4, 2)]
— |V, log(1 4 e % #) = ¢;V2 _ log(1 4 e %% 7))

ijj'
=|- U(_yiwz—'l—z)yixij - fjo(_yim;rz)(l - U(—yisz))x?ﬂ
<| = o(—yix] 2)yixi;| + |§o(—yix] 2)(1 — o(—yiz] 2))a3;
U 2
< |3’J”| + inj,

s’
| - vi_jzj logp(yl|xl, Z)‘ = |V§7,Zj IOg(]. +e it Z)|
=lo(—yiz{ 2)(1 — o(—yix} 2))a3;
1 2
< Zﬂfija
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where o (+) is the sigmoid function. Then we have
I = V:logp(yi | xi, 2) + V2logp(yi | 2i,2) © &l
= ||(| - VZ]’ logp(y’b | L, Z) + gjviz]- Ing(yZ | L, Z)DJH

<II(fis1 + )il

<|lzill + ZH%‘ © x|

U32
S81+77

1 S9
| = V2logp(yi | zi, 2) || = [|(=VZ,., log p(yi | xi, 2)),]| < plrio@l < -
O

With the same approach as in Lemma 1.2, we have the following bounds on the log-likelihood term
and the gradient V/{(w).

Us

IVeE[-log p(y; | zi, 2)]|| = |E[-V: log p(y; | 2i, 2) + VZlog p(y; |24, 2) © €]|| < 51+ sz
1 s
| V=E[~logp(yi | i, 2)]| = 5 |E[-V2logp(y: | =i, Il <
IVE(w Z WIVeE[=log p(y: [ zi, 2)]l| + [ V=E[-log p(y: | zi, 2)][]
+ Vo Dxra(z w) [ p(2))] 4D
Us s 3vVdUD
<n (51 + TQ + 82> + 5 .
Next, we define our gradient estimator. Consider mini-batch gradient estimator
A n Ul
Veupt(w) =% VeE[-logp(yi, | 7, 2)] + VeDxr(a(2) | p(2))
k=1
n &
=— > E[-V.logp(yi, | iy, ) + VZlogp(yi, | i, 2) © ]
i=1
+ VeDki(q(2) [ p(2)),
~ n U
Vauplw) = — > V=E[-log p(yi, | ziy, 2)] + V=Dkw(q(2) || p(2))
k=1
n &
=5 > El=VZlogp(yi, | 7, 2)] + V=Dxr(a(2) [ p(2)),
where each iy, is sampled uniformly from {1,--- ,n}, and m is the batch size. There is usually no

closed-form solution of the expectation of the log-likelihood, thus we approximate the expectation
with N samples, i.e.,

m N
Vgé N Z Z -V, 1ng Yiy, |zlk7zl) + V2 1ng(yzk |z1kazl) O] g]

k=1 1=1

+ VeDxr(q(2) [ p(2)), 42)

m N
~ n
NVt N > > [=V2ogp(yi, | wiy . 20)] + V=Dxw(a(2) || p(2)),

k=11=1
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where z;, - - -, 2y are iid samples of the variational distribution g. It is obvious that E[Vyc/(w)] =
V/{(w), so the gradient estimator is unbiased.

Similar to (41), we can obtain the following bound on the stochastic gradient \i (w).

m N
A n
IVl < —5 DY Ml = Velog p(yi, [ @i, 20| + | = Valog p(yi | 2, 20) ]

k=1 [1=1
+ IV Dicw(a(z:) || (=) (43)
Us s 3vVdUD
Sn(sl—i—:—i—;) +T~

Next we prove that this estimator satisfies bounded variance assumption (Assumption 3), which will
also be useful for the proof of Assumption 1.

Lemma 1.3. The Monte Carlo gradient estimator satisfies Assumption 3, i.e.,

- 9 9 Usy\> s
E[|V{i(w) — VE(w)|]7] < 16n <(81 + 4> + 6421> .

Proof.

