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ABSTRACT

This paper considers estimating nonparametric functions in a reproducing kernel
Hilbert space (RKHS) for kernel learning problems with large-scale data. Kernel
learning with large-scale data is computationally intensive, particularly due to the
high cost and complexity of tuning parameter selection. Existing sampling methods
for scalable kernel learning, such as the leverage score-based sampling method
and its variants, are designed to sketch the kernel matrix to minimize the expected
global (in-sample or out-of-sample) prediction error. In complement to existing
methods, this paper proposes an optimal informative sampling method to estimate
nonparametric functions pointwisely when the subsample size is potentially small.
Our method is tailored for scenarios where computational resources are limited,
yet accurate pointwise prediction at each test location is desired. It aims to select
an informative sub-data, which is different from sketch methods that aim to select
the columns of a kernel matrix. Theoretical studies compare the efficiency of the
proposed method to that based on the full data with optimally selected tuning
parameters. Furthermore, integrating our sub-data selection with sketching meth-
ods can improve computation time of full-data based sketching methods while
maintaining the same statistical efficiency. Numerical experiments demonstrate the
statistical and computational efficiency of the proposed method.

1 INTRODUCTION

Large-scale data sets that have a large number of records with a great variety of resources are
increasingly common in many applications such as genomics and genetics, neuro-imaging, and
finance. While the increasing amount of data size brings tremendous potential for discoveries and
makes it possible to fit complex models such as deep neural network models, it also brings tremendous
challenges to many existing algorithms to process and analyze data quickly and efficiently. This paper
is on large-scale data sets with large sample sizes. With increasing complexity and heterogeneity,
nonparametric models are reliable and realistic because of their flexibility in the assumption and
structure of the model. This paper focuses on nonparametric regularizations in an RKHS or the
so-called kernel machine methods (Wahba, |1990; Wang, [201 1} |Gu, [2013} |L1u et al., 2007).

The statistical properties of the kernel machine methods have been well-documented. However, the
computation of the kernel machine method can be challenging for large-scale data sets. It is well
known that the computational cost is at the order of O(NN?3) using a direct computation, where NN is
the sample size. To address the computational challenge, |[Zhang et al.|(2015)) developed a divide-and-
conquer approach. The divide-and-conquer approach (Chen et al., 2021} [Li et al., |2013) has been
one of the most frequently used strategies. It first breaks down large-scale data into independent
processable subsets, sending them to distributed machines for processing to obtain intermediate
results, and these intermediate results are merged into final results. Besides the divide-and-conquer
approach, there have been various approximation methods developed in the literature, including
random Fourier features (Yang et al.,2012; |Rahimi & Recht| [2007), the Nystrom method (Williams
& Seeger, [2001), FALKON (Rudi et al., 2017 Meanti et al., 2020) and EigenPro method (MA &
Belkin, [2017; |Abedsoltan et al., 2023). While random Fourier features approximate the functions in
an RKHS using a smaller number of randomly sampled basis functions, Nystrom method applies
the idea of sketch to replace the empirical kernel matrix by a much smaller matrix with subsampled
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columns. The FALKON and EigenPro method combine the preconditioning idea and the random
projection idea to speed up the computation.

The article aims to develop a sub-data selection-based method for nonparametric function estimation
in an RKHS to achieve the best statistical efficiency when the computational resource is limited
(Yao & Wang, 2021). The goal of our sub-data selection is to select the most informative subset of
observations, which is different from the existing sketch methods based on subsampling methods,
such as leverage score-based sampling(Alaoui & Mahoneyl, 2015} Rudi et al., 2015;2018), which
have been developed to subsample columns of a kernel matrix. There exist abundant sub-data
selection approaches for data generated from parametric models. For example, Drineas et al.| (2000));
Mahoney|(2011)) considered leverage sampling and Wang et al.| (2019a)) proposed an information-
based optimal subdata selection (IBOSS) to find subdata with the maximal information matrix under
the D- optimality for linear regression models. Ma & Sun| (2015) developed local case-control
sampling and |Cheng et al.| (2020) generalized the idea of IBOSS for logistic regression models.
In addition, subdata selection approaches have been proposed for generalized linear models (A1
et al.| 2018) and quantile regression (Wang & Ma, |2020). A comprehensive review of these existing
subdata selection methods for parametric models may be found in|Yao & Wang|(2021);|Chang| (2024).
However, there is limited research on subdata selection methods targeting on nonparametric function
estimation. Recently, Chang|(2024)) developed a stratified subsampling approach for a supervised
learning in a nonparametric model setting. It is based on a partitioning estimate that is similar to
the regression tree or Nadaraya-Watson kernel estimator, which is different from the kernel machine
method discussed in this paper.

Inspired by the existing sub-data selection methods, we propose a new sub-data selection methodology
to estimate nonparametric functions in an RKHS. We first apply a clustering method such as k-means
or other clustering algorithms to select representative data points. The nonparametric function values
in each cluster are roughly approximated by the functional values at representative data points. To
decide the sampling weights for each cluster, we minimize the MSE of the nonparametric function
estimator that is constructed based on the selected representative data points. However, the sampling
weights depend on a tuning parameter which is unknown. To address this issue, we adopted a one-step
iteration procedure to choose a tuning parameter using representative data points via the BIC criterion
or cross-validation. The optimal weights depend on the cluster centers decided by the K-means
algorithm, the chosen kernel function, and the selected tuning parameter. After selecting multiple sub-
datasets using the optimal weights, we apply the kernel machine method to each selected sub-dataset
and aggregate the estimators to obtain the final estimate. We further show that the sub-data selection
method can be integrated with sketching methods such as FALKON to improve the computation time
for pointwise estimation while maintaining the same statistical efficiency.

From a theoretical perspective, the proposed method is designed to select a sub-sample (with a fixed
sample size) to minimize the expected prediction error at every test data point, hence it minimizes
the expected prediction error for every test data set. It is different from existing research for sketch
method in kernel learning, which has established its optimality to minimize the expected global
prediction error. For example, Musco & Musco| (2017) considers in-sample prediction error and
Rudi et al.| (2015} [2018)); |Alaoui & Mahoney| (2015) consider the expected global generalization
(out-of-sample) prediction error. While these results are interesting and important, they do not directly
guarantee generalization performance for every test data point. Our contribution is to establish the
rate of convergence of the proposed estimator, and demonstrate its advantage in improving the
convergence rate of the RKHS estimator based on subsamples obtained from a Simple Random
Sampling (SRS). The results are interesting since they confirm that the proposed sub-data selection is
informative in making use of the full data to improve the prediction error.

From a numerical perspective, our numerical results show that our proposed method is computa-
tionally efficient when compared with a Simple Random Sample (SRS) approach and maintains
estimation accuracy when compared with the full data approach. The integrated mean squared errors
of our proposed method are comparable to that of using full data while computational time is as
good as the SRS based approach. More importantly, the proposed approach achieves a good balance
between statistical efficiency and computational efficiency when compared with the full data-based
and the SRS-based approaches. In addition, we investigate a combination of proposed method with
sketching methods (e.g., FALKON) to improve computation time of existing sketching methods.
The proposed method has shown better MSE in out-of-sample prediction than some existing sketch
algorithms, including Nystrom (Williams & Seeger, 2001) and FALKON (Rudi et al.,|2017; |Meanti
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et al.,[2020). We also compare the performance of the proposed method with these sketch algorithms
in the YearPredictionMSE data set.

This manuscript is organized in the following way. In Section 2, we provide the basic framework, an
introduction of regularization in RKHS with full data sets, and the proposed method for regularization
in RKHS with large-scale data, with the details of our algorithm. Theoretical justification is given in
Section 3. The numerical and simulation studies are included in Section 4. Section 5 includes an
application of the proposed method to a real data set and compares/combines it with other sketch
algorithms. A brief discussion is provided in Section 6. All the technical proofs and additional
numerical results and details are included in the Appendix.

2 REGULARIZATION IN REPRODUCING KERNEL HILBERT SPACES

Consider a continuous response y; and a p-dimensional covariate vector X;, modeled as
yi = fo(Xi)+e, i=1,...,N,

where ¢; are i.i.d. errors with mean zero and variance o2. We assume f, belongs to a reproducing
kernel Hilbert space (RKHS) #% induced by a symmetric, positive-definite kernel K : 2" x 2~ — R.

If 4 is a finite measure on 2" and | K (z, z)dp(z) < oo, applying Mercer’s theorem (Mercer, 1909),
one can write K (z,y) = Zj‘;l A (2);(y), where {t;} form an orthonormal basis in L*(p),

Aj > 0,and 252, Ay < o0, The RKHS is i = { f(w) = X232, et(w) : 52, /s < oo,
o0 2

with norm || f|%,,. = >_j=1¢j/A;. To estimate fo, we solve

N
X 1
.= in — Y {yi — F(X)F + X f 1
I argfrg;;}KNiZI{y F(X)} + NN fl5a

where \* > 0 is a tuning parameter. By applying representer theorem (Wahbal |1990; Kimeldorf &
‘Wahba, |1971), the solution has the finite expansion fy = (z) = El]il a K (x, X;), with coefficients

a = [ay, - ,ax]'. Plugging this into the above objective for estimating fo, it yields an objective
function for a, which is J(a) = +|ly — Ka|? + \*a"Ka, where K € RY*" has entries

K (X;,X;). The solution & that minimizes J(a) is @ = N=!A\* (I + N‘l)\*flK)_ly. Thus, for
any ,

Frae (@) = NI LK (X0, K (o X)] (T4 NI UK) g

This requires inverting an /N x [N matrix, which is computationally demanding for large N. Moreover,
performance depends on selecting A*, adding to the computational cost.

2.1 PROPOSED METHOD FOR REGULARIZATION IN AN RKHS

Given data pairs (X1,¥1), ..., (Xn,yn) for a large N, the goal is to estimate a nonparametric
function fy(x) for a given x. Because N is very large, a direct application of kernel machine
method is time-consuming even not possible due to the inverse of an N x N matrix. Given a
limited computational resource, we consider a sub-data selection approach by selecting a subsample
(Xky Yky )y - - 5 (Xk,, , Yk, ) With size n from the original sample with size N while maximizing the

statistical efficiency of the resulting kernel machine estimator fn 5+ (), where A* denotes the tuning
parameter for the proposed method.

