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Bellman–Whitney Envelopes: Sharp Partial Identification in Offline Control
under Support Holes
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Abstract
We study finite-horizon offline evaluation and
control when a target policy enters state–action
regions with zero behavior support, so the tar-
get value is not point-identified. We introduce a
Bellman–Lipschitz compatibility class that con-
strains candidate Q-sequences only through Bell-
man equalities on the observed support and Lips-
chitz extensions off support. Under a rectangular
Bellman–Lipschitz closure condition, we prove
that the exact identified interval of the target-
policy value is given by a backward Bellman–
Whitney recursion, and that this recursion recov-
ers the sharp smooth no-overlap interval exactly
when H = 1. We further show that the same end-
points admit a no-gap dual characterization via
one-sided Bellman relaxations, and we identify a
dynamic support-hole geometry for the interval
width that is sharp on explicit least-favorable se-
quential families. On the statistical side, we prove
deterministic stability of the recursive endpoints
under joint perturbations of the support sets and
supported Bellman operators, derive stagewise ad-
ditive finite-sample endpoint-estimation bounds,
and establish an oracle minimax lower bound on a
favorable zero-width subclass. Finally, under the
control analogue of our closure assumption, we
derive Bellman–Whitney action certificates that
partition actions into certifiably good, certifiably
bad, and intrinsically ambiguous sets.

1. Introduction and Positioning
A central assumption in offline decision-making is that
the target rule is sufficiently supported by the logged data.
When this assumption holds, one can often retain point iden-
tification through overlap, weak-overlap, or partial-coverage

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.
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conditions and then analyze statistical efficiency or policy
learning in the resulting point-identified problem (Uehara
& Sun, 2022; Mehrabi & Wager, 2024; Liu et al., 2026).
When the target rule enters a genuine support hole, however,
the situation changes qualitatively: the relevant density ratio
may fail to exist, and the object of interest is no longer a
single latent value but an identified set. In the one-step set-
ting, this shift has already led to sharp partial identification
under smoothness assumptions (Khan et al., 2024). The
long-horizon analogue, by contrast, is still missing.

This paper studies finite-horizon offline control and evalua-
tion under genuine support holes. We fix an arbitrary target
policy π and allow its occupancy to leave the support of the
behavior occupancy at intermediate stages. Our structural
assumption is not global point identification of rewards or
transitions off support, but a Bellman–Lipschitz compatibil-
ity class: on the observed support, candidate Q-functions
must satisfy the Bellman equation for the target continua-
tion value; off support, they must extend those supported
Bellman relations with prescribed Lipschitz radii. Under
a recursive Bellman–Lipschitz closure condition, we show
that offline control becomes an identified-set problem with
an exact dynamic solution.

The central claim of the paper is that the sharp identified in-
terval of the target-policy value is given by a backward
Bellman–Whitney recursion built from the classical ex-
tremal Lipschitz extension formulas of McShane and Whit-
ney (McShane, 1934; Whitney, 1934). Writing

g−h (c) := (Bπ
hV

π
h+1)(c),

g+h (c) := (Bπ
hV

π

h+1)(c),

c ∈ Ch.

the recursion takes the form

Qπ

h
= W−

h,Lh
g−h ,

Q
π

h = W+
h,Lh

g+h ,

V π
h = Aπ

hQ
π

h
,

V
π

h = Aπ
hQ

π

h.

with terminal condition V π
H+1 = V

π

H+1 ≡ 0. Our first
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Bellman–Whitney Envelopes under Support Holes

main theorem shows that

Iπ =
[
V π

1 (s1), V
π

1 (s1)
]
.

Thus the long-horizon support-hole problem admits a sharp
dynamic-programming solution rather than only conserva-
tive lower and upper certificates.

Contributions. The paper makes five contributions. First,
it introduces the Bellman–Lipschitz compatibility frame-
work for arbitrary fixed target policies under genuine sup-
port holes and proves a sharp Bellman–Whitney interval
theorem. Second, it derives a no-gap dual characteriza-
tion: the same endpoints arise as exact optima of one-sided
Bellman relaxations, so the Bellman–Whitney tails are si-
multaneously primal extreme points and dual certificates.
Third, it identifies a dynamic support-hole geometry for the
interval width and proves that this geometry is sharp on
an explicit family of least-favorable sequential instances.
Fourth, it separates irreducible identified-set width from
endpoint-estimation difficulty: the recursive envelopes are
stable under support and Bellman-target perturbations, and
the resulting stagewise additive endpoint-estimation rate is
shown to be minimax-sharp on a favorable zero-width ora-
cle subclass. Fifth, it derives a certifiable control corollary:
under the control analogue of Bellman–Lipschitz closure,
the same envelope construction yields sets of certifiably
good, certifiably bad, and intrinsically ambiguous actions.

Positioning relative to prior work. The closest one-step
antecedent is the smooth no-overlap theory of Khan et al.
(2024); our exact H = 1 reduction shows that the present
framework recovers that theory without approximation, but
the main novelty is a sequential Bellman collapse from
long-horizon partial identification to a stagewise backward
recursion. Our setting is also distinct from weak-overlap
sequential OPE (Mehrabi & Wager, 2024), where point iden-
tification is retained and the main difficulty is heavy-tailed
importance weighting rather than genuine support holes. It
differs from interval methods for OPE under misspecifica-
tion (Jiang & Huang, 2020), where intervals quantify bias
in an otherwise point-identified problem rather than partial
identification under support failure. It also differs from se-
quential lower/upper bounds under confounding (Zhang &
Bareinboim, 2025): there the source of ambiguity is hidden
bias, whereas here it is metric support extrapolation under
a Bellman-smooth class. At a more abstract level, our dual
programs can be viewed as a Bellman-specific specializa-
tion of conditional-LP partial identification (Ben-Michael,
2025); the distinctive contribution is that the Bellman struc-
ture yields an exact dynamic recursion, strong duality, and a
sharp width geometry. Finally, unlike partial-coverage of-
fline RL (Uehara & Sun, 2022; Liu et al., 2026), we do not
compare against covered policies or complexity-controlled

comparators: we characterize the sharp identified set of an
arbitrary fixed target policy that may itself be uncovered.

Why this problem is structurally different. The
Bellman–Whitney perspective reveals that support-hole of-
fline control is not merely “offline RL with worse coverage.”
The primitive object is the identified interval itself, not a
point estimate with a pessimism correction. The relevant
hardness is not a density ratio but a dynamic metric distance
to the observed support, propagated through the Bellman
operator. And the appropriate dual object is not a generic
occupancy-based certificate but a pair of one-sided Bell-
man relaxations whose optima coincide exactly with the
Bellman–Whitney endpoints.

Organization. Section 2 defines the Bellman–Lipschitz
compatibility class and the target identified set. Section 3
proves the sharp Bellman–Whitney interval theorem and
gives the exact H = 1 reduction. Section 4 establishes
the no-gap dual characterization. Section 5 develops the
dynamic support-hole geometry and its sharpness. Sec-
tion 6 proves deterministic stability, finite-sample endpoint-
estimation guarantees, and a minimax lower bound. Sec-
tion 7 gives the certifiable-control corollary. The appen-
dices contain the full proofs, primitive sufficient conditions,
counterexamples, and extended comparisons to neighboring
literatures.

2. Setup and Bellman–Lipschitz Compatibility
We study a finite-horizon offline control problem over the
stagewise compact metric state–action spaces introduced in
Appendix A. For each stage h ∈ [H], the offline dataset in-
duces a behavior occupancy measure ρbh on Xh and hence a
closed support Ch = supp(ρbh). Our object of interest is the
value of a fixed target policy π whose induced occupancy
may enter points x /∈ Ch. At such points, the one-step
Bellman backup is not identified from the logged data alone,
and the target-policy value must therefore be treated as an
identified-set functional rather than as a point-identified es-
timand. This differs conceptually from comparator-based
partial-coverage offline RL, which benchmarks against poli-
cies that are sufficiently covered by the offline data (Uehara
& Sun, 2022); when H = 1, our problem reduces to the
smoothness-based no-overlap policy-evaluation setting stud-
ied by Khan et al. (2024).

Fix a target policy π = (πh)
H
h=1. For each h ∈ [H], Ap-

pendix A defines the supported Bellman operator

(Bπ
hv)(x) := E[Rh + v(Sh+1) | Xh = x], x ∈ Ch,

for every bounded Borel function v : Sh+1 → R, under the
convention VH+1 ≡ 0. The collection

Dπ := {(Ch, B
π
h ) : h ∈ [H]}

2
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Bellman–Whitney Envelopes under Support Holes

is the population object identified by on-support data. All
partial identification in the sequel arises from the nonunique-
ness of extending these supported Bellman relations off Ch.

Assumption 2.1 (Bounded rewards). There exists Rmax <
∞ such that

|Rh| ≤ Rmax almost surely for every h ∈ [H].

theorem 2.1 is used only to keep the Bellman-compatible
class uniformly bounded on compact state–action spaces.
With additional notation, it can be replaced by stagewise
integrable envelope conditions.

For any policy ν and any bounded Borel function q : Xh →
R, we define the stagewise policy-averaging operator

(Aν
hq)(s) :=

∑
a∈A

νh(a | s) q(s, a), s ∈ Sh.

Since A is finite, Aν
hq is Borel measurable whenever q is

Borel measurable.

We now define the central model class of the paper. The
class is formulated at the level of Bellman-compatible func-
tion sequences rather than at the level of a globally identified
primitive MDP. This is deliberate: under genuine support
holes, the off-support continuation values are exactly the
source of non-identification.

Definition 2.2 (Bellman–Lipschitz-compatible sequence).
Fix a target policy π and a radius vector L =
(L1, . . . , LH) ∈ [0,∞)H . A sequence

(Qh, Vh)
H+1
h=1

belongs to the compatibility class Cπ
L if the following hold:

1. VH+1 ≡ 0 on SH+1.

2. For every h ∈ [H], the function Qh : Xh → R is
bounded, Borel measurable, and satisfies

Liph(Qh) ≤ Lh.

3. For every h ∈ [H], the corresponding state-value func-
tion is given by target-policy averaging:

Vh = Aπ
hQh.

4. For every h ∈ [H], the Bellman relation holds point-
wise on the behavior support:

Qh(x) = (Bπ
hVh+1)(x), x ∈ Ch.

Remark 2.3 (Function-level formulation). Theorem 2.2 re-
quires only that the supported backup x 7→ (Bπ

hVh+1)(x)

admit anLh-Lipschitz extension fromCh to the whole state–
action space Xh. It does not assume that rewards or transi-
tion kernels are themselves point-identified outside Ch. Dis-
tinct globally definedQ-sequences may therefore agree with
exactly the same supported Bellman data Dπ and yet yield
different target-policy values. Primitive reward/transition
smoothness conditions may be imposed at the model level
to ensure that a genuine controlled Markov model induces
an element of Cπ

L, but the present paper works directly with
the resulting function-level compatibility condition.

Assumption 2.4 (Admissible radius vector). The radius
vector L is admissible for the supported Bellman data Dπ

and target policy π, in the sense that

Cπ
L ̸= ∅.

theorem 2.4 is the sequential analogue of assuming that the
on-support conditional mean admits a Lipschitz extension in
the one-step no-overlap setting. It is an identifiability-class
assumption, not an algorithmic assumption: throughout the
paper, L is treated as part of the model class, not as a learned
quantity.

The parameter of interest is the identified set of target-policy
values compatible with the supported Bellman data and the
Bellman–Lipschitz radius vector:

Iπ :=
{
V1(s1) : (Qh, Vh)

H+1
h=1 ∈ Cπ

L

}
. (2.1)

Its dependence on (Dπ, L) is suppressed for notational read-
ability. Under theorems 2.1 and 2.4, Iπ is nonempty and
bounded. The central question of the paper is to char-
acterize the exact endpoints of (2.1). Our main result
will show that these endpoints are given by a backward
Bellman–Whitney envelope recursion, thereby collapsing
a priori infinite-dimensional off-support ambiguity into a
sharp dynamic-programming representation.

3. Sharp Partial Identification via
Bellman–Whitney Envelopes

We now identify the exact endpoints of the value set Iπ . The
key structural observation is that support-hole ambiguity is
resolved stagewise by combining the supported Bellman
recursion with the extremal Lipschitz extension formulas of
McShane and Whitney (McShane, 1934; Whitney, 1934).
In the present sequential setting, however, exact interpola-
tion on the support is not automatic: it must be guaranteed
recursively for every admissible continuation value. This
leads to the following closure condition.

For h ∈ [H], define

Vπ,L
h :=

{
Aπ
hq : q ∈ LipLh

(Xh)
}
, Vπ,L

H+1 := {0}.

Thus Vπ,L
h is the collection of state-value functions that can

3
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Bellman–Whitney Envelopes under Support Holes

be generated at stage h by a Lh-Lipschitz state–action value
under the fixed target policy.
Assumption 3.1 (Rectangular Bellman–Lipschitz closure).
For every stage h ∈ [H] and every v ∈ Vπ,L

h+1, the supported
Bellman target

c 7−→ (Bπ
hv)(c), c ∈ Ch,

is Lh-Lipschitz with respect to the restricted metric on Ch.

theorem 3.1 is the precise recursive compatibility condition
under which the stagewise Bellman targets admit exact Lh-
Lipschitz extensions from the support to the full state–action
space. It is therefore stronger than the bare nonemptiness
requirement in theorem 2.4, but it is exactly what is needed
to convert one-sided support envelopes into sharp identified-
set endpoints. At a primitive model level, this requirement
can be enforced through reward and transition regularity
conditions that make the supported Bellman targets Lips-
chitz.

With theorem 3.1 in force, define the lower and upper sup-
ported Bellman targets recursively by

g−h (c) := (Bπ
hV

π
h+1)(c),

g+h (c) := (Bπ
hV

π

h+1)(c),

c ∈ Ch.

(3.1)

starting from the terminal condition

V π
H+1 = V

π

H+1 ≡ 0.

The corresponding Bellman–Whitney envelopes are

Qπ

h
= W−

h,Lh
g−h ,

Q
π

h = W+
h,Lh

g+h ,

V π
h = Aπ

hQ
π

h
,

V
π

h = Aπ
hQ

π

h.

(3.2)

for h = H,H − 1, . . . , 1.

The notation in Equation (3.2) is deliberate. The operator
W−

h,Lh
is the smallest Lh-Lipschitz function that dominates

its input on Ch, while W+
h,Lh

is the largest Lh-Lipschitz
function that is dominated by its input on Ch; see Ap-
pendix B. Under theorem 3.1, the supported targets in Equa-
tion (3.1) are themselves Lh-Lipschitz on the support, so
the two operators become exact stagewise extension maps.
The next theorem shows that the resulting recursion is not
merely valid but sharp.
Theorem 3.2 (Sharp Bellman–Whitney interval). Assume
theorems 2.1 and 3.1. Let (Qπ

h
, Q

π

h, V
π
h, V

π

h)
H+1
h=1 be defined

by Equations (3.1) and (3.2). Then:

1. the lower and upper recursive tails are feasible, i.e.,

(Qπ

h
, V π

h)
H+1
h=1 ∈ Cπ

L, (Q
π

h, V
π

h)
H+1
h=1 ∈ Cπ

L;

2. every compatible sequence (Qh, Vh)
H+1
h=1 ∈ Cπ

L satis-
fies the stagewise sandwich inequalities

Qπ

h
(x) ≤ Qh(x) ≤ Q

π

h(x), x ∈ Xh,

and

V π
h(s) ≤ Vh(s) ≤ V

π

h(s), s ∈ Sh,

for all h ∈ [H];

3. the target-policy value identified set is the sharp inter-
val

Iπ =
[
V π

1 (s1), V
π

1 (s1)
]
.

In particular, both endpoints are attained by feasible
Bellman–Lipschitz compatible tails.

Proof sketch; full proof in Appendix D. The appendix
proves the stronger stagewise statement that, for every
h ∈ [H] and every s ∈ Sh, the full tail value set generated
by all compatible continuations from stage h onward is
exactly [V π

h(s), V
π

h(s)].

The argument has three steps. First, under theorem 3.1, each
supported Bellman target g−h and g+h is Lh-Lipschitz on
Ch, so the McShane–Whitney formulas yield exact feasible
stagewise extensions. This shows that the recursive lower
and upper tails themselves belong to the compatibility class.
Second, for an arbitrary compatible tail, backward induction
and monotonicity of conditional expectation imply

Bπ
hV

π
h+1 ≤ Qh ≤ Bπ

hV
π

h+1 on Ch.

The extremal characterization of the Bellman–Whitney op-
erators from Appendix B then yields Qπ

h
≤ Qh ≤ Q

π

h on
all of Xh, and hence V π

h ≤ Vh ≤ V
π

h after target-policy
averaging. Third, the feasible tail class is convex, and the
two recursive tails attain the two endpoints, so the entire
closed interval between them is feasible. Taking h = 1
proves the claim.

Corollary 3.3 (Exact one-step reduction). When H = 1,
the Bellman–Whitney recursion collapses to a single-stage
smoothness envelope. In particular, if the target policy is
deterministic at the initial state, π1(· | s1) = δa⋆ , then

Iπ =

 sup
c∈C1

{
m(c)− L1d1

(
(s1, a

⋆), c
)}
,

inf
c∈C1

{
m(c) + L1d1

(
(s1, a

⋆), c
)}

 .
where

m(c) := E[R1 | X1 = c], c ∈ C1.

This is exactly the sharp smooth no-overlap interval in the
one-step setting of Khan et al. (2024). Appendix F gives the
formal reduction.

4
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Bellman–Whitney Envelopes under Support Holes

Remark 3.4 (Why the theorem is stronger than pessimistic
bounding). Theorem 3.2 does not merely provide conserva-
tive lower and upper certificates. It identifies the exact range
of values compatible with the supported Bellman data and
the Bellman–Lipschitz class. This distinction is fundamen-
tal. In point-identified offline RL under partial coverage,
the main question is how to estimate a single latent value;
here, by contrast, the primitive object is the identified inter-
val itself, and the Bellman–Whitney recursion computes its
endpoints sharply.

4. Dual Characterization and Strong Duality
The Bellman–Whitney interval in theorem 3.2 is not merely
the sharp primal identified set over the equality-constrained
compatibility class. It also admits an exact dual charac-
terization through one-sided Bellman relaxations. This is
important conceptually: the support-hole problem can be
viewed either as optimization over all Bellman–Lipschitz-
compatible tails, or equivalently as optimization over all
Lipschitz tails that satisfy Bellman consistency only from
one side on the observed support.

For h ∈ [H] and s ∈ Sh, define the stagewise primal
endpoint values

P+
h (s) := sup

{
Vh(s) : (Qt, Vt)

H+1
t=h ∈ Cπ,L

h:H

}
,

P−
h (s) := inf

{
Vh(s) : (Qt, Vt)

H+1
t=h ∈ Cπ,L

h:H

}
.

Next define the upper dual class Uπ,L
h to consist of all se-

quences U = (Ut)
H
t=h such that, for every t ∈ {h, . . . ,H},

Ut ∈ LipLt
(Xt), V U

t := Aπ
t Ut, V U

H+1 ≡ 0,

and
Ut(c) ≤ (Bπ

t V
U
t+1)(c) ∀c ∈ Ct.

Similarly, the lower dual class Lπ,L
h is defined by reversing

the last inequality:

Lt(c) ≥ (Bπ
t V

L
t+1)(c) ∀c ∈ Ct,

where V L
t := Aπ

t Lt and V L
H+1 ≡ 0. The associated dual

objective values are

D+
h (s) := sup

{
V U
h (s) : U ∈ Uπ,L

h

}
,

D−
h (s) := inf

{
V L
h (s) : L ∈ Lπ,L

h

}
.

The upper dual is therefore a Bellman minorant relaxation,
while the lower dual is a Bellman majorant relaxation. A
primal-feasible tail satisfies Bellman equality on the support
and is thus feasible for both duals. The nontrivial question
is whether these one-sided relaxations are exact.

Theorem 4.1 (Strong duality and dual characterization).
Assume theorems 2.1 and 3.1. Then, for every stage h ∈ [H]
and every state s ∈ Sh,

D−
h (s) = P−

h (s) = V π
h(s), P+

h (s) = D+
h (s) = V

π

h(s).

Consequently,

Iπ =
[
D−

1 (s1), D
+
1 (s1)

]
=
[
V π

1 (s1), V
π

1 (s1)
]
.

Moreover, the recursive Bellman–Whitney tails
(Qπ

t
, V π

t )
H+1
t=1 and (Q

π

t , V
π

t )
H+1
t=1 are simultaneously

primal-feasible and dual-optimal.

Proof sketch; full proof in Appendix E. Weak duality is im-
mediate: every primal-feasible tail satisfies both dual con-
straints with equality on the support and is therefore feasible
for both one-sided relaxations. Hence

D−
h (s) ≤ P−

h (s) ≤ P+
h (s) ≤ D+

h (s).

The key step is pointwise extremality of the Bellman–
Whitney recursion over the dual classes. Let U ∈ Uπ,L

h

be arbitrary. By backward induction, if V U
t+1 ≤ V

π

t+1, then
on the support

Ut ≤ Bπ
t V

U
t+1 ≤ Bπ

t V
π

t+1 = g+t ,

where g+t is the supported upper Bellman target from Equa-
tion (3.1). Since Ut is Lt-Lipschitz, Appendix B implies

Ut ≤ W+
t,Lt

g+t = Q
π

t ,

and therefore V U
t ≤ V

π

t after target-policy averaging. The
symmetric argument for L ∈ Lπ,L

h yields

Qπ

t
≤ Lt, V π

t ≤ V L
t .

Thus V
π

h is the pointwise maximum over the upper dual
class and V π

h is the pointwise minimum over the lower dual
class.

Finally, the recursive Bellman–Whitney tails are primal-
feasible by theorem 3.2 and dual-feasible because they sat-
isfy Bellman equality on the support. Hence they attain both
primal and dual extrema, establishing the claimed no-gap
identities.

Remark 4.2 (Duality as Bellman collapse). Theorem 4.1
shows that the support-hole problem admits an exact duality
theory without introducing trajectory-space multipliers or
generic history-indexed linear programs. The Bellman struc-
ture collapses the dual relaxations to the same backward
recursion that already yields the sharp primal identified in-
terval. In this sense, the Bellman–Whitney envelopes are
simultaneously primal extreme points and dual certificates.

5
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Bellman–Whitney Envelopes under Support Holes

5. Geometry of Dynamic Support Holes
The Bellman–Whitney interval from theorem 3.2 is an exact
identified set, but its width still requires interpretation. We
now show that the interval width is governed by a recursively
propagated support-hole geometry. The resulting object is
neither a density-ratio quantity nor a generic pessimism
penalty: it is a dynamic metric extrapolation functional tied
directly to the Bellman recursion.

For each stage h ∈ [H], define the state–action width

wπ
h(x) := Q

π

h(x)−Qπ

h
(x), x ∈ Xh, (5.1)

and the corresponding state-value width

∆h(s) := V
π

h(s)− V π
h(s), s ∈ Sh,

with terminal convention ∆H+1 ≡ 0. By linearity of target-
policy averaging,

∆h = Aπ
hw

π
h .

Next define the supported continuation operator

(Thf)(c) := E[f(Sh+1) | Xh = c], c ∈ Ch,

for bounded Borel functions f : Sh+1 → R. The reward
term plays no role in the width recursion, since it cancels
between the upper and lower Bellman targets.

