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Abstract

As unsupervised pretraining becomes increasingly ubiquitous in reinforcement
learning, a more thorough theoretical understanding of these methods becomes of
equal importance to their empirical success. We focus on the setting of unsuper-
vised learning via interaction, where the forward-backward (FB) representation
learning serves as a prototypical and popular example. In this paper, we shed light
on FB by formally contextualizing the method within a broader class of recent
methods that use regression to obtain a low-rank approximation of a successor
measure ratio. Our analysis clarifies when FB representations can exist and how
the low-rank approximation converges in practice. Building upon the theory, we
propose a variant of FB that is both more amenable to theoretical understanding
and simpler to optimize in practice. Experiments in didactic settings, as well as in
10 state-based and image-based continuous control domains, demonstrate that our
method converges to desired representations with 105× smaller errors than FB and
improves zero-shot performance by +24% on average. We also demonstrate that
zero-shot policies inferred by our algorithm provide an efficient initialization if the
user prefers further fine-tuning on downstream tasks. Our open-source implemen-
tation is available in the supplementary materials. Our project website is available
at https://chongyi-zheng.github.io/onestep-fb.

1 Introduction
Large-scale pre-training has reshaped how we build learning systems in vision [89, 36, 4] and
language [100, 1]: a foundation model is trained once on broad data, and then adapted to specific
tasks with little or no updates. In the context of RL, such models are known as behavioral foundation
models (BFMs) [101, 95, 57], and ideally acquire behavioral knowledge from unsupervised (reward-
free) interactions and later specialize to new tasks with minimal additional learning. Similar to
large language models (LLMs), this paradigm can be interpreted as in-context learning for RL: the
reward in example trajectories induces a prompt, and the pre-trained BFM responds with the optimal
behavior directly.

Forward-backward (FB) representation learning [103] is a prominent attempt to realize a BFM. FB
proposes to pre-train a pair of representations that can be combined with a downstream reward to
obtain a reward-maximizing policy. Prior work based on FB usually contextualizes this method as
learning a low-rank approximation of a successor measure ratio [104, 5, 3]. To unpack this promise,
we will study when such representations can exist and be learned. Broadly, this paper gets at the
question:

Can one really learn one representation to optimize all rewards in practice?

In this paper, we extend the theoretical analysis of FB, aiming to provide additional insights into how
and why it works in practice. First, we start by examining the assumption that the ground-truth FB
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representations always exist, answering the question: When do the ground-truth FB representations
exist? Answering this question helps us identify the challenge in using low-rank approximation
to capture all optimal behaviors. Second, we explicitly reinterpret the FB representation objective
as a regression loss, revealing insights into what the algorithm optimizes for practitioners. This
reinterpretation reveals a connection with fitted Q-evaluation (FQE) [23, 90, 33], motivating us to
study the convergence of the low-rank approximation. Third, we therefore construct a new Bellman
operator, which is realized by the learning procedure of the FB algorithm. Using this new Bellman
operator, we identify another challenge in the convergence of the low-rank approximation. This
challenge mainly comes from the circular dependency in FB: the representations and the policy
depend on each other.

One-Step FB 
(Ours)FB

Figure 1: How can we learn a library of policies to
quickly maximize new rewards? (Left) Forward-
backward representation learning (FB) [103] learns
bilinear representations to acquire new policies.
(Right) Our theoretical analysis of this method
reveals some optimization challenges, which are
alleviated through a simplified method that enjoys
stable convergence.

Building upon our new insights for FB, we pro-
pose a simpler alternative to it called one-step
FB. Our algorithm breaks the circular depen-
dency (Fig. 1) by learning representations for
a fixed behavioral policy. In doing so, we can
pre-train one step of policy improvement over
all the behavioral value functions. Through di-
dactic experiments, we demonstrate that FB can
struggle to converge, while our proposed variant
converges to 105 smaller errors. Experiments on
8 state-based benchmark domains and 2 image-
based benchmark domains show that one-step
FB is a competitive method for unsupervised
pre-training, achieving +24% improved zero-
shot performance on average. In addition, our
method provides an efficient initialization for
fine-tuning with off-the-shelf RL algorithms.
Overall, our method serves as a simpler and
more stable plug-and-play alternative to FB, which may appeal to RL practitioners.

2 Preliminary
We first define the notation and background mathematics for our analysis. A conceptual description
of the prior related work can be found in Appendix A.

We consider a controlled Markov process (CMP) [10] defined by a state space S , an action space A,
a probability measure of initial states p0 ∈ ∆(S), a probability measure of environmental transitions
p : S × A → ∆(S), and a discount factor γ ∈ [0, 1), where ∆(X ) denotes the set of all possible
probability distributions over a space X . When equipped with a reward function r : S × A → R,
the CMP becomes a Markov decision process (MDP) [97]. With slight abuse of notation, we use
probability measure to denote either the probability mass in discrete CMPs or the probability density
in continuous CMPs.

Successor measure and Q-value. For a CMP and a policy π : S → ∆(A), the successor measure [21,
43, 103, 29, 113, 70, 115] Mπ : S ×A → ∆(S ×A) defines the probability measure of reaching a
future state-action pair (sf , af ) starting from a current state-action pair (s, a). Prior work [21, 7, 12]
has shown that the successor measure is the unique fixed point of a Bellman equation:

Mπ(sf , af | s, a) = (1− γ)δ(sf , af | s, a) + γEp(s′|s,a), π(a′|s′) [M
π(sf , af | s′, a′)] , (1)

where δ(sf , af | s, a) is the delta measure2 centered at the state-action pair (s, a). For a discrete
CMP, the successor measure can be written as a matrix Mπ ∈ R|S×A|×|S×A| that is full rank (i.e.,
rank(Mπ) = |S × A|) [2, Lemma 1.6 and Corollary 1.5]; see Appendix B.1.

The successor measure can be used to express the Q-value Qπ
r (s, a) for any reward function r:

Qπ
r (s, a) = E(sf ,af )∼Mπ(sf ,af |s,a)[r(sf , af )]. (2)

This connection disentangles the estimation of the successor measure (pre-training) and the estimation
of the Q-value (fine-tuning) into two separate phases, resembling the learning paradigm in LLMs [16,
78]. Next, we will make this resemblance precise.

2The delta measure is an indicator function for discrete MDPs and a Dirac delta function for continuous MDPs.
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Unsupervised pre-training in RL and zero-shot RL. Algorithms for unsupervised pre-training in
RL typically involve two steps: (Step 1) pre-training a set of policies and their successor measures
in a CMP, and (Step 2) performing zero-shot policy adaptation for a specific reward function. The
unsupervised pre-training mainly considers the offline setting [53] (Sec. 4), where learning happens
on a dataset of transitions D = {(s, a, s′, a′)} collected by some behavioral policy πβ : S → ∆(A).
We will use zero-shot RL to denote unsupervised pre-training algorithms where policy adaptation
does not require updating the neural networks, independent of acquiring optimal behaviors. After
adapting the zero-shot policy, one can further fine-tune it using off-the-shelf RL algorithms. See
Appendix B.2 for additional components in Step 1 and Step 2.

This work aims to analyze and simplify a prior state-of-the-art pre-training method called forward-
backward representation learning (FB) [103]. We will include an overview of this algorithm next.

Forward-backward representation learning. FB is an instance of the zero-shot RL algorithms [5,
81, 115, 3]. During pre-training, FB uses forward-backward representation functions F (s, a, z) and
B(sf , af ) to parameterize the policy π(a | s, z) and its successor measure Mπ(sf , af | s, a, z).
Importantly, both the latent-conditioned policy and its associated successor measure depend on the
forward representation, forming a circular dependency. See Appendix B.3 for the formal definition
of ground-truth forward-backward representations F ⋆(s, a, z) and B⋆(sf , af ). Prior work [103,
104] assumes the existence of ground-truth FB representations. This assumption raises the question:
When do the ground-truth FB representations exist? We will answer this question using tools from
linear algebra and rank matching in Sec. 3.1.

After pre-training the latent-conditioned policy and its successor measure, FB finds the optimal policy
for any reward function by setting the latent variable to an expectation over backward representations:
zr = Eρ(sf ,af )[B

⋆(sf , af )r(sf , af )]. See Appendix B.3 for the formal definition. In the following
sections, We will also study the convergence of the FB algorithm in practice (Sec. 3.3), motivating us
to derive a simpler zero-shot RL algorithm (Sec. 4).

Least-squares importance fitting. The goal of probability measure ratio estimation is to predict
the ratio p(x)/q(x) between two probability measures p ∈ ∆(X ) and q ∈ ∆(X ) over some space
X . The most widely adopted approach casts this problem as classification [88, 19, 38]. However,
least-squares importance fitting (LSIF) [45, 44] casts the measure ratio estimation as regression.3
Specifically, LSIF fits a function g : X → R to the target measure ratio p(x)/q(x) using samples.

LLSIF(g) =
1

2
Eq(x)

[(
g(x)− p(x)/q(x)

)2]
=

1

2
Eq(x)

[
g(x)2

]
− Ep(x) [g(x)] + const., (3)

where the constant is independent of the learned ratio g(x). Compared with the more popular
classification loss, this LSIF loss remains well defined when g(x) is negative. We call q(x) the anchor
measure and call p(x) the target measure. In Sec. 3.2, we will reinterpret the FB representation
objective using the LSIF loss function with a special parameterization of the ratio function.

3 Understanding Forward-Backward Representation Learning
In this section, we study FB through the lens of linear algebra, LSIF, and contraction mapping,
focusing on providing new analysis that extends the theory in FB. The goal of our theoretical analysis
is threefold.

§3.1 We examine the assumption in prior work that ground-truth FB representations always exist,
showing strict rank and dimensionality constraints. Our analysis indicates that a low-rank
approximation may induce arbitrary errors in capturing optimal behavior for some rewards.

§3.2 We next reinterpret the FB representation objective as a temporal-difference variant of a
regression loss (Eq. 3), drawing a connection with FQE. This connection motivates us to
study the convergence of the practical FB.

§3.3 We construct a new Bellman operator to describe the learning procedure of the practical FB.
The failure of applying the Banach fixed-point theorem to this new Bellman operator results
in unclear convergence of the practical FB algorithm.

The main challenge in analyzing and providing guarantees for FB lies in the circular dependency
(Fig. 1). We thus introduce a variant of FB that breaks the circular (Sec. 4). The resulting algorithm
is not only simpler but also enjoys more stable learning and clearer convergence (Sec. 5).

3The same loss recurs under different names in the literature [71, 46].
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3.1 When Do the Ground-Truth FB Representations Exist?

Prior work assumes that the ground-truth FB representations exist (Definition 1 of Touati and Ollivier
[103] and Theorem 2 of Touati et al. [104]), raising the question: When do the ground-truth FB
representations exist? We will explicitly study this question using tools from linear algebra and rank
matching (Lemma 1). Specifically, we introduce two sets of necessary conditions for the ground-truth
FB representations to hold: Proposition 1 provides insights to understand the practical FB algorithm,
and Proposition 2 reveals a criterion for examining its convergence.

The first set of necessary conditions starts with the rank of the ground-truth FB representations. We
show that unless the representation dimension is infinitely large, the FB’s zero-shot policies are not
necessarily optimal for maximizing all rewards.
Proposition 1 (Informal). Given any discrete CMP, a finite latent space Z , and a marginal measure
ρ, any FB representation matrices F ⋆

Z ∈ R|Z×S×A|×d and B⋆ ∈ Rd×|S×A| that encode this CMP’s
successor measure (Definition 2 and Definition 3) must satisfy the following properties:

1. The representation dimension d is at least |S × A|: d ≥ |S × A|.
2. The rank of the matrix F ⋆

Z is at least |S × A| and at most d: |S × A| ≤ rank(F ⋆
Z) ≤ d.

3. The rank of the matrix B⋆ equals to |S × A|: rank(B⋆) = |S × A|.
4. The matrix B⋆, components of matrix F ⋆

Z , the successor measures must satisfy:

B⋆ = F ⋆+
z1 M

π(a|s,z1)/ρ = · · · = F ⋆+
z|Z|

Mπ(a|s,z|Z|)/ρ,

where X+ denotes the pseudoinverse [69, 11] of the matrix X .

See Appendix C.1 for the complete discussion and a proof. While our rank conditions are derived
with finite states and actions, we extend them to continous CMPs and identify an irreducible error in
the low-rank approximation used in the practical FB. We discuss two important implications from
our Proposition 1 next.

First, our rank analysis implies some challenges in using neural networks to express the FB representa-
tions. In machine learning, one usually invokes the Universal Function Approximation Theorem [41]
to argue that they can perfectly express a finite-dimensional function of interest with large enough
neural networks. However, our Proposition 1 suggests that when the states and actions are continu-
ous, both the ground-truth F ⋆ and B⋆ lie in an infinite-dimensional Hilbert space [9]. In this case,
arbitrarily expressive neural networks still cannot represent the desired representations.
Corollary 1 (Learnability). For continuous CMPs with |S × A| → ∞, the inner product
⟨F ⋆(s, a, z), B⋆(s, a)⟩ lies in an infinite-dimensional Hilbert space H, which contains the latent
space Z ⊂ H. Thus, neural networks are not able to express the inner product.

The challenge not only stems from fitting the inner product (one can fit the inner product as a kernel
function [9, 61]), but also stems from the infinite-dimensional latent variable z ∈ H in the input of
the forward representations. As mentioned in prior work [103, 104], using a finite representation
dimension results in a low-rank approximation of the ground-truth FB.

Second, when learning a low-rank approximation for the desired ratio (Eq. 12) as in the practical FB,
our rank analysis suggests that we can incur arbitrary errors on the optimal Q-value predictions.
Corollary 2 (Arbitrary Errors; Informal). For the low-rank FB representations (d < |S ×A|) learned
by the practical FB algorithm, there exist some reward functions such that errors in the optimal
Q-value prediction are arbitrarily large.

See Appendix C.2 for the complete statement and the proof. Unlike the function approximation
errors in neural networks [41], these arbitrary errors in the optimal Q-value prediction are irreducible.
Therefore, the corresponding zero-shot policy may not be optimal for maximizing the reward.

Our second set of necessary conditions studies the ground-truth forward representations under reward
transformations. Recall that the Q-value is equivariant to an arbitrary positive affine transformation on
the reward [91, 74] (See Lemma 3). We translate this into an invariance property that the ground-truth
forward representations must satisfy:
Proposition 2 (Informal). For a scalar ν > 0, and an offset ξ ∈ R, the ground-truth forward
representations F ⋆ are invariant under affine transformations on the reward, i.e., F ⋆(s, a, zνr+ξ) =
F ⋆(s, a, zr).
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See Appendix C.3 for further discussions and the proof. This proposition underscores a necessary
condition: any F that failed to satisfy Proposition 2 must not equal F ⋆ (contrapositive). We will use
this proposition as the criterion for examining whether the practical FB converges to the ground-truth
representations (Sec. 5.1). In the next section, we reinterpret the representation objective in FB. Our
understanding provides insights to simplify the algorithm in Sec. 4.

3.2 What Does the FB Representation Objective Minimize?

We now reinterpret the representation objective used in FB. The main idea is to derive a temporal-
difference (TD) variant of the LSIF loss (Eq. 3) that minimizes a Bellman error similar to FQE. This
TD LSIF loss ends up being equivalent to the representation loss used in Touati and Ollivier [103].

In the context of LSIF, FB chooses to set the ratio function in Eq. 3 as an inner product:
g(s, a, z, sf , af ) ≜ F (s, a, z)⊤B(sf , af ), set the target measure to p(s, a, z, sf , af ) ≜Mπ(sf , af |
s, a, z), and set the anchor measure to q(s, a, z, sf , af ) ≜ ρ(sf , af ), resulting in the following loss:

LMC FB(F,B) =
1

2
Epπβ (s,a),pZ(z),

ρ(sf ,af )

[(
F (s, a, z)⊤B(sf , af )−

Mπ(sf , af | s, a, z)
ρ(sf , af )

)2]
. (4)

We call this loss the Monte Carlo (MC) forward-backward representation loss LMC FB because, as
mentioned in Sec. 2, computing it requires on-policy samples from the successor measure Mπ .

