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ABSTRACT

While policy optimization algorithms have demonstrated remarkable empirical
success in reinforcement learning (RL) tasks, their theoretical analysis is limited
compared to those of value-based algorithms. In this paper, we address the gap by
proposing a new provably efficient policy optimization algorithm that incorporates
optimistic value estimation and rare policy switches. For linear Markov decision
processes (MDPs), our algorithm achieves a regret bound of O(dzH 2\/T), which
is the sharpest regret bound of a policy optimization algorithm for linear MDPs.
Furthermore, we extend our algorithm to general function approximation and es-
tablish a regret bound of O(+/T'). To our best knowledge, this is the first regret
guarantee of a policy optimization algorithm with general function approximation.
Numerical experiments demonstrate that our algorithm has competitive regret per-
formances compared to the existing RL algorithms while also being computation-
ally efficient, supporting our theoretical claims.

1 INTRODUCTION

Policy optimization algorithms have garnered substantial attention across diverse RL applications,
from board/video games to large language models (Silver et al.| 20165 |Schulman et al.| |2015; 2017}
Mnih et al., 2016} |[Fujimoto et al., 2018} |Ouyang et al., 2022). However, despite its wide appli-
cability, in contrast to their value-based counterparts (Jiang et al.| [2017} |Agrawal & Jia, 2017; Jin
et al.| [2018), the theoretical understandings of policy optimization methods remain relatively under-
explored. (Kakade & Langford, 2002; Bagnell et al., 2003; Bhandari & Russo} [2019)

This evident dichotomy between value-based and policy optimization methods becomes increasingly
pronounced concerning linear function approximation and the associated regret guarantees. For the
value-based methods, the literature on linear function approximation has seen rapid expansion, with
the linear Markov decision processes (MDP) often being the central focus (Jiang et al., [2017; |Du
et al.l [2019; Wang et al., [2019; [Sun et al., 2019; [Yang & Wang, 2019; Zanette et al.| [2020b; Modi
et al.,[2020; Jin et al.,|2020; |Cai et al.,2020; Jia et al.,|2020;|Ayoub et al.,[2020; [Zanette et al.,2020a;
Ishfaq et al.} 20215 Zhou et al., 2021} [Zhou & Gu} 2022} He et al.,2023)). Many of these value-based
methods have been shown to achieve O(y/T)) regret upper bounds, matching the Q(v/T) lower
bound for linear MDPs established in [Zhou et al.| (2021) in terms of the total time-step 7". On the
other hand, there have been very few existing works on policy optimization algorithms with O (+/T)
regret under the linear MDP. Hence, the following research question arises:

Q: Can we design a provably efficient and practical policy optimization algorithm
with O(\/T) regret bound for linear MDPs?

We answer this question affirmatively by proposing a policy optimization algorithm, Optimistic
Policy Optimization with Rare Switches (OPORS). For our proposed algorithm, we establish
O(d2H 2\/T) regret bound under linear MDPs. To our best knowledge, |Zhong & Zhang| (2023)
and [Sherman et al.| (2023) are the only existing results for policy optimization with linear MDPs.
Zhong & Zhang| (2023) show a O(T?’/ 4) regret bound which is known to be sup-optimal. A con-
current work by [Sherman et al.| (2023) proves a regret of O(d?H®/2/T log|.AJ). Thus, the regret
of our proposed method shows an improvement by a factor of \/H log |.A|. Hence, our algorithm
has the sharpest regret bound known for policy optimization algorithms under linear MDPs. Such an
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improvement is made possible by a new policy update rule inspired by the proximal policy optimiza-
tion (PPO) (Schulman et al., |2017). Furthermore, the implementation of the algorithm in |Sherman
et al.| (2023) is much more complicated than that of our method. Hence, our method is one of very
few policy optimization methods for linear MDPs that achieve both provably efficiency and practi-
cality. In addition, we extend our algorithm and regret analysis to general function approximation,
which, to our best knowledge, is the first regret guarantees of a policy optimization algorithm for
general function approximation. Our main contributions are summarized as follows:

* We propose a policy optimization algorithm OPORS for linear MDPs, which incorporates our novel
policy update rule and a rare policy switching technique of O(log T') described in Section We
establish O(dzH 2\/T) regret bound (in Theorem for our proposed algorithm, where d is the
dimension of linear features, H is the episode length, and 7' is the total time-steps. To our best
knowledge, Theorem [3.1] establishes the sharpest known regret bound proven for linear MDPs,
improving the regret bound of a concurrent work (Sherman et al.l 2023). Along with Sherman
et al.| (2023), our result shows the first policy-based algorithm matching the O(+/T') of the regret
lower bound (Zhou et al., 2021).

* We extend our proposed algorithm to general function approximation and achieve O(dg H?\/T)
regret bound where d, represents the complexity of the function class measured by covering num-
ber or the eluder dimension (Russo & Van Roy, [2013)). To our best knowledge, this is the first
policy optimization algorithm with regret guarantees for general function approximation.

* We numerically evaluate our algorithm and show that it shows the state-of-the-art performances
compared with the existing provably efficient RL methods, with far reduced computational cost.

2 PRELIMINARIES

Notations. We denote [n] := {1,2,...,n} forn € N. For x,y € R%, (x,y) denotes the inner
product of  and y. For a positive definite matrix A, we denote ||z|| , := Vz? Az. The notation
f < g means that there exists some constant C' > 0 satisfying f < Cg. For any function f and
numbers a < b, we denote [f], ;; := max{min{f,b},a}. For a function class F, C(F,¢) and
N (F,e) denote the e-cover and e-covering number of F.

Problem Formulation. We consider episodic MDPs (S, A, H,{ P, } ne[#]; {7h }her), Where S
and A are the state space and the action space, H is the length of each episode, P = {P} };,¢[q) is
the transition probability distributions, 7 = {rj },c[ is the reward functions. We assume that each
episode starts at some initial state sq [1_1 and the episode ends after H steps. For each step h € [H], the
agent observes state sy, then takes an action ay,. The agent receives a reward 7, (s, ap,) determined
by (sn,an), and transit to the next state s;,11 according to the transition probability Py (- | sp, ap).

The agent takes actions based on its policy m = {7, } ne[#], Where 73, (- | s) is a probability distribu-
tion over .A. The value function (V' -function) and the action-value function (Q)-function) of policy
m are the expected sum of rewards up to termination, starting from sy, = s and (sp,an) = (s,a)
respectively, following the policy 7. Formally, they are defined as

H

Vhﬂ'(s) = Eﬂ Z T}L(Sh’aah’) ‘ Sy = 3‘| , QZ = Eﬂ_
h'/=h

H

> ralsw,an) | sn=s,an =a
h'=h

To simplify the notation, we use P, Vj 41 to denote Erop(.|s,q)[Vit1(5)]. We denote the optimal
value function and the optimal action-value function by V;*(s) := max, V;7(s) and Q7 (s,a) =
max, QF (s,a). There exists an optimal policy 7* such that V7 (s) = V;*(s) and Q7 (s,a) =
Qj,(s,a) forall h € [H],(s,a) € S x A. For any 7, the Bellman equation relates Q™ to V'™ as

QZ(S’CL) = (T+PVhﬂ+l)(s>a)7 Vhﬂ(s) = <QZ(S>)77T( | S)>’ Vngl(s) = 0.

When 7% is the policy executed in the k-th episodes, the suboptimality of 7* compared to the
optimal policy 7* is represented by V;*(s¥) — ka (s%), where s} is the initial state in the k-th

'Our result is valid for the general case with an initial distribution p(-). We can modify the MDP by setting
a fixed initial state s; and P1 (- | s1,a) = p(-) forall a € A.
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Algorithm 1 Optimistic Policy Optimization with Rare Switches (OPORS)

1: Input: Failure probability 6 € (0, 1), stepsize a > 0, confidence radius 5 > 0, regularization
parameter A > 0, policy switching parameter n > 1 B
2: Initialize: Set {7}, (- | ) }re(a) as uniform policy on A, A) « X for Vh € [H], k=0
3: forepisode k =1,--- , K do
k=1 /i i i i
4: AF S B(sh,al)e(sh,ai)T + AT

5. ifk=1lor3ne [H] det (A}) = ndet (A}) then
6: forsteph=H,...,1do
- 1N~k e i i i i
7. wp < (AR)EY0 o(shsai) [ra(shy ah) + Vik (shy)]
5 bE(s,0) 811005 ) )+
9: Qﬁ(sv CL) — [¢(57 a’)TUA]fli + bi(S, a)][O,H7h+1]
10: Update 7} (a | s) oc 71 *(a | s) exp(aQ¥ (s, a))
1 VI(s) - (Qh (s, ), b (- | 9))
12: end for
13: k+k
14: else
15: QF(s,a) < Qy (s, a), mf(a | s) < 7 (a | s), ViF(s) « V,F~!(s) forall h € [H]
16: end if
17: forsteph=1,...,H do
18: Take an action aff ~ 7)'(- | s) and observe s},
19: end for
20: end for

episode. Summing them up for k € [K], we get the cumulative regret of 7w over K episodes:

K
* ok
Regret(K) := > V7' (sh) — V7 (s4).
k=1

The goal of the agent is to maximize the sum of rewards over K episodes, or equivalently, to mini-
mize the cumulative regret over K episodes.

3 LINEAR FUNCTION APPROXIMATION

In this section, we present our proposed algorithm, named Optimistic Policy Optimization with Rare
Switches (OPORS), a policy optimization algorithm with linear function approximation. The algo-
rithm is based on the standard linear MDP (Yang & Wang| [2019; Jin et al.||2020) as defined below.

Assumption 1 (Linear MDP). An MDP (S, A, H,{Py}ne[m), {Th}he[n)) is a linear MDP with
a feature map ¢ : S x A — R% if for all h € [H), there exists d unknown (signed) measures

pnn = (ug), e ,,ugld)) over S and an unknown vector 0y, € R%, such that for all (s,a) € S x A,

P}L(' | S,Cl) = <¢(57a)auh>7 Th(sva) = <¢(37a)70h>'
We assume || (s, a)||, <1 forall (s, a) € Sx.A, and max{||un(S)|ly, |0k, } < Vdforall h € [H).

3.1 ALGORITHM: OPORS

In this section, we illustrate each component of our algorithm OPORS in Algorithm T]

Rare Policy Switching. Infrequent policy switching (update) is a pivotal factor in enhancing both
the regret bound and computational efficiency. OPORS accomplishes this by adhering to a rare-
switching strategy, wherein policy updates are triggered when the determinant of the Gram matrix
Aﬁ increases by a factor of 7 since the last update (Line 5 of Algorithm . This rare-switching
technique was introduced by|Wang et al.[(2021) for value-based methods and has been demonstrated
to be computationally efficient. We can guarantee that when 7 remains an absolute constant, the
number of policy switches enforced by OPORS is upper-bounded by O(dH log T).
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Value Function Estimation. Lines 6-12 of Algorithm|I]involve estimating the value function of the
. . . k _ _ .. . .

current policy. Starting with V7 | = 0, for h = H, ..., 1, we compute the -values by minimizing
the empirical squared Bellman error. The estimator is given by

k—1

@ = (AR) 7Y dshyap) [ralshab) + Vit (shia)]

i=1
where AF = S0 a(si al )p(sh, al)T + Al Subsequently, we construct the optimistic Q-value
QF(s,a) = [¢(s,a)Twy + bf(s,a)]j0,m—n+1], Where the bonus function is defined as b} (s, a) =
Bllo(s,a)l (Ak)-1- Based on the optimistic Q-value Q¥ and the policy 7%, the optimistic V-value is
determined as (Q% (s, ), 7r (- | 8)).

Policy Update. Our policy update rule is inspired by the proximal policy optimization (PPO) (Schul-
man et al.,[2017)). It is important to note that OPORS update the policy 7r,’j based on the previous policy
w}’j_l and the current Q-value Qﬁ (Line 10 of Algorithm . Consequently, the policy update and
value function estimation steps alternate. In essence, each update in Line 10 follows a stepwise
PPO approach, optimizing the policy at step h in the order of h = H,...,1. In the k-th episode,
during the step h of the inner-loop (Lines 6-12), we have {QF, } /> and {7F, } /> 1. Consider an
auxiliary policy 7#%" := {w’ﬁ,‘l}hlgh U {ﬂ'ﬁ,}h/ZhH. Then, the PPO objective is formulated as:

H
> Dxr (7w(~ | sw)lIh" (- | 3h’)>1 } ey

maximize, {L’fb_l(w) —a btV Earn
h'=1

Here, Lﬁ_l is the local approximator for the expected return under 7%, which is defined as

H

- FRh wr ~k,

Ly (m) = Vi (s1) + Bz lZ@hHSM Dy mn (| sw) — (| 3h’)>] :
h'=1

Rearranging the optimization objective (IJ), we have an equivalent objective:

S (4@ (snrs) - ) = @ Dicr, (- s 174" | sm))] } .

h'=1

maximize, {Eﬁk,h

A simple calculation leads to the closed-form solution:

~k,h o
(- | 8) o< 7y (- | 5) - exp(a@Qyt (s, ))-
Instead of optimizing {7y };,s ¢z for all steps, we optimize 7, for current step and set the opti-

~k
mized policy as 5. Since true ;" is unknown, we substitute it with the estimated Q-value Q.
Considering the definition of the auxiliary policy 7", our update rule is expressed as:

(- | 5) < (- | 5) - exp(a@y(s, )
Our update rule distinguishes itself from the previous provably efficient policy optimization algo-
rithms (Agarwal et al., [ 2020a; Cati et al., [2020; Zanette et al.,[2021}; |[Feng et al., 2021} |L1 et al., [2023};
Liu et al} 2023; |[Zhong & Zhang} 2023} |Li et al., 2023 |Sherman et al., 2023), which employ the
update rule 7 (- | s) o< 77 (- | ) - exp(@Q) (s, -)). As shown in Section the new policy
update rule enables us to incorporate O(log T") rare-switching techniques into our algorithm, which
plays a crucial role in reducing regret bound, as well as reducing the computational cost.

3.2 REGRET ANALYSIS

We present the regret bound for OPORS under the linear MDP assumption.

