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Abstract

We study the performance of policy gradient meth-
ods for the subclass of Markov games known as
Markov potential games (MPGs), which extends
the notion of normal-form potential games to the
stateful setting and includes the important special
case of the fully cooperative setting where the
agents share an identical reward function. Our fo-
cus in this paper is to study the convergence of the
policy gradient method for solving MPGs under
softmax policy parameterization, both tabular and
parameterized with general function approxima-
tors such as neural networks. We first show the
asymptotic convergence of this method to a Nash
equilibrium of MPGs for tabular softmax policies.
Second, we derive the finite-time performance
of the policy gradient in two settings: 1) using
the log-barrier regularization, and 2) using the
natural policy gradient under the best-response
dynamics (NPG-BR). Finally, extending the no-
tion of price of anarchy (POA) and smoothness
in normal-form games, we introduce the POA for
MPGs and provide a POA bound for NPG-BR.
To our knowledge, this is the first POA bound for
solving MPGs. To support our theoretical results,
we empirically compare the convergence rates
and POA of exact and sample-based policy gradi-
ent variants for both tabular and neural softmax
policies.

1. Introduction

The framework of multi-agent sequential decision making
is often formulated as (variants of) Markov games (MGs)
(Shapley, 1953), which finds a wide range of real-world
applications such as coordination of multi-robot systems
(Corke et al., 2005), traffic control (Chu et al., 2019), power
grid management (Callaway & Hiskens, 2010), etc. Perhaps
the most well-known solution concept for MGs is the Nash
policy, which is also known as the Nash equilibrium in the
special case of stateless Markov games (i.e., normal-form
games). In a Nash policy, every agent selects its actions
independently of any other agent given the state and plays

a best response to all other agents. In the special case of
single-agent Markov games, aka Markov decision processes
(MDPs), Nash policies reduce to the agent’s optimal poli-
cies. Most existing algorithms seeking to find Nash policies
are value-based (i.e., computing only value functions re-
lated to the MG), with examples including Nash Q-learning
(Hu & Wellman, 2003), Hyper-Q Learning (Tesauro, 2003),
and Nash-VI for the special case of zero-sum MGs (Zhang
et al., 2020). Policy-based algorithms, including multi-agent
actor-critic algorithms, have recently gained attention with
impressive empirical success (Lowe et al., 2017; Foerster
et al., 2017) as well as provable guarantees (Zhang et al.,
2018; Leonardos et al., 2021; Zhang et al., 2021).

This paper focuses on the MG subclass of Markov potential
games (MPGs) (Macua et al., 2018; Leonardos et al., 2021;
Zhang et al., 2021), which is extended from the notion of
(normal-form) potential game and also incorporates as a
special case the fully cooperative MGs where all agents
share the same reward to optimize. The MPG structure al-
lows for exploiting recent advances in single-agent policy
gradient methods (e.g., (Agarwal et al., 2019)) to establish
the convergence of policy gradient to (near-)Nash policies
in MPGs. Specifically, existing work has established finite-
time convergence guarantees under the direct policy param-
eterization. In this paper, we are interested in the alternative
softmax policy parameterization, both tabularly and with
neural networks for learnable state representations. For tabu-
lar softmax, we establish several convergence guarantees to
(near-)Nash policies in MPGs in Section 3, extending their
counterpart from the single-agent setting (Agarwal et al.,
2019). We then empirically compare tabular softmax with
neural network-based softmax parameterization in terms of
their convergence rates.

MPGs can model many problems where outcomes of high
social welfare, measured by the sum of all agents’ values,
are most desirable. In these scenarios, the solution concept
of the Nash policy is inadequate. The price of anarchy
(POA) of a policy, firstly studied in normal-form games
(Roughgarden, 2015), is accordingly defined as the ratio
between the sum of all agents’ value under this policy and
the maximum-possible value sum. In this sense, the POA
further measures the quality of a Nash policy. In Section
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4, we extend the notion of POA to the stateful MGs and
provide first POA bounds for near-Nash policies in MGs
and for an approximate best-response dynamics in MPGs.
We empirically compare the POA of Nash policies achieved
by variants of softmax policy gradient dynamics.

1.1. Related work

Single-agent policy gradient convergence. Agarwal et
al. firstly established the policy gradient convergence of
to global optima in the single-agent setting under tabular
softmax parameterization, specifically, asymptotic conver-
gence of policy gradient ascent, finite-time convergence
with log barrier regularization, and finite-time convergence
with natural policy gradient. Agarwal et al. also established
finite-time convergence for direct policy parameterization
(Agarwal et al., 2019). Mei et al. later established finite-time
convergence of (regularized) policy gradient ascent under
tabular softmax parameterization, with a convergence rate
depending on a problem-specific variable (Mei et al., 2020).
This problem-specific variable in some sense is necessary,
as Li et al. have shown that softmax policy gradient can take
exponential time to converge (Li et al., 2021).