E[|Ve(w) = VEw)|]
< 2E[|[V(w) — Varpl(w)?] + 2E[|Varpb(w) — VEw)|]

<2E N Z{ Z VZ logp(yik |$ik72l) +5V2 logp(yik |xikazl)]
k=1
n & 2
%Z V. log p(yi, | Ti,, 2) + EV2log p(ys, | @iy, )]] 1
[ N n m n k 2
2 2
+ 2E NZ %Z =V log p(yiy, | Tiy, 21)] %Z]E —V2logp(yi, | i, » )]]
L =1 k=1 k=1
i m n 2
n
+2E ||| > VE[-logp(yi, | 71y, 2)] = Y VE[-logp(yi, | @i 2)]
k=1 i=1
I m 2
<4max % Z[—VZ log p(y; | i, 2) + V2 log p(yi | x4, 2) © €]
” k=1

+ 4n? max | V¢E[—log p(y; | =1, 2)]|*

m 2

n
7m Z[*VZ Ing(yik | Tig Z)]
k=1

+ 4 max
1,2

+ 4n? max |V=E[~log p(y; | zi, 2)]||?

+8n*(max | VeE[—log p(yi | 2, 2)]||* + max | V=E[- log p(y: | i, 2)]|*)

<4n? <ngazux | — V. logp(y; | zi, 2) + V21og p(yi | i, 2) @ &> + max

1
*§V§ log p(yi | s, 2)

2)
+12n° (max || V¢E[— log p(y; | i, 2)]|* + max || V=E[- log p(y: | 2, 2)]||*)

Usys\? 52
§16n2<(51+42> +6i>.

Finally, we are ready to prove that Assumption 1 holds for logistic regression.
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Theorem L.4. Consider stochastic gradient estimator (42). Then with sy = max; ||z;|| and sy =
max; ||z > 0, which is at most polynomial in
n,d,U, D, sy and ss.

Proof. We first summarize our notations.

. Proj.
g(w ) (Stochastlc) W+1 o ———————— Wl

Wi
MD v ;
With Vg(wt ) (exacy) + Proj.

Wiplw = W

Here Wt++1 . (and w1 ) are obtained by doing an (S)MD update from w; with step size v, wi41 =

argmin,, .o Da-(w,wit1,+) and wy; = argmin g Da- (w,wiyy ).

weh
We decompose (12) into the sum of two terms.

LBV E(wr) — Vi), — wipn) [

Tt
1 - 1 N
= 7—E[(V€(wt) Vl(wy), wiyy — we) |wi] + V*E[W@(Wt) — Vl(w),wr — wey1) |wi]
t t
1 - 1 .
< —E[[|Vl(we) — VEw) Il — well |we] + %E[HVE(M) — Vl(w) | lwe 1 — well | we]-

(44)

Next, we aim to bound ||w; 41 — w;||. By Cs-strong convexity of A* and definition of w;, ;, we have

2
s = sl S\ oo Da (s, nsn,)

IN

2
\/ D g+ (Wi, Wig1,4)

IN

\/C (D ax (wi, wi1,4) + Das (Wig1,4,wt))

2
= \/ (VA*(wiy1,4) — VA (wr), wig1,5 — W)

CKHVA (Wit1,4) = VA (wi)]]-

Moreover, by strong convexity we have
1 * *
[wes1,s —wel| < ?S||VA (wWit1,2) = VA" (w)]-

Then by triangle inequality we get

\f+1

ol < VA" (wit1,4) = VA" (@i

lwirr — well < flwirr — Wit

Then we use the definition of SMD step in (11) to get

241, . i} +1
f VA" (wig1,4) = VAT (wi)]| < fc

lwir1 — we]| < 'Ytva(wt)” (45)

Similarly, we have

V241
lwifyy — well < s YelIVE(w)])- (46)
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Plug (45) and (46) into (44) and we get

l]E[WE(%) = Vi(wy),wiy — win) wi]

Tt
V2+1o e V241 e -
S El[VE(w:) — VE(we) [V we) || [ we] + s E[[[VE(wr) = VE(w)[[[[VE(wr) | | wi]
V2+1 - -
< VBV Ewn) = Telw)|?] sup (IVe(wn) |+ Ve
W EN
V2+1 Usy\° s Usy | s2
< Z°22 22 Z°2 ., 22
s X 4n <81+ 1 ) +64><(2n<sl+ 1 +8>+3\/c§UD>
241 22
V24 (85 + 2U'ss + so)n® + 12U Dy [ (51 + 252) 4 52,
Cs 1 64
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J Experiment Details and Additional Results

J.1 Pseudocode of the Algorithms

We first present the pseudocode of Proj-SNGD algorithm proposed in Section 4.1.