Our proposed procedure makes use of the smoothness property of the nonparametric functions
by approximating the functional values of fo(z) by a set of representative data points. To find
the representative points, we firstly apply a clustering approach to cluster N data points into L
representative clusters {Cy, .. .,Cr}, and then re-sampling with optimal weights {w; 1.c, .. ., Ws. .0}
from these L clusters to obtain these representative data points. Euclidean k-means is a common
choice for clustering, it is appropriate for kernels that preserve local Euclidean structure (such as an
RBF kernel). For RKHS spaces introduced by more general kernels, clustering algorithms such as
kernel K-means or K-medians (Wang et al.| [2019b) that preserve the geometry structure of the RKHS
space are better choices.
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Algorithm 1 Proposed Weighted Resampling RKHS Estimator

Require: Data {(X;,y;)} ;, subsample size n, number of clusters L, number of resamples B and
kernel K
Ensure: f 5. (z)

1: Clustering. Given X1, ..., Xy and subsample size n, apply a clustering method such as K-
means (or random projected K-means or kernel K-means or K-medians) to partition the dataset
into L clusters Cy, . . ., Cr,. Let the cluster centers be {C1,...,CL}.

2: Tuning A*. Apply cross-validation or BIC method to find the tuning parameter \* for the RKHS
regression using the representative points {C1,...,CL}.

3: Assigning weights. Using \*, compute optimal cluster weights w; 1.¢, . .., we, ¢ as defined in
, and compute weights w; (zq) for each data points defined in Section 3.2.

4: forb=1to B do

5: Resampling with weights. Using the weights w; (), ...,wy(z) to sample n points from
{X1,...,Xn} to obtain { X7, ..., X} and corresponding outcomes y* = [y5,...,y:] "

6: Compute RKHS estimator. Using the selected sample and A* to compute fflbz\ () which

is defined similarly to fN7 A+ () except that it uses the b-th sampling data.

7: end for
; L~ 0
8: Aggregate: The final estimate of fo(2) is f,, 5.(z) = 5 Z fn:*(m)
b=1
The optimal weights {w, 1,c,...,ws 1,c} are chosen to maximize the statistical efficiency of the
proposed estimator. Let {Cy,...,Cy,} denote the clusters, where C; contains N; observations with

Zle N; = N. We denote the center of cluster C; by C;. Suppose we select a subdata set with size n,

among them n; data points are from the [-th cluster so that n; = nw, ; ¢ and ZZL:1 wg1,c = 1. For
all the data selected from the cluster C;, we approximate them using their representative data centers
C). With a slightly abuse of notations, we rearrange the data {y1, ..., yn} by clusters and denote y;;
the j-th data points selected from the [-th cluster. Then, the corresponding model for the [-th cluster

mean g, = 7L yij/mu is

o= fo(Cr) + &,
where €, = Z;”: | €15/ny has mean zero and variance 02 /(nw, ;). We then consider the following
RKHS nonparametric estimation of fo(z) given the above model:

fn;\* (LC) _ L—l;\*—l [K(:chl)’ .. ',K(-T,CL)] (I + L_lj\*_ch)_l’g7

where K. is an L x L matrix with (4, j)-th element K (C;,C;) and § = [, -- , %] . Conditional
on the centers {C, ..., CL}, the variance of the estimate f, 5. (z) is therefore

1

Var{fm;\* (2)} = 2LV T2 K,(C) T (T+ LIV TIK,) 'D, I+ L7V K,) T K, (0),

where K, (C) = [K(z,C1), -+, K(z,CL)] "D, = diag{1/w, 1.0, - ,1/ws.r.c}. Because
E(y) = [fo(C1),--+, fo(CL)]T, the conditional bias of the estimator fn);* (z) is independent of
the choices of w, ; ¢’s. Therefore, to minimize the conditional MSE of fn 5+ (), we could choose
wy,1,¢’s that minimize the variance of fn 5+ (2):

Wy, = arg min . Var{fm;\* (z)}. 1)

We,1,c20,> we 0=

It is not difficult to check that Var{f, 5. ()} = L2302 23" | K2, /w, ;. c. where K, is the
l-th element of the vector K, which is defined by
K(l‘, Cl) Ka:l
K,=(I+L V'K, : ~| :
K(x, CL) KxL
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Therefore, the optimal weights w; ; ¢’s that minimize the variance is

L
wero = |Kul/ Y | Kal- )
=1

Because the above optimal weights depend on the tuning parameter \*, an initial tuning parameter is
needed to determine the optimal weights. We have compared an iterative algorithm with a one-step
iterative algorithm, and we found that their performance were similar. To save computational time,
we adapted the one-step iterative procedure in Algorithm|T]

For the tuning procedure in Algorithm |1} it requires fn 5+ (z) which is an RKHS estimator of
fo(x) based on the centers selected. However, the estimator depends on the tuning parameter

\*, embedded in the inverse operation, which needed to computed for every possible candidates
A. This leads to a big computational burden. To mitigate computational burden for selecting

the tuning parameter \*, we decompose the kernel matrix for the selected data with size n into

QAQT, where Q is an orthogonal matrix that is independent of M, and A = diag{61, -+ ,0,}
is an n x n diagonal matrix of eigenvalues. Using the notations defined in Algorithm [T} we can

write fn A* (IL‘) = [K(:I,‘7 Xf)7 e 7K($, Xrt)}TQAg*lQTy*7 where y* = [yf> e ’y:L]T isann x1
vector and Az, = diag{j\* + 01, N+ 0., }. Then, one only needs to compute the inverse of a
diagonal matrix A5, for different tuning parameters.

3 THEORETICAL JUSTIFICATION

3.1 ASYMPTOTIC RATE AND TUNING WITH FULL DATA

Theorem 1. Assume X has a probability density function 7(x) and E{t}(X)} < co. If \; decays
at the order of % for some k > 1 where A; is the j-th largest eigenvalue of the positive definite
K(-,-) and k is the decaying rate. For any f € ¢ with expansion f(x) = Z;x;l ¢;¥;j(z) and
the coefficients satisfy c?)\;l = j~%a > 1), the optimal rate of tuning parameter is: A\* =<
N _#@*U, and the corresponding asymptotic integrated mean squared error (IMSE) is || f N —

(a=D+k
foll? = Op{ N~ @1+ +1 } where ||g|| is the Ly norm of a function g.

The assumptions on eigenvalues and eigenfunctions of kernel are common in the literature (e.g./Yuan
& Cai|(2010); [Zhang et al.|(2015))). The details of the proof of TheoremE]are given in the Appendix.
Comparing with the results in the existing literature (e.g.,|Yuan & Cai (2010)), the results in Theorem
give a more specific rate of convergence for the functions f € ¢k with a specific form specified
in Theorem [T} If we consider all the possible functions in /%, the rate of convergence is given by
(letting a — 1) || fxxs — fol|2 = O, (N _k%rl) For functions in a univariate Sobolev space of order
m, the eigenvalue of the corresponding reproducing kernel is at the order of A; =< j~2™ Yuan & Cai

(2010), then the rate of the convergence is given by || fxx» — foll®> = O, (N~ T ). This rate is
known to be optimal in the literature (e.g. Zhang et al.| (2015)).

Theorem I has multi-purposes. First, the rate of convergence results of Theorem []is a basis to define
an efficiency index, which is designed to measure the trade-off between computational and statistical
efficiency. This would facilitate the comparison among different methods. The details are given
in Section 4. Second, Theorem [I] provides a general guidance about the order of tuning parameter
choices subject to a constant, which can be further selected by the BIC or cross-validation.

3.2 ASYMPTOTIC RATE AND TUNING WITH RESAMPLING UNDER PROPOSED METHOD

For a given x, the proposed resampling weights for a sample X; € C; where C; is the [-th cluster
whose center is C; with a cluster size N, the weight for X; to be selected is: w;(zg) = Nflwwl’c,
where w,, ;. c was defined in . For each xy and the j-th eigenfunctions, define w;, ; =

Zf\il w;(xo) 1/)? (XZ)} Denote the indices of the sampled data points with size n for a given x
by .7 (zo) = {if,...,i5} C {1,..., N}, and the sampled data points are {(X;,y;) : i € . (z0)}.
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The following Lemma studies the weight function w,, ;. The detailed proof of Lemma |I| can be
found in the Appendix.

Lemma 1. Let wy, ;¢ be the cluster-level weights defined by (El), and assign each sample X; € C; the
resampling weights w;(xo) = Nfl Way,1,0- Define wy, j = IE{ va 1 wl(l'())’d)2( )} If\j=<j —k
and [ K*(z,y)dr(y) < oo, then wy, ; < /\j_2 = j2k

The proposed estimator of f(zo) is f,, 5. ,, (%0), which is given by:

Foerm =2 min [2 5™ (= SN+ 21

€A
f K €5 (o)

Define the functional fn 5 of the proposed estimator by collecting the estimators at all zg € 2

together fn e = { fn,i*,zo (o) : ®g € X }, where 2" is the space of the predictor/feature x.

Theorem 2. Assume X has a probability density function e e e, s o o
7(x) and E{¢7(X)} < oc. If A; decays at the order of ; e
4% for some k > 1 where )\, is the j-th largest eigenvalue
of the positive definite K(-,-) and k is the decaying rate. [

Assume w,, ; < j” for 0 < 8 < k. Then, for any func- |

tion fo in RKHS, the optimal rate of the tuning parameter A e

< k— ~

ist X = o FTE B < 1/2and A = no V2 f

B > 1/2, and the corresponding asymptotic IMSE of the
estimator f,, 5. is

& . Figure 1: Asymptotic MSE for the pro-
Op(n Hl*za) if 5 € [0,1/2), posed method for different values of

H]E - f0||2 ={ 0,(n! log(n)) if B =1/2 B and k. Solid curves show the pro-
A . ) posed method (using the optimal \*),
Op(n™ ) it g >1/2. and dashed curves show the rate the full-

data estimator for comparison.

The assumption w,, ; = j” in Theorem [2|is based on the result in Lemmam Detailed proof of
Theorem|2]is given in the Appendix. Based on the results in Theorem 2] the rate of convergence of the
proposed estimator is || fn S — f0H2 = Op(n_ FTp ) or Op(n~") for any functions in the RKHS
F . Because 8 > 0, the rate of the proposed estimator is faster than the rate of the RKHS estimator
k
sampled by the SRS with the same subsample size, which is given by n~ #+1. The proposed method
leads to more substantial improvement when 8 > 1/2, where the optimum reaches the parametric
rate n~* with sample size n. The improvement in the estimator rate is due to informative sampling,

where the sampling weights carry the information of the entire data set. An illustration of the rate
improvement is provided in Figure [T}

4 SIMULATION STUDY

4.1 PROPOSED VS. SIMPLE RANDOM SAMPLE VS. FULL DATA

Starting with the simplest case, we evaluate the numerical performance of our proposed method in
estimating the unknown function fy(x) = 5 cos z, and compare it with that based on the full data and
data sampled using a simple random sampling (SRS) strategy. The full sample size is denoted by N
and the subsample size is denoted by n. The random errors €1, . . ., €, ~ N(0,0.5) i.i.d.. The kernel
function K (-, -) was Gaussian. Results are based on 100 replications, and B = 1 was used for the
proposed method. The simulation study was implemented in an R environment.