Theorem 3.1 (Regret bound of OPORS). Suppose Assumption [I] holds. There exists a constant
Cy > 0 such that, if we set A\ = 1, a = poly(T,1/8,log|A|,d) > QK log|A|), and
B = Cy - d*2H3 2y, where x; = loén\/log (1 + %) log (%fg‘?l), then with probability at
least 1 — 6, the regret of Algorithm([l|is upper bounded by

Regret(K) < O (ngHZ\/f) :
n

lo

4



Under review as a conference paper at ICLR 2024

Discussion of Theorem Iﬂ Theorem [3.1] establishes O(d> H?v/T) regret bound. There exists a
concurrent work (Sherman et al., [2023) which proves O(d? H%/2/T log |A[). Theorem [3.1|shows
an improved regret bound by a factor of 1/ H log |.A|. Hence, our regret bound is the sharpest regret
bound known for policy optimization algorithms under linear MDPs. [Sherman et al.| (2023) utilize
a reward-free exploration algorithm adapted from [Wagenmaker et al.| (2022} to bound optimistic
Q-values, then conduct policy updates without clipping ()-values. In contrast, we integrate our new
policy update rule and the rare-switching technique, without an initial exploration phase.

3.3 PROOF SKETCH

In this section, we give an outline of the proof of Theorem [3.1] and the key lemmas for the proof.
We begin with the regret decomposition in|Cai et al.| (2020):

K H
Regret(K) = B [(QFi (515 ), mh (- | s1) = 75 (- | sn)) | 1= st] )

k=1h=1
K H . .

+ Z Z <Ph[th+1 - foﬂ](slﬁy GZ) - [th-u - Vhﬂ+1](31fb+1)) 3)
k=1h=1
K H . .

303 (@K — QR Nsh, ) mhC | k) — [@F - Q' Ik, b)) @)
k=1h=1
K H

+ > (Exe[€h(snran) | 51 = s1] — Eh(sn, an)) )
k=1h=1

where £f(-,) == ra(s,-) + PoViF () — QF(-,-). Note that (3) and (4) are the sums of uni-
formly bounded martingale difference sequences. Hence, with high probabilityl — 4, the sum of the

martingale difference sequences is easily bounded by O(y/H?2T log(1/9)).

The statistical error term (3)) represents the error arising from the least-square value iteration step
(Lines 6-12 of Algorithm [I)). The technical challenge in bounding this statistical error lies in the
fact that the log covering number of the V -funciton class is directly related to the number of policy
switches, as Lemma implies. Consequently, the confidence radius of the estimator w grows
accordingly. In extreme cases where the policy is updated every episode, this leads to a trivial linear
regret bound. To mitigate this issue, OPORS effectively controls the covering number by infrequently
switching the policy. The following lemma from [Wang et al| (2021)) ensures that the number of
policy switches is bounded.

Lemma 3.2 (Policy switches). The number of policy switches in Algorithm|l|is upper bounded by
N, =dH/logn-log(1+ H/\d).

With Lemma it can be shown that the log covering number of V-function class is O(d®H).
Utilizing this covering number, we can prove that £ ,’j(, -) is bounded.

Lemma 3.3 (Concentration of value functions). With probability at least 1 — 0/2, for all k €
[K],h € [H],(s,a) € S X A, it holds that —23 ||qj)(8,a)H(A;;),1 < &F(s,a) < 0, where k is the

largest index k' < k on which the policy is switched, and 3 is defined in Theoremll|

Lemma implies that the statistical error is bounded by the sum of bonus functions, eval-
uated at the trajectories. The policy optimization error (2) is of significance for policy opti-
mization algorithms, unlike value-based algorithms that employ the argmax policy with respect
to the Q-value. The distinction arises because (QF(sp,-),75(- | sn) — 75(- | sn)) could be

positive for general stochastic policy 7r,’j. Previous approaches, which utilize the update rule

(| s) oc (- | 5) - exp(@@F (s, ) bound the policy optimization error by \/H3T log | Al
using a well-known result of online mirror descent (see Lemma 3.3 in |Cai et al.|2020). How-
ever, the bound is valid only when policy updates are equally spaced. In contrast, our update rule
(- | 8) oc (- | s) - exp(@Qf (s, -)) guarantees that the policy optimization error is bounded,
regardless of the specific update schedule. Lemma 3.4] formally states this property.
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Algorithm 2 F-OPORS

1: Input: Failure probability 6 € (0, 1), stepsize « > 0, confidence radius 5 > 0

2: Initialize: Set {7}, (- | ) }re(a) as uniform policy on A, Z;. < {} forall h € [H]
3: forepisode k =1,--- , K do

4 forsteph =H,...,1do

5 2k <—Samp1e(f,2,’;*17( sh=1 gk 1),5) (it k < 2)
6: end for
7
8
9

if k=1or3h e [H] ZF # Z" then
forsteph=H,...,1do
Dy« {(sh, a5, 1} + th+1(5f71+1)}re[k71]

10: f}]f — argminfe}— Hf”QDk

1 bi(,7) = SUDy, poer falgy <5\fl( ) = f2()]
12: QF () < min { fF(,, )—|—bk ),H}

13: Update mj;(- | - )0<7Th aQ )exp(th( )

14: Vi () (@R (G, 1)

15: end for

16: else

17: QF(s,a) < Qy (s, a), mf(a | s) < 7 (a | s), ViF(s) « V,F~1(s) forall h € [H]
18: end if

19: forsteph=1,...,H do

20: Take an action aﬁ ~ m(- | sy) and observe s}, |

21: end for

22: end for

Algorithm 3 Sample(F, Z, z, §)

1: Input: Function class F, current sub-sampled dataset Z C S x A, new stat-action pair z, failure
probability &
2: Let p, be the smallest real number such that 1/p, is an integer and

P> = min {1, C' - sensitivity 5 »(2) - log (TN(‘Fv \/W)/(;)}

3: Let 2 € C(S x A, 1/(164/64T7%/5)) such that sup ¢ 7 | f(2) — f(2)] < 1/(164/64T3/9)
4: Add 1/p, copies of Z into Z with probability p,
5: return Z

Lemma 3.4 (Policy optimization error). It holds that

ZZEW* (@b (s )i (- | sn) = 75 (- | sn)) | 51 = s8] < o' HEK log |4

k=1h=1

We emphas1ze that Lemma|[3.4] places no restrictions on the sequence of Q-values, except the bound-
edness |Q h| < H. We can bound the policy optimization error corresponding to any sequence

{Qh}(k,h)e[K]x[H]v with carefully chosen «.

Since Q% (s, ) are |.A|-dimensional vectors and 7¥(- | s) are unit vectors in the same space, each
term (Q% (sp, ), 75 (- | sn) — 7F(- | sn)) can be understood as the difference between two inner
products, (Q% (s, ) “(- | s)) and (Q% (s, ), 7r,,( | s)). Hence, the policy optimization error de-
creases if 7) (- | s) aligns more closely with Q¥ (s, -) than 7} (- | s) does. This is the intuition behind
why our update rule yields a smaller policy optimization error. Unlike the previous update rule, our

update rule directly incorporates Q’,fL into 7r,’f.

With these lemmas at hand, we can bound the cumulative regret of Algorithm[I} The detailed proofs
are provided in Appendix
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4 GENERAL FUNCTION APPROXIMATION

In this section, we extend our rare-switching optimistic policy optimization method to general func-
tion approximation. The extended algorithm, F-OPORS is described in Algorithm 2]

4.1 ALGORITHM: F-OPORS

The overall structure of F-OPORS is similar to our first algorithm OPORS, except for the rare-
switching technique. In the following, we describe each component of the algorithm.

Sampling. Utilizing online sentitivity sampling (Line 5 of Algorithm [2) introduced by [Kong et al.
(2021) effectively reduces policy switching. During the collection of trajectories into the dataset
Zp .= {(s},,a},, 7}, ST 1 }re[s—1]» We concurrently maintain a subsampled dataset {zﬁ}he[H] that
approximates the original dataset with reduced complexity. In the k-th episode, we calculate the
online sensitivity score based on the current subsampled dataset {z’f}’f_l}he[ ) and the trajectory
from the previous episode {(sy~*, Z_l)}he[H], as follows:

ko1 : (filza ) = fo(zp )
sensitivity sk—1 (2 = min sup ;1.
Ve {fl 72 ([ — follz+ T(H + 17} + 8

Each zﬁ_l = (s’fb_l, ai_l) is stochastically sampled into Z * with a probability proportional to the
sensitivity score. Additionally, the sampled z,]ffl is rounded to belong to a finite cover of S x A

to bound the complexity of ﬁﬁ After the sampling procedure, we evaluate and update the policy
only when any of the z}’j_l is sampled. Otherwise, we proceed without changing the value function
estimate and the policy. By implementing this strategy, the number of policy switches remains less

than or equal to the number of distinct elements in { Z/<} he[H]» Which is bounded by O(dgH ) with
high probability.

Value Function Estimation and Policy Update. In the k-th episode, if any of the z,’j_l instances
is sampled during the sampling procedure, we proceed to compute the optimistic Q- Values using
the least-square Value iteration, as described in Lines 9-13 of Algorithm[2] Foreach h = H,...,]1,
given the dataset D := {(s},aj, 7} + Vi, (s}, 1) }ren—1), We solve the regression problem

k—1
T T 2
argmln”fHDk = argmlnz = [} —&—thﬂ(shﬂ)]) .
feF fer o
Subsequently, we set the optimistic Q-value QF(-,-) = min {fF(-,-) +bf(-,-), H}, where the
bonus function is defined as follows:

b, ) = sup [f1(50) = f2 ()]
flvf2e-7:a‘|f1_.f2”22}1? <g

Intuitively, the bonus function reflects the level of confidence in the value estimation, thereby pro-
moting the exploration of rarely observed state-action pairs. The policy update process mirrors that
of OPORS. After updating 7, the optimistic V-value is defined as V¥ (-) = (Q¥ (-, ), 7 (- | -)).

4.2 REGRET ANALYSIS

In this section, we present the regret bound for F-OPORS. The following standard assump-
tions (Wang et al.| [2020) are required for our analysis. To measure the complexity of a function
class, we use the eluder dimension (Russo & Van Roy, [2013).

Assumption 2 (Value closedness). Forany V. — [0, H] and h € [H], r, + P,V € F.
Assumption 3 (Covering number). For any € > 0, the function class F satisfies the following.

1. There exists an e-cover C(F,e) C F with size |C(F,e)| < N(F,e), such that for any f € F,
there exists f' € F with || f — f'||

2. There exists an e-cover C(S x A,e) C 8 x A with size |C(S x A, e)| < N (S x A, ¢), such that
for any (s,a) € S x A, there exists (s',a’) € S x Awithsupcz|f(s,a) — f(s',a")] <e.
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Definition 1 (Eluder dimension). Lete > 0 and Z = {(s;, a;) }ic[n)-

1. A state-action pair (s,a)S X A is e-dependent on Z with respect to F if any f, f' € F satisfying
1 = £/l < e also satisfies | (s,a) — '(s,a)| < <.

2. An (s,a) is e-independent of Z with respect to F if (s, a) is not e-dependent on Z.

3. The e-eluder dimension dimg, (F,€) is a function class F is the length of the longest sequence of
elements in S x A such that, for some &' > ¢, every element is ' -independent of its predecessors.

When F = {#T¢(s,a) : § € © C R?} is the class of linear functions with a feature map ¢ :
S x A — R?, it is known that dimg (F, &) = O(dlog(1/¢)) and log N'(S x A, €) = O(d) (Russo
& Van Roy, [2013). Thus, we can roughly understand that dimg (F,-) ~ N(S x A, -) measure the
complexity of a given function class. Equipped with these concepts, we state the regret bound.
Theorem 4.1 (Regret bound of F-OPORS ). Suppose Assumption 2| and Assumption |3\ hold. There
exist absolute constants Cy, Cs, Csy, such that, if we set o > Q(VTlog | A|),

B=0Cy- H® 1og(TN(F,8§/T?)/8) - dimg (F,1)T) -log® T - [log N'(F,1/(16aN,T*H?))
+1og(TN(F,8/T?)/6) - dimg (F,1/T) - log” T - log (N'(S x A,8/T?) - T/5)],

in Algorithm [2l and C' = Cy in Algorithm [3| then with probability at least 1 — 6, the regret of
Algorithm[2)is upper bounded by

Regret(K) < O (H2ﬁ)

where 1 =1log(TN(F,8/T?)/8) - dimg (F,1)T)* -1og? T - log N'(F,1/(16aN,T? H?))
+1og(TN(F,8/T?)/6) - dimp (F,1/T) - log> T - log (N'(S x A,§/T?) - T/5)],
N, =Cly - log(TN (F,/6/64T3/5)) - dimp (F,1)T) -log? T.

Discussion of Theorem [d.1] This is the first regret guarantee for a policy optimization algorithm
with general function approximation. When F-OPORS is applied to the class of d-dimensional linear
functions, Theoremimplies O(d?H) policy switches and O(d® H2\/T) regret bound. However, as
Kong et al.| (2021)) pointed out, the spectral approximation algorithm in |Cohen et al.| (2016) can be
used to construct a subsampled dataset. In Appendix [E] we present a policy optimization algorithm

using the techniques in Cohen et al.| (2016), that achieves O(dH) policy switches and O(d?> H>\/T)
regret bound.

4.3 PROOF SKETCH

The proof of Theorem . T|shares the same outline with Theorem [3.1] Using the same regret decom-
position, we bound (2)) with Lemma 3.4] and bound (3)), (4) in the same way. The difference lies in
the rare-switching technique. Specifically, the following lemma from |Kong et al.|(2021)) provides a
polylog(7") bound on the number of policy switching.

Lemma 4.2 (Policy switches). For 3 specified in Theorem with probability at least 1 — 6 /8, for
all (k,h) € [K] x [H), the number of distinct elements in ZX is bounded by

N, <O ( log(TN'(F, \/8/64T3/8)) - dimp (F,1/T) - log? T) .
Therefore, the number of policy switches in Algorithm[?] is bounded by H - N,.

Therefore, we can bound the covering number of value functions. The bound is applied to a uniform
concentration inequality and then gives the following lemma.

Lemma 4.3 (Concentration of value function). With probability at least 1 — §/8, for all (k,h) €
(K] x [H] and for all (s,a) € S x A, it holds that —2b (s, a) < &F(s,a) < 0.