Algorithm 1 Proj-SNGD

Require: Initialization wy € €2, number of iterations 7', step sizes {m}o<t<r—1
1: fort =0,1,...,7 —1do
2: Compute stochastic gradient V£(wy)

3: Compute w1« € €2 such that
VA" (wis1,4) = VA" (wrg1) — 7 VE(wr) (47)
4: Set
wit1 = Projg(wit1,«) (48)
5: end for

6: Sample wy from {w; }o<t<7—1 With probability p; = v,/ ZiT;Ol ¥
7: Return o

Next, we provide the pseudocode of Prox-SGD and Proj-SGD from [Dom20, DGG23]. We write

L(0) = L(n, C) =Bz [~ logp(y | z) — log p(2)].
Therefore, using the definition of L(#) in (30), we have

L(0) = L(0) + Eyespylog a2 0)].

Algorithm 2 Prox-SGD

Require: Initialization ;o € R, Cy € Sjl_ and diagonal, iterations T, step sizes {; }o<t<7—1,
1: fort=0,1,..., 7 —1do B ~
2 Compute stochastic gradient V,, L(pt, Ct), Vo L(pte, Ct)
3: Set pii1 = s — VeV L(pt, Ct),  Ciyro = Cr — VoL, Cr)
4 Foreach 1 <7 <d, set

N |

(Coor)in = Qam+<am+MJ 49)

end for
: Return (ur, Cr)

aw

In Algorithm 3, M is defined as the smoothness parameter of the joint log-likelihood log p(z, D)
with respect to z. Recall that the clipping function in (50) is defined as clipj, 4 () =

min{max{a, z},b}.

Algorithm 3 Proj-SGD

Require: Initialization ;o € R, Cy € Si and diagonal, iterations T, step sizes {~; fo<i<r—1,
smoothness parameter M

1: fort=0,1,...,7 —1do . A
2: Compute stochastic gradient V,, L(u, Cy), Vo L(pe, C)
3: Set per1 = pt — VeV L(pe, Cr),  Ciyro = Cr — VoL, Ct)
4: Foreach1 <4 < d, set
(Cit1)ii = by ) /37 400) (Crg1,0)ii) (50)
5: end for
6: Return (ur, Cr)
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Figure 4: Euclidean and non-Euclidean algorithms on Madelon dataset. Left: Objective during
optimization with tuned step size. Right: Number of iterations before the objective falls below
£(w) < 3000 for different initial step sizes -yy. Non-Euclidean algorithms show consistently better
performance, tolerate larger step sizes and are more robust to step size tuning.
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Figure 5: Euclidean and non-Euclidean algorithms on CIFAR-10 dataset. Left: Objective during
optimization with tuned step size. Right: Number of iterations before the objective falls below
£(w) < 35000 for different initial step sizes 7p. Euclidean algorithms are more robust to step
size tuning and achieve faster convergence in the initial phase of optimization, but non-Euclidean
algorithms exhibit faster convergence after 3000 epochs.

J.2 Experimental Results on Additional Datasets

In this section, we compare the performance of Euclidean and non-Euclidean algorithms on Madelon
and CIFAR-10 dataset.

Experiment on Madelon Dataset. In this experiment, we compare non-Euclidean algorithms
(Proj-SNGD and SNGD) with Euclidean algorithms on Madelon dataset. Details of implemen-
tation can be found in Section J.4.

We consider logistic regression on Madelon dataset (n = 2600, d = 500). We use mini-batches
of size 2000 and set the step size 7; = ~o/v/t, where 7 is a hyperparameter to be tuned. We run
the algorithm for 1000 epochs (2000 iterations). The results of 5 independent runs are shown in
Figure 4. Similar to the results of the MNIST experiment, we observe that Proj-SNGD slightly
outperforms SNGD, and both non-Euclidean algorithms achieve faster convergence than Euclidean
counterparts. Moreover, non-Euclidean algorithms, especially Proj-SNGD, are more robust to step
size and admit larger step sizes.