This motivates the following dynamic support-hole enve-
lope:

Γπ
h(x) := inf

c∈Ch

{
2Lhdh(x, c) + (Th∆h+1)(c)

}
,

x ∈ Xh.
(5.2)

The first term is the local extrapolation price from the ob-
served support to the query point x, while the second term
is the continuation ambiguity already present at the support
anchor c.

Theorem 5.1 (Dynamic support-hole upper bound). Assume
theorems 2.1 and 3.1. Then, for every h ∈ [H] and every
x ∈ Xh,

wπ
h(x) ≤ Γπ

h(x).

Moreover, on the behavior support itself,

wπ
h(c) = Γπ

h(c) = (Th∆h+1)(c), c ∈ Ch.

The theorem has a simple interpretation. On-support am-
biguity is exactly the expected continuation width. Off-
support ambiguity is obtained by transporting that contin-
uation width away from the support at rate 2Lh. Thus the
Bellman–Whitney interval width decomposes into an im-
mediate geometric cost of leaving the support and a future
ambiguity cost propagated through the observed dynamics.

The next theorem shows that this geometry is sharp. Con-
sider the explicit family in which each stage support col-
lapses to a single anchor point and the supported transition
deterministically propagates the target trajectory forward.
Appendix G formalizes this as a serial singleton-support
family.
Theorem 5.2 (Sharpness on serial singleton-support fam-
ilies). Fix any deterministic target policy and any serial
singleton-support family in the sense of Appendix G. Then
for every stage h ∈ [H],

wπ
h(x

⋆
h) = Γπ

h(x
⋆
h),

where x⋆h is the designated target state–action point at stage
h. Equivalently,

wπ
h(x

⋆
h) = 2Lhdh(x

⋆
h, ch)+w

π
h+1(x

⋆
h+1), h ∈ {1, . . . ,H−1},

with terminal identity

wπ
H(x⋆H) = 2LHdH(x⋆H , cH).

Hence

wπ
h(x

⋆
h) = 2

H∑
t=h

Ltdt(x
⋆
t , ct).

Proof sketch; full proofs in Appendix G. On the support,
exact interpolation of the Bellman–Whitney envelopes im-
plies

wπ
h(c) = (Bπ

hV
π

h+1)(c)− (Bπ
hV

π
h+1)(c) = (Th∆h+1)(c).

For an arbitrary off-support point x, the defining formulas
for Q

π

h and Qπ

h
yield, for every anchor c ∈ Ch,

wπ
h(x) ≤ 2Lhdh(x, c) + wπ

h(c),

and taking the infimum over c proves the upper bound.
Sharpness is established by an explicit least-favorable family
in which each stage support is a singleton, so the Bellman–
Whitney envelopes become affine cones around the anchor
point and the recursive inequality is attained with equality
at every step.

Example 5.3 (Two-stage additive ambiguity). Suppose
H = 2, the action space is a singleton, the stagewise state
spaces are [0, 1] with the Euclidean metric, and the support
sets are singletons C1 = {c1} and C2 = {c2} with

c1 = (0, a), c2 = (0, a).

Let the target evaluation points be

x⋆1 = (δ1, a), x⋆2 = (δ2, a), δ1, δ2 ∈ [0, 1],

and suppose the supported transition from c1 deterministi-
cally reaches the second-stage state δ2. Then Appendix G
shows

wπ
2 (x

⋆
2) = 2L2δ2, wπ

1 (x
⋆
1) = 2L1δ1 + 2L2δ2.

6
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Thus the two-stage identified-set width is exactly addi-
tive across stages: first-stage off-support extrapolation con-
tributes 2L1δ1, and second-stage continuation ambiguity
contributes 2L2δ2.

Remark 5.4 (What the geometry theorem says). Theo-
rems 5.1 and 5.2 identify the right scale of irreducible am-
biguity under support holes. The relevant difficulty is not a
heavy-tailed importance ratio but a dynamic metric distance
to the observed support, propagated through the Bellman
operator. In this sense, the Bellman–Whitney interval ex-
poses a geometric notion of offline hardness that is invisible
in purely point-identified analyses.

6. Endpoint Estimation and Minimax Lower
Bounds

The Bellman–Whitney interval separates two distinct
sources of uncertainty: its width, which is an irreducible
identified-set object, and the statistical error incurred when
estimating its endpoints from finite data. We now analyze
the second component. The main message is that the back-
ward Bellman–Whitney recursion is stable under joint per-
turbations of the support sets and the supported Bellman
operators, and that the resulting endpoint-estimation rate is
minimax-sharp even on a favorable zero-width subclass.

For each stage h ∈ [H], let Ĉh ⊆ Xh be a nonempty
compact support estimator and let B̂π

h be an empirical sup-
ported Bellman operator. Appendix H defines the empirical
Bellman–Whitney recursion

Q̂
π

h
, Q̂

π

h, V̂
π

h, V̂
π

h,

obtained by replacing (Ch, B
π
h ) with (Ĉh, B̂

π
h ) at every

stage.

The right deterministic perturbation measure is the stagewise
support-value discrepancy

εh := sup
v∈Venv

h+1

∆
(Lh)

Ch,Ĉh

(
c 7→ (Bπ

hv)(c), ĉ 7→ (B̂π
hv)(ĉ)

)
,

(6.1)
where Venv

h+1 is the uniformly bounded continuation class
from Appendix H. Thus εh simultaneously captures support-
set error and supported Bellman-target error at stage h.

Theorem 6.1 (Deterministic endpoint stability). Assume

theorems 2.1, 3.1 and H.1. Then for every stage h ∈ [H],

∥Q̂
π

h
−Qπ

h
∥∞

∨ ∥Q̂
π

h −Q
π

h∥∞
∨ ∥V̂

π

h − V π
h∥∞

∨ ∥V̂
π

h − V
π

h∥∞

≤
H∑
t=h

εt.

In particular,

∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣ ∨ ∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣ ≤ H∑

t=1

εt.

Proof sketch; full proof in Appendix H. The proof is a
backward perturbation argument. At a fixed stage h, the pair
stability lemma for Bellman–Whitney envelopes implies

that the error in (Q̂
π

h
, Q̂

π

h) is bounded by the discrepancy
between the true and empirical supported Bellman targets
evaluated at the next-stage continuation values. This dis-
crepancy splits into a stagewise approximation term εh plus
the propagated continuation error from stage h + 1. Be-
cause target-policy averaging is a contraction in sup norm,

the same bound transfers to (V̂
π

h, V̂
π

h). Iterating backward
yields the additive recursion.

The preceding theorem is deterministic. To obtain a statisti-
cal rate, it suffices to upper bound εh on a high-probability
event. Appendix H gives one convenient sufficient condi-
tion: if each stage admits a support estimation error ηh in
Hausdorff distance and a supported Bellman-target approxi-
mation error αh, then

εh ≤ αh + 2Lhηh.

Combining this with theorem 6.1 yields the following im-
mediate finite-sample consequence.

Corollary 6.2 (Finite-sample endpoint estimation). Sup-
pose there exists an event En with P(En) ≥ 1− δn such that
on En, for every h ∈ [H],

dH

(
Ch, Ĉh

)
≤ ηh,n, sup

v∈Venv
h+1

sup
ĉ∈Ĉh

∣∣∣(B̂π
hv)(ĉ)− fh,v(ĉ)

∣∣∣ ≤ αh,n,

where fh,v is an Lh-Lipschitz extension of c 7→ (Bπ
hv)(c)

from Ch to Xh. Then on En,

∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣∨∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣ ≤ H∑

h=1

(αh,n + 2Lhηh,n).

(6.2)

7
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Bellman–Whitney Envelopes under Support Holes

In particular, if

αh,n = Õ
(
n
−1/(2+dh)
h

)
, ηh,n = Õ

(
n
−1/dh

h

)
,

then ∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣
∨
∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣

= Õp

(
H∑

h=1

n
−1/(2+dh)
h

)
.

The final question is whether the stagewise additive
endpoint-estimation rate is optimal. To answer this cleanly,
Appendix I studies a statistically favorable oracle subclass in
which the behavior support is the entire state–action space
at every stage, the target policy is deterministic, and the
Bellman–Whitney interval has zero width. Thus any lower
bound there is a lower bound for endpoint estimation alone,
uncontaminated by support-hole ambiguity. The proof uses
a two-point minimax construction in the sense of Yu (1997);
Tsybakov (2009).

Theorem 6.3 (Oracle minimax lower bound). Fix the model-
class parameters (H,L, d1, . . . , dH , Rmax). There exists a
constant c⋆ > 0 depending only on these parameters such
that for every sample-size vector (n1, . . . , nH),

inf
(ℓ̂,û)

sup
M∈OL

(n1,...,nH )

EM

[∣∣∣ℓ̂− V π
1 (0)

∣∣∣
+
∣∣∣û− V

π

1 (0)
∣∣∣]

≥ c⋆

H∑
h=1

n
−1/(dh+2)
h .

Moreover, on this oracle class the Bellman–Whitney interval
degenerates to a singleton, so the lower bound concerns
endpoint estimation alone.

Proof sketch; full proof in Appendix I. The appendix con-
structs a zero-width two-point subclass in which, at each
stage, the reward mean contains a localized Lh-Lipschitz
bump of amplitude n−1/(dh+2)

h near the evaluation state.
The stagewise bumps add linearly in the target value, so the
parameter separation is of order

∑H
h=1 n

−1/(dh+2)
h . At the

same time, the joint Kullback–Leibler divergence between
the two induced data distributions remains bounded by a
constant. A two-point minimax inequality then yields the
stated lower bound.

Remark 6.4 (Two distinct hardness sources). Theorems 6.1
and 6.3 should be read together with the geometry results
from Section 5. The width of the Bellman–Whitney interval
is an irreducible support-hole phenomenon, while the rate

in theorem 6.3 is an endpoint-estimation phenomenon that
persists even when the width is zero. The theory therefore
cleanly separates identified-set ambiguity from statistical
estimation difficulty.

7. Certifiable Control under Ambiguity
The fixed-policy Bellman–Whitney theory extends naturally
to control once target-policy averaging is replaced by the
Bellman optimality operator. However, this change destroys
the convexity structure used in theorem 3.2: the map

Q 7−→ max
a∈A

Q(·, a)

is nonlinear, so the control-compatible tail class is generally
not convex. Accordingly, the correct control conclusion
is not a sharp interval theorem for optimal values, but an
action-certification theorem.

For each stage h ∈ [H], define the control value class

Vctl,L
h := 

v : Sh → R :
∃ q ∈ LipLh

(Xh)
with v(s) = maxa∈A q(s, a)
for all s

 ,

with terminal convention Vctl,L
H+1 = {0}. We assume the

control analogue of rectangular Bellman–Lipschitz closure:
for every h ∈ [H] and every v ∈ Vctl,L

h+1 , the supported
Bellman target

c 7−→ (Bπ
hv)(c), c ∈ Ch,

is Lh-Lipschitz on Ch. Under this condition, the control
Bellman–Whitney recursion is

V ctl
H+1 = V

ctl

H+1 ≡ 0,

Qctl

h
= W−

h,Lh

(
c 7→ (Bπ

hV
ctl
h+1)(c)

)
,

Q
ctl

h = W+
h,Lh

(
c 7→ (Bπ

hV
ctl

h+1)(c)
)
.

and

V ctl
h (s) = max

a∈A
Qctl

h
(s, a), V

ctl

h (s) = max
a∈A

Q
ctl

h (s, a).

Appendix J proves that these envelopes sandwich every
control-compatible tail, i.e., every bounded Lipschitz se-
quence satisfying Vt = maxaQt and Bellman equality on
the observed support.

This leads to the following certification sets. For a state
s ∈ Sh and tolerance δ ≥ 0, define

Agood
h (s; δ) :=

{
a ∈ A : Qctl

h
(s, a) ≥ max

a′∈A
Q

ctl

h (s, a′)− δ

}
,

8
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Abad
h (s; δ) := 

a ∈ A :

Q
ctl

h (s, a) <

max
a′∈A

Qctl

h
(s, a′)− δ

 ,

and

Aamb
h (s; δ) := A \

(
Agood

h (s; δ) ∪ Abad
h (s; δ)

)
.

Corollary 7.1 (Certifiable control under ambiguity). As-
sume theorems 2.1 and J.1. Fix h ∈ [H], s ∈ Sh, and δ ≥ 0.
Then:

1. every action in Agood
h (s; δ) is uniformly δ-optimal over

the entire control-compatible class;

2. every action in Abad
h (s; δ) is uniformly δ-suboptimal

over the entire control-compatible class;

3. actions in Aamb
h (s; δ) are not resolvable from the

Bellman–Whitney envelopes alone.

More precisely, if (Qt, Vt)
H+1
t=h ∈ Cctl,L

h:H is any control-
compatible tail, then for every a ∈ Agood

h (s; δ),

Qh(s, a) ≥ Vh(s)− δ,

while for every a ∈ Abad
h (s; δ),

Qh(s, a) ≤ Vh(s)− δ.

Proof sketch; full proof in Appendix J. Appendix J first
proves a control Bellman–Whitney sandwich theorem:

Qctl

t
≤ Qt ≤ Q

ctl

t , V ctl
t ≤ Vt ≤ V

ctl

t ,

for every control-compatible tail. The proof is the same
backward-induction scheme as in the fixed-policy case,
except that target-policy averaging is replaced by point-
wise maximization over actions. Once these inequalities
hold, the certification statements follow immediately. If
a ∈ Agood

h (s; δ), then

Qctl

h
(s, a) ≥ max

a′
Q

ctl

h (s, a′)− δ ≥ Vh(s)− δ,

and therefore Qh(s, a) ≥ Vh(s)− δ. The bad-action guar-
antee is symmetric.

Remark 7.2 (What is and is not certified). The corollary cer-
tifies actions, not optimal values. This is the right level of
generality under support holes. Actions in Agood

h (s; δ) are
provably near-optimal uniformly over the entire Bellman–
Lipschitz ambiguity class, actions in Abad

h (s; δ) are prov-
ably suboptimal, and the remaining actions are genuinely
unresolved by the available offline information. Thus the
Bellman–Whitney framework yields a set-valued notion of
optimal decision-making under partial identification.

Impact Statement
This paper studies the theoretical foundations of offline
decision-making under genuine support holes, where a tar-
get policy enters state–action regions that are not represented
in the logged data. The positive potential impact of this
work is methodological rather than immediate deployment:
it provides a rigorous framework for distinguishing what
is point-identifiable from what is only partially identifiable,
and for replacing unjustified point estimates with sharp in-
tervals, dual certificates, and action-level ambiguity sets. In
high-stakes domains such as healthcare, education, public
policy, and scientific experimentation, this perspective can
help prevent overconfident conclusions from observational
or biased historical data.

At the same time, the framework could be misused if its
guarantees are invoked without verifying the modeling as-
sumptions. In particular, the Bellman–Lipschitz intervals
and action certificates are only as meaningful as the under-
lying support characterization, the chosen Lipschitz radii,
and the Bellman closure conditions. If these assumptions
are misspecified, the resulting intervals may be either too
narrow, giving a false appearance of certainty, or too wide
to be operationally useful. Accordingly, this work should
not be interpreted as a license for automated deployment in
safety-critical settings without domain validation, sensitivity
analysis, and application-specific oversight.

More broadly, we view the main ethical contribution of
this paper as advocating for principled abstention. When
the data do not identify a policy value or an action rank-
ing, the correct output is not an artificially precise estimate
but a transparent description of what remains ambiguous.
Our control corollary makes this explicit by partitioning
actions into certifiably good, certifiably bad, and intrinsi-
cally ambiguous sets. We hope this theoretical viewpoint
supports a more cautious and scientifically honest use of
offline decision-making methods in real-world systems.
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A. Additional Preliminaries and Notation
This appendix records the topological, measure-theoretic, and geometric conventions used throughout the proofs. The main
text is formulated at the level of Bellman-compatible function classes rather than at the level of a fully specified primitive
controlled Markov model. This distinction is essential under genuine support holes: on-support Bellman data need not
determine a unique off-support extension, and the central object of the paper is precisely the identified set generated by
those admissible extensions.

Throughout, we write [H] := {1, . . . ,H} for the horizon index set. Unless stated otherwise, all random variables are
defined on a common complete probability space, all measurable spaces are equipped with their Borel σ-fields, and all
conditional expectations are understood through fixed Borel versions. For clarity of exposition, the initial state is taken to be
a deterministic point s1 ∈ S1. Every statement admits the obvious extension to an initial distribution ν1 by replacing V1(s1)
with

∫
S1
V1(s) ν1(ds).

A.1. Stagewise Spaces, Metrics, and Policies

Assumption A.1 (Standing topological conventions). For each stage h ∈ [H]:

1. Sh is a nonempty compact metric space with metric dSh.

2. The action space A is a nonempty finite set.

3. The state–action space is the product Xh := Sh ×A, endowed with the metric

dh((s, a), (s
′, a′)) := dSh(s, s

′) + I{a ̸= a′}. (A.1)

4. The stagewise reward Rh is integrable under every policy considered.

Because A is finite and Sh is compact, Xh is again a compact metric space. In particular, every Xh is Polish and therefore
standard Borel. This guarantees the existence of regular conditional distributions and Borel versions of conditional
expectations whenever they are needed later.

A (possibly history-independent) policy ν is identified with a sequence ν = (νh)
H
h=1, where each

νh : Sh → ∆(A)

is Borel measurable. Since A is finite, all policy averages are finite sums, and no measurable-selection issues arise from the
action variable. We reserve π for the fixed target policy of interest and µ for the behavior policy generating the offline data.
Remark A.2 (Normalization of the action metric). The discrete contribution I{a ̸= a′} in Equation (A.1) is only a
normalization convention. Any equivalent product metric that separates distinct actions by a strictly positive amount would
lead to the same theory after a deterministic rescaling of the Lipschitz radii. Fixing the action separation at one simply
removes an irrelevant degree of freedom from later constants.

A.2. Occupancy Measures, Supports, and Distance-to-Support

For any policy ν and stage h ∈ [H], let
Xh := (Sh, Ah) ∈ Xh,

and define the stagewise occupancy measure

ρνh(B) := Pν(Xh ∈ B), B ⊆ Xh Borel.

The behavior occupancy at stage h is denoted ρbh, and its topological support is

Ch := supp(ρbh) =
{
x ∈ Xh : ρbh(U) > 0 for every open neighborhood U ∋ x

}
.

Since ρbh is a Borel probability measure on the compact metric space Xh, the support Ch is nonempty, closed, and therefore
compact.
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For any nonempty set A ⊆ Xh and any x ∈ Xh, we write

disth(x,A) := inf
a∈A

dh(x, a).

In particular, disth(x,Ch) measures the size of the support hole encountered by the point x at stage h.
Lemma A.3 (Distance-to-support regularity). For every stage h ∈ [H], the map

x 7−→ disth(x,Ch)

is 1-Lipschitz on Xh. Moreover,
disth(x,Ch) = 0 ⇐⇒ x ∈ Ch.

Proof. Fix x, y ∈ Xh. For any c ∈ Ch, the triangle inequality gives

disth(x,Ch) ≤ dh(x, c) ≤ dh(x, y) + dh(y, c).

Taking the infimum over c ∈ Ch yields

disth(x,Ch) ≤ dh(x, y) + disth(y, Ch).

Swapping the roles of x and y gives

|disth(x,Ch)− disth(y, Ch)| ≤ dh(x, y),

which proves the 1-Lipschitz claim.

If x ∈ Ch, then clearly disth(x,Ch) = 0. Conversely, if disth(x,Ch) = 0, then there exists a sequence (cn)n≥1 ⊆ Ch

with dh(x, cn) → 0. Since Ch is closed, this implies x ∈ Ch.

A.3. Lipschitz Seminorms and Bounded Lipschitz Balls

For a function f : Xh → R, define the stagewise Lipschitz seminorm

Liph(f) := sup
x̸=y

|f(x)− f(y)|
dh(x, y)

,

with the convention that the supremum over the empty set equals zero. Similarly, for a function v : Sh → R, define

LipSh(v) := sup
s̸=s′

|v(s)− v(s′)|
dSh(s, s

′)
.

For L ≥ 0, we write
LipL(Xh) := {f : Xh → R : Liph(f) ≤ L}.

Whenever a uniform sup-norm bound is also needed, we use the bounded Lipschitz ball

BLM,L(Xh) := {f : Xh → R : ∥f∥∞ ≤M, Liph(f) ≤ L}.

Lemma A.4 (Compactness of bounded Lipschitz balls). Fix h ∈ [H], M ≥ 0, and L ≥ 0. Then BLM,L(Xh) is compact in
(C(Xh), ∥·∥∞).

Proof. Every function in BLM,L(Xh) is continuous, uniformly bounded byM , and the class is equicontinuous with common
modulus Ldh(·, ·). Since Xh is compact metric, Arzelà–Ascoli implies that every sequence in BLM,L(Xh) has a uniformly
convergent subsequence. It therefore suffices to show that the class is closed under uniform limits.

Let (fn)n≥1 ⊆ BLM,L(Xh) satisfy ∥fn − f∥∞ → 0. Then ∥f∥∞ ≤ M follows by passing to the limit in ∥fn∥∞ ≤ M .
For any x ̸= y,

|f(x)− f(y)|
dh(x, y)

≤ |f(x)− fn(x)|
dh(x, y)

+
|fn(x)− fn(y)|

dh(x, y)
+

|fn(y)− f(y)|
dh(x, y)

.

Taking n→ ∞ yields
|f(x)− f(y)|
dh(x, y)

≤ L.

Hence Liph(f) ≤ L, so f ∈ BLM,L(Xh) and the class is closed. Therefore it is compact.

12
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A.4. Supported Bellman Data

For each h ∈ [H − 1] and each bounded Borel function v : Sh+1 → R, we write

(Bπ
hv)(x) := E[Rh + v(Sh+1) | Xh = x], x ∈ Ch, (A.2)

where the right-hand side denotes a fixed Borel version of the corresponding conditional mean on Ch. At the terminal stage,
we set VH+1 ≡ 0 by convention.

For any policy ν and any measurable q : Xh → R, define the policy-averaging operator

(Aν
hq)(s) :=

∑
a∈A

νh(a | s) q(s, a), s ∈ Sh.

Thus, when a stagewise Q-function Qh is given, its corresponding state-value function under the target policy is

Vh = Aπ
hQh.

The partial-identification problem studied in the main text conditions on the collection of supported Bellman data

Dπ := {(Ch, B
π
h ) : h ∈ [H]}.

Conceptually, Dπ is the population object pinned down by on-support data, while the off-support behavior of a candidate
Q-sequence is governed by the Bellman–Lipschitz compatibility constraints introduced in Section 2. This is exactly where
partial identification enters.
Remark A.5 (On the Bellman–Whitney terminology). The envelope operators introduced later in Section 3 combine a
Bellman recursion with the extremal Lipschitz extension formulas of McShane and Whitney (McShane, 1934; Whitney,
1934). In the one-step case H = 1, the resulting identified interval coincides with the sharp smoothness-based no-overlap
construction of Khan et al. (2024).

A.5. Hausdorff Geometry

For a nonempty set A ⊆ Xh and ε ≥ 0, define the closed ε-enlargement

Aε := {x ∈ Xh : disth(x,A) ≤ ε}.

For two nonempty compact sets A,B ⊆ Xh, their Hausdorff distance is

dH(A,B) := max

[
sup
a∈A

disth(a,B), sup
b∈B

disth(b, A)

]
.

