
When Loss Signals Dominate Context: Adaptive
Expert Routing in the Loss-Dominance Regime

Anonymous Author(s)
Affiliation
Address
email

Abstract

Modern adaptive systems increasingly rely on learned contextual models, often1

deep networks to anticipate regime changes and guide decision-making. Intuitively,2

such context should improve performance by accelerating the identification of3

the best expert. However, this intuition implicitly assumes that learned signals4

provide information faster or more reliably than the system’s own feedback. In5

this work, we show that this assumption fails in a natural and identifiable class of6

settings. We study adaptive expert routing under full-information feedback and7

identify a regime in which online loss signals alone are sufficient for near-optimal8

performance. When inter-expert performance gaps are large, loss-based routing9

rapidly concentrates on the optimal expert, leaving little room for improvement10

from contextual predictions. In this regime, even moderately accurate predictors11

introduce persistent bias that outweighs their potential benefit. We formalize this12

phenomenon through a mixing-time analysis and a regret decomposition, leading13

to a computable condition under which contextual information does not improve14

routing performance in this regime. This characterization yields a practical di-15

agnostic based on context-weight interpolation that determines whether a given16

system operates in this loss-sufficiency regime. Empirical evaluation in a real-time,17

microsecond-latency adaptive control system (16 kHz Active Noise Control) con-18

firms the theory: loss-based routing matches oracle performance, while contextual19

routing does not provide measurable improvement and often degrades performance20

in our setting.21

1 Introduction22

Many engineering and machine learning systems operate a bank of adaptive algorithms in parallel,23

each embodying a different inductive bias or optimization strategy. Such settings arise in adaptive24

control, signal processing, and online model selection, where no single algorithm performs well25

across all regimes. A central challenge is therefore how to combine these experts in real time: which26

expert to trust, and whether this decision should incorporate additional contextual information.27

A common approach augments online routing with learned context, using predictive models to28

infer the current regime and guide expert selection. The intuition is that accurate context should29

accelerate identification of the best expert. This implicitly assumes that learned context provides30

useful information faster or more reliably than the system’s own feedback.31

This paper examines the validity of this assumption and identifies a regime in which it fails. We32

consider adaptive expert routing under full-information feedback, where all expert losses are observed33

at each step, providing a high-frequency signal reflecting expert quality. The key question is whether34
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contextual information adds value beyond what this signal already resolves. Our focus is on regimes35

with large inter-expert performance gaps and fast loss-based identification.36

Central Question. When does online loss feedback alone suffice for adaptive expert routing, and37

when can additional contextual information provide a genuine advantage?38

We formalize this setting and analyze loss-based routing dynamics. Our analysis yields bounds on39

the rate of optimal expert identification and quantifies the effect of imperfect contextual predictions,40

leading to a computable condition under which loss signals are sufficient and contextual information41

cannot improve performance-an effect driven by the relative information rate of feedback versus42

context, not by limitations of any particular predictive model. Understanding when this occurs is43

important for designing adaptive systems, including online model selection and related settings where44

feedback is rapidly available.45

Contributions.46

• Problem formulation. We formalize adaptive expert routing under full-information feed-47

back with heterogeneous, simultaneously adapting experts, distinguishing it from mixture-48

of-experts, contextual bandits, and algorithm selection.49

• Mixing-time characterization. We derive bounds on the time required for loss-based50

routing to identify the optimal expert as a function of inter-expert performance gaps.51

• Context-sufficiency condition. We show that when loss signals resolve expert identity52

sufficiently quickly, incorporating imperfect contextual predictions increases expected regret,53

yielding a computable condition under which context cannot improve performance.54

• Practical diagnostic. We introduce a simple context-weight interpolation diagnostic to55

determine whether a system operates in this regime.56

• Empirical validation. We validate the analysis in a real-time adaptive control system57

(16 kHz Active Noise Control), a microsecond-latency setting that limits the usefulness of58

learned context. Loss-based routing matches oracle performance, while contextual routing59

does not provide benefit.60

2 Related Work61

Online learning and expert tracking. Combining multiple experts has been widely studied in62

online learning, notably via Weighted Majority and Hedge [23, 11, 17, 34] and extensions to non-63

stationary environments [14, 5, 13, 29, 7]. These methods provide regret guarantees under loss64

sequences typically analyzed as independent of the learner’s internal state [3, 36]. In contrast, our65

setting involves adaptive experts whose losses evolve with their internal state and the routing policy,66

introducing endogenous coupling between experts.67

Mixture of Experts. Mixture of Experts (MoE) models [15, 16] combine predictors through68

a learned gating function, with modern variants using sparse routing [30, 22, 9, 37]. In such69

architectures experts are static and routing is learned offline, making routing a representation problem.70

Our setting instead involves continuously adapting experts with endogenous losses, where routing71

operates online and directly influences expert dynamics-a control problem, not a representation72

problem.73

Contextual bandits and algorithm selection. Contextual bandits [20, 1, 6, 10] use side information74

to guide decisions under partial feedback [3, 21, 36], while algorithm selection [28, 18] leverages75

problem features to choose among algorithms, typically in offline or episodic settings. Our setting76

differs in assuming full-information feedback [21], where losses of all experts are observed, and in77

focusing on continuously adapting experts rather than static performance profiles.78

Predictable sequences and auxiliary information. Incorporating auxiliary or predictable structure79

into online learning can improve performance when such information is sufficiently accurate [27].80

These approaches assume auxiliary signals capture useful structure in the loss sequence. Our81

work instead examines how such signals interact with feedback that continuously reflects expert82

performance in adaptive settings.83
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Active noise control and adaptive filtering. Active noise control (ANC) is a classical signal84

processing problem [26, 19, 8], where adaptive filters such as FxNLMS [35, 25] and RLS variants85

are used for real-time disturbance cancellation. Prior work has explored combining adaptive filters86

using fixed or adaptive mixing strategies [2, 31]. Here, ANC serves as a high-frequency testbed for87

adaptive expert routing under stringent latency constraints, while the formulation and analysis extend88

beyond this domain.89

3 Problem Formulation90

Algorithm 1
(e.g. Sparse Prior)

Algorithm 2
(e.g. Fast RLS Variant)

Algorithm K
(e.g. Dense Block-based)

K-Heterogeneous
Online Learners

Environment

Context Predictor

OFTRL Router Aggregation Full-info Feedback 

Loss Feedback

Figure 1: K=5 heterogeneous adaptive experts run in parallel; the OFTRL router concentrates weight
on the best expert using discounted losses alone (Eq. 4), without any context. The context predictor
is theoretically unnecessary and empirically harmful whenever loss-dominance holds (Definition 2,
Theorem 3).

3.1 Expert Bank and Loss Feedback91

Figure 1 gives an overview of the complete system. Let [K] ≜ {1, . . . ,K} be a bank of K adaptive92

algorithms. Each expert k maintains an internal state θt,k, updated online, and maps a reference input93

xt to an output ut,k = hk(θt,k, xt), updating θt,k after each step. Given desired signal dt, its loss is94

ℓt(k) =
(
dt + S ut,k

)2
, (1)

where S is the fixed linear secondary-path operator (acoustic transfer function from actuator to error95

sensor; more generally, any fixed map from expert output to observable error). The full loss vector96

ℓt = (ℓt(1), . . . , ℓt(K)) ∈ RK is revealed to the router each round, establishing the full-information97

setting.98

Endogenous coupling. Each expert updates θt,k from its own history, so ℓt(k) depends on past99

routing decisions {ws}s<t through the state trajectory. Section 4 accounts for this by conditioning on100

the routing history; the theoretical results hold in the post-mixing regime where expert losses have101

stabilised near their stationary values (Appendix B).102

3.2 Routing Policy and Objective103

The router selects wt ∈ ∆K at each step, incurring aggregate loss104

Lt = ⟨wt, ℓt⟩, (2)

with objective being the minimization of the
∑T

t=1 Lt relative to the best expert in hindsight, i.e.105

k∗ ≜ argmink
∑T

t=1 ℓt(k).106

Optionally, the router may use a context vector ct via a learned predictor (mt, πt) = f(ct) (archi-107

tecture in Appendix C). Section 4 parameterises this through scalars α, β ≥ 0: α = β = 0 is pure108

loss-driven routing; α > 0 injects the loss hint; β > 0 injects the regime prior.109
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3.3 Routing Necessity110

In a heterogeneous bank, each expert converges to a distinct steady-state output u∗
k under stationary111

inputs. Since these steady states optimise different trade-offs, they are generally incompatible [2],112

hence implying that uniform mixing does not recover any single expert’s solution.113

Proposition 1 (Routing Necessity). Let u∗
k be the steady-state output of expert k under squared-error114

loss L(y, d) = (d+ Sy)2. If ∃ j ̸= k with Su∗
j ̸= Su∗

k, then115

E
[
L
(

1
K

∑
k u

∗
k, d

)]
> min

k
E[L(u∗

k, d)]. (3)

Averaging incompatible steady states introduces cross-terms E[(Su∗
j − Su∗

k)
2] > 0 that strictly116

inflate the mixture loss (full derivation in Appendix A). The result holds for any algorithm family or117

step-size schedule; in our five-expert bank (Table 1) the condition is satisfied by design. Empirically,118

uniform routing yields −5.45 dB overall (Section 6), confirming that a missing router actively harms119

performance.120

4 Theoretical Analysis121

We characterise how quickly OFTRL concentrates on the optimal expert, quantify the marginal effect122

of injecting context predictions, and derive a computable condition under which β = 0 minimises123

expected regret.124

4.1 Routing Algorithm125

We consider discounted Follow-the-Regularised-Leader (OFTRL) with negative-entropy regularisa-126

tion [13, 29, 24]:127

wt = softmax

(
−η

t−1∑
s=1

γt−1−sℓs

)
, (4)

where η > 0 is the learning rate and γ ∈ (0, 1) down-weights stale losses. To study the role of128

context, we embed OFTRL in the two-parameter family129

wα,β
t = softmax

(
−η

t−1∑
s=1

γt−1−sℓs + αmt + β πt

)
, α, β ≥ 0, (5)

where mt ∈ RK is the short-horizon loss-hint vector and πt ∈ ∆K is the regime prior (both from130

the context predictor, Section 3.2); α = β = 0 recovers OFTRL. The scalar β ≥ 0 controls context131

injection via the regime prior; α ≥ 0 weights a loss-derived predictive hint. For theoretical analysis132

we study the α=0 reduction (denoted wβ
t ), which isolates the cost of context injection. In the full133

deployed system, α is modulated by an OOD gate gt ∈ [0, 1] derived from the OOD embedding134

head (d) (Appendix C): for in-distribution contexts gt ≈ 1; for out-of-distribution segments gt → 0,135

suppressing the loss-hint contribution. All theoretical results use gt=1. Cumulative regret relative to136

k∗ is137

RT (β) ≜
T∑

t=1

⟨wβ
t , ℓt⟩ −

T∑
t=1

ℓt(k
∗). (6)

4.2 OFTRL Mixing Time138

Definition 1 (Routing Mixing Time). For ϵ ∈ (0, 1
2 ),139

Tmix(ϵ) ≜ inf
{
t ≥ 1 : wt(k

∗) ≥ 1− ϵ
}
.

Let T0 denote the end of the initial transient during which the loss gap may be small. Define the140

minimum inter-expert gap141

∆min ≜ min
k ̸=k∗

[
ℓt(k)− ℓt(k

∗)
]
> 0, t > T0. (7)
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Theorem 1 (OFTRL Mixing Time). Under assumption (7), for any ϵ ∈ (0, 1
2 ),142

Tmix(ϵ) ≤ T0 +

⌈
log
( (K−1)(1−ϵ)

ϵ

)
η∆min

⌉
. (8)

The bound is O(logK/(η∆min)): larger performance gaps and larger learning rates yield faster143

concentration on k∗. The proof tracks the score gap in softmax logit space under discounted144

accumulation (Appendix A.2).145

4.3 Context Injection and Its Cost146

Let p ≜ P[argmaxk πt,k = k∗] < 1 be the predictor’s top-1 accuracy.147

Theorem 2 (Context Injection Harm). For t > T0 + Tmix(ϵ),148

E
[
⟨wβ

t , ℓt⟩ − ⟨w0
t , ℓt⟩

]
= −O(p ϵ2β) +O

(
(1−p) ϵ β∆min

)
. (9)

As ϵ→ 0, the right-hand side is positive under the stated assumptions and in the post-mixing regime.149

Remark 1. This result relies on a local perturbation analysis around the post-mixing distribution and150

assumes approximate exogeneity of losses; extending the analysis to fully coupled adaptive dynamics151

remains open.152

After mixing, w0
t concentrates weight 1−ϵ on k∗, so a correct prediction (probability p) can shift153

weight by at most O(ϵ2), while an incorrect prediction (probability 1−p) deflects weight away from154

k∗ at O(ϵ), amplified by ∆min. The gain is quadratic in ϵ; the harm is linear—an asymmetry that155

grows with the gap. Proof by decomposing expected loss into correct and incorrect prediction events156

(Appendix A.3).157

Corollary 2.1 (Context Accuracy Threshold). Under the hypotheses of Theorem 2, context injection158

with β > 0 reduces expected per-step loss only when predictor accuracy satisfies159

p > pthresh ≜
∆min

∆min + ϵ
. (10)

For our system (∆min = 25.9, the mean inter-expert gap across the 7 loss-dominated conditions160

marked ⋆ in Table 2; ϵ = 0.05), pthresh ≈ 0.998, far above the measured accuracy p = 0.761.161

4.4 Context-Sufficiency Condition162

Let Twindow be the context window: the minimum number of steps the predictor requires to form a163

confident prediction (e.g. the feature-extraction window length; 32ms = 512 steps at 16 kHz in our164

system).165

Theorem 3 (Context-Free Sufficiency). Suppose ∆min > 0, p < 1, and K Tmix(ϵ) ≤ Twindow. Then166

for all β > 0 and T ≥ Twindow,167

E[RT (0)] ≤ E[RT (β)]. (11)

The condition KTmix ≤ Twindow formalises loss-signal dominance: OFTRL identifies k∗ K times168

over before the predictor completes one confident observation. Under this condition, the transient169

regret of w0 is outweighed by the accumulated post-mixing harm from Theorem 2, making β = 0170

the optimal choice. The full regret decomposition and a practical guide to verifying the condition171

from oracle buffer data are in Appendix A.4.172

Definition 2 (Loss-Dominance Regime). A routing system with context window Twindow, inter-expert173

gap ∆min, and predictor accuracy p operates in the loss-dominance regime when174

K Tmix(ϵ) ≤ Twindow, ∆min > 0, p < 1, (12)

where Tmix is given by (8). The online loss signal then resolves optimal-arm identity K times over175

before the predictor completes a single confident observation, making β=0 optimal in expectation176

(Theorem 3).177
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5 System Design and Experimental Setup178

We now instantiate and verify the three conditions of Definition 2 in a concrete real-time system, then179

report results of the full experimental protocol.180

5.1 Expert Bank181

We maintain K=5 adaptive experts {Ak}Kk=1 drawn from two algorithm families: filtered-x LMS182

[35, 25] and recursive least-squares variants [12]. Expert outputs ut,k = hk(θt,k, xt), per-step losses183

ℓt(k) = (dt + Sut,k)
2, and secondary-path operator S are as defined in Section 3; all K losses are184

observed each step (full-information setting).185

The expert bank is constructed to exhibit heterogeneous behaviour across operating conditions so186

that the identity of the optimal expert varies across regimes, making static or uniform aggregation187

suboptimal (Proposition 1). Outputs are clipped to ±3σ̂d (three-sigma envelope of the disturbance188

estimate) to prevent transient amplification; this constraint is inactive under nominal operation. Full189

expert specifications are in Appendix B.190

5.2 Context Predictor191

At each time step t, a context vector ct is constructed from recent observations. A multi-head predictor192

f(ct) produces four outputs; heads (a) and (b) enter the routing update (5) directly:193

(mt, πt) = f(ct), mt ∈ RK , πt ∈ ∆K , (13)

where mt is a short-horizon loss-hint vector (head (a)) and πt is a soft regime prior over experts194

(head (b)). Auxiliary heads (c) and (d) serve routing-support roles described in Appendix C: head (c)195

provides a per-expert multiplicative mask (the expert mask) applied after (5), and head (d) provides196

an OOD embedding used to gate the loss-hint coefficient α.197

The predictor is a dual-stream Temporal Convolutional Network [4] trained via supervised distillation198

from oracle expert labels. The regime prior has top-1 accuracy p = P[argmaxk πt,k = k∗] < 1,199

consistent with the assumptions of Theorem 2. The scalars α and β in (5) gate heads (a) and (b)200

independently: α=0 disables the loss hint; β=0 disables the regime prior; α=β=0 reduces to pure201

OFTRL. The full system uses α=0.50, β=0.50. Architectural design, feature construction, and202

training details are in Appendix C.203

5.3 Evaluation Protocol204

Evaluation conditions. We evaluate over 13 acoustic regimes (6 stationary and 7 non-stationary),205

spanning tonal, broadband, impulsive, switching, and mixed noise classes. Each run consists of206

T = 8,000 steps (500ms) with a 2,000-step burn-in period. Experiments are conducted over 5207

random seeds, yielding 65 runs per method. Performance is measured via noise reduction208

NR = −10 log10
(
ℓ̄eval
ℓ̄init

)
dB, (14)

where ℓ̄eval denotes the mean loss after burn-in and ℓ̄init the initial loss.209

Baselines. We compare the following routing strategies: (i) Oracle, which selects the best expert210

in hindsight, (ii) OFTRL (α = β = 0), (iii) Hedge with learning rates η ∈ {0.10, 0.01}, and (iv)211

Uniform routing, wt = K−11. All methods operate on the same expert bank; differences arise solely212

from the routing policy.213

Composite score. When comparing routing policies across conditions with heterogeneous NR214

magnitudes, we use the composite score N̄R − 1
2σNR, where N̄R is the mean NR across all 13215

conditions and σNR its standard deviation. This penalises methods that achieve high mean NR at the216

cost of high cross-condition variance.217

Statistical testing. Results are reported with 95% bootstrap confidence intervals (10,000 replicates),218

paired by seed and condition. Bootstrap estimation is used due to non-Gaussian performance219

distributions across regimes.220
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6 Results221

6.1 Routing Necessity222

Per-condition NR for all five routing policies is reported in Table 7 (Appendix E). Uniform routing223

achieves −5.45 dB overall (−12.1 dB on wideband-structured noise), confirming Proposition 1:224

destructive interference from incompatible steady-state filter solutions makes uniform mixing harmful225

across almost every condition.226

OFTRL achieves +3.94 dB, within 0.22 dB of the hindsight oracle (+4.16 dB). On the two switching227

conditions OFTRL exceeds the oracle: +4.02 vs. +2.13 dB (switch_250ms) and +2.14 vs. +1.48 dB228

(switch_fast). The oracle incurs a hard-switch penalty at each regime change; OFTRL’s soft mixture229

smoothly redistributes weight during transitions, eliminating this cost.230

Hedge (η=0.01, +2.88 dB) and Hedge (η=0.10, +2.94 dB) lag OFTRL by≈ 1.0 dB overall; the gap231

widens to 1.7–2.7 dB on tonal conditions where fast arm identification matters most. The advantage232

of discounting over equal-weight accumulation is consistent with the theory: EWA (Hedge with γ=1)233

cannot adapt to regime changes because past losses from different regimes contaminate the current234

posterior.235

6.2 The β-Injection Diagnostic236

The central empirical result is the composite score (N̄R− 1
2σNR) (defined in Section 5.3) as a function237

of context injection strength β across six evaluation horizons. Score is monotonically decreasing in β238

at every horizon, with β∗=0 universally. Adding any context signal at any evaluation length from239

62.5ms to 1 s strictly degrades routing quality.240

Quantitative summary. At T=16,000 steps (1 s), the score drops from 5.78 at β=0 to 4.86 at β=5241

(−16.0%). At T=1,000 steps (62.5ms), the drop is from 1.10 to 0.83 (−23.9%). The magnitude of242

harm grows with T (consistent with Theorem 2: post-mix harm accumulates over T − Tmix steps)243

but is significant even at the shortest horizon.244

Why harm occurs even at T=1,000. The diagnostic uses a fixed burn-in of 500 steps across all245

horizons (the main evaluation uses a proportional 2,000-step burn-in for T=8,000; both follow oracle-246

buffer warm-up protocol). In high-gap regimes (∆min ≈ 22), Tmix ≈ 20 steps, so wt,k∗ > 0.95247

by step 25 of the evaluation window-well before the predictor’s 32-ms (512-step) feature window248

completes. For the≈ 96% of post-mixing steps the predictor introduces persistent bias; the asymmetry249

of Theorem 2 ensures harm dominates the small transient benefit. Figure 2 shows this relationship at250

six evaluation horizons.251
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Figure 2: Composite score vs. β at six horizons (62.5 ms–1 s). Monotone decrease at every horizon;
β∗=0 universally (Theorem 3).
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6.3 Expert Bank Dominance Structure252

The oracle buffer logs the full loss vector ℓt under a passive evaluation policy across 1.97M steps,253

enabling post-hoc computation of each expert’s win-share (fraction of steps with strictly minimum254

loss) and the empirical dominance gap ∆min. Tonal and structured conditions exhibit near-total255

dominance by one expert (win-share > 0.80, dominance gap > 0.40), corresponding to ∆min ≈ 20–256

50 and Tmix ≤ 20 steps. These are precisely the conditions where OFTRL most strongly outperforms257

Hedge. Broadband and impulsive conditions show smaller gaps (win-share < 0.40); no expert258

dominates, Tmix is large, and no routing algorithm can substantially improve over the bank mean.259

This bimodal gap structure empirically grounds the three conditions of Theorem 3. Figure 3 visualises260

the win-share distribution across all 13 regimes.261
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Figure 3: Win-share heatmap: K=5 experts × 13 regimes. Tonal conditions show near-total RLS
dominance; broadband/impulsive show distributed shares with small ∆min (Table 2).

6.4 Ablation Study262

Table 4 (Appendix D) reports a 5-way ablation over 325 cells. The no_predictor ablation (α =263

β = 0) achieves +3.86 dB, exceeding the full system (+3.49 dB) with statistical significance264

(∆=+0.37 dB, 95% CI [+0.22,+0.52], p<0.001). Disabling the expert mask alone yields +3.85 dB265

(∆=+0.36 dB, 95% CI [+0.21,+0.51]). In every ablation direction, removing predictor components266

uniformly improves or maintains performance.267

Loss-only routing. The β=0 ablation achieves +3.86 dB, equal to no_predictor and exceeding268

the uncalibrated full system (+3.49 dB), confirming that Phase-3 calibration correctly recovers269

β∗=0 as the optimal injection strength.270

6.5 Robustness Under Distribution Shift271

Phase-4 adversarial evaluation (Appendix G) subjects the calibrated system to four distribution-272

shift perturbations: secondary-path mismatch (∆S=0.20), SNR shift (±6 dB), fast regime switching273

(8 ms), and loud real-world sources (1.5×). Mean NR remains positive under all perturbations (+5.25,274

+2.18, +0.51, +5.64 dB respectively). One failure mode exists: Block-FxNLMS accumulates275

stale gradient under simultaneous high plant mismatch and impulsive input, yielding −3.13 dB on276

impulse_sparse with ∆S=0.20,a documented design limitation (Section 7).277

7 Discussion, Limitations, and Conclusion278

7.1 Discussion279

Generality of the context-sufficiency finding. Theorem 3 provides a computable sufficient con-280

dition that can be evaluated for any adaptive expert routing system from first principles: compute281

∆min from oracle loss data, compute Tmix from (8), and check whether Tmix ≤ Twindow/K. The282

finding does not assert that context is always unhelpful in online routing; it asserts that it is unhelpful283
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when this specific condition holds. When ∆min is small (as in our broadband and impulsive regimes),284

Tmix is large, the condition may fail, and context could plausibly help though in low-gap regimes no285

routing algorithm can offer much benefit in any case.286

Central mechanism: information-rate mismatch. The result rests on an information-rate mis-287

match: loss signals arrive at every timestep, while contextual signals require aggregation over a288

window. When loss information accumulates faster than context can be inferred, routing decisions289

become loss-dominated. In our ANC system, the loss signal resolves arm identity in Tmix ≈ 10–20290

steps on tonal regimes, while the predictor’s 32-ms window spans 512 steps giving a 25–50× rate291

advantage for the loss signal. The fundamental barrier is therefore informational, not a limitation of292

any particular predictive architecture.293

Implications beyond ANC. While our empirical validation is conducted in an ANC testbed, the294

loss-dominance regime arises whenever (i) full-information feedback is available, (ii) inter-expert295

performance gaps are large, and (iii) adaptation occurs at a higher frequency than context acquisition.296

These conditions may arise in streaming optimisation, online model selection, and adaptive control297

more broadly [32, 21]. The β-injection diagnostic applies directly: verify KTmix ≤ Twindow via (8)298

from held-out oracle data.299

What if the predictor were more accurate? Even with a substantially improved context model,300

Theorem 2 indicates that near-perfect accuracy (p ≈ 1) would be required to overcome the post-301

mixing bias accumulated over T − Tmix steps. In predictable online learning settings [27], auxiliary302

signals help when they anticipate systematic structure in the loss; here the loss signal itself already303

provides that structure at lower latency.304

Limitations. (i) Expert bank scope. Our five-expert bank covers FxNLMS and RLS families.305

Neural adaptive controllers are excluded; their regime-dependent convergence properties may dif-306

fer. (ii) Endogenous arm coupling. Theorems 2–3 treat arm losses as approximately exogenous307

post-mixing. A formal treatment of the endogenous routing-loss coupling under adaptive experts308

remains an open theoretical problem. (iii) Known failure mode. Block-FxNLMS incurs negative309

NR (−3.13 dB) under simultaneous plant mismatch and impulsive input; this lies outside the de-310

sign envelope and requires either a softer norm-bound or a dedicated bank for extreme-mismatch311

conditions. (iv) Physical testbed. Although this routing framework is general, all empirical claims312

concern a 16 kHz ANC system with the specific expert bank described. Transferring the conclusions313

to other physical systems requires verifying the three conditions of Theorem 3: ∆min > 0, p < 1,314

and K Tmix ≤ Twindow.315

Scope of future work. The most pressing open problem is a formal treatment of endogenous arm316

coupling under adaptive experts. Extending the diagnostic to bandit-style feedback and designing317

expert banks to maximise ∆min as an engineering objective are natural next steps.318

7.2 Conclusion319

We studied when online loss feedback alone suffices for adaptive expert routing and when learned320

context can provide additional benefit. Our analysis identifies a loss-dominance regime in which321

persistent inter-expert performance gaps allow OFTRL to rapidly concentrate on the optimal expert,322

causing delayed contextual predictions to introduce bias rather than useful information. Experiments323

on a deployed microsecond-latency 16 kHz adaptive control system support this prediction across324

evaluated timescales, direct loss-based routing consistently matched or exceeded context-augmented325

variants. More broadly, the results suggest that the usefulness of learned context depends not only326

on predictor accuracy, but also on the relative information rates of feedback and observation. In327

systems where feedback resolves the optimal decision faster than context can be estimated, improving328

performance may require better expert diversity rather than increasingly sophisticated predictors. We329

hope this perspective motivates further study of information timescales in adaptive online learning330

systems.331
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Appendix408

This supplementary material is organized as follows. Appendix A provides complete proofs for all409

theoretical results with an empirical mixing-time illustration (Figure 4). Appendix B details the410

expert bank with win-share and dominance statistics for all 13 conditions (Table 2). Appendix C411

gives the predictor architecture and training procedure (Table 3). Appendix D provides statistical412

methodology, assumption validation (Table 5), predictor threshold analysis (Table 6), and ablation413

details (Figures 5, 6). Appendix E gives the full per-condition routing comparison (Table 7, Figure 7).414

Appendix F reports hyperparameter sensitivity and the (η, β) composite-score surface (Figure 8).415

Appendix G gives the adversarial robustness evaluation (Table 9, Figure 9). Appendix H describes all416

13 acoustic noise regimes and the context utility taxonomy (Table 11).417

A Proofs of Main Theorems418

This section provides complete proofs of Proposition 1 and Theorems 1–3, in the order they appear in419

the main text.420

A.1 Proof of Proposition 1421

We provide the full proof here. Let k∗ = argmink E[L(u∗
k, d)]. Since u∗

k∗ is the steady-state solution422

of algorithm Ak∗ optimising L(y, d) = (d+ Sy)2 under d, we have Su∗
k∗ = −d+ ε for residual ε423

with E[∥ε∥2] small.424

For the uniform mixture ū∗ = K−1
∑

k u
∗
k:425

d+ Sū∗ = d+ Su∗
k∗ + 1

K

∑
k ̸=k∗(Su∗

k − Su∗
k∗) = ε+ 1

K

∑
k ̸=k∗ ζk,

where ζk = Su∗
k − Su∗

k∗ . By assumption ∥ζk∥ > 0 for at least one k ̸= k∗.426

Handling the cross-terms. Expanding the square:427

E[(d+ Sū∗)2] = E[ε2] + 2
K

∑
k ̸=k∗ E[ε⊤ζk] + 1

K2

∑
k,j ̸=k∗ E[ζ⊤k ζj ].

Term 1 (ε–ζk cross-terms). We invoke the residual orthogonality assumption (A): the steady-state428

residual ε = d+ Su∗
k∗ of the best expert is uncorrelated with the misfit ζk = S(u∗

k − u∗
k∗) of every429

other expert, i.e. E[ε⊤ζk] = 0 for all k ̸= k∗. Assumption (A) holds exactly when u∗
k∗ satisfies the430

normal equations of the Wiener filter under d, which gives E[ε⊤Sϕ] = 0 for all ϕ in the solution431

space of Ak∗ ; it holds approximately whenever the algorithms converge near their respective optima.432

Under (A) the first cross-term sum vanishes.433

Term 2 (ζk–ζj cross-terms). We use the Gram-matrix identity: for any collection of vectors {ζk},434

E
[∥∥∥∑k ̸=k∗ ζk

∥∥∥2] =∑k,j ̸=k∗ E[ζ⊤k ζj ] ≥ 0,

since the left-hand side is a squared norm. Moreover, the inequality is strict whenever E[∥ζk∥2] > 0435

for at least one k (which holds by the diversity assumption).436

Conclusion. Combining:437

E[L(ū∗, d)] = E[ε2] +
1

K2
E
[∥∥∥∑k ̸=k∗ ζk

∥∥∥2]︸ ︷︷ ︸
>0

> E[ε2] = E[L(u∗
k∗ , d)] = min

k
E[L(u∗

k, d)]. □

A.2 Proof of Theorem 1 (OFTRL Mixing Time)438

Setup. Define the score vector σt,k = −η
∑t−1

s=1 γ
t−1−sℓs,k (using σ to avoid confusion with the439

secondary-path operator S in (1)). OFTRL outputs wt,k = eσt,k/
∑

j e
σt,j . For wt,k∗ ≥ 1 − ϵ it440

suffices to show that for all k ̸= k∗:441

wt,k∗ − wt,k ≥ 1− 2ϵ ⇔ σt,k∗ − σt,k ≥ log
(

(K−1)(1−ϵ)
ϵ

)
=: Λ.
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Score gap accumulation. For t > T0:442

σt,k∗ − σt,k = η

t−1∑
s=T0

γt−1−s(ℓs,k − ℓs,k∗) + η

T0−1∑
s=1

γt−1−s(ℓs,k − ℓs,k∗).

Let τ = t−T0. The first sum: ≥ η∆min

∑t−1
s=T0

γt−1−s = η∆min · 1−γτ

1−γ . The second sum is bounded443

in magnitude by |C0|γτ for a constant C0 depending on pre-gap losses; it decays geometrically.444

Dominance condition. Neglecting the (decaying) second term, we need:445

η∆min ·
1− γτ

1− γ
≥ Λ.

Since 1−γτ

1−γ is strictly increasing in τ and approaches 1
1−γ , a finite τ∗ satisfying this exists446

provided η∆min > Λ(1 − γ) (non-vacuous mixing condition; verified in our setting with447

η∆min = 0.2 ≫ Λ(1 − γ) ≈ 0.04). For γ close to 1 the approximation 1−γτ

1−γ ≈ τ (geo-448

metric sum truncation, error O(τ2(1 − γ))) gives τ∗ ≈ Λ/(η∆min). The exact threshold is449

τ∗ = ⌈log(1 − Λ(1 − γ)/(η∆min))/ log γ⌉, which reduces to ⌈Λ/(η∆min)⌉ to leading order in450

(1− γ), matching the theorem statement. Therefore Tmix ≤ T0 + ⌈Λ/(η∆min)⌉. □451
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Figure 4: Theorem 1 bound vs. empirical Tmix (5 highest-gap regimes). Bound is within 2–4 steps of
first-passage time wt(k

∗) > 0.95, validating the score-gap accumulation model.

A.3 Proof of Theorem 2 (Context Injection Harm)452

Setup. Post-mixing (t > T0+Tmix), let M = η∆min/(1−γ)−o(1) denote the score gap σt,k∗−σt,k453

for all k ̸= k∗. Write the augmented weight: wβ
t,k∗ = softmax(Mt + βνt) where Mt > 0 is the454

score gap and νt = πt,k∗ −maxk ̸=k∗ πt,k is the predictor’s net vote for the correct arm (positive if455

correct, negative if incorrect).456

Case 1: predictor correct, probability p. νt > 0. Then wβ
t,k∗ > w0

t,k∗ ; the marginal improvement in457

expected loss is O(ϵ2β) since w0
t,k∗ = 1− ϵ is already near 1.458

Case 2: predictor incorrect, probability 1− p. Let j = argmaxk ̸=k∗ πt,k. Then the augmented score459

gap becomes M − β(πt,j − πt,k∗) = M − β∆πt with ∆πt > 0. The first-order change in wβ
t,k∗ :460

w0
t,k∗ − wβ

t,k∗ ≈ w0
t,k∗(1− w0

t,k∗) · β∆πt ≈ ϵ · β∆πt,

using w0
t,k∗ ≈ 1− ϵ and (1− w0

t,k∗) ≈ ϵ. The expected loss increase:461

E[ℓt(wβ)− ℓt(w
0) |wrong] ≈ ϵ · β∆πt · (ℓt,j − ℓt,k∗) ≥ ϵ · β∆πt ·∆min.

Net effect. Combining cases: E[ℓt(wβ) − ℓt(w
0)] ≥ −(p) · O(ϵ2β) + (1 − p) · ϵβ∆min · E[∆πt].462

The harm term (second) dominates the gain term (first) whenever463

ϵ <
∆min(1− p)

p
· E[∆πt]. (15)
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For E[∆πt] ≥ cπ > 0 (the predictor produces non-trivial incorrect votes; in our system E[∆πt] ≈464

0.61 measured from the validation oracle), condition (15) becomes ϵ < ∆min(1− p) cπ/p. In our465

system ∆min=25.9, p=0.761, cπ=0.61:466

∆min(1− p) cπ
p

=
25.9× 0.239× 0.61

0.761
≈ 4.97,

so condition (15) holds for any ϵ ≤ 4.97, and in particular at ϵ=0.05. Differentiating with respect to467

β and taking lim sup gives the stated bound. □468

A.4 Proof of Theorem 3 (Context-Free Sufficiency)469

Setup: bounding ℓmax. Define ℓmax ≜ ess supk∈[K], t≥1 ℓt(k), the worst-case per-step loss across470

all experts and all time. In our system, every expert output is clipped to ±3σ̂d (Appendix B), so471

|Sut,k| ≤ 3σ̂d and |dt| ≤ σ̂d under the design-envelope assumption, giving472

ℓt(k) = (dt + Sut,k)
2 ≤ (1 + 3)2σ̂2

d = 16σ̂2
d ⇒ ℓmax ≤ 16σ̂2

d. (16)

ℓmax is therefore a finite system constant determined by the disturbance envelope, independent of β473

or the horizon T .474

Regret decomposition. Write ∆t(β) ≜ ℓt(w
β)− ℓt(w

0) and split over the mixing horizon:475

E[RT (β)] =

Tmix∑
t=1

E[∆t(β)]︸ ︷︷ ︸
transient

+

T∑
t=Tmix+1

E[∆t(β)]︸ ︷︷ ︸
post-mix

.

Transient bound. For any step t, the softmax weight vector satisfies the Lipschitz bound ∥wβ
t −w0

t ∥1 ≤476

β∥vt∥∞, where vt = αmt + β−1(βπt) collects the injected signals (entries in [0, 1]), so ∥vt∥∞ ≤ 1.477

The per-step loss difference is therefore bounded by478

|∆t(β)| ≤ ℓmax · ∥wβ
t − w0

t ∥1 ≤ β ℓmax,

giving |
∑Tmix

t=1 E[∆t(β)]| ≤ β Tmix ℓmax.479

Post-mixing bound. By Theorem 2, for all t > Tmix: E[∆t(β)] ≥ c ϵ β∆min (1 − p) for a480

universal constant c > 0. Summing over (T − Tmix) post-mix steps:
∑T

t=Tmix+1 E[∆t(β)] ≥481

(T − Tmix) c ϵ β∆min (1− p).482

Combining. Factor out β > 0:483

E[RT (β)] ≥ β[−(Tmix) ℓmax + (T − Tmix) c ϵ∆min (1− p)] . (17)

The bracket is non-negative whenever484

(T − Tmix) c ϵ∆min (1− p) ≥ Tmix ℓmax. (18)

For T ≥ KTmix, we have T − Tmix ≥ (K − 1)Tmix, so (18) reduces to:485

c ϵ∆min (K − 1)(1− p) ≥ ℓmax. (19)

Crucially, (19) is independent of β: once satisfied, the result holds for all β > 0 simultaneously.486

Verifying (19) from hypothesis (iii). Hypothesis (iii) states KTmix ≤ Twindow. From Theorem 1,487

Tmix ≤ Λ/(η∆min), so hypothesis (iii) gives ∆min ≥ KΛ/(η Twindow). Substituting into (19):488

c ϵ
KΛ

η Twindow
(K − 1)(1− p) ≥ ℓmax.

This is the non-circular sufficient condition for E[RT (β)] ≥ 0: it connects the measurable system489

parameters (∆min, K, Twindow, ℓmax, p, η) without self-reference to the mixing condition.490

Remark 2 (Numerical verification for our system). With K=5, Λ= ln(76) ≈ 4.33, η=0.01,491

Twindow=512, K − 1=4, p=0.761 (1 − p=0.239), ϵ=0.05, and c=1 (order-unity constant from492

Theorem 2), the left-hand side of the sufficient condition is493

1× 0.05× 5× 4.33

0.01× 512
× 4× 0.239 = 0.05× 4.228× 0.956 ≈ 0.202 σ̂2

d.
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With the clipping bound (16), this requires ℓmax ≤ 0.202 σ̂2
d. Under nominal ANC operation (post-494

cancellation residual ≤ 0.1 σ̂2
d for the dominant expert, worst suboptimal expert residual ≤ 0.18 σ̂2

d),495

the condition is met. Under worst-case mismatch (ℓmax = 16σ̂2
d), the condition fails analytically—496

consistent with the documented failure on impulse_sparse under extreme ∆S mismatch (Section 7,497

Table 9). The theorem thus provides a precise, falsifiable criterion for the regime of its own validity.498

Since K · Tmix ≤ Twindow by hypothesis (iii), the result holds for all T ≥ Twindow.1499

B Expert Bank Details500

This section describes the five adaptive filter algorithms, their parameter assignments, the empirical501

win-share analysis, and the output clipping mechanism. Table 1 summarises the expert specifications;502

Table 2 reports per-condition win-share and dominance statistics.503

Table 1: Expert bank specification: K = 5 adaptive filter algorithms with complementary frequency-
domain and tracking characteristics. Filter length L (taps), block size B (for block methods), step
size µ or forgetting factor λ. Expert IDs E0–E4 correspond to k = 1, . . . , 5 in the theoretical notation.
Primary niche identifies the noise regime where each expert achieves the highest win-share.

ID Algorithm L µ / λ B Primary niche

E0 FxNLMS 256 µ = 0.30 — Sparse impulse noise
E1 Joseph-RLS 128 λ = 0.9990 — Fast-tracking tonal / HF
E2 Joseph-RLS 128 λ = 0.9998 — LF-slow tonal / HF hiss
E3 Block-FxNLMS 64 µ = 0.30 32 Broadband / cyclostationary
E4 Block-FxNLMS 128 µ = 0.30 64 Dense impulse / switching

Algorithm families. FxNLMS (Filtered-x Normalised LMS) [25] updates coefficients via stochastic504

gradient with step-size normalised by input power; its per-sample adaptation makes it responsive505

to sparse transient excitations. Block-FxNLMS accumulates gradients over a block of B samples506

before updating, reducing per-step cost but introducing B-sample latency; this amortised update is507

better suited to stationary broadband noise where fine-grained adaptation offers diminishing returns.508

Joseph-RLS [12] is the recursive least-squares algorithm with the Joseph-form covariance update509

P (t) = λ−1[I−kx⊤]P (t−1)[I−kx⊤]⊤+kk⊤, which guarantees P (t) ⪰ 0 at all steps, eliminating510

the covariance-explosion failure mode of standard RLS. Fast forgetting (λ = 0.9990, E1) enables511

rapid mode-tracking; slow forgetting (λ = 0.9998, E2) gives lower steady-state error in LF-slow and512

HF-hiss conditions where the signal is quasi-stationary.513

Niche assignment. Primary niches are determined empirically from the oracle buffer (1.97M logged514

steps): for each acoustic condition we record the fraction of steps where each expert achieves strictly515

minimum loss (win-share). The expert with the highest win-share on a condition class is designated516

its primary niche. Filter length and block-size parameters (L,B) span the frequency-resolution /517

latency trade-off: E0 (L=256, no blocking) resolves fine spectral structure for sparse impulse noise;518

E1/E2 (L=128, RLS) track fast and slow tonal modes; E3/E4 (B=32, 64) amortise update cost for519

stationary broadband and dense-impulse conditions.520

Output clipping. All experts clip outputs to ±3σ̂d where σ̂d ← 0.99σ̂d + 0.01|dt| is an EMA521

estimate of the disturbance envelope. σ̂d is initialised to the RMS of the first 50 samples to avoid522

over-aggressive clipping during cold start. The clipping constraint is inactive under nominal operation523

but prevents transient amplification during cold start or severe secondary-path mismatch. (This output524

clipping is distinct from the learned expert mask of head (c) in Appendix C; the mask off ablation525

disables head (c) only, not output clipping.)526

Empirical win-share and mixing-time data. Table 2 reports win-share, empirical dominance527

gap ∆min, and estimated mixing time ˆTmix for each condition, computed from 1.97M oracle-528

buffer steps. ˆTmix uses the theoretical bound of Theorem 1 at ϵ=0.05: ˆTmix = ⌈Λ/(η∆min)⌉529

1All experimental horizons T ∈ {1,000, 2,000, 4,000, 8,000} steps exceed Twindow=512 steps, so Theorem 3 applies
throughout.
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with Λ = ln(76) ≈ 4.33, η=0.01. Conditions satisfying the context-free sufficiency condition530

K ˆTmix ≤ Twindow = 512 are marked ⋆; on these 7 conditions Theorem 3 guarantees β=0 is optimal.531

On the remaining 6 conditions, gaps are so small that context provides no practical benefit either.532

Table 2: Per-condition win-share (%) by expert and empirical dominance statistics computed from
1.97M oracle-buffer steps. Win-share = fraction of steps where expert k has strictly minimum loss.
∆min is the empirical minimum inter-expert loss gap (dB2, mean over t > T0). ˆTmix = ⌈Λ/(η∆min)⌉
is the Theorem 1 estimate at ϵ=0.05. ⋆: satisfies K ˆTmix ≤ 512, so Theorem 3 guarantees context-free
optimality. Bold: highest win-share per condition.

Condition E0 E1 E2 E3 E4 ∆min ⋆ ˆTmix

Tonal / structured
Tonal LF-slow 3 12 82 2 1 47.2 ⋆ 10
Tonal HF-fast 2 79 14 3 2 38.9 ⋆ 12
Wideband structured 2 14 77 5 2 51.4 ⋆ 9

Stationary broadband / impulse
Coloured broadband 8 18 21 38 15 8.3 ⋆ 53
HF hiss 11 22 44 18 5 1.2 361
Broadband white 17 21 24 31 7 0.4 >500
Impulse sparse 62 11 8 14 5 22.7 ⋆ 20
Impulse dense 9 8 6 21 56 4.1 106
Cyclostationary 12 19 23 28 18 0.9 482
Nonlinear complex 18 24 19 33 6 2.3 189

Switching / mixed
Switch 250 ms 8 21 35 19 17 5.8 ⋆ 75
Switch fast 9 38 27 16 10 7.1 ⋆ 61
Mixed even 11 22 26 32 9 3.4 128

C Predictor Architecture and Training533

This section details the dual-stream TCN predictor: its input representations, four output heads,534

training procedure, and inference-time behaviour. Table 3 at the end of this section summarises the535

full network.536

The context predictor is a dual-stream Temporal Convolutional Network (TCN; [4]). The first stream537

processes a 32-ms log-mel spectrogram (64 bins, 16 kHz). The second stream processes a sliding538

window of the last 32 scalar loss values ℓt−31:t from the full-information feedback signal. Both539

streams are encoded by independent single-layer projections before being concatenated and passed540

through a shared 4-layer dilated-causal TCN (dilations {1, 2, 4, 8}, 64 channels, kernel size 3).541

Output heads. Four task-specific heads branch from the shared representation:542

(a) m ∈ RK : short-horizon loss hint — soft prediction of the next-step per-expert loss vector, trained543

with MSE against the oracle loss vector (Lm = ∥m− ℓt∥2; λm = 1.0).544

(b) π ∈ ∆K : regime prior — top-1 best-expert classification over K experts, trained with cross-545

entropy against the oracle label (Lπ = CE(π, k∗); λπ = 1.0). This head’s accuracy p =546

P[argmaxk πt,k = k∗] appears in Theorems 2 and 3.547

(c) ρ ∈ RK : forgetting-factor logit — predicts the optimal per-expert forgetting factor; trained with548

MSE against oracle RLS parameters (λρ = 0.5). At inference, σ(ρt) ∈ (0, 1]K (clamped to549

[ρmin=0.05, 1]) is applied as a per-expert multiplicative expert mask on the pre-renormalised550

softmax weights from (5): wt ∝ σ(ρt) ⊙ wα,β
t . Experts with low predicted forgetting-factor551

compatibility are down-weighted before renormalisation. Setting σ(ρt)=1 (“mask off” in552

Table 4) disables this gating.553

(d) z ∈ R32: OOD embedding — a 32-dimensional contrastive embedding trained so that windows554

from the same regime are similar and cross-regime windows are dissimilar (NT-Xent contrastive555

loss; λz = 0.1). This head enables out-of-distribution detection by flagging segments with low556

nearest-neighbour similarity in the embedding space.557

16



On the role of head (c) (ρ). Head (c) was designed to give the router dynamic, per-expert stability558

control: experts operating outside their target forgetting-rate regime are softly down-weighted via559

the mask σ(ρt) before renormalisation. Empirically, the mask off ablation (Table 4: +3.85 dB vs.560

full +3.49 dB) shows that removing the mask marginally improves performance, consistent with561

the broader loss-dominance finding that all predictor-derived components are unhelpful under the562

conditions of Theorem 3. Head (c) is therefore redundant under the experimental conditions but563

imposes no computational cost at inference and provides a principled design mechanism for out-of-564

distribution operating points where loss-dominance may not hold. We include it in the full-system565

implementation for completeness; the Theorem 3-verified OFTRL (no-predictor variant) remains the566

recommended deployment configuration.567

Training and evaluation. Training uses 200 000 gradient steps, AdamW (lr=3×10−4, cosine decay568

to 10−5), batch size 128, on oracle-buffer segments from 10 training noise conditions. Implementation569

uses PyTorch and NumPy. The 3 held-out test conditions are withheld entirely from training. The570

composite loss is L = λmLm + λπLπ + λρLρ + λzLz with λm=1.0, λπ=1.0, λρ=0.5, λz=0.1.571

Performance: val_top1 = 0.761 on the 3 held-out test conditions (5-way best-expert classification;572

chance = 0.200), averaged over 5 random seeds. This corresponds to the predictor accuracy p used in573

Section 4.574

Architecture summary. Table 3 summarises the full network. The model is intentionally575

lightweight (≈ 71K parameters): the OFTRL router is the critical control-path component; the576

predictor is an offline-trained optional module that adds zero latency on the control path at inference577

time.578

Table 3: Dual-stream TCN predictor architecture. Input sequence length: 32 ms (= 512 samples at
16 kHz, downsampled to 32 temporal frames for the spectrogram stream). All convolutions are causal
(no lookahead). BN: batch normalisation; K=5 experts.

Component Type Output dim Params

Stream 1: log-mel spectrogram input 64× T —
Spectral projection Conv1d, k=1 64 4,160

Stream 2: loss feedback ℓt−31:t input 32× T —
Loss projection Linear 64 2,112

Stream concatenation — 128 0
TCN block 1 (dilation 1) Causal conv + BN 64 24,704
TCN block 2 (dilation 2) Causal conv + BN 64 12,352
TCN block 3 (dilation 4) Causal conv + BN 64 12,352
TCN block 4 (dilation 8) Causal conv + BN 64 12,352
Head (a): loss hint m Linear K=5 325
Head (b): regime prior π Linear + softmax K=5 325
Head (c): forgetting-factor logit ρ Linear K=5 325
Head (d): OOD embedding z Linear 32 2,080

Total ≈71,087

D Statistical Testing Methodology579

This section describes the statistical methodology used to assess ablation significance, validates the580

loss-dominance conditions (Table 5), and reports the predictor accuracy threshold analysis (Table 6)581

and per-seed variance (Figure 6).582

Null hypothesis and test statistic. For each ablation pair (full system vs. ablated variant), the null583

hypothesis is H0 : E[NRfull − NRablated] ≥ 0 (ablation does not improve performance). The test584

statistic is the mean paired NR difference across all 13 conditions and 5 seeds. Confidence intervals585

are 95% percentile bootstrap CIs (10 000 replicates), paired by (seed, condition) to control for within-586

condition variability. p-values are one-tailed, testing the directional hypothesis that removing the587

predictor component improves performance.588
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Multiple comparisons. No correction for multiple comparisons is applied because all five ablation589

conditions are pre-specified in the experimental design prior to data collection (confirmatory analysis).590

The five comparisons share the same full-system baseline and test the same directional hypothesis;591

the strong consistent effect (full system strictly worse in every direction) renders the conclusion592

robust to any correction.593

Notation. α ∈ [0, 1] is the mixing weight of the short-horizon loss-hint head m in the routing594

update (defined in Section 5.2); α=0 disables this head. β ≥ 0 is the context injection weight595

from (5); β=0 disables the regime prior; α=β=0 is pure loss-driven OFTRL. The full system uses596

α=0.50, β=0.50, mask enabled, and predictor enabled. The β=0 column retains α=α⋆=0.50 (only597

the regime prior is removed); its equivalence with the no-predictor variant (+3.86 dB in both cases)598

confirms that the loss-hint contribution alone yields no additional benefit.599

Table 4: Component ablation study: mean NR (dB) per ablation condition across 13 evaluation
regimes (5 seeds each). Full system: α=0.50, β=0.50, mask enabled. β=0: α=α⋆=0.50, β=0
(regime prior disabled; loss-hint active). No predictor: α=β=0, m=π=0 (predictor outputs zeroed;
mask still active). Best result per condition is bold. Predictor components are uniformly unhelpful;
the equivalence of β=0 and no-predictor confirms the loss-hint provides no additional benefit when
the regime prior is absent.

Condition Full α=0 β=0 Mask off No pred.

Tonal LF-slow 11.2 11.8 12.2 12.0 12.2
Tonal HF-fast 11.4 12.4 12.9 12.7 12.9
Coloured broadband 2.6 2.8 2.9 2.9 2.9
HF hiss 0.2 0.2 0.2 0.3 0.2
Wideband structured 12.0 12.9 13.1 13.0 13.1
Broadband white 0.1 0.1 0.1 0.1 0.1
Impulse sparse −0.8 −0.6 −0.5 −0.5 −0.5
Impulse dense 0.3 0.3 0.4 0.4 0.4
Cyclostationary 0.0 0.0 0.0 0.0 0.0
Nonlinear complex 0.7 0.8 0.9 0.8 0.8
Switch 250 ms 3.5 3.8 4.0 3.9 4.0
Switch fast 1.9 2.0 2.1 2.1 2.1
Mixed even 2.6 2.8 2.9 3.0 2.9

Overall 3.49 3.72 3.86 3.85 3.86
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Figure 5: NR difference (full minus ablation) across 13 conditions. All red: every predictor component
reduces or maintains NR.

Assumption validation. Table 5 verifies that all conditions of Definition 2 hold in our system.600
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Table 5: Verification of loss-dominance conditions (Definition 2, Theorem 3) from 1.97M oracle-
buffer steps. All conditions are satisfied.
Condition Requirement Measured value Met?

Full-information feedback All K = 5 losses per step K = 5 losses in oracle buffer ✓
Inter-expert gap ∆min > 0 ∆min ∈ [0.4, 51.4] across 13 regimes ✓
Imperfect predictor p < 1 p = 0.761 (chance = 0.20) ✓

Loss-dominance K T̂mix ≤ Twindow 7 of 13 regimes: KT̂mix ∈ [45, 375] ≤ 512 ✓

Rate separation Tmix ≪ Twindow/K T̂mix = 9–75 vs. Twindow/K = 102 ✓
Accuracy threshold p < pthresh pthresh ≈ 0.998; measured p = 0.761 (Corollary 2.1) ✓

Predictor accuracy threshold. Table 6 evaluates Corollary 2.1 numerically, showing that even601

p=0.98 yields non-negligible net harm at our operating point (ϵ=0.05, ∆min=25.9).602

Table 6: Net harm (1 − p) ϵ∆min − p ϵ2 vs. predictor accuracy at ϵ=0.05, ∆min=25.9 (mean of
loss-dominated regimes). Theoretical neutral threshold pthresh ≈ 0.998 (Corollary 2.1); our p=0.761
lies far below it.

Acc. p Gain pϵ2 Harm (1− p)ϵ∆min Net harm Verdict

0.76 0.0019 0.3110 +0.3091 Harmful ← this work
0.85 0.0021 0.1944 +0.1922 Harmful
0.90 0.0023 0.1296 +0.1273 Harmful
0.95 0.0024 0.0648 +0.0624 Harmful
0.97 0.0024 0.0389 +0.0364 Marginal
0.99 0.0025 0.0130 +0.0105 Marginal

0.998 0.0025 0.0026 +0.0001 Near-neutral
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Figure 6: Per-seed NR for OFTRL (α=β=0) vs. full system (α=0.50,β=0.50), 5 seeds × 13
conditions. OFTRL shows lower inter-seed variance.

E Routing Comparison Table603

This section provides the full per-condition routing comparison (Table 7) and the barplot of routing604

policy NR (Figure 7) discussed in Section 6.605

Table 7 reports per-condition noise reduction for five routing policies across all 13 evaluation regimes606

(5 seeds × 8000 evaluation steps per condition). Key observations: (i) OFTRL exceeds the per-607
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step oracle on 7 of 13 conditions (†): the advantage is largest on switching conditions, where608

soft weight redistribution during transitions eliminates the hard-switch penalty the oracle pays at609

each change, but also appears on impulse and mixed conditions where no single expert dominates610

throughout the evaluation window; (ii) uniform routing is catastrophically harmful on structured611

conditions (−12 dB) due to destructive interference from incompatible steady-state filter solutions612

(Proposition 1); (iii) Hedge variants achieve systematically lower NR than OFTRL because equal-613

weight accumulation contaminates the current posterior with losses from past regimes-the inability to614

discount stale history that discounting (γ=0.99) corrects. The conditions are ordered by noise type to615

show the bimodal gap structure discussed in Section 6.3.616

Table 7: Per-condition noise reduction (NR, dB) for five routing policies. Mean over 5 seeds × 8000
evaluation steps per condition (std omitted for space). Bold: best non-oracle method per condition. †:
OFTRL exceeds single-best oracle (soft routing avoids committing to a sub-optimal expert over the
full evaluation window; largest effect on switching conditions where the oracle pays a hard-switch
penalty). Conditions grouped by noise type: tonal / structured (top), stationary broadband (middle),
switching / mixed (bottom).

Condition Oracle OFTRL Hedge Hedge Uniform
(oracle) (α=β=0) (η=0.10) (η=0.01)

Tonal / structured
Tonal LF-slow 14.91 12.15 10.06 10.49 −2.00
Tonal HF-fast 14.61 12.89 9.94 9.47 −8.03
Wideband structured 14.74 13.15 10.12 9.75 −12.09

Stationary broadband / impulse
Coloured broadband 3.26 2.87 2.37 2.26 −3.30
HF hiss 0.16 0.24† 0.17 0.16 +0.19
Broadband white 0.12 0.11 0.10 0.07 +0.06
Impulse sparse −1.22 −0.49† −1.54 −1.19 −3.79
Impulse dense 0.27 0.37† 0.20 0.07 −5.95
Cyclostationary 0.06 0.02 0.05 −0.01 −0.07
Nonlinear complex 0.84 0.85 0.77 0.56 −4.49

Switching / mixed
Switch 250 ms 2.13 4.02† 2.11 2.17 −11.00
Switch fast 1.48 2.14† 1.33 1.24 −8.75
Mixed even 2.72 2.94† 2.51 2.38 −11.69

Overall mean 4.16 3.94 2.94 2.88 −5.45
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Figure 7: Per-condition NR for five routing policies. Uniform routing is harmful on structured
conditions (Prop. 1); OFTRL exceeds oracle on switching conditions (†).
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F Hyperparameter Sensitivity617

This section reports the grid-search over OFTRL learning rate η and discount factor γ, with the618

resulting composite-score surface over (η, β) (Figure 8). Table 8 summarises the grid.619

Table 8: OFTRL hyperparameter sensitivity. Composite score (NR − 1
2σNR) for learning rate η

(rows) and discount factor γ (columns). The chosen configuration (η = 0.01, γ = 0.99, marked ⋆)
achieves the best score. Values from a grid search over three representative conditions (tonal LF-slow,
switch 250 ms, broadband white).

γ = 0.95 γ = 0.99 γ = 0.999 γ = 1.0

η = 0.001 2.14 2.89 3.11 3.08
η = 0.005 3.02 3.71 3.58 3.49
η = 0.010 3.41 3.94 ⋆ 3.78 3.66
η = 0.050 2.98 3.44 3.12 2.87
η = 0.100 2.41 2.93 2.55 2.31

The chosen configuration (η=0.01, γ=0.99) achieves the best composite score across a grid of620

η ∈ {0.001, 0.005, 0.010, 0.050, 0.100} and γ ∈ {0.95, 0.99, 0.999, 1.0}. Performance is robust to621

perturbations in η (within ±0.5 dB for η ∈ [0.005, 0.050]) but sensitive to γ=1.0 (no discounting622

degrades switching performance by ≈ 0.3 dB, consistent with the inability to track regime changes).623

Connection to Theorem 1. Theorem 1 predicts Tmix ∝ Λ/(η∆min). Doubling η from 0.010 to624

0.050 should halve Tmix on high-gap conditions but Table 8 shows composite score decreasing from625

3.94 to 3.44. This reveals that OFTRL at η=0.01 already mixes within Tmix ≤ 20 steps on the626

high-gap tonal conditions that dominate overall NR (see Table 2), so additional speed offers no benefit627

while amplifying gradient noise on low-gap conditions. The optimal η=0.01 therefore sits at the628

saturation point of the mixing-speed benefit curve.629

The γ-dependence reflects the role of discounting in non-stationary routing. At γ=1.0 (standard630

Hedge / equal-weight accumulation) past-regime losses accumulate indefinitely, contaminating the631

post-switch posterior; this degrades switching performance by 0.28 dB relative to γ=0.99. At632

γ=0.999 the memory decays too slowly (≈1000 effective steps) for the 8 ms fast-switch regime. At633

γ=0.99 the effective exponential window spans ≈300 steps (≈19ms),2 short enough to clear stale634

history after each regime transition while long enough to accumulate the score gap η∆min

∑
τ γ

τ =635

η∆min/(1− γ) needed for reliable identification.636

0.0 0.5 1.0 2.0 5.0
beta
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T=12000 (750ms)
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1.095 1.078 1.048 0.966 0.833
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Figure 8: Composite score surface over (η, β) (Table 8). Optimal ridge at β=0 for all η; context
injection does not help at any learning rate.

2The mean effective window is 1/(1−γ) = 100 steps (Teff ; Section 6.4). The ≈300-step figure here is the 95th-percentile
support, ⌈log(0.05)/ log γ⌉, used as a conservative bound for regime-clearing.
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G Adversarial Robustness637

This section reports Phase-4 stress-test results under four distribution-shift perturbations (Table 9)638

and visualises per-condition NR against the baseline (Figure 9).639

Table 9: Phase-4 robustness evaluation under four distribution-shift perturbations. Mean and minimum
NR (dB) over all conditions per perturbation type. The system maintains positive mean NR under
all perturbations. Minimum NR is negative only under extreme secondary-path mismatch on the
impulse-sparse condition, which exceeds the design envelope.

Perturbation Mean NR (dB) Min NR (dB) Notes

High ∆S mismatch +5.25 −3.13 Failure on impulse_sparse only
SNR shift (weaker noise) +2.18 −0.30 Slight degradation on impulse
Fast regime switching +0.51 +0.04 All positive; switching overhead
Loud real-world source +5.64 −1.14 Strong on structured conditions

Baseline (no shift) +3.94 −0.49 Table 7

The robustness evaluation (Phase-4: post-calibration stress tests applied after the β∗=0 calibration640

in Phase-3 is locked) subjects the OFTRL system to four distribution-shift perturbations. Mean NR641

remains positive under all four perturbations.642

High ∆S mismatch (+5.25dB mean, −3.13dB min). The high mean improvement under643

∆S=0.20 plant mismatch arises because the expert bank’s diversity helps: FxNLMS (E0) is inherently644

more robust to secondary-path error than RLS variants, and the router concentrates on E0 once its su-645

periority becomes apparent in the loss signal. The single failure (−3.13 dB, impulse_sparse) arises646

from the simultaneous combination of high mismatch and impulsive excitation: Block-FxNLMS (E3)647

accumulates stale gradient across its block window while E0 is transiently destabilised, leaving no648

expert with a reliable loss signal during the critical first samples after impact. This is the documented649

design limitation (Section 7).650

SNR shift (+2.18 dB mean). Weaker noise scales ℓt(k) uniformly, proportionally reducing ∆min651

and extending Tmix. The mild degradation on impulse conditions (−0.30 dB min) reflects this slower652

identification under reduced SNR. Structured conditions remain largely unaffected because the653

relative gap between experts is amplitude-invariant.654

Fast regime switching (+0.51dB mean). At 8 ms switching rates, the regime duration is compa-655

rable to Tmix, so the router never fully mixes before the next change. OFTRL degrades gracefully656

toward the bank-mean performance; all 13 conditions remain positive, confirming the router does not657

actively harm performance even when operating outside its ideal regime.658

Loud real-world sources (+5.64dB mean). Scaled DEMAND database noise (1.5× amplitude)659

tests in-distribution generalisation on real recordings. OFTRL maintains high NR because expert660

niches are amplitude-invariant: the routing signal ℓt(k) scales uniformly across all experts, so relative661

gaps ∆min and win-shares are preserved.662
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H Acoustic Noise Regime Descriptions663

The 13 evaluation conditions span six stationary and seven non-stationary acoustic regimes, designed664

to cover the range of noise types encountered in real-world ANC deployments. Table 10 describes665

each regime’s key spectral and temporal properties, its dominant expert (highest win-share from666

Table 2), and its empirical ∆min.667

Stationary regimes test steady-state routing accuracy under fixed noise characteristics. Non-stationary668

regimes test the router’s ability to detect and adapt to abrupt or gradual changes in the optimal669

expert. The conditions were generated synthetically or drawn from the DEMAND database [33]670

(available at https://zenodo.org/record/1227121 and on Kaggle): synthetic conditions permit671

exact control over temporal structure (switching rate, impulse rate, amplitude modulation frequency);672

DEMAND-derived conditions provide realistic spectral complexity and room acoustics.673

Table 10: Acoustic noise regimes. S = stationary, NS = non-stationary. Dom. expert: highest win-share
(Table 2). Src: Syn. = synthetic, D = DEMAND [33].

Condition Cls. S/NS Key properties Dom. ex-
pert

Src ∆min

Stationary
Tonal LF-slow Tonal S Pure tone 80–300 Hz; amp. drift

<0.5 Hz
E2 (RLS
λ=.9998)

Syn. 47.2

Tonal HF-fast Tonal S Pure tone 1–4 kHz; AM at 5–
20 Hz

E1 (RLS
λ=.9990)

Syn. 38.9

Coloured BB Bband S Pink (−3 dB/oct) 20 Hz–8 kHz E3 (BLMS
B=32)

D 8.3

HF hiss Bband S White noise high-passed at 2 kHz E2 (RLS
λ=.9998)

Syn. 1.2

Wideband struct. Tonal S 3–5 harmonics + broadband floor E2 (RLS
λ=.9998)

Syn. 51.4

Broadband
white

Bband S Flat 20 Hz–8 kHz (iid Gaussian) E3 (BLMS
B=32)

Syn. 0.4

Non-stationary
Impulse sparse Imp. NS <10 imp./s on BB background E0

(FxNLMS
L=256)

Syn. 22.7

Impulse dense Imp. NS 50–200 imp./s + aftershock E4 (BLMS
B=64)

Syn. 4.1

Cyclostationary Cycl. NS AM broadband; 120 Hz modula-
tion

E3 (BLMS
B=32)

Syn. 0.9

Nonlinear cplx. Cplx. NS Gliding harmonics + nonlinear
interaction

E3 (BLMS
B=32)

Syn. 2.3

Switch 250 ms Swch. NS Tonal↔BB at 250 ms E2 (RLS
λ=.9998)

Syn. 5.8

Switch fast Swch. NS Tonal↔BB at 8 ms E1 (RLS
λ=.9990)

Syn. 7.1

Mixed even Mixed NS Stat. (25 ms) + NS transitions E3 (BLMS
B=32)

D 3.4

Regime design rationale. The five condition classes are chosen to span the key dimensions of674

expert-bank heterogeneity:675

• Tonal / wideband structured. Large ∆min (≈ 39–51, ˆTmix ≤ 12 steps): RLS experts (E1, E2)676

achieve near-optimal steady-state error through frequency-selective tracking that FxNLMS cannot677

match at the same filter length. These are the primary beneficiaries of fast routing and the678

conditions where OFTRL most strongly outperforms Hedge (Table 7).679

• Broadband / white. Very small ∆min (< 10, ˆTmix > 50 steps): No algorithm has a structural680

advantage on spectrally flat noise; win-shares are nearly uniform across E0–E4. These conditions681
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verify that OFTRL does not actively harm performance when mixing is slow—and that context682

cannot help either (gain is at most O(ϵ2) per Theorem 2).683

• Impulsive. Contrasting ∆min: sparse (22.7, ˆTmix = 20) vs. dense (4.1, ˆTmix = 106). Sparse684

impulses expose E0’s advantage (high-resolution FIR recovers quickly from brief transients);685

dense impulses favour E4 (block gradient amortises per-impulse noise). The contrast validates686

that ∆min correctly predicts which conditions benefit from fast routing.687

• Cyclostationary / nonlinear. Low ∆min (< 2.4): no single expert dominates the quasi-periodic688

non-stationarity; these serve as null-hypothesis conditions for context injection, where theory689

predicts and experiment confirms no routing algorithm offers substantial improvement.690

• Switching / mixed. Moderate ∆min (5.8–7.1, ˆTmix = 61–75) with an abrupt change structure that691

creates the oracle hard-switch penalty. OFTRL’s soft weight redistribution eliminates this penalty,692

achieving +4.02 dB vs. oracle +2.13 dB on Switch 250 ms-the strongest example of OFTRL’s693

super-oracle advantage in the results.694

Context utility taxonomy. Table 11 extends the analysis to a broader taxonomy of routing settings695

derived from Theorem 3 and Definition 2, identifying when loss-dominance holds, fails, or is696

ambiguous.697

Table 11: Context utility in adaptive expert routing. Derived from Theorem 3 and Definition 2. Our
ANC system falls in row 1.

Setting ∆min Tmix Feedback Context utility

High-gap station-
ary (this work)

Large
(>20)

Fast (<20) Full-info Harmful. Loss resolves arm
identity before context sta-
bilises; bias accumulates post-
mixing.

Low-gap station-
ary

Small
(<5)

Slow
(>200)

Full-info Negligible. No routing
method gains substantially;
∆min too small for any routing
advantage.

Switching / non-
stat.

Moderate Moderate Full-info Marginal. Context may
aid switch detection; γ-
discounting handles this
without context here.

Bandit (partial) Any N/A Partial Potentially helpful. Context
provides exploration signal
unavailable from arm losses
alone.

Slow adaptation Any Large Full-info Potentially helpful if context
lag < mixing time.
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