Policy gradient convergence in MPGs. Extending the
work by Agarwal et al. (Agarwal et al., 2019) from the
single-agent setting, Leonardos et al. (Leonardos et al.,
2021) and Zhang et al. (Zhang et al., 2021) both established
finite-time convergence of projected gradient ascent under
tabular softmax parameterization to near-Nash policies in
MPGs. Fox et al. (Fox et al., 2022) established the asymp-
totic convergence of natural policy gradient to Nash policies
in MPGs.

POA bounds in normal-form games. Mirrokni and Vetta
(Mirrokni & Vetta, 2004) initiated the discussion on the
importance of POA bounds beyond Nash equilibria. Rough-
garden (Roughgarden, 2015) defined the smoothness of
(normal-form) games and then established the first POA
bounds of on near-Nash equilibria in smooth games. Rough-
garden (Roughgarden, 2015) provided POA bounds for the
maximum-gain best-response dynamics in smooth (normal-
form) potential games.

2. Preliminaries

Markov game. We consider a cooperative Markov game
(MG) (N, S, A, P,7) with N agents indexed by i € N =
{1,..., N}, state space S, action space A = A x - - x AN,
transition function P : S x A — A(S), reward functions
7= {r'}iex withr’ : § x A — R for each i € N, and ini-
tial state distribution p € A(S). We assume full observabil-
ity for simplicity, i.e., each agent observes the state s € S.
Under full observability, we consider product policies,
718 — XenA(A?), thatis factored as the product of indi-

vidual policies 7 : S — A(A"), w(als) = [T;cp 7 (a']s).
Define the discounted return for agent 7 from time step ¢
as Gi = Y2 7'ri,,. where r{ = ri(s;, a,) is the re-
ward at time step t for agent ¢. For agent ¢, product pol-
icy 7 = (7',...,7"V) induces a value function defined as
Vi(st) = Es, i1 ar.e~n |G |5¢], and action-value function
Q% (st,a1) = B,y o arsr.c0~n|GE 5, at). Following pol-
icy m, agent ¢’s cumulative reward starting from so ~ p is
denoted as V(1) := Eg, o [Vii(50)]-

It will be useful to define the (unnormalized) discounted
state visitation measure by following policy 7 after starting
at so ~ u:

d(s) == Esgmp [Z Y'Pr" (s = s|80)]
t=0

where Pr™ (s, = s|so) is the probability that s; = s after
starting at state so and following 7 thereafter. We make
a standard assumption for the discounted state visitation
distribution to be positive for every state under any policy,
as formally stated in Assumption 2.1.

Assumption 2.1. For any 7 and any state s of the Markov
game, d7;(s) > 0.

Markov potential game.

Definition 2.2 (Markov potential game). A Markov game
is called a Markov potential game (MPQ) if there exists a
potential function ¢ : S x A — R such that for any agent
i, any pair of product policies (7, 7~¢), (7*, 7—*), and any
state s:

)
E8t+1:oc7at:oc"/(77i777*i) [Z /ytrz(st7at)|80 = 8]

t=0

%)
t, .1
- Es,,_*_lzoo,a,,:ocw(wi,-rr*i) E yr (sta at)|50 =S
t=0

o0
:Est-%—l:oc’at:ocw(ﬁivﬂ'ii) [Z fyt(ﬁ(st?a’t”so = 8]

t=0

o0
- Est-%—l:oovat:sc’\‘(ﬂ-ivﬂ—ii) [Z ’Ytd)(st’atﬂso = S‘| .

t=0
Given a  product policy we  define
the total potential  function as Dr(s) =
Esii1.oar~r [Doreo V' O(t5 )l 50 = s, and  we

can obtain that, for any agent 7,

Vﬁii_’ﬂ_fi (S) — V;Lm,b(s) :(I)ﬁ-i;n.—i(s) — (I)ﬂ.im.—i(s) (1)
giving Vi Vi (s) =Vgi ®p(s).
We also similarly define @ (1) := Egsnp[Pr(50)]-

As formally stated in Assumption 2.3, we assume that ¢,
and therefore ®, are bounded.
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Assumption 2.3 (Potential function is bounded). The po-
tential function ¢ is bounded, such that the total potential
function ® is bounded as @i, < Pr(s) < Ppax Vs, 7.

Nash policy. We focus on the solution concept of (e-)Nash
policy, as formally defined below.