Equivalently,
dH(A,B) ≤ ε ⇐⇒ A ⊆ Bε and B ⊆ Aε.

This is the natural geometry for perturbing estimated support sets in the statistical analysis.

The next identity will be used repeatedly when propagating support-estimation error through the Bellman–Whitney recursion.

Lemma A.6 (Hausdorff distance as a sup-norm distance between distance functions). Let A,B ⊆ Xh be nonempty compact
sets. Then

dH(A,B) = sup
x∈Xh

|disth(x,A)− disth(x,B)|.

In particular,
sup
x∈Xh

|disth(x,A)− disth(x,B)| ≤ ε ⇐⇒ dH(A,B) ≤ ε.

Proof. Set
∆(A,B) := sup

x∈Xh

|disth(x,A)− disth(x,B)|.

13
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Bellman–Whitney Envelopes under Support Holes

We first show ∆(A,B) ≤ dH(A,B). Let η := dH(A,B). By definition of Hausdorff distance, every point a ∈ A satisfies
disth(a,B) ≤ η and every point b ∈ B satisfies disth(b, A) ≤ η. Fix x ∈ Xh and δ > 0. Choose aδ ∈ A such that

dh(x, aδ) ≤ disth(x,A) + δ.

Then
disth(x,B) ≤ dh(x, aδ) + disth(aδ, B) ≤ disth(x,A) + δ + η.

Letting δ ↓ 0 yields
disth(x,B)− disth(x,A) ≤ η.

Exchanging the roles of A and B gives
|disth(x,A)− disth(x,B)| ≤ η.

Taking the supremum over x proves ∆(A,B) ≤ dH(A,B).

For the reverse inequality, fix δ > 0. By definition of Hausdorff distance, either

sup
a∈A

disth(a,B) ≥ dH(A,B)− δ

or
sup
b∈B

disth(b, A) ≥ dH(A,B)− δ.

In the first case, choose aδ ∈ A such that

disth(aδ, B) ≥ dH(A,B)− δ.

Since disth(aδ, A) = 0, we obtain

∆(A,B) ≥ |disth(aδ, A)− disth(aδ, B)| = disth(aδ, B) ≥ dH(A,B)− δ.

The second case is identical with A and B interchanged. Since δ > 0 was arbitrary, this proves ∆(A,B) ≥ dH(A,B).

Combining the two inequalities yields the claimed identity.

A.6. How Appendix A Is Used Later

The roles of the present appendix in the rest of the paper are as follows.

• theorem A.3 provides the elementary support-hole geometry used later in the ambiguity analysis.

• theorem A.4 supplies the compactness input for the infinite-dimensional duality argument.

• theorem A.6 is the basic metric identity behind the stability theory for estimated support sets.

The remaining structural properties of the Bellman–Whitney envelope operators themselves are deferred to Appendix B,
where they are proved once and then used throughout the sequel.

B. Fundamental Envelope Lemmas
The operators used in the main text are stagewise versions of the classical McShane–Whitney extremal Lipschitz constructions
(McShane, 1934; Whitney, 1934). In our setting, however, the input supported Bellman data need not themselves be Lipschitz
on the behavior support. The relevant objects are therefore not merely exact extensions, but rather one-sided extremal
envelopes under support constraints. This appendix isolates the basic properties of those envelopes once and for all.

14
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Bellman–Whitney Envelopes under Support Holes

B.1. Generic Envelope Operators

Fix for the duration of this appendix a compact metric space (X, d), a nonempty compact subset A ⊆ X , and a radius
L ≥ 0. For any bounded Borel function g : A→ R, define(

W−
A,Lg

)
(x) := sup

a∈A
{g(a)− Ld(x, a)}, x ∈ X, (B.1)

and (
W+

A,Lg
)
(x) := inf

a∈A
{g(a) + Ld(x, a)}, x ∈ X. (B.2)

In the stagewise setting of the main text, we apply these formulas with X = Xh, A = Ch, and L = Lh, in which case

W−
h,Lh

= W−
Ch,Lh

, W+
h,Lh

= W+
Ch,Lh

.

Remark B.1 (One-sided envelopes versus exact interpolation). If g happens to be L-Lipschitz on A, then W−
A,Lg and W+

A,Lg
coincide with the usual lower and upper McShane–Whitney extensions on A. In the partially identified regime studied in this
paper, however, the supported Bellman data need not be L-Lipschitz. In that case, W−

A,Lg and W+
A,Lg no longer interpolate

g exactly on A; instead, they represent the smallest feasible L-Lipschitz majorant and the largest feasible L-Lipschitz
minorant compatible with the support information.

B.2. Basic Regularity and Order Properties

Lemma B.2 (Regularity, support bounds, and monotonicity). Let g, g̃ : A → R be bounded Borel functions. Then the
following hold.

1. The functions W−
A,Lg and W+

A,Lg are bounded and L-Lipschitz on X .

2. For every a ∈ A, (
W−

A,Lg
)
(a) ≥ g(a),

(
W+

A,Lg
)
(a) ≤ g(a). (B.3)

3. If g ≤ g̃ pointwise on A, then

W−
A,Lg ≤ W−

A,Lg̃, W+
A,Lg ≤ W+

A,Lg̃ pointwise on X. (B.4)

Proof. We first prove boundedness of W−
A,Lg. Since A is nonempty and compact, diam(A) ≤ diam(X) < ∞. For any

fixed x ∈ X ,
sup
a∈A

g(a)− L diam(X) ≤ sup
a∈A

{g(a)− Ld(x, a)} ≤ sup
a∈A

g(a),

so W−
A,Lg is finite everywhere. The same argument yields

inf
a∈A

g(a) ≤ inf
a∈A

{g(a) + Ld(x, a)} ≤ inf
a∈A

g(a) + L diam(X),

hence W+
A,Lg is finite everywhere.

We now prove the Lipschitz claim for W−
A,Lg. Fix x, y ∈ X . For every a ∈ A,

g(a)− Ld(x, a) ≤ g(a)− Ld(y, a) + Ld(x, y),

by the triangle inequality. Taking the supremum over a ∈ A gives(
W−

A,Lg
)
(x) ≤

(
W−

A,Lg
)
(y) + Ld(x, y).

Exchanging the roles of x and y yields∣∣∣(W−
A,Lg

)
(x)−

(
W−

A,Lg
)
(y)
∣∣∣ ≤ Ld(x, y).

15
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Bellman–Whitney Envelopes under Support Holes

Thus W−
A,Lg is L-Lipschitz. The proof for W+

A,Lg is identical: for every a ∈ A,

g(a) + Ld(x, a) ≤ g(a) + Ld(y, a) + Ld(x, y),

and taking infima gives the same Lipschitz bound.

For (B.3), fix a ∈ A. Since the point a is itself admissible in (B.1) and (B.2),(
W−

A,Lg
)
(a) ≥ g(a)− Ld(a, a) = g(a),

and (
W+

A,Lg
)
(a) ≤ g(a) + Ld(a, a) = g(a).

Finally, if g ≤ g̃ on A, then for every x ∈ X and every a ∈ A,

g(a)− Ld(x, a) ≤ g̃(a)− Ld(x, a), g(a) + Ld(x, a) ≤ g̃(a) + Ld(x, a).

Taking suprema in the first display and infima in the second proves (B.4).

B.3. Extremal Characterization

The next result is the key structural fact used throughout the paper.

Lemma B.3 (Extremal one-sided characterization). Let g : A→ R be bounded Borel, and define the two feasible families

MA,L(g) := {f ∈ LipL(X) : f(a) ≥ g(a) for all a ∈ A},

and
mA,L(g) := {f ∈ LipL(X) : f(a) ≤ g(a) for all a ∈ A}.

Then MA,L(g) and mA,L(g) are nonempty, and for every x ∈ X ,(
W−

A,Lg
)
(x) = inf

f∈MA,L(g)
f(x), (B.5)

and (
W+

A,Lg
)
(x) = sup

f∈mA,L(g)

f(x). (B.6)

Equivalently, W−
A,Lg is the pointwise smallest L-Lipschitz function on X that dominates g on A, while W+

A,Lg is the
pointwise largest L-Lipschitz function on X that is dominated by g on A.

Proof. The classes are nonempty because constant functions are Lipschitz: if M := supa∈A g(a) and m := infa∈A g(a),
then the constant function f ≡M belongs to MA,L(g) and the constant function f ≡ m belongs to mA,L(g).

We prove (B.5). By theorem B.2, W−
A,Lg is itself L-Lipschitz on X and satisfies W−

A,Lg ≥ g on A. Hence W−
A,Lg ∈

MA,L(g), so

inf
f∈MA,L(g)

f(x) ≤
(
W−

A,Lg
)
(x).

Conversely, let f ∈ MA,L(g) be arbitrary. Since f is L-Lipschitz, for every a ∈ A,

f(x) ≥ f(a)− Ld(x, a) ≥ g(a)− Ld(x, a).

Taking the supremum over a ∈ A yields
f(x) ≥

(
W−

A,Lg
)
(x).

Since this holds for every f ∈ MA,L(g),

inf
f∈MA,L(g)

f(x) ≥
(
W−

A,Lg
)
(x).
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Together with the previous display, this proves (B.5).

The proof of (B.6) is symmetric. By theorem B.2, W+
A,Lg is L-Lipschitz and satisfies W+

A,Lg ≤ g on A, hence W+
A,Lg ∈

mA,L(g). Therefore

sup
f∈mA,L(g)

f(x) ≥
(
W+

A,Lg
)
(x).

If f ∈ mA,L(g), then for every a ∈ A,

f(x) ≤ f(a) + Ld(x, a) ≤ g(a) + Ld(x, a).

Taking the infimum over a ∈ A yields
f(x) ≤

(
W+

A,Lg
)
(x).

Since this holds for every f ∈ mA,L(g),

sup
f∈mA,L(g)

f(x) ≤
(
W+

A,Lg
)
(x),

which proves (B.6).

Corollary B.4 (Classical exact extension regime). Let g : A→ R be L-Lipschitz with respect to the restricted metric on A.
Then the following hold.

1. W−
A,Lg and W+

A,Lg agree with g on A:(
W−

A,Lg
)
(a) = g(a) =

(
W+

A,Lg
)
(a), a ∈ A.

2. Every L-Lipschitz extension f : X → R of g satisfies

W−
A,Lg ≤ f ≤ W+

A,Lg pointwise on X.

3. In particular,
W−

A,Lg ≤ W+
A,Lg pointwise on X.

Proof. Fix a0 ∈ A. Since g is L-Lipschitz on A, for every a ∈ A,

g(a)− Ld(a0, a) ≤ g(a0) ≤ g(a) + Ld(a0, a).

Taking the supremum over a ∈ A in the left inequality and the infimum over a ∈ A in the right inequality yields(
W−

A,Lg
)
(a0) ≤ g(a0) ≤

(
W+

A,Lg
)
(a0).

Combined with the support bounds from theorem B.2, this gives equality on A.

If f is an L-Lipschitz extension of g, then f ∈ MA,L(g) and f ∈ mA,L(g) simultaneously. The sandwich inequality
therefore follows immediately from theorem B.3. The final claim is obtained by taking f = W+

A,Lg in the left inequality, or
equivalently f = W−

A,Lg in the right inequality.

B.4. Stability with Respect to Supported Values

Lemma B.5 (Supremum-norm stability on a fixed support). Let g, g̃ : A→ R be bounded Borel functions. Then

∥W−
A,Lg −W−

A,Lg̃∥∞ ≤ ∥g − g̃∥∞,A, (B.7)

and
∥W+

A,Lg −W+
A,Lg̃∥∞ ≤ ∥g − g̃∥∞,A. (B.8)
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Proof. Let
δ := ∥g − g̃∥∞,A.

Then g ≤ g̃ + δ and g̃ ≤ g + δ pointwise on A. Using theorem B.2 and the defining formulas,

W−
A,Lg ≤ W−

A,L(g̃ + δ) = W−
A,Lg̃ + δ,

and similarly
W−

A,Lg̃ ≤ W−
A,Lg + δ.

Hence
∥W−

A,Lg −W−
A,Lg̃∥∞ ≤ δ.

The proof for W+
A,L is identical:

W+
A,Lg ≤ W+

A,L(g̃ + δ) = W+
A,Lg̃ + δ,

and vice versa, implying (B.8).

B.5. Joint Stability with Respect to Support and Value Perturbations

The next lemma controls the effect of simultaneously perturbing both the support set and the supported function values. It is
the correct generic tool for the statistical analysis, where estimated support sets and estimated supported Bellman targets are
both present.

For nonempty compact sets A,B ⊆ X and bounded Borel functions g : A→ R, g̃ : B → R, define the directed discrepancy

∆
(L)
A→B(g, g̃) := sup

a∈A
inf
b∈B

{|g(a)− g̃(b)|+ Ld(a, b)}.

Define the symmetrized discrepancy

∆
(L)
A,B(g, g̃) := max

[
∆

(L)
A→B(g, g̃), ∆

(L)
B→A(g̃, g)

]
. (B.9)

Lemma B.6 (Support-value pair stability). Let A,B ⊆ X be nonempty compact sets, and let g : A→ R, g̃ : B → R be
bounded Borel functions. Then

∥W−
A,Lg −W−

B,Lg̃∥∞ ≤ ∆
(L)
A,B(g, g̃), (B.10)

and
∥W+

A,Lg −W+
B,Lg̃∥∞ ≤ ∆

(L)
A,B(g, g̃). (B.11)

Proof. We first prove (B.10). Fix x ∈ X and ε > 0. For each a ∈ A, choose ba,ε ∈ B such that

|g(a)− g̃(ba,ε)|+ Ld(a, ba,ε) ≤ ∆
(L)
A→B(g, g̃) + ε.

Then

g(a)− Ld(x, a) ≤ g̃(ba,ε) + |g(a)− g̃(ba,ε)| − Ld(x, a)

≤ g̃(ba,ε)− Ld(x, ba,ε) + |g(a)− g̃(ba,ε)|+ Ld(a, ba,ε)

≤ W−
B,Lg̃(x) + ∆

(L)
A→B(g, g̃) + ε.

Taking the supremum over a ∈ A yields

W−
A,Lg(x) ≤ W−

B,Lg̃(x) + ∆
(L)
A→B(g, g̃) + ε.

Since ε > 0 was arbitrary,
W−

A,Lg(x) ≤ W−
B,Lg̃(x) + ∆

(L)
A→B(g, g̃).
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Repeating the argument with (A, g) and (B, g̃) interchanged gives

W−
B,Lg̃(x) ≤ W−

A,Lg(x) + ∆
(L)
B→A(g̃, g).

Combining the two bounds and taking the supremum over x ∈ X proves (B.10).

We next prove (B.11). Fix x ∈ X and ε > 0. For each b ∈ B, choose ab,ε ∈ A such that

|g(ab,ε)− g̃(b)|+ Ld(ab,ε, b) ≤ ∆
(L)
B→A(g̃, g) + ε.

Then

g̃(b) + Ld(x, b) ≤ g(ab,ε) + |g(ab,ε)− g̃(b)|+ Ld(x, b)

≤ g(ab,ε) + Ld(x, ab,ε) + |g(ab,ε)− g̃(b)|+ Ld(ab,ε, b)

≤ W+
A,Lg(x) + ∆

(L)
B→A(g̃, g) + ε.

Taking the infimum over b ∈ B yields

W+
B,Lg̃(x) ≤ W+

A,Lg(x) + ∆
(L)
B→A(g̃, g) + ε.

Letting ε ↓ 0 and then swapping the roles of (A, g) and (B, g̃) gives

|W+
A,Lg(x)−W+

B,Lg̃(x)| ≤ ∆
(L)
A,B(g, g̃).

Taking the supremum over x ∈ X proves (B.11).

Corollary B.7 (Hausdorff perturbation under a common ambient Lipschitz envelope). Let A,B ⊆ X be nonempty compact
sets, and let f : X → R be M -Lipschitz. Set

g := f |A, g̃ := f |B .

Then
∥W−

A,Lg −W−
B,Lg̃∥∞ ≤ (M + L) dH(A,B), (B.12)

and
∥W+

A,Lg −W+
B,Lg̃∥∞ ≤ (M + L) dH(A,B). (B.13)

In particular, if f is L-Lipschitz on X , then both bounds simplify to

∥W−
A,Lg −W−

B,Lg̃∥∞ ∨ ∥W+
A,Lg −W+

B,Lg̃∥∞ ≤ 2LdH(A,B).

Proof. Fix a ∈ A. By definition of Hausdorff distance, there exists b ∈ B such that d(a, b) ≤ dH(A,B). Since f is
M -Lipschitz,

|g(a)− g̃(b)|+ Ld(a, b) = |f(a)− f(b)|+ Ld(a, b) ≤ (M + L) dH(A,B).

Taking the infimum over such b and then the supremum over a ∈ A yields

∆
(L)
A→B(g, g̃) ≤ (M + L) dH(A,B).

The same argument with A and B interchanged gives

∆
(L)
B→A(g̃, g) ≤ (M + L) dH(A,B).

Hence
∆

(L)
A,B(g, g̃) ≤ (M + L) dH(A,B).

The stated inequalities now follow immediately from theorem B.6. The final display is the special case M = L.
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B.6. Role of the Envelope Lemmas in the Main Proofs

The preceding results are used in the sequel as follows.

• theorem B.3 is the core ingredient in the sharp interval theorem: it identifies the stagewise Bellman–Whitney recursion
as the pointwise extremal feasible sequence under one-sided support constraints.

• theorem B.4 recovers the classical exact-extension regime and will be used to justify the H = 1 reduction.

• theorems B.5 and B.6 are the basic perturbation tools needed later for the stability and statistical endpoint-estimation
analysis.

C. Primitive Smoothness as a Sufficient Condition
The main text is formulated at the level of Bellman-compatible function classes. This is the mathematically cleanest way to
study support-hole partial identification, because it avoids committing to a unique primitive off-support model. Nevertheless,
it is important to understand when the abstract closure assumptions used in the main theorems follow from concrete reward
and transition regularity. This appendix gives such primitive sufficient conditions.

The key estimate is a Bellman Lipschitz-propagation bound under Wasserstein-Lipschitz transitions. Its proof uses the
Kantorovich–Rubinstein dual characterization of the one-Wasserstein distance; see, e.g., Villani (2009).

C.1. Primitive Assumptions

For this appendix only, suppose that for each stage h ∈ [H − 1] the primitive dynamics are specified by a Markov kernel

Ph(· | x) on Sh+1, x ∈ Xh,

and that for each stage h ∈ [H] the conditional reward mean

rh(x) := E[Rh | Xh = x], x ∈ Xh,

is well defined.
Assumption C.1 (Primitive reward and transition smoothness). There exist nonnegative constants ρh for h ∈ [H] and κh
for h ∈ [H − 1] such that:

1. for every h ∈ [H],
|rh(x)− rh(y)| ≤ ρh dh(x, y) ∀x, y ∈ Xh;

2. for every h ∈ [H − 1],
W1(Ph(· | x), Ph(· | y)) ≤ κh dh(x, y) ∀x, y ∈ Xh,

where W1 is the one-Wasserstein distance on probability measures over Sh+1 induced by the state metric dSh+1.

The fixed-policy closure assumption from the main text requires an additional regularity condition on how the target policy
varies with the state.
Assumption C.2 (Stagewise ℓ1-Lipschitz target policy). There exist nonnegative constants Λh for h ∈ [H] such that

∥πh(· | s)− πh(· | s′)∥1 ≤ Λh d
S
h(s, s

′) ∀s, s′ ∈ Sh.

Remark C.3 (Why theorem C.2 appears only in the fixed-policy result). For fixed-policy closure, the continuation class is

Vπ,L
h+1 =

{
Aπ
h+1q : q ∈ LipLh+1

(Xh+1)
}
,

so one must control how policy averaging maps Lipschitz Q-functions into Lipschitz value functions. This depends on the
state-regularity of πh+1. By contrast, the control closure assumption uses

v(s) = max
a

q(s, a),

and taking a maximum over finitely many Lipschitz actions preserves Lipschitz regularity without any assumption on a
policy map. This is why the control result below does not need theorem C.2.
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C.2. Two Primitive Lipschitz-Propagation Lemmas

The first lemma controls policy averaging. The discrete action metric in Appendix A is crucial: it makes the cross-action
oscillation of an L-Lipschitz Q-function automatically of order L.
Lemma C.4 (Policy averaging preserves Lipschitz regularity). Assume theorem C.2. Fix h ∈ [H], and let q : Xh → R be
bounded and L-Lipschitz with respect to dh. Define

v(s) := (Aπ
hq)(s) =

∑
a∈A

πh(a | s) q(s, a), s ∈ Sh.

Then v is dSh-Lipschitz and satisfies

LipSh(v) ≤
(
1 +

Λh

2

)
L. (C.1)

Proof. Fix s, s′ ∈ Sh. Write
π := πh(· | s), π′ := πh(· | s′).

Then

v(s)− v(s′) =
∑
a∈A

π(a)
(
q(s, a)− q(s′, a)

)
+
∑
a∈A

(
π(a)− π′(a)

)
q(s′, a).

Hence

|v(s)− v(s′)| ≤
∑
a∈A

π(a)|q(s, a)− q(s′, a)|+

∣∣∣∣∣∑
a∈A

(
π(a)− π′(a)

)
q(s′, a)

∣∣∣∣∣
≤ LdSh(s, s

′) +

∣∣∣∣∣∑
a∈A

(
π(a)− π′(a)

)
q(s′, a)

∣∣∣∣∣. (C.2)

We now bound the second term. Let

ms′ :=
1

2

(
max
a∈A

q(s′, a) + min
a∈A

q(s′, a)

)
.

Because
∑

a(π(a)− π′(a)) = 0, we may subtract the constant ms′ :∑
a∈A

(
π(a)− π′(a)

)
q(s′, a) =

∑
a∈A

(
π(a)− π′(a)

)(
q(s′, a)−ms′

)
.

Therefore ∣∣∣∣∣∑
a∈A

(
π(a)− π′(a)

)
q(s′, a)

∣∣∣∣∣ ≤ max
a∈A

|q(s′, a)−ms′ | · ∥π − π′∥1. (C.3)

By construction of ms′ ,

max
a∈A

|q(s′, a)−ms′ | =
1

2

(
max

a
q(s′, a)−min

a
q(s′, a)

)
.

Since the action metric contributes 1 whenever a ̸= a′, any two actions at the same state are distance at most 1 apart in Xh,
and thus

max
a

q(s′, a)−min
a
q(s′, a) ≤ L.

Combining this with theorem C.2 and (C.3) gives∣∣∣∣∣∑
a∈A

(
π(a)− π′(a)

)
q(s′, a)

∣∣∣∣∣ ≤ L

2
Λh d

S
h(s, s

′).

Substituting into (C.2) yields

|v(s)− v(s′)| ≤
(
1 +

Λh

2

)
LdSh(s, s

′),

which proves (C.1).
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The second lemma is the primitive Bellman propagation inequality.

Lemma C.5 (Primitive Bellman Lipschitz propagation). Assume theorem C.1. Fix h ∈ [H − 1], and let v : Sh+1 → R be
bounded and K-Lipschitz with respect to dSh+1. Then the function

qvh(x) := rh(x) +

∫
Sh+1

v(s′)Ph(ds
′ | x), x ∈ Xh,

is (ρh + κhK)-Lipschitz on Xh:
Liph(q

v
h) ≤ ρh + κhK. (C.4)

At the terminal stage,
qH(x) := rH(x)

is ρH -Lipschitz on XH .