To evaluate each method, we compute the integrated mean squared error (IMSE) and record the
computational time. To compare methods A and R, we use relative efficiency (RE):

Efficiency ,  (IMSE4) *(Time4)

Efficiency,  (IMSEg)~*(Timeg)~#’

RE =
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Table 1: IMSE, average timing (hr:min’sec”) and relative efficiency (RE) for fo(z) = 5 cos(x).

Full Data Proposed SRS

N n  IMSE Time | IMSE Time RE | IMSE Time RE
1000 100 0.0034 0:0’2 | 0.0074 0:000 2.20 | 0.0297 0:000 0.68
1000 200 0.0034 0:0’2 | 0.0046  0:000 2.66 | 0.0152 0:000 0.89
5000 500 0.0008 0:3°35 | 0.0017 0:000 3.26 | 0.0067 0:00 0.85
5000 1000 0.0008  0:3°35 | 0.0011  0:0’3 2.72 | 0.0036  0:02 0.76
10000 1000 0.0005 0:22°16 | 0.0009  0:0°3 3.49 | 0.0036 0:02 0.76
10000 2000 0.0005 0:22°16 | 0.0006 0:0'26 2.98 | 0.0020 0:0’14 0.81

where R is the full-data estimator and we choose o = 5/4, 8 = 1/3 so that the efficiency of the full
data method is (asymptotically) a constant with respect to N because Theorem I|suggests that the
full data approach has IMSE = N—*/5 for functions in the Sobolev space with order m = 2 and
computation time < N3 (using direct computation), and the RE of the method based on the SRS is
approximately 1. RE < 1 indicates method A performed worse than the full data method; RE > 1
indicates method A performed better than the full data method.

4.2 SIMULATION STUDY: FALKON VS. PROPOSED VS. NYSTROM

We compare the proposed K-means—based resampling method with two fast kernel ridge regression
baselines: FALKON methods including FALKON17 (Rudi et al.| 2017) and FALKON20 (Meanti
et al.;,2020), and Nystrom KRR (Williams & Seeger, 2001). We generate 20-dimensional predictors
with five relevant variables and evaluate training sizes N € {2000, 5000, 10000} under matched
computational budgets using subset sizes n € {100,500, 1000}. Across 100 replications, we report
test MSE and total runtime (including tuning). Detailed experimental setup, tuning grids, and
implementation notes are provided in Appendix [E.T]

Table 2: Simulation results: mean squared error (MSE) and total time (seconds) averaged over 100
replications, n is the subset size (M for FALKON/Nystrom and n for Proposed), B = 3 for Proposed.
Time includes tuning and final training.

MSE Time

N n FALKON17 FALKON20 Proposed Nystrom FALKONI17 Proposed Nystrom
2000 100 6.7196 6.7001  5.7745 6.5325 0.0615  0.1241 0.0166
2000 500 4.1357 4.1636  2.2412 25114 0.3186  0.7966  0.5946
2000 1000 3.6189 3.6094 1.7058 2.0939 0.8643 32982  1.2725
5000 100 6.4308 6.4577  5.7397 6.2693 0.1898  0.1805 0.0234
5000 500 2.9266 29216 1.8134 2.3298 0.6127  1.6280 0.6692
5000 1000 2.4558 24484  1.2729 1.9035 1.5446  7.1565 1.6389
10000 100 6.3071 6.3295 5.7606 6.2087 0.2486  0.3953  0.0365
10000 500 2.3723 23875 1.6411 2.0700 1.0347  3.0601  0.7498
10000 1000 2.0695 2.0586  1.0393 1.7595 23338 13.2765 1.9417

Table 2] shows that the proposed method attains the lowest MSE for all the sub-data considered in the
simulation, reflecting the benefit of informative resampling. FALKON remains the fastest, especially
at small n, while Nystrom is competitive but trails the proposed estimator in accuracy under the
similar computational budget.

5 REAL-DATA STUDY: YEARPREDICTIONMSD

5.1 METHOD COMPARISON: PROPOSED VS. FALKON vS. NYSTROM

We evaluate the proposed estimator on the YEARPREDICTIONMSD dataset (90 features, continuous
response) and compare it with Nystrom KRR and FALKON under matched computational budgets.
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For each experiment we draw N € {2000, 5000, 10000, 20000} for training and use a fixed test set of
size 1000, with all randomization seeded for reproducibility. We also apply a simple filter step by
selecting the top-p features where p € {30, 60,90}. All methods use RBF kernels unless otherwise
specified, with subset/landmark budget n = M for Nystrom and FALKON, and n as subsample
size for the proposed method. Full implementation details, kernel settings, and runtime protocol are
provided in Appendix [E:2]

Table 3: YearPredictionMSD data using kernel learning with 1,000 testing data points. Proposed
method uses random-projection-k-means centers, B=3, fixed \*=1, with three kernels: Prop.G =
Gaussian RBF, Prop.M = Matérn-3/2, Prop.L. = Laplace. Times for Proposed are averaged across
these three kernels and shown as total with centers-time in parentheses. FALKON and Nystrom use
Gaussian RBF (0=6). FAL17 and FAL20 refer to the implementations of Rudi et al.[(2017) and
Meanti et al.|(2020), respectively.

MSE Time (s)
N n p Prop.G Prop.M Prop.L. FAL17 FAL20 Nystrtom| Proposed FALKON Nystrém

2000 500 30 100.67 97.76 96.48 122.42 110.40 124.54| 1.32(0.16) 0.12 0.11
60 96.26 93.87 94.14 105.75 97.93 109.25| 1.22(0.08) 0.06 0.05
90 9696 9536 95.34 96.65 95.06 98.38| 1.12(0.07) 0.06 0.06

5000 1000 30 94.55 92.80 91.44 108.61 103.29 116.52| 4.10(0.17) 0.10 0.14
60 9537 92.56 92.98 105.11 106.85 105.20| 3.95 (0.18) 0.09 0.16
90 87.35 88.98 89.07 91.57 93.15 91.59| 3.25(0.16) 0.13 0.16

5000 2000 30 81.39 81.22 80.51 113.93 105.82 154.15|15.05 (0.20) 0.26 0.61
60 78.45 7879 78.42 95.62 103.94  99.60(14.19 (0.17) 0.26 0.63
90 7638 76.62 77.18 86.14 101.82  88.08(14.13 (0.16) 0.25 0.68

10000 1000 30 9290 92.33 92.22 97.37 100.86 101.36| 4.58 (0.41) 0.13 0.27
60 91.16 89.99 91.14 97.00 98.03  93.86| 4.50(0.45) 0.13 0.18
90 88.38 88.53 91.41 90.63 88.72  91.26| 4.56(0.44) 0.10 0.18

10000 2000 30 96.52 95.73 95.16 110.34 101.30 115.29]15.83 (0.48) 0.27 0.71
60 88.77 89.86 90.75 94.10 99.89  95.96(15.48 (0.42) 0.31 0.72
90 87.31 86.63 88.73 87.63 92.06  87.38|15.47 (0.50) 0.26 0.73

20000 1000 30 97.05 96.24 9575 97.44 9537  99.82| 9.84 (1.45) 0.22 0.23
60 9693 96.82 95.11 96.95 95.19  98.38(10.38 (1.40) 0.15 0.25
90 94.05 94.42 95.14 95.02 8942 97.59(10.13 (1.38) 0.15 0.25

20000 2000 30 98.24 98.25 98.34 105.48 94.60 110.94|20.56 (1.42) 0.33 0.92
60 98.50 99.32 97.92 101.90 94.21 103.28(20.38 (1.27) 0.33 1.00
90 94.17 9297 9423 98.11 87.58  93.95(19.79 (1.34) 0.33 0.93

Table 3] summarizes the test MSEs and runtimes. The proposed method is consistently competitive
with (and often outperforms) FALKON and Nystrom in accuracy, with longer but manageable
computation time. This is because our proposed method is pointwise and for each test data point, a
sub-data is selected. The Laplace and Matérn variants provide additional robustness, with Gaussian
RBF performing strongest in some settings. Although the proposed method is designed for sub-data
selection for pointwise prediction, the reported run times show that the proposed approach scales well
for N=20k with n=2000, where total time cost remains at the order of 20 seconds. An investigation
of the impact of clustering methods on the proposed method is given in the Appendix.

5.2 POINTWISE PREDICTION

Since our method is designed for pointwise prediction, we conduct an experiment to demonstrate
how it can be used to improve the computational efficiency of FALKON while maintaining statistical
accuracy. As discussed in Section 3.2, combining our sub-data selection with FALKON allows
pointwise prediction to be performed on a much smaller but informative subset of the data, reducing
training cost without sacrificing estimation quality. In this experiment, FALKON is trained once on
the full training set of size N using M randomly chosen landmarks (Gaussian kernel with o = 6,
A* = 1075, 20 iterations), and then used to predict all 200 test points. In contrast, Prop+FALKON
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begins with k-means clustering on all N points, computes sampling weights for each test point z,
draws a pointwise subdata of size n < 3N 0-8 and fits FALKON with the same M landmarks on this
subset to make the prediction at x.

Table 4: Numerical comparison of pointwise prediction on YearPredict ionMSD using full-data
FALKON and the proposed+FALKON (Prop+F) method across different training sizes N, subdata
sizes n, and landmark counts M. Timing columns give the average computation per test point.
Clust is the k-means clustering time for Prop+F, Train is the training time for Prop+F, and Sel is the
sampling/weighting time for Prop+F.