We next derive a temporal-difference version of this same loss. First, we replace the successor measure
in LMC FB using the recursive Bellman equation in Eq. 1. Second, we use target FB representation
functions F̄ and B̄ to replace the ground-truth ratio at the next time step, akin to the target networks
used in deep Q-learning [66]. The resulting loss function minimizes a Bellman error4:

LTD FB(F,B) =
1

2
E pπβ (s,a), ρ(sf ,af ),

pZ(z), p(s′|s,a), π(a′|s′,z)

[(
F (s, a, z)⊤B(sf , af )− y

)2]
, (5)

y = (1− γ)δ(sf , af | s, a)/ρ(sf , af ) + γF̄ (s′, a′, z)⊤B̄(sf , af ).

See Appendix C.4 for the complete derivation. We call this loss the temporal-difference (TD) forward-
backward representation loss LTD FB. Like FQE, the TD FB loss can be computed using transition
samples and target networks. Unlike FQE, this loss function estimates the successor measure ratio
instead of the Q-value. Rearranging terms in LTD FB, we recover the original FB representation
objective5:

LTD FB(F,B) =
1

2
E pπβ (s,a), ρ(sf ,af ),

pZ(z), p(s′|s,a), π(a′|s′,z)

[(
F (s, a, z)⊤B(sf , af )− γF̄ (s′, a′, z)⊤B̄(sf , af )

)2]
− (1− γ)Epπβ (s,a), pZ(z)

[
F (s, a, z)⊤B(s, a)

]
. (6)

See Appendix C.4 for the derivation. Importantly, we can now interpret the representation objective
in FB as performing approximate value iteration, which has a clear connection with the standard
Bellman operator and the Banach fixed-point theorem [6]. These theoretical connections motivate us
to study whether FB admits a similar convergence guarantee in practice.

3.3 Does the Practical FB Algorithm Admit a Stable Convergence?

Our analysis proceeds in two steps. First, the resemblance between FB (Eq. 6) and FQE motivates
us to define a new Bellman operator, called the FB Bellman operator. Similar to the relationship
between the standard Bellman operator and FQE, we interpret the FB algorithm as iteratively applying
the FB Bellman operator using samples from the dataset. Second, we use the Banach fixed-point
theorem [6] to analyze the asymptotic fixed point of the FB Bellman operator, studying whether FB
admits approximate convergence.

Similar to Sec. 3.1, we consider discrete CMPs with a finite number of states and actions. We also
assume the transition measure p(s′ | s, a) and the marginal probability measure ρ(sf , af ) are known.
Under this setup, we can define a new FB Bellman operator.

4A similar formulation has been mentioned in prior work (See Appendix B of Touati et al. [104]), but from the perspective
of minimizing a matrix norm.

5We recover the FB representation objective up to a constant scaling factor 1− γ.
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Definition 1. For any two functions f : S × A × Z → Z and b : S × A → Z that induce the
latent-conditioned policy π(a | s, z) = δ

(
a | argmaxa∈A f(s, a, z)

⊤z
)
, the FB Bellman operator

TFB applies to the inner product of f(s, a, z) and b(sf , af ):

TFB
(
f(s, a, z)⊤b(sf , af )

)
≜ (1− γ)δ(sf , af | s, a)

ρ(sf , af )
+ γEp(s′|s,a),π(a′|s′,z)

[
f(s′, a′, z)⊤b(sf , af )

]
.

As discussed in Sec. 3.2, FB’s representation objective can be viewed as minimizing a Bellman
error (Eq. 5). Comparing the functional form of Eq. 5 to the FB Bellman operator, we can draw
a key observation between FB and the FB Bellman operator: the TD FB loss (Eq. 6) in FB is
iteratively applying the FB Bellman operator TFB to the FB representations from the previous
iteration, resembling the bridge between FQE and the standard Bellman operator [66, 58].

The standard Bellman operator is a γ-contraction and admits a unique fixed point [6]. Unfortunately,
the FB Bellman operator is not a γ-contraction because of the circular dependency between the
latent-conditioned policy and its associated successor measure (See Definition 2 and Fig. 1).
Proposition 3 (Informal). The FB Bellman operator TFB is not a γ-contraction. Thus, the Banach
fixed-point theorem is not applicable to the FB Bellman operator.

See Appendix C.5 for the proof. Our analysis does not suggest that iteratively applying the FB
Bellman operator cannot converge to a fixed point, just that the standard proof strategy is not
applicable. Indeed, both our discussion in Sec. 3.1 and prior work [104] have already revealed that
there exist multiple fixed points for the FB Bellman operator.6 Therefore, whether the FB algorithm
converges stably to a fixed-point remains an open problem. Answering this question might require
tools such as the Lefschetz fixed-point theorem [55] or the Lyapunov stability [62], which we leave
for future research. One alternative method that might converge is to first fit the changing successor
measure using a single network and then conduct bilinear decompositions into FB representations.
However, the circular dependency (Fig. 1) persists in this variant. In Sec. 5.1, we will use didactic
experiments to demonstrate that FB struggles to converge in practice.

4 A Simplified Algorithm for Unsupervised Pre-training in RL
In this section, we derive a variant of FB, building upon our theoretical understanding in Sec. 3. Unlike
FB, we take as input a dataset sampled from some behavioral policy πβ(a | s) and fit the successor
measure ratio of this fixed policy (Fig. 1). Our method is conceptually simpler: pre-training consists
of one step of policy improvement over all behavioral value functions on the dataset. Empirically, our
proposed variant of FB achieves more stable convergence and higher performance (Sec. 5). Similar
to prior work [81, 115, 34], our method also provides an efficient policy initialization for further
fine-tuning.

4.1 Breaking the Circular Dependency in FB

In the same way that FB uses TD FB loss to fit successor measure ratios, we optimize a forward
representation function Fβ and a backward representation function Bβ to fit the fixed successor
measure ratio of the behavioral policy πβ(a | s). We use notations similar to FB, but Fβ and Bβ are
semantically different from F and B, highlighting the dependency on the behavioral policy using the
subscript β. We also introduce a new TD one-step FB loss to learn the new FB representations:

LTD one-step FB(Fβ , Bβ) =
1

2
Epπβ (s,a) ρ(sf ,af ),

p(s′|s,a), πβ(a
′|s′)

[(
Fβ(s, a)

⊤Bβ(sf , af )− γF̄β(s
′, a′)⊤B̄β(sf , af )

)2]
− (1− γ)Epπβ (s,a)

[
Fβ(s, a)

⊤Bβ(s, a)
]
, (7)

where F̄β and B̄β are target representation functions. Unlike the TD FB loss, this TD one-step FB
loss samples the next action a′ from the behavioral policy πβ(a′ | s′) and the forward representation
function Fβ does not depend on a latent variable. Importantly, the TD one-step FB loss admits a
clear fixed-point as the behavioral policy is fixed: the learning procedure is a supervised learning
problem. In theory, we can also first regress the fixed successor measure ratio and then conduct
bilinear decompositions into Fβ and Bβ , enjoying stable convergence.

6For example, applying a rotation (orthonormal) matrix to both FB representations does not change their inner products.
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Similar to FB, we additionally regularize the backward representations to be orthonormal [103, 104]:

Lortho(Bβ) = Eρ(sf ,af )

ρ(s′f ,a
′
f )

[
(Bβ(sf , af )

⊤Bβ(s
′
f , a

′
f ))

2 − ∥Bβ(sf , af )∥22 −
∥∥Bβ(s

′
f , a

′
f )
∥∥2
2

]
. (8)

The complete new representation objective contains both the TD one-step FB loss and the orthonor-
malization regularization, with λortho controlling the regularization strength:

L(Fβ , Bβ) = LTD one-step FB(Fβ , Bβ) + λorthoLortho(Bβ). (9)

In Appendix C.6, we discuss a connection between our method and the singular value decomposition
(SVD) of the behavioral successor measure. We will use the learned forward representations to derive
a latent-conditioned policy in our algorithm.

4.2 Learning a Policy Using Forward Representations
Our approach for learning a policy is similar to FB. Specifically, we select actions to maximize the
inner products between the forward representation Fβ and a latent variable z sampled from the latent
prior pZ . For discrete CMPs, we use a softmax policy with temperature τpolicy:

π(a | s, z) =
exp

(
τpolicyFβ(s, a)

⊤z
)∑

a′∈A exp (τpolicyFβ(s, a′)⊤z)
, z ∼ pZ(z).

For CMPs with continuous actions, we explicitly learn a Gaussian policy by the reparameterized
policy gradient trick [39] with an additional behavioral-cloning regularization [31] for the offline
setting, with λBC controlling the regularization strength:

L(π) = −Epπβ (s,aβ), pZ(z), π(a|s,z)
[
Fβ(s, a)

⊤z + λBC log π(aβ | s, z)
]
. (10)

After pre-training, we can use the policy and representations to adapt to any reward func-
tion, akin to FB. Given a downstream task, we infer the task-specific latent variable zβr =
Eρ(sf ,af ) [Bβ(sf , af )r(sf , af )] and use it to index the latent-conditioned policy π(a | s, zβr ). Impor-
tantly, this policy adaptation performs one step of policy improvement on the behavioral Q-value
(Appendix C.7), similar to the generalized policy improvement in Barreto et al. [7].

Algorithm summary. In Alg. 1, we summarize our new algorithm, one-step FB, and our open-source
implementation is available online7. Starting from the existing FB algorithm, implementing our
method makes two simple changes: (1) remove the latent variable from the input of the forward
representation, and (2), in the representation loss, sample the next action from the dataset instead
of the policy. We use neural networks to parameterize the new FB representations F θ

β (s, a) and
Bω

β (sf , af ), and the policy πη(a | s, z).

5 Experiments
Our experiments study whether one-step FB is a simpler and more stable variant of FB. First, we will
use a simple discrete CMP to verify the theory in Sec. 3, empirically testing whether FB and one-step
FB converge to their desired representations. Second, we compare one-step FB to prior work in
standard offline RL and offline-to-online RL benchmarks, measuring zero-shot performance and the
benefits of offline fine-tuning. Following prior work [83], all experiments show means and standard
deviations across 8 random seeds for state-based tasks (4 random seeds for image-based tasks).

5.1 The Failure Mode of the FB Algorithm

Does the practical FB algorithm converge to the fixed point characterized in Sec. 3.1? We test the
convergence of the FB algorithm by training it for a long time in a simple CMP (Fig. 2) with three
states and three actions. We choose this discrete CMP because we can compute the successor measure
and the optimal Q-value analytically. Using the MC FB loss (Eq. 4) for FB, which is the analytical
analogy of the TD FB loss (Eq. 6), we learn the FB algorithm for 105 gradient steps and then analyze
prediction errors and forward KL divergence of the latent-conditioned policy. See Appendix D.1 for
implementation details. We will track several metrics (See Appendix D.1 for formal definitions) with
the aim of answering the following questions:

7https://github.com/chongyi-zheng/onestep-fb
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Figure 3: Learning FB representations in the three-state CMP (Fig. 2). (Left) After training for 105 gradient steps,
FB fails to converge to a pair of ground-truth FB representations. (Right) Given a fixed policy, one-step FB exactly fits the
ground-truth one-step FB representations within 4× 104 gradient steps, suggesting that our method is simpler and more stable.
These observations are consistent with our theory (Sec. 3.3) and the motivation for developing a new method (Sec. 4.1).

1. Do the learned representations accurately reflect the successor measure ratio? We compute
the successor measure ratio prediction error ϵSMR.

2. Do the learned representations accurately reflect the Q values of reward-maximizing policies
(Definition 3)? We measure this error as the optimal Q-value prediction error ϵQ⋆ .

3. How similar are the learned policies to the reward-maximizing policies (Definition 3)? We
measure the forward KL divergence between the latent-conditioned policy and the optimal
policy KLπ⋆ .

4. Do the optimal Q-value predictions satisfy the equivariance property of universal value
functions (Proposition 2)? We measure the equivariance error of Q predictions ϵequiv.

s0s1 s2

a0

a1 a2

Figure 2: The three-state CMP. Agents start from state s0
and take action ai (i = 0, 1, 2) to determinstically transit into
state si. States s1 and s2 are both absorbing states. Sections 5.1
and 5.2 will use this simple MDP to study the convergence of
the FB and the one-step FB algorithms.

Along several metrics (Fig. 3 (Left)), we observe
high errors, even asymptotically, suggesting that
the FB algorithm might not converge. For exam-
ple, the prediction error of the successor mea-
sure ratio converges to ϵSMR = 4× 10−2 (con-
trary to Definition 2). Similarly, the high policy
KL divergence (KLπ⋆ = 10−2) indicate that
the FB algorithm failed to enable optimal policy
adaptation (contrary to Definition 3). Impor-
tantly, since the optimal Q-value admits equiv-
ariance to an affine transformation, failing to satisfy this property (ϵequiv = 10−4) provides key
evidence to show that the FB algorithm is not converging to the optimal Q-value. In Appendix E.3,
we discuss potential confounding effects to clarify the observation that the practical FB algorithm
fails to converge.

5.2 The Convergence of the One-Step FB Algorithm

We next perform a similar analysis of our simplified algorithm (one-step FB), checking whether the
theoretically promised properties (Sec. 4) are borne out in practice. Comparing one-step FB to FB is
challenging because they have different fixed points. The closest apples-to-apples comparison is to
measure whether one-step FB converges to its respective fixed point (see Sec. 4). For example, we
will measure whether the representations learned by one-step FB encode the successor measure of a
fixed policy πβ(a | s), not any reward-maximizing policy.

We reuse the three-state CMP in Fig. 2 and train the one-step FB representations for 105 gradient
steps using the MC one-step FB loss (Eq. 31). See Appendix D.2 for implementation details. We will
track metrics similar to Sec. 5.1, aiming to answer questions related to the Q-value of the fixed policy
Q

πβ
r (See Appendix D.2 for formal definitions).

Results in Fig. 3 (Right) suggest that all these metrics converge to small numbers (≤ 10−7) within
4× 104 gradient steps, helping to verify the convergence of one-step FB. In particular, the learned
one-step FB representations are equivariant to an affine transformation in rewards (ϵequiv = 5×10−9),
which is consistent with the property of any Q-value (Lemma 3).

Overall, these didactic experiments show that one-step FB enjoys strong convergence properties. Our
next section studies whether these benefits carry over into higher-dimensional continuous control
tasks on standard benchmarks.
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Table 1: Zero-shot evaluation on ExORL and OGBench benchmarks. One-step FB achieves the best or near-best
performance on 6 out of 10 domains, outperforming FB by 1.4× on average (+−). Following prior work [83], we average
results over 8 seeds (4 seeds for image-based tasks) and bold values within 95% of the best performance for each domain. See
Table 2 for full results.

Domain Laplacian BYOL-γ ICVF HILP FB One-Step FB

walker (4 tasks) 228± 2 227± 2 619± 23 393± 108 400± 40 379± 26 (-21)
cheetah (4 tasks) 125± 41 127± 39 187± 13 116± 78 271± 46 378± 56 (+107)
quadruped (4 tasks) 462± 35 496± 35 546± 37 352± 59 246± 31 645± 15 (+399)
jaco (4 tasks) 3± 1 3± 0 23± 3 20± 5 10± 4 22± 4 (+12)

antmaze large navigate (5 tasks) 9± 1 21± 2 23± 3 34± 2 25± 5 30± 9 (+5)
antmaze teleport navigate (5 tasks) 3± 1 16± 4 29± 3 19± 6 16± 8 11± 6 (-5)
cube single play (5 tasks) 6± 2 13± 2 13± 2 30± 8 2± 1 3± 2 (+1)
scene play (5 tasks) 4± 1 15± 8 8± 6 19± 6 6± 4 8± 2 (+2)

visual cube single play (5 tasks) - 11± 4 - 8± 1 12± 3 14± 3 (+2)
visual scene play (5 tasks) - 3± 1 - 4± 1 13± 2 16± 4 (+3)

5.3 Comparing One-Step FB to Prior Unsupervised RL Methods

We now compare one-step FB to prior unsupervised RL algorithms, measuring the zero-shot adap-
tation performance on downstream tasks. While our previous sections have shown that one-step
FB enjoys strong convergence properties, one might wonder whether it forgoes some degree of
performance by only performing one step of policy improvement. Our experiments will show that,
empirically, this is not the case. We defer the rationales for selecting prior methods to Appendix D.3.
Appendix D.4 includes the detailed discussions about environments, datasets, and evaluation proto-
cols. Prior work [81, 5, 3] that evaluated on the same benchmarks reported inconsistent results. To
make a fair comparison, we implement both our and prior methods from scratch and use the same
hyperparameters whenever possible (See Appendix D.5).