Proof. Fix x, y ∈ Xh with h ≤ H − 1. Then

|qvh(x)− qvh(y)| ≤ |rh(x)− rh(y)|+
∣∣∣∣∫ v(s′)Ph(ds

′ | x)−
∫
v(s′)Ph(ds

′ | y)
∣∣∣∣.

By theorem C.1,
|rh(x)− rh(y)| ≤ ρh dh(x, y).

For the second term, if K = 0 the bound is trivial. If K > 0, then v/K is 1-Lipschitz on Sh+1, so the Kantorovich–
Rubinstein dual representation of W1 yields∣∣∣∣∫ v dPh(· | x)−

∫
v dPh(· | y)

∣∣∣∣ ≤ KW1(Ph(· | x), Ph(· | y)) ≤ K κh dh(x, y),

where the last inequality again uses theorem C.1; see Villani (2009). Therefore

|qvh(x)− qvh(y)| ≤ (ρh + κhK)dh(x, y),

which proves (C.4). The terminal-stage statement is exactly the reward smoothness assumption.

C.3. Primitive Sufficient Conditions for Fixed-Policy Closure

Define the effective policy-averaged radii

L̄h :=

(
1 +

Λh

2

)
Lh, h ∈ [H],

and set
L̄H+1 := 0.

Proposition C.6 (Primitive sufficient condition for fixed-policy closure). Assume theorems C.1 and C.2. Suppose the radius
vector L satisfies

LH ≥ ρH and Lh ≥ ρh + κhL̄h+1 ∀h ∈ {1, . . . , H − 1}. (C.5)

Then theorem 3.1 holds.

Proof. Fix h ∈ [H]. If h = H , then Vπ,L
H+1 = {0}, so the supported Bellman target is just

c 7−→ (Bπ
H0)(c) = rH(c), c ∈ CH ,

which is ρH -Lipschitz on XH and therefore LH -Lipschitz on CH by (C.5).

Now let h ∈ {1, . . . , H − 1} and take any v ∈ Vπ,L
h+1. By definition of the tail value class, there exists a bounded

Lh+1-Lipschitz function q : Xh+1 → R such that
v = Aπ

h+1q.
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By theorem C.4,
LipSh+1(v) ≤ L̄h+1.

Applying theorem C.5 with K = L̄h+1 shows that the function

x 7−→ (Bπ
hv)(x) = rh(x) +

∫
v(s′)Ph(ds

′ | x)

is (ρh+κhL̄h+1)-Lipschitz on all of Xh. By (C.5), this Lipschitz constant is at most Lh, so the restriction of x 7→ (Bπ
hv)(x)

to Ch is Lh-Lipschitz. This is exactly theorem 3.1.

The next proposition shows that, under the same primitive conditions, the actual target-policy value sequence of the primitive
model belongs to the Bellman–Lipschitz compatibility class.

Proposition C.7 (Primitive smoothness implies Bellman compatibility). Assume theorems C.1 and C.2 and (C.5). Define
recursively the primitive target-policy value sequence by

V π
H+1 ≡ 0,

Qπ
h(x) := rh(x) +

∫
Sh+1

V π
h+1(s

′)Ph(ds
′ | x), x ∈ Xh,

and
V π
h := Aπ

hQ
π
h, h ∈ [H].

Then (
Qπ

h, V
π
h

)H+1

h=1
∈ Cπ

L.

Proof. We prove by backward induction on h that

Liph(Q
π
h) ≤ Lh, h ∈ [H].

At stage H , we have
Qπ

H(x) = rH(x),

so
LipH(Q

π
H) ≤ ρH ≤ LH

by (C.5).

Now fix h ∈ {1, . . . , H − 1} and assume
Liph+1

(
Qπ

h+1

)
≤ Lh+1.

Then
V π
h+1 = Aπ

h+1Q
π
h+1,

so theorem C.4 yields
LipSh+1

(
V π
h+1

)
≤ L̄h+1.

Applying theorem C.5 to the continuation value V π
h+1 gives

Liph(Q
π
h) ≤ ρh + κhL̄h+1 ≤ Lh,

again by (C.5). This proves the inductive claim.

The Bellman compatibility conditions now follow directly from the definitions: V π
H+1 ≡ 0, V π

h = Aπ
hQ

π
h, and

Qπ
h(x) = (Bπ

hV
π
h+1)(x) ∀x ∈ Xh,

hence in particular on Ch. Since each Qπ
h is bounded, Borel measurable, and Lh-Lipschitz, the sequence belongs to Cπ

L.
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C.4. Primitive Sufficient Conditions for Control Closure

The control case is simpler because the maximum of finitely many Lh+1-Lipschitz action-value slices is again Lh+1-
Lipschitz on the state space, with no policy-regularity term.

Proposition C.8 (Primitive sufficient condition for control closure). Assume theorem C.1. Suppose the radius vector L
satisfies

LH ≥ ρH and Lh ≥ ρh + κhLh+1 ∀h ∈ {1, . . . , H − 1}. (C.6)

Then theorem J.1 holds.

Proof. Fix h ∈ [H]. If h = H , then as before the only continuation value is zero, and the supported Bellman target is rH ,
which is LH -Lipschitz on CH by (C.6).

Now let h ∈ {1, . . . , H − 1} and take any v ∈ Vctl,L
h+1 . By definition, there exists q ∈ LipLh+1

(Xh+1) such that

v(s) = max
a∈A

q(s, a), s ∈ Sh+1.

For any s, s′ ∈ Sh+1,

v(s)− v(s′) = max
a

q(s, a)−max
a′

q(s′, a′) ≤ max
a

(
q(s, a)− q(s′, a)

)
≤ Lh+1 d

S
h+1(s, s

′).

Exchanging the roles of s and s′ gives
LipSh+1(v) ≤ Lh+1.

Applying theorem C.5 with K = Lh+1 yields

Liph(x 7→ (Bπ
hv)(x)) ≤ ρh + κhLh+1 ≤ Lh,

by (C.6). Restricting to Ch gives theorem J.1.

C.5. Why Policy Regularity Is Genuinely Needed for Fixed-Policy Closure

The previous propositions show that primitive reward and transition smoothness plus policy regularity imply the fixed-policy
closure condition. The next counterexample shows that the policy regularity assumption cannot simply be removed.

Proposition C.9 (Primitive smoothness alone does not imply fixed-policy closure). There exists a two-stage primitive model
satisfying theorem C.1 with full support at both stages and a radius vector L such that theorem 3.1 fails.

Proof. Take H = 2, and let
S1 = S2 = [0, 1]

with the Euclidean metric. Let the action space be

A = {0, 1},

with the product metrics from Appendix A. Let both support sets be full:

C1 = X1, C2 = X2.

Set the reward means identically to zero:
r1 ≡ 0, r2 ≡ 0.

At stage 1, let the transition be deterministic identity on the state:

P1(· | (s, a)) = δs ∀(s, a) ∈ X1.

Then theorem C.1 holds with
ρ1 = ρ2 = 0, κ1 = 1,
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since
W1(δs, δs′) = |s− s′| ≤ d1((s, a), (s

′, a′)).

Now choose a discontinuous target policy at stage 2:

π2(1 | s) = I{s ≥ 1/2}, π2(0 | s) = 1− π2(1 | s).

Define
q(s, a) := a, (s, a) ∈ X2.

Because the action metric contributes 1 when a ̸= a′, the function q is 1-Lipschitz on X2. Hence, if L2 ≥ 1, then
q ∈ LipL2

(X2) and the corresponding target-averaged continuation value

v(s) := Aπ
2 q(s) =

∑
a∈A

π2(a | s) q(s, a) = I{s ≥ 1/2}

belongs to Vπ,L
2 .

For this continuation value,

(Bπ
1 v)(s, a) =

∫
v(s′)P1(ds

′ | (s, a)) = v(s) = I{s ≥ 1/2}.

Since the support at stage 1 is the whole space X1, the supported Bellman target is discontinuous on C1 and therefore not
L1-Lipschitz for any finite L1. Thus theorem 3.1 fails.

The failure is not caused by support holes or by irregular primitive dynamics: the support is full and the transition is perfectly
smooth. The obstruction is entirely due to the discontinuity of policy averaging.

C.6. Summary

The three preceding results show that the abstract closure assumptions used in the main text are not ad hoc.

• Fixed-policy closure follows from primitive reward smoothness, Wasserstein-Lipschitz transitions, and stagewise
ℓ1-Lipschitz regularity of the target policy.

• The true primitive target-policy value sequence then belongs to the Bellman–Lipschitz compatibility class.

• Control closure follows from the same primitive reward/transition smoothness assumptions, but does not require policy
regularity.

At the same time, theorem C.9 shows that policy regularity is a genuine structural requirement for the fixed-policy rectangular
closure theorem, not a proof artifact.

D. Proof of the Sharp Interval Theorem
This appendix proves the sharp partial-identification theorem via a stronger stagewise statement. The key point is that the
Bellman–Whitney recursion defined in the main text provides a priori one-sided bounds under support constraints. To
upgrade those bounds into exact identified-set endpoints, one must ensure that the recursively generated supported Bellman
targets remain admissible for exact Lh-Lipschitz extension at every stage. We make that closure requirement explicit below
as the function-level condition under which the sharpness proof is carried out.

D.1. Tail Classes and Recursive Envelopes

For each stage h ∈ [H], define the stagewise value class

Vπ,L
h :=

{
Aπ
hq : q ∈ LipLh

(Xh)
}
.

By convention,
Vπ,L
H+1 := {0}.
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Assumption D.1 (Rectangular Bellman–Lipschitz closure). For every stage h ∈ [H] and every v ∈ Vπ,L
h+1, the supported

Bellman target

c 7−→ (Bπ
hv)(c), c ∈ Ch,

is Lh-Lipschitz with respect to the restricted metric on Ch, i.e.,

|(Bπ
hv)(c)− (Bπ

hv)(c
′)| ≤ Lh dh(c, c

′) ∀c, c′ ∈ Ch.

Remark D.2 (Why theorem 3.1 is the right closure condition). The Bellman–Whitney recursion is stagewise and rectangular:
the feasible continuation class at stage h depends only on the next-stage target-value class Vπ,L

h+1 and not on the earlier
trajectory. Theorem 3.1 is therefore the exact compatibility condition needed to make the backward recursion feasible, rather
than merely pointwise valid as a lower/upper bound construction. In particular, once v ∈ Vπ,L

h+1, the supported Bellman
target Bπ

hv has an exact Lh-Lipschitz extension on Xh by theorem B.4.

For proof purposes, it is convenient to work with tail classes.

Definition D.3 (Tail compatibility class). Fix h ∈ [H]. The tail compatibility class Cπ,L
h:H consists of all sequences

(Qt, Vt)
H+1
t=h

such that:

1. VH+1 ≡ 0;

2. for every t ∈ {h, . . . ,H}, the function Qt : Xt → R is bounded, Borel measurable, and Lt-Lipschitz;

3. for every t ∈ {h, . . . ,H},

Vt = Aπ
t Qt;

4. for every t ∈ {h, . . . ,H},

Qt(x) = (Bπ
t Vt+1)(x), x ∈ Ct.

Thus Cπ,L
1:H = Cπ

L from Section 2 and theorem 2.2. For each h ∈ [H] and each s ∈ Sh, define the stagewise identified-value
set

Iπ
h (s) :=

{
Vh(s) : (Qt, Vt)

H+1
t=h ∈ Cπ,L

h:H

}
.

We now define the Bellman–Whitney recursion used throughout the theorem.

Set

V π
H+1 = V

π

H+1 ≡ 0. (D.1)

For h = H,H − 1, . . . , 1, define the supported lower and upper Bellman targets

g−h (c) := (Bπ
hV

π
h+1)(c), g+h (c) := (Bπ

hV
π

h+1)(c), c ∈ Ch, (D.2)

and then define the stagewise Bellman–Whitney envelopes

Qπ

h
:= W−

h,Lh
g−h , Q

π

h := W+
h,Lh

g+h , (D.3)

together with the induced value functions

V π
h := Aπ

hQ
π

h
, V

π

h := Aπ
hQ

π

h. (D.4)
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D.2. Convexity of the Tail Classes

Lemma D.4 (Convexity of tail compatibility classes). For every h ∈ [H], the class Cπ,L
h:H is convex. Consequently, for every

fixed s ∈ Sh, the scalar set Iπ
h (s) is a convex subset of R.

Proof. Fix h ∈ [H], and let
(Q

(0)
t , V

(0)
t )H+1

t=h , (Q
(1)
t , V

(1)
t )H+1

t=h

belong to Cπ,L
h:H . For λ ∈ [0, 1], define

Q
(λ)
t := (1− λ)Q

(0)
t + λQ

(1)
t , V

(λ)
t := (1− λ)V

(0)
t + λV

(1)
t .

Boundedness and Borel measurability are preserved by convex combination. Moreover, if Q(0)
t and Q(1)

t are both Lt-
Lipschitz, then so is Q(λ)

t , because

|Q(λ)
t (x)−Q

(λ)
t (y)| ≤ (1− λ)Ltdt(x, y) + λLtdt(x, y) = Ltdt(x, y).

Linearity of Aπ
t gives

V
(λ)
t = Aπ

t Q
(λ)
t .

Finally, on Ct,

Q
(λ)
t = (1− λ)Q

(0)
t + λQ

(1)
t

= (1− λ)Bπ
t V

(0)
t+1 + λBπ

t V
(1)
t+1

= Bπ
t

(
(1− λ)V

(0)
t+1 + λV

(1)
t+1

)
= Bπ

t V
(λ)
t+1,

where the third line uses linearity of conditional expectation. Hence (Q
(λ)
t , V

(λ)
t )H+1

t=h ∈ Cπ,L
h:H .

The final statement follows because the map

(Qt, Vt)
H+1
t=h 7−→ Vh(s)

is affine on Cπ,L
h:H .

D.3. Feasibility of the Recursive Extremal Tails

Lemma D.5 (Feasibility of the recursive lower and upper tails). Assume theorem 3.1. Then for every h ∈ [H],

(Qπ

t
, V π

t )
H+1
t=h ∈ Cπ,L

h:H , (Q
π

t , V
π

t )
H+1
t=h ∈ Cπ,L

h:H .

In particular, Cπ,L
h:H ̸= ∅ for every h ∈ [H].

Proof. We prove the statement by backward induction on h.

Base case: h = H . By (D.1), V π
H+1 = V

π

H+1 ≡ 0, so V π
H+1, V

π

H+1 ∈ Vπ,L
H+1. Therefore theorem 3.1 implies that

g−H(c) = (Bπ
HV

π
H+1)(c), g+H(c) = (Bπ

HV
π

H+1)(c), c ∈ CH ,

are LH -Lipschitz on CH .

By theorem B.4, the envelope functions

Qπ

H
= W−

H,LH
g−H , Q

π

H = W+
H,LH

g+H

are bounded, Borel measurable, LH -Lipschitz on XH , and satisfy the exact interpolation identities

Qπ

H
(x) = g−H(x), Q

π

H(x) = g+H(x), x ∈ CH .

By definition, V π
H = Aπ

HQ
π

H
and V

π

H = Aπ
HQ

π

H . Hence

(Qπ

H
, V π

H , VH+1 ≡ 0) ∈ Cπ,L
H:H , (Q

π

H , V
π

H , VH+1 ≡ 0) ∈ Cπ,L
H:H .
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Induction step. Fix h ∈ [H − 1] and assume the claim holds for stage h+ 1, i.e.,

(Qπ

t
, V π

t )
H+1
t=h+1 ∈ Cπ,L

h+1:H , (Q
π

t , V
π

t )
H+1
t=h+1 ∈ Cπ,L

h+1:H .

Then Qπ

h+1
and Q

π

h+1 are respectively Lh+1-Lipschitz on Xh+1. Therefore, by definition of Vπ,L
h+1,

V π
h+1 = Aπ

h+1Q
π

h+1
∈ Vπ,L

h+1, V
π

h+1 = Aπ
h+1Q

π

h+1 ∈ Vπ,L
h+1.

Applying theorem 3.1 with these two values shows that the supported Bellman targets

g−h (c) = (Bπ
hV

π
h+1)(c), g+h (c) = (Bπ

hV
π

h+1)(c), c ∈ Ch,

are Lh-Lipschitz on Ch.

Invoking theorem B.4 once more, the functions

Qπ

h
= W−

h,Lh
g−h , Q

π

h = W+
h,Lh

g+h

are bounded, Borel measurable, Lh-Lipschitz on Xh, and satisfy the exact support identities

Qπ

h
(x) = g−h (x), Q

π

h(x) = g+h (x), x ∈ Ch.

Defining V π
h = Aπ

hQ
π

h
and V

π

h = Aπ
hQ

π

h therefore shows

(Qπ

t
, V π

t )
H+1
t=h ∈ Cπ,L

h:H , (Q
π

t , V
π

t )
H+1
t=h ∈ Cπ,L

h:H .

This completes the induction.

D.4. Domination of Arbitrary Compatible Tails

Lemma D.6 (Every compatible tail is sandwiched by the Bellman–Whitney tails). Let h ∈ [H], and let

(Qt, Vt)
H+1
t=h ∈ Cπ,L

h:H .

Assume theorem 3.1. Then, for every t ∈ {h, . . . ,H},

Qπ

t
(x) ≤ Qt(x) ≤ Q

π

t (x) ∀x ∈ Xt, (D.5)

and hence
V π

t (s) ≤ Vt(s) ≤ V
π

t (s) ∀s ∈ St. (D.6)

Proof. We proceed by backward induction on t.

Base case: t = H . Since (QH , VH , VH+1 ≡ 0) ∈ Cπ,L
H:H , we have on CH that

QH(x) = (Bπ
H0)(x) = g−H(x) = g+H(x).

Moreover, QH is LH -Lipschitz on XH . Hence QH is an exact LH -Lipschitz extension of the common supported function
g−H = g+H . By theorem B.4,

Qπ

H
≤ QH ≤ Q

π

H pointwise on XH .

Applying Aπ
H to this inequality yields

V π
H ≤ VH ≤ V

π

H pointwise on SH .
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Induction step. Fix t ∈ {h, . . . ,H − 1} and suppose the claim is true at stage t+ 1 for the given compatible tail, i.e.,

V π
t+1 ≤ Vt+1 ≤ V

π

t+1 pointwise on St+1.

By monotonicity of conditional expectation,

(Bπ
t V

π
t+1)(x) ≤ (Bπ

t Vt+1)(x) ≤ (Bπ
t V

π

t+1)(x) ∀x ∈ Ct.

Since (Qt, Vt) is compatible, Qt(x) = (Bπ
t Vt+1)(x) on Ct. Therefore

g−t (x) ≤ Qt(x) ≤ g+t (x) ∀x ∈ Ct, (D.7)

where g±t are defined in (D.2).

Because Qt is Lt-Lipschitz on Xt and satisfies the lower support constraint Qt ≥ g−t on Ct, theorem B.3 implies

Qt ≥ W−
t,Lt

g−t = Qπ

t
pointwise on Xt.

Similarly, since Qt ≤ g+t on Ct, theorem B.3 implies

Qt ≤ W+
t,Lt

g+t = Q
π

t pointwise on Xt.

This proves (D.5) at stage t. Applying Aπ
t to the pointwise inequality and using linearity of target-policy averaging gives

(D.6) at stage t.

The induction is complete.

D.5. Stagewise Strengthening of the Sharp Interval Theorem

We now prove a stagewise strengthening from which the main theorem follows immediately.

Theorem D.7 (Stagewise sharp Bellman–Whitney intervals). Assume theorems 2.1 and 3.1. Then, for every stage h ∈ [H]
and every state s ∈ Sh,

Iπ
h (s) =

[
V π

h(s), V
π

h(s)
]
. (D.8)

Moreover, the recursive lower and upper tails

(Qπ

t
, V π

t )
H+1
t=h , (Q

π

t , V
π

t )
H+1
t=h ,

belong to Cπ,L
h:H and attain the two endpoints of (D.8).

Proof. Fix h ∈ [H] and s ∈ Sh.

Step 1: outer inclusion. Let (Qt, Vt)
H+1
t=h ∈ Cπ,L

h:H be arbitrary. By theorem D.6,

V π
h(s) ≤ Vh(s) ≤ V

π

h(s).

Since the compatible tail was arbitrary, this proves

Iπ
h (s) ⊆

[
V π

h(s), V
π

h(s)
]
.

Step 2: endpoint attainability. By theorem D.5, both recursive tails

(Qπ

t
, V π

t )
H+1
t=h , (Q

π

t , V
π

t )
H+1
t=h ,

belong to Cπ,L
h:H . Therefore

V π
h(s) ∈ Iπ

h (s), V
π

h(s) ∈ Iπ
h (s).
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Step 3: interval filling by convexity. By theorem D.4, the class Cπ,L
h:H is convex, hence the scalar image Iπ

h (s) is a convex
subset of R. A convex subset of R containing both endpoints V π

h(s) and V
π

h(s) must contain the whole closed interval
between them. Thus [

V π
h(s), V

π

h(s)
]
⊆ Iπ

h (s).

Combining the last display with the outer inclusion from Step 1 proves (D.8). The endpoint-attainment statement has already
been established in Step 2.

Corollary D.8 (Main sharp interval theorem). Assume theorems 2.1 and 3.1. Then

Iπ =
[
V π

1 (s1), V
π

1 (s1)
]
.

In particular, this yields the main theorem stated in the text.

Proof. By definition,
Iπ = Iπ

1 (s1).

Applying theorem D.7 with h = 1 and s = s1 gives the claim.

D.6. Interpretation of the Proof Structure

The proof decomposes into three logically distinct ingredients.

1. Exact feasibility of the recursive extremes. Under theorem 3.1, the recursive lower and upper Bellman targets remain
admissible for exact Lipschitz extension at every stage. This is what upgrades the Bellman–Whitney formulas from
one-sided envelope bounds to genuine feasible tails.

2. One-sided domination of every compatible tail. Even without exact interpolation, the extremal characterization from
Appendix B forces any compatible Qt to dominate the lower Bellman–Whitney envelope and to be dominated by the
upper one.

3. Convexity of the feasible tail class. Once the two endpoints are shown to be feasible, convexity fills the entire interval
and converts endpoint bounds into a sharp identified-set result.

This separation is conceptually useful: the envelope lemmas provide the stagewise geometry, the rectangular closure
assumption provides recursive feasibility, and convexity turns extremal values into a full scalar identified interval.

E. Dual Characterization and Strong Duality
This appendix gives an exact dual characterization of the Bellman–Whitney endpoints. The dual objects are one-sided
Bellman relaxations: the upper value endpoint is characterized by a maximal Bellman-consistent Lipschitz minorant
program, while the lower value endpoint is characterized by a minimal Bellman-consistent Lipschitz majorant program.
Because the decision variables are entire function sequences, these are infinite-dimensional linear programs over Lipschitz
cones. The content of the theorem below is that there is nevertheless no gap: the Bellman–Whitney recursion solves both the
primal equality-constrained problem and the appropriate one-sided dual relaxation exactly.

E.1. Stagewise Primal Programs

Fix a stage h ∈ [H] and a state s ∈ Sh. Recall from Appendix D that the tail compatibility class Cπ,L
h:H consists of all

Bellman–Lipschitz-compatible continuations from stage h onward. Define the upper and lower primal values

P+
h (s) := sup

{
Vh(s) : (Qt, Vt)

H+1
t=h ∈ Cπ,L

h:H

}
, (E.1)

and
P−
h (s) := inf

{
Vh(s) : (Qt, Vt)

H+1
t=h ∈ Cπ,L

h:H

}
. (E.2)

Equivalently, these are infinite-dimensional linear optimization problems over the affine equality-constrained class Cπ,L
h:H .
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E.2. One-Sided Dual Relaxations

The upper dual keeps the same Lipschitz geometry but relaxes Bellman equality to a Bellman minorant constraint on the
behavior support.