Sample sizes | MSE \ RMSE | Total Time (s) | Time dist. (Prop+F)
N M n|FALKON Prop+F|FALKON Prop+F|FALKON Prop+F| Clust Train  Sel

10k 0.5k 4.76k| 81.035 83.809 9.002 9.153 0.028 0.273| 0.234 0.018 0.021
20k 1k 8.28k| 88.075 87.974 9.383 9.382 0.107 0.851| 0.713 0.067 0.071
50k 1k 17.23k| 78.571 78.139 8.865 8.840 0.228 3.991| 3.467 0.101 0.423
100k 5k 30.00k| 80.573 85.890 8.977 9.273 3.522 11.765| 8.781 1.844 1.140
100k 10k 30.00k| 85.107 83.930 9.224 9.160| 56.999 17.457| 9.062 7.261 1.134
200k 5k 52.23k| 82.603 77.079 9.090 8.778| 47.972 26.735|21.687 2.162 2.886
200k 10k 52.23k| 75.708 78.909 8.697 8.888| 96.188 33.800]22.693 8.319 2.788

The pointwise results in Table ff] demonstrate that the proposed selection strategy can substantially
reduce the effective training size while preserving predictive accuracy. Across all training sizes, the
subdata-based estimator achieves MSE and RMSE comparable to (and occasionally better than) full
FALKON, despite operating on significantly smaller subsets. The reduction in training points also
leads to computation reduction, particularly for large N = 200k without compromising performance.
As for computational complexity, we compare the theoretical time and memory costs in Table 5}

Table 5: Time and memory complexity of kernel methods. /N = full training size, M = number of
landmarks, n < N7 subdata size selected by the proposed method, where v = (k +1—25)/(k + 1)
if 3 €[0,1/2) and v = k/(k + 1) if 3 > 1/2, k is defined in Theorem[2] K = number of clusters,
and ¢ = number of iterations. Details in[E.2] of the Appendix.

Method Time Complexity Memory Complexity
FALKON (Rudi et al.[(2017); M = /N) O(N?3/2) O(N)
FALKON (Meanti et al.[(2020)) O(NM) + O(M?) O(NM + M?)
Proposed + FALKON O(N'M + N'Kt) O(N'M + M? + K)

6 DISCUSSION

A growing body of recent work has demonstrated theoretical equivalences and connections between
deep neural networks (DNNs) and kernel learning methods (e.g., Jacot et al.[(2018)); |[Zhu et al.| (2022));
Zhang et al.|(2024))). As highlighted in Belkin et al.|(2018), developing a deeper understanding of
more tractable kernel methods is an important step toward building a solid theoretical foundation
for DNNs. This paper contributes to the understanding of kernel learning for large-scale data sets,
both theoretically and empirically. We address the computational challenges of kernel learning by
selecting an informative, prediction-oriented subset of the data, allowing kernel machines to operate
on a much smaller effective sample size. Unlike sketching methods that approximate the kernel
matrix, our approach selects informative samples by assigning sampling weights that minimize the
prediction MSE.

A key finding is that the proposed method can improve the convergence rate by sampling from the
full data in an informative manner. When integrated with FALKON, our method substantially reduces
FALKON’s computational cost on the full data while maintaining its predictive accuracy. Numerical
results show that the proposed method achieves lower IMSE in estimating the unknown nonparametric
function than SRS-based methods and offers IMSE comparable to the full-data estimator. It also
delivers competitive out-of-sample predictive performance relative to existing sketching algorithms,
such as FALKON and Nystrom methods.
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A PROOF OF THEOREM

In this proof, we derive the asymptotic mean squared error of the nonparametric estimator for full
data. First, we recall that, the objective function to estimate fo(z) is given by:

N
p ) 1 2 2
fyxe = arg min {N ; (yi = F(X:)" + A*Ilfll,;zoK} :
where the norm of any function f in /% is:

[e’e] 2 [e'e]
c4
10 = D03 = D0 Nt < o0
j=1"Y j=1

So the objective function is equivalent to:
N o 2
2 * J
+ = arg min )"+ A -
fua g min Z (X)) 2} y
i=1 =

To investigate the asymptotic mean squared error, we will decompose the MSE of the estimator into

deterministic error and stochastic error. More specifically, the estimation error between f N, and the
true function fy can be decomposed as

fN,A* - fo= (fN,)\* — foort) + (foors — fo)

where we refer fy x» — foo,x+ as stochastic error and fo x» — fo as deterministic error. Here fao x»
is the solution of the following objective function:

Foo = axg min {luc() + X113, )

where the loss function I (f) is the limit of [y (f) = + Zivzl (y; — f(X;))?. That is

lso(f) = E(In(f)) =E{y — f(X)}?
= o? + E{f(X) — fo(X)}*

Define the functional f '~ of the population estimator by collecting the estimators at all zp € X

together fNA’ A = { fN, a (o) 1o € X }, where X is the space of the predictor/feature x. Define
the norm:

I fvae — fII? = / < fnar — f, K(xo,-) >, m(xo)dxo

= / < fyae — ﬁZM%(')%(xo) > m(xo)do
j=1
= [0 < e = £ >om w5(a0) Pr(ao)doo
j=1
=Y N < v = F05(0) >
j=1

oo
Z (& — )b, ¥y >,

MgﬁMg

2/~ 2 2
Aj (65 —¢5)” <y, ¥ >0

<.
Il
—_

(& — )™

M

<.
Il
_

We will prove the theorem using parts A.1-A.3 given below.
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Al

Write fo(z) =

By the orthogonality of the eigenfunctions,

f3¢j(z)¢l(x
loo(f) = 0® + E{f(X) —

I
Q

)= o’ +Z(CJ
j=1

)m(z)dx = 0, then we can derive

+

fo(X)}?

E{> e (X) = > anhi(X))?

j=1 1=

i —aj)(e —a)v; (X)) (X))}

Jj=1 l:l

o? + Z(c] —a;)?E{y;(X
j*l

/w,

oo

Z

1

}+Z

J#l

d:erZ

J#l

we have [, v;(2)*n(z)dx

Then the correspondmg objective function can be expressed as:

foonr(cj) = argmin{Q(c;)} = argmin{o? + Z(

We then take derivative w.r.t. ¢; and obtain

QLo (cj) = 2¢; — 2a; +2X" A} le

j=l

ASYMPTOTIC ORDER FOR DETERMINISTIC ERROR foo,,\* — fo.

Yoy ajy(x) and f(z) = 372 ¢;4;(x), then we have

—a;)(er — a)E{y; (X)vu(X)}

Na —a /1/1; Vi (x

2

Cj*aj)%r)\*z ]}

Jj=1

It follows that the minimizer of the above objective function can be written as:

foo)\*

where ¢; = a;/(1+ )\*)\j_l).

To bound the deterministic error, assume a? )\;1 =457

2 o i—(atk) .
aj <j (at+k) .

[ foone = foll* ==

Let J solve Ay < A\*soJ =<

« 2
> (n3w) 4
AjFA) T

“ 2
Y (o) @
Aj+ A J

j>J

Therefore,

[e%¢) [o'e) A\ 1
oo— ,2_ - J
S0 Z<1+»
Jj=1 J
N*—1/k_Split the sum at J:
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A.2 ASYMPTOTIC ORDER FOR STOCHASTIC ERROR fN,A* — foo’,\*.

Recall that
1 )
= Nz{yi_f(Xi)} ;
i=1
and the objective function for f ~,a+ can be written as:

frae = argmfin{QN(f)} = argmfin{lN(f) + N (1113, }-

Note that the functional derivatives of the objective function with respect to f is stochastic, which leads
to a stochastic denominator in the solution of the above objective function, and it is not straightforward
to handle a stochastic denominator. To avoid such difficulty, we define an intermediate quantity

~ _ 1 _
fN,A* = foo,)\* - §G>\*1DZN,A* (.fOO,)\*)
where Gy« = 2 D%l 3+ (foo,a+ ). Then we could write:
Faoe = Foore = (fvne — Fvoae) + (Fvas — Foone)- 3)

To find the orders of the above two terms, we need the functional derivatives given below. For
functions 7, g € ¢ and define the dot product 7 - ¢ =< 1,9 >,

Din(f)-n = dh N Z{% (F + hn K (Xi,)) e Y
- %% Z{yl - <f7 K(XH )>3fk - h<777 K(X“ ')>'—%K}2|h:0

- _N 4 <n7 K(Xia ))ﬂK {yl - <f’ K(Xi’ )>‘%pK}

=23 NH0, )i 9 5t
j*l

D”ijfK 77_22)\ (fs¥i) o (M 05) ¢ and

D2||f||iz‘}( 9—22)\ ¢J Hx 77a¢3>
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A.2.1 EVALUATE THE ORDER OF fNN,/\* — foc’».

Starting from the second term f N A — fm A+ 1N eguation , beicause tlle functional derivatives to the
penalty terms \*|| f||%,,. are the same for Iy« (f) and loo x+ (f), and f is the minimizer of [ x+ (f)
that satisfies that Dl x«(f) = 0. So, we have

Dinx+(f) = Diy - (f) = Dlso+(f) = Din(f) = Dl (f)-

For any function 7, we have

E{DIn(f)-n}* = E{DZN(

~E[-+ N2t +2/{f n(a)m(x)ds]

1

)1 = Dlss(f) -}
N

N 2
— E Z{@i—f(Xi))n(Xi)—E[(f(X)—de))n(X)]}]

= Varl{y — FOOI(X)] < SB[y~ FOOMX)) =

By the definition of G+, we have
2 1o Loon 2
Gx 9= 5D x 19 = 5DI(f) 19+ 5D f5e, 109

N3, 005) 1 (9, 3) e + D NN <0y S < 9505 >
j=1

)\3(1 + )\;1)\*)<g7 wj>9fx <777 wj>3f;(

Il
Mg w\@»—t

<.
l
—

M

<.
Il
—

Let n = ¢, gives
(Gr g, ¥m) e = (A + X) (9, Um) e

which leads to
(G329, 0m) e = A + ) 7Hg, V) e

Then, we can bound the second term in (@) by:
- _ _ 2
Ellfn e — ool = ]EH%GX}DZNW(JCOO’A*) ’

= 1E{ 3 A(GR Diw e (Foo ) i) |
j=1

{
iE{i/\ G +/\* (D lN,»(foo,A*)ﬂ/)jifK}

j=1
— iz; ¥ +)\* {<DlNA*(ﬁ>o A*)s ¢]>2;fK}
=
Ly A E{(DI =N
N +7)\*) (using E{(Dln x (f),¢;)*} =< )

= N/ de (Since A] )‘(j_k,k' > 1)

1
= — \* Uk,
N

16
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A.2.2 EVALUATE THE ORDER OF fN,A* — fN,,\*.

Next we need to find the stochastic order of the second term fy - — i in the expression (3). For
brevity, write

Fe=fnne  Fi=fva = foon
Note that f is the solution of the following first order equation

Din s+ (f) = Diy s« (f) + D2y (F) - (f = ) =0,

and by the definition of f , we have

Din+(f) + Do+ (f) - (f = f) = 0.