We report results in Table 1, aggregating over 4 tasks in each domain of ExORL and 5 tasks in
each domain of OGBench, and present the full results in Table 2. These results show that one-step
FB matches or surpasses prior unsupervised RL methods on 6 out of 10 domains. In particular,
one-step FB achieves +1.4× improvement over FB on average. On ExORL benchmarks, while prior
methods ICVF and HILP are stronger on walker domain than both FB and one-step FB, our method
performs on par or better than the best-performing baseline in other domains (+17% on average).
On goal-conditioned domains from OGBench, while one-step FB is not the best-performing method
on state-based tasks, it outperforms prior methods by 20% when taking in pixels as inputs directly.
We conjecture that the state-based OGBench domains are challenging for one-step FB because the
sparse reward function (goal-conditioned indicator rewards) induces a single backward representation.
In contrast, some better-performing baselines are explicitly learning a goal-conditioned distance
function, e.g., HILP and ICVF. Taken together, one-step FB is a competitive unsupervised pre-training
algorithm for RL. In Appendix E.1, we further study whether one-step FB provides an efficient policy
initialization for online fine-tuning.

Additional experiments. In Appendix E.2, we study the effects of dataset quality on our algorithm.
In Appendix E.3, we investigate the confounding effects in our didactic experiments. Appendix E.4
studies key components of one-step FB: the behavioral-cloning regularization coefficient λBC, the
orthonormalization regularization coefficient λortho, the reward weighting temperature τreward, and the
representation dimension d.

6 Conclusion and Limitations

How much computation can the RL algorithm prefetch? The FB framework offers one compelling
framework for studying this question, and this paper offers some theoretical considerations on what is
required for an unsupervised pre-training method for RL, which led to a simpler method with stronger
convergence. Our goal is to help the community interpret, use, and build upon FB-style methods,
working towards a future of universal pre-training for RL.

Limitations. While we explain why classical fixed-point analysis fails for FB, we do not provide
a full alternative convergence theory for the practical FB algorithm. As mentioned at the end of
Sec. 3.3, answering this question might require other tools in functional analysis. Practically, the
zero-shot policies inferred by one-step FB might be sub-optimal, similar to prior work [81, 115, 34],
if obtaining the optimal Q-value requires multiple steps of policy improvement.
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Algorithm 1 One-step forward-backward representation learning

1: input: The dataset D, the forward representation F θ
β , the backward representation Bω

β , the latent-conditioned policy πη ,

the latent prior pZ , the target forward representation F θ̄
β , the target backward representation Bω̄

β .
2: for each iteration do
3: Sample a batch of transitions {(s, a, s′, a′)} ∼ D and a batch of latents {z} ∼ pZ(z).
4: Train the forward representation F θ

β and the backward representation Bω
β by minimizing L(θ, ω) (Eq. 9).

5: Train the policy πη by minimizing L(η) (Eq. 10).
6: Update the target forward representations F θ̄

β and the target backward representations Bω̄
β using Polyak averages.

7: end for
8: output: F θ

β , Bω
β , and πη .

Table 2: Zero-shot evaluation on ExORL and OGbench benchmarks. We present the full zero-shot evaluation results on
16 ExORL tasks and 30 OGbench tasks. In each domain, we pre-train different methods and evaluate zero-shot performance
on a set of tasks. We aggregate the results over 8 seeds (4 seeds for image-based tasks) and bold values within 95% of the best
performance for each task.

Domain Task Laplacian BYOL-γ ICVF HILP FB One-Step FB

walker

overall 228± 2 227± 2 619± 23 393± 108 400± 40 379± 26 (-21)
flip 243± 5 242± 4 538± 19 332± 135 277± 100 388± 30
run 89± 1 89± 2 258± 20 136± 36 194± 20 198± 30
stand 389± 3 387± 5 858± 31 691± 126 621± 93 524± 60
walk 192± 4 192± 4 821± 40 413± 195 506± 34 407± 63

cheetah

overall 125± 41 127± 39 187± 13 116± 78 271± 46 378± 56 (+107)
run 40± 13 42± 13 89± 7 38± 32 43± 36 97± 19
run backward 50± 17 48± 15 48± 9 36± 40 125± 30 181± 60
walk 185± 61 199± 61 385± 21 195± 121 251± 166 424± 44
walk backward 226± 77 220± 70 226± 38 194± 202 663± 143 811± 156

quadruped

overall 462± 35 496± 35 546± 37 352± 59 246± 31 645± 15 (+399)
jump 554± 54 603± 67 617± 59 321± 63 247± 84 707± 48
run 324± 22 345± 19 395± 33 277± 56 165± 51 461± 11
stand 651± 47 700± 41 796± 57 473± 103 388± 86 916± 30
walk 318± 21 337± 13 375± 57 339± 111 183± 59 496± 27

jaco

overall 3± 1 3± 0 23± 3 20± 5 10± 4 22± 4 (+12)
reach bottom left 3± 1 3± 1 25± 9 29± 9 8± 5 6± 2
reach bottom right 3± 0 3± 1 21± 8 24± 8 7± 9 5± 2
reach top left 2± 1 3± 0 26± 10 6± 8 9± 9 53± 11
reach top right 4± 1 3± 1 20± 7 22± 11 17± 9 22± 6

antmaze large navigate

overall 9± 1 21± 2 23± 3 34± 2 25± 5 30± 9 (+5)
task 1 2± 1 6± 3 4± 2 13± 8 46± 9 21± 9
task 2 2± 1 11± 4 9± 3 16± 6 2± 3 41± 12
task 3 29± 3 57± 8 67± 8 75± 6 31± 10 15± 4
task 4 6± 2 14± 5 18± 6 27± 10 3± 2 33± 15
task 5 6± 3 16± 4 18± 4 40± 8 44± 19 37± 20

antmaze teleport navigate

overall 3± 1 16± 4 29± 3 19± 6 16± 8 11± 6 (-5)
task 1 1± 1 5± 3 17± 9 10± 5 8± 9 2± 1
task 2 6± 2 15± 7 38± 17 27± 7 11± 10 15± 10
task 3 4± 2 15± 3 40± 4 24± 8 23± 10 17± 10
task 4 2± 1 24± 12 40± 6 21± 11 25± 10 19± 11
task 5 2± 1 23± 5 12± 11 14± 7 13± 12 2± 1

cube single play

overall 6± 2 13± 2 13± 2 30± 8 2± 1 3± 2 (+1)
task 1 5± 2 12± 4 13± 2 27± 7 1± 1 3± 4
task 2 5± 2 13± 3 13± 3 30± 10 3± 2 4± 4
task 3 7± 3 13± 4 14± 4 23± 13 3± 3 4± 4
task 4 6± 2 15± 6 11± 3 37± 19 2± 2 2± 2
task 5 5± 3 11± 3 13± 4 30± 22 1± 2 1± 1

scene play

overall 4± 1 15± 8 8± 6 19± 6 6± 4 8± 2 (+2)
task 1 17± 6 49± 32 34± 23 66± 16 25± 16 21± 8
task 2 1± 1 11± 8 5± 7 14± 11 5± 5 12± 4
task 3 1± 1 9± 6 3± 3 12± 14 0± 1 0± 0
task 4 2± 1 4± 7 0± 0 1± 1 0± 0 7± 4
task 5 0± 0 0± 0 0± 0 0± 0 0± 0 0± 0

visual cube single play

overall - 11± 4 - 8± 1 12± 3 14± 3 (+2)
task 1 - 24± 16 - 10± 6 14± 7 47± 12
task 2 - 10± 2 - 19± 5 10± 5 11± 3
task 3 - 16± 4 - 10± 7 15± 6 3± 3
task 4 - 3± 3 - 13± 7 8± 5 9± 8
task 5 - 1± 1 - 15± 3 11± 7 2± 2

visual scene play

overall - 11± 4 - 8± 1 12± 3 14± 3 (+2)
task 1 - 7± 2 - 14± 4 66± 12 78± 16
task 2 - 1± 1 - 2± 1 0± 0 3± 4
task 3 - 0± 1 - 2± 1 0± 0 0± 0
task 4 - 5± 5 - 0± 0 0± 0 1± 1
task 5 - 0± 1 - 0± 1 0± 0 0± 0
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A Related Work

Our work investigates the theoretical foundations of unsupervised pre-training in RL, with a focus on
the prior forward-backward (FB) representation learning algorithm [103].

Unsupervised RL and zero-shot RL. The broader goal of unsupervised RL is to pre-train policies
from reward-free unsupervised interactions that enable efficient adaptation to downstream tasks. Prior
work has approached this via skill learning [30, 81, 47, 42, 79, 26, 114], intent predictions [30, 115],
empowerment maximization [49, 20, 67, 94], or self-supervised representation learning [76, 63, 65,
110, 112]. After pre-training a set of policies, these methods typically adapt one of the policies
to a new reward function via continuous fine-tuning or hierarchical control [79, 30, 63, 115]. One
appealing family of methods that does not require gradient-based fine-tuning of the pre-trained policy
is called zero-shot RL methods [103, 81, 5, 101, 57]. Similar to the in-context learning in LLMs [16],
zero-shot RL methods prefetch optimal policies for any rewards during pre-training and perform
in-context adaptation on downstream tasks. In this paper, through theoretical and empirical analysis,
we demystify a prior SOTA zero-shot RL method (FB [103]) and study its convergence in practice.

Successor measures and successor features. Our work builds on successor measures [21], which
were originally proposed to improve generalization in RL and have since been widely adopted in
neuroscience to model predictive maps in the brain [68, 108]. In the domain of Deep RL, prior work
has shown that successor measures can be learned in high-dimensional environments [51, 111] and
facilitate transfer learning across tasks [7]. By combining these ideas with universal value function
approximators [93], Universal Successor Features (USFs) generalize successor features to estimate
values for any reward under any policy [13]. More recently, forward-backward (FB) representation
learning [103] extended this to enable zero-shot evaluation for any reward function, forming the basis
for building behavioral foundation models [101, 5]. Our analysis of FB interprets the representation
objective as estimating the successor measure of a latent-conditioned policy. However, this estimation
incurs a circular dependency.

Density ratio estimations. Directly estimating the ratios between two probability density functions
is an important problem in machine learning. Solving this problem enables applications in two-sample
testing [59], covariate shift adaptation [96], outlier detection [96], mutual information estimation [8,
87], and policy evaluation [71]. Prior work has tackled the density ratio estimation problem by
minimizing a KL divergence [96], moment matching [35], penalized convex risk minimization [75],
contrastive learning [64, 77, 87]. Our analysis of the FB algorithm is closely related to the least-
squares importance fitting approach [44, 45] for density ratio estimation. In this paper, we show that
the FB representation objective is a temporal-difference variant of the least-squares importance fitting
loss in Sec. 3.2 and is closely related to fitted Q-evaluation (FQE) [90].

One-step RL. One-step RL methods [15, 37, 85, 105, 86] apply one step of policy improvement to
a data-generating behavioral policy. These methods have two phases: First, estimate the Q-values of
the behavioral policy via regression or FQE updates. Second, optimize the policy to maximize the
predicted Q-value. This formulation decouples Q-value estimation from policy extraction, encom-
passing a wide range of techniques, from Relative Entropy Policy Search [86] to goal-conditioned
imitation learning [92, 22, 56, 18, 52, 25, 28, 106]. Theoretical and empirical analysis presented
in Eysenbach et al. [27] show that one step of policy improvement is equivalent to multi-step critic
regularization, opening the door to developing a simpler suite of algorithms. Recent work [29, 84, 15]
has applied the idea of one-step policy improvement to develop practical RL algorithms. Similarly,
our proposed method, one-step FB, adopts the principle of one-step policy improvement, breaking
the circular dependency in the original FB algorithm.

B Preliminary

B.1 The Successor Measure Matrix

For policy π, we define the policy-dependent transition matrixPπ ∈ R|S×A|×|S×A| asPπ
(s,a),(s′,a′) =

p(s′ | s, a)π(a′ | s′).
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Lemma 1 (Lemma 1.6 and Corollary 1.5 of Agarwal et al. [2]). For any policy π : S → ∆(A),
transition function p(s′ | s, a) and discount γ ∈ [0, 1), the successor measure matrix Mπ ∈
R|S×A|×|S×A| satisfies Mπ = (1 − γ)(I|S×A| − γPπ)−1. Furthermore, Mπ is full rank, i.e.,
rank(Mπ) = |S × A|.

Proof. This result is almost an immediate consequence of the Bellman equation in Eq. 1:

Mπ = (1− γ)I|S×A| + γPπMπ =⇒ (I|S×A| − γPπ)Mπ = (1− γ)I|S×A|.

If I|S×A| − γPπ is invertible (i.e., full rank), then successor measure must satisfy Mπ = (1 −
γ)(I|S×A| − γPπ)−1. Thus, the proof boils down to showing that this matrix is invertible.

We prove that the matrix I|S×A| − γPπ is invertible by showing its null space only contains the zero
vector. For any non-zero vector x ∈ R|S×A|, the L∞-norm of (I|S×A| − γPπ)x satisfies

∥(I|S×A| − γPπ)x∥∞ = ∥x− γPπx∥∞
(a)

≥ ∥x∥∞ − γ∥Pπx∥∞
(b)

≥ ∥x∥∞ − γ∥x∥∞
= (1− γ)∥x∥∞
(c)
> 0,

where, in (a), we apply the triangle inequality of the L∞-norm, (b) holds because Pπx is an
expectation over elements of x and ∥x∥∞ = max{|x1|, |x2|, · · · , |x|S×A||}, and, in (c), we apply the
conditions that γ < 1 and x is a non-zero vector. Therefore, the null space of the matrix I|S×A|−γPπ

only contains the zero vector, implying it is invertible. Thus, we can compute the successor measure
by matrix inversion:

Mπ = (1− γ)(I|S×A| − γPπ)−1.

Since the matrix I|S×A|−γPπ is invertible, we conclude that the successor measure is also a full-rank
invertible matrix with rank(Mπ) = |S × A|.

B.2 Components for Unsupervised Pre-Training in RL

For Step 1, prior methods usually define a latent variable z ∈ Z sampled from a prior distribution pZ ∈
∆(Z), e.g., a standard Gaussian distribution [30] or a scaled von Mises-Fisher distribution [81, 103],
and use it to index latent-conditioned policies π : S × Z → ∆(A). The goal of unsupervised
pre-training is to prefetch the reward-maximizing policies for downstream tasks [81, 103, 3, 5]. For
Step 2, we are presented with a reward function r(s, a) and asked to find a latent variable zr so that
policy π(a | s, zr) achieves high reward.