Therefore, the statistical error term @ is bounded by the sum of bonus functions, evaluated at the
trajectories. The proof is complete by bounding the sum of bonuses using the property of the eluder
dimension. The detailed proof is deferred to Appendix [D}
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5 NUMERICAL EXPERIMENTS

In this section, we evaluate our algorithm on RiverSwim (Osband et al.,2013)) and DeepSea (Osband:
et al.|[2019) environments. These environments are considered to be hard exploration problems that
require deep, strategic exploration. To compare the performance of our algorithm with other prov-
ably efficient RL algorithms for linear MDPs, we choose value-based algorithms, LSVI-UCB (Jin
et al.,|2020), LSVI-PHE (Ishfaq et al.,[2021) and a policy-based algorithm OPPO+ (Zhong & Zhang)
2023)) for comparisons{’| For each algorithm, we performed a grid search to set the hyperparameters.
We run 20 independent instances for each experiment and plot the average performance with the
standard deviation. For more details, please refer to Appendix [G]

RiverSwim: S=4, H=16 RiverSwim: S=6, H=24 RiverSwim: Runtime
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Figure 1: Results on RiverSwim. (left) Episodic return on S = 4, H = 16, (center) Episodic return
on S = 6, H = 24, (right) Runtime of the algorithms
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Figure 2: Results on DeepSea. (left) Episodic return on N = 8, (center) Episodic returnon N = 12,
(right) Runtime of the algorithms

We performed experiments on the two RiverSwim instances, |S| = 4 and |S| = 6. The episode
lengths are set to be H = 4[S|. Figure shows that OPORS outperforms the value-based methods,
and OPPO+ lags behind the others since the batch size suggested by |[Zhong & Zhang| (2023) is too
large. Note that OPORS achieves high performance at much less computational cost, as the runtime
of OPORS over 30000 episodes is around two orders of magnitude shorter than that of LSVI-UCB and
LSVI-PHE. Such efficiency comes from rare policy switching, as OPORS requires only O(dH logT')
value estimations and policy updates. The experiments on two DeepSea instances, N = 8 and N =
12, shown in Figure 2] exhibit consistent results. Again, OPORS is statistically efficient compared to
LSVI-UCB and LSVI-PHE while being far more computationally efficient.

6 CONCLUSION

In this paper, we propose optimistic policy optimization algorithms with rare policy switching:
OPORS for linear MDPs and F-OPORS for general function approximation. For both algorithms,
we prove regret bounds of O(d? H?v/T)) and O(d3H?+/T), respectively. Therefore, our algorithms
are the first policy optimization method establishing O(\/T ) regret bound for both settings with

the sharpest result for linear MDPs. Our empirical evaluations further highlight the competitive
performance and reduced computational cost of our proposed method.

2Since the algorithm suggested by [Sherman et al|(2023) is impractical due to a large number of hyperpa-
rameters and subroutines, we did not include it in our experiments.
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A ADDITIONAL RELATED WORKS

RL with Linear Function Approximation. There exist extensive works on RL with linear func-
tion approximation (Jiang et al.| [2017; |Du et al.| [2019; Wang et al.| [2019; |Sun et al., 2019; [Yang
& Wangl 2019; |Zanette et al., |2020bj; Modi et al., [2020; Jin et al., 2020; |Cai et al., [2020; Jia et al.|
2020; |Ayoub et al., 2020; [Zanette et al., 2020a; [Ishfaq et al., 2021; |Zhou et al., 2021} [Zhou & Gul
2022;[Hwang & Ohl 2023} [He et al.| [2023). The most related works to ours is the linear MDP model
introduced by |Yang & Wang| (2019) and [Jin et al.| (2020), which assumes that rewards and transi-
tion probabilities are linear functions of some d-dimensional feature mapping ¢(s, a). Based on
the analysis from linear contextual bandit literature (Chu et al., 2011} |/Abbasi-Yadkori et al.| 2011}
Agrawal & Goyal, 2013} |Abeille & Lazaricl 2017), Jin et al.| (2020) establish O(v/d3 H3T) regret
bound. Zanette et al.|(2020a)) develop a randomized least-square value iteration algorithm and prove

a frequentist regret bound of O(\/ d*H*T). [[shfaq et al.| (2021) also proposed a randomized algo-
rithm with O(v/d3H3T'), which achieves optimism by taking a maximum value over a number of

samples. Recently, He et al.| (2023) prove a nearly minimax optimal regret bound O(dH VT using a
Bernstein-type concentration (Zhou & Gu, [2022) and monotonic value estimation.

RL with General Function Approximation. Since many successful applications of RL rely on
complex function approximation such as neural networks, an increasing number of works focus on
the theoretical guarantee with general function approximation (Russo & Van Roy,|2013;|Jiang et al.,
2017; Du et al.l 2021} |Agarwal et al., 2020a; Feng et al., 2021} Wang et al., [2020; Jin et al.| 2021}
Kong et al. 2021; |Agarwal et al., [2023). Each work defines a complexity measure for a general
function class, with some assumptions required for theoretical guarantees. Among these complexity
measures, we use the eluder dimension (Russo & Van Roy, [2013) to measure the complexity of
general function classes. The eluder dimension was first introduced in |[Russo & Van Roy| (2013),
and they prove Bayesian regret bounds of Thompson sampling based bandit algorithms. Using the
properties of the eluder dimension, Wang et al.| (2020) propose a model-free value-based algorithm.
They present the sampling method called sensitivity sampling to bound the complexity of bonus
functions, and establish a regret bound O(df}H V/T). Building upon this work, Kong et al.[(2021)
develop an improved sampling method that enables O(log T') rare policy switching while preserving
the regret bound. Jin et al.| (2021) proposed the Bellman Eluder dimension which includes the
notion of Bellman rank and the eluder dimension, and prove O(d,H V/T) under the assumption that
episodic return is bounded by 1. Recently, |Agarwal et al.| (2023)) proposed an algorithm based on
weighted least square and the general eluder dimension. They establish O(d,v HT regret bound
with a sparse reward assumption, which is nearly minimax optimal in the linear MDP setting.

Policy Optimization. Several works study the convergence guarantees for policy optimization al-
gorithms (Kakade & Langford, 2002; [Bagnell et al., 2003} Bhandari & Russo, [2019; |Geist et al.,
2019; |Agarwal et al., 2020b; Shani et al., 20205 (Cen et al.l 2022), under the assumption that the
starting state distribution well covers the state-action space. However, we focus on the setting with-
out such assumptions, hence the agent should balance exploration and exploitation. Moreover, there
exists a line of works that prove the sample complexity of policy optimization algorithms to learn
a near-optimal policy. |Agarwal et al.| (2020a)) develop a policy optimization algorithm for general
function approximation, and establish O(w) sample complexity bound in discounted
linear MDPs. |Feng et al| (2021) extend the idea for general function approximation, and prove

O(w) sample complexity bound. |Agarwal et al.[(2020a); [Feng et al.[(2021)) are robust
to the model misspecification in that the additional sample complexity due to the misspecification
depends on the average model error, at the cost of large sample complexity. |Zanette et al.| (2021)
improve the sample complexity to O(W) by using fewer samples for value estimation, but

the result is specific to the linear function approximation. Building upon Feng et al.[(2021)), |L1 et al.
3

(2023) achieve O(W) sample complexity bound using the sensitivity sampling introduced by
Kong et al.| (2021). In a slightly different setting of episodic MDP, Liu et al.| (2023) proposed a

- 2 176
simple on-policy batch policy optimization method with O( dgf ) sample complexity bound. An-
other line of work seeks to prove regret bound for policy optimization algorithms. |Cai et al.|(2020)
propose a policy update method that is equivalent to the proximal policy optimization (PPO), and
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establish a regret bound of O(1/d2 H3T log |A|) in adversarial linear mixture MDPs. Subsequently,
He et al.|(2023)) proves nearly minimax optimal regret in the same setting by adapting the Bernstein-
type concentration inequality from |Zhou et al.|(2021). On the other hand, |Shani et al.| (2020) proves

O(V S2AH?®T) regret bound for tabular MDPs, where S, A are the number of states and actions,
respectively. In the same tabular setting, [Wu et al.|(2022) achieves nearly minimax optimal regret
bound, with an assumption S > H. However, theoretical analyses in linear MDPs are relatively
limited. Zhong & Zhang|(2023) is the first to prove sub-linear regret O (d®/* H>/4T3/4 log | A|) for a
policy optimization algorithm, in adversarial linear MDPs. They propose a batch update method to
reduce the number of policy switches. Recently, an independent and concurrent work Sherman et al.

(2023) established a O(d>H%/2 /T log|A|) in adversarial linear MDPs, by controlling the size of
(-values via reward-free warm-up phase (Wagenmaker et al.,[2022).

B PROOF OF LEMMA [3.4]

Proof. Let {k;};cm be the set of episodes on which the value function and the policy are up-
dated. For convenience, define kp = 0 and k,,11 = K + 1. Note that the update rule is

(| s) w}’ji’l(- | s)exp (aQﬁ’?(s7~)>. To simplify the notation, we define ~,*(-) =

log (ZGGA i (a | ) exp(aQfi(, a)). Then it holds that

(aQy (sn, ), i (- | sn) = myt (- | s))

=3 aQ (sn,a) (mia | sn) = 7 (al sn))

= Z (log i (a | sp) —logm, ™ (a | s) + 75" (sh>) (w;:(a | sn) — 7 (a| sh>)

) Z (tog i (a sn) —Tog ™" (@ [ ) (wile | 30) =i (a 1)) + 32 o (o) (mi(a | sn) = (| sn)
_ Z (1o 7t @ | 3n) — log (e 50)) (i | 50) — 7b(a | on) ’

where the last equality holds because () is a function of states. Furthermore, it follows that

Z (logw;‘;i (a]sp)— logﬂzi’l(a | S}L)> (WZ(a | sp) — W’,ji (a S;L)>

a

= (log (- | sn) —logmy (- | sn), mi (- | sn) = wk (- | s))

WAGED) T 1sn) . A
= (log 5=~ ~1lo hi,ﬂ' -l s — (lo },Li,ﬂ'l
( gﬁl;i—l(. | sn) gﬂﬁi(. | sn) R( [ sn)) =« gwﬁ“% | sn) (-l @n))

= Dicr(miy (- [ su)llmy ™ (- | sn)) = D (i | su)llmys (- | sn)) = Dic(wy (- [ sn)llmy = (- | sn))

< D (miy(- | sy =" (- | ) = Drep(mi (- | si)llmfe (- | sn))

where the inequality holds because KL divergence is always non-negative. Since we only update
QY(-,), ViE(:), and 7k (- | -) at k;s, the term B« [(QX (sp, ), 75 (- | sn) — ¥ (- | s1))] is repeated
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until the next update. Thus we have
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<a 1HKlog\A|
where the second inequality holds due to the fact that k; € [K + 1] for all ¢ € [m + 1], and
the last inequality holds because Dgpr(75(- | s)|7h(- | s)) = Y, 7r(a | s)log WhEZB =
Yoo (mi(a] s)logmy(al|s)+ ) (a] s)log|Al) <log|Al.

C ANALYSIS FOR THEOREM [3.1]

In this section, we provide detailed proof of Theorem [3.1] First, define the following filtrations.
Ffi=o ({(S;Tuaﬁﬂ“h)}(f,h)e[k]x[ 1)

Fij, = o (F*7HU{(s5, a5, 7)) }em)

Fk, =0 (Fk IU{(jv ]7])}J6h 1]Ush)

where o (A) is the o-algebra generated by A.

o
>
|

C.1 PROOF OF LEMMA[3.2]

This is proved in Wang et al.[(2021)), and we include it for completeness.

Proof of Lemma[3.2] Let {k;}icn be the set of episodes on which the value function and the policy
are updated. For convenience, define kg = 0. Then according to Line 5 of Algorithm [T} for all
i € [m], there exists h € [H] such that

det (Afl) > ndet (Afj’l) .

On the other hand, by the definition of A¥, we know Aff > A:’i’l and det (AZ) > det (Aff’l)
for all h € [H]. Thus, we have

H H
hl;[l det (Af) =1 g det (A1)

Repeating the inequality, we get

H H
H det (AZ') >nm H det (AZO) — A

h=1 h=1
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where we use AZO = MAI. Finally, since det (AZ”‘) < det (Af) for all h € [H] and det (AfS) <
(A + K/d)% by Lemma|F.11| we have

H H
A < T det (A’,jm) < T det (AK) < (n + K/a)*

h=1 h=1

which immediately implies

C.2 CONCENTRATION

The following lemma bound the error due to the least square value iteration.

Lemma C.1. With probability at least 1 — §/2, for all k € [K],h € [H],(s,a) € S x A, it holds
that

|6(s,a)T iy, —ri(s,a) = PaViti(s,0)| < B lé(s. )l pr)-s

where 3 is defined by 3 = Cyd3/>H3/?x; with x; = hén \/log (1+ £)log (déT)\kl)ngﬁl ) for some

constant Cj.

Proof. By Lemma [F.4l we can find w} such that ¢(s, a) wf = ri,(s,a) + PyV)F, (s, a) for all
(s,a) € § x A. Therefore, we have

o(s, a)TQI)Z —rp(s,a) — Pthk_,_l(s, a)
k—1

= ¢(s,a)T(AR) 71 D d(sh, ap)[ra(sh, ah) + Vi (shaa)] — 0(s,a) Ty
i=1
k-1

= (s, )T (M) ™1 D d(sh, af) (s, i) + Vil (sig0)]
i=1
—o(s,a)" (A7) <Z (i, ai)o(sh, aj,) T wp; + Awf)
i=1
k—1

= ¢<37 a)T(Aﬁ)_l Z ¢(S;z’ a;L) [th+1<s;z+1) - thiﬁrl(sgw a}L)] - )\(b(& a)T(Aﬁ)_lw}Ii

i=1
where the second last equality uses the definition of A¥.

Slnce Lemma [3:2] states that the number of policy switches is bounded by N, =
logn log (1 4+ K/\d), we can bound the covering number of the class of V-functions. Applying

Lemma[F.12]with M = NN, in conjunction with Lemma[F:8]and Lemma[F.6 we have

log N(V,¢e) <logN(Q,e/2) + log N(Il,e/2H)
<log N (Q,¢/2) + Ny log N'(Q, e/ (16aM H?))