From the above two equations, we can find:

D2y (f) - (f = ) = Do (f) - (f = /).

Then we can write:

Dzoo)\ (f_) (fff):D2loo,>\*( )(fff_)+D2loo,>\*( )(.fffr‘)
= D?loox+(f) - (f = f) = DIy (F) - (F = f

= Do (f) - (f = f) = D2n(f) - (f = f).

Using the definition of G+, we have

~—

fF = 3G Do () (= ) = 563 DPaF) - (F = ) = DPn() - (F = )}

Using the similar steps in evaluating E|| f — f]|2, we have

=1 =1 k=1
00 N oo
S RN [E S N < - foth s B (XX}
j=1 i=1 1=1
9 N oo R 2
=S N < = Fotn e (X (X0)]
=1 1l=1

0 00 N N
= EZA?u*’/\*’\ H? NZ)‘E f=Fb >, 2{ZE{1/)j(Xi)7//l(Xi)}—Z¢j(X
] =1 =1

17
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<szm+x (zw Joun) %K)[i {Z X)i(Xa) - iwjm)wz(xi)}z}
_szmw sl P [ZAI{ZE vi(X Zwa 0}

Term A

For Term A, we can expand it as:

lelz{( Xi)u(X >)wj(X¢>wl<Xi>}r
i_ojx Z{ (25 (Xwi(Xs)) = 5 »wl(Xi)}Q]

+ Allz{( Xiyn(X ))—%(Xim(Xi)}{E(ka)wz(xk))—%(Xk)wz(Xk)}]
l

itk

K
AJZ{ (v2( %Q-(Xi)}

1=1

Term 1

oo N
N Y (B (X (X)} = o (X0 (X0) | [ B4 (X)w (X)) = o (Xa (i)

1= i£k

Term 2

To find the orders of Term 1 and Term 2, we evaluate the expectation of Term 1 and the variance of
Term 2, which are given below:

N
B[\ Y {E@HX0) - v3(X)}]
[eS) N
= E[)\j > {vi(xi) - 1} + Ry Z{wj(Xi)wl(Xi)}Q}

i=1 I#£5  i=1

= N NE{p2(X;) — 1} —s—NIE{Z)\lw R (X))
I#7

< AN Var (w200} + N[E{ S w0} + var{ S awien )] B coy
=1 =1

= AN Var{y3(X)} + N [E{K(X, X)}? + Var{K (X, X)}] v [B{v?(x)}]"?

= N.

N
Var | 300 S0 {BIv, (X)X, - wj<Xi>wz<Xi>}{E[%(Xk)wl(mwj<Xk>¢z<Xk>}]
=1 i#k
< SN — D2 E[{E[, (Xawn(X0)] — 65 (X% (X0} B [{Bl; (X (X0)] - 5 (Xe) (X))
=1

+ ) NN = 1) Var{;(X)¢hy (X) } Var {¢h; (X)v, (X)}
l#v

18
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= (N = 1)*Y A7 Var® {1, (X)yu(X)} + (N = 1)> > XA, Var{e; (X)y(X) } Var{y;(X)vy (X)}

=1 l#v

< (N —1)? lz A2Var? {v; (X )y (X))} + [Z )\%VarQ{l/Jj(X)wl(X)}} i [Z A2Var? {4, (X )b, (X)}} 1/21

=1 =1
x2(N71)2/ 172k dl =< N2
1

Now we found that Term 1 is at the order of N and Term 2 is at the order of vV N2 = N, therefore we
can write:

Ifnae = P l3e, = N7 X0+ XA 2 v — foons 12,
j=1

=Nt /1oo XA+ X2 v = Foort e,
=N s = Foone I3,
Now, it follows that
1o = Fva I3, = O N2 5 | fwve = Fron e, )-
If N~1(\*)~V/F =0,
I fnas = Fvae 3, = Op(\lwa - foowHﬁ%«) = 0p(1) | fvxx = foone |l -
Observed that

[ fn s = Foort ey = 1 nas = Foort 13, =l fN s =N 5, = (L=0p (W) N2 = foo s 15, »

then
1w = Fon I3, = OpIfwas = Foonellor ) = Of(NTHN") /%),
A.3 ASYMPTOTIC ORDER FOR MSE AND TUNING.

Combining the results in previous steps, we can express the order of MSE by:

v = oll? = 0N 1) 7/E 4 (30)42).

atk—1
k

To find the optimal order of \*, set M (d) = N~'d~"/* +d
1

. Then
a“rk—ld%k—l_l

M/ d :_7N_1d_1/k_1 :O
(@)= + ,
which yields

atk _ ok

dF <N!1 — N <N @
Also check

—1/k atk—1

N—l()\*)—l/k — N—I(N—k/((l+k)) N~ afk — 0 (a > 17 k> ]_)

Therefore,
~ N DT S
| fvone = foll* = Op(NTH55%).
This completes the proof of Theorem T}
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B PROOF OF THEOREM 2

For any given x(, the proposed resampling weights and any sample X; € %; where % is the 1-th
cluster with its corresponding center C; and its cluster size N, the weight/probability of X; to be
selected is:

wi(on) = lelwwo}l,c.

So we have: N

Zwi(xo Z Z N, WotC = wao L,c =

i=1 I=1ic%,
Denote the indicies of the resampling subset of size n for the given xg is S (xg) = {i],...,i} C
{1,..., N}, with replacement using probabilities {w;(z¢)}. Let I;(z() be the count of how many

times index 4 appears in .’ (xg) so E[;(x0)] = nw;(x). Define
N
ol == 3 (= )P =2 37 o) (3~ £(X0)
€5 (o) i=1

Recall that the proposed estimator of f(zo) is f,, 5. ,, (z0), which is given by:

. 1 5 =~ )
Sox — i — f( X A*
Fo 5o ap = 8T8 M0I Q0 Yo = FXD) + N UF 3
1€5 (o)
Define the functional fn 5+ of the proposed estimator by collecting the estimators at all zp € X

together fn’ 5 = { fn Sr w0 (T0) 1 T0 € X }, where X is the space of the predictor/feature x. Define
the norm:

1ose = 112 = / < Fosens = £ K (w0, 7) >3 (w0)d0
— [ < Fae = £ 05 (a0) e, A
j=1
- / (SN < Fo e ae = Fr05() > 3 ()2 (o) o,
j=1

Here [, (f) is the limit of I,,(f), with conditioning made explicit:

loo (f) :zEE > {yi—f(Xi)}z}

ie(y’(am)
1 N
= B[E{ - > Tilwo) (i — £(X0)? [ {1, }]
i=1
_1 N
== D Blli(eo) | (X} ) (i — £(X0))]

N
= E_Z wi(zo)(yi — f(XZ-))ﬂ (ElLi(z0) | {Xi}] = nw;(zo))
i=1

N
= B3 wileoo? + (F(X0) — fo(X0))*}]

ot Sl o K0

20
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To evaluate the MSE of our proposed method, we evaluate the deterministic error and stochastic error
separately by decomposing it in the following way:

fn,j\*,zo - fO = (fn,i*,zo - fm,i*7mo) + (fm7X*7$0 - fO)a

where fOC S+ 18 the solution of the following objective function

f_oo’j\*’mo = argmin {loo(f) + S\*H-f”?}fp}( }

First, we evaluate the functional derivatives for the empirical loss I, 5, (f) = Z €. (x0) {yl

F(X;)}? and for its population limit L., (f) = 0 + B[S wi(wo) {£(X:) = fo(X:)}2].

For any 1, g € %, the derivatives of I , are

d
Dlog 24 (f) - n= ah lw,wo(f + h??) ‘h:o

[sz 20) n(X){f(X) = fo(X)}]

N
= 2B 3 (o) (0. K (X0, ) (F — o KX ) )
=1

and

N
D2Zoo,x0(f = E{Z “.)>%K <97K(Xiv')>jg0}<}
[eS) N
Z ? UG ny< ’¢j>3fK E{Zwi(xo)l/’j(XiF}

= wzo’]‘
For the empirical loss [, 4,
d 1 2
Dl (f) 1= S (i = + b K (X, Do) |
1€ (xo) B
2
= _ﬁ Z <777K(Xi7')>yf1( ( <f: ( ')>%K)7
ie.?(x0)
and
2
Dan,mo(f)ng: g Z <{’77K(X’L7)>%K <g7K(Xi7')>%K
ie.?(x0)
2
= Z z Aj Ak <77a¢j>9fk <97¢k>3ﬁ< i (Xi)r(Xi).
€S (xo) J,k>1
For the RKHS penalty,
DHf”QJfK N = 2 <f7 >JfK7
D f 150 -n-9=2(n,9) e = 2ZA 185 e (9 05)

To evaluate the stochastic error, we use a similar method in the proof of Theorem[I]by defining an
intermediate quantity

1
f7L,5\*,oco = foo,:\*,aco - 5 G} %o Diy, wo(foo A* Jf()>
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where the local operator at x is
Gy = 3 Plociroloo i) + X D211
Then, we define the functional
Fose ={fnsemy im0 € X},
Finally, we decompose the estimation error as
fn,;* - 700,&* = (f,m — fn,;*) + (fn,;\* — foo,;*)~
B.1 ASYMPTOTIC ORDER FOR STOCHASTIC ERROR.

To figure out the order for stochatic error, we finish the proof in 2 steps.

B.1.1 STEP 1: EVALUATE THE ORDER OF fn 0 — f

00, A* "

Assume that w,, ; = E{ Y% | wi(20)¥?(X;) }. To this end, we first obtain the eigenvalues of the
operator G5, .