Definition 2.4 (e-Nash policy). The Nash-gap of a policy 7
is defined as

st

Nash-gap() := max <max V;{fi’ﬂ.—i(ﬂ) -V (,u))

A product policy m = (7, ..
Nash-gap(7) < e.

., TN is an e-Nash policy if

3. Convergence of the tabular softmax policy
gradient in MPGs

In this section, we consider individual policies (71, ..., )
to be independently parameterized in the softmax tabular
manner from the global state, i.e., we have, for each agent
i, its policy parameter ’ = {Qza 15 € S,a’ € A} and
policy

exp(0®

s,ai)

Z(ﬂ €Al eXp(ei,ai) .

For the rest of this paper, we will abbreviate ®,, Vi, AL
as ®g, Vy, Ay, respectively. Lemmas 3.1 and 3.2 formally
states the policy gradient form and the smoothness under the
tabular softmax parameterization, respectively, which will

be used to establish the convergence results in this section.

i (a'ls) =

Lemma 3.1 (Multi-agent tabular softmax policy gradient
form, proof in Appendix A). For the state-based tabular
softmax multi-agent policy parameterization, we have:

0Pg(p)  OV(p) ) _ ; ;
) _ _ _gr i (alls) Al , i 2
aggai 901 du (S)W() (a |5> 0(3 a) (2

where Aj(s,a’) :=E,

a=i~m (s

Ay (s, a,07))

Lemma 3.2 (Smoothness of ® under tabular softmax,
proof in Appendix B). Under tabular softmax mg, ®g(s) is
4(4111711 IE -smooth for any state s (hence for any initial state

distribution ).

We next present our convergence results for the standard
policy gradient dynamics without and with log barrier reg-
ularization in Sections 3.1 and 3.2, respectively, where As-
sumptions 2.1 and 2.3 hold.

3.1. Asymptotic convergence of the policy gradient
dynamics

In Theorem 3.4, we establish, under the tabular softmax pol-
icy parameterization, the asymptotic convergence to a Nash

policy in a MPG of the standard policy gradient dynamics:
01 =01+ 1Vo: Vi, (1) = 61 + 0V Do, (1) 3)

where 7 is the fixed stepsize and the update is performed by
every agent i € /. Theorem 3.4 relies on the assumption
on the asymptotic convergence of the policy parameters,
formally stated as follows.

Assumption 3.3. Following the policy gradient dynamics
(3), the policy parameter of every agent 7 converges asymp-
totically, i.e., 0 — 0% as t — oo, Vi.

We remark here that the assumption that 6° converges is
made to ensure the convergence of {Q(s,a’)};, which is
then used to prove the theorem in a similar manner to (Agar-
wal et al., 2019). Note that, since the gradient is as Equation
(2), the gradient converging to zero cannot directly imply
the parameters converging to zero. A sufficient condition for
Assumption 3.3 to hold is that the stationary points of are
isolated, which is originally assumed in Fox et al. (Fox et al.,
2022) to establish the asymptotic convergence of natural
policy gradient to Nash policies.

Theorem 3.4 (Asymptotic convergence of policy gradi-
ent, proof in Appendix C). Suppose every agent i €
N follows the policy gradient dﬁynamics 3) with n <
Nmax(5,\/1ﬁ) Ey@m@—@,,,m) ’ 4(31113)
holds such that 0} — 0 for every agent i, then the product
policy defined by 0, = {0 };cnr is a Nash policy.

min( ) and Assumption 3.3

3.2. Policy gradient dynamics with log-barrier
regularization

Inspired by (Agarwal et al., 2019) for the single-agent set-
ting, we consider the log barrier regularized objective as
defined below to establish finite-time convergence guaran-
tees for the policy gradient dynamics:

La(0) =B (1) — AN | Eotrmits [KL(Unif 4:, 7(-|s))]

N [ Z..qilogmy(a’ls) i
=Po(1) +AXimy (5,49| +log|A |)

where the log barrier regularization, i.e., the KL divergence
with respect to the uniform action-selection distribution, is
applied to each agent’s policy independently. Lemma 3.5
extends the results in (Agarwal et al., 2019) to the multi-
agent setting, stating that, with the log barrier regularization,
approximate first-order stationary points are near-Nash.

Lemma 3.5 (Log barrier regularization’s approximate
first-order stationary points are near-Nash, proof in Ap-
pendix D.1). Suppose 0 is such that |[VoL\(6)||, <
A/(2|S|max; |A*|).  Then the product policy mg =
(’R’él,...,ﬂ'é\]]\,) is a 2\M-Nash policy where M :=

maXq z/

L

.
7
I
a7

, which is well-defined by Assumption 2.1.
(oo}
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With Lemma 3.5, we establish the convergence rate as stated
in Theorem 3.6.