< [dlo (1+ 16H \/dK/)/e) + dlog(1 + 32v/dB%/(\e ))}
N [dlog (1 + 128a M H3\/dK /X /¢) + d® log(1 + 204802V dF2 M2H* / (\e? ))}

d3H K aBdH
<——log(1+—)log 1+ ——").
~logn ( +Ad> Og( +A€210g77)

17
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where V denotes the class of V -functions. With this bound at hand, we use Lemma m withe = %

and o = poly (T, 1/4,log|A|,d). Then it holds that
k—1
[6(s,a) (AR D d(shy ai) [Viiea (shan) — PuVitea (s, af)] |
i=1
Z Sha ah Vh+1(3%+1) - PthkH(SZa GZ)]

H¢(3»a)||(/\’;)fl

(-t

d3/2H3/? K BdHK log(|A|)
<d———/log (14 = ) log | 22 ko1 -
ek \/g( # 3 ) 18 (P D) s, bl

On the other hand, by Cauchy-Schwarz inequality and Lemma[F4] it holds that
A (s,0)" (AF) el < MJwh[| px) o 1605, @)llag)- < 2HVA|6(s, a)ll ag )
where we used the fact that (A;“L)_1 < %I . Combining the results above, it follows that
|6(s,a)" wh —rn(s,a) — thhk+1(3, a)l

k—1
< 1o(s, )T (AR) T D O ah) [Vilpa (sh) — PaViya (shy ai)] | + A0 (s, )T (AF) "o

i=1
d3/2 H3/? K BdH K log(|.A])
/1 1+ — |log| ——————= oy
< T o (14 5 o (PEEOEUAD Y s 0o
where ¢’ is some absolute constant. Now the proof is complete if the following inequality holds:
3/2H3/2 K 3/2H3/2 HK1
C/d 10g 14+ = lo og (Cld Xl)d Og(‘AD S B — Cld3/2H3/2Xl
log n Ad dXlogn

Since ¢ is independent of Cj, we can find an absolute constant C; satisfying this inequality. This
completes the proof. O

C.3 PROOF OF LEMMA[3.3]

Proof of Lemma[3.3] By Lemmal|C.1] with probability at least 1 — §/2, forall k € [K], h € [H], we
have

|6(s, )"y, — rh(s,a)Pth”“H(s, a)| < Bllo(s, G)H(Aﬁ)*l

Therefore, for any (s,a) € S x A, it holds that
&i(s,a) = ra(s,a) + PyVi'ii(s,a) — Qp
ri(s,a) + PVifia (s,a) — QR
= r(s,a) + PuVili (s, 0) = |@(s,a)7 A;‘Hﬂw(s,a)ll(mfl

< ru(s,a) + PuViE (s,a) — ¢(s,0) "} — B (s, @)l aFy-1
<0

[0,H—h+1]

where the first equality uses the definition of &, the first inequality uses the fact that rj,(s,a) +
PyViF  (s,a) € [0,H — h+ 1] forany k € [K],h € [H] and any (s,a) € S x A. The other
direction can be shown similarly:

—f,’f(&a) = QZ(S,G) - Th(sva) - thiﬁrl(sva)
= Qﬁ(s,a) —rp(s,a) — PhV,fH(s,a)
= [6(s. )0} + 810G Dagy] o
< ¢(s,0)T i) + Bllo(s,0) | ax) 1 — rals,a) = PuVilii(s,0)
<28 1[é(s,a)ll a5y

_ Th(37 a) — Pth]_c+1(s, a)

18
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where the first inequality we again rely on the fact r;, (s, a) + P, V), (s, a) € [0, H — h+ 1] for any
k€ [K],h € [H] and any (s,a) € S x A. O

C.4 PROOF OF THEOREM [3.]]

We need the following lemma to bound the sum of martingale difference sequences that appears in
the regret decomposition (Lemma [F3).

Lemma C.2. Ir holds with probability at least 1 — § /2 that

K H K H
DSOS I MEL DD M, < 2¢/2H?Tlog(4/5)

k=1h=1 k=1h=1

where ./\/l’f_’h and Mé,h are defined in Lemma

Proof. Since MY, is adapted to Fy, ., and E[M}, | Fj,] = 0, M}, is a martingale
difference sequence bounded by \Dfﬂ < 2H. Hence, Azuma-Hoeffding inequality implies
S S MY, < \/2H?Tlog(4/6) with probability at least 1 — §/4. Similarly, M} , is
adapted to F§7h+1. Thus E[M’;h | fé“’h} = 0 and |[M¥| < 2H leads to Zle ZhH:1 M’;ﬁh <
\/2H?T log(4/§) with probability at least 1 — /4. Taking union bound completes the proof.  [J

Now we are ready to prove Theorem 3.1]

Proof of Theorem[3.]] By Lemma[F.3] we have

K
Regret(K) = Y V' (sh) — V™ (s)
k=1
K H
= B [(Qh(sn, ), (- | 5n) = k(- | sn)) | 51 = s
k=1h=1
K H K H
*—j{:ji:«k4§h-%jz:j£:~A4§h
k=1h=1 k=1h=1

Lemmawith a = Q(VKlog (|A])) gives

DD B QK (s )y mh(- [ sn) = mi(- | sn)) | s1= s§] < HVK.

k=1h=1

By Lemma|C.2} with probability at least 1 — §/2, we have

K H K H
SN IMEL YD M, < 2y/2HTlog(4/9).

k=1 h=1 k=1 h=1

On the other hand, Lemma [3.3|implies that, with probability at least 1 — §/2, we have

K H
DO (Ere[€h(snran) | 51 = st = & (sn, an))

k=1 h=1
K H K H

<0+ > 286k ab)|aryr < D0 D286k, )| axys
k=1 h=1 k=1 h=1
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where the last inequality holds due to Lemma and the fact that det((A¥)~1) < ndet((AF)~1).
Furthermore, it follows that

H H
>~ 28 [lo(sh ab) | gy 1 < 208
h=1 h

M=

K
VK Z H¢(s’fb,aﬁ)H(A£)_1
1 —

k=1

E
I

1

H
det(AX) K
< mBVE 2log AEh ) 9003 HVE [2d1og (14 —
< 2 hZ:l ogdet(A}l)_nﬂ \/d0g<+)\d>

where the first inequality uses the Cauchy-Schwartz inequality, the second inequality holds due to
Lemma [F9] and the last inequality holds due to Lemma [F11] Combining the results above and
taking a union bound, with probability at least 1 — §, we have

Regret(K) < HVEK + 2y/2H?T log (4/8) + 2775}1\/?\/ 2dlog (1 + iz)

_ nd2H2\/Tlog <1 . K> \/bg <dTlog(|A|))

log Ad dAlogn

1 dT log | A
e e et 5 = Cu 219 o 1.+ 45 o (258

D ANALYSIS FOR THEOREM [4.1]

In this section, we prove Theorem T} We begin by defining the following filtrations.

GFi=0 ({(Sz—ua;—w"";)}(r,h)e[k]x[H] Uélﬁ)
Gy =0 (651U ZE U {(sh 0k, ) bsem)
Ghp=0 (Gk—l UZFu {(s¥,a¥,r")}jen—y U sﬁ)

where o (A) is the o-algebra generated by A. For notational convenience, we use Ej, to denote the
conditional expectation with respect to G*, and we denote P(AB) := P(A N B) for events A, B.

D.1 PROOF OF LEMMA [4.2]

We formally restate Lemma@ which is established in|[Kong et al.| (202 1)):
Lemma D.1. For 3 specified in Theorem with probability at least 1 — 0/8, the following hold:

1. Forall (k,h) € [K| x [H], the number of distinct elements in ZK is bounded by
N, = Cqy - log(TN(F,\/§/64T3/5)) - dimg (F,1/T) - log® T.
Therefore, the number of policy switches in Algorithm|2| is bounded by H - N.

2. Forall (k,h) € [K] x [H), |ZF| < 64T3/5

3. Forall (k,h) € [K] x [H), it holds that

2
11 = fallzp

Gooo - < min{llfi = follzy  TOH + 1)} 1000011 = follz » V11 = fallzy > 1008

and min{|[fi = fol|5 , T(H +1)*} < 100008, V|| fi = fal z; < 1008
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We define sets and events required to prove Lemma [D.1] For each (k,h) € [K] x [H] and v €
[, 00), define

Bi(y) == {(f1.f2) € F x F: || fr = fallZy < ~/100}
Bi(v) i=A{(f1, f) € F x F : min{| 1 — f2|\22;; JT(H +1)%} <~}
By(v) = {(f1.f2) € Fx F | fy = ol 3 <1007}
Moreover, we define the following bonus functions with respect Z}’f.

Bi)= s A = hl)
”fl*f2||2z}k <B/100

Bh('7') = sup |f1('7')_f2("')‘
|\f1—f2||2zﬁ§100,3

For each (k, h) € [K] x [H], we consider a good event £F () that

—k
Bi(7) € Bj(7) € By (v)
and denote that
= [ €K (100™)
n=0

On the good event £F, we can show that ZA,’f is a good approximation of ZF, i.e., || fi — fall g5 is
h
close to || fi — fa|| z= up to some constant factor. Also, setting v = 3 directly implies
h

-k
on EF. The following lemma from Kong et al[(2021) formalizes the notion of good approximation.
Lemma D.2. Conditioned on EF, it holds that

1fr = falZs
~ooo0 < min{llf1 = follze . T(H + 1)} < 10000 | fy = follZg . VIIfs = ol Z > 1008

and

min{|| f — f2||23;f ,T(H +1)%} <100008, V|| fi — f2||zz;§ <1008

Proof. If ||f1 — ngZZ};f < 1008, then (f1, f2) € BF(100003). Conditioned on £F, we have
(f1, f2) € BF(100008), which means min{|| f; — f2||§},§ ,T(H + 1)} < 100008.

If ||f1 —f2||23’k > 1008, assume 100”8 < | f1 —f2||22’k < 100"*!8 for some n € N U

{0}. Then we have (fi,f2) ¢ B’Z(lOO"—l/B), and EF implies (f1, f2) ¢ Bj(100"7'5).
Hence mln{”fl — f2||22]1; ,T(H —+ 1)2} Z 100”*15 Z 10(1)00 ||f1 _ f2||22}11€ Slmllarly, we have
(fi.f2) € BJ(100"*283), and EF implies (fi,f2) € BF(100"*28). Thus it follows that
min{| f1 — f2||%;§ ,T(H +1)*} <100"T24 < 10000 || f1 — f2||2£,’,’j‘ N

The following lemma from |[Kong et al.|(2021) states that 5}: happens with high probability.
Lemma D.3.

H K
P(ﬂ ﬂe,’:) >1-6/32
h=1k=1

Now we present some lemmas required to prove Lemma|[D.3] The following lemma states that the
size of Z,’f is bounded with high probability. This is proved in[Kong et al.| (2021}).
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Lemma D.4. With probability at least 1 — § /64T, for all (k,h) € K] x [H], it holds that

|ZF| < 64T3/5

Proof. For a fixed pair (k, h) € [K] x [H], Markov’s inequality implies
P(125| > 64T°|2}|/8) < E[| Z}}]]/(64T°|2}}|/8) = 6/64T*
where we used the fact E[|ZF|] = |ZF| which is the result of the sampling procedure. Taking a

union bound completes the proof. O

The following lemma is a key step for proving Lemma and this is established in [Kong et al.
(2021).

Lemma D.5. For~y € [3,T(H + 1)?] and any fixed (k,h) € [K] x [H], it holds that

k—1
P ((ﬂ 5;) 5,’;(7)C> < §/321?
=1

Proof. We use Z,’f to denote the dataset without rounding, i.e., we replace every element Z with z in
zk. Denote C := Clog(TN (F,+/5/64T3)/5) where C is the parameter used in Algorithm

Consider a fixed pair (f1, f2) € C(F,/0/64T3) x C(F,+/d/64T3). For each i > 2, define

Z; = max{| fi = follZ; ,min{|lfi = fol

i, T(H +1)%})
and

(filzi") = f2(2;71)? 2z 'is added into Z} and Z; < 2000000

P_i—1
Zh . .
Yi:i=40 z;‘"b_l is not added into Z; and Z; < 2000000~y
fzY = fa(z7h)? Z; > 2000000

Note that Y; is adapted to G* and E,_1[Y;] = (f1(z ") — f2(2;"))%. In order to use Freedman’s
inequality (Lemma[F.T), we need to bound Y; and its variance.
Ifp, = Lorminf||fi = fo|2r , T(H +1)*} > 20000007, then Y; — B [Y;] = Var; 1[Y; -

E;_1[Y:]] = 0. Otherwise, from the definition of p.i-1, we have

1>C- sensitivityz;_17f(zfl_l) -log (TN(]-', \/6/64T3)/6) =C- sensitivity2;_17f(z};_1)

Note that we can pick sufficiently large absolute constant C, so that sensitivity zi—1 (z,il_l) <1,
h
which leads to

(fi(zp ") = falzi1))?
* o+ 1)2} +5

)

sensitivity si-1 (2} ') = min{ sup
h
5i—1 )

ffacF mm{Hﬁ A
(fr(z ) = Pz 1) .
2% T(H + 1)2} +5

= sup
fifaeF min{Hfl _ fz‘

—1?
h
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In the case of Y; = ——(f1(z, ') — fa(z,"1))?, it follow that

Vi —Eia[Vi]] < o ——(filz ) = falz )’

Zh

(fl( Y = falz,1))?

1
C Sel’lSlthltyZz (2

T(H+1)*} +8)

—1

()~ Dol mind | 72~ A
<

B Clhi(z ") = falz” ))
< (20000007 + 8)/C < 30000007 /C.

If Y; = 0, we have
Y —Ei1[Yi]| = (fl( Y = fazh)?
~(fi(z,7") = fa(=,71))? < 30000007/C

Zh

In the last inequality, we apply the same steps derived above. Combining the two cases, we get

|Y; — Ei_1[¥]] < 30000007/C.