Definition E.1 (Upper dual class). Fix h ∈ [H]. The upper dual class Uπ,L
h consists of all sequences U = (Ut)

H
t=h such

that:

1. for every t ∈ {h, . . . ,H}, the function Ut : Xt → R is bounded, Borel measurable, and Lt-Lipschitz;

2. if
V U
t := Aπ

t Ut, t ∈ {h, . . . ,H},

and V U
H+1 ≡ 0, then the one-sided Bellman constraint

Ut(c) ≤ (Bπ
t V

U
t+1)(c), c ∈ Ct, (E.3)

holds for every t ∈ {h, . . . ,H}.

The lower dual is the symmetric Bellman majorant relaxation.

Definition E.2 (Lower dual class). Fix h ∈ [H]. The lower dual class Lπ,L
h consists of all sequences L = (Lt)

H
t=h such

that:

1. for every t ∈ {h, . . . ,H}, the function Lt : Xt → R is bounded, Borel measurable, and Lt-Lipschitz;

2. if
V L
t := Aπ

t Lt, t ∈ {h, . . . ,H},

and V L
H+1 ≡ 0, then the one-sided Bellman constraint

Lt(c) ≥ (Bπ
t V

L
t+1)(c), c ∈ Ct, (E.4)

holds for every t ∈ {h, . . . ,H}.

We then define the upper and lower dual objective values by

D+
h (s) := sup

{
V U
h (s) : U ∈ Uπ,L

h

}
, (E.5)

and
D−

h (s) := inf
{
V L
h (s) : L ∈ Lπ,L

h

}
. (E.6)

Remark E.3 (Why these are the right duals). A primal feasible tail satisfies Bellman equality on the support and is therefore
feasible for both one-sided relaxations. The upper dual enlarges the primal feasible set by replacing equality with a
Bellman minorant constraint, and the lower dual enlarges it by replacing equality with a Bellman majorant constraint. The
Bellman–Whitney theorem from Appendix D shows that these relaxed programs are nevertheless exact.

E.3. Weak Duality

Lemma E.4 (Weak duality). Assume theorems 2.1 and 3.1. Then, for every h ∈ [H] and every s ∈ Sh,

D−
h (s) ≤ P−

h (s) ≤ P+
h (s) ≤ D+

h (s). (E.7)

Proof. Fix h ∈ [H]. Let (Qt, Vt)
H+1
t=h ∈ Cπ,L

h:H be arbitrary. Define Ut := Qt for t = h, . . . ,H . Since the tail is primal
feasible,

Qt(c) = (Bπ
t Vt+1)(c), c ∈ Ct,

and Vt = Aπ
t Qt. Therefore the sequence U = (Ut)

H
t=h belongs to Uπ,L

h , because the upper dual constraints (E.3) hold with
equality. Hence

Vh(s) = V U
h (s) ≤ D+

h (s).
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Taking the supremum over all primal feasible tails gives

P+
h (s) ≤ D+

h (s).

Applying the same argument to the lower dual class yields L = (Qt)
H
t=h ∈ Lπ,L

h , because (E.4) also holds with equality.
Therefore

D−
h (s) ≤ Vh(s).

Taking the infimum over all primal feasible tails gives

D−
h (s) ≤ P−

h (s).

Finally, the middle inequality P−
h (s) ≤ P+

h (s) is immediate from the definitions (E.1)–(E.2).

E.4. Pointwise Extremality of the Dual Programs

The next two lemmas show that the Bellman–Whitney tails are not merely optimal for the dual objectives at the initial state:
they are pointwise extremal over the entire dual feasible classes.

Lemma E.5 (Pointwise maximality of the upper dual). Assume theorems 2.1 and 3.1. Fix h ∈ [H]. Then:

1. the recursive upper Bellman–Whitney tail (Q
π

t , V
π

t )
H+1
t=h from Section D is feasible for Uπ,L

h ;

2. for every U ∈ Uπ,L
h and every t ∈ {h, . . . ,H},

Ut(x) ≤ Q
π

t (x) ∀x ∈ Xt, (E.8)

and consequently
V U
t (s) ≤ V

π

t (s) ∀s ∈ St. (E.9)

In particular, for every t ∈ {h, . . . ,H} and every x ∈ Xt,

Q
π

t (x) = sup
{
Ut(x) : U ∈ Uπ,L

h

}
,

and for every s ∈ St,

V
π

t (s) = sup
{
V U
t (s) : U ∈ Uπ,L

h

}
.

Proof. Feasibility of the recursive upper tail follows immediately from theorem D.5: the equality-constrained tail
(Q

π

t , V
π

t )
H+1
t=h ∈ Cπ,L

h:H satisfies the upper dual constraints with equality and is therefore in Uπ,L
h .

We prove (E.8) by backward induction on t.

Base case: t = H . Let U ∈ Uπ,L
h . Since V U

H+1 ≡ 0, the upper dual constraint gives

UH(c) ≤ (Bπ
H0)(c) = g+H(c), c ∈ CH ,

where g+H is the supported upper Bellman target defined in Section D. Because UH is LH -Lipschitz on XH , the extremal
characterization theorem B.3 implies

UH ≤ W+
H,LH

g+H = Q
π

H pointwise on XH .

Applying Aπ
H yields

V U
H ≤ V

π

H .
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Induction step. Fix t ∈ {h, . . . ,H − 1} and suppose the conclusion has been proved at stage t+ 1, i.e.,

V U
t+1 ≤ V

π

t+1 pointwise on St+1.

By monotonicity of conditional expectation,

(Bπ
t V

U
t+1)(c) ≤ (Bπ

t V
π

t+1)(c) = g+t (c), c ∈ Ct.

Since U is upper dual feasible,
Ut(c) ≤ (Bπ

t V
U
t+1)(c) ≤ g+t (c), c ∈ Ct.

Because Ut is Lt-Lipschitz on Xt, theorem B.3 yields

Ut ≤ W+
t,Lt

g+t = Q
π

t pointwise on Xt.

Applying Aπ
t gives

V U
t ≤ V

π

t .

This proves the induction.

Since the recursive upper tail itself is feasible and attains the right-hand sides, the final supremum identities follow
immediately.

Lemma E.6 (Pointwise minimality of the lower dual). Assume theorems 2.1 and 3.1. Fix h ∈ [H]. Then:

1. the recursive lower Bellman–Whitney tail (Qπ

t
, V π

t )
H+1
t=h from Section D is feasible for Lπ,L

h ;

2. for every L ∈ Lπ,L
h and every t ∈ {h, . . . ,H},

Qπ

t
(x) ≤ Lt(x) ∀x ∈ Xt, (E.10)

and consequently
V π

t (s) ≤ V L
t (s) ∀s ∈ St. (E.11)

In particular, for every t ∈ {h, . . . ,H} and every x ∈ Xt,

Qπ

t
(x) = inf

{
Lt(x) : L ∈ Lπ,L

h

}
,

and for every s ∈ St,
V π

t (s) = inf
{
V L
t (s) : L ∈ Lπ,L

h

}
.

Proof. Feasibility of the recursive lower tail again follows from theorem D.5, since the equality-constrained tail belongs to
Cπ,L
h:H and therefore satisfies the lower dual constraints with equality.

We prove (E.10) by backward induction on t.

Base case: t = H . Let L ∈ Lπ,L
h . Since V L

H+1 ≡ 0, the lower dual constraint gives

LH(c) ≥ (Bπ
H0)(c) = g−H(c), c ∈ CH ,

where g−H is the supported lower Bellman target from Section D. Because LH is LH -Lipschitz on XH , the extremal
characterization theorem B.3 yields

W−
H,LH

g−H = Qπ

H
≤ LH pointwise on XH .

Applying Aπ
H gives

V π
H ≤ V L

H .
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Induction step. Fix t ∈ {h, . . . ,H − 1} and suppose

V π
t+1 ≤ V L

t+1 pointwise on St+1.

By monotonicity of conditional expectation,

g−t (c) = (Bπ
t V

π
t+1)(c) ≤ (Bπ

t V
L
t+1)(c), c ∈ Ct.

Since L is lower dual feasible,
Lt(c) ≥ (Bπ

t V
L
t+1)(c) ≥ g−t (c), c ∈ Ct.

Because Lt is Lt-Lipschitz on Xt, theorem B.3 implies

Qπ

t
= W−

t,Lt
g−t ≤ Lt pointwise on Xt.

Applying Aπ
t yields

V π
t ≤ V L

t .

This completes the induction.

The infimum identities follow because the recursive lower tail is itself dual-feasible and attains the left-hand sides.

E.5. No-Gap Duality

We can now identify the primal and dual values exactly.

Theorem E.7 (Strong duality for the Bellman–Whitney programs). Assume theorems 2.1 and 3.1. Then for every stage
h ∈ [H] and every state s ∈ Sh,

D−
h (s) = P−

h (s) = V π
h(s), (E.12)

and
P+
h (s) = D+

h (s) = V
π

h(s). (E.13)

Moreover, the recursive Bellman–Whitney tails are simultaneously primal-feasible and dual-optimal:

(Qπ

t
, V π

t )
H+1
t=h solves both P−

h (s) and D−
h (s),

(Q
π

t , V
π

t )
H+1
t=h solves both P+

h (s) and D+
h (s).

Proof. Fix h ∈ [H] and s ∈ Sh.

Upper value. By weak duality (theorem E.4),

P+
h (s) ≤ D+

h (s).

By theorem E.5, every upper dual feasible sequence U satisfies

V U
h (s) ≤ V

π

h(s),

and the recursive upper Bellman–Whitney tail attains equality. Hence

D+
h (s) = V

π

h(s).

On the other hand, theorem D.5 shows that the recursive upper tail is primal-feasible, so

P+
h (s) ≥ V

π

h(s).

Combining the last three displays yields
P+
h (s) = D+

h (s) = V
π

h(s).
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Lower value. Again by weak duality,

D−
h (s) ≤ P−

h (s).

By theorem E.6, every lower dual feasible sequence L satisfies

V π
h(s) ≤ V L

h (s),

and the recursive lower Bellman–Whitney tail attains equality. Therefore

D−
h (s) = V π

h(s).

Since the recursive lower tail is primal-feasible by theorem D.5, we also have

P−
h (s) ≤ V π

h(s).

Combining the last three displays yields

D−
h (s) = P−

h (s) = V π
h(s).

The optimality statements for the recursive lower and upper tails have already been established in the preceding argument.

Corollary E.8 (No-gap dual characterization of the main identified interval). Assume theorems 2.1 and 3.1. Then

Iπ =
[
D−

1 (s1), D
+
1 (s1)

]
=
[
V π

1 (s1), V
π

1 (s1)
]
.

Thus the Bellman–Whitney interval is simultaneously:

1. the sharp primal identified interval over the equality-constrained Bellman–Lipschitz class;

2. the value interval generated by the no-gap upper minorant and lower majorant dual relaxations.

Proof. The first equality follows from the theorem with h = 1, together with the definition of Iπ as the primal tail value set
at stage 1. The second equality is theorem 3.2.

E.6. Interpretation

The upper and lower dual programs admit a simple geometric interpretation. The upper dual searches over all Lipschitz tails
that are Bellman-consistent from below on the observed support, and extracts the largest achievable target value. The lower
dual does the symmetric search over all Lipschitz tails that are Bellman-consistent from above. Theorem 4.1 shows that
neither relaxation leaves slack: the Bellman–Whitney recursion already computes the exact extremal points of both relaxed
classes and hence the exact sharp identified interval.

F. Exact H = 1 Reduction
This appendix proves that the sequential Bellman–Whitney theory collapses exactly to the classical one-step smooth
no-overlap problem when H = 1. The reduction is not merely heuristic: the primal feasibility class, the one-sided dual
relaxations, and the sharp identified interval all simplify to the usual McShane–Whitney extremal formulas on the single
observed support set. In the deterministic-target case, this yields exactly the sharp interval of Khan et al. (2024).

Throughout this appendix, assume H = 1. Then V2 ≡ 0, and the only supported Bellman target is the one-step conditional
mean

m1(c) := (Bπ
1 0)(c) = E[R1 | X1 = c], c ∈ C1. (F.1)

Under theorem 3.1, the function m1 is L1-Lipschitz on the restricted metric space C1.
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F.1. Collapse of the Primal Compatibility Class

Proposition F.1 (One-step collapse of the primal class). Assume theorems 2.1 and 3.1 and H = 1. Then the Bellman–
Lipschitz compatibility class from theorem 2.2 reduces to

Cπ
L =

{
(Q1, V1, V2 ≡ 0) : Q1 ∈ LipL1

(X1), Q1(c) = m1(c) ∀c ∈ C1, V1 = Aπ
1Q1

}
.

Moreover, the Bellman–Whitney recursion from Equations (3.1) and (3.2) becomes

Qπ

1
= W−

1,L1
m1, Q

π

1 = W+
1,L1

m1, V π
1 = Aπ

1Q
π

1
, V

π

1 = Aπ
1Q

π

1 . (F.2)

Proof. When H = 1, the compatibility definition imposes the terminal condition V2 ≡ 0 and the support Bellman relation

Q1(c) = (Bπ
1 V2)(c) = (Bπ

1 0)(c) = m1(c), c ∈ C1.

All remaining conditions in theorem 2.2 are exactly: Q1 is bounded, Borel measurable, and L1-Lipschitz on X1, and
V1 = Aπ

1Q1. This proves the stated representation of Cπ
L.

The recursive formulas follow immediately from Equations (3.1) and (3.2). Indeed, since V π
2 = V

π

2 ≡ 0,

g−1 (c) = (Bπ
1 V

π
2 )(c) = m1(c), g+1 (c) = (Bπ

1 V
π

2 )(c) = m1(c),

so the lower and upper Bellman–Whitney envelopes coincide with the lower and upper Whitney extensions of the same
supported function m1, which yields (F.2).

F.2. Pointwise Sharp Identification in the One-Step Case

The next proposition shows that, when H = 1, the Bellman–Whitney formulas are not only sharp for the policy value at the
initial state, but also sharp pointwise for the entire state–action value function.

Proposition F.2 (Exact one-step pointwise intervals). Assume theorems 2.1 and 3.1 and H = 1. Then:

1. for every x ∈ X1,
{Q1(x) : (Q1, V1, V2 ≡ 0) ∈ Cπ

L} =
[
Qπ

1
(x), Q

π

1 (x)
]
; (F.3)

2. for every s ∈ S1,
{V1(s) : (Q1, V1, V2 ≡ 0) ∈ Cπ

L} =
[
V π

1 (s), V
π

1 (s)
]
. (F.4)

Proof. We first prove (F.3). Let (Q1, V1, V2 ≡ 0) ∈ Cπ
L be arbitrary. By theorem F.1, the function Q1 is L1-Lipschitz on X1

and satisfies
Q1(c) = m1(c), c ∈ C1.

Since m1 is L1-Lipschitz on C1 by theorem 3.1, theorem B.4 implies

Qπ

1
= W−

1,L1
m1 ≤ Q1 ≤ W+

1,L1
m1 = Q

π

1 pointwise on X1.

Hence every feasible point value Q1(x) lies in [Qπ

1
(x), Q

π

1 (x)].

To prove attainability of the entire interval, note first that Qπ

1
and Q

π

1 are themselves feasible by theorem B.4: they are
L1-Lipschitz on X1 and agree with m1 on C1. Therefore they belong to the primal class in theorem F.1. For any λ ∈ [0, 1],
define

Q
(λ)
1 := (1− λ)Qπ

1
+ λQ

π

1 .

Because convex combinations preserve boundedness, Borel measurability, and L1-Lipschitzness, and because both envelopes
agree with m1 on C1, the function Q(λ)

1 is also primal feasible. Moreover, for every fixed x ∈ X1,

Q
(λ)
1 (x) = (1− λ)Qπ

1
(x) + λQ

π

1 (x).
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Thus every scalar value in [Qπ

1
(x), Q

π

1 (x)] is achieved by some feasible Q(λ)
1 , which proves (F.3).

We next prove (F.4). Since every feasible V1 is of the form V1 = Aπ
1Q1 for a feasible Q1, the pointwise bounds from (F.3)

imply
V π

1 (s) =
∑
a∈A

π1(a | s)Qπ

1
(s, a) ≤ V1(s) ≤

∑
a∈A

π1(a | s)Qπ

1 (s, a) = V
π

1 (s).

Conversely, for each λ ∈ [0, 1], the feasible convex combination Q(λ)
1 above induces the feasible value function

V
(λ)
1 = Aπ

1Q
(λ)
1 = (1− λ)V π

1 + λV
π

1 .

Hence every scalar value in [V π
1 (s), V

π

1 (s)] is attained at the state s, proving (F.4).

F.3. Collapse of the Dual Programs

The one-step dual programs also admit an explicit closed form.

Proposition F.3 (One-step dual collapse). Assume theorems 2.1 and 3.1 and H = 1. Then, for every s ∈ S1,

D+
1 (s) = sup

{∑
a∈A

π1(a | s)u(s, a) : u ∈ LipL1
(X1), u(c) ≤ m1(c) ∀c ∈ C1

}
,

and

D−
1 (s) = inf

{∑
a∈A

π1(a | s) ℓ(s, a) : ℓ ∈ LipL1
(X1), ℓ(c) ≥ m1(c) ∀c ∈ C1

}
.

Moreover,
D+

1 (s) = V
π

1 (s), D−
1 (s) = V π

1 (s).

Proof. When H = 1, the upper dual feasibility condition from theorem E.1 becomes

U1(c) ≤ (Bπ
1 V

U
2 )(c) = (Bπ

1 0)(c) = m1(c), c ∈ C1,

with U1 required to be L1-Lipschitz on X1 and V U
1 = Aπ

1U1. This proves the first display. The lower dual representation is
identical with the inequality reversed.

We now identify the optimum values. Since Q
π

1 is the pointwise largest L1-Lipschitz function dominated by m1 on C1 by
theorem B.3, every upper dual feasible u satisfies u ≤ Q

π

1 pointwise on X1. Therefore∑
a∈A

π1(a | s)u(s, a) ≤
∑
a∈A

π1(a | s)Qπ

1 (s, a) = V
π

1 (s).

Since Q
π

1 itself is upper dual feasible, equality is attained and D+
1 (s) = V

π

1 (s).

The lower dual identity is symmetric. By theorem B.3, Qπ

1
is the pointwise smallest L1-Lipschitz function that dominates

m1 on the support. Hence every lower dual feasible ℓ satisfies Qπ

1
≤ ℓ, which implies

V π
1 (s) =

∑
a∈A

π1(a | s)Qπ

1
(s, a) ≤

∑
a∈A

π1(a | s) ℓ(s, a).

Because Qπ

1
is itself lower dual feasible, equality is attained and D−

1 (s) = V π
1 (s).

F.4. Proof of the Main-Text One-Step Corollary

We now prove the exact deterministic-target formula stated in theorem 3.3.

Corollary F.4 (Deterministic one-step target). Assume theorems 2.1 and 3.1 and H = 1. Suppose the target policy is
deterministic at the evaluation state, i.e.,

π1(· | s1) = δa⋆
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for some a⋆ ∈ A, and let
x⋆ := (s1, a

⋆) ∈ X1.

Then

Iπ =

[
sup
c∈C1

{m1(c)− L1d1(x
⋆, c)}, inf

c∈C1

{m1(c) + L1d1(x
⋆, c)}

]
. (F.5)

Consequently, (F.5) is exactly the sharp smoothness-based no-overlap interval for one-step evaluation derived by Khan
et al. (2024), after identifying x⋆ as the target state–action point, C1 as the observed support, and m1 as the supported
conditional mean.

Proof. By theorem F.2, the identified set is

Iπ =
[
V π

1 (s1), V
π

1 (s1)
]
.

Because the target policy is deterministic at s1,

V π
1 (s1) = Qπ

1
(s1, a

⋆) = Qπ

1
(x⋆), V

π

1 (s1) = Q
π

1 (s1, a
⋆) = Q

π

1 (x
⋆).

Using the definitions of the lower and upper Bellman–Whitney envelopes in the one-step case,

Qπ

1
(x⋆) = W−

1,L1
m1(x

⋆) = sup
c∈C1

{m1(c)− L1d1(x
⋆, c)},

and
Q

π

1 (x
⋆) = W+

1,L1
m1(x

⋆) = inf
c∈C1

{m1(c) + L1d1(x
⋆, c)}.

Substituting these identities into the previous display proves (F.5). The final statement is immediate from the explicit
formula.

Proof of theorem 3.3. This is exactly theorem F.4.

F.5. Interpretation of the Reduction

The preceding results show that the sequential theory is a genuine extension of the one-step sharp smoothness framework
rather than a merely analogous construction. When H = 1:

1. the primal feasibility class reduces to the class of all L1-Lipschitz extensions of the supported conditional mean m1;

2. the Bellman–Whitney recursion reduces to the classical lower and upper McShane–Whitney envelopes of that supported
function;

3. the upper and lower dual programs reduce to one-sided minorant and majorant extension programs;

4. the deterministic-target value interval is exactly the one-step sharp smooth no-overlap interval.

Thus the sequential Bellman–Whitney theory recovers the correct base case without loss or approximation.

G. Geometry of Dynamic Support Holes
This appendix isolates the geometric content of the Bellman–Whitney interval. The central quantity is the stagewise width

wπ
h(x) := Q

π

h(x)−Qπ

h
(x), x ∈ Xh,

which measures the irreducible ambiguity of the state–action value at the point x under the Bellman–Lipschitz class. The
corresponding stagewise value width is

∆h(s) := V
π

h(s)− V π
h(s), s ∈ Sh, (G.1)
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with the terminal convention
∆H+1 ≡ 0.

The purpose of this appendix is twofold. First, we prove an exact one-step upper bound showing that the stagewise width at
x is controlled by the distance from x to the behavior support plus the propagated continuation ambiguity on the support.
Second, we prove that this bound is sharp by constructing an explicit least-favorable family on which it is attained with
equality at every stage.

G.1. Width Identities and the Supported Continuation Operator

For every h ∈ [H], define the supported continuation operator

(Thf)(c) := E[f(Sh+1) | Xh = c], c ∈ Ch,

for bounded Borel f : Sh+1 → R. Thus the supported Bellman operator can be decomposed as

(Bπ
hf)(c) = rh(c) + (Thf)(c), c ∈ Ch,

where
rh(c) := E[Rh | Xh = c].

For the geometry of widths, the reward term cancels, and only the continuation operator matters.

The next identity expresses stagewise value ambiguity as target-policy averaging of state–action ambiguity.
Lemma G.1 (Value width identity). For every h ∈ [H] and every s ∈ Sh,

∆h(s) =
∑
a∈A

πh(a | s)wπ
h(s, a) = (Aπ

hw
π
h)(s). (G.2)

Proof. By definition,
∆h(s) = V

π

h(s)− V π
h(s) = Aπ

hQ
π

h(s)− Aπ
hQ

π

h
(s).

Since Aπ
h is linear,

∆h(s) = Aπ
h

(
Q

π

h −Qπ

h

)
(s) = Aπ

hw
π
h(s),

which is exactly (G.2).