1 r N *
Gy 1 0= 3 Dl (Fro o) 19+ M D F30, -9

') N
=3 N <0y > < 9,05 > B wilwe)v? (X:)}

j=1 i=1

o0
+ Y NN <Y S < 9% >
Jj=1

oo
Wag g AT < V; >0 < 905 Some + Y NN <00 >0 < 9,05 > o
j=1

p"qg

<.
Il
—

tnqg

(wWao,j AT + NN) <) > o< 9505 >

<.
Il
—

A2 (Wag,j + NATY) <0yt > o6 < 9,15 > -

<
I
—

o

Let n = ¥, gives
(G 009 Um) i = Am(@Wagim + N A0(G, Um) st
which leads to
<G_ " g ¢m>ﬁﬁ( =\, (wmo m +>‘* ) < ¢m>

Using the expression of the norm and the expression of the operator G5, z, and assuming Aj < Gk

with & > 1, and wy, ; < 42 uniformly in zo for some 8 < k (so that k — 3 > 0), we have the
following:

2

1
1Fose = Tl = / SN < GiLL Dl s (o) = (20) | 700) dig
Jj=1

2
/HZA]A YWy +>\*)\ h=t < Dl 5u(foo e mg)s Y > ¢ ¢j(xo)} ]w(xo)dxo
j=1
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- 2
_ i/[{Z(WIo,j + 5\*/\; ) < Dl (foo A* 900) '(/J] > 1/)] (xo)} ]77(370) dzo
=1
— E/Z(wm] F NN T2 <DL 5 (o 520 Y5 > 5 ¥ (o) (o) dazg

/ S s + XA (gt 4 AN < Dl (e 3o )ty
J#l

- < Dl 5u(Fao e mg ) Y1 >t (o) i (o) (o) dizo

> 1
Y g < Dl o ie ) U5 >3 ¥ (w0) w(ao) darg
/J- (4 + Mj)? WA

e

(j 6+)\* k) (18 4 A*1k)
X j(x0)Yi(wo) m(20) do

<13 ROl e} [ $ ) w(a0) g

1 [ 1 1 ~ ,
+ i / Z N < Dln,i* (foo,j\*,xo)’wj >%K< Dln,s\* (foo,j\*,zo)7 wl >~%ﬂK
J#l

2 (P + A gk) (1P + A*lk)E{@ln,x*(foo 5200 3 e (Dl 5 (Fo 50 )2 V1) e 3

x / by (o) (o) (o) do

= 1Y Bl 5 Ui )

To find the asymptotic order of || f,, — f»||%, we need to derive the coefficients S °° and

1
j=1 (jﬁ+;\*jk>2
E{< Dln,j\* (foo,j\*,wo)’wj >§ff}

Derivation for E{< DI, 5. ([ 5+ 2,) %i >3, }+

B{ <Dln7;\*(foo,f\*,mo)ﬂ/’j>;K }
| <Dzn(fw,g*7w0) = Dloo(Fog 50 00)> ¥ ><%K }2

N 2
=E|—— Z {yz - oo A+ 1,0 z)}¢j(Xz) + QZWZ(J;O) E{ (fo(X,L) — fm,i*,xo (Xz)}iﬂ](XZ) ’Xz}]

ley(wo

[2)

)

_E _721 20) {0 = T e i>}wj<xi)+%1a{z #(@0) (fo(Xi) = oo e 0y (X)) 855(X5)

= {Z —nwi(zo)) (yi — fwx*,wo (Xi))wj(Xi)} (since E[I;(z0) | Xi,y:] = nwi(xo))
2 Bl B (37 (0 o0) = i) 0 = o e CEDS X0 \Xz,yz}]
N N N ,
Var{ ZL (z0) a; Xl,yz} + {]E{ Zfi(wo) a; |Xi,yi} — nZwi(xo)ai} ]
i—1

i=1 i=1

23
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: N
=3 ]E{Var{ Zfi(zo) a; Xivyi}]

where we denoted a; := (y; — . 5- 2o (Xi))1;(X;). Using the multinomial covariance, Var(/; |

X;) = nw;(1 —w;) and Cov(I;, I, | ) = —nw,wy, for i # k, we get

N
Var{ Ii(xo) a;
i=1

1<i<k<N

—ng w;a; an E WiWea;ag

i=1 k=1

N N 9 N
:n{ E wia? — ( E wiai) } <n E wia?.
i=1 i=1 i=1

Therefore,

{ <Dln A*(foo Ae o) wj>;;< }
< éE{Zwi(xo)az}

n

N _
= ZM(%)E {y; — JFOO7;\*JO(X¢)}2 "/}j(Xi)z]
i=1 -

N
= S @) E[{ ol X0) — Fru e (X0 + i} (X0

- iwm>ﬂm> Fooie e (X0 0% b5 (Y]

IN
S

X,-,yi} Za Var(I; | Xi)+2 Y awap Cov(I;, Iy | )

ks Z%mﬂ% }+Z%%[% ) = Frote o (XY 05(X0)?] |

1

-
~

Derivation for the coefficients >-°° | (j + 2* jk)_Q. Assumed \; < j~F with k& > 1, and

Wapj < 4# uniformly in z for some 3 < k (so that k — 3 > 0). Consider

I

J:1 ﬁ+)‘* )

Let J solve j% = A\*j*,ie. J < (X*)*l/(kfﬁ).

We split
1 1
Sl(xo):Zﬁ‘i‘Z - =
J

i<y (7P + Axgk) = (5% + Xejk)*

For j < J, j% > A*j¥ and (57 + \*j*)? < j2P, giving

JI7% . g< 3

- _1

Zﬁ Z] = q logJ, B=3,
=10 = PO

For j > J, X% > jf and (j® + A*j%)2 < (A*)252F, giving

1 = ~1 Zj—Qk - ~1 J—(Qk—l) - (5\*)215:31.

. T2 * *
=y (47 + Ag*) () =7 (A)?

24
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Using J = (A*)~1/(+=5) o rewrite equation 4]in terms of X*,

23

(\)~F=5, B< i
=28 Y x _ 1
> i = {log(1/3), B=1,

isJ

1, 1<B<k.
Comparing with equation[5] we obtain
(A, B< g,
Si(wo) = qlog(1/X*), B=141,
1, 3<B<k

Since E[(DI,, 5. (foo 5x o) Vi) 3] < 77", we obtain

O)(n () FF ), B<d,
an,;* = o 12 = Op(n~! log(l/:\*)), Bg=1 (A)
Op(n~1), 1<B<k
B.1.2  STEP 2: EVALUATE THE ORDER OF an,k - f‘nA
For brevity, write
fzo = fn,j\*,azo’ fro = f_oo,j\*,xo’ fro = fn,:\*,zo'
By definition of f,,, we know DI, 5.( fzo) = 0. We now check the following equation:
A (fao) = Dlnj\* (fio) + Dzln}s\* (fmo)(fxo - f_xo) =0. 6
Using the functional derivatives derived above, we have
2 - T -
Dln,x* :_E Z K(X%) (y’b_ <fwo’K(Xia') >ﬁfx)+2)‘ <f$07'>320K
€S (z0)
(7
o _ 2 N _ cv 2 _
2l X*(fzo)(fmo_flo):ﬁ Z <f10_f107K(Xi7') > K(X17)+2)‘ <fzo_fibo7'>3f
€S (xo)
(3)
Adding (7) and (B) together, we obtain:
@ + @ Z K (Xi, ) (Wi— < faor K(Xi,*) >o0) + 20 < fg - >
16.5’(10)

= Dln,j\* (fﬂo) = 0

Using the definition of fwo, we have
(fwo)"’DQ (fxo)(fwo_fwo)zo

Combining with the equation Dln);\* (fuo) = Dln’;\* (feo) + Dzl (fmo)(fz0 fzo) = 0, we get

DQZOO,S\*(fLKO)(fCCo - f:to) = D2ln75\*(fxo)(fxo - f:co)

25

K



Under review as a conference paper at ICLR 2026

Then, we can derive:
D2l 5. (fuo) (foo — Fro) = 5o (Foo) (Fioo = Foo) + DU 50 (Fao) (Foo = Fno)
= D2 5e (Fao) (Fro = Fao) = D21, 50 (Fao) (frg — Fio)
= D oo(fzo>(fm0 — foo) = D?la(fao) (fao = fio),

where in the last line we used that the penalty part is the same in D?I__ 5. and D?_ 5.

Then fxo — fmo can be expressed as

A N 1 s _ o _

foo = Foo = 5T Doc (Fu) (o = Foa) = D¥(fuo) (fog = Fu) }-
So we write:
1F 5o = Fose I

; = 2
[ s = B s K@)y 7(a0) i

/(Z)\ n>\ xo_ n)\ x07wj> ij(x0)> 71-(-730>de

[e%s} 2
_ i/{ N (G (D2 5. (Fo) = D21y 5. (o)) [ — ) %—)ﬁ wj(xo)} (o) dao

1

<.
I

o] 2
= i/ [ (on,j + ;\*)\j_l)_l{<D2loo,5\* (fmo)(fzo - fmo)v¢j>(;ﬁ< }¢J($O)] 71'(.130) dxg
Jj=1 —<D2ln,5\*(f7$0)(fwo _fwo);wj>%K

') 2
— i/ { Z (wxw + 5\*)\;1)*1 Aj(xo) ¢](x0)} 7T(:I‘O) dxg, 2.1

J=1

where

Aj(x ): <D2l005\ (f:to)(fwo _fTiCo) ¢]> _<D2 n)\ (fwo)(fﬂfu fﬂco) wj>L%0K

:22)‘2 fﬂlo fmovw€><}ﬁ( %ﬂﬁe %K‘E{sz Zo W }

=1
2 = P
= Y Y N (oo = o) (), WRCX)
1€ (xo) k=1
- i N
:2>\?7‘<fx0_f$07wj>jfl( {sz }
=1
— — Z )\2 1 fzo fmo’ij}] Jf}(’(/}
zEY(To) ]
X B N
:2)\]' <fmo _fzovw]'>3ﬂ< []E{Z (iEO) 1/}2 } Z ¢2
i=1 167(%0)

plug it back into 2.1

') 2
= %/ [Z (wfovj JFS‘*)‘j_l)l{ <2 Aj <fmo - ffﬁoij>9f,{) (wzo-,j - % Z w?(Xz)> ¢j(x0)}] (o) dwg

1€ (xo)
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2
Aj (wg;mj + 5\*)\]_—1)—1 <fmo _ fwo’wj)%p}( (o) {nwwo,j - Z w?(Xi)}] m(xo) dxo

I
-
—
4M8

[
Il
=
N
m
h
8
=)
=

I
3=

—
[M]8

)\j (wxo,j + 5\*)‘;1)71 <fzo - f_m’oij>%K ¢j(x0)

Lj=1
N N 2
X {HE{ sz‘(xo)lﬁ(xi)} - Zfi(xo) ¢?(Xi)}] m(z0) dxo. (2.2)
Set
N N
A (o) = n B Y wi(eo) 0 (X0) } = 3 Lieo) (X0).