Theorem 3.6 (Convergence rate of the policy gradient with
log barrier regularization, proof in Appendix D.2). Letting
By = 4(%1%3 + Q‘f‘sjl\,, then By is an upper bound on the
smoothness of Ly (0). Starting from 6y = 0, consider the
updates 011 = 0 + nVgLx(6;) with A\ = €/2M and
n = 1/Bx. Then, for any initial distribution u, we have
min, 7 Nash-gap, < € whenever

328NM2‘S|2 max; |A | ( max (I)min)
- (1 —~)3e?
4 32NM|S‘ max; |AZ‘ ( max ~
€

(I)min)

3.3. Approximate best-response natural policy gradient
dynamics

In this subsection, we consider the natural policy gradient
(NPG) dynamics extended from the single-agent setting to
Markov potential games. The NPG dynamics is defined as

0,1 = 0; +1(F3,) Ve Vg, (1) = 0; +1(F3,) VP, (1),
4)

where A" denotes the Moore—Penrose inverse of a matrix
A and F} is the Fisher information matrix for agent i under
product policy my:

Fel = Eswdze ,at~omi(s)
Lemma 3.7 (NPG is effectively soft policy iteration, proof
in Appendix E.1). For any agent i, the NPG update (4) is
effectively:

§+1 :9§ + nAgt and
i SN i g SXP (nAét(S’ai))
7T‘9i+1(a |s) =g (a*s) Zi(5)

where Z}(s) = 3, m), (a'|s) exp (nAj, (s, a®)) is the nor-

malization constant for the softmax.

In the single-agent setting with the tabular softmax param-
eterization, we know that the NPG update (soft policy it-
eration) can achieve O(1/¢) convergence rate with e being
the single-agent optimality gap, compared with the O(1/¢?)
convergence rates achieved by (projected) gradient ascent
methods for the direct parameterization and for the tabular
softmax parameterization with the log barrier regularization
(Agarwal et al., 2019). For MPGs, Fox et al. (Fox et al.,
2022) established the asymptotic convergence of natural pol-
icy gradient. However, deriving the finite-time convergence
with the tabular softmax parameterization when the agents
concurrently perform the soft policy iteration is challenging,

(Vg log mhi (a'|s) Vi log mhi (a'[s) ] .

primarily due to the technical difficulty of relating the poten-
tial function value and the Nash-gap. Here, we take a step
back and consider the non-concurrent soft policy iteration,
where an agent will perform a number of soft policy iter-
ations with fixing other agents’ policies: letting 0} , = 65,
fork=1,..., K: '

®)

—i(sa aia aii) )

9; k :0;]6 + Ai,k‘fl with
') =, _ Al

a L~7r
tk 1°

Atk 1 (s, 7(| 0;

where A; & 18 agent 4’s local advantage of its policy cur-
rently parameterized by 6, ‘ with respect to the other agents’
policies parameterized by 6, *, and K is a hyperparameter

that controls how close agent ¢ will get to its best response
to 6, °.

The above update is performed independently for all agents,
and for the next iteration ¢ + 1 we only keep the change of
the agent that induces the maximum gain in its own value
and, equivalently, in the total potential function:

K,Gt_i (/J“) - (bet (/1’>7

and 0, = 0] fori # i}

o
1; =arg max (I)ef

(6)

9t+1 _et K

which ensembles the standard maximum-gain best-response
dynamics for normal-form games (Roughgarden, 2016).

Suppose we aim to converge to a e-Nash policy. We can
set K large enough (specifically K > (lfw (Agarwal
et al., 2019)), such that every agent’s inner-loop update
(indexed by k (5)) achieves at least € /2-near-best-response.
Therefore, if no agent’s improvement in their local value or,
equivalently, in the total potential function as computed in
(6) is no larger than €/2, then the product policy is already
a e-Nash policy; otherwise, we can significantly improve
the total potential function such that the total number of
outer-loop updates, indexed by ¢ in (6), can be bounded.
This establishes the convergence rate of our approximate-
best-response NPG dynamics (5,6), as formally stated in
Theorem 3.8.

Theorem 3.8 (Convergence of the approximate- best re-
sponse NPG, proof in Appendix E.2). Setting K > = )2

for as the iteration complexity of the inner-loop (5), then the
approximate-best-response NPG dynamics (5,6) converges

to a e-Nash policy within O(L)@m‘“) inner-loop steps.

4. Bounding the price of anarchy in smooth
Markov (potential) games

In Definition 4.1, we formally define the price of anarchy in
Markov games, which directly extends the notion in normal-
from games that measures the quality of a product policy in
terms of maximizing the sum of all agents’ values.
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Definition 4.1 (Price of anarchy in Markov games). The
price of anarchy (POA) of a product policy