The next lemma is the basic support identity behind the entire geometry argument.
Lemma G.2 (Support width identity). Assume theorems 2.1 and 3.1. Then for every h ∈ [H] and every c ∈ Ch,

wπ
h(c) = (Th∆h+1)(c). (G.3)

Proof. By exact interpolation on the support, proved in Appendix D,

Qπ

h
(c) = g−h (c), Q

π

h(c) = g+h (c), c ∈ Ch,

where
g−h (c) = (Bπ

hV
π
h+1)(c), g+h (c) = (Bπ

hV
π

h+1)(c).

Therefore

wπ
h(c) = Q

π

h(c)−Qπ

h
(c)

= (Bπ
hV

π

h+1)(c)− (Bπ
hV

π
h+1)(c)

= E
[
Rh + V

π

h+1(Sh+1) | Xh = c
]
− E

[
Rh + V π

h+1(Sh+1) | Xh = c
]

= E
[
V

π

h+1(Sh+1)− V π
h+1(Sh+1) | Xh = c

]
= (Th∆h+1)(c),

which proves (G.3).
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G.2. The Dynamic Support-Hole Envelope

We now define the geometric envelope that governs off-support ambiguity.

Definition G.3 (Dynamic support-hole envelope). For every h ∈ [H] and every x ∈ Xh, define

Γπ
h(x) := inf

c∈Ch

{2Lhdh(x, c) + (Th∆h+1)(c)}. (G.4)

The quantity Γπ
h(x) has a transparent interpretation. The term 2Lhdh(x, c) is the local price of extending compatible values

from an observed anchor point c ∈ Ch to the query point x, while (Th∆h+1)(c) is the ambiguity already present in the
continuation problem at that anchor. The infimum selects the most favorable support anchor from which to extrapolate.

Theorem G.4 (Dynamic support-hole upper bound). Assume theorems 2.1 and 3.1. Then for every h ∈ [H] and every
x ∈ Xh,

wπ
h(x) ≤ Γπ

h(x). (G.5)

Moreover, on the support itself,
wπ

h(c) = Γπ
h(c) = (Th∆h+1)(c), c ∈ Ch. (G.6)

Proof. Fix h ∈ [H] and x ∈ Xh. Let c ∈ Ch be arbitrary. From the Bellman–Whitney definitions,

Q
π

h(x) = inf
c′∈Ch

{
g+h (c

′) + Lhdh(x, c
′)
}
≤ g+h (c) + Lhdh(x, c),

and
Qπ

h
(x) = sup

c′∈Ch

{
g−h (c

′)− Lhdh(x, c
′)
}
≥ g−h (c)− Lhdh(x, c).

Subtracting the two displays gives

wπ
h(x) = Q

π

h(x)−Qπ

h
(x)

≤ g+h (c)− g−h (c) + 2Lhdh(x, c).

By theorem G.2,
g+h (c)− g−h (c) = wπ

h(c) = (Th∆h+1)(c).

Therefore
wπ

h(x) ≤ 2Lhdh(x, c) + (Th∆h+1)(c).

Since c ∈ Ch was arbitrary, taking the infimum over c proves (G.5).

If x = c ∈ Ch, then (G.3) gives
wπ

h(c) = (Th∆h+1)(c).

On the other hand, the definition of Γπ
h(c) implies

Γπ
h(c) ≤ 2Lhdh(c, c) + (Th∆h+1)(c) = (Th∆h+1)(c).

Combining this with (G.5) yields
wπ

h(c) ≤ Γπ
h(c) ≤ wπ

h(c),

hence equality holds throughout, proving (G.6).

Remark G.5 (Geometry beyond weak overlap). The bound in theorem G.4 is qualitatively different from weak-overlap or
density-ratio analyses. It is driven by a metric notion of support holes and by continuation ambiguity propagated through the
Bellman operator, not by moments of importance weights. In particular, it remains meaningful when the target policy enters
regions of state–action space that have genuinely zero behavior support.
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G.3. A Least-Favorable Serial Family

We next show that the upper bound in theorem G.4 is sharp. The sharpness result is not merely existential; it is realized by
an explicit recursive family in which the support at every stage collapses to a single anchor point and all future ambiguity
propagates deterministically along one target-policy trajectory.

Definition G.6 (Serial singleton-support family). Fix a horizon H , a deterministic target policy π, a sequence of evaluation
points

x⋆t = (s⋆t , a
⋆
t ) ∈ Xt, t ∈ [H],

with
πt(· | s⋆t ) = δa⋆

t
,

and a sequence of anchor points
ct ∈ Xt, t ∈ [H].

A serial singleton-support family is the Bellman data specified by:

1. the support set at stage t is the singleton
Ct = {ct};

2. the terminal supported Bellman target is zero:

(Bπ
H0)(cH) = 0;

3. for every t ∈ {1, . . . , H − 1} and every bounded Borel v : St+1 → R,

(Bπ
t v)(ct) = v(s⋆t+1).

Equivalently, the supported continuation operator is deterministic:

(Ttf)(ct) = f(s⋆t+1), t ∈ {1, . . . ,H − 1}.

Because each support set is a singleton, theorem 3.1 holds automatically for every radius vector L: every function on a
singleton support is trivially Lt-Lipschitz.

The next lemma computes the recursive widths exactly on this family.

Lemma G.7 (Least-favorable width recursion). Consider a serial singleton-support family in the sense of theorem G.6.
Then, for every t ∈ [H],

wπ
t (x

⋆
t ) = 2Ltdt(x

⋆
t , ct) + ∆t+1(s

⋆
t+1), (G.7)

with the terminal convention ∆H+1 ≡ 0. Since the target policy is deterministic at s⋆t+1, this can equivalently be written as

wπ
t (x

⋆
t ) = 2Ltdt(x

⋆
t , ct) + wπ

t+1(x
⋆
t+1), t ∈ {1, . . . ,H − 1}. (G.8)

Proof. Fix t ∈ [H]. Since Ct = {ct} is a singleton, the lower and upper Bellman–Whitney envelopes reduce to

Qπ

t
(x) = g−t (ct)− Ltdt(x, ct), Q

π

t (x) = g+t (ct) + Ltdt(x, ct),

for all x ∈ Xt. Therefore
wπ

t (x) = g+t (ct)− g−t (ct) + 2Ltdt(x, ct). (G.9)

Evaluating at x = x⋆t gives
wπ

t (x
⋆
t ) = g+t (ct)− g−t (ct) + 2Ltdt(x

⋆
t , ct).

By definition of the serial family, for t < H ,

g−t (ct) = (Bπ
t V

π
t+1)(ct) = V π

t+1(s
⋆
t+1),
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and
g+t (ct) = (Bπ

t V
π

t+1)(ct) = V
π

t+1(s
⋆
t+1).

Hence
g+t (ct)− g−t (ct) = ∆t+1(s

⋆
t+1),

which proves (G.7). When t = H , the same formula holds because g−H(cH) = g+H(cH) = 0 and ∆H+1 ≡ 0 by convention.

Finally, since the target policy is deterministic at s⋆t+1,

∆t+1(s
⋆
t+1) =

∑
a∈A

πt+1(a | s⋆t+1)w
π
t+1(s

⋆
t+1, a) = wπ

t+1(x
⋆
t+1),

which proves (G.8).

We can now state the sharpness theorem.

Theorem G.8 (Sharpness on serial singleton-support families). Fix any deterministic target policy π and any serial
singleton-support family in the sense of theorem G.6. Then, for every t ∈ [H],

wπ
t (x

⋆
t ) = Γπ

t (x
⋆
t ). (G.10)

Equivalently,
wπ

t (x
⋆
t ) = 2Ltdt(x

⋆
t , ct) + wπ

t+1(x
⋆
t+1), t ∈ {1, . . . ,H − 1}, (G.11)

with terminal identity
wπ

H(x⋆H) = 2LHdH(x⋆H , cH).

In particular,

wπ
h(x

⋆
h) = 2

H∑
t=h

Ltdt(x
⋆
t , ct), h ∈ [H]. (G.12)

Proof. Because Ct = {ct} is a singleton, the definition of Γπ
t simplifies to

Γπ
t (x

⋆
t ) = 2Ltdt(x

⋆
t , ct) + (Tt∆t+1)(ct).

For t < H , the serial family definition implies

(Tt∆t+1)(ct) = ∆t+1(s
⋆
t+1) = wπ

t+1(x
⋆
t+1),

where the last identity uses determinism of the target policy at s⋆t+1. Therefore

Γπ
t (x

⋆
t ) = 2Ltdt(x

⋆
t , ct) + wπ

t+1(x
⋆
t+1).

By theorem G.7, the right-hand side is exactly wπ
t (x

⋆
t ), proving (G.10) and (G.11). The terminal identity is the case t = H

of the same formula.

The closed-form expression (G.12) follows by iterating (G.11) backward from the terminal stage.

G.4. A Two-Stage Closed-Form Example

The preceding theorem is abstract but completely explicit. The next proposition gives the simplest nontrivial illustration.

Proposition G.9 (Two-stage line-metric example). Assume H = 2, let the action space be a singleton, and let

S1 = S2 = [0, 1]

with the Euclidean metric. Fix radii L1, L2 > 0, support anchors

c1 = (0, a), c2 = (0, a),
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evaluation points
x⋆1 = (δ1, a), x⋆2 = (δ2, a), δ1, δ2 ∈ [0, 1],

and define a serial singleton-support family by setting

C1 = {c1}, C2 = {c2},

with terminal supported Bellman target zero and deterministic continuation from c1 to state δ2. Then

wπ
2 (x

⋆
2) = 2L2δ2,

and
wπ

1 (x
⋆
1) = 2L1δ1 + 2L2δ2.

Hence the two-stage ambiguity is exactly additive across stages.

Proof. Because the action space is a singleton, target-policy averaging is trivial. At stage 2, the support is the singleton
c2 = (0, a) and the supported target is zero, so

Qπ

2
(x) = −L2d2(x, c2), Q

π

2 (x) = L2d2(x, c2).

Evaluating at x⋆2 = (δ2, a) gives
wπ

2 (x
⋆
2) = Q

π

2 (x
⋆
2)−Qπ

2
(x⋆2) = 2L2δ2.

At stage 1, the deterministic continuation from c1 to state δ2 implies that the support width is exactly

∆2(δ2) = wπ
2 (x

⋆
2) = 2L2δ2.

Since C1 = {c1} is again a singleton,

wπ
1 (x

⋆
1) = 2L1d1(x

⋆
1, c1) + ∆2(δ2) = 2L1δ1 + 2L2δ2,

which proves the claim.

G.5. Interpretation

The dynamic support-hole envelope from theorem G.4 is therefore exact in two distinct senses. First, on the support itself,
it coincides with the recursively propagated continuation ambiguity. Second, on the explicit least-favorable family of
theorem G.8, it is attained with equality at every stage and along every point of the designated target trajectory. Thus the
Bellman–Whitney interval width is not merely bounded by the geometry of support holes; it is, in a precise minimax sense,
generated by that geometry.

H. Stability and Endpoint Estimation
This appendix develops the perturbation theory of the Bellman–Whitney recursion. The guiding principle is to separate two
sources of uncertainty:

1. irreducible identification width, quantified by the exact Bellman–Whitney interval itself;

2. estimable endpoint error, caused by replacing the population support sets and supported Bellman operators with
empirical analogues.

The results below concern only the second component. They show that the recursive envelopes are stable under joint
perturbations of the support sets and the supported Bellman targets, with additive error propagation across the horizon.
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H.1. Empirical Bellman–Whitney Recursion

Let Ĉh ⊆ Xh be a nonempty compact estimator of the support Ch, and let

B̂π
h : {bounded Borel v : Sh+1 → R} → {bounded Borel functions on Ĉh}

be an empirical supported Bellman operator.

Assumption H.1 (Empirical Bellman regularity). For every stage h ∈ [H]:

1. for every bounded Borel v : Sh+1 → R, the function B̂π
hv is bounded and Borel measurable on Ĉh;

2. (sup-norm nonexpansiveness) for all bounded Borel v, w : Sh+1 → R,

sup
ĉ∈Ĉh

∣∣∣(B̂π
hv)(ĉ)− (B̂π

hw)(ĉ)
∣∣∣ ≤ ∥v − w∥∞;

3. (boundedness) for all bounded Borel v : Sh+1 → R,

sup
ĉ∈Ĉh

∣∣∣(B̂π
hv)(ĉ)

∣∣∣ ≤ Rmax + ∥v∥∞.

Remark H.2 (On theorem H.1). Theorem H.1 is satisfied by any plug-in Bellman operator of the form

(B̂π
hv)(ĉ) = r̂h(ĉ) +

∫
v(s′) P̂h(ds

′ | ĉ),

where r̂h is bounded and P̂h(· | ĉ) is a probability kernel. The nonexpansiveness property is then immediate from the fact
that a Markov kernel is a contraction in sup norm.

Define the deterministic stagewise diameter

Dh := diam(Xh), h ∈ [H],

and the recursive envelope bounds

BH+1 := 0, Bh := Rmax +Bh+1 + LhDh, h ∈ [H].

For each stage h, define the bounded value class

Venv
h :=

{
Aπ
hq : q ∈ LipLh

(Xh), ∥q∥∞ ≤ Bh

}
, Venv

H+1 := {0}.

Definition H.3 (Empirical Bellman–Whitney recursion). Set

V̂
π

H+1 = V̂
π

H+1 ≡ 0.

For h = H,H − 1, . . . , 1, define the empirical supported targets

ĝ−h (ĉ) := (B̂π
h V̂

π

h+1)(ĉ), ĝ+h (ĉ) := (B̂π
h V̂

π

h+1)(ĉ), ĉ ∈ Ĉh,

and the empirical Bellman–Whitney envelopes

Q̂
π

h
:= W−

Ĉh,Lh
ĝ−h , Q̂

π

h := W+

Ĉh,Lh
ĝ+h ,

together with the associated value functions

V̂
π

h := Aπ
hQ̂

π

h
, V̂

π

h := Aπ
hQ̂

π

h.
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Lemma H.4 (Uniform recursive boundedness). Assume theorems 2.1, 3.1 and H.1. Then for every h ∈ [H],

∥Qπ

h
∥∞ ∨ ∥Qπ

h∥∞ ∨ ∥Q̂
π

h
∥∞ ∨ ∥Q̂

π

h∥∞ ≤ Bh,

and hence
V π

h, V
π

h, V̂
π

h, V̂
π

h ∈ Venv
h .

Proof. We argue by backward induction on h.

At stage H + 1, all four value functions are identically zero, so the claim is trivial.

Now fix h ∈ [H] and assume the statement holds at stage h+ 1. Since V π
h+1, V

π

h+1, V̂
π

h+1, V̂
π

h+1 ∈ Venv
h+1, their sup norms

are bounded by Bh+1.

For the population upper envelope, the supported Bellman target satisfies

sup
c∈Ch

∣∣g+h (c)∣∣ = sup
c∈Ch

∣∣∣(Bπ
hV

π

h+1)(c)
∣∣∣ ≤ Rmax + ∥V π

h+1∥∞ ≤ Rmax +Bh+1,

and similarly for g−h . By the generic envelope bound from Appendix B,

∥Qπ

h∥∞ ≤ sup
c∈Ch

∣∣g+h (c)∣∣+ LhDh ≤ Rmax +Bh+1 + LhDh = Bh.

The same argument gives ∥Qπ

h
∥∞ ≤ Bh.

For the empirical upper envelope, theorem H.1 yields

sup
ĉ∈Ĉh

∣∣ĝ+h (ĉ)∣∣ = sup
ĉ∈Ĉh

∣∣∣(B̂π
h V̂

π

h+1)(ĉ)
∣∣∣ ≤ Rmax + ∥V̂

π

h+1∥∞ ≤ Rmax +Bh+1.

Applying the same envelope bound on Ĉh gives

∥Q̂
π

h∥∞ ≤ Bh.

Likewise ∥Q̂
π

h
∥∞ ≤ Bh.

Finally, because target-policy averaging is a convex combination over the finite action space,

∥V π
h∥∞ ∨ ∥V π

h∥∞ ∨ ∥V̂
π

h∥∞ ∨ ∥V̂
π

h∥∞ ≤ Bh.

Moreover, each of the four Q-functions is Lh-Lipschitz by construction, so the associated value functions belong to
Venv
h .

H.2. A Stagewise Perturbation Modulus

We now quantify the pure stagewise discrepancy between the true and empirical supported Bellman operators when evaluated
at the same continuation function. This isolates the estimation error that is not yet due to recursive propagation from later
stages.

For each stage h ∈ [H], define

εh := sup
v∈Venv

h+1

∆
(Lh)

Ch,Ĉh

(
c 7→ (Bπ

hv)(c), ĉ 7→ (B̂π
hv)(ĉ)

)
, (H.1)

where ∆
(L)
A,B is the symmetrized support-value discrepancy from Section B. The quantity εh measures how accurately the

empirical support-value pair (Ĉh, B̂
π
h ) reproduces the true pair (Ch, B

π
h ) at stage h, uniformly over all continuation values

that can arise from the Bellman–Whitney recursion.
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Theorem H.5 (Deterministic stability of the Bellman–Whitney endpoints). Assume theorems 2.1, 3.1 and H.1. Then, for
every stage h ∈ [H],

∥Q̂
π

h
−Qπ

h
∥∞ ∨ ∥Q̂

π

h −Q
π

h∥∞ ∨ ∥V̂
π

h − V π
h∥∞ ∨ ∥V̂

π

h − V
π

h∥∞ ≤
H∑
t=h

εt. (H.2)

In particular, ∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣ ∨ ∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣ ≤ H∑

t=1

εt. (H.3)

Proof. For each stage h, define the aggregate error

Eh := ∥Q̂
π

h
−Qπ

h
∥∞ ∨ ∥Q̂

π

h −Q
π

h∥∞ ∨ ∥V̂
π

h − V π
h∥∞ ∨ ∥V̂

π

h − V
π

h∥∞,

and set EH+1 := 0.

We prove by backward induction that
Eh ≤ εh + Eh+1, h ∈ [H].

Iterating this recursion immediately yields (H.2), and (H.3) follows because point evaluation is dominated by the sup norm.

Fix h ∈ [H]. We first control the upper envelope. By theorem H.4, both V
π

h+1 and V̂
π

h+1 belong to Venv
h+1. By the

pair-stability lemma from Appendix B,

∥Q̂
π

h −Q
π

h∥∞ ≤ ∆
(Lh)

Ch,Ĉh

(
g+h , ĝ

+
h

)
,

where
g+h (c) = (Bπ

hV
π

h+1)(c), ĝ+h (ĉ) = (B̂π
h V̂

π

h+1)(ĉ).

We now compare ĝ+h to the empirical target evaluated at the true continuation value. Let

g̃+h (ĉ) := (B̂π
hV

π

h+1)(ĉ), ĉ ∈ Ĉh.

By the definition of εh, since V
π

h+1 ∈ Venv
h+1,

∆
(Lh)

Ch,Ĉh

(
g+h , g̃

+
h

)
≤ εh.

Moreover, by the definition of ∆(L)
A,B and theorem H.1,

∆
(Lh)

Ch,Ĉh

(
g+h , ĝ

+
h

)
≤ ∆

(Lh)

Ch,Ĉh

(
g+h , g̃

+
h

)
+ sup

ĉ∈Ĉh

∣∣∣(B̂π
hV

π

h+1)(ĉ)− (B̂π
h V̂

π

h+1)(ĉ)
∣∣∣

≤ εh + ∥V π

h+1 − V̂
π

h+1∥∞
≤ εh + Eh+1.

Hence
∥Q̂

π

h −Q
π

h∥∞ ≤ εh + Eh+1. (H.4)

The same argument applies to the lower envelopes. Define

g−h (c) = (Bπ
hV

π
h+1)(c), ĝ−h (ĉ) = (B̂π

h V̂
π

h+1)(ĉ), g̃−h (ĉ) = (B̂π
hV

π
h+1)(ĉ).

Then
∥Q̂

π

h
−Qπ

h
∥∞ ≤ ∆

(Lh)

Ch,Ĉh

(
g−h , ĝ

−
h

)
≤ εh + Eh+1,
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so
∥Q̂

π

h
−Qπ

h
∥∞ ≤ εh + Eh+1. (H.5)

Finally, because target-policy averaging is a contraction in sup norm,

∥V̂
π

h − V π
h∥∞ ≤ ∥Q̂

π

h
−Qπ

h
∥∞, ∥V̂

π

h − V
π

h∥∞ ≤ ∥Q̂
π

h −Q
π

h∥∞.

Combining these inequalities with (H.4)–(H.5) yields

Eh ≤ εh + Eh+1,

which completes the induction.

H.3. Separating Support Error from Bellman-Target Error

The preceding theorem is exact but uses the abstract perturbation modulus εh. The next corollary gives a concrete and
interpretable sufficient condition that separates support-set error from Bellman-target error.

Corollary H.6 (Support and Bellman-target error decomposition). Assume theorems 2.1, 3.1 and H.1. Suppose that for
each stage h ∈ [H] there exist nonnegative numbers αh, ηh such that:

1. (support estimation error)
dH

(
Ch, Ĉh

)
≤ ηh;

2. (ambient Bellman-target approximation) for every v ∈ Venv
h+1 there exists an Lh-Lipschitz function fh,v : Xh → R

satisfying
fh,v(c) = (Bπ

hv)(c), c ∈ Ch,

and
sup
ĉ∈Ĉh

∣∣∣(B̂π
hv)(ĉ)− fh,v(ĉ)

∣∣∣ ≤ αh.

Then
εh ≤ αh + 2Lhηh, h ∈ [H],

and therefore

∥Q̂
π

h
−Qπ

h
∥∞ ∨ ∥Q̂

π

h −Q
π

h∥∞ ∨ ∥V̂
π

h − V π
h∥∞ ∨ ∥V̂

π

h − V
π

h∥∞ ≤
H∑
t=h

(αt + 2Ltηt). (H.6)

In particular, ∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣ ∨ ∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣ ≤ H∑

t=1

(αt + 2Ltηt). (H.7)

Proof. Fix h ∈ [H] and v ∈ Venv
h+1. Set

g(c) := (Bπ
hv)(c), c ∈ Ch,

and
ĝ(ĉ) := (B̂π

hv)(ĉ), ĉ ∈ Ĉh.

We claim that
∆

(Lh)

Ch,Ĉh
(g, ĝ) ≤ αh + 2Lhηh.

Indeed, let c ∈ Ch. Since dH(Ch, Ĉh) ≤ ηh, there exists ĉ ∈ Ĉh with

dh(c, ĉ) ≤ ηh.
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Because fh,v is Lh-Lipschitz and extends g from Ch,

|g(c)− ĝ(ĉ)|+ Lhdh(c, ĉ) ≤ |fh,v(c)− fh,v(ĉ)|+ |fh,v(ĉ)− ĝ(ĉ)|+ Lhdh(c, ĉ)

≤ Lhdh(c, ĉ) + αh + Lhdh(c, ĉ)

≤ αh + 2Lhηh.

Taking the infimum over admissible ĉ and then the supremum over c ∈ Ch gives

∆
(Lh)

Ch→Ĉh
(g, ĝ) ≤ αh + 2Lhηh.

The reverse directed bound
∆

(Lh)

Ĉh→Ch
(ĝ, g) ≤ αh + 2Lhηh

is identical, using for each ĉ ∈ Ĉh a point c ∈ Ch within Hausdorff distance ηh. Hence

∆
(Lh)

Ch,Ĉh
(g, ĝ) ≤ αh + 2Lhηh.