Known that E{Z;(x¢) | X1,..., XN} = nw;(zo) and Zfil wi(zo) = 1, E{A;(z0)} = 0. For the
second moment, condition on {X;} ,, then

B{ A (20)?} :E{Var{ >~ o) 3 (X:) Xl,...,XNH
N N .
= &n{ Do) v (Xs) - (Zwl(xo) ai) }]

Therefore,

[e%e) 2
=z { Aj (Wao g + NN (Fao = faos Vi) o wj(m} 7 (z0) dxg

00 2
=2 [Z;(wio7j + 5‘*/\;1)_1 {)‘7 <fa:o - fmo’wj>3f1< '(/JJ(IO)}‘| 77(370) dzxo
p=
< e [ { D 32 D00 (o = s ) o) ()
Jj=1 j=1
< [{ ;(wzo,j + X2 ; M U = Frortbs) i (o)} (o) di.
S1(z0)
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Assume A; < j % with k > 1 and, uniformly in z¢, w,, ; =< j” for some 3 < k. Recall
O RS
3 (Wao,j + NN ) ? = i 1~ = log(l/j\*) B -1
=1 =1 (7 + A*) 2
1 — k.
, 5 < B <
Consequently,
2
e = FuseI” < /Z Wao j +NAF {ZA (Foo = Foor i) ic wj(m} (o) dg
= S1(zo)
Z)\ nA* nA*’¢J>%K
j=1
S1(zo) 2
n2 naAx n A* ”
with Sy (z¢) as above. Therefore,
o . , 1
O(n2 (%) i~ Fnel?)s B<3,
A ~ A - 1
1oz = Fouse P = 3 0p(n 2 108(1/X) Iy 50 = FuseI2). 8= 3. (B)
. 1
On(n 2 fyse = e 2), S<B<k
Recall 1
—1 (\* 1—28 -
op(n ()~ a), <5
. - 1
fn 5o = FapellP = 4 Onn~ log(1/X%), B =3, (A)
1
Op(n™), 5 <B<k
From (B), write ~ A B
||fn > n)\*”z (A*vﬂ) an’:\* - ’I’L,S\*H2
where 1
,Qﬂ
Op(n ()\*) k=8 )7 B 57
- 1
1V, B) = Oyfn~log(1/A), B =1,
1
Oy(n™2), 3 <B <k
By the triangle inequality,
1Fuse = FaseI? < WFpse = Fase® + Ifnse = Fusel” ©
If n,(A*, 8) 2 0, then
Yy 1=28 1
72(>\*) k-8B _>07 ﬂ< 5’
~ 1
n~2log(1/\*) -0, B= 3 (D)
1
2 0, 5 < B <k,
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then from (C) we get

=1) 1 5o =Fuiel? < Wi =Fusel? and 1fy 5o =FoseI? = (A=na) 15—

hence, under (D), . R
1 fose = Lo P = {1+ 0p,(W} 1y 50 = Frsel®.

Combining with (A) yields

O,(n (1)), <y,
. - 1
||fn,5\* - n )\*”2 = o ( -1 10g(1/>\*)) /B = 55
1
Op(n™1), 3 <8<k

when (D) holds.
Condition (D) and corresponding constraints.

For 1,,(\*, 8) — 0 in the case wy,, ; = 4P, the corresponding rate constraints on A* are:

* Case 8 < % We require

equivalently,
Tay 1228 —2 \ * _2(k—B)
(A)FF >n = N> n 1
* Case 8 = 5: We require
n? log(l/j\*) -0
equivalently, }
log(1/A*) = o(n?).

nA*”Q

B

e Case % < B <k:Heren 2 —0 automatically; no further condition on \* is needed.

B.2 ASYMPTOTIC ORDER FOR DETERMINISTIC ERROR.

Recall

N
loo o (f) = B{lnao(f)} = 0% + ]E{Zwi(l"o) (f = fo, K(X;, ')>,§fx}

i=1

N
=%+ ZE[wi(xo){f(Xi) - fO(Xi)ﬂ

=0 JrZE wzxo{z )}2
=02+ > (¢j—aj)(ce — ap) ZE{Wz (w0)1h; (Xi)te(Xi) }
7,£>1 =1

oo
=02+ wae ey —a;)?,
j=1

where w,, ;= B{ 311, wi(o) ¥ (Xi)}.

The objective function about ¢; at xo becomes

Qo (c) = Z {wIOJ (¢; —aj)? + A 7}

j=z1

()
RSN )

>
<
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Taking derivatives,

2y j(cj — a;) + 22" L
j
hence
= Waxo,j
6j(wg) = —md
’ Wzo,5 + /\*)‘j !
Assume \; < j 7% with k > 1, a?)\]_
that, uniformly in x,

B
Wzo,j ~J

— foll*:

Now we evaluate || f, 5.

aj

C; ~ —1
T =0 = (Waey AN

and Ej(l‘o) —aj; = —

“ with a > 1 (so a3

(equivalently, \jw,, ; =< j”

= 5"

) Cj = Wag, 5,

T
ww07j)\j + ;\*

aj.
(a+k)) and fix 8 < k such

_k;).

e = 017 = [ sy = o Koo wt00)

:/{i)\j<vfn}\*;ﬂ0 f0,¢g>ysz/}j(xo)} (o) dag
=1

{e(e0) — a3} 03a0)] m(ao) dg

- 2
o A*
= — J%(xo)} 7(x0) dzg
/{; w£07j)\j + /\*
o0 5\* 2
x/ P ek %‘(960)} (o) dzo
{j—l Gk 4+ A
i :\* 2 i": (5\*)2 jf(a+k)
= a; = — .
= jﬁ—k +A* J o (jﬂ—k+A*)2
Let J = (A*) Y/ =5) g0 that J#~F < X*. Splitat .J:
(A*)2 j~(ath) T%\2 . (at2B—k (A*)? J ~(ath) —(a+k)
3 = (Y 3 )
. 2 ’
i<r (PR i< i>J (O i>J

Using the integral test directly on the exponent a + 23 — k (with a + k > 1), we have

Jl—(a-l—ZB—k),
Zj’(““ﬁ*k) = {log J,
i<J 1
With J =< (A\*)~1/(*=F) this gives
() 57

(5\*)2 Zj—(a-‘rZ,@—k) =
= ()2,

(A*)2 log(1/A*),

a+268—-k<1,
a+28—-k=1,
a+28—-—k>1,

Comparing the two parts yields, uniformly in x( and for any 3 < &,

150 = foll* =

30

ij(aJrk) - Jf(aJrkfl)’

ji>J

a+28—-k<1,
a+28—k=1, 3 N = (X FF.
a+28—k>1, =7
(%) 57 at+28—k<1,
(M) 2 log(1/X*), a+28—k=1, (F)
(A*)2, a+28—k>1.
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B.3 ASYMPTOTIC ORDER FOR MSE AND TUNING.

Assumea > 1,k > 1,and 8 < k.
Deterministic error (F) (split by a + 23 — k).

(W) 57 a+28—k<1,
||fn,5\* - fO”2 = (5‘*)2 IOg(]./S\*>, a+ 2ﬁ —k= ]-»
(3*)2, at28—k>1.

Stochastic error (E) (split by 5 = %). When condition (D) holds and 8 < k,

(ol ) sy
[ fose = Fusel? = Op(ntlog(1/3%)), B =1,
OP(n71)7 % 6

Condition (D). We require nn(j\*, B) — 0:
nT2(\)TFF 0, <,
n=>2 log(l/j\*) —0, B= %,
n=2 =0, 3 <B<Ek.

For 8 < 1, this is equivalent to (\*) > n~=2(*=8)/(1=28); for 3 = 1 any polynomial decay of

\* ensures n 2 log(l/j\*) — 0; for 5 > %, (D) reduces to n~2 — 0 and imposes no additional
restriction.

We minimize M SE(X*) := Det(\*) + Stoch(\*) by differentiation.

Regimes (by deterministic split « + 25 — & and stochastic split 5 = %, with g < k). Let
_a+k-1
=5

(i) a+26—k <1 (Det= (\*)P)

1-283

« B< 3 (Stoch =< n=t(X*)"F7).

1-28 1-28

MSE(X) = ()7 +n~ ()57, p(A)PHeF = L,

Hence

* __k=8__ _ _atk—1_
A =X nT eFE=2E MSE =< n~ afk=25,

« B =1 (Stoch =< n~'log(1/A\*)).
MSE(X*) = (A*)P + n~tlog(1/X), p(A*)P =< n~L.
Thus

N = o wET , MSE = n~ !'logn.

« 1 < B <k (Stoch < n~!). Choose A\* — 0 with (\*)? = o(n"!); e.g.
~ k-8

M <n @1 = MSE x n .

(i) a + 26 — k = 1 (Det < (A\*)%log(1/A*))
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* B <3 (Stoch =< n‘l(ﬂ*)*%),
MSE(X*) = (A*)?log(1/X*) + n~ (A) 757 |
It yields
~ 1—-2 ~
(M) 2T 57 (2log(1/A%) — 1) =L,
Hence

. k-8 k—8 __2(k=B) 2(k—B)
N = n 2E+i-4p (]Ogn) FHT-45 MSE =< n~ 2k+i-ap (logn) 2k+1-45 |

B =1 (Stoch < n~!log(1/\*)). Solving 2\* — —— =0 gives
M= n~2 MSE = n~!'logn.

« 2 < B <k (Stoch < n~1). Choose A* = 0 with (\*)2log(1/A*) = o(n™1); e.g.
M<n Y2 = MSE =< nl.

(iii) a + 26 — k > 1 (Det < (\*)?)

« B <3 (Stoch =< n—l(S\*)*%), Balancing (\*)2 and n—l(S\*)*% gives
;\* X’I’Li%’ MSE = n,%.

(Stoch = n~'log(1/A*%)).
A= n1/2 MSE = n~!logn.

°
sy
I
N =

« L <3 <k (Stoch < n~!). Choose \* — 0 with (\*)? = o(n"'); e.g.
N <n /2 = MSE < n 'l
Result. The optimal tuning A* and the resulting MSE are:

(i) £k —28 > a—1 (equivalently a + 28 — k < 1):

_ k-8B
n athk=28 6<%,
- k—p
ME R =
k=8
<n atk-1, §<ﬂ<h
a—1+k
n (@a=1)+(kE+1)-25 [3<%7
MSE = 1
n_llogn, 6257
1
nt, ~ < B<k.
2
(i) £ — 26 =a — 1 (equivalently a 4+ 26 — k = 1):
k—p k—p
n 2kt 1—4B (logp) 2k +1-45 5<%,
S\*X _1/2 _1
n 5 6_25
1
<n Y2 §<6<k,
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2k p) 20k — ) 1
n 2k+1*45(logn)2k+1*4ﬂ, 5<§7
MSE =
nillognv 6:%7
n-1, %<ﬂ<k.