For the variance, we have

Var; 1[Y; — E; 1 [Vi]] < Ei [V

2
— P <p 11 (fi(z ) = f2(ziizl))2> +(1=p.i-1)- 0

= — (A =~ fale )

< (e = ey 2000000

where the last inequality holds due to the inequality we derived above. Let k < k be the largest
integer satisfying Z; < 2000000~. We know Var;_[Y; — E;_[Y;]] = 0 for i > k. Therefore, we
obtain

k

k
ZVariflm —Ei1[Vi]] = ‘ZVari,l[Yi —E;1[Yi]]

k
3000000’}/
Z (Zh ))2
=2

3000000 .
< %VZ,; < (30000007)2/C

where the second last inequality uses the definition of Z;. Applying Freedman’s inequal-
ity(Lemma [F.)) to the sequence {Y; — E;_1[Y;]} , we have that

'

k

S (Vi —Eia[vi)

1=2

(7/100)%/2
>/ 100) < 2exp <_ (30000007)2/C' + (3000000~ /C)(~/100)/ 3>

< 2exp (—C log(TN(F, W)/a))

20000 - (30000002 4+ 10000)

< (§/64T2) /(N (F, \/8/6AT3))>
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for sufficiently large C. With a union bound over C(F, 1/0/64T3) x C(F, +/0/64T3), we know

that with probability at least 1 — §/64T2, for any (f1, fa) € C(F,/6/64T3) x C(F,+/5/64T3),
the corresponding {Y;} satisfies

k

SV - Eia[vi)

1=2

< /100

Now we condition on the above event (say &) and the event defined in Lemmal]El (say &) for the
rest of the proof. Since We know that P((€1€>)¢) < §/3272 and

k—1 k—1
P <<ﬂ 62) 8}6(7)0) <P ((ﬂ 52) ER()° | &&) P(618:) + P((£162)°),

The proof is complete if we show that

k—1
P<<ﬂ605ﬂwwa@)o

Therefore, we condition on the event ﬂf:_ll &}, then show that B (v) C Bf(y) C EZ (7) Ge. EF (7))
holds almost surely.

Part 1: (Bf(y) C BJ(y)) Consider any pair fi, f» € F with || f; — f2H22,’;“ < ~/100. From
the definition, we know that there exist (f1, fo) € C(F,/8/64T3) x C(F,/6/64T3) such that

Hfl _ le 7 f2 _ f2H < 4/8/64T3. Then we have that
~ A~ 2 P £
_ < — - - ’
A Y (F PR P Y N PR A1 Y

< (Il = foll zp + 24/12F|/5/64T3)?
< (If1 = foll z5 +21/6/64T)% < ~/50.
2 “ ~ 112
<|fi - <
et Hfl szZ;f < ~/100,

T(H + 1)2} < 2y < 10000~.

Consider the {Y;} corresponding to fl and fg. Since H fl - fg’

From the definition of 5;:71 we know that min{H fl — fg‘

Sk—1 bl
Zh

Then from the definition of {Y;}, we have

fi— f

9 k k
Lo =2 Y <) B[yl +9/100
h i=2 i=2

N ~ 112
fi— fQHZk +~/100 < 37/100
h

where the first inequality used the concentration we derived above. Further, we can bound
[f1 = fall 21 by

1= fallzg < (|2 - fo %

zk
Zh,

P Hfl _f1’2;; * Hfz_h’
Zk+2\/@«/5/64T3)2

< (Hfl - f2HZ,;: +2)% <~/25

where the second last inequality holds due to Lemma and the last inequality holds due to the
fact v > (3. Finally, || fi — f2| s~ can be bounded:
h

r < (Lf = follzx + \/12F1/16\/64T55)?

< (Ifr = follzx + 1/16)% <~

< (Hfl - fz’

If1 = f2l
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where the first inequality holds due to the rounding property of Z ,’f and the second inequality holds
due to Lemma Since it holds that any fi, fo € F with ||f; — f2||22}k < ~/100 satisfies

lf1 — f2||?«3;§ < 7, we have B (v) € BF(9).

Part 2: (Bi(y) C 32(7)) Consider any f1, fo € F with ||f1 _f2H2ZL“ > 100vy. From the
definition, we know that there exist (f1, fo) € C(F,+/0/64T3) x C(F,+/5/64T3) such that

Hﬁ - f1’ o fo— f2HOO < /8/64T3. Then we have that
[ = 2, < 5= lizg = |[fs = 1], = 2= 2] )7

< (L1 = foll s — 24/12F1/5/64T3)?
< (lfs = fallzx —2/6/64)?

507.

Now consider the {Y;} corresponding to f and fs.

IN

Case 1: (Hf1 — fg‘

" < 20000007) From the definition of {Y;}, it holds that
h

k k
Hf1 - fz’ P Y Yiz > Eiq[vi]—~/100
R =2 i=2
“ ~ 12
= £~ 22|, = /100> 499
Zl

F
where the first inequality holds due to the concentration we derived above. Then we have that

|# - 2| 2 (|14 - szz*;: — \J12}1/16 /64T /52
> (| fu = £, —1/16) > 407

where the second last inequality uses Lemma[D.4]

Case 2: (Hfl — fg‘ > 10000v) Since we conditioned on S;f_l, we have that

k
Zh,

il

100 40
e > 100y > 2aly

Case 3: (Hf1 —fg’ " > 2000000y and Hf1 —fg’ S
h h

(Fu(257) = fo(2F1))2 > 19900007. Since Hﬂ - fz‘

Hf 1= f 2’ .., < 1000000. Thus, from the definition of the sensitivity, sensitivity Zk—l(Z}]iil) =
Z," h

1 and z;j_l is added to ZF almost surely. Hence, we have

|1 = £, = R = B2 > 40y

< 10000vy) It is clear that

< 100007, 5,’:71 guarantees that

k—1
Zh

zk
Zh,

Combining the three cases, we conclude that H fl - fg‘

L > 40~y. Finally we bound || f1 — fo
Zh

1fr = fallze = (lfr = fall 2 — 2y |ZF|/5/64T3)
> (IIfr = f2||z; —2)? >4
where the second last inequality holds due to Lemma Since it holds that any f1, fo € F with
. —k
lf1 — f2||23if > 100 satisfies || f1 — f2||22;f > ~, we have B (v) € By,(7). O

2
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Proof of Lemma([D.3| For any fixed (k, h) € [K] x [H], we have
P(ELEE...EF 1) —P(ELEE...EF)
=P (& .. & H(ER)

=P (5}{52 ERt (ﬂ 5,’;(100“5)) )

n=0

—P (5,15,% &Y 55(100%)6)

n=0
<Y P (iR &8N (ER(10075))°)
n=0

= 3 P (ELED ... EF1(EF(100"8))°)

n>0,100" B<T(H+1)2

where the last inequality is due to the fact that £F(100™3) always holds for 100"3 > T'(H + 1)2.
Applying Lemma[D.3] it holds that

P(ELER .. .EF 1) —P(ELER ... EF) < (5/32T?) - (log(T(H + 1)?/B) +2) < 6/32T
for sufficiently large C; (the absolute constant of 3). Hence for all h € [H], we have

K K
P <ﬂ 5,’;) =1-) (PELER... & ") —P(EAER ... EF))
k=1

k=1
>1-—K-(6/32T) =1—-§/32H.
Taking a union bound for all A € [H] completes the proof. O

The following lemma bound the sum of online sensitivity scores with respect to ZF. This is proved
in|Kong et al.| (2021)).

Lemma D.6. For all h € [H], it holds that
K—1
Z sensitivityzﬁf(zl,i) < 13dimg (F,1/T)log(T(H + 1)*)log T
k=1

Proof. Since |Zf| =k —1<T,|f1 — f2||z’,j < T(H +1)?forall fi, fo € F. Thus we have that

By k\\2
sensitivity 5 »(2F) = min{d sup — (fl(zh)2 f2(2F)) 1
" fofer min{|[fy = falze , T(H +1)*} + 8

< min{ sup (fl(ZZ)_J;Q(Zi]i))ZJ .
f1,f2€F ||f1 — 'f2||Z;f +1

For each k € [K — 1], let f1, fa € F be an arbitrary pair of functions such that
(f1(z}) = fo(z1))?
L= FallZe +1
is maximized, and define L(z}) := (f1(2F) — fa(2F))? for such f1, f2. Note that 0 < L(zF) <
2
(H 4 1)2. Let 2} = (yLogTHADII=L 7o 720 pe a dyadic decomposition with respect to L(-),

a=

where for each 0 < o < |log(T(H + 1)?)] — 1, define
2% ={zy € ZI¥ 1 L(zf) € (H+1)*- 277" (H+1)*-27°]}

and
7%= {zf € ZF : L(z}) < (H + 1)? - 27 los(TH+DH) ]y
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For any zj; € Z*, sensitivity zp #(2) < (H +1)%- 2~ Uos(T(H+D*)] < 2/T and we have

> sensitivity 5y £ (=) <[2%]-2/T < 2.
zZEZ‘X’

Now we bound ZZ;,EZQ sensitivityz’f’}-(z,’j) for each 0 < o < |log(T(H + 1)?)] — 1 separately.
For each «, let '

Ng :=|Z%|/dimg (F, (H +1)*-27*71)

Nao+1

and decompose Z into N, + 1 disjoint subsets, Z« = ;2 Z7, using the following procedure:

Initialize Z7* = {} for all j and consider each z;lj € Z“ sequentially. For each z,’j € Z“, find the
smallest 1 < j < N, such that z’}f is (H + 1)2 . Q*Q’l-independent of ZJ‘?‘ with respect to F. If

there is no Z]‘-", we set j = N, + 1. We use j(z,lf) to denote such j, then add z’g into Z;’l(z’”')'
h

Following the procedure, zf]f is (H + 1)% - 272~ !.dependent of Z¢,. .., qu(zk)fr Recall that for
h
each 2zl € Z%, we selected f1, fo € F such that

(f1(2) = fa(z25))?
Ifr = fallZe +1

is maximized. Since 2} € Z%, we have (f1(2F) — fa(2F))? < (H + 1) - 27, Moreover, since 2}
is (H +1)% - 272 1-dependent of Z¢, ..., Z3 1y _y» itholds that
h

lf1 — fo]

zp 2 (H+ 1) 2771 1<t < ji(eg).
Therefore, the online sensitivity score can be bounded by

(Fu(zh) = folah))? _ (H+1)?-27°
Ifi = fallzg +1 = U= feliZy
(H+1)2.272 - 2
TSI T A - Rl G

<

sensitivity z F(zh) <

By the definition of online sensitivity score, we have sensitivity s #(2F) < 1. Thus we obtain

sensitivit (2F) < mi { 2 1} < 4
itivity z» r(27) <min{ ———,1p < ——.
ot Jzh) =1 J(25)

Moreover, by the definition of the eluder dimension, |ZJ°‘\ < dimg (}" J(H + 1)2 . 2’0‘*1) forl <
7 < N,. Therefore, it holds that

Z sensitivity zx f(z,lj)

zﬁEZ"’
< >0 1Ze1-4/i+ >, 4/Na
1<j< N, 2€Z%, 1

Adimp (F, (H 4+1)?-27271)

<ddimp (F,(H+1)%-27°71) (In(Ny) + 1) + | Za| - Z.]

< 12dimg (F, (H +1)* - 27 ") log T
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where the second inequality holds due to the fact that >, 1/ < Inn + 1. Finally, combining the
inequalities above and using the monotonicity of the eluder dimension, it follows that

K—1
Z sensitivity z . #(2F)
k=1
[log(T(H+1)%)] -1
< Z Z sensitivityzﬁjf(z’,fb) + Z sensitivityz§7f(zﬁ)
a=0 zkeze zhezeo
llog(T(H+1)%)] -1
< > 12dimp, (F, (H +1)*-27°7") log T + 2
a=0

< 12dimg (F,1/T)log T |log(T(H + 1)*)] + 2
< 13dimg (F,1/T)log T log(T(H + 1)?),

which completes the proof. O

Proof of Lemma Note that in Algorithm 3] the sampling probability is bounded by
p- < sensitivity ; z(z) - log(TN (F, \/0/64T3)/4).

On the other hand, we can bound sensitivityzlk f(z,’f) using Lemma Conditioned on

N, N, EF, we have that

e (f1(2h) = fo(2h))’
sens1t1v1tyg;f,f(zh) = min {ff}lléf min{ | f — f2|@,’;’ T(H +1)2) + 5,1
<minq sup (f12(2;’§) —fa(zh))” i1
fi.feF min{|| f1 — fQHZ;: /10000, T(H + 1)2} + 8

< 10000min{ sup (r(2h) = fo(=}))” N
fi.foeF min{||f1 — f2||3;’i JT(H+1)2}+ 83

= 10000 - sensitivity z. e

Therefore, it follows that
K-1 K-1
Z 1{&F} Pk S Z 1{&F} - sensitivityélkf(z’;) log(TN(F,/8/64T3)/6)
K-1

< Y sensitivity zx #(2) - og(TN (F, /6/64T7)/5)
<log(TN(F,+/6/64T3)/8)dimg (F,1/T)log> T
for sufficiently large 7. By adjusting the constant C,, in the statement of Lemma.2] we have that

K-1

ST U pas < Ny/3.
For2 <k < K,let X ,’f be a random variable defined as:

Xp— {1 2FVis added into 2
0 otherwise

Then X is adapted to G*. Simple calculation gives Ej,_1[X}] = P {ET Y and By [(XF —
Er_1[X}])?] = pr-1(l = prs) - 1{&F7'}. Since XJ — Ej_1[X[] is a martingale difference
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sequence satisfying

|XF —Ep1[XF) <1,
K K

> Epa [(XF - B [XF])? ]—Zp (L =pra) - 1{&F 1}<Zp w1 - 1{EF1Y < N, /3,
k=2 k=2
K

K
Y Eia[Xi]=pa =Y pa - H{ET} S Ny/3
k=2

k=2
By Freedman’s inequality(Lemma[F1] it holds that

K
P (Z Xk > Ng>
k=2

K
<P ( S(xE B[] > 2Ng/3>

k=2
(2N, /3)%/2 >

<2 —
= exp< Ny/3+2N,/9

ngxp( gcm log(TN (F,+/6/64T3/5)) - dimg (F,1/T) - log® T>
<6/32T

where the first inequality uses the triangle inequality. Taking a union bound for all h € [H], with
probability at least 1 — 6/32, it holds that

K
> Xf < Ny, Vhe [H].
k=2

Since we’ve conditioned on ﬂle ﬂf::l Ek, 2,1;2 X} is the number of distinct elements in Z/<.
According to Line 7 of Algorithm [2] the number of policy switches is less than or equal to

Z he1 |Zh |. Hence we conclude that the number of policy switches is at most H - N, times. This
proves the first part of the statement. Note that the third part of Lemma@]m proved bt Lemmal[D.2]
Taking a union bound with the event in Lemma|D.4] the second part is also proved. This completes
the proof. O

D.2 LEAST SQUARE VALUE ITERATION ERROR

Lemma D.7. Conditioned on the event in Lemmafor all (k,h) € [K] x [H], b¥(-,-) € W for
a function class VW such that

log [W| < Oy - 1og(TN (F,§/T?)/8) - dimg (F,1/T) -log> T -log (N'(S x A,5/T?) - T/s)

for some absolute constant Cyy and sufficiently large T.