Taking the supremum over v ∈ Venv
h+1 proves εh ≤ αh + 2Lhηh.

Substituting this bound into theorem H.5 yields (H.6), and (H.7) follows by point evaluation.

H.4. A Conditional Finite-Sample Corollary

The previous corollary is deterministic. To extract a statistical rate, it is enough to place high-probability bounds on the two
primitive quantities αh and ηh.

Corollary H.7 (Conditional finite-sample endpoint rates). Let δn ∈ [0, 1]. Suppose that for each sample size n there exists
an event En with

P(En) ≥ 1− δn

such that on En the assumptions of theorem H.6 hold with stagewise errors αh,n and ηh,n. Then on En,

∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣ ∨ ∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣ ≤ H∑

h=1

(αh,n + 2Lhηh,n). (H.8)

Consequently,

P

(∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣ ∨ ∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣ ≤ H∑

h=1

(αh,n + 2Lhηh,n)

)
≥ 1− δn.

In particular, if for some stagewise dimensions dh > 0 and effective sample sizes nh,

αh,n = Õ
(
n
−1/(2+dh)
h

)
, ηh,n = Õ

(
n
−1/dh

h

)
,

then ∣∣∣V̂ π

1 (s1)− V π
1 (s1)

∣∣∣ ∨ ∣∣∣V̂ π

1 (s1)− V
π

1 (s1)
∣∣∣ = Õp

(
H∑

h=1

n
−1/(2+dh)
h

)
.

Proof. The high-probability inequality (H.8) is exactly theorem H.6 applied on the event En. The probability statement
follows immediately.

For the final rate display, note that

n
−1/dh

h = o
(
n
−1/(2+dh)
h

)
as nh → ∞,

because 1/dh > 1/(2 + dh). Hence the support-estimation term is asymptotically no larger than the Bellman-target
estimation term, and the overall rate is dominated by

∑H
h=1 n

−1/(2+dh)
h up to logarithmic factors.
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H.5. Interpretation

The stability theorem reveals a useful decomposition:

endpoint estimation error ≲
H∑

h=1

(
Bellman-target estimation error at stage h+ support-set estimation error at stage h

)
.

Thus the recursive Bellman–Whitney endpoints behave like a stable dynamic program over perturbed support-value pairs.
The irreducible interval width is a separate object, governed by the geometry of support holes (Appendix G); the results here
show that the statistical task of estimating the interval endpoints is additive over stages and does not introduce an additional
horizon-dependent instability beyond this backward accumulation.

I. Minimax Lower Bound
This appendix proves a minimax lower bound for endpoint estimation. The result is deliberately stated under a simplified
oracle observation model in which the stagewise supported Bellman targets are observed through independent nonparametric
Gaussian regression problems. This is a statistically favorable setting: the support is known exactly, there are no support
holes, the target policy is deterministic, and the lower and upper Bellman–Whitney endpoints coincide. Proving a lower
bound even in this regime isolates the intrinsic difficulty of estimating the interval endpoints, as distinct from the separate
issue of irreducible identified-set width. The proof uses a standard two-point minimax construction in the spirit of Le Cam;
see, e.g., Yu (1997); Tsybakov (2009).

I.1. Oracle Stagewise Regression Model

We work with a statistically favorable subclass in which all support-hole ambiguity vanishes and only endpoint-estimation
difficulty remains.

Definition I.1 (Oracle stagewise regression model). Fix horizon H , dimensions (dh)Hh=1 with dh ∈ N, and sample sizes
n = (n1, . . . , nH) ∈ NH . The oracle class OL

n consists of all models satisfying the following properties:

1. For each stage h ∈ [H],
Sh = [0, 1]dh

endowed with the ℓ∞ metric, and the action space is a singleton

A = {a0}.

Consequently,
Xh = [0, 1]dh × {a0}, Ch = Xh.

2. The target policy is deterministic and trivial:

πh(· | s) = δa0 ∀s ∈ Sh, ∀h ∈ [H].

3. For each stage h ∈ {1, . . . , H − 1}, the controlled transition is deterministic to the origin:

Sh+1 = 0 almost surely given Xh.

4. The stage-h reward mean is a bounded function rh : [0, 1]dh → R satisfying

Liph(rh) ≤ Lh, ∥rh∥∞ ≤ Rmax.

5. The observed data are independent across stages and consist of independent stagewise Gaussian regression samples

Dh = {(Zh,i, Yh,i)}nh
i=1, h ∈ [H],

where
Zh,i

i.i.d.∼ Unif([0, 1]dh), Yh,i = rh(Zh,i) + ξh,i, ξh,i
i.i.d.∼ N(0, 1),

and all randomness is mutually independent across h and i.
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Under theorem I.1, the support equals the whole state–action space at every stage, so the Bellman–Whitney interval has zero
width. The next lemma makes this reduction explicit.

Lemma I.2 (Endpoint collapse on the oracle class). Let M ∈ OL
n , and let

ϑ(M) :=

H∑
h=1

rh(0).

Then:

1. theorem 3.1 holds automatically;

2. the Bellman–Whitney interval degenerates:
Iπ = {ϑ(M)};

equivalently,
V π

1 (0) = V
π

1 (0) = ϑ(M).

Proof. Because Ch = Xh for every stage h, there is no support hole. Exact interpolation is therefore automatic, and the
Bellman–Whitney envelopes coincide with the Bellman targets themselves. Since the target policy is deterministic and the
transition is deterministic to 0,

Vh(0) = rh(0) + Vh+1(0), VH+1 ≡ 0.

Backward substitution yields

V1(0) =

H∑
h=1

rh(0) = ϑ(M).

Because the support is full, the lower and upper envelopes agree with the same value function, proving

V π
1 (0) = V

π

1 (0) = ϑ(M).

I.2. A Two-Point Lower-Bound Principle

We use the following standard two-point absolute-error inequality.

Lemma I.3 (Two-point lower bound). Let P+ and P− be two probability measures on a common measurable space, and let
θ+, θ− ∈ R with θ+ ̸= θ−. Then for any measurable estimator θ̂,

max
{
EP+

∣∣∣θ̂ − θ+

∣∣∣,EP−

∣∣∣θ̂ − θ−

∣∣∣} ≥ |θ+ − θ−|
4

(1− TV(P+, P−)). (I.1)

Consequently, by Pinsker’s inequality,

max
{
EP+

∣∣∣θ̂ − θ+

∣∣∣,EP−

∣∣∣θ̂ − θ−

∣∣∣} ≥ |θ+ − θ−|
4

(
1−

√
KL(P+, P−)/2

)
. (I.2)

Proof. Set

∆ := |θ+ − θ−| > 0, m :=
θ+ + θ−

2
.

For any estimator θ̂ and any outcome ω, at least one of the two quantities∣∣∣θ̂(ω)− θ+

∣∣∣, ∣∣∣θ̂(ω)− θ−

∣∣∣
is at least ∆/2. More precisely, ∣∣∣θ̂ − θ+

∣∣∣+ ∣∣∣θ̂ − θ−

∣∣∣ ≥ ∆ pointwise.
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Let
A :=

{
ω : θ̂(ω) ≥ m

}
.

On Ac, we have θ̂ < m, so ∣∣∣θ̂ − θ+

∣∣∣ ≥ ∆/2.

On A, we have θ̂ ≥ m, so ∣∣∣θ̂ − θ−

∣∣∣ ≥ ∆/2.

Therefore
EP+

∣∣∣θ̂ − θ+

∣∣∣ ≥ ∆

2
P+(A

c), EP−

∣∣∣θ̂ − θ−

∣∣∣ ≥ ∆

2
P−(A).

Taking the maximum of the two expectations and then averaging the two right-hand sides gives

max
{
EP+

∣∣∣θ̂ − θ+

∣∣∣,EP−

∣∣∣θ̂ − θ−

∣∣∣} ≥ ∆

4
(P+(A

c) + P−(A)).

Since
P+(A

c) + P−(A) = 1− (P+(A)− P−(A)),

and
P+(A)− P−(A) ≤ TV(P+, P−),

we obtain (I.1). The second bound (I.2) follows from Pinsker’s inequality

TV(P+, P−) ≤
√
KL(P+, P−)/2.

I.3. A Least-Favorable Two-Point Subclass

For each dimension d ∈ N, define the bump profile

ψd(u) := (1− ∥u∥∞)+, u ∈ [0, 1]d.

Then ψd(0) = 1, ψd is 1-Lipschitz on [0, 1]d under the ℓ∞ metric, and

βd :=

∫
[0,1]d

ψd(u)
2 du =

2

(d+ 1)(d+ 2)
. (I.3)

Indeed, writing R = ∥U∥∞ for U ∼ Unif([0, 1]d) gives P(R ≤ r) = rd, and hence

βd = d

∫ 1

0

(1− r)2rd−1 dr =
2

(d+ 1)(d+ 2)
.

For each stage h ∈ [H], define

γh := min

{
1

4
,
Rmax

2Lh
,

(
1

16HL2
hβdh

) 1
dh+2

}
, δh := γh n

−1/(dh+2)
h . (I.4)

Define the scaled stagewise bump
φh(z) := δh ψdh

(z/δh), z ∈ [0, 1]dh ,

with the convention that ψdh
(z/δh) = 0 whenever some coordinate of z/δh exceeds one. Then:

1. φh is supported on [0, δh]
dh ;

2. φh(0) = δh;
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3. Liph(φh) ≤ 1;

4. ∫
[0,1]dh

φh(z)
2 dz = βdh

δdh+2
h . (I.5)

We now define the least-favorable pair of oracle models. Let M+ and M− denote the two models in OL
n whose stagewise

reward means are
r±h (z) := ±Lhφh(z), z ∈ [0, 1]dh , h ∈ [H]. (I.6)

By construction,
Liph(r

±
h ) ≤ Lh, ∥r±h ∥∞ ≤ Lhδh ≤ Rmax/2,

so M± ∈ OL
n .

Lemma I.4 (Parameter separation and Kullback–Leibler control). For the least-favorable pair (M+,M−) defined above:

1. the endpoint parameter values satisfy

ϑ(M+)− ϑ(M−) = 2

H∑
h=1

Lhδh; (I.7)

2. the joint data distributions satisfy

KL(PM+ , PM−) ≤ 1

8
. (I.8)

Proof. By theorem I.2,

ϑ(M±) =

H∑
h=1

r±h (0).

Since φh(0) = δh,
r+h (0)− r−h (0) = 2Lhδh.

Summing over h proves (I.7).

For the Kullback–Leibler divergence, note that the data are independent across stages, so

KL(PM+ , PM−) =

H∑
h=1

KL(Ph,+, Ph,−),

where Ph,± denotes the law of the stage-h sample Dh under M±.

Conditioned on the design points (Zh,i)
nh
i=1, the responses are independent Gaussians with unit variance and means r±h (Zh,i).

Therefore

KL(Ph,+, Ph,− | Zh,1:nh
) =

1

2

nh∑
i=1

(
r+h (Zh,i)− r−h (Zh,i)

)2
.

Taking expectation over the design and using i.i.d. sampling yields

KL(Ph,+, Ph,−) =
nh
2

∫
[0,1]dh

(
r+h (z)− r−h (z)

)2
dz.

By (I.6),
r+h (z)− r−h (z) = 2Lhφh(z),

hence
KL(Ph,+, Ph,−) = 2nhL

2
h

∫
[0,1]dh

φh(z)
2 dz.
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Using (I.5),
KL(Ph,+, Ph,−) = 2L2

hβdh
nhδ

dh+2
h .

By the definition of δh in (I.4),

nhδ
dh+2
h = γdh+2

h ≤ 1

16HL2
hβdh

.

Therefore
KL(Ph,+, Ph,−) ≤

1

8H
.

Summing over h = 1, . . . , H proves (I.8).

I.4. Oracle Minimax Lower Bound

We can now prove the endpoint-estimation lower bound.

Theorem I.5 (Oracle minimax lower bound for endpoint estimation). Assume theorems 2.1 and 3.1. Consider the oracle
regression class OL

n from theorem I.1. Then there exists a subclass

Mtp(n) ⊆ OL
n

consisting of the two models {M+,M−} above, such that for every measurable interval estimator (ℓ̂, û) based on the full
oracle dataset,

sup
M∈Mtp(n)

EM

[∣∣∣ℓ̂− V π
1 (0)

∣∣∣+ ∣∣∣û− V
π

1 (0)
∣∣∣] ≥ c0

H∑
h=1

Lh n
−1/(dh+2)
h , (I.9)

where
c0 :=

3

4
min
h∈[H]

γh

and (γh)
H
h=1 is given by (I.4). In particular, since H , L, and (dh)

H
h=1 are fixed model-class parameters, there exists a

constant
c⋆ = c⋆(H,L, d1, . . . , dH , Rmax) > 0

such that

inf
(ℓ̂,û)

sup
M∈OL

n

EM

[∣∣∣ℓ̂− V π
1 (0)

∣∣∣+ ∣∣∣û− V
π

1 (0)
∣∣∣] ≥ c⋆

H∑
h=1

n
−1/(dh+2)
h .

Proof. Fix an arbitrary interval estimator (ℓ̂, û) and define its midpoint estimator

θ̂ :=
ℓ̂+ û

2
.

For any real number θ, ∣∣∣ℓ̂− θ
∣∣∣+ |û− θ| ≥ 2

∣∣∣θ̂ − θ
∣∣∣.

Applying this pointwise with
θ = V π

1 (0) = V
π

1 (0) = ϑ(M)

for M ∈ {M+,M−} and then taking expectations gives

sup
M∈{M+,M−}

EM

[∣∣∣ℓ̂− V π
1 (0)

∣∣∣+ ∣∣∣û− V
π

1 (0)
∣∣∣] ≥ 2 sup

M∈{M+,M−}
EM

∣∣∣θ̂ − ϑ(M)
∣∣∣. (I.10)

Now apply theorem I.3 to the scalar estimator θ̂ under the two models M+ and M−. By theorem I.4,

ϑ(M+)− ϑ(M−) = 2

H∑
h=1

Lhδh,

53



2915
2916
2917
2918
2919
2920
2921
2922
2923
2924
2925
2926
2927
2928
2929
2930
2931
2932
2933
2934
2935
2936
2937
2938
2939
2940
2941
2942
2943
2944
2945
2946
2947
2948
2949
2950
2951
2952
2953
2954
2955
2956
2957
2958
2959
2960
2961
2962
2963
2964
2965
2966
2967
2968
2969

Bellman–Whitney Envelopes under Support Holes

and
KL(PM+ , PM−) ≤ 1

8
.

Hence Pinsker’s inequality gives

TV(PM+ , PM−) ≤
√

1

16
=

1

4
.

Substituting into (I.1),

sup
M∈{M+,M−}

EM

∣∣∣θ̂ − ϑ(M)
∣∣∣ ≥ 1

4

(
1− 1

4

)
· 2

H∑
h=1

Lhδh =
3

8

H∑
h=1

Lhδh.

Combining this with (I.10) yields

sup
M∈{M+,M−}

EM

[∣∣∣ℓ̂− V π
1 (0)

∣∣∣+ ∣∣∣û− V
π

1 (0)
∣∣∣] ≥ 3

4

H∑
h=1

Lhδh.

Since δh = γhn
−1/(dh+2)
h , this is exactly (I.9).

The final minimax lower bound over the entire oracle class follows because Mtp(n) = {M+,M−} is a subclass of OL
n .

I.5. Separation Between Width and Estimation Difficulty

The minimax lower bound above concerns endpoint estimation on a zero-width subclass. It is therefore complementary to
the sharpness theorem of Appendix G, which constructs explicit families with nontrivial identified-set width.

Corollary I.6 (Separation of estimable and irreducible components). The Bellman–Whitney framework contains two
qualitatively distinct sources of difficulty:

1. a zero-width subclass OL
n on which endpoint estimation alone incurs minimax error at least

c⋆

H∑
h=1

n
−1/(dh+2)
h ;

2. serial singleton-support families on which the identified-set width is exactly

wπ
h(x

⋆
h) = 2

H∑
t=h

Ltdt(x
⋆
t , ct)

by theorem G.8.

Hence endpoint-estimation error and irreducible support-hole ambiguity are genuinely distinct phenomena, and neither can
in general be removed by the other.

Proof. The first statement is exactly theorem I.5. The second is theorem G.8. Since the first family has zero width but
nontrivial endpoint-estimation difficulty, whereas the second family can be constructed with exact population knowledge of
the Bellman data but nontrivial identified-set width, the two sources of difficulty are distinct.

J. Certifiable Control under Ambiguity
This appendix derives a control consequence of the Bellman–Whitney theory. Unlike the fixed-policy analysis in the main
text, control requires comparing actions at a state and hence replacing target-policy averaging by the Bellman optimality
operator. This changes one important structural feature: the resulting feasible tail class is generally not convex, so we do not
claim a sharp interval characterization for optimal values analogous to theorem 3.2. What we can prove is exactly what is
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needed for certification: a backward Bellman–Whitney recursion that yields lower and upper action-value envelopes, and
pointwise sandwich inequalities showing that every control-compatible tail lies between them.

The strengthened assumption below is the control analogue of the fixed-policy rectangular closure condition. At a
conceptual level, it is the function-level counterpart of the rectangularity assumptions that underlie time-consistent dynamic
programming in classical robust MDP theory (Iyengar, 2005; Nilim & Ghaoui, 2005).

J.1. Control-Compatible Tails

For each stage h ∈ [H], define the control value class

Vctl,L
h :=

{
v : Sh → R : ∃ q ∈ LipLh

(Xh) such that v(s) = max
a∈A

q(s, a) ∀s ∈ Sh

}
,

with terminal convention
Vctl,L
H+1 := {0}.

Since A is finite and the maximum of finitely many Lh-Lipschitz functions is again Lh-Lipschitz on Sh, every v ∈ Vctl,L
h is

bounded and Lh-Lipschitz.

Assumption J.1 (Rectangular control closure). For every stage h ∈ [H] and every continuation value v ∈ Vctl,L
h+1 , the

supported Bellman target
c 7−→ (Bπ

hv)(c), c ∈ Ch,

is Lh-Lipschitz with respect to the restricted metric on Ch.

Because Bπ
h conditions on the full state–action pair Xh = (Sh, Ah), it does not depend on the future action-selection rule.

Accordingly, the same supported Bellman operator that appeared in the fixed-policy theory can be reused here.

Definition J.2 (Control-compatible tail). Fix h ∈ [H]. The control-compatible tail class Cctl,L
h:H consists of all sequences

(Qt, Vt)
H+1
t=h

such that:

1. VH+1 ≡ 0;

2. for every t ∈ {h, . . . ,H}, the function Qt : Xt → R is bounded, Borel measurable, and Lt-Lipschitz;

3. for every t ∈ {h, . . . ,H},
Vt(s) = max

a∈A
Qt(s, a), s ∈ St;

4. for every t ∈ {h, . . . ,H},
Qt(x) = (Bπ

t Vt+1)(x), x ∈ Ct.

J.2. Control Bellman–Whitney Recursion

Define recursively
V ctl

H+1 = V
ctl

H+1 ≡ 0.

For h = H,H − 1, . . . , 1, define the supported lower and upper control Bellman targets

g−h,ctl(c) := (Bπ
hV

ctl
h+1)(c), g+h,ctl(c) := (Bπ

hV
ctl

h+1)(c), c ∈ Ch,

and then the lower and upper control Bellman–Whitney envelopes

Qctl

h
:= W−

h,Lh
g−h,ctl, Q

ctl

h := W+
h,Lh

g+h,ctl, (J.1)

together with the induced lower and upper control values

V ctl
h (s) := max

a∈A
Qctl

h
(s, a), V

ctl

h (s) := max
a∈A

Q
ctl

h (s, a), s ∈ Sh. (J.2)
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The lower envelope Qctl

h
should be interpreted as a uniformly certified action lower bound, while Q

ctl

h is the corresponding
uniform action upper bound. The theorem below shows that every control-compatible tail lies between them.

Theorem J.3 (Control Bellman–Whitney sandwich). Assume theorems 2.1 and J.1. Then:

1. the recursive lower and upper control tails are feasible:

(Qctl

t
, V ctl

t )H+1
t=h ∈ Cctl,L

h:H , (Q
ctl

t , V
ctl

t )H+1
t=h ∈ Cctl,L

h:H , h ∈ [H];

2. for every h ∈ [H] and every (Qt, Vt)
H+1
t=h ∈ Cctl,L

h:H ,

Qctl

t
(x) ≤ Qt(x) ≤ Q

ctl

t (x) ∀x ∈ Xt, ∀t ∈ {h, . . . ,H}, (J.3)

and therefore
V ctl

t (s) ≤ Vt(s) ≤ V
ctl

t (s) ∀s ∈ St, ∀t ∈ {h, . . . ,H}. (J.4)

Proof. We begin with feasibility. The proof is by backward induction on h.

Base case: h = H . Since V ctl
H+1 = V

ctl

H+1 ≡ 0, the zero function belongs to Vctl,L
H+1 . By theorem J.1, both supported

targets
g−H,ctl(c) = (Bπ

H0)(c), g+H,ctl(c) = (Bπ
H0)(c), c ∈ CH ,

are LH -Lipschitz on CH . Therefore, by theorem B.4, the envelopes Qctl

H
and Q

ctl

H are bounded, Borel measurable,
LH -Lipschitz on XH , and satisfy

Qctl

H
(x) = g−H,ctl(x), Q

ctl

H (x) = g+H,ctl(x), x ∈ CH .

By definition,
V ctl

H (s) = max
a

Qctl

H
(s, a), V

ctl

H (s) = max
a

Q
ctl

H (s, a),

so both terminal control tails are feasible.

Induction step. Fix h ∈ {1, . . . ,H − 1} and assume the recursive lower and upper control tails are feasible from stage
h+ 1 onward. Then Qctl

h+1
and Q

ctl

h+1 are Lh+1-Lipschitz, so by definition

V ctl
h+1, V

ctl

h+1 ∈ Vctl,L
h+1 .

Applying theorem J.1 shows that the supported targets g−h,ctl and g+h,ctl are Lh-Lipschitz on Ch. By theorem B.4, the

envelopes Qctl

h
and Q

ctl

h are exact Lh-Lipschitz extensions of these supported targets. Defining V ctl
h and V

ctl

h via (J.2)
therefore yields feasible control tails from stage h onward.

This proves the first claim.

We next prove the sandwich inequalities, again by backward induction on t.

Base case: t = H . Let (QH , VH , VH+1 ≡ 0) ∈ Cctl,L
H:H . On the support,

QH(c) = (Bπ
H0)(c) = g−H,ctl(c) = g+H,ctl(c), c ∈ CH .

Since QH is LH -Lipschitz on XH , the extremal characterization in theorem B.3 gives

Qctl

H
≤ QH ≤ Q

ctl

H pointwise on XH .

Taking maxima over actions yields
V ctl

H ≤ VH ≤ V
ctl

H pointwise on SH .
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Induction step. Fix t ∈ {h, . . . ,H − 1} and assume

V ctl
t+1 ≤ Vt+1 ≤ V

ctl

t+1 pointwise on St+1.

By monotonicity of conditional expectation,

(Bπ
t V

ctl
t+1)(c) ≤ (Bπ

t Vt+1)(c) ≤ (Bπ
t V

ctl

t+1)(c), c ∈ Ct.