(iii) £ — 25 < a — 1 (equivalently a + 25 — k > 1):

R _2k-p) :
n 2k+1-48 ﬁ<%7 n WH1-46 g,
o= 1 MSE = 1
n=1/2, 5257 n~1logn, =3
1
<n 12 5 <8<k n-l, %<6<k.

To consider all the function in the RKHS, we can set a — 1 to find the rate of all the functions in
the RHKS. Assume k£ > 1 and 8 < k. Then the asymptotic orders of the optimal tuning A* and the
resulting mean squared error are:

- k-8 ok

8 < % N X T R MSE =< n™ *#+1-27 |
~ k-3

B=3: N=xn F, MSE = n"'logn,

8> % CoN <nTY2 MSE = n~ 1.

C PRrROOF OF LEMMA[II

Proof. Recall the definition of K., an L x L kernel matrix and the kernel vector evaluated at the
cluster centers are

K(Cl,01) K(Cl,CL) K(Z‘0,0l)
K. = : : , K(zo,C) = :
K(Cp,Cy) -+ K(CL,Cp) K(z0,CL)
Let ¢1,...,%, denote the first L eigenfunctions of the kernel function K (-,-) evaluated on the
centers and define
Ye(C1)
MNe = : , (=1,...,L.
¥e(CL)
There exists an orthogonal matrix Q Q = (1, -+ ,nz), where QTQ = QQT = I, such that
A1
Q'K.Q= =: A.
AL
The vector K, satisfies
KI()l
K.= I+ L '"V'K)  K(2,0) = |
K{EoL

Using the eigen decomposition of K,

I+ L'V 'K,) ' = QI+ L'\ 1A)7'qQ7,
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the transformed kernel vector at x is

Ko, = QI+ L'\ 1A)~ 'Q K(z0,C).

Since
"IIK(mO? C)
QT (an ) = )
n; K(xo,C)
the I-th coordinate of Ky = (Kuo1,- -+ Kuor) | is
K. = = UIK(CCO?C) C =1 L 9
xol—T:1m¢r( l)v =Ly b ©
The cluster-level resampling weight is defined as
Wae 1O = |Kwol|
To,t,C T L )
Zm:l K$0m|

and each sample z; € C; receives
—1
wi(xo) = N, ~ Wag 1,0

Then we can write

L~ 17] K(anC)w (Cl)
— 1+ LIy, R
We,l,C = I3 L 71 TK(IO ) 5 = Ly...y
>3 A c
Note that
L Kz, C) = 12% K. C) [ w0(6) K (o, t)dt = A, (w0),

and substituting this approximation into the numerator of w,, ; ¢ gives

L L
L0 K(xo,0) 1 A
= R0 (C) ~ =Y —— b (20), (C)).
;1+L71>\*71)\T¢( 1) L;1+L*1>\**1A,,¢( 0)¥r(Ch)

Similarly, the denominator becomes

L~ ,r"r- 1’0,0) 1 L )\T

m=1r=1 m=1r=1

2

So
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so that
I?(l'o, Cl)

Wzo,l,C = L

Zm:1 IN((xO,C'm)'

Each sample z; € C; receives weight
—1
wi(To) = Ny~ wag 1,05

SO

N L

2 —1 2
Wao,j = E{ > wilzo) ¥ <Xz->} - E{ DD N wnac (Xz-)}.

i=1 I1=14€eC,

Because wy, ;,c is constant within C;, we have

L
Wag,j = E [wao’l,c E{Nl_l Z ¢]2(XL)|C}‘| .

=1 i€Cy
The within—cluster average may be approximated by the value at the center:

E{N[l > wf-(Xi)} ~ 93 (C),

i€Cy

hence

L
Wans = B{ D wre a0 ¥H(C ). (10)

=1

As L — oo and the centers {C;} form a dense design from the marginal 7, the sums in (equation
converge to integrals:

[ R

Wxg,j ~ ~
/K(mo,c) dr.

Applying the Cauchy—Schwarz inequality (e.g. Theorem 1 in|Shi et al.[(2009)), for kernels K (z, y)
such that [ K?(xz,y)dnr(y) < oo, the j-th eigenfunction of K (,y) is bounded by [¢;(x)| < C/;

for some constant C'. If \; < j~F, then it implies that Wi < /\;2 = j2k. O

D ADDITIONAL NUMERICAL RESULT

D.1 CLUSTERING METHOD ANALYSIS

To investigate the effect of clustering methods on the proposed estimator, we conduct additional
experiments by testing different clustering while holding all other components fixed. Using the
same dataset and retaining all 90 acoustic features under a Gaussian RBF kernel, we evaluate three
clustering methods strategies for each (IV, n) configuration: K-means (Lloyd’s algorithm with k-
means++ initialization), random projection K-means, and K-medoids, a PAM-style medoid method
that is more robust to outliers and non-spherical clusters (Kaufman & Rousseeuwl [1990)).
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Table 6: Comparison the effect of clustering methods including K-means, random projection K-
means (RP-kmeans) and K-mediods, on the proposed method using all the 90 features of the
YearPredictionMSD dataset. Each entry reports (RMSE / MSE). Best MSE within each (N, n)
configuration is highlighted in bold.

K-means RP-kmeans K-medoids
N n RMSE MSE RMSE MSE RMSE MSE
2000 500 9.789 9583 9.856 97.15 9.734 94.75

5000 1000 9.734 9475 9.739 94.75 9.761 95.29
5000 2000 9.812 96.20 9.811 96.26 9.728 94.51

10000 1000 9.246 85.45 9.356 87.51 9325 86.96
10000 2000 9.149 83.70 9.090 82.62 9.073 82.31

20000 1000 9.374 87.89 9.409 88.89 9.289 86.28
20000 2000 8.872 80.48 8976 80.55 9.024 81.43

50000 1000 9.360 87.61 9.499 90.24 9.339 87.20
50000 2000 9.196 84.56 9.117 83.12 9.126 83.28

E NUMERICAL EXPERIMENT SETUP

E.1 ADDITIONAL DETAILS FOR SECTION
Data generation. Let X = (X1,...,X2) ' with X % Unif [0, 1]. The response is

Y = fo(X1,...,X5) +e fo(z) = 10sin(rz2) + 20(x3 — 0.5)% + 1024 + 5,

with € ~ N(0,0.12). Only the first five coordinates influence the signal. For each replicate we draw
a training set of size N € {2000, 5000, 10000} and evaluate on a fixed test set of size 100. We run
100 replications for each (N, n), with n € {100, 500, 1000}.

Hyperparameter tuning. All methods use the RBF kernel and an 8% hold-out for tuning.

FALKON (2017). Nystrom landmarks are chosen uniformly with M = n. Bandwidth is selected
from {~0/2, 70, 270}, where 7y is the median heuristic from the hold-out set. The ridge parameter is
chosen from {0.5,1.0,...,4.0}/N. We run 300 PCG iterations.

FALKON (2020). The PyTorch/KeOps implementation of Meanti et al.| (2020) uses the same
landmark scheme, bandwidth grid, ridge grid, and 8% hold-out. Only MSE is reported due to
cross-platform runtime differences.

Proposed method. We resample n points using the proposed weights, and average predictions over
B = 3 subsets. Each replicate applies MATLAB k-means (k-means++ initialization) to compute
n cluster centers. The center bandwidth is the median squared inter-center distance; the subset

bandwidth is set to twice this value. We tune A* over {107%,1073,...,10%}.

Nystrom KRR. We use M = n random landmarks and tune the ridge parameter over
{107%,1073,...,10'} using the same hold-out split.

E.2 ADDITIONAL DETAILS FOR THE REAL-DATA STUDY

Data and preprocessing. We use the standard split of the YEARPREDICTIONMSD dataset: the
first 463,715 rows form the training pool and the remaining observations form the test pool. For each
experiment we sample N € {2000, 5000, 10000, 20000} from the training pool and use a fixed test
set of size 1000. All randomization is seeded (rng(42)).
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Feature selection. We rank the 90 features by absolute Pearson correlation with the response and
keep the top p € {30, 60,90}, where p=90 means using all features.

Proposed method. We compute 500 clustering centers using RP-k-means (random projection to 32
dimensions followed by k-means). At estimation time we draw B = 3 independent subsets of size
n, with bandwidths set by the median-distance rule. We use Awping = 1 and report results for three
kernels: Gaussian RBF (Prop(G)), Matérn-3/2 (Prop(M)), and Laplace (Prop(L)). Runtime includes
center computation and the sum of the three kernel runs.

FALKON. We draw M uniform Nystrom landmarks and run the PCG solver for 20 iterations with
regularization A = 1076, The kernel is always Gaussian RBF with ¢ = 6 following [Rudi et al.
(2017).

Nystrom KRR. We sample M uniform landmarks, compute a low-rank decomposition of Kz,
and solve ridge regression using the same (M, v, A) as in FALKON, again using only the Gaussian
RBF kernel.

Evaluation. For all methods we report test MSE and total wall-clock time, including tuning,
subsampling, clustering, feature preprocessing, and model training.

E.3 TIME AND MEMORY COMPLEXITIES

We briefly sketch how the orders in Table[5]are obtained.

FALKON (Rudi et al.,2017). Standard Nystrom KRR with M landmarks has time cost O(N M) +
O(M?) and memory cost O(N M + M?). The FALKON analysis in Rudi et al[(2017) chooses the

theoretically optimal M = /N, which yields
O(NM) +O0(M?) = O(N*?) +O(N*?) = O(N*?),
with memory O(NM + M?) = O(N).

FALKON (Meanti et al.,[2020). The large-scale implementation of [Meanti et al.| (2020) treats M
as a tuning parameter and uses an iterative solver with per-iteration cost O(N M) + O(M?) and
memory O(N M + M?). Since M is not tied to /N in theory, the generic O(N M) 4 O(M?) form
is reported in Table 5]

Proposed + FALKON. Let n be the subdata size selected by the proposed method. The clustering-
based selection uses K clusters and ¢ iterations of k-means. At each iteration the costis O(nK), so the
total time is O(nKt) and memory is O(n+ K) for storing the data assignments and centers. Applying
a Nystrom—type solver (such as FALKON) to the subdata has computational cost O(nM) + O(M?)
in time and O(nM + M?) in memory. Theorem [2|shows that the proposed estimator achieves the
optimal full-data rate in Theorem |l| when

k+1-28

n= N (Be[0,1/2), n = N1 (§>1/2).

Writing n < N7 for these two regimes, the combined selection + solver cost becomes
Time: O(N"M + NYKt), Memory: O(N"M + M? + K),
which matches the expressions reported for the Proposed + FALKON method in Table [3}
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