Experiment on CIFAR-10 Dataset. In this experiment, we consider logistic regression on a sub-
set of CIFAR-10 dataset with pictures of cats and dogs (n = 10000, d = 3072). We use mini-batches
of size 2000 and set the step size ; = 7o/+/%, where ~ is a hyperparameter to be tuned. We run the
algorithm for 3000 epochs (15000 iterations). The results of 5 independent runs are shown in Figure
Figure 5. In the left panel of Figure 5, we observe that non-Euclidean algorithms converge faster
during the initial phase (before 1500 epochs). However, Euclidean algorithms reach the optimum
faster overall. In the right panel of Figure 5. Notably, non-Euclidean algorithms can accommodate
larger step sizes and are the most robust to step size tuning.
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Figure 6: Convergence of non-Euclidean algorithms on MNIST dataset. Left: Objective during
optimization with 7o = 0.05. Right: Number of iterations before the objective falls below £/(w) <
700 for different initial step sizes .
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Figure 7: Convergence of non-Euclidean algorithms on Madelon dataset. Left: Objective during
optimization with vy = 0.5. Right: Number of iterations before the objective falls below £(w) <
3000 for different initial step sizes ~o.

J.3  Choice of U and D in Proj-SNGD

In this section, we examine the effect of projection in the Proj-SNGD algorithm.

MNIST Dataset. We compare four different settings: no projection (U = oo, D = o), projection
with U = 4,D = 20, U = 3,D = 15 and U = 2,D = 10. Smaller values of U and D
yield a smaller smoothness coefficient and a larger hidden convexity coefficient, leading to stronger
theoretical guarantees.

Madelon Dataset. For this dataset, we consider the following four different settings: no projec-
tion, projection with U = 3, D =400,U =2, D = 300 and U = 1.5, D = 200.

CIFAR-10 Dataset. For CIFAR-10 dataset, we adopt the same settings as those used for the
MNIST dataset: no projection, projection with U = 4, D = 20, U = 3,D = 15 and
U=2,D=10.

As shown in the left panel of Figure 6, we note that projection can accelerate convergence. However,
when U and D are too small (e.g., U = 2 and D = 10), Proj-SNGD may converge to a sub-optimal
solution. The right panel of Figure 6 confirms that smaller U and D lead to faster convergence.
Therefore, a moderate choice of U and D provides both strong theoretical guarantees and favorable
empirical performance. Similar phenomena can also be observed in Figures 7 and 8, where projec-
tion with suitable choices of U and D can accelerate and stabilize the training process. If U and D
are too small, the optimal solution may fall outside the search space (see right panel of Figures 7
and 8), and Proj-SNGD will converge to a suboptimal solution. If they are too large, the algorithm
will not benefit from projection (see SNGD without projection in Figures 6 to 8).

The slow convergence of SNGD without projection is due to the poor tolerance for large step sizes,
which causes divergence in the initial phase. In contrast, projection stabilizes this in the initial
phase and accelerates convergence (see the Poisson regression example in Figure 2). This effect
is consistently observed across 3 different datasets. Moreover, this effect is consistent with our
theoretical upper bounds for the relative smoothness parameter. This is because our upper bound
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Figure 8: Convergence of non-Euclidean algorithms on CIFAR-10 dataset. Left: Objective during
optimization with 75 = 1073, Right: Number of iterations before the objective falls below £(w) <
35000 for different initial step sizes .

on ¢ depends on the diameter of the compact set, indicating that relative smoothness may not hold
globally, which leads to divergence behavior in the initial phase.

J.4 Implementation Details

In all experiments involving Proj-SGD, we set M = D (see Algorithm 3 for the definition of M)
for a fair comparison with Proj-SNGD. We use N = 2000 samples from variational distribution ¢
to estimate the expected log-likelihood (see the definition of stochastic gradient estimator (42)).

In the left panel of Figure 3 (MNIST dataset), we set g = 0.05 for Proj-SNGD and SNGD, and
Yo = 0.01 for Prox-SGD and Proj-SGD. In the left panel of Figure 4 (Madelon dataset), we set
Yo = 0.5 for non-Euclidean algorithms, and vy = 0.01 for Euclidean algorithms. In the left panel of
Figure 5 (CIFAR-10 dataset), we set vo = 10~2 for non-Euclidean algorithms, and g = 2 x 1074
for Euclidean algorithms.

All experiments, except for CIFAR-10, are conducted on an Apple M3 Pro CPU. On the MNIST
dataset, training for 1000 epochs takes approximately 5 minutes, and on the Madelon dataset it
takes about 1 minute. The CIFAR-10 experiment is run on an NVIDIA GeForce RTX 3090 GPU,
requiring roughly 8 minutes for 3000 epochs.
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