Since (Qt, Vt) is control-compatible,
Qt(c) = (Bπ

t Vt+1)(c), c ∈ Ct,

and therefore
g−t,ctl(c) ≤ Qt(c) ≤ g+t,ctl(c), c ∈ Ct.

Because Qt is Lt-Lipschitz on Xt, theorem B.3 implies

Qctl

t
= W−

t,Lt
g−t,ctl ≤ Qt ≤ W+

t,Lt
g+t,ctl = Q

ctl

t pointwise on Xt.

Taking maxima over actions yields

V ctl
t (s) = max

a
Qctl

t
(s, a) ≤ max

a
Qt(s, a) = Vt(s) ≤ max

a
Q

ctl

t (s, a) = V
ctl

t (s),

for all s ∈ St.

This completes the induction.

Remark J.4 (No sharp interval claim for control). The fixed-policy sharp interval theorem relied on convexity of the feasible
tail class. In control, the map Q 7→ maxaQ(·, a) is nonlinear, and Cctl,L

h:H is generally not convex. Accordingly, theorem J.3
is stated as a uniform feasibility and sandwich result rather than as an exact interval characterization for optimal values.
This is the mathematically correct level of generality for certification.

J.3. Certifiably Good, Bad, and Ambiguous Actions

We now define the action-level certification sets induced by the control Bellman–Whitney envelopes.

Definition J.5 (Uniform action certificates). Fix a stage h ∈ [H], a state s ∈ Sh, and a tolerance δ ≥ 0. Define

Agood
h (s; δ) :=

{
a ∈ A : Qctl

h
(s, a) ≥ max

a′∈A
Q

ctl

h (s, a′)− δ

}
,

Abad
h (s; δ) :=

{
a ∈ A : Q

ctl

h (s, a) < max
a′∈A

Qctl

h
(s, a′)− δ

}
,

and
Aamb

h (s; δ) := A \
(
Agood

h (s; δ) ∪ Abad
h (s; δ)

)
.

The next lemma records the exact certification meaning of these sets.

Lemma J.6 (Uniform good/bad action guarantees). Assume theorems 2.1 and J.1, and fix h ∈ [H], s ∈ Sh, and δ ≥ 0.

1. If a ∈ Agood
h (s; δ), then for every (Qt, Vt)

H+1
t=h ∈ Cctl,L

h:H ,

Qh(s, a) ≥ Vh(s)− δ. (J.5)

Thus a is uniformly δ-optimal across the entire control-compatible class.

2. If a ∈ Abad
h (s; δ), then for every (Qt, Vt)

H+1
t=h ∈ Cctl,L

h:H ,

Qh(s, a) ≤ Vh(s)− δ. (J.6)

57



3135
3136
3137
3138
3139
3140
3141
3142
3143
3144
3145
3146
3147
3148
3149
3150
3151
3152
3153
3154
3155
3156
3157
3158
3159
3160
3161
3162
3163
3164
3165
3166
3167
3168
3169
3170
3171
3172
3173
3174
3175
3176
3177
3178
3179
3180
3181
3182
3183
3184
3185
3186
3187
3188
3189

Bellman–Whitney Envelopes under Support Holes

More strongly, if
a† ∈ argmax

a′∈A
Qctl

h
(s, a′),

then
Qh(s, a

†) ≥ Qh(s, a) + δ (J.7)

for every control-compatible tail.

Proof. Fix a control-compatible tail
(Qt, Vt)

H+1
t=h ∈ Cctl,L

h:H .

By theorem J.3,

Qctl

h
(s, a′) ≤ Qh(s, a

′) ≤ Q
ctl

h (s, a′) ∀a′ ∈ A,

and
V ctl

h (s) ≤ Vh(s) ≤ V
ctl

h (s).

Also,
Vh(s) = max

a′∈A
Qh(s, a

′).

Suppose first that a ∈ Agood
h (s; δ). Then

Qctl

h
(s, a) ≥ max

a′
Q

ctl

h (s, a′)− δ.

Hence
Vh(s) = max

a′
Qh(s, a

′) ≤ max
a′

Q
ctl

h (s, a′) ≤ Qctl

h
(s, a) + δ ≤ Qh(s, a) + δ,

which proves (J.5).

Now suppose that a ∈ Abad
h (s; δ). Let

a† ∈ argmax
a′∈A

Qctl

h
(s, a′).

By definition of Abad
h (s; δ),

Q
ctl

h (s, a) < Qctl

h
(s, a†)− δ.

Therefore
Qh(s, a) ≤ Q

ctl

h (s, a) < Qctl

h
(s, a†)− δ ≤ Qh(s, a

†)− δ,

which proves (J.7). Since Vh(s) ≥ Qh(s, a
†), we also have

Qh(s, a) ≤ Qh(s, a
†)− δ ≤ Vh(s)− δ,

proving (J.6).

Corollary J.7 (Certifiable control under ambiguity). Assume theorems 2.1 and J.1. Fix h ∈ [H], s ∈ Sh, and δ ≥ 0. Then:

1. every action in Agood
h (s; δ) is uniformly δ-optimal over the entire control-compatible class Cctl,L

h:H ;

2. every action in Abad
h (s; δ) is uniformly δ-suboptimal over the entire control-compatible class Cctl,L

h:H ;

3. every action in Aamb
h (s; δ) is neither certifiably δ-optimal nor certifiably δ-suboptimal on the basis of the Bellman–

Whitney envelopes alone.

Proof. The first two claims are exactly theorem J.6. The third is immediate from the definition of Aamb
h (s; δ) as the

complement of the certifiably good and certifiably bad sets.
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J.4. Interpretation

The corollary above provides the precise control consequence needed in the main text. The lower and upper control Bellman–
Whitney envelopes do not merely bound the value of a fixed target policy; they induce action-level certificates. If an action
survives the lower-vs-upper comparison in Agood

h (s; δ), then it is uniformly near-optimal across all control-compatible tails.
If it falls into Abad

h (s; δ), then it is uniformly suboptimal. The remaining actions are not artifacts of loose analysis: they are
exactly those whose status cannot be resolved from the Bellman–Lipschitz ambiguity class alone.

K. Counterexamples and Failure Modes
This appendix records four short constructions that clarify the precise scope of the Bellman–Whitney theory. The first
shows that genuine support holes place the problem outside density-ratio point-identification frameworks even when the
Bellman–Whitney interval is finite and sharp. The second shows that comparator-style partial coverage does not identify
arbitrary uncovered target policies (Uehara & Sun, 2022). The third explains why the control section of the paper is stated as
an action-certification theorem rather than a sharp interval theorem. The fourth shows that Bellman collapse is not merely a
convenient proof device: without it, a direct history-space reduction can be exponentially larger in the horizon, even when
the underlying Markov state space is constant, in contrast to one-step contextual smoothness formulations (Khan et al.,
2024).

K.1. Genuine Support Holes Destroy Density Ratios

Proposition K.1 (No finite density ratio under a genuine support hole). Consider the one-step problem H = 1 with:

1. a single state s◦;

2. action space A = {0, 1};

3. behavior support
C1 = {(s◦, 0)};

4. supported reward mean
E[R1 | X1 = (s◦, 0)] = 0;

5. Bellman–Lipschitz radius L1 = L > 0.

Let the target policy choose the uncovered action:

π1(· | s◦) = δ1.

Then:

1. the target occupancy measure is not absolutely continuous with respect to the behavior occupancy measure, so no
density ratio dρπ1/dρ

b
1 exists;

2. the Bellman–Whitney identified interval is nevertheless finite and sharp:

Iπ = [−L,L].

Proof. Because the behavior support is the singleton (s◦, 0), the stagewise behavior occupancy is

ρb1 = δ(s◦,0),

whereas the target occupancy is
ρπ1 = δ(s◦,1).

Suppose, for contradiction, that there were a measurable density ratio w = dρπ1/dρ
b
1 . Then

1 = ρπ1({(s◦, 1)}) =
∫

I{(s◦, 1)}(x)w(x) ρb1(dx) = 0,
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since ρb1 puts no mass on (s◦, 1). Thus ρπ1 ̸≪ ρb1 and no density ratio exists.

We now compute the Bellman–Whitney interval. Since H = 1, the supported mean is the scalar function

m1(c) ≡ 0 for c = (s◦, 0) ∈ C1.

Because the product metric from Appendix A separates the two actions by one unit,

d1((s◦, 1), (s◦, 0)) = 1.

Therefore the lower and upper Bellman–Whitney envelopes at the uncovered target point are

Qπ

1
(s◦, 1) = sup

c∈C1

{m1(c)− Ld1((s◦, 1), c)} = 0− L = −L,

and
Q

π

1 (s◦, 1) = inf
c∈C1

{m1(c) + Ld1((s◦, 1), c)} = 0 + L = L.

Since the target policy is deterministic at s◦,

Iπ =
[
V π

1 (s◦), V
π

1 (s◦)
]
=
[
Qπ

1
(s◦, 1), Q

π

1 (s◦, 1)
]
= [−L,L].

This interval is sharp by theorem 3.2.

Remark K.2. Theorem K.1 isolates the precise regime in which the present paper operates. The target value is not point-
identified by overlap-based methods because the relevant density ratio does not exist, yet the Bellman–Whitney interval
remains finite and informative.

K.2. Covered Comparators Do Not Identify Uncovered Targets

Proposition K.3 (Comparator coverage does not imply target-policy identification). Consider the two-stage problem H = 2
with:

1. singleton state spaces
S1 = {s1}, S2 = {s2};

2. action space A = {0, 1};

3. behavior support
C1 = {(s1, 0)}, C2 = {(s2, 0)};

4. zero stage-one reward and deterministic transition from (s1, 0) to s2;

5. supported stage-two reward mean
E[R2 | X2 = (s2, 0)] = 0;

6. Bellman–Lipschitz radii L1, L2 ≥ 1.

Let πcov denote the covered comparator policy that chooses action 0 at both stages, and let πtar denote the target policy
that also chooses action 0 at stage 1 but chooses the uncovered action 1 at stage 2. Then:

1. the covered comparator is point-identified with value

V πcov

1 (s1) = 0;

2. the uncovered target policy is not point-identified and satisfies

Iπtar

= [−L2, L2].

60



3300
3301
3302
3303
3304
3305
3306
3307
3308
3309
3310
3311
3312
3313
3314
3315
3316
3317
3318
3319
3320
3321
3322
3323
3324
3325
3326
3327
3328
3329
3330
3331
3332
3333
3334
3335
3336
3337
3338
3339
3340
3341
3342
3343
3344
3345
3346
3347
3348
3349
3350
3351
3352
3353
3354

Bellman–Whitney Envelopes under Support Holes

Proof. Under πcov, the only visited state–action points are the observed support points (s1, 0) and (s2, 0). Since both
stagewise support Bellman targets are exactly known and equal to zero, the value of the covered comparator is

V πcov

1 (s1) = 0.

For the uncovered target πtar, stage 1 is still covered, but stage 2 visits the unsupported action (s2, 1). At stage 2, the same
calculation as in theorem K.1 gives

Qπ

2
(s2, 1) = −L2, Q

π

2 (s2, 1) = L2.

Hence
V π

2 (s2) = −L2, V
π

2 (s2) = L2,

because the target policy is deterministic at stage 2.

At stage 1, the target takes the covered action (s1, 0), the stage-one reward is zero, and the transition to s2 is deterministic.
Therefore the supported Bellman target at stage 1 is exactly the continuation value at s2, so

V π
1 (s1) = V π

2 (s2) = −L2, V
π

1 (s1) = V
π

2 (s2) = L2.

By theorem 3.2,
Iπtar

=
[
V π

1 (s1), V
π

1 (s1)
]
= [−L2, L2].

Remark K.4. Theorem K.3 shows that guarantees relative to covered comparators do not identify the value of an arbitrary
target policy that enters a support hole, even if the target shares the entire earlier trajectory with a covered policy and deviates
only at a single final decision.

K.3. The Control-Compatible Class Is Not Convex

The next example explains why the control section proves a sandwich/certification theorem rather than a sharp interval
theorem for optimal values.

Proposition K.5 (Nonconvexity of the control-compatible tail class). Consider the one-step control problem H = 1 with:

1. a single state s◦;

2. action space A = {0, 1};

3. support
C1 = {(s◦, 0)};

4. supported reward mean
E[R1 | X1 = (s◦, 0)] = 0;

5. Bellman–Lipschitz radius L1 = 2.

Then the control-compatible class Cctl,L
1:H from Appendix J is not convex.

Proof. Define two state–action value functions

Q+(s◦, 0) = 0, Q+(s◦, 1) = 2,

and
Q−(s◦, 0) = 0, Q−(s◦, 1) = −2.

Because the action separation in the product metric is one,

Lip1(Q
+) = 2, Lip1(Q

−) = 2.
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Both functions are therefore L1-Lipschitz. On the observed support, both satisfy the Bellman equality

Q+(s◦, 0) = 0 = Q−(s◦, 0),

which matches the supported reward mean.

Now define the corresponding control values by pointwise maximization:

V +(s◦) = max
{
Q+(s◦, 0), Q

+(s◦, 1)
}
= 2,

and
V −(s◦) = max

{
Q−(s◦, 0), Q

−(s◦, 1)
}
= 0.

Hence both pairs
(Q+, V +, V2 ≡ 0), (Q−, V −, V2 ≡ 0)

belong to Cctl,L
1:H .

Consider now the midpoint pair

Q̄ :=
1

2
(Q+ +Q−), V̄ :=

1

2
(V + + V −).

Then
Q̄(s◦, 0) = 0, Q̄(s◦, 1) = 0, V̄ (s◦) = 1.

The function Q̄ is still 2-Lipschitz and satisfies Bellman equality on the support, but

max
a∈A

Q̄(s◦, a) = 0 ̸= 1 = V̄ (s◦).

Thus the averaged pair (Q̄, V̄ , V2 ≡ 0) is not control-compatible. Therefore Cctl,L
1:H is not convex.

Remark K.6. The obstruction in theorem K.5 is exactly the nonlinearity of the maximization operator Q 7→ maxaQ(·, a).
This is why the control theory in Section 7 is framed in terms of certification sets rather than sharp scalar intervals.

K.4. History-Space Reduction Can Be Exponentially Larger

The final example shows that Bellman collapse is not merely a proof convenience. Without exploiting Markov structure, a
direct history-space contextual reduction can grow exponentially with the horizon even when the Markov state space is
constant.

Proposition K.7 (Exponential history-space blow-up without Bellman collapse). Fix any horizon H ≥ 1. Consider the
Markov family with:

1. a single state at each stage,
Sh = {sh}, h ∈ [H];

2. action space A = {0, 1};

3. behavior policy that randomizes independently and uniformly at every stage:

µh(· | sh) = Unif{0, 1};

4. deterministic state transition from sh to sh+1 for every action.

Then:

1. the stagewise Markov state–action space has constant size

|Xh| = 2 ∀h ∈ [H];
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2. the stage-h history space
Hh := {(a1, . . . , ah−1, sh) : ai ∈ {0, 1}}

has cardinality
|Hh| = 2h−1;

3. consequently, any direct one-step contextual reduction that treats distinct histories as distinct contexts at stage h (Khan
et al., 2024) must represent at least

|Hh ×A| = 2h

history–action pairs, whereas the Bellman–Whitney recursion represents the same stage using only the two Markov
state–action points in Xh.

Proof. The first claim is immediate: each stage has one state and two actions, so

|Xh| = |{sh} × {0, 1}| = 2.

For the second claim, a stage-h history consists of the fixed current state sh together with the sequence of past actions
(a1, . . . , ah−1). Since each past action can be chosen independently from {0, 1}, the number of distinct histories is exactly

2h−1.

The third claim follows because a one-step contextual reduction over histories must index the stage-h decision problem by
the context-history pair (Hh, ah) ∈ Hh ×A, which has cardinality

|Hh ×A| = |Hh| |A| = 2h−1 · 2 = 2h.

By contrast, the Bellman–Whitney recursion uses only the Markov state–action domain Xh, whose size is 2.

Remark K.8. Theorem K.7 shows that Bellman collapse is not cosmetic. Even on a constant-state MDP, a direct history-space
treatment distinguishes exponentially many contexts, while the Bellman–Whitney recursion remains stagewise Markov and
therefore linear in the horizon.

L. Extended Related Work
This appendix positions the Bellman–Whitney framework relative to the closest neighboring theory lines. The most relevant
comparisons are not generic “offline RL” references, but works that are close along one of the following axes:

1. partial identification without overlap;

2. sequential off-policy evaluation under weak but nonzero overlap;

3. interval methods for bias or misspecification in point-identified OPE;

4. sequential lower/upper bounds under confounding or hidden bias;

5. generic conditional-linear-program formulations of partial identification;

6. offline RL under partial coverage;

7. robust dynamic programming under exogenous ambiguity.

The paper is closest to these lines, but not reducible to any of them.

63



3465
3466
3467
3468
3469
3470
3471
3472
3473
3474
3475
3476
3477
3478
3479
3480
3481
3482
3483
3484
3485
3486
3487
3488
3489
3490
3491
3492
3493
3494
3495
3496
3497
3498
3499
3500
3501
3502
3503
3504
3505
3506
3507
3508
3509
3510
3511
3512
3513
3514
3515
3516
3517
3518
3519

Bellman–Whitney Envelopes under Support Holes

One-step no-overlap partial identification under smoothness. The nearest one-step antecedent is Khan et al. (2024),
who study off-policy evaluation without overlap in the contextual setting under nonparametric smoothness assumptions, with
a particular focus on Lipschitz smoothness. Their main contribution is a sharp upper/lower characterization of the one-step
value under no overlap, together with optimal estimators of those bounds. Our theorem 3.3 shows that the Bellman–Whitney
framework recovers exactly that one-step geometry when H = 1. The distinction is that our main object is not a contextual
LP or a single-stage smoothness program, but a sequential Bellman collapse: under Bellman–Lipschitz closure, the full
long-horizon identified set reduces to a backward dynamic envelope recursion. This Bellman collapse is the structural
novelty; Appendix K shows that a direct history-space reduction can be exponentially larger in the horizon.

Weak-overlap sequential OPE. A different line studies sequential OPE when overlap is weakened but not destroyed.
The closest such paper is Mehrabi & Wager (2024), who study off-policy evaluation in MDPs under weak distributional
overlap. Their analysis remains in a point-identified regime and assumes that the target/data distribution ratio satisfies
a square-integrability or tail-type condition, leading to truncated doubly robust estimators with slower-than-n−1/2 rates
when the overlap deteriorates. By contrast, our target policy may enter regions of genuine zero support, so no density ratio
need exist at all (Appendix K). The fundamental object is therefore not a single latent value but an identified interval. In
short, Mehrabi & Wager (2024) weaken overlap while preserving point identification; we drop point identification itself and
characterize the sharp identified set.

Intervals from approximation error versus intervals from support holes. Jiang & Huang (2020) introduce minimax
value intervals for off-policy evaluation and policy optimization that unify value-learning and weight-learning views and
quantify misspecification bias in function-approximation-based OPE. Those intervals are extremely important conceptually,
but they serve a different purpose from ours. Their interval quantifies bias under approximate models in a point-identified
problem; our interval quantifies partial identification under genuine support holes. In the Jiang–Huang framework, if the
relevant function classes are correct, the interval can collapse even when coverage is imperfect. In our framework, even
with exact population knowledge of the supported Bellman data, the interval may remain nondegenerate because the target
policy leaves the observed support. This distinction is exactly the one formalized by the geometry and sharpness theorems
in Sections 5 and G.

Sequential lower/upper bounds under confounding or hidden bias. Another nearby line studies sequential off-policy
evaluation when the data are not only unsupported but also confounded. The closest paper here is Zhang & Bareinboim
(2025), who derive Bellman-style lower and upper value bounds for confounding-robust off-policy evaluation using causal
eligibility traces. The conceptual similarity is obvious: both papers replace point identification by lower/upper Bellman
recursions. The distinction, however, is equally important. Their setting is a causal identifiability problem driven by
unobserved confounding and observational bias; ours is a support-hole partial-identification problem in a fully observed
Bellman-smooth model class. Their bounds arise from causal restrictions; ours arise from metric Bellman–Lipschitz
extension geometry. Correspondingly, our main theorem is a sharp Bellman–Whitney identified interval together with a
no-gap duality theorem and a dynamic support-hole geometry theorem, whereas their analysis is organized around causal
Bellman bounds and eligibility-trace estimators.

Generic conditional LP formulations of partial identification. Ben-Michael (2025) develop a general framework for
estimation, inference, and policy learning when the parameter of interest is partially identified by a family of conditional
linear programs. That paper is perhaps the closest abstract methodological relative of our work: it treats partially identified
decision problems as optimization problems over conditionally indexed linear constraints. The relationship is that our
Bellman–Whitney programs can be viewed as a very structured sequential specialization of that philosophy. The distinction
is that our paper exploits the Bellman structure to collapse a potentially trajectory-indexed partial-identification problem into
a stagewise dynamic program with exact recursive envelopes, a strong duality theorem, and a width geometry that admits
explicit least-favorable sequential instances. In other words, Ben-Michael (2025) provide a generic conditional-LP language,
whereas our contribution is a Bellman-specific structural collapse theorem.

Offline RL under partial coverage. A separate and highly relevant line studies partial coverage in offline RL. The
closest foundational paper here is Uehara & Sun (2022), who develop pessimistic model-based offline RL under partial
coverage. More recently, Liu et al. (2026) study offline RL under Q⋆-approximation and partial coverage, introduce an
intrinsic complexity notion for partial-coverage offline RL, and derive new complexity and sample-efficiency results together
with a second-order performance-difference lemma. These papers are close in spirit because they explicitly abandon full
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coverage. Nevertheless, they study a different formal object from ours. Their goal is to learn a good policy or characterize
sample complexity in a point-identified offline RL problem under structural coverage conditions—often relative to suitably
covered comparators or complexity classes. Our goal is to characterize the sharp identified set of an arbitrary fixed target
policy that may itself enter uncovered regions. Appendix K makes this distinction explicit: covered comparators can be
point-identified while an uncovered target policy remains only partially identified.

Robust MDPs and rectangular ambiguity. The control corollary in Section 7 is also related in spirit to the robust
dynamic-programming literature, especially the rectangular uncertainty frameworks of Iyengar (2005) and Nilim & Ghaoui
(2005). Both that literature and our control appendix rely on stagewise rectangularity to obtain time-consistent backward
recursions. The difference is in the source and interpretation of the uncertainty set. In robust MDPs, the analyst posits
an exogenous ambiguity set over transition laws and optimizes a worst-case value. In our setting, the uncertainty set is
endogenously induced by observed support constraints together with a Bellman–Lipschitz extension class. The resulting
control output is therefore not a distributionally robust policy in the usual sense, but a set of certifiably good, certifiably bad,
and intrinsically ambiguous actions under partial identification.

What is genuinely specific to the present paper. Taken together, the distinctions above explain the exact contribution of
the Bellman–Whitney framework:

1. it treats arbitrary target policies that may enter genuine support holes, rather than weak-overlap or comparator-only
regimes;

2. it gives a sharp identified interval, not merely valid lower and upper certificates;

3. it derives a no-gap dual characterization of the interval endpoints through one-sided Bellman relaxations;

4. it identifies a dynamic support-hole geometry and proves its sharpness on explicit least-favorable sequential families;

5. it separates irreducible identified-set width from endpoint-estimation difficulty;

6. it yields action certificates for control without overclaiming a sharp optimal-control interval in a nonconvex class.

These are the exact senses in which the present work is adjacent to, but not subsumed by, the neighboring literatures above.
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