Proof. Note that the bonus function b(+, -) is uniquely defined by the subsampled dataset Z. Con-
ditioned on the event in Lemmam \Z | < 6473 /6 and the number of dlstmct elements in Z is at
most N,. Since every element in Z belongs to C(S x A, 1/16+/64T3 /), it holds that

log [WV|
<N, - log (N(S x A, 1/16+/64T3/3) -64T3/5)
<log(TN(F,\/3/64T3/5)) - dimp (F,1/T) - log T - log (/\/ (S x A, 1/161/64T3/5) - 64T° /5)
Slog(TN(F,5/T?)/6) - dimp (F,1/T) -log® T - log (N(S x A, 6/T*)T/6)

where the first inequality holds due to the following counting scheme: Construct Z by making N,
choices, each of which determines what element z € N'(S x A,1/16,/6473/0) to add, and how
many copies(at most 64773 /) of z to add. O
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Lemma D.8. Define the class of Q-functions

Q = {min{f(-,")+w(, ), H}: feF, weW}
where W is defined in Lemma[D.7} the class of policies

exp (L3 aQi(-.-)) |
D=<n(-|) = N :Q; € Qfori € [HNy| p ,
DacA €XP (Zi:lg aQ; (-, a))

and the class of V-functions

V=A{V()=(Q()7(|)): Qe Q mell}.

Conditioned on the event in Lemma [D.1} the functions generated by Algorithm [2] belong to these
classes, i.e., for all (k,h) € [K] x [H], Q% (-,") € Q 7¥(- | -) € II, and V}¥(-) € V. Moreover, for
€ > 0, it holds that

log N'(Q,¢) <logN(Q,¢)
+ Ow log(TN (F,5/T?)/8) - dimg (F,1/T) -1og* T - log (N'(S x A,6/T?) - T/4)

and
log N (V,¢) <logN(Q,e/2) + HN,log N'(Q,&?/(16aN,H?))
Proof. Conditioned on the event in Lemma|D.1| Lemma implies Q% (-,-) € Q for all (k,h) €

[K] x [H]. Since the number of policy switches is bounded by H N,, it follows that 7¥(- | ) € II,
and clearly V}¥(-) € V.

Now we show that the covering number of these classes are bounded. For any ¢ = min{f(-,-) +
w(-,-),H} € Q, we can find f € F such that Hf— fH < e. Since §(-,-) = min{f(-,-) +
w(-,-), H} € Q and >
la(s,@) = (s, a)| = | min{f(s,a) +w(s,a), H} —min{f(s,a) + w(s,a), H}]
< |f(s;a) = f(s,a)| < e
forall (s,a) € S x A, we have that

log N'(Q,¢)
<log N (F,e) +log |W|
=log N (F,¢)
+ Ow log(TN(F,5/T?)/8) - dimp (F,1/T) - log® T - log (N'(S x A,5/T?) - T/3).
On the other hand, Lemma directly implies
log N (V,¢) <log N'(Q,e/2) + HN,log N (Q,?/(16aN,H?)).

Lemma D.9. Let C,’f be a confidence set defined as

ch={reF:|lr- sl <6100},
Then with probability at least 1 — 6 /4, for all (k, h) € [K| x [H],
() + PuViia () €CR
provided
B=c - H?(log(T/§) +1logN(V,1/T)) + log N'(F,1/T))

Sor some absolute constant ¢’ and the function class V defined in Lemma
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Proof. We condition on the event in Lemma[D.Tjand () j, ) x)x 2] Nvec(v,1/) Ev.6/6av,1/m)T)
where Ey s is defined in Lemma The events occur with probability at least 1 — §/4. For any
V €V, there exists V' € C(V,1/T) such that ||V — V|| < 1/T. Therefore, it holds that

Pl = () = PV ()|

I O R OO R AW CP Ty

< H+/1og(8N'(V,1/T)T/5) + log N(F,1/T)

< H+\/10g(T/8) +1og N(V,1/T) +log N (F,1/T)
where the second inequality holds due to Ev 5 /snr(v,1/7))T)- O

D.3 PROOF OF LEMMA [£.3]
Proof of LemmaH.3] 'We condition on the event in Lemma|[D.9] Since Lemma[D.9|condition on the
event in Lemma|D.1| the results in Lemmaalso hold. Define f(-,-) == ru(-,-) + PuViF, ().
Since | 7 — fEI7, < 8/100. ie. (f£7F) € BE(B). it follows that [(F£() — FE( )] <
supy, pegtg) [f1() = f2(0)] = bi(-,-). Since conditioned on &£F, we have |(fF(-,-) —
Therefore, for all (k, h) € [K] x [H] and for all (s,a) € S x A,
Ellj(sa a) = f_f]f(sv a’) - QZ(S’ a)

= f,’f(s, a) — min {f,’f(s, a) + bﬁ(s,a), H}

= max {f}lzc(sv Cl) - f}llc(sv a) - blfi(&a)a fT}ILC(Sa Cl) - H}

< max{0,0} =0
Similarly, it holds that

—&n(s,a) = Qp(s,a) = fii(s,a)
= min {f,’f(s,a) + bﬁ(s,a),H} — ﬂf(s,a)
< min {f}(s,a) + bk (s,a) — fy(s,a), H = fii(s,a)}
< min{2b5 (s,a), H} < 205 (s,a)

D.4 REGRET BOUND
The following two lemmas from [Wang et al.[(2020); Kong et al.[|(2021) bounds the sum of bonuses

by utilizing the property of the eluder dimension.
Lemma D.10. With probability at least 1 — §/8, for any £ > 0, for all h € [H], it holds that

K
> {thtshoal) > e < (1
k=1

2

+ 1) -dimg (F ).

Proof. We condition on the event defined in Lemma which happens with probability at least
1-4/8.

Let £, = {(sF,af) : bF(sF,ak) > e} with |£),| = Lj. Consider a fixed h € [H]. We show that
there exists (s¥,af) € Ly, such that (s§,aF) is e-dependent on at least Ny, = Ly, /dimg (F,e) — 1

disjoint subsequences in L. We decompose L}, into Ny, + 1 disjoint subsets L, = Ujvz’f” ! ,C?L using
the following procedure.
First, initialize Nj, + 1 sets £}, ... ,ﬁhN "1 to be empty sets. We consider 2F € L), sequentially.

For each 2} € L}, we find the smallest 1 < j < N, such that 2} is s-independent on Efl with

respect to F, and add 2 into E%. If such j does not exist, add 2} into LhN »*+1 By the definition of
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the eluder dimension, |£§1| < dimg (F,¢). Thus £7" ! is nonempty at the end of the procedure,

and each 2 € Ef:/’”'l is e-dependent on at least N}, = Lj,/dimg (F,e) — 1 disjoint subsequences
in Z;f NLy.

On the other hand, since (s¥,a¥) € Ly, there exist f1, f2 € BF () C E:(ﬁ) such that | f1 (sF, ak) —
fa(sk af)| > eand || f1 — f2]l z; < 1008. By the definition of e-independence, it holds that

(Lu/dimg (F,e) = 1)e? < || = foll zprg, < 1 = follzp < 1008

which implies

100
€

Lemma D.11. With probability at least 1 — §/8, it holds that

K H
DD bi(sy.af) < H+ H(H + 1)dimg (F,1/T) + /\/dimg (F,1/T) - TH - 8
k=1 h=1

for some absolute constant c'.

Proof. We condition on the event defined in Lemma|D.10} Fix h € [H], thenletb; > by > - -+ > bk
be a permutation of {bf’ (s}, af)}e(x]- For any by > 1/T", by Lemma|D.10] we have

t< (1226 +1) ~dimg (F,by) < (1?)25 +1> dimp (7, 1/1),
p t

which implies
t
< | —————= —1] -/10085.
b < (dimE (F,1/T) ) 005

Moreover, we have by < H + 1 by definition. Therefore, it holds that
K
> b (sh,ap)
k=1
DS D DR D DRt

be<1/T k<dimg (F,1/T) k>dimg (F,1/T)

1 ) t
k>dimg (F,1/T)

<1+ (H + D)dimg (F,1/T) + ¢/\/dimg (F,1/T) - K - 8

where the last inequality holds due to the fact that "7, 1/v/i < /n. Taking the summation over
h € [H] gives

b (s, af) < H+ H(H + 1)dimg (F,1/T) + ¢\/dimg (F,1/T) - TH - B

As done in the proof of Theorem|[I] we can bound the sum of martingale difference sequences.
Lemma D.12. For ¢ > 0, it holds with probability at least 1 — § /2 that

K H K H
DY MY D ME, < 2(/2H?Tlog(4/6)

k=1h=1 k=1h=1
k k ;
where MY, and M5 , are defined in Lemmal|F.3
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Proof. The proof is almost identical to the proof of Lemma except that F’f 5 and ]F’Q‘"' 5 are
replaced with G} ;, and G5 ,,. O

Now we are ready to prove Theorem

Proof of Theorem- We condition on the event defined in Lemma {2} Lemma [D.12] and
Lemma[D.T1] Using Lemmal[F:3] with probability at least 1 — 4, it holds that

Regret( K ZVl sh) ( )

K H
D En (@ (sny )i (- | s0) = 7 (- | sn) | 51 = s1]

1h=1
K K H
20 Mipt) > M
k= k=1h=1

1h
K
2

k=1h

K H

<o 'HK log| A +2\/2H?Tlog(4/0) + Y _ > 20} (s}, af)
k=1h=1

<a 'HKlog |A| +2/2H2T log(4/6)

+2(H + H(H + 1)dimg (F,1/T) + ¢/\/dimg (F,1/T) - TH - 8).

k

+
M=

Il
-

Mm

Ere[€f (snyan) | s1= s§] — & (s, an))

I
-

By Lemma[D-8] we have
log N(V,1/T) <log N (Q,1/2T) + HN,log N (Q,1/(16aN,T*H?)),
log NV(Q,1/2T) <log N (F,1/2T) + Cyy log(TN (F,5/T?)/6)
-dimp (F,1/T) -log” T - log (N'(S x A,§/T?) - T/$),
log N'(Q,1/(16aN,T?H?)) <log N(F,1/(16aN,T*H?)) 4+ Cyy log(TN (F,5/T?)/d)
-dimg (F,1/T) -log” T - log (N (S x A,§/T?) - T/9),
N, =Ci - log(TN (F,\/3/64T3/6)) - dimg (F,1/T) - log? T
<log(TN(F,86/T?%)/6) - dimg (F,1/T) - log> T
For sufficiently large T. Hence, it follows that Lemma[D.9]holds for /3 such that
B SH? (log(T/5) +log N(V,1/T) + log N'(F,1/T))
<H? -log(TN(F,5/T%)/6) - dimg (F,1/T) - log® T - [log N'(F, 1/(16aN,T*H?))
+log(TN(F,5/T?)/8) - dimp (F,1/T) - log”> T - log (N'(S x A,5/T?) - T/5)].
Setting a > Q(v/T log | Al), we have

Regret(K) <a 'HK log | A| + 2/2H2T log(4/6)
+2 (H + H(H + 1)dimg (F,1/T) + \/dimg (F, 1/T) - TH - 5)

SHVT + \/H?T1og(1/8) + 2v/2H2T log(4/d) + \/dimg (F,1/T) - TH - 3
<V HAT

where
v =log(TN(F,5/T?)/5) - dimg (F,1/T) - log® T - log N'(F,1/(16aN,T>*H?))
+log(TN(F,8/T?)/8) - dimp (F,1/T) - log> T - log (N'(S x A,6/T?) - T/4)]
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E SAMPLING-BASED OPORS

In this section, we present a sampling-based variant of OPORS mentioned in Section[4.2] The algo-
rithm implements O(log T') policy switching by maintaining the approximation of Gram matrices.

E.1 ALGORITHM AND REGRET BOUND

Algorithm 4 OPORS-v2

1: Input: Failure probability § € (0, 1), stepsize « > 0, confidence radius 3, regularization
parameter A > 0, sampling precision parameter ¢ € (0, 1), sampling probability parameter
c>0

2: Initialize: Set {7 (- | -)}4e(s) as uniform policy on A, A9, A) < I forVh € [H + 1],k =1

3: forepisode k =1,--- , K do

4: forsteph=1,...,H do

5: 18 min{(1+ e)p(sF 1 aF"HT(AF )~ 1gp(sh =1 k1) 1}
6: pY « min{clf, 1}
Ah—1 k—1 _k—1 . a
7. Set Ak /}Z + (st al)p(sp  ai =T /pk with pr.obablhty Dk
A otherwise
8: end for . A
9: ifk=1or3hc [H] A} # AF! then
10: forsteph=H,...,1do
k— i i i
11 D iy ‘/5(5;;6’ alh)(b(j?h’ %)T +AL _
12: wili — (A’Z)*l > ic1 O(sy,ap) [Th(szvaZ) + th+1(52+1)]
13: bligz(&a) <_5H¢(37a’)”([\;j)*1
14: Qﬁ(sv CL) — [¢(57 a’)TUA]ili + bZ(Sv a)][O,H7h+1]
15: Update the policy by 7} (a | s) oc 71 *(a | s) exp(aQ¥ (s, a))
16: ViE(s) « (QF (s, ), 7r(- | 8))
17: end for
18: k<« k
19: else
20: forsteph=1,...,H do
21: Q’,?L(s,a) +— Qﬁfl(s,a), W’ﬁ(a | s) « 71'571(0, | 5), V,f(s) — V}ffl(s)
22: end for
23: end if
24: forsteph=1,...,H do
25: Take an action a} ~ m)'(- | s) and observe sf |
26: end for
27: end for

Sampling. The sensitivity sampling procedure of Algorithm [3|is computationally expensive, as it
requires optimization on the function space F and rounding z into a finite cover of S x .A. However,
we can efficiently sample and compute the bonus function using the online spectral approximation

algorithm presented in (Cohen et al.| (2016)) (Lines 4-8 of Algorithm . Starting with A?L = A for

all h € [H], we maintain the approximate Gram matrices {A¥}. At the k-th episode, we compute
the online leverage score:

1f = min{(1+ e)p(si 1, aF " HT (A1) "Lo(sht af 1) 1},
based on this score, we sample gf)(sﬁ*l, a’f;l) with probability pﬁ = min{cl}’j, 1} If ¢(s§71, aﬁfl)

is sampled, update the approximate Gram matrix by A¥ = /A\]ffl + sk af)p(sft af )T /pk.