B.3 Definition of Ground-Truth Forward-Backward Representations

We formally define the ground-truth forward-backward representations F ⋆ : S ×A×Z → Z and
B⋆ : S ×A → Z as a pair of functions satisfying the following properties.
Definition 2 (Definition 1 of Touati and Ollivier [103]). For any CMP with latent space Z and any
marginal probability measure ρ ∈ ∆(S×A), we say that a pair of functions F ⋆ : S×A×Z → Z and
B⋆ : S ×A → Z are the ground-truth forward-backward representations if, for any latent variable z,
any current state-action pair (s, a), and any future state-action pair (sf , af ), the latent-conditioned
policy π : S × Z → ∆(A) defined by

π(a | s, z) = δ
(
a
∣∣ argmax

a∈A
F ⋆(s, a, z)⊤z

)
, (11)

has its associated successor measure ratio Mπ/ρ : S ×A×Z × S ×A → R≥0 satisfy

Mπ(sf , af | s, a, z)
ρ(sf , af )

= F ⋆(s, a, z)⊤B⋆(sf , af ). (12)
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Definition 3 (heorem 2 of Touati and Ollivier [103]). Augmenting the CMP with a reward function
r : S ×A → R, for any latent variable z, and any current state-action pair (s, a), the ground-truth
FB representations F ⋆ : S ×A× Z → Z and B⋆ : S ×A → Z produces a latent variable

zr = E(sf ,af )∼ρ(sf ,af ) [B
⋆(sf , af )r(sf , af )] (13)

that indexes the optimal policy π⋆
r (a | s) = π(a | s, zr) and the optimal Q-value Q⋆

r(s, a) =
F ⋆(s, a, zr)

⊤zr.

The optimal policy adaptation for any reward function depends on the closeness of the latent space Z .
In practice, prior work [103, 104, 5] usually sets the latent space to be the entire d-dimensional real
space Z = Rd. One intriguing property of this design decision is the linear closeness of Rd: Rd is a
vector space that is closed under vector addition and scalar multiplication.

Lemma 2 (Closeness of the d-dimensional real space). For any vectors x, y ∈ Rd and any scalars
a, b ∈ R, the linear combination ax+ by ∈ Rd.

Importantly, we can apply Lemma 2 to the (infinite number of) backward representations B(sf , af )
and extend the results to an expectation (integral):

Corollary 3 (The latent space covers the optimal latent variable for any reward function). For a
latent space Z = Rd, the ground-truth backward representations B⋆ : S × A → Z , any reward
function r : S ×A → R, and any marginal probability measure ρ ∈ ∆(S ×A), the optimal latent
variable

zr = E(sf ,af )∼ρ(sf ,af ) [B
⋆(sf , af )r(sf , af )]

is always covered by the latent space: zr ∈ Z .

This corollary enables the FB algorithm to first pre-train a set of latent-conditioned policies and then
use the optimal latent variable to index the optimal policy for any reward function.

C Theoretical Analysis

C.1 Existence of the Ground-Truth FB Representations

Before proving the existence of FB representations, we define some special notations for the latent
space and use matrices to simplify our derivations. Specifically, we will consider the latent space
Z = Rd as both a latent manifold and a set of latent variables containing every vector in Rd:
Z = {z1, · · · , z|Z|}. Although the size of the latent space is infinite, we will consider |Z| as a finite
number and take the limit to infinity (|Z| → ∞). We will only use this notation to simplify our
theoretical analysis.

For any forward representation function F : S × A × Z → Z and any backward representation
function B : S × A → Z , we stack the backward representations B(sf , af ) into a matrix B ∈
Rd×|S×A|:

B =
[
B(s1, a1) · · · B(s|S|, a1) · · · B(s|S|, a|A|)

]
. (14)

The forward representations induce the latent-conditioned policy π : S ×Z → ∆(A) (Eq. 11). These
policies maximize the inner products between the forward representation and the corresponding latent
variable: a delta measure (indicator function) around the maximizer.

π(a | s, z) = δ

(
a

∣∣∣∣ argmax
a∈A

F (s, a, z)⊤z

)
= 1argmaxa∈A F (s,a,z)⊤z (a) . (15)

For different latent zi ∈ Z , the policy π(a | s, zi) induces a successor measure matrix Mπ
i ∈

R|S×A|×|S×A| as computed in Lemma 1: for all i = 1, · · · , |Z|,

Mπ
i = (1− γ)

(
I|S×A| − γPπ(a|s,zi)

)−1

. (16)
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We also aggregate all the Mπ
i ’s into a single matrix Mπ

Z ∈ R|Z×S×A|×|S×A|:

Mπ
Z =

M
π
1

...
Mπ

|Z|

 . (17)

Similarly, for each zi, we stack the latent-conditioned forward representations F (s, a, zi) into a
matrix Fi ∈ R|S×A|×d: for i = 1, · · · , |Z|,

Fi =


F (s1, a1, zi)

⊤

...
F (s1, a|A|, zi)

⊤

...
F (s|S|, a|A|, zi)

⊤

 , (18)

and also aggregate all the Fi’s into a single matrix Fπ
Z ∈ R|Z×S×A|×d:

FZ =



F (s1, a1, z1)
⊤

...
F (s1, a|A|, z1)

⊤

...
F (s|S|, a|A|, z1)

⊤

...
F (s|S|, a|A|, z|Z|)

⊤


=

 F1

...
F|Z|

 . (19)

Finally, given a marginal probability measure (probability mass) ρ ∈ ∆(S × A) with full support
on S ×A and a reward function r : S ×A → R, with slight abuse of notation, we stack them in a
marginal measure vector ρ ∈ R|S×A| and a reward vector r ∈ R|S×A|, respectively:

ρ =


ρ (s1, a1)

...
ρ
(
s1, a|A|

)
...

ρ
(
s|S|, a|A|

)

 , r =


r (s1, a1)

...
r
(
s1, a|A|

)
...

r
(
s|S|, a|A|

)

 . (20)

Defining these matrices allows us to simplify the notation and denote the FB representation learning
procedure using linear algebra. For example, the successor measure ratio identity in Definition 2 and
the optimal latent adaptation in Definition 3 can be written as

Mπ
Zdiag(ρ)−1 = F ⋆

ZB
⋆, zr = B⋆(r ⊙ ρ),

where diag(ρ) ∈ R|S×A|×|S×A| is the diagonal matrix of the marginal measure vector ρ and ⊙
denotes the element-wise multiplication. In addition, by the relationship between the successor
measure and the Q-value (Eq. 2), we can write the Q-value for a latent-conditioned policy π(a | s, zi)
as a vector in R|S×A|: Qπ

i =Mπ
i r.

We can now constrain the rank of the forward representation matrix rank (FZ), the rank of the
backward representation matrix rank(B), and the rank of the product of the forward-backward
representation matrices rank (FZB) by matrix dimensions.

Remark 1. The rank of any forward representation matrix satisfies rank(FZ) ≤
min (|Z × S ×A|, d). The rank of any backward representation matrix satisfies rank(B) ≤
min (d, |S × A|). The rank of the product of the forward-backward representation matrices sat-
isfies rank (FZB) ≤ min (rank(FZ), rank(B)).

Using these constraints, we formally prove the existence of FB representations.
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Proposition 1. Given any discrete CMP, a latent space Z = {z1, · · · , z|Z|} with each zi ∈ Rd,
and any marginal probability measure vector ρ ∈ R|S×A| (Eq. 20), any forward representation
matrix F ⋆

Z ∈ R|Z×S×A|×d (Eq. 19), which induces the latent-conditioned policy π : S ×Z → ∆(A)
(Eq. 15) with associated successor measure matrix Mπ

Z (Eq. 17), and any backward representation
matrix B⋆ ∈ Rd×|S×A| (Eq. 14) that encodes this CMP’s successor measure as,

1. F ⋆
Z and B⋆ fit the successor measure ratio (Definition 2):

Mπ
Zdiag(ρ)−1 = F ⋆

ZB
⋆, (21)

2. F ⋆
Z and B⋆ enable optimal policy adaptation (Definition 3): for any reward vector r ∈

R|S×A| (Eq. 20),

zr = B⋆(r ⊙ ρ) ∈ Z, (22)

indexes the optimal policy π⋆
r (a | s) = π(a | s, zr) = argmaxa F

⋆(s, a, zr)
⊤zr and the

optimal Q-value Q⋆
r = Qzr = F ⋆

zrzr,

must satisfy the following properties:

1. The representation dimension d is at least |S × A|, i.e., d ≥ |S × A|.

2. The rank of the forward representation matrix F ⋆
Z is at least |S × A| and at most d, i.e.,

|S × A| ≤ rank (F ⋆
Z) ≤ d.

3. The rank of the backward representation matrixB⋆ is equivalent to |S×A|, i.e., rank (B⋆) =
|S × A|.

4. For different latents zi(i = 1, · · · , |Z|), the backward representation matrixB⋆, the forward
representation matrix for each latent F ⋆

i (Eq. 18), and the successor measure matrix for
each latent Mπ

i (Eq. 16) must satisfy:

B⋆ = F ⋆+
1 Mπ

1 diag(ρ)−1 = F ⋆+
2 Mπ

2 diag(ρ)−1 = · · · = F ⋆+
|Z|M

π
|Z|diag(ρ)−1,

where X+ denotes the pseudoinverse (Moore–Penrose inverse) [69, 11] of the matrix X
and diag(x) is the diagonal matrix of the vector x.

Proof. The main idea of our proof is to match the rank of the FB representation matrices F ⋆
Z , B

⋆ to
the rank of the successor measure matrix Mπ

Z .

Rank matching. Since we aim to find a forward representation matrix F ⋆
Z and a backward repre-

sentation matrix B⋆ fitting the successor measure ratio exactly, it is necessary to match the rank on
both sides of Eq. 21:

rank (Mπ
Z) = rank

(
Mπ

Zdiag(ρ)−1
)
= rank(F ⋆

ZB
⋆).

Applying Lemma 1 to the successor measure of each latent zi ∈ Z gives us rank(Mπ
i ) = |S × A|.

Meanwhile, because the successor measure matrix Mπ
Z is an aggregation of each Mπ

i (Eq. 17), we
have rank(Mπ

Z) = |S × A|, suggesting that the rank of the product of the FB representation matrices
must be equivalent to |S × A|:

rank(Mπ
Z) = rank (F ⋆

ZB
⋆) = |S × A|.

We next constrain the rank of the forward representation matrix F ⋆
Z and the rank of the backward

representation matrix B⋆ by using the properties in Remark 1. Since the rank of the product of the
forward-backward representation matrices is at most the rank of either representation matrix, we have

rank (F ⋆
ZB

⋆) ≤ min (rank (F ⋆
Z) , rank (B⋆))

=⇒ rank (F ⋆
ZB

⋆) ≤ rank (F ⋆
Z) and rank (F ⋆

ZB
⋆) ≤ rank (B⋆) .
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Plugging in the rank of the product of FB representation matrices rank(F ⋆
ZB

⋆) = |S × A| and the
constraints for the rank of the forward representation matrix rank(F ⋆

Z) and the rank of the backward
representation matrix rank(B⋆), we have

|S × A| ≤ rank(F ⋆
Z) ≤ min (|Z × S ×A|, d) and |S × A| ≤ rank(B⋆) ≤ min (d, |S × A|)

=⇒ |S ×A| ≤ rank(F ⋆
Z) ≤ min (|Z × S ×A|, d) and |S × A| ≤ d, rank(B⋆) = |S × A|

(a)
=⇒ |S ×A| ≤ rank(F ⋆

Z) ≤ d and |S × A| ≤ d, rank(B⋆) = |S × A|,
(23)

where we simplify the inequalities in (a) when |Z| → ∞.

These results suggest that the rank constraints on the FB representation matrices:

• The rank of the forward representation matrix is at least |S × A| (not necessarily full rank).

• The rank of the backward representation matrix is equivalent to |S × A| (full rank).

In addition, the necessary condition for the existence of ground-truth FB representation matrices
is that the representation dimension is at least |S × A|, i.e., d ≥ |S × A|. Importantly, these are
three individual conditions for the representation dimension d, the forward representation matrix F ⋆

Z ,
and the backward representation matrix B⋆, respectively. However, they still fail to guarantee that
the product of the FB representation matrices F ⋆

ZB will fit Mπ
Zdiag(ρ)−1 exactly. We need further

relationships to bridge F ⋆
Z and B⋆.

Bridging the FB representation matrices. Our key observations are twofold. First, the backward
representation matrix B⋆ does not take any latent variable as input, indicating that B compresses the
common information throughout the entire latent space. Second, the rank matching not only holds
for the entire F ⋆

Z and M⋆
Z matrices, but also holds for the forward representation matrix of each

latent F ⋆
i (Eq. 16) and the successor measure ratio of each latent Mπ

i (Eq. 18). We next discuss the
meaning of these two observations.

When the ground-truth FB representation matrices exist, using the block matrix notations in Eq. 17
and Eq. 19 to rewrite Eq. 21 gives usM

π
1

...
Mπ

|Z|

 diag(ρ)−1 =

 F ⋆
1
...

F ⋆
|Z|

B⋆

=⇒ Mπ
1 diag(ρ)−1 = F ⋆

1B
⋆, Mπ

2 diag(ρ)−1 = F ⋆
2B

⋆, · · · , Mπ
|Z|diag(ρ)−1 = F ⋆

|Z|B
⋆.

Furthermore, since, for i = 1, · · · , |Z|, each successor measure Mπ
i ∈ R|S×A|×|S×A| is a square

matrix with rank rank(Mπ
i ) = |S × A|, the column space of each successor measure is equivalent to

the |S × A|-dimensional real space:

col (Mπ
i ) = R|S×A|.

We note that the marginal probability measure vector ρ does not change the column space of Mπ
i

because ρ has the full support over S ×A: col
(
Mπ

i diag(ρ)−1
)
= col (Mπ

i ). Meanwhile, since the
rank of the entire forward representation matrix rank(F ⋆

Z) is at least |S × A|, we know that the rank
of each rank(F ⋆

i ) is also at least |S × A|. By the shape of matrix F ⋆
i , this observation indicates that,

for i = 1, · · · , |Z|,

|S × A| ≤ rank(F ⋆
i ) ≤ min (|S × A|, d) and d ≥ |S × A| =⇒ rank(F ⋆

i ) = |S × A|.

Thus, the column space of each forward representation matrix F ⋆
i is also equivalent to the |S × A|-

dimensional real space:

col(F ⋆
i ) = R|S×A|.

Therefore, by the definition of the pseudoinverse of a matrix, we have

col
(
Mπ

i diag(ρ)−1
)
= col (Mπ

i ) = col(F ⋆
i ) =⇒ F ⋆

i F
⋆+
i Mπ

i diag(ρ)−1 =Mπ
i diag(ρ)−1,
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where F ⋆+
i is the pseudoinverse of matrix F ⋆

i .

These intriguing observations help us find the additional conditions for the existence of ground-truth
FB representation matrices: the ground-truth backward representation matrix B⋆ must be shared by
each forward representation matrix F ⋆

i and each successor measure matrix Mπ
i as

B⋆ = F ⋆+
1 Mπ

1 diag(ρ)−1 = F ⋆+
2 Mπ

2 diag(ρ)−1 = · · · = F ⋆+
|Z|M

π
|Z|diag(ρ)−1.

Importantly, the ground-truth FB representation matrices are not unique because we can multiply
both F ⋆

i and B⋆ by the same orthonormal rotation matrix Qrot to recover the same product.

Verifying the optimal policy adaptation. Until now, we have only focused on discussing the
conditions for the existence of ground-truth FB representation matrices F ⋆

Z , B that fit the successor
measure ratio Mπ

Zdiag(ρ)−1. It remains unclear whether this pair of FB representation matrices will
enable optimal policy adaptation (Eq. 22). We next prove that the latent variable zr recovers the
optimal policy and the optimal Q-value for any reward vector r ∈ R|S×A|.

Formally, given the FB representation matrices F ⋆
Z , B and the reward vector r, we denote the forward

representation matrix for the latent variable zr as Fzr ∈ R|S×A|×|S×A| (an example of Eq. 18). This
forward representation matrix F ⋆

zr induces a latent-conditioned policy π(a | s, zr) with the associated
successor measure matrix Mπ

zr ∈ R|S×A|×|S×A|. Together with the latent variable zr, the forward
representation matrix F ⋆

zr and the successor measure matrix Mπ
zr satisfy

F ⋆
zrzr = F ⋆

zrB
⋆(r ⊙ ρ)

(a)
= Mπ

zrdiag(ρ)−1(r ⊙ ρ)
=Mπ

zrr

(b)
= Qzr ,

where, in (a), we apply the definition of the inverse of a diagonal matrix and the definition of
elementwise product, and, in (b), we apply the definition of the Q-value vector. Since the latent-
conditioned policy π(a | s, zr) is maximizing the inner product F ⋆(s, a, zr)

⊤zr (Eq. 15), we have
π(a | s, zr) = argmaxQzr (s, a). By definition, Qzr is the optimal Q-value vector for the reward
vector r with the optimal policy π(a | s, zr).

C.2 Low-Rank Approximation Incurs Arbitrary Errors

Corollary 2. Given any marginal probability measure vector ρ ∈ R|S×A| and a representation dimen-
sion d < |S × A|, the FB representation matrices FZ ∈ R|Z×S×A|×d and B ∈ Rd×|S×A| learned
by the FB algorithm is a low-rank approximation of the successor measure ratio Mπ

Zdiag(ρ)−1 ∈
R|S×A|.

For any reward vector r ∈ R|S×A|, this low-rank approximation induces the latent variable zr =
B(r ⊙ ρ) ∈ Rd and the optimal Q-value prediction Qzr = Fzrzr ∈ R|S×A|. Denote the error in the
optimal Q-value prediction as

ϵ(r) = ∥Q⋆
r − Fzrzr∥∞.

Then, for any c > 0, there exists a reward vector rnull ∈ R|S×A| in the null space of B such that
ϵ(rnull) ≥ c.

Proof. From Proposition 1, we know that the rank of the successor measure matrix Mπ
Z is |S × A|.

When d < |S × A|, the FB representation matrices produce a low-rank approximation on the
successor measure ratio:

rank(FZB) ≤ d < |S × A| = rank(Mπ
Zdiag(ρ)−1).

In this case, the rank of the backward representation matrix satisfies

rank(B) ≤ min (d, |S × A|) = d < |S × A|.
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Thus, the backward representation matrix is not full column rank, suggesting that there exists a
non-zero reward vector rnull ∈ R|S×A| in the null space of B that induces a zero latent variable:

zrnull = B(rnull ⊙ ρ) =

0...
0

 ∈ Rd.

For this zero latent variable, we always have Fzrnull
zrnull = 0. However, the optimal Q-value for the

reward rnull is not necessarily zero. Therefore, the optimal Q-value prediction error ϵ(rnull) can be
arbitrarily large by scaling the non-zero entries in rnull. We conclude that for any c > 0, there exists a
reward vector rnull such that ϵ(rnull) ≥ c. In other words, the errors in the optimal Q-value prediction
can be arbitrarily large.

C.3 Equivariant to Affine Transformations of Rewards

We first prove the equivariant property of the Q-value for any positive affine transition under any
policy. We will then use this property to derive the equivariant property of the ground-truth forward
representations in FB.

Lemma 3. Given a policy π : S → ∆(A), a reward function r : S × A → R, a positive
scalar ν > 0, and an offset ξ ∈ R, for a state-action pair (s, a), let the transformed reward be
νr(s, a)+ξ. Then, the Q-value of the reward function r and the Q-value of the reward νr+ξ satisfies
Qπ

νr+ξ(s, a) = νQπ
r (s, a) + ξ.

The one-line proof of this lemma will use the definition of Q-value, which is a sum of cumulative
discounted rewards, and apply the affine transformation to each reward in that summation. Now, for
the ground-truth forward representations, we also have the equivariant property:

Proposition 2. For a state-action pair (s, a), a reward function r : S ×A → R, a positive scalar
ν > 0, an offset ξ ∈ R, the ground-truth FB representation functions F ⋆ : S × A × Z → Z ,
B⋆ : S × A → Z , and a marginal measure ρ ∈ ∆(S × A), let the transformed reward function
be νr(s, a) + ξ. Then, zr is the latent variable indexing the optimal Q-value for the reward r,
and zνr+ξ is the latent variable indexing the optimal Q-value for the reward νr + ξ. Furthermore,
the ground-truth forward-backward representations are invariant to the affine transformation with
positive scaling in latent variables, i.e., F ⋆(s, a, zνr+ξ) = F ⋆(s, a, zr).

Proof. By Eq. 13 in Definition 3, we can write zr and zνr+ξ as

zr =

∫
S×A

B⋆(sf , af )r(sf , af )ρ(sf , af )dsfdaf

zνr+ξ =

∫
S×A

B⋆(sf , af )(νr(sf , af ) + ξ)ρ(sf , af )dsfdaf

= ν

∫
S×A

B⋆(sf , af )r(sf , af )ρ(sf , af )dsfdaf + ξ

∫
S×A

B⋆(sf , af )ρ(sf , af )dsfdaf

= νzr + ξzone, (24)

where we denote the latent variable for a reward that consistently equals 1 (r(s, a) = 1) as zone. One
intriguing property of the latent variable zone is that, for any other latent variable z

F ⋆(s, a, z)⊤zone =

∫
S×A

F ⋆(s, a, z)⊤B⋆(sf , af )ρ(sf , af )dsfdaf

(a)
=

∫
S×A

Mπ(sf , af | s, a, z)
ρ(sf , af )

· ρ(sf , af )dsfdaf

=

∫
S×A

Mπ(sf , af | s, a, z)dsfdaf

(b)
= 1, (25)
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where, in (a), we use the definition of ground-truth FB representations in Eq. 12, and, in (b), we apply
the definition of the successor measure. Since zr indexes the optimal Q-value for the reward r and
zνr+ξ indexes the optimal Q-value for the reward νr + ξ, we have

Q⋆
r(s, a) = F ⋆(s, a, zr)

⊤zr

Q⋆
νr+ξ(s, a) = F ⋆(s, a, zνr+ξ)

⊤zνr+ξ

(a)
= νF ⋆(s, a, νzr + ξzone)

⊤zr + ξF ⋆(s, a, νzr + ξzone)
⊤zone

(b)
= νF ⋆(s, a, zνr+ξ)

⊤zr + ξ,

where, in (a), we apply the relationship in Eq. 24, and, in (b), we apply the property of zone in
Eq. 25. Finally, since an affine transformation with positive scaling does not change the optimal
policy [91, 74], the Q-value Q⋆

r and the Q-value Q⋆
νr+ξ satisfy Lemma 3. Using the conclusion from

Lemma 3, we have

Q⋆
νr+ξ(s, a) = νQ⋆

r(s, a) + ξ

=⇒ νF ⋆(s, a, zνr+ξ)
⊤zr + ξ = νF ⋆(s, a, zr)

⊤zr + ξ

=⇒ F ⋆(s, a, zνr+ξ) = F ⋆(s, a, zr),

where the last identity holds because ν > 0 and ξ ∈ R are arbitrary.

C.4 Deriving the FB Representation Learning Objective

We derive the LSIF loss for the FB algorithm that learns forward-backward representations in a
temporal-difference manner. First, we replace the successor measure in Eq. 4 using the recursive
Bellman equation in Eq. 1, decomposing the ratio Mπ(sf , af | s, a, z)/ρ(sf , af ) into a convex
combination (with weight γ) between the in-place ratio δ(sf , af | s, a)/ρ(sf , af ) and the ratio at the
next time step Mπ(sf , af | s′, a′, z)/ρ(sf , af ):

1

2
E p(s,a,z), ρ(sf ,af )

p(s′|s,a), π(a′|s′,z)

[(
F (s, a, z)⊤B(sf , af )− (1− γ)δ(sf , af | s, a)

ρ(sf , af )
− γM

π(sf , af | s′, a′, z)
ρ(sf , af )

)2
]
.

Second, we use target forward-backward representation functions F̄ and B̄ to replace the ground-truth
ratio at the next time step Mπ(sf , af | s′, a′, z)/ρ(sf , af ). The resulting loss function minimizes a
Bellman error:

LTD FB(F,B) =
1

2
E p(s,a,z), ρ(sf ,af )

p(s′|s,a), π(a′|s′,z)

[(
F (s, a, z)⊤B(sf , af )− y

)2]
,

y = (1− γ)δ(sf , af | s, a)
ρ(sf , af )

+ γF̄ (s′, a′, z)⊤B̄(sf , af ).
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Now, expanding the mean squared error gives us

LTD FB(F,B) =
1

2
E p(s,a,z), ρ(sf ,af )

p(s′|s,a), π(a′|s′,z)

[(
F (s, a, z)⊤B(sf , af )

)2
−2 · F (s, a, z)⊤B(sf , af ) ·

(
(1− γ)δ(sf , af | s, a)

ρ(sf , af )
+ γF̄ (s′, a′, z)⊤B̄(sf , af )

)]
+ const.

=
1

2
Ep(s,a,z), ρ(sf ,af )

[(
F (s, a, z)⊤B(sf , af )

)2]
− (1− γ)Ep(s,a,z), ρ(sf ,af )

[
δ(sf , af | s, a)
ρ(sf , af )

F (s, a, z)⊤B(sf , af )

]
− γE p(s,a,z), ρ(sf ,af )

p(s′|s,a), π(a′|s′,z)

[
F̄ (s′, a′, z)⊤B̄(sf , af ) · F (s, a, z)⊤B(sf , af )

]
+ const.

(a)
=

1

2
Ep(s,a,z), ρ(sf ,af )

[(
F (s, a, z)⊤B(sf , af )

)2]− (1− γ)Ep(s,a,z)

[
F (s, a, z)⊤B(s, a)

]
− γE p(s,a,z), ρ(sf ,af )

p(s′|s,a), π(a′|s′,z)

[
F̄ (s′, a′, z)⊤B̄(sf , af ) · F (s, a, z)⊤B(sf , af )

]
+ const.

(b)
=

1

2
E p(s,a,z), ρ(sf ,af )

p(s′|s,a), π(a′|s′,z)

[(
F (s, a, z)⊤B(sf , af )− γF̄ (s′, a′, z)⊤B̄(sf , af )

)2]
− (1− γ)Ep(s,a,z)

[
F (s, a, z)⊤B(s, a)

]
+ const.,

where, in (a), we apply the property of the delta measure, and, in (b), we rearrange the quadratic
terms by definition. Finally, we can ignore the constant for simplicity.

C.5 The FB Bellman Operator Is Not a γ-Contraction

This section proves a negative result about the FB Bellman operator TFB. We show that the FB
Bellman operator is not a γ-contraction. Therefore, the Banach fixed-point theorem fails to provide
a guarantee to the FB algorithm that iteratively applies the FB Bellman operator to the forward-
backward representation functions from the previous iteration. These results suggest that we need
alternative theoretical tools to prove the convergence of the FB algorithm to a fixed point.
Proposition 3. For any γ ∈ [0, 1) and p ≥ 1, the FB Bellman operator TFB is not a γ-contraction
under the Lp-norm. Thus, the Banach fixed-point theorem is not applicable to the FB Bellman
operator.

Proof. We prove that the FB Bellman operator is not a γ-contraction by contradiction. Let the FB
Bellman operator TFB be a γ-contraction under the Lp-norm for any γ ∈ [0, 1) and p ≥ 1. This
indicates that for any two pairs of forward-backward representation functions f1 : S × A × Z →
Z , b1 : S × A → Z , and f2 : S × A × Z → Z , b2 : S × A → Z , which induced the
latent-conditioned policies π1(a | s, z) = δ

(
a | argmaxa∈A f1(s, a, z)

⊤z
)

and π2(a | s, z) =

δ
(
a | argmaxa∈A f2(s, a, z)

⊤z
)
, we have∥∥TFB(f

⊤
1 b1)− TFB(f

⊤
2 b2)

∥∥
p
≤ γ

∥∥f⊤1 b1 − f⊤2 b2∥∥p. (26)

We consider any current state-action pair (s, a), any latent z ∈ Z , and any future state-action pair
(sf , af ). For the LHS of the inequality, we have

TFB(f1(s, a, z)
⊤b1(sf , af ))− TFB(f2(s, a, z)

⊤b2(sf , af ))

= γEp(s′|s,a),π1(a′|s′,z)
[
f1(s

′, a′, z)⊤b1(sf , af )
]
− γEp(s′|s,a),π2(a′|s′,z)

[
f2(s

′, a′, z)⊤b2(sf , af )
]

= γEp(s′|s,a)
[
Eπ1(a′|s′,z)

[
f1(s

′, a′, z)⊤b1(sf , af )
]
− Eπ2(a′|s′,z)

[
f2(s

′, a′, z)⊤b2(sf , af )
]]
.
(27)

Without loss of generality, we can set f2 = Qrotf1 and b2 = Qrotb1, where Qrot ∈ Rd×d is an
orthonormal rotation matrix, as in Touati et al. [104]. In this case, the inner products satisfy
f2(s, a, z)

⊤b2(sf , af ) = f1(s, a, z)
⊤Q⊤

rotQrotb1(sf , af ) = f1(s, a, z)
⊤b1(sf , af ). Thus, the RHS

of Eq. 26 is always zero. However, the policy π1(a | s, z) = δ
(
a | argmaxa∈A f1(s, a, z)

⊤z
)
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and the policy π2(a | s, z) = δ
(
a | argmaxa∈A f1(s, a, z)

⊤Qrotz
)

do not necessarily take the
same action at different states s and latent z. Therefore, without loss of generality, when the
expectations satisfy Eπ1(a′|s′,z)

[
f1(s

′, a′, z)⊤b1(sf , af )
]
> Eπ2(a′|s′,z)

[
f1(s

′, a′, z)⊤b1(sf , af )
]
,

we can reduce the Eq. 27 to

TFB(f1(s, a, z)
⊤b1(sf , af ))− TFB(f1(s, a, z)

⊤Q⊤
rotQrotb1(sf , af ))

= γEp(s′|s,a)
[
Eπ1(a′|s′,z)

[
f1(s

′, a′, z)⊤b1(sf , af )
]
− Eπ2(a′|s′,z)

[
f1(s

′, a′, z)⊤b1(sf , af )
]]

> 0.

Now every element inside the Lp-norm on the LHS of Eq. 26 is positive, while every element inside
the Lp-norm on the RHS is zero, which is a contradiction. Hence, we conclude that the FB Bellman
operator TFB is not a γ-contraction under the Lp-norm. Consequently, the Banach fixed-point theorem
cannot be applied to TFB to conclude the existence or uniqueness of a fixed point. It is unclear
whether the FB algorithm (approximately) has a convergence guarantee or not.

C.6 Connecting One-Step FB to a Singular Value Decomposition

One intriguing interpretation of the one-step FB algorithm is that it learns the SVD of the behavioral
successor measure ratio. We can make this connection precise by considering discrete MDPs with
finite numbers of states and actions. Applying Lemma 1, we can compute the behavioral successor
measure as

Mπβ = (1− γ)
(
I|S×A| − γPπβ

)−1
,

and write the behavioral successor measure ratio using notations in Appendix C.1 as

Mπβ diag(ρ)−1 = (1− γ)
(
I|S×A| − γPπβ

)−1
diag(ρ)−1.

Applying the SVD to the matrix Mπβ diag(ρ)−1, we have Mπβ diag(ρ)−1 = UβΣβV
⊤
β , where Uβ

and Vβ are two orthonormal matrices and Σβ is the square singular matrix. Since the behavioral
successor measure ratio is fixed after fixing the behavioral policy, the one-step FB algorithm uses
behavioral FB representations to fit a static target. In particular, we can set the representation
dimension to d = |S × A| and let

F ⋆
β = UβΣβ , B⋆

β = V ⊤
β

to obtain a pair of ground-truth behavioral FB representations. There are two important properties for
this solution:
Remark 2. The ground-truth behavioral FB representations are not unique. In particular, for a pair
of ground-truth FB representations F ⋆

β and B⋆
β , and an orthonormal rotation matrix Qrot ∈ Rd×d,

QrotF
⋆
β and QrotB

⋆
β is also a pair of solution.

Remark 3. The ground-truth behavioral FB representations F ⋆
β = UβΣβ and B⋆

β = V ⊤
β minimizes

both the TD one-step FB loss LTD one-step FB and the orthonormalization regularization Lortho. In
particular, F ⋆

βB
⋆
β is the SVD of the behavioral successor measure ratio and B⋆

βB
⋆⊤
β = V ⊤

β Vβ =
Id = I|S×A|.

C.7 One-Step FB Enables One Step of Policy Improvement

In the same way that the FB representations are defined in Definition 2, we fit the behavioral
successor measure ratio using the behavioral FB representations. Thus, the ground-truth behavioral
FB representation functions F ⋆

β : S ×A → Z and B⋆
β : S ×A → Z satisfy

F ⋆
β (s, a)

⊤B⋆
β(sf , af ) =

Mπβ (sf , af | s, a)
ρ(sf , af )

. (28)

For a reward function r : S ×A → R, again, in the same way that the reward-specific latent variable
zr is defined in Eq. 13, we define a new reward-specific latent variable zβr using the behavioral
backward representations as

zβr = E(sf ,af )∼ρ(sf ,af )

[
B⋆

β(sf , af )r(sf , af )
]
. (29)
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Now, we have zβr indexing the behavioral Q-value Qβ
r (s, a) = F ⋆

β (s, a)
⊤zβr (by Eq. 28 and the

relationship in Eq. 2) and the policy π(a | s, zβr ) performs one-step policy improvement because

π(a | s, zβr ) = argmax
a∈A

F ⋆
β (s, a)

⊤zβr = argmax
a∈A

Qβ
r (s, a).

Importantly, one-step policy improvement does not recover the optimal policy, which is the result
of multi-step policy improvement until convergence. Thus, the one-step FB algorithm loses the
optimal policy adaptation property. Nevertheless, prior work [15, 29, 82, 84] has proven the success
of one-step policy improvement in solving diverse RL problems. Therefore, we propose that one-step
FB is a competitive method for both zero-shot adaptation (Sec. 5.3) and providing a good initialization
for fine-tuning on downstream tasks (Sec. E.1).

D Experiment Details

D.1 Didactic Experiments for the FB Algorithm

Since the latent space Z contains an infinite number of latent variables, we parameterize the forward
representation matrix FZ : Z → R|S×A|×d using a neural network. For the backward representations,
we parameterize them as a differentiable matrix B ∈ Rd×|S×A|. To strictly align our empirical
setup with theoretical analysis in Sec. 3, we enforce a latent dimension of d = |S × A| and fix the
rank of both representations as |S × A|. Specifically, we consider the singular value decomposition
FZ = UFΣFV

⊤
F and use neural networks to predict the elements of two orthonormal matrices UF

and V ⊤
F via the Cayley transform and singular values in ΣF . These networks independently predict

the parameters of the left orthonormal matrix (|S × A| × |S × A|), the singular values (|S × A|),
and the right orthonormal matrix (d× d). Each network consists of an MLP with (32, 32, 32) units
and GELU activations. The backward representation matrix B is also constructed from learnable
orthonormal matrices, UB and V ⊤

B , and learnable singular values (ΣB), as B = UBΣBV
⊤
B .

We train the algorithm for 105 gradient steps with a batch size of 512. We set the discount factor to
γ = 0.9 during training. Optimization is performed using AdamW [60] optimizer with weight decay
of 10−4, ϵadamw = 10−5 and learning rate of 10−4. We randomly sample latent variables z at each
training step and use another 1000 randomly sampled latents for evaluation. Following the original
FB implementation [103], we sample the latent variable z from a scaled von Mises-Fisher distribution.
We first sample a d-dimension standard Gaussian variable x ∼ N (0, Id) and a scalar centered
Cauchy variable u ∼ Cauchy(0, 0.5), and then compute the latent variable as z =

√
du x

∥x∥ . We use
the prior distribution z ∼ pZ(z) to denote this sampling procedure. The latent z is preprocessed
as z̃ ← z√

1+∥z∥2
2/d

before being passed as input to the forward representation matrix FZ . This

transformation maps the infinite space of Rd to a bounded open ball of radius
√
d. Importantly, this

mapping is a bijection that preserves differences in magnitude; therefore, latent vectors zr and zνr+ξ

(ν > 0) corresponding to differently scaled rewards remain distinct inputs to the neural network.

Given any marginal measure vector ρ ∈ R|S×A|8, to optimize the neural networks for forward-
backward representations FZ , B, we choose to use the MC FB loss LMC FB (Eq. 4) over a batch of
latent variables:

LMC FB(FZ , B) = Ez∼pZ(z)

[∥∥FZB −Mπ
Zdiag(ρ)−1

∥∥2
F

]
,

where ∥·∥F denotes the Frobenius norm of a matrix. We choose this loss because the successor
measure can be computed analytically in this discrete CMP (Lemma 1): for each latent variable z, we
have

Mπ
z = (1− γ)

(
I|S×A| − γPπ(a|s,z)

)−1

, z ∼ pZ(z).

Thus, the MC FB loss is an analytical analogy of the TD FB loss in Eq. 6. In fact, the TD FB loss
uses transition samples and target networks to approximate the MC FB loss, similar to FQE. See
Sec. 3.2 for the complete discussion.

8We set the marginal measure to ρ(s, a) ≜ 1/|S × A| in our experiments.
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Instead of setting the latent-conditioned policy as the non-differentiable argmax policy: π̂(a | s, z) =
δ(a | argmaxa∈A F (s, a, z)

⊤z), we choose to use the Boltzmann policy

π̂(a | s, z) =
exp(τpolicyF (s, a, z)

⊤z)∑
a′∈A exp (τpolicyF (s, a′, z)⊤z)

, (30)

where τpolicy is a temperature for the softmax function fixed to τpolicy = 5 × 10−3 during training.
Following prior practice [103], we use a temperature τpolicy = 1 during evaluation.

We evaluate the FB algorithm by aggregating statistics over 8 random seeds using the fixed 1000
evaluation latents Deval = {zi}1000i=1 . For each sampled latent z, we recover the corresponding reward
vector r ∈ RS×A as r = (B−1z) ⊘ ρ, where ⊘ denotes elementwise division and the backward
representation matrix B is invertible (full rank). We then compute the ground-truth optimal Q-value
for each reward, Q∗

r , by running standard value iteration until convergence. We report the following
four metrics as in Fig. 3 (Left):

1. Successor measure ratio prediction error. This metric measures the fidelity of the learned
FB representations in approximating the ground-truth successor measure ratio. We define
the successor measure ratio prediction error as the mean squared error (MSE) between the
ratio predicted by the FB representations and the ground-truth ratio. The ground-truth ratio
is computed using the reward-maximizing policy induced by the forward representations.
Formally, the successor measure ratio prediction error is

ϵSMR = Ez∼Deval

[∥∥FZB −Mπ
Zdiag(ρ)−1

∥∥2
F

]
.

2. Optimal Q-value prediction error. This metric measures the accuracy of the optimal
Q-value predicted by the learned representation. For each latent variable z with the corre-
sponding reward vector r, the learned forward representation matrix FZ predicts the optimal
Q-value as Q̂⋆

r(z) = Fzz ∈ R|S×A|. On the other hand, we can compute the ground-truth
optimal Q-value for reward vector r using value iteration as Q⋆

r(z) ∈ R|S×A|. The optimal
Q-value prediction error is defined as the MSE between the predicted Q-value and the
ground-truth Q-values:

ϵQ⋆ = Ez∼Deval

[∥∥∥Q̂⋆
r(z)−Q⋆

r(z)
∥∥∥2
2

]
.

3. Forward KL divergence (optimal policy). To evaluate the decision-making quality of the
induced policy, we measure the forward KL divergence between the optimal policy derived
from Q⋆

r(z) and π⋆(a | s, z) and the policy derived from Q̂r(z) and π̂(a | s, z). We report
the forward KL divergence averaged over all evaluation latents and all possible states:

KLπ⋆ =
1

|S|
Ez∼Deval

[∑
s∈S

DKL (π
⋆(· | s, z) ∥ π̂(· | s, z))

]

where DKL(p ∥ q) =
∑

x∈X p(x) log
(

p(x)
q(x)

)
is the standard KL divergence between two

probability measures p and q.

4. Q prediction equivariance error. This metric assesses whether the learned Q-values respect
the affine equivariance property as discussed in Lemma 3 and Proposition 2. Specifically,
given a latent variable z with the corresponding reward vector r, for a positive scalar, ν > 0,
and an offset, ξ ∈ R, the predicted Q-value should satisfy the equivariance Q̂r(zνr+ξ) =

Q̂r(νz+ ξzone) = νQ̂r(z) + ξ, where zone is the latent variable corresponding to the all one
reward vector. We sample ν and ξ randomly and compute the following MSE:

ϵequiv = Ez∼Deval

[∥∥∥Q̂r(νz + ξzone)−
(
νQ̂r(z) + ξ

)∥∥∥2
2

]
= Ez∼Deval

[
∥Fνz+ξzone · (νz + ξzone)− (νFzz + ξ)∥22

]
.
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D.2 Didactic Experiments for the One-Step FB Algorithm

The forward representation matrix Fβ ∈ R|S×A|×d and the backward representation matrix Bβ ∈
Rd×|S×A| are parameterized directly as differentiable matrices. We set the latent dimension of
d = |S ×A| and enforce a fixed rank of |S ×A| on both representations. Following the construction
in Appendix D.1, both matrices are factorized via SVDs, where the decompositions are formed by
learnable orthonormal matrices and singular values.

We train the algorithm for 105 gradient steps to fit the analytical density ratio induced by a fixed
policy πβ . For simplicity, we set the policy πβ to be a uniform policy over the entire action space:
πβ(a | s) ≜ 1/|A|. Since the target density ratio Mπβ diag(ρ)−1 is fixed given πβ , the learning
one-step FB reduces to solving a supervised learning problem. Specifically, we minimize the Monte
Carlo one-step FB (MC FB) loss, which resembles the MC FB loss in Eq. 4. Given the marginal
measure vector ρ ∈ R|S×A|, the MC one-step FB loss is defined as:

LMC one-step FB(Fβ , Bβ) = ∥FβBβ −Mπβ diag(ρ)−1∥2F , (31)

where the fixed successor measure Mπβ is computed as (Lemma 1)

Mπβ = (1− γ)
(
I|S×A| − γPπβ

)−1
.

All optimization hyperparameters are kept identical to the FB implementation described in Ap-
pendix. D.1.

Similar to the experiments in Appendix D.1, we evaluate one-step FB by aggregating the statistics
over 8 random seeds using a fixed batch of 1000 evaluation latents. For each sampled latent z, we
also recover the corresponding reward vector r ∈ R|S×A| as r = (B−1z)⊘ ρ. We then compute the
Q-value of the fixed policy Qπβ by running standard value iteration until convergence. We report the
following metrics:

• Successor measure ratio prediction error. The metric measures the fidelity of the learned
representation in approximating the fixed successor measure ratio. It is defined as the MSE
between the ratio predicted by the one-step FB representations and the ground-truth ratio.

ϵSMR = ∥FβBβ −Mπβ diag(ρ)−1∥2F
• Q-value prediction error. This metric measures the accuracy of the Q-value predicted by

the learned representation. For each latent variable z that induces the reward vector r, the
learned forward representation matrix Fβ predicts the Q-value as Q̂πβ

r (z) = Fβz ∈ R|S×A|.
The Q-value prediction error is defined as the MSE between the predicted Q-value and the
Q-value obtained via value iteration:

ϵQπβ = Ez∼Deval

[∥∥∥Q̂πβ
r (z)−Qπβ

r (z)
∥∥∥2
2

]
(32)

• Forward KL divergence (argmaxaQ
πβ ). We now measure the decision-making quality

of the induced policy. As discussed in Sec. 4 and Appendix C.7, the latent-conditioned
policy derived from the one-step FB algorithm performs one step of policy improvement
over the predicted Q-value Q̂πβ

r (z) as

π̂one-step(a | s, z) =
exp(τpolicyFβ(s, a)

⊤z)∑
a′∈A exp(τpolicyFβ(s, a′)⊤z)

≈ argmax
a∈A

Q̂
πβ
r (s, a, z).

This policy is trying to fit the one-step policy improvement over the ground-truth Q-value
Q

πβ
r (z). We will define the resulting policy from the one step of policy improvement over

Q
πβ
r (z) as

πone-step(a | s, z) = δ

(
a | argmax

a∈A
Q

πβ
r (s, a, z)

)
.

To evaluate the performance of π̂one-step, we measure the forward KL divergence between
πone-step and π̂one-step, averaging over all sampled latents and all possible states:

KLπone-step =
1

|S|
Ez∼Deval

[∑
s∈S

DKL (πone-step(· | s, z) ∥ π̂one-step(· | s, z))

]
(33)
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Figure 4: Domains for evaluation. (Top) ExORL domains (16 state-based tasks). (Bottom) OGBench domains (20
state-based tasks and 10 image-based tasks).

• Q prediction equivariance error. This metric assesses whether the learned Q-value
respects the affine equivariance property as discussed in Lemma 3 and Proposition 2.
Specifically, given a latent variable z with the corresponding reward vector r, for a positive
scalar, ν > 0, and an offset, ξ ∈ R, the predicted Q-value should satisfy the equivariance
Q̂

πβ
r (zνr+ξ) = Q̂

πβ
r (νz+ξzone) = νQ̂

πβ
r (z)+ξ. We sample ν and ξ randomly and compute

the following MSE:

ϵequiv = Ez∼Deval

[∥∥∥Q̂πβ
r (νz + ξzone)−

(
νQ̂

πβ
r (z) + ξ

)∥∥∥2
2

]
= Ez∼Deval

[
∥Fβ · (νz + ξzone)− (νFβz + ξ)∥22

]
.

D.3 Rationales of Selecting Prior Methods

We compare one-step FB against 5 prior unsupervised pre-training methods. The most relevant prior
work is FB [103], which simultaneously learns a latent-conditioned policy and its occupancy measure.
Other popular zero-shot methods learn state representations first and then use off-the-shelf RL
algorithms (e.g., TD3 [32]) to maximize the intrinsic reward derived from those state representations.
Among them, we mainly compare against two families of methods. First, some prior methods derived
state representations for the successor measure using variants of the expectile regression adapted
from Kostrikov et al. [50]: HILP [81] and ICVF [34]. Second, another line of established methods
trains state representations via consistency along single-step or multi-step samples from the successor
measure: Laplacian [107] and BYOL-γ [54].

D.4 Environments, Datasets, and Evaluation Protocols

We focus on the offline setting and use standard offline RL benchmarks to compare one-step FB against
prior methods. We select a set of 4 state-based locomotion domains from the ExORL [109] benchmark
and a set of 4 state-based robotic navigation and manipulation domains from the OGBench [80]
benchmark (Fig. 4). To test whether our method is able to directly take in RGB images as inputs,
we additionally include 2 image-based domains from the OGBench benchmark. Our experiments
pre-train different methods for 106 gradient steps and evaluate the zero-shot performance on a diverse
set of tasks in each domain.

Benchmarks. The ExORL benchmark consists of a diverse set of locomotion tasks based on the
DeepMind Control Suite [99]. Following prior work [81], we select 4 domains from the entire
benchmark, each containing 4 tasks. These tasks involve controlling four robots (cheetah, walker,
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quadruped, and jaco) to complete different locomotion behaviors. For each domain, the specific
tasks are as follows:

• walker: flip, run, stand, and walk.
• cheetah: run, run backward, walk, and walk backward.
• quadruped: jump, run, stand, and walk.
• jaco: reach bottom left, reach bottom right, reach top left, reach top
right.

For domains walker, cheetah, and quadruped, both the episode length and the maximum return are
1000. For the domain jaco, both the episode length and the maximum return are 250. As mentioned
in Yarats et al. [109], tasks in walker, cheetah, and quadruped use dense reward functions, while
tasks in jaco use sparse reward functions. Detailed descriptions of the benchmark can be found
in Yarats et al. [109]. Thus, zero-shot adaptation on jaco is more challenging than on other domains.

The OGBench benchmark consists of a diverse set of robotic navigation and manipulation tasks. These
tasks are built on top of the MuJoCo simulator [102] and are designed for goal-conditioned control.
We select 4 state-based domains and 3 image-based domains, each containing 5 tasks. The goal of
these tasks is to either control an Ant to navigate in deterministic or stochastic mazes (antmaze
large navigate, antmaze teleport navigate, and visual antmaze medium navigate)
or control a robot arm to rearrange various objects (cube single play, scene play, visual
cube single play, and visual scene play). For each state-based domain, the specific tasks
are:

• antmaze large navigate: task 1 (bottom left to top right), task 2 (center to top left),
task 3 (center to bottom right), task 4 (bottom right to center), and task 5 (bottom left
to center).

• antmaze teleport navigate: task 1 (bottom right to top left), task 2 (bottom left to
top right), task 3 (center to top right), task 4 (top left to top right), and task 5 (center
to top left).

• cube single play: task 1 (pick and place to left), task 2 (pick and place to front),
task 3 (pick and place to back), task 4 (pick and place diagonally), and task 5 (pick
and place off-diagonally).

• scene play: task 1 (open drawer and window), task 2 (close and lock drawer and
window), task 3 (open drawer, close window, and pick and place cube to right), task 4
(put cube in drawer), and task 5 (fetch cube from drawer and close window).

For each image-based domain, the specific tasks are the same as the state-based variant, except
visual antmaze medium navigate. The visual antmaze medium navigate domain uses
local third-person image observations as input to algorithms and includes ground and wall colors for
agents to infer their locations. This domain contains five tasks: task 1 (bottom left to top right),
task 2 (top left to bottom right), task 3 (turn around central corner), task 4 (top right to top left),
and task 5 (bottom right to bottom left). All visual observations are 64×64×3 RGB images. These
tasks are challenging because the agent must reason directly from pixels. For domains involving
navigation tasks antmaze large navigate and antmaze teleport navigate, the maximum
episode length is 1000. For tasks in cube single play, the maximum episode length is 200. For
tasks in scene play, the maximum episode length is 750. These domains are challenging because
they all use sparse goal-conditioned reward functions. For other details of the benchmark, please
refer to Park et al. [80].

Datasets. On the ExORL benchmark, following the prior work [104, 81, 47, 115], we use 5× 106

transitions collected by an exploration method (RND [17]) for unsupervised pre-training, and another
105 transitions collected by the same exploratory policy for zero-shot inference (predicting zr). The
zero-shot adaptation datasets will be labeled with task-specific dense rewards, except in jaco, where
the reward signals are sparse. See Yarats et al. [109] for details of data collection.

On the OGBench benchmark, following the prior work [115, 5], for both state-based and image-based
tasks, we use 106 transitions collected by a non-Markovian expert policy with temporally correlated
noise (the play datasets) for unsupervised pre-training, and another 105 transitions collected by

34



the same noisy expert policy for zero-shot inference. Unlike the ExORL benchmark, the zero-shot
adaptation datasets will be labeled with semi-sparse rewards [83]. See Park et al. [80] for details of
data collection.

Evaluation Protocols. We compare the performance of one-step FB against the 5 baselines
(Sec. D.3) by pre-training each method for 106 gradient steps on different domains (5× 105 gradient
steps for image-based domains). We simultaneously perform zero-shot inference to measure the per-
formance of each method. During zero-shot adaptation, we relabel the 105 transitions (Appendix D.4)
with task-specific rewards and use them to infer the latent variable z among different methods.
Note that for OGBench domains, we use the semi-sparse reward instead of a success indicator for
zero-shot inference. After inferring the latent variable zr, we fix it inside the latent-conditioned
policy π(a | s, zr) and use the policy to do evaluation. On domains from the ExORL benchmark,
we measure the undiscounted cumulative return averaged over 50 episodes. On domains from the
OGBench benchmark, we measure the success rate average over 50 episodes. Following prior
practice [83, 98], we do not report the best performance during pre-training and instead report the
evaluation results averaged over 8× 105, 9× 105, and 106 gradient steps for state-based domains.
For image-based tasks, we report the evaluation results averaged over 4× 105, 4.5× 105, and 5× 105

gradient steps. Following prior work [83], we report means and standard deviations over 8 random
seeds for state-based domains (4 seeds for image-based domains).

For offline-to-online fine-tuning, we only compare one-step FB to prior methods on state-based tasks.
We first use the zero-shot policy inferred by different methods as the initialization and then fine-tune
the policy for 106 environment steps (environment step = gradient step) using TD3 [32]. Note that
we do not retain offline data in the online replay buffer because the offline data lacks reward signals.
Again, we measure the undiscounted cumulative return for tasks from the ExORL benchmark and
measure the success rate for tasks from the OGbench benchmark. We evaluate the performance of the
fine-tuned policy every 105 environment steps. For completeness, we show the full learning curves
aggregated over 8 random seeds.

D.5 Implementations and Hyperparameters

We compare one-step FB against 5 baselines, measuring the performance of undiscounted cumulative
returns and success rates on downstream tasks. We implement one-step FB and all baselines using
JAX [14], adapting the OGBench [80] codebase. Our open-source implementations can be found at
https://github.com/chongyi-zheng/onestep-fb. All experiments for state-based domains
ran on a single A6000 GPU for up to 6 hours, and all experiments for image-based domains ran on
the same type of GPU for up to 16 hours.

Following prior work [101, 104], we apply two common practices that improve the overall perfor-
mance of every method. First, the prior measure over latent variables pZ(z) is set to a scaled von
Mises-Fisher distribution: we first sample from the standard Gaussian distribution of d dimensions
x ∼ N (0, Id) and then normalize and rescale the sample to obtain a latent variable z =

√
dx/∥x∥2.

Second, when sampling latent variables for training, we include both latents from the prior distribution
pZ(z) and latents constructed from the current representations. Specifically, for FB and one-step FB,
we use the normalized and rescaled variants of backward representations to construct latents. For
all other baselines, we use the normalized and rescaled variants of state representations to construct
latents. These constructed latents are mixed with latents sampled from the prior distribution with
0.5 probability to form the final latents for pre-training. In addition to these common practices, each
method adopts specific implementation details, which we describe below.

One-step FB. The one-step FB consists of three main components for unsupervised pre-training:
the forward representation Fβ , the backward representation Bβ , and the latent-conditioned policy
π(a | s, z). We model all of them as multilayer perceptrons (MLPs) and use different architectures
for the ExORL domains and the OGBench domains, respectively (See Table 3). We learn the forward-
backward representations using the TD one-step FB loss and the orthonormalization regularization
(Eq. 9). Following prior work [80], the policy network outputs the mean and the standard deviation
of a Gaussian distribution with a tanh transformation to predict actions. We learn this Gaussian
policy using the policy loss in Eq. 10. Following prior work [101], before inferring the latent variable
zβr using zero-shot transitions (Eq. 29), we apply softmax weights based on the rewards of these
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Table 3: Common hyperparameters for one-step FB and prior methods.

Hyperparameter Value
optimizer Adam [48]
batch size 1024 on state-based domains, 256 on image-based domains
learning rate 1× 10−4

actor MLP hidden layer sizes (1024, 1024, 1024) on ExORL domains
(512, 512, 512, 512) on OGBench domains

value MLP hidden layer sizes (1024, 1024, 1024) on ExORL domains
(512, 512, 512, 512) on OGBench domains

representation MLP hidden layer sizes

Laplacian, BYOL-γ, ICVF, and HILP: (256, 256, 256) on ExORL domains
FB and one-step FB: (1024, 1024, 1024) for forward representations on ExORL domains,

(512, 512) for backward representations on ExORL domains
All methods: (512, 512, 512, 512) on OGBench domains

MLP layer normalization No

MLP activation function ReLU [72] on ExORL domains
GELU [40] on OGBench domains

discount factor γ 0.98 on ExORL domains, 0.99 on OGBench domains
target networks update coefficient 1× 10−2 on ExORL domains, 5× 10−3 on OGBench domains
representation dimension d 50 on ExORL domains, 128 on OGBench domains
latent mixing probability 0.5
actor tanh transformation Yes
TD3 action noise distribution clip(N (0, 0.22),−0.2, 0.2)
image encoder small IMPALA encoder [24, 83]
image augmentation method random cropping
image augmentation probability 0.5
image frame stack 3

transitions {(si, ai, ri)}Ni=1, resulting in the following new rewards:

r̃(si, ai) = wi · r(si, ai), wi =
exp (τreward · r(si, ai))∑N

j=1 exp (τreward · r(sj , aj))
, (34)

where τreward is the temperature. For representation dimension d, we set it to 50 for ExORL domains
and set it to 128 for OGBench domains. In our initial experiments, we found that one-step FB’s per-
formance is sensitive to the behavioral-cloning regularization coefficient λBC, the orthonormalization
regularization coefficient λortho, and the reward weighting temperature τreward. We perform hyperpa-
rameter sweeps over λBC ∈ {0, 0.03, 0.3, 3, 30}, λortho ∈ {0, 0.03, 0.3, 1}, and τreward ∈ {3, 10, 30}
to select the best values for each domain. We summarize the hyperparameters for one-step FB in
Table 3 and Table 4.

FB [103]. Our FB implementation adapts the implementation from Tirinzoni et al. [101] and
is similar to the one-step FB implementation. There are two main differences between the FB
implementation and the one-step FB implementation. First, the forward representation network in FB
takes in the latent variable z as input. Second, when computing the forward-backward representation
loss (Eq. 6), the next action a′ is sampled from the latent-conditioned policy π(a′ | s′, z). During
the zero-shot adaptation, similar to one-step FB, we compute the latent variable zr for a downstream
task as in Eq. 13. We use the same representation dimension as in the one-step FB implementation
for consistency. We also perform hyperparameter sweeps over λBC ∈ {0, 0.03, 0.3, 3, 30}, λortho ∈
{0, 0.03, 0.3, 1}, and τreward ∈ {3, 10, 30} to select the best values for each domain. See Table 3 and
Table 4 for details of hyperparameters.

Besides the FB algorithm, we also compare one-step FB against unsupervised pre-training methods
for RL that first learn state representations ϕ : S → Z and then use off-the-shelf RL algorithms
to maximize intrinsic rewards derived from the state representations r(s, z) = ϕ(s)⊤z. During the
zero-shot adaptation, all methods (except one-step FB and FB) find the appropriate latent variable zr
by solving a simple linear regression problem [7, 81]:

zr = argmin
z∈Z

Eρ(s,a)

[(
r(s, a)− ϕ(s)⊤z

)2]
,

where ρ ∈ ∆(S ×A) is the marginal measure over states and actions as in one-step FB. For HILP
and ICVF, both methods learn state representations using an expectile regression loss adapted from
IQL [50]. They differ in how they decompose the successor measure. For BYOL-γ and Laplacian,
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Table 4: Domain-specific hyperparameters for one-step FB and prior methods. Following prior work Park et al. [83],
we tune these hyperparameters for each domain from ExORL and OGBench benchmarks. “-” indicates the hyperparameters
do not exist. The complete description of each hyperparameter can be found in Appendix D.5.

Laplacian BYOL-γ ICVF HILP FB One-Step FB

Domain λBC λortho λBC λortho λBC µ λBC µ λBC λortho τreward λBC λortho τreward

walker 30 1 10 0.01 0.03 0.5 0.3 0.9 0 0.03 10 0 0.1 10
cheetah 10 1 3 0.01 0.3 0.5 3 0.5 0 0.3 10 0 1 3
quadruped 10 1 3 0.01 0.03 0.5 3 0.9 0 1 10 0 0.03 3
jaco 30 1 10 1 0.03 0.5 0.3 0.9 0 0.3 10 0 0.03 3

antmaze large navigate 1 0.1 3 0 3 0.5 1 0.5 0.03 0 10 0.03 0 10
antmaze teleport navigate 30 0 1 0 0.3 0.5 1 0.5 0.03 0 3 0.1 0 10
cube single play 1 0 30 0 30 0.5 1 0.5 0.3 0 10 0.3 0.3 300
scene play 1 0 3 0 0.3 0.5 1 0.9 0.3 0 3 0.3 0 300

visual cube single play - - 30 0 - - 1 0.5 1 0 300 1 0 300
visual scene play - - 3 0 - - 3 0.5 0.3 0 300 0.3 0 10

both methods learn state representations via consistency over successor measures (latent predictive
loss). They differ in that the consistency is either along single-step or multi-step samples from the
successor measure. After learning state representations, we use the same TD3 + BC [31] algorithm to
maximize the intrinsic reward for all these baselines. The TD3 + BC implementation uses a target actor
to select actions in the critic loss. We also add a clipped Gaussian noise clip(N (0, 0.22),−0.2, 0.2)
to introduce some noise into these actions. Similar to Eq. 10, the actor loss maximizes Q predicted
by the critic while being regularized to output the behavioral actions via a behavioral-cloning
regularization. Below, we describe the details of each method.

HILP [81]. The HILP implementation is adapted from the official implementation [81]. The
motivation of representation learning in HILP is to encode the temporal (goal-conditioned) distance
between pairs of states into the Euclidean distance in a d-dimensional representation space. To
achieve this goal, the HILP learns state representations ϕ(s) using the following expectile loss:

LHILP(ϕ) = Epπβ (s,s′),pG(sf |s)
[
Lµ
2

(
−1(s ̸= sf ) + γ∥ϕ̄(sf )− ϕ̄(s′)∥2 + ∥ϕ(sf )− ϕ(s)∥2

)]
,

where Lµ
2 (x) = |µ − 1(x < 0)|x2 is the expectile loss with µ ∈ [0.5, 1), ϕ̄ is the target state

representation. The future state sf is sampled from either the behavioral successor measure with
probability 0.625 or a random uniform measure with probability 0.375, which we denote as the goal
measure pG(sf | s). For the representation dimension, we set d = 50 for ExORL domains and set
d = 128 for OGBench domains. We sweep over the behavioral-cloning regularization coefficient
λBC ∈ {0.03, 0.3, 3} and the expectile µ ∈ {0.5, 0.9} for different domains. See Table 3 and Table 4
for details of hyperparameters.

ICVF [34]. The ICVF learns state representations similar to HILP, but uses a different decomposi-
tion of the intention-conditioned successor measure. Specifically, ICVF uses an intention-conditioned
value V : S ×S ×S → R to model the successor measure of visiting the future state sf starting from
the current state s by following the intention goal g. Both the future state sf and the intention goal g
are sampled from the goal measure similar to HILP. The intention-conditioned value decomposes as
V (s, sf , g) = ϕ(s)⊤TICVF(g)ψ(sf ), where TICVF : S → Z × Z predicts a latent transition matrix
and ψ : S → Z is the future state representations. ICVF learns the intention-conditioned value using
the following variant of the expectile loss:

LICVF(ϕ, TICVF, ψ) = Ep
πβ (s,s′),pG(sf |s),pG(g|s)

[
|µ− 1

(
A(s, s′, g) < 0

)
|
(
V (s, sf , g)− 1(s = sf )− γV (s′, sf , g)

)2]
,

where µ ∈ [0.5, 1) and the advantage A(s, s′, g) is defined as

A(s, s′, g) = 1(s = g) + γV (s′, g, g)− V (s, g, g).

For the representation dimension, we use the same values as in HILP for consistency. We sweep
over the behavioral-cloning regularization coefficient λBC ∈ {0.03, 0.3, 3} and the expectile µ ∈
{0.5, 0.7, 0.9} for different domains. See Table 3 and Table 4 for details of hyperparameters.
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Figure 5: Fine-tuning pre-trained agents on
downstream tasks. After offline pre-training, we
conduct online fine-tuning on various methods
using the same off-the-shelf RL algorithm (TD3).
One-step FB continues to provide higher sample
efficiency (+40% on average) during fine-tuning,
as compared with the original FB method.
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Figure 6: The effects of the dataset quality on
FB and one-step FB. Using stitch dataset has
minor effects on both FB and one-step FB, and
sometimes even improves the performance, while
using explore datasets reduces performance for
both methods.

