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Abstract

Regularisation is a common method in iterative solutions for imaging inverse problems. The
majority of algorithms evaluate the proximal operator of the regulariser in every iteration, leading
to a significant computational overhead, as such evaluations can be costly. In this context, we
investigate skipping the regulariser to reduce the frequency of proximal operator computations.
This approach shows a reduction in computational time without compromising convergence or
image quality. Here we study for the first time the efficacy of regularisation skipping on a variety
of imaging inverse problems. We build upon the ProxSkip algorithm and we also propose a novel
skip-version of the PDHG algorithm. Extensive numerical results highlight the potential of these
methods to accelerate computations while maintaining high-quality reconstructions.

Keywords— Inverse Problems Iterative Regularisation Proximal Operator Stochastic Op-
timisation

1 Introduction

Inverse problems involve the process of estimating an unknown quantity w' € X from indirect and
often noisy measurements b € Y obeying b = Auf4n. Here X, Y denote finite Euclidean dimensional
spaces, A : X — Y is a linear forward operator, u' is the ground truth and 7 is a random noise
component. Given b and A, the goal is to approximate uf. Since inverse problems are typically
ill-conditioned, prior information about w is often incorporated in the form of regularisation. The
inverse problem solution is then approximated by solving

argmin D(Au, b) + aR(u). (1)
ueX
Here D denotes the fidelity term, measuring the distance between b and the solution v under A.
Regularisation term R promotes properties such as smoothness, sparsity, edge preservation, and
low-rankness of the solution, and is weighted by a parameter o > 0. Established examples for R
in imaging include Total Variation (TV), the Total Generalised Variation [8], the Total Nuclear
Variation (TNV) [17], and more general tensor-based structure regularisation [20].
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Algorithm 1 GD Algorithm 2 ISTA/PGD/FBS

1: Parameters: v > 0 1: Parameters: v >0
2: Initialize: g € X 2: Initialize: xy € X
3: for k=0,..., K—1do 3: fork=0,..., K—1do
4: Tpy1l = T — ’ny(iEk) 4: Tpy1 = pI‘OX,yg(mk — ’}/Vf(:ltk))
5: end for 5: end for
Algorithm 3 FISTA Algorithm 4 ProxSkip
1: Parameters: v >0, ty =1 1: Parameters: v > 0, probability p > 0
2: Initialize: xy € X 2: Initialize: xg,hg € X
3: for k=0,..., K—1do 3: for k=0,1,..., K —1do
4 g1 = ProXyg (Yesr — YV (Yrt1)) 4 Ty =z — (V) — hy)
5. P VA L L A T 5: Sample 6}, ~ Bernoulli(p), 65 € {0,1}
' Lt 2 kT 6: if 6, =1 then
6: Ykl = Tpy1 + g (Tpg1 — Tr) ) .
7: end for [ Lh+1 = ProXag | Lh+1 — ghk
8: else xp1 = T4
9: end if
10: hipr = hy + B(@pr1 — k1)
11: end for

In order to obtain a solution for , one employs iterative algorithms such as Gradient De-
scent (GD) for smooth objectives or Forward-Backward Splitting (FBS) [13] for non-smooth ones.
Moreover, under the general framework

min f(z) + g(), (2)
the Proximal Gradient Descent (PGD) algorithm, also known as Iterative Shrinkage Thresholding
Algorithm (ISTA), and its accelerated version FISTA [6,25] are commonly used when f is convex
and L-smooth, and g is proper and convex. Saddle-point methods such as the Primal Dual Hybrid
Gradient (PDHG) [11] are commonly used for non-smooth f.

A common property of most of these methods, see Algorithms is the evaluation of proximal
operators for the regulariser in every iteration, which for 7 > 0 is defined as

. [1
pros, (o) i= argin {5112 ~ ol + ro() |. 3)
zeX
The proximal operator either has a closed form solution, e.g., when R(u) = ||u||1, or requires an

iterative solver, e.g., when R(u) = TV (u). In the latter case, solving can incur a significant
computational cost for large data, particularly in medical imaging and material science applications.

The ProxSkip algorithm

Skipping the computation of the proximal operator in certain iterations can accelerate an algorithm
without impacting its convergence, as noted in [24]. There, the ProxSkip algorithm was developed
to handle federated learning tasks involving costly proximal operator computations. ProxSkip
introduces a control variate hj and a probability parameter p, see Algorithm [l When the proximal



step is not applied, the control variate is unchanged. For successive iterations where the proximal
operator is not applied, the computational cost is not increased. However, this leads to error
accumulation. Applying the proximal operator and updating the control variate in certain iterations
reduces the error.

In [24] it was shown that ProxSkip converges provided that f in is L-smooth and p-strongly

convex, and the probability p satisfies
p=Vu/L (

In the case of equality in , the algorithm converges (in expectation) at a linear rate with v =
and the iteration complexity is (’)(% log(1)). In addition, the total number of proximal evaluations

N
N—

=

(in expectation) is only O(% log(%)).

Our contribution

Our aim is conduct the first numerical study, via extensive experiments, of the computational bene-
fits of ProxSkip for various imaging inverse problems, including challenging real-world tomographic
applications. In particular, we show that ProxSkip can outperform even FISTA. Moreover, we intro-
duce PDHGSKip, a novel skip version of PDHG, see Algorithm [6] which we motivate via numerical
experiments. We anticipate that this will spark further research around developing skip-versions of
a variety of proximal-based algorithms used nowadays.

For all our imaging experiments we consider a quadratic distance term as data fidelity and as a
regulariser we use the (isotropic) total variation

TV(u) = [Dula; = 3 \/(Dyu)? + (D)2,

where D = (D,, D,) is the discrete forward finite differences operator. Problem is thus written
as

1
argmin — || Au — b||3 + aTV (u). (5)
ueX 2

2 Skipping light proximals in imaging problems

2.1 Dual TV denoising

To showcase the algorithmic properties we consider a toy example, with the dual formulation of the
classical TV denoising (ROF) which reads

1 1
min {f(q) = —||divq + b||3 + ||b]%} (Dual-ROF). (6)
lqll2,00 <c 2 2
Here div is the discrete divergence operator such that div = —D?. The solutions u* and q* of

the primal and dual ROF problems respectively are linked via u* = b+ divg*. A simple algorithm

to solve (6] was introduced in [12], based on a Projected Gradient Descent (ProjGD) iteration

qi+1 = Po(qr — vD(divgg + b)), which is globally convergent under a fixed stepsize v < ﬁ 13,

with "
Pel(@) = C = {llglo < a: qe R}, (7)

max{a, [[#(]2}’
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Figure 1: Left to right: Ground truth u! € R209%300  Noisy image b, ¢ = 0.05. Dual-ROF u* with
a = 0.5. Dual-Huber-ROF u* (see Section with a = 0.55, € = 0.1. The parameters « are
optimised with respect to SSIM.

and d being the image dimension. The projection Pc can be identified as the proximal operator of
the indicator function of the feasibility set C. Thus, ProjGD is a special case of ISTA/PGD and
ProxSkip can be applied. Note that due to the divergence operator this problem is not strongly
convex. In fact, this is the case for the majority of the problems of the type , typically due to
the non-injectivity of A. Thus, this example also shows that the strong convexity assumption could
potentially be relaxed for imaging inverse problems.

To ensure that any biases from algorithms under evaluation are avoided, the “exact” solution

u* is calculated using an independent high-precision solver, in particular, the MOSEK solver from

the CVXpy library , see Figure

Both ISTA and ProxSkip use the stepsize v = % = é, where L is the Lipschitz constant of
F'(-). For every iteration we monitor the ¢5 error |[ur — u*||2 between the iterate uy = b+ divgy
and estimated exact solution u*. We use p = [0.01,0.1,0.3,0.5] and 50000 iterations as a stopping
criterion.

In Figure 2| (top-left), we observe that the two algorithms are almost identical in terms of the
£y error. Note that ProxSkip and ISTA coincide only when p = 1. Indeed, one can detect some
discrepancies during the first 100 iterations, which quickly dissipate with only a few applications of
the projection P, see bottom row of Figure [2] where we compare ISTA and ProxSkip with p = 0.1
for the first and last 100 iterations. In Figure (top-right), we plot the ¢5 error with respect to CPU
time (computed as the average over 30 independent runs). We observe a clearly superior performance
of ProxSkip, in terms of the CPU time, for all values of p. This serves as a first demonstration of the
advantages of ProxSkip in terms of computational time, without compromising image quality. In
Section 3] we present a more emphatic computational impact using computationally more expensive
proximal steps.

2.2 Dual TV denoising with strong convexity

In order to be consistent with the convergence theory of ProxSkip where strong convexity is a
requirement, one can add a small quadratic term to the objective function. This is commonly
used in imaging applications and allows the use of accelerated versions of first-order methods. For
problem @ this results in

. 1, .. 1 é
win_ { (@) = jldiva + bl + 013 + -l | 0

llgll2,00 <ex
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Figure 2: Top: Comparison of ISTA and ProxSkip for multiple values of p for @ with respect to
iterations (left) and CPU time (right). Bottom: Detailed versions for the first 100 (left) and the last
100 iterations (right) when p = 0.1. The vertical dotted lines indicate the iterations where Pc(-) is

applied.

It is known that the corresponding primal problem of is the standard Huber-TV denoising
which involves a quadratic smoothing of the || - ||2,;-norm around an é-neighbourhood of the origin.
Among other effects, this reduces the staircasing artifacts of TV, see the rightmost image in Figure
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Figure 3: ISTA, FISTA and ProxSkip with optimal p value for the problem with respect to
iterations (left) and CPU time (right). 7 indicates the average time required to reach a relative

error less than 1079,

We repeat the experiments of Section [2.I] with 30 independent runs of the algorithm to solve
with 5000 iterations and using the probability p given by the lower bound in . Using (o, €) =

(0.55,0.01), we have p = \/% = \/g = 0.04767. This results in an average of only 215 projection
steps being used over 5000 iterations. In addition to ISTA, we also look at FISTA. For the dual
problems @ and this algorithm is commonly found in the literature under alternative names
such as Accelerated ProjGD or Fast Gradient Projection, . In Figure (3| (left), we observe that

FISTA performs better than both ISTA and ProxSkip with respect to iteration number. While a



similar behaviour is observed with respect to CPU time, see Figure [3| (right), the average time for
FISTA and ProxSkip to reach a relative error less than 1076 is nearly identical. A similar speed-up
would be expected when FISTA is combined with skipping techniques but we leave this for future
work.

3 Skipping heavy proximals in imaging problems

3.1 TV deblurring

We now consider more challenging imaging tasks, involving proximal operators that do not admit
closed form solutions, and thus require computationally intensive iterative solvers, making them
perfect candidates for skipping techniques.
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Figure 4: Left to right: Noisy and blurry image. TV deblurred image u* with o = 0.025. Difference
error for FISTA when it is less than 1073 and 107°.

We first consider the deblurring task , where A is a convolution operator and b a noisy and
blurred image, see Figure 4l We solve and compare ISTA, FISTA and ProxSkip with different
values of p. Here the proximal operator of g corresponds to a TV denoising problem applied on
the dual formulation @ We employ the FISTA algorithm with a fixed number of iterations as an
inner iterative solver, see next section for alternatives.

In the framework of inexact regularisation, another option is to terminate the inner solver
based on some metric and predefined threshold . As noted therein, the number of required
inner iterations typically increases up to 103, as the outer algorithm progresses, leading to higher
computational costs over time. To explore both the computationally easy and hard cases, we run
the inner solver with 10 and 100 iterations, and use a warm-start strategy. Warm-start is vital for
inexact regularisation as it avoids semi-convergence, where the error stagnates and fails to reach
high precision solutions. The “exact” solution u* is computed with 200000 iterations of PDHG with
diagonal preconditioning . Outer iterations are terminated if either 3000 iterations are reached
or if the relative error is less than 1075, The CPU time is averaged over 10 runs.

In Figure 5| we first observe that solving the inner TV problem with 10 iterations significantly
affects the convergence of FISTA. Notably, ProxSkip versions are less affected, even though besides
the error introduced by the inexact solver, there is also an error from skipping the proximal. By
raising the number of inner iterations to 100, and thus increasing the accuracy of the inner solver, we
observe that FISTA exhibits a fast initial convergence, albeit with some oscillations. It terminates
after around 500 iterations, reaching an accuracy of 1075, see Figure [5| (bottom-left). On the
other hand, ISTA and ProxSkip require many more iterations to reach the same level of accuracy.
However, remarkably, in this regime ProxSkip is significantly faster, in terms of CPU time, than
ISTA and even outperforms FISTA when p = 0.05 and 0.1, see Figure [5| (bottom-right).
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Figure 5: Comparing ISTA, FISTA and ProxSkip for multiple values of p for TV deblurring. The
proximal of TV is solved using FISTA with 10 and 100 iterations applied on @ ProxSkip outper-
forms FISTA when p = 0.05 and 0.1.

We note that there are versions of FISTA , with improved performance, also avoiding
oscillations. However, our goal here is not an exhaustive comparison but rather to show that a simple
version of ProxSkip outperforms a simple version of FISTA. We anticipate the future development
of more sophisticated skip-based algorithms including ones based on accelerated methods.

3.2 PDHGSkip

Skipping the proximal can also be applied to primal-dual type algorithms. Here, for convex f,g
and a bounded linear operator K, the optimisation framework is

min f(Kx) + (). (9)

In [14], a skip-version of PDHG was proposed, which we denote here by PDHGSkip-1. It
allows not only to skip one of the proximal steps but also the forward or backward operations of
K, depending on the order of the proximal steps, see Algorithm 6] Again, strong convexity of both
f and g is required for convergence. However, our imaging experiments — in the absence of strong
convexity — reveal a relatively slow performance, even with optimised step sizes 0,7 and w+1 =1/p
according to [14, Theorem 7).

To address the slow convergence, we propose a modification: PDHGSkip-2, see Algorithm[6] The
difference to PDHGSkip-1 is that the adjoint X7 and the proximal operator of g are now separated,
see steps 4-7. Note that the control variate h vanishes when p = 1 and PDHG is recovered. To
illustrate their practical differences, in Figure [6] we compare the two versions on tomography, see
Section for details. Apart from the clear acceleration of PDHGSkip-2 over PDHGSkip-1, we
also observe a staircasing pattern for the relative error for PDGHSkip-1, see detailed zoom of the



Algorithm 5 PDHGSkip-1 [14] Algorithm 6 PDHGSkip-2 (ours)

1: Parameters: o,7,w > 0, probability p 1: Parameters: 0,7 > 0, probability p
2: Initialize: xg € X, yg €Y 2: Initialise: xg,hg € X, yp € Y
3: for k=0,..., K —1do 3: for k=0,..., K —1do
4: Sample 6}, ~ Bernoulli(p), 6; € {0,1} 4: Zpy1 = xp — o (KTyp — hy)
5: if 0, = 1 then 5: Sample 6}, ~ Bernoulli(p), 65 € {0,1}
6: Ty = %(proxag(ask —oKTy) — xy) 6: if 0, = 1 then
T else 7 Tj41 = ProXe, (ikﬂ — %hk)
8: xy =0 8: else xp 1 = :izkp
9: end if 9: end if
10: L1 = Tk + H%ik 10: Tht1 = 2Tp+1 — Tk
1: Ypg1 = proxX, g (Yp + TK(®pq 1 + E1)) 1 Ypar = prox, s (yg + 7KEy)
12: end for 19: hk+1 = hy + g(mk_H _ ik—i—l)
13: end for

Proximal-TV with 50 iterations, p=0.3 Proximal-TV with 50 iterations, p=0.3
—&— PDHGSkip-1
—&— PDHGSkip-2
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Figure 6: Comparing PDHGSkip-1 by [14] and our proposed PDHGSkip-2 for p = 0.3 for the
tomography problem of Section using 50 iterations for the inner solver of the proximal TV
denoising problem.

first iterations. This is expected since in most iterations, where the proximal step is skipped, one
variable vanishes without contributing to the next iterate. Hence, the update remains unchanged.

In general, />-TV problems can be solved using implicit or explicit formulations of PDHG. In
the implicit case, we have f(-) = || - |3, K = A and g(-) = TV(:). In the explicit case, f is a
separable sum of || - ||3 and || - ||2,1 composed with the block operator K = [A; D], and g can be the
zero function or a non-negativity constraint. Here every proximal step has an analytical solution.
This significantly reduces the per-iteration cost, but also requires more iterations to reach a desired
accuracy [9]. Inexact regularisation is usually preferred and helps reduce the number of iterations.
Hence, the number of calls of the forward and backward operations of A is reduced, which in certain
applications gives a considerable speed-up.

3.3 TV Tomography reconstruction with real-world data

For our final case study, we solve under a non-negativity constraint for w for a real-world
tomographic reconstruction. Here A is the discrete Radon transform and b is a noisy sinogram of a
real chemical imaging tomography dataset, representing post partial oxidation of methane reaction
Ni-Pd/Ce02-ZrO2/A1203 catalyst [22], see Figure The initial dataset was acquired for 800



Figure 7: FBP (left) and TV (right) reconstruction using diagonal preconditioned PDHG for 200000
iterations. Regularisation parameter is manually set to balance noise reduction with feature preser-
vation.

projection angles with 695x695 detector size and 700 vertical slices. For demonstration purposes
and to be able to perform multiple runs for computing more representative CPU times, we consider
one vertical slice with half the projections and 2x rebinned detector size. Same conditions for
the inexact solver and stopping rules are used as in the previous section. For these optimisation
problems, one can use algorithms that fit within both general frameworks and @]), see [2].

The two algorithms use the same values for step sizes o and 7, satisfying o7||K||> < 1. Com-
parisons in Figure |8 show a similar trend for proximal-gradient-based algorithms as in Section
When we use 10 iterations for the inner solver, FISTA fails to reach the required accuracy and
stagnates, which is not the case for the ProxSkip algorithms even for the smallest p. This is ac-
companied by a significant CPU time speed-up, which further increases as more inner iterations are
used. In fact, by increasing the number of inner iterations, the computational gain is evident with
around 90% speed-up compared to FISTA.

The best performance with respect to CPU time is achieved by PDHGSkip-2. There, distance
errors are identical to the case p = 1, in terms of iterations, except for the extreme case p = 0.1
which oscillates in the early iterations. For 10 inner iterations and p € {0.3,0.5} we observe a slight
delay in terms of the convergence rate and the desired accuracy, due to error accumulation caused
by skipping the proximal operator and limited accuracy of the inner solver. This is corrected by
increasing the number of inner iterations. Moreover, we see no difference with respect to CPU
time for 10 inner iterations and p € {0.7,1.0}. This is expected since the computational cost to
run 10 iterations of FISTA is relatively low. However, it demonstrates that we can have the same
reconstruction using the proximal operator 70% of the time. Finally, the computational gain is more
apparent when we increase the number of inner iterations, thereby increasing the computational
cost of the inner solver.

We note that such expensive inner steps are used by open source imaging libraries and are solved
with different algorithms and stopping rules. In CIL [18[27], FISTA is used to solve () with 100
iterations. In PyHST?2 [23], FISTA is used with 200 iterations and a duality gap is evaluated every
3 iterations as a stopping rule. In TIGRE [7], the PDHG algorithm with adaptive step sizes, [30],
is applied to ([6), with 50 iterations. In DeepInvE]7 PDHG is applied to (with A = Id) with 1000

iterations and error distance between two consecutive iterates. Finally, in Tomopy [16], PDHG is

Thttps://github.com/deepinv/deepiny



applied to (5) (with A = Id) and the number of iterations is specified by the user. All these default
options are optimised and tested for particular real-world data cases like the ones encountered in
synchroton facilities for instance. Alternatively, one can avoid inexact inner solvers for TV denoising.
In [19] the proximal is replaced by a combination of wavelet and scaling transforms and is computed
using a componentwise shrinkage operator. Even in this case, we expect a computational gain by
skipping this operator.
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Figure 8: Comparing ISTA, FISTA, PDHG, ProxSkip and PDHGSkip-2 for multiple values of p for
the TV tomography problem. The proximal of TV is solved using FISTA applied on @ for 10 and
100 iterations.
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4 Code Reproducibility

The code and datasets needed to reproduce the results are available at https://github.com/
epapoutsellis/Why-do-we-regularise-in-every-iteration. For all the experiments we use
an Apple M2 Pro, 16Gb without GPU usage to avoid measuring data transferring time between the
host and the device which can be misleading.

5 Discussion and Future work

In this paper, we explored the use of the ProxSkip algorithm for imaging inverse problems. ProxSkip
allows skipping costly proximal operators, usually related to the regulariser, without impacting the
convergence and the solution. In addition, we presented a new skipped version of PDHG. This
can be useful when the L-smoothness assumption is not satisfied, e.g., when using the Kullback-
Leibler divergence. Here we focused on showcasing its advantages in practice rather than proving its
convergence which we leave it for future work. Although we demonstrated that avoiding computing
the proximal leads to better computational times, this speed-up can be further increased when
dealing with larger datasets and more costly regularisers, e.g., TGV and TNV. In addition to
skipping, one can combine stochastic optimisation methods and variance reduction estimators that
use only a subset of the data per iteration. For example, in tomography applications, where the
per-iteration cost is dominated by the forward and backward operations, one can randomly select
a smaller subset of projection angles in addition to a random evaluation of the proximal operator.
In this scenario, the per-iteration cost is significantly decreased and preliminary experiments have
shown that it outperforms deterministic algorithms in terms of CPU time. Finally, we note that
further computational gains could be achieved by applying skipping techniques to the inner solver
as well. Notice that Algorithm @ by default skips the proximal of g. For example, in the case of
TV denoising, one can use the approach of Section [2.1] employing ProxSkip on its dual.

In summary, proximal-based algorithms presented herein, along with potential future extensions,
open the door to revisiting a range of optimisation solutions for a plethora of imaging modalities
developed over the last decades, with the potential to greatly reduce actual computation times.
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