We will prove that with high probability, for all (k, h) € [K] x [H], [\Z is a good approximation of
A¥ in that

(1—e)AF < AF < (14 €)Af.
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Value Function Estimation and Policy Update. OPORS-v2 switches the policy only if {[\Z} he[H]
has changed. The value function estimation and policy update procedure (Lines 10-23) are almost
identical to that of OPORS (Algorithm [T, except that OPORS-v2 constructs the bonus function with

{A]}i}he[H]

We have the following regret upper bound for OPORS-v2.

Theorem E.1. Suppose Assumption 1 holds. There exists a constant C; > 0 such that, if we
set X\ = 1, ¢ = 4/€? - log(4dT/$), o = poly(T,1/8,log|Al,d) > Q( ), and B =
Cy - d32PH323,(1 + €) /e with X; = \/log2 (%) log (%{MI} then with probability at least
1 — &, the regret of Algorithm[)is upper bounded by

Regret(K) < O ( d2H2ﬁ> .

1
e(l1—e)
E.2 PROOF OF THEOREM [E.T]

This section proves Theorem [E.T] We define the following filtrations.
H' =0 <{(37};>a7};aT;z-)}(r,h)e[k]x[H] U A]ﬁ)
th —O'(Hk 1UAkU{( j’ j’ g)}]G[h)

) = o (H* UAEU{(s}, af 7)) }yepy Ush)

where o(A) is the o-algebra generated by A. We use E;, to denote the expectation conditioned on
H*.

The following lemma guarantees that A is a good approximation of A¥ 1> with high probability. Our
approach is inspired by |Cohen et al. (2016)

Lemma E.2. If we set ¢ = 4/¢% - 1og(4dT/6), then with probability at least 1 — §/4, for all
(k,h) € [K] x [H], it holds that

(1—e)Ak < Ak < (14 e)Ak

Proof. Consider a fixed pair (k, h) € [K] x [H], then define
w; = (AR)"V2¢(sh,a), i =1,k

We construct a matrix martingale Yo, ..., Y € R%*? with the difference sequence X, ..., X}.
SetY =0.Fori=1,...,kif |Y;_1], > €, we set X; = 0. Otherwise, let

X, (1/p} — Duul if ¢(s, a},) is sampled into A
’ —uul otherwise.
Note that in this case, we have
Y1 = (M) TVAAT = AT ()T

Since [|'Y;_1]|, < €, we have

L =min{(1 + €)é (s}, ap,) " (A ) " é(sh, aj,), 1}
>min{(1 + €)@(sh, ah)T (At + eAF) 1 p(sh, al)), 1}
>min{(1 + €)¢(s},, a,) " (1 + €)AF) " (s}, af,), 1}
=@ (s}, ap,) " (AR) o (sh, ap)

:'LL,;-T’LLZ'
where the first inequality holds due to the condition [[Yi—1|, =
H(Afl)’l/z(ﬁz_l fAZ_l)(Aﬁ)’l/zH < € Thus, we further have pi, = min{cl},1}

2

v
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min{cu! u;, 1}. If p; = 1, then X; = 0. Otherwise, we have 1 > pi > min{cul u;,1} = cul u;.
Hence, it follows that

1Xilly < max{(1/pj, = 1) [Juivg [|, , [[us |[,}
<max{(1/culu; — 1) - Hum?”z e /e <1/c

and
Ei1[X7) =p), - (1/ph — 1) (wgul )* + (1= pj,) - (wiwf )°
=(uiui )*/ph =< (uin])?/c.
For the predictable quadratic variation process W; := 3" _ B, 1[X2] of the martingale {Y}, we
have

g

> (uauf)?/e

=1

Wil < <1/e.

2

Therefore, by Lemma[F.2] it follows that
P(Yklly > €) <P (Ei[[Yill, > €)
=P (3i[[Yill, > e and [[Wif|, < 1/c)
2
()
<d-exp (—ce*/4) = 6/4T,
if we set ¢ = 4 /€2 - log(4dT'/§). This implies that with probability at least 1 — 6 /4T, it holds that
1Yl = [|(Af) /2R (AR 2 1] <,
and therefore
(1—eA; <A < (1+Af.
Taking a union bound for all (k, h) € [K] x [H], we get the desired result. O

Now we bound the number of policy switches. We use the technique presented in (Cohen et al.
(2016).

Lemma E.3. Conditioned on the event defined in Lemma with probability at least 1 — 0 /4, the
number of policy switches of Algorithm|is bounded by

N, = Cyy - dH -log(1 + K /) log(dT/)\)) /€

for some absolute constant Clu-

Proof. For any fixed h € [H], define
oF = logdet(AF) — log det(AF~1).

Since we know that det(A + zz”) = det(A)(1 + ” A=) for any vector x and any invertible
matrix A, it holds that

Ei—1lexp(l,/8 = 03]
=ph - eW/3 (1 + (s}, al) T (AL " (st ah) /ph) T+ (1= pfy) - eln/B
<ph - (L+ 1, /4)(1+ ¢(sh, ap)T (A1) " d(shaf,) /ph) " + (1= ph) - (1+1,/4).
where the inequality holds due to the fact that e* < 1+ 2z for z € [0,1]. If ¢l} < 1, we have
ph = cli and I, = (1+ €)o(sh, al) T (ML) "1 p(si, al,). Thus, it holds that
Ei_1[exp(ll /8 — 80)] <cli - (1415 /) (1 +1/(1+€)e) 4+ (1 —cli) - (1 + 1} /4)
=1+ /4)(cdi(1+1/(1+e)e) P +1—clb)
<A+L/4)A4ci(1—1/4c—1)) <1
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where the second inequality holds due to the fact that (1 + z)~! < 1 — /2 for z € [0,1] with
0 < 1/(1 + €)c < 1. Otherwise, we have p; = 1 and

Ei1[exp(l},/8 = 6},)] <(1+1,/4)(1 + (s}, ap) " (A1) " (st af,) /pi,) ™!
<A+ /00+0)"t<1

On the other hand, for & > 1, we have
koo } k=1 .
E [exp (Z li,/8 - 62)1 =E |exp (Z li,/8 - 62) Ey._1[exp(if /8 — 62)1]
i=1 i=1
k=1 .
<E |exp (Z Il /8 — 5;)] .
i=1
Proceeding recursively, we further have

k
lexp (Z 1j,/8 — 62)] <1
i=1
Hence, Markov’s inequality implies

K K
P (Zl,’z > 8d+825,’§> <e”
k=1 k=1
Since we conditioned on the event defined in Lemmal[E.2] we have

A < (1 +e)Ak

U

which implies
log det(Af) < dlog ((1+ ) [|AF ;) < d(1+ 210g[|AF|,).

Hence, it holds that

Z IF <8d+8 Z 6% =8d + 8(log det(AK) — dlog \)
k=1

<16d + 8dlog (|| AL 2 /N)
<16d + 8dlog(1 + K/\).

For any (k, h) € [K]| x [H], define an event

Ef ={1—eAf A} < (1+e)AF}.
and
gk 1{EFY if ¢(si,al) is sampled into A
h 0 otherwise.

By Lemmal[E:2] we have

SzE <> ph <> dfi < 03 (14 K/\)log(dT/\))/e? = N;/3H
k=1 k=1

k=1

for sufficiently large Cl,,. Note that Z) is adapted to H¥ and |Z| < 1. Moreover, we have
Er—1 [le'f] = p;Cn
Ex-1((Z); — Exa[Z3])*) = pi(1 = ph).-
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Using Freedman’s inequality(Lemma[F.T), we obtain

K X N
P (ZZf]f > NZ/H> <P < ZZE - ZEk—ﬂZ,’f] > QNZ/?)H)
k=1 £ 2
<2exp (_ _ (2N;/3H)? /2 )
Ni/3H + 2N3/9H
-2 _ (Cawdlog(1 + K/X) log(dT/)))/9¢>
—eXp 1/3+2/9
<§/AH

Taking a union bound for all h € [H], with probability at least 1 — §/4,for all h € [H], we have

K ~
Z Zy < Ni/H.
k=1

Thus it holds that

K H
SN zp <N,
h=1

k=1

Conditioned on ﬂszl th:1 £ }’f, i.e. the event defined in Lemma the number of policy switches
of AlgorithmEis less than or equal to Zszl Zthl ZF. This completes the proof. O

The following lemma bound the error due to the least square value iteration.
Lemma E.4. With probability at least 1 — §/2, for all k € [K],h € [H],(s,a) € S X A, it holds
that

B
1+e€

|6(s, @) — rn(s,a) = PaViia(s,a0)| < 165, @)l ary-1

where 3 is defined by 3 = Cyd®/2H3/25,(1+¢€) /e with X; = \/log2 (%) log (%gew)forsome

constant C’l.

Proof. By Lemma we can find wy’ such that ¢(s,a)"wy = ru(s,a) + P,ViF (s, a) for all
(s,a) € S x A. Therefore, we have

o(s, CL)TUA}’; —rp(s,a) — PhV,fH(s, a)
k—

=¢(s,a)T(AR) ' Y d(sh ai)lrn(shy i) + Viisa (shi)] — é(s,a)Twy;

Il
—

> s
—_

=¢(s,a)" (AT ) d(sh, ap)[ra(sh, a) + Viya (shy1)]

.
—

k—1
= s a8 (S sh a6, ai Tk +sz)
1

%

N
[u

=¢(s,a)T (AT D d(sh,an) [Viia (shar) — PuVirpa(shy ai)] — Ad(s, a) T (AR) 1wy
1

-
Il

where the second last equality uses the definition of Afl.

Now we condition on the event defined in Lemma Since Lemma [EJ] states that the number
of policy switches is bounded by N; = Cy,,dH log(1 + K/\)log(dT/)\))/€?, Using Lemma
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with M = N;, Lemma and Lemma we can bound the covering number of the class of
V-functions:

log N(V,¢e) <logN(Q,e/2) + log N(Il,/2H)
<logN(Q,¢/2) + N; - 1log N'(Q,¢/(16aM H?))
< [d log(1 + 16 H/dK/\/¢) + d? log(1 + 32v/d B> /(/\52))}

+ N [d log(1 + 128a M H3\/dK /X /<) + d? log(1 + 2048a>V/dB> M2 H* /()\52))}

d*H K dr apdT
<7 -
10g< A)log()\)log(lJr )\52>

Applying this bound to Lemma with e = 22 and a = poly (T, 1/4,log | A|, d), it holds with
probability at least 1 — §/4 that

N

—1
[6(s,a)"(AR)T' Y d(sh,ah) [Vara(shia) = PuVisa (shoap)] |

i=1

k—
Z (sh»aj,) Vh+1(52+1) - Pthk+1(52a a%)]

H<15(5,a)||(/\§;)71

(Af)-
d3/2H3/? o (dT BdHK log | A|
< 6\/10g ()\) log (5)\6) ||¢(5,a)||(/\’;;)71 :

On the other hand, by the Cauchy-Schwarz inequality and Lemma[F4] it holds that
A5, a)T(AR) " wh] < M[wh| o)1 605, 0)lag)— < 2HVA | (5,0) | ()

where we used the fact that (A¥)~! < %I . Combining the results above, it follows that

|6(s, @) wp; — (s, a) — PaVia (s, a)l
k—1
< g5, @) (AR) 1D dshy ah) Vi (shar) — PaVila (shoai)] [+ Ao (s, )T (AF) " ]

i=1

d3/23/2 dT BdHK log |A

where ¢’ is some absolute constant. Now the proof is complete if the following inequality holds:

c -

d3/2f3/2 dT (Cod3/2H325, (1 + €) /) dH K Tog(|A])

T\ ( A >log< dAe ”QS(Saa)”(Aﬁ)ﬂ
< B
T 1+

Since ¢ is independent of C;, we can find an absolute constant C; satisfying this inequality. This
completes the proof. O

Lemma E.5. With probability at least 1 — §/2, for all k € [K],h € [H],(s,a) € S X A, it holds
that

=Cid*2H**31 /e

~28116(s, )| 451 < EX(s.0) <O

where k is the largest index k' < k on which the policy is switched.
Proof. By LemmalE.4] with probability at least 1 — 6/2, for all k € [K], h € [H], we have

. B
|6(s,a) @), — (s, a) PuViyi (s, a)] < Tre [6(s; a)llaky-1 -
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Note that Lemma[E.4]implies the results of Lemma[E.2]and LemmalE.3] Therefore, for any (s, a) €
S x A, it holds that

f,’f(s,a) :rh(s’a) +thhk+1(37a) Q
=rp(s,a) + PthkH(s, a)—Q
:Th(saa’) +thhk+1 S,CL ¢(Saa Alﬁ"‘ﬁ“(i)(s?a)n([\ﬁ)*l

5.0) + PV (5,0) — 0(s,0) "0 — 8 6(s,0)l| i) o

105, )l agy-1 — B11905,0) s+

B p o
T+ e [ ¢ (s, a)ll(az)-+ =0

} (0,H—ht1]
<rp

<

<

H(b(sva)”(/&ﬁ)—l

where the first equality uses the definition of k, the first inequality uses the fact that 7 (s, a) +
PyV¥ \(s,a) € [0, H — h + 1], and the second last inequality holds due to Lemma The other
direction can be shown similarly:

_fl}j(sva) = Qﬁ(s’a) - rh<sva) - Ptherl(S?a)
= Qfl(s,a) —rp(s,a) — PthH(s, a)
= [6(s. 0"} + Bllots @l agy ]
< (s, )T} + B 19(s, a)”(m,l —ra(s5,0) = PV (s, )
< Bllg(s, a)ll agy-1 + 77— llols: @)l ap)-s
< Bllo(s, a)llzg)- +5 H¢( s @)l apy-1 = 281605, a)ll 45)—