BYOL-γ [54]. BYOL-γ learns state representations via consistency (or a latent predictive loss)
over the current state and a future state sampled from the behavioral occupancy measure. Specifically,
BYOL-γ minimizes the mean squared error between state representations of the current state s and
the future state sf with a latent transition function TBYOL-γ : Z ×A → Z ,

LBYOL-γ(ϕ, TBYOL-γ) = Epπβ (s,a),Mπβ (sf |s,a)
[
∥TBYOL-γ(ϕ(s), a)− ϕ̄(sf )∥22

]
,

where ϕ̄ is the target state representation, and Mπβ (sf | s, a) is the behavioral successor measure
following a geometric distribution. We also include an orthonormalization regularization loss as in
Eq. 8 to regularize the covariance of state representations. For the representation dimension, we follow
the same values as in HILP. In our experiments, we sweep over the behavioral-cloning regularization
coefficient λBC ∈ {0.03, 0.3, 3, 30} and the orthonormalization regularization coefficient λortho ∈
{0.01, 0.1, 1.0} to find the best values for different domains. We include complete hyperparameters
in Table 3 and Table 4.

Laplacian [107]. Unlike BYOL-γ, Laplacian learns state representations via consistency over the
current state and the immediate next state. Specifically, the Laplacian minimizes the mean squared
error between state representations of the current state s and the next state s′:

LLaplacian(ϕ) = Epπβ (s,s′)

[
∥ϕ(s)− ϕ(s′)∥22

]
.

Note that we do not use a latent transition function or a target state representation in this loss. Although
state representations collapsed to a constant admitting a minimizer of this loss function, we do not
observe this behavior in our experiments. Again, we include an orthonormalization regularization
loss as in Eq. 8 to regularize the covariance of state representations towards the identity matrix. For
the representation dimension, we use the same values as in HILP. In our experiments, we sweep over
the behavioral-cloning regularization coefficient λBC ∈ {0.3, 1, 3, 10, 30} and the orthonormalization
regularization coefficient λortho ∈ {0.01, 0.1, 1.0} to find the best values for different domains. We
include complete hyperparameters in Table 3 and Table 4.

E Additional Experiments

E.1 Does One-Step FB Enable Efficient Fine-Tuning?

While our prior experiments in Sec. 5.3 focus on zero-shot performance, we also want to study
whether one-step FB enables efficient online fine-tuning. To test this hypothesis, we conduct offline-
to-online experiments on one task in the ExORL benchmarks (quadruped jump) and another task
taken from the OGBench benchmarks (scene task 1). Following the evaluation protocols in
Appendix D.4, we first use 105 zero-shot transitions to derive the latent variable zr for the policy
π(a | s, zr), and then use it to initialize a TD3 [32] agent for fine-tuning. We selectively compare
one-step FB against 3 baselines in our offline experiments: BYOL-γ, HILP, and FB, and also include
the performance of a TD3 agent trained from scratch for reference.

As shown in Fig. 5, the policy derived from one-step FB achieves strong fine-tuning performance
compared to alternative unsupervised pre-training, with 40% higher sample efficiency on average.
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Figure 7: Learning rate ablations for FB on the three-state CMP. We conduct ablations to study
the effect of learning rate on FB. Using learning rates other than 10−4 results in higher equivariance
error of Q-value prediction (ϵequiv > 10−4). Thus, the failure mode of FB is not explained by the
choice of learning rate.

Compared with the TD3 variant trained from scratch, the sample efficiency of fine-tuning the policy
derived from one-step FB is +2.25× higher, suggesting the importance of the unsupervised pre-
training phase. We also observe that the fine-tuned policies reach the asymptotic performance of TD3
at the end of training. Interestingly, we do not observe a degradation in performance at the beginning
of fine-tuning; an observation that has been identified in prior offline-to-online methods [73]. In
particular, we do not retain the pre-training data when performing online fine-tuning [116], helping
to explain this observation. Taken together, one-step FB is a simpler method that provides benefits
for both offline unsupervised pre-training and online fine-tuning.

E.2 The Effects of the Dataset Quality on FB and One-Step FB

Since one-step FB performs one step of policy improvement over the behavioral datasets, it is
important to examine the effects of dataset quality on our algorithm. We hypothesize that our method
can be effective when (1) the dataset has good coverage of the state and action spaces, and (2) the
dataset contains nearly optimal trajectories.

To test these hypotheses, we conduct ablations on two types of OGBench datasets: stitch (worse
coverage on low-reward regions) and explore (highly sub-optimal trajectories). Specifically, we
select two domains from the OGBench benchmarks, antmaze medium and antmaze teleport,
and compare the zero-shot performances of both FB and one-step FB on three different types of
datasets: navigate (default), stitch, and explore.

Results in Fig. 6 suggest that using the stitch dataset has minor effects on both FB and one-step FB,
and sometimes even improves the performance, while using explore datasets reduces performance
for both methods. We conjecture that worse coverage may not be a main issue when the dataset
contains high-reward transitions. In contrast, highly sub-optimal trajectories introduce noise when
inferring the latent variable z during policy adaptation, which significantly lowers the zero-shot
performance.

E.3 Confounding Effects in the Didactic Experiments

In this section, we provide a more detailed discussion of potential confounding effects in our didactic
experiments. The aim is to clarify the observation that the practical FB algorithm fails to converge,
while our one-step FB algorithm converges to its stated fixed-point.

Learning rate. Does the learning rate affect the convergence of FB? We ablate over different
learning rates within {10−2, 10−3, 10−4, 10−5, 10−6}, choosing a wider range than the learning rate
10−4 used in Sec. 5.1 and Sec. 5.2. As seen in Fig. 7, using learning rates either larger than or smaller
than 10−4 results in a higher Q̂ equivariance error (ϵequiv > 10−4), indicating that the original FB
algorithm still does not converge to the ground-truth fixed point. These observations are consistent
with our conclusions in Sec. 5.1.

Policy temperature. Does the policy temperature τpolicy affect the convergence of FB? As mentioned
in Appendix D.1, we use a softmax policy (Eq. 30) with temperature τpolicy to approximate the greedy
policy with respect to the inner product F (s, a, z)⊤z. One confounding factor is the choice of the

39



0.0 0.2 0.4 0.6 0.8 1.0
gradient steps 1e5

10 3

10 2

10 1

100

101

er
ro

r

M /  prediction error

0.0 0.2 0.4 0.6 0.8 1.0
gradient steps 1e5

0.8

1.0

1.2

1.4
Q  prediction error

0.0 0.2 0.4 0.6 0.8 1.0
gradient steps 1e5

0.01

0.02

0.03

0.04

0.05

0.06
forward KL divergence ( )

0.0 0.2 0.4 0.6 0.8 1.0
gradient steps 1e5

10 5

10 4

10 3

10 2

10 1

100

101
Q equivariance error

policy temperature
1 × 10 12 1 × 10 6 1 10 (Ours) 200

Figure 8: Policy temperature ablations for FB on the three-state CMP. We study the effect of
policy temperature τpolicy on the convergence of FB: a decreasing τpolicy results in an increasing Q
prediction equivariance error ϵequiv, suggesting that FB still fails to converge to the ground-truth fixed
point.
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Figure 10: Representation parameterization ablations for FB on the three-state CMP. We study
the effect of representation parameterization on the convergence of FB: using differentiable matrices
yields lower error in successor measure ratio predictions, while using MLP parameterizations results
in lower equivalence errors in the Q-value prediction. However, the similar failure mode for FB’s
convergence persists.

temperature τpolicy. We conduct ablation experiments studying the effects of the policy temperature
τpolicy on the convergence of FB using the same three-state CMP as in Sec. 5.1. Specifically, we
choose to sweep over τpolicy ∈ {1, 10−6, 10−3, 1, 10, 200}, showing results in Fig. 8. We observe
that a decreasing τpolicy results in an increasing Q prediction equivariance error ϵequiv, suggesting that
τsoftmax is an important hyperparameter balancing learnability and convergent accuracy. However, FB
still fails to converge to a ground-truth fixed point.
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Figure 9: The five-state circular CMP. Agents start from
state s0 and take action ai (i = 0, 1). At every state si, choos-
ing a0 convergence transits to the next state s(i+1) mod 5,
forming circular transitions. At every state si, choosing action
a1 transits to state s(i−1) mod 5 with a probability of 0.7 and
stays in the same state with a probability of 0.3, forming the
stochastic transitions. Appendix E.3 uses this simple CMP
to study the convergence of the FB and the one-step FB algo-
rithms.

Representation parameterization. Does a
different parameterization of the FB representa-
tions affect its convergence? As mentioned in
Appendix D.1, we used differentiable matrices
Fz ∈ R|S×A|×d and B ∈ R|S×A|×d to repre-
sent the FB representations for a latent variable
z. This parameterization simplifies the optimiza-
tion procedure. To study the effects of this pa-
rameterization, we conduct ablation experiments
using the same three-state CMP as in Sec. 5.1.
We choose to compare the differentiable ma-
trix parameterization against a monolithic feed-
forward neural network (MLP) parameterization.
Results in Fig. 10 show that using differentiable
matrices yields lower error in successor measure
ratio predictions, while using MLP parameteri-
zations results in lower equivalence errors in the
Q-value prediction. However, the similar failure
mode for FB’s convergence persists.

Representation learning objective. Does directly optimizing the TD LSIF loss (Eq. 6) with a target
network help FB converge? Since our didactic experiments use a CMP with a discrete state and action
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Figure 11: Representation learning objective ablations for FB on the three-state CMP. We
conduct ablations to compare two representation learning objectives in our didactic experiments:
(1) analytically compute the successor measure ratio and conduct bilinear decomposition into FB
representations, and (2) learn the FB representations using the TD LSIF loss (Eq. 6) directly. While
the former learning objective consistently achieved lower errors on different metrics than the latter
objective. The final learned FB representations still failed to converge to the ground-truth FB
representations.
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Figure 12: Learning FB representations in the five-state circular CMP. (Left) After training for 105 gradient steps,
FB fails to converge to a pair of ground-truth FB representations. (Right) Given a fixed policy, one-step FB exactly fits the
ground-truth one-step FB representations within 4× 104 gradient steps. These observations are consistent with our analysis
on the three-state CMP (Sec. 5.1 and Sec. 5.2).

space, we choose to compute the successor measure ratio Mπ
Zdiag(ρ)−1 analytically, and fit the FB

representations FZ and B using the mean squared error (See Appendix D.1). However, the practical
FB algorithm optimizes the TD LSIF loss (Eq. 6) directly without computing the successor measure
ratio (impossible to compute for continuous CMPs). We conduct ablation experiments comparing the
effects of using these two objectives for learning FB representations on FB’s convergence. Results on
the same three-state CMP (Fig. 11) show that while analytically computing the successor measure
ratio consistently achieved lower errors on different metrics than the TD LSIF loss. The final learned
FB representations still failed to converge to the ground-truth FB representations.

Different discrete CMPs. Is the three-state CMP a special case where FB fails to converge? To
rule out the confounding factors originating from the choice of CMPs, we conduct additional didactic
experiments on a new CMP, similar to Sec. 5.1 and Sec. 5.2. Specifically, we construct a five-state
circular CMP (Fig. 9), where agents start from state s0 and take action ai (i = 0, 1). At every state
si, choosing a0 convergence transits to the next state s(i+1) mod 5, forming circular transitions. At
every state si, choosing action a1 transits to state s(i−1) mod 5 with a probability of 0.7 and stays in
the same state with a probability of 0.3, forming the stochastic transitions.

As shown in Fig. 12, we track the important statistics for both FB and one-step FB, similar to Sec. 5.1
and Sec. 5.2. Importantly, in this new five-state circular CMP, we observe convergences similar to
those in the three-state CMP for both methods. These results also highlight that FB fails to converge
to a pair of ground-truth FB representations, while one-step FB exactly fits the ground-truth one-step
FB representations within 4 × 104 gradient steps. Taken together, our conclusions are consistent
across different didactic CMPs.

E.4 Key Components of One-Step FB

In this section, we conduct ablation experiments studying key components of one-step FB. We
choose two ExORL domains walker and cheetah, and two OGBench domains antmaze large
navigate and scene play to conduct experiments. As mentioned in Sec. D.5, there are four key
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hyperparameters of one-step FB: (1) the behavioral-cloning regularization coefficient λBC, (2) the
orthonormalization regularization coefficient λortho, (3) the reward weighting temperature τreward, and
(4) the representation dimension d. Following the same evaluation protocol as in Appendix D, we
compute means and standard deviations over 8 random seeds for each domain.

We first study the effects of the behavioral-cloning regularization coefficient λBC, ablating over differ-
ent values of λBC within {0, 0.03, 0.3, 3, 30}. We selectively show the comparisons between several
λBC values in Fig. 13a. These results suggest that removing the behavioral-cloning regularization
λBC = 0 is important on ExORL domains, where our choices achieved +1.6× improvement on
average. This observation is consistent with findings from prior work [81], where they also exclude
the behavioral-cloning regularization on ExORL tasks. In contrast, on OGBench domains, selecting a
non-zero λBC boosts the performance.

Next, to better understand the role of orthonormalizing the backward representations, we ablate
over different values of the orthonormalization coefficient λortho ∈ {0.01, 0.1, 0.0, 1.0, 10.0} and
compare the zero-shot performance of one-step FB variants. We present the results with selective
values of λortho in Fig. 13b. Overall, the performance of one-step FB is sensitive to the choice of
λortho on both ExORL and OGBench domains. We observe that setting λortho < 0.1 results in lower
performance on ExORL domains used for ablation experiments. In contrast, using a very large λortho
has negative effects on one-step FB for OGBench domains. Additionally, we observe that simply
removing the orthonormalization regularization (λortho = 0) can boost the success rate by at most
+2× on OGBench domains. This indicates that using an appropriate value of λortho is key to the
performance of one-step FB.

We also study the effect of our reward weighting strategy in Eq. 34 by ablating over different
temperatures, τreward ∈ {3, 10, 30, 300}, in the softmax function. In Fig. 13c, we compare the zero-
shot performance of three variants of one-step FB on each domain. These results suggest that one-step
FB is less sensitive to the choice of τreward on each domain. However, using larger values of τreward
can slightly boost performance on OGBench domains. Therefore, we still tune the reward weighting
temperature τreward for each domain separately and select the best candidates.

Finally, we study the effects of the representation dimension d. Both prior work [81, 104] and our
Proposition 1 have suggested that the representation dimension plays an important role for one-step
FB. We sweep over d = {25, 50, 100, 128, 256, 512} and selectively show performance of several
values. As shown in Fig. 13d, the choice of representation dimension d can vary the performance
of one-step FB significantly on both ExORL and OGBench domains. We find that using d = 50,
which is the same value as in Park et al. [81] and Touati et al. [104], is sufficient for ExORL domains.
However, when increasing the representation dimension, we do not observe a consistent improvement
over zero-shot performance. We conjecture that a finite representation dimension d < ∞ always
learns a low-rank approximation of the successor measure ratio as in Corollary 1. Thus, some choices
of d might result in a better low-rank approximation. On OGBench domains, we select d = 512 for
consistency with prior work [5], although d = 128 gives better performance on some domains.

Taken together, we tune the behavioral-cloning regularization coefficient λBC, the orthonormalization
coefficient λortho, the reward weighting temperature τreward, and the representation dimension d on
different domains. In general, our choices of hyperparameters are effective for one-step FB on both
ExORL and OGBench domains.
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(a) Behavioral-cloning regularization coefficient λBC.
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(b) Orthonormalization regularization coefficient λortho.
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(c) Reward weighting temperature τreward.
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(d) Representation dimension d.

Figure 13: Hyperparameter ablations. We conduct ablation experiments to study the effect of key components of one-step
FB on walker, cheetah, antmaze large navigate, and scene play.
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