—rp(s,a) — PthE+1(37 a)

Lemma E.6. With probability at least 1 — §/2 it holds that

K H K H
DD Min+ YD Mb, < 2/2HTlog(4/5)

k=1h=1 k=1h=1

where ./\/l]f’h and M’;}h are defined in Lemma

Proof. The proof is almost identical to the proof of Lemma except that F’f , and F’; , are
replaced with H’f’ ;, and H’g’ e O

Combining these lemmas, we prove Theorem

Proof of Theorem|E_1] By Lemmal|F.3] we have

K

k
Regret(K) = V7 (sh) = V7 (s%)
1

=~
Il

Ers [(Qh(sns )y (- | sn) = m (- | sn)) | 51 = sf]

o
M=

kilf};: K H
+Z MIf,h"‘ZZMI;,h
k=1h=1

+
M
=g

(Er- €5 (shyan) | 1= sY] — & (sn, an)).

b
Il
-
>
Il
-
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Lemma[3.4with o > Q(v/K log (|A])) gives

S S B [(Qh (o i | ) — k(- s0)) | = ) < HVE,

k=1h=1
By Lemma E.6] with probability at least 1 — 6/2, we have

K H K H
SN IMEL YD M, < 2y/2HTlog(4/9).

k=1 h=1 k=1 h=1

On the other hand, Lemmaimplies that, with probability at least 1 — §/2, we have

K H
ZZ( W*[fh(shyah)|31—sl] fh(Shvah))
k=1h=1
K H K H
kz::z:: BH¢(827QZ)H([\E) ;}; /8H¢(S§7GZ)H([\;3)71
K H

h @, ||(A’€

ES
H
H

where the equallty holds due to the definition of A’f, and the last inequality holds due to Lemma
Further, it follows that

K
ZZ H¢Sm i)l ay 1_1_€Z\f Z\!éshvah )
k=1 h=1
28 ul det(AK) 28 K
< 1_6\/Eh221 2log dei(Al) < l_eHJE 2d log 1+M)

where the first inequality uses the Cauchy-Schwartz inequality, the second inequality holds due to
Lemma [F.9] and the last inequality holds due to Lemma [F.TT] Combining the inequalities above,
with probability at least 1 — d, we have

Regret(K) <HVK +2 H2Tlog(4/5)+1H\ﬁ\/2dlog 1+§il>

?H?*T dT dT log(|A])
< T S il P SAS hflhe V4
~e(l—e) log ( A > log ( dAe )

since we set 3 = C’ld3/2H3/2\/log (45) log (M)(l +¢€)/e.

F SUPPORTING LEMMAS

Lemma F.1 (Freedman’s inequality, Freedman| (1975)). Let {Y} }ren be a real-valued martingale
with difference sequence { Xy }ren. Assume that the difference sequence is uniformly bounded:

| Xk| < R almost surely for Vk € N
For a fixed n € N, assume that

n
> Ex[X7] <0
k=1

for some o > 0 almost surely. Then for all t > 0, it holds that

t2/2
I[D(|Yn - YE)‘ > t) < 2exp —m
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Lemma F.2 (Matrix Freedman’s inequality, Tropp| (2011)). Consider a matrix martingale
{Y&}renugoy whose values are self-adjoint matrices with dimension d, and let {Xy}ren be the
difference sequence. Assume that the difference sequence is uniformly bounded in the sense that

Xkl < R almost surely fork =1,...,n
Define the predictable quadratic variation process of the martingale:

Wi —ZEJ 1[XF], fork =1,.

Then, for all € > 0 and o> > 0,

t2/2
P (3k >0 [[Yi, > tand [[Wyll, < o) < d-exp (_02+Rt/3>

Lemma F.3 (Lemma 4.2 in|Cai et al.| (2020)). It holds that

Regret(K Z Vi (sh) (s’f)

e
,_.

H
> B [(QF (s )y i | s0) — (- 51)) | 51 = 8]

1h=1

%N

=
I

Policy optimization error

K H
+) Y M, +ZZM2h+ZZ <[ (snran) | 51 = 1) = & (sn, an))

k=1h=1 k=1h=1 k=1h=1

Sum of martingale difference sequences Statistical error

where

Mg = PVt = Vial(sh af) = Vi = Vil(sh),

MQ p = Q) — Qh J(sh ), mh(- | 53)) — [@h — @ ](shaah)

Eh(y) = rn( ) + PaVifa () = QR ).
Lemma F4. Forany (k,h) € [K| x [H], there exists wf € R? such that ¢(s,a)Twk = ry,(s,a) +
PyV¥ (s, a) forall (s, a) < HV/d.

Proof. The proof is almost identical to that of Lemma B.1 in[Jin et al| (2020). By Assumption[I} we
know

h(s20) + PuViE (5:0) = 95,0700+ [ V1 (51006, 0) dyn(5) = s.0)” (eh - Vhﬂl(s)duh(s))

which implies w = 6 + [5V/¥,,(s)dun(s). The boundedness assumption gives |jwf ||, =
10n + [ Viy (s)dpn(s H2 < 10nlly + | 5 Vi ( )d“h(s)Hz <Vd+HVd<2HVd O

Lemma F.5 (Lemma D.I in Jin et al.| (2020)). Let Ay = A\ + 22:1 qﬁi(biT where ¢; € R¢ and
A > 0. Then we have ' ¢T (Ay) " s < d.

Lemma F.6. Forany (k,h) € [K| x [H], the estimator W} in AlgorlthmIandAlgorlthmlsansﬁes
< 2H./dk/X

Proof. The proof is almost identical to that of Lemma B.2 in Jin et al.| (2020). For any vector
x € R4, we have

k—1
| =2" (AF) 7! Z¢ $hy a3 [rn (), ah) + Vi (shy)]l
i=1

<> e (AF) T o(sh, )| - 2H < 2H

<2H |lz], /dk] X

k—1 k—1
zmm—lx] - [z (st al )T (AE) 165}, o
=1 =1
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where the last inequality holds due to Lemma|[F.3] Since x is arbitrary, the proof is complete. O

Lemma F.7 (Lemma D.4 in Jin et al. (2020)). Let {z:}:2; € S and {¢:}3°, € R? be stochastic

processes adapted to filtration {F;}32, and ||¢ell, < 1 for all t. Let Ay = X + Zf:l bt
Then for 0 < § < 1, with probability at least 1 — 6, for all k > 1, and for any V' € V satisfying
sup,, |V (z)| < H, it holds that

d k N(V,e)] = 8k%e?
< 2z - )
4H [2log (1+)\>+log 5 } +

where N(V,€) is the e-covering number of V with respect to the distance dist(V,V') =
V=V

Lemma F.8 (Lemma D.6 in|Jin et al.|(2020)). Define a function class

E 2
Y ¢V (@) —E[V(zen) | Fil}

-1
Ay

0- {Qc, )= [0+ 805,072 0(5,0) Nl < LB € [0, B, Ain(2) = A}

[0,H—h+1]

where \pin(A) is the minimum eigenvalue of A. Assuming ||¢(s,a)|ly < 1 for all (s,a), the
g-covering number N'(Q, €) of the function class Q with respect to the distance dist(Q, Q") =

1@~ Q'lL. sarisfies
log NV'(Q,¢) < dlog(1 + 4L/e) + d?log(1 + 8VdB?/(\e?)).

Lemma F.9 (Lemma 11 in|Abbasi- Yadkori et al.| (2011)). Let {X;}22, be a sequence in R, and let
Vad x d positive definite matrix and define V, = V + S0 _| X XT. Assuming || X;||, < 1 for all
t, then
det (V;,) - 2 det (V;,)
log——+% < Xi|lo-1 £2log ——~
% det (V) = ; 1Xelly, 2y = 2los 300

Lemma F.10 (Lemma 12 in|Abbasi-Yadkori et al.[(2011)). Suppose A, B € R¥*4 are two positive
definite matrices such that A = B. Then for any x € R%, ||z 4, < ||z 5 - v/det(A)/ det(B)

Lemma F.11 (Lemma C.1 in|Wang et al{(2021)). Let A = )\I—&—Zle drdL with ||k, < 1, Vk €
[K]. Then det (A) < (A + K/d)".
Lemma F.12 (Covering number, [Zhong & Zhang| (2023)). Define a policy class
exp (S, aQi(-,-))
M=) = . Qe
DacA €XP <Ei:1 aQ;( a))

where Q is the class of Q-functions. Based on the policy class, define a class of V-functions

V=A{V()=(Q(:),7n(-]): Qe Qmell}.

Then it holds that

where the covering number of TI is with respect to the distance dist(wm, ') =
sup, ||7(- | s) — @'(- | s)||;. Furthermore, we can bound the covering number of II by

N(,e/(2H)) < (N(Q,€2/(16aMH?)))™

Proof. Given any V() = (Q(-,-),7(- | -)) € V, there exist (Q', ") € C(Q,e/2) x C(Il,e/2H)
such that

1Q - Qo < /2, SIGIBHW(' |s) =7'(- [ s)lly <&/(2H).
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Hence, for V'(-) = (Q(-,-), n(- | )), we have
V=Vl —Sup|<Q(S,) ([ 8) = (Q'(s,), 7' (- | 9))]
(

< sup|<Q $,) = Q'(s,),m(- | 9))] +§lelg|<Q'(8,')77T(' [s) = (-] )

s€S
<sup [|Q(s, ) = Q'(s, )l +sup H (- | 5) = 7'(- | s)ly
s€S seS
<e¢/2+H-¢/(2H)=¢

where the first inequality holds due to the triangle inequality and sup,, f(z) + g(z) < sup,, f(x) +
sup,, g(x), the second inequality uses Holder’s inequality with the fact that ||Q(s, -)||,, < H for all
s € §. Therefore, C(Q,e/2) x C(Il,e/2H) is a e-covering net of V, which implies

NV, e) <N(Q,e/2) - N(Il,e/2H).
Now we bound the covering number of II. For any 7 € II, 7 takes the form
exp (1, 0Qi(-,-))
Saeacxp (S aQi(a)

where Q; € Q fori € [M]. We can find Q'; € C(Q,e?/(16aM H?)) such that ||Q; — Q'; ]|, <
€2/(16aM H?) for i € [M], and define

(-] =

exp (1, aQ'i( )
2 aeA XD (Z?; aQ’; (-, a)) '

On the other hand, for any probability distributions 7, 7’ such that 7(-) o< exp(Q(-)) and 7'(+)
exp(Q’(+)) for some Q, Q' : A — R, we have

(] =

I =l < Ve () = 23 wla) o 21
acA

— X a) — O (a Za’eAeXp(Q/(a/))
= 2;4 a)log [e p(Q(a) — Q'(a)) Za’eAeXp (Q(a’))}

og |ex XP(”Q*Q/Hoo)Za'eAeXp(Q(al))
< 2; lg[ p([1Q - Q') > wea b (Qa)) }
= Y @210 @l =2/ - Q.

acA

where the first inequality holds due to Pinsker’s inequality, and the second inequality holds due to
the fact that

Lwea®P(@(d)) _ Yweaexp (@(d) — Qa))) exp (Qa)) _ exp(|Q — @'lloe) e exp (Q(a)

Za’GA exp (Q(a/)) B Za’EA €Xp (Q(a/)) - Za’EA €xXp (Q(a/))

Combining the results, we have

M
- Z a@'(s, )
i=1

bupll?f( | s)—7'(- | )ll; <sup2
seS seS

o0

seS

M
<sup2y|ad 1Qils,) = Qs )l
i=1

M
<sup2 a252/(16aMH2)§5/(2H).
s€ES i—1
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where the first inequality holds due to the inequality we derived above. Hence, we can construct a
C(IL,e/2H) from [[2, C(Q,2/(16aM H?)), which implies

N(ILe/(2H)) < (NM(Q,¢2/(16aMH?)))™ .
O

Lemma F.13 (Lemma 7 in [Kong et al.| (2021)). Consider a fixed pair (k,h) € [K] x [H]. Define

25 = {(sh, k) }re-1,
and for any V- — [0, H|, define

DE(V) = {(sf,, af, 77, + V(shi1)) brek—1]

and

fu += argmin | fI|7

fer '

For any V. — [0,H] and 6 € (0,1), there is an event Ey,s which holds with probability at least
1 — 4, such that conditioned on Ev.s, for any V' — [0, H] with |V' — V||, < 1/T, we have

Fol) =) = D0 Pals' |-V (s)

s'eS

< - Hv/log(1/8) + log N'(F,1/T)

k
Zh

for some absolute constant .

G EXPERIMENT DETAILS

0.4

Figure 4: The “DeepSea” environment with n X n states
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Figure [3| shows a diagram of the RiverSwim environment. |S| = n states are lined up in a chain,
and the agent starts from the leftmost state s;. In each state, the agent can swim to the left or to the
right. If the agent swims to the left, along the current, it deterministically moves to the left (dotted
arrows). However, swimming to the right causes stochastic transitions, as the agent swims against
the current (solid arrows). If the agent swims to the left at sq, it receives a small reward of 0.05. To
maximize return, the agent should reach the rightmost state s,, and then swim to the right, where it
receives a large reward of 1.

The DeepSea environment in Figrue 4| is an n x n grid of states. The agent starts in the top left
corner 511, and in each state, the agent can choose to just move down or move down and right.
Moving down and right gives a reward of —0.01/n, and moving down gives zero reward. The
episode terminates after n steps, and if the agent reaches the bottom right corner s, ,,, it receives a
large reward of +1. Our implementation is slightly different from Osband et al.[(2019), in that the
’moving down’ action leads to just moving down instead of moving down and left.

It is easy to verify that our theoretical guarantees are valid if the stepsize at episode £ (say o) is a
random variable. Hence, we set o, = o - (k— k) for the experiments, where k is the largest episode
index k& < k on which the policy is switched. To tune the hyperparameters of OPORS, we sweep over
ap and 3, while fixing = 2. For LSVI-UCB, we sweep over the confidence radius 8. We sweep
over the noise level o for LSVI-PHE while setting the number of sampling M as suggested in|Ishfaq
et al.|(2021). For OPPO+, we sweep over the stepsize « and the confidence radius 3, while fixing the
batch size B as suggested in|Zhong & Zhang|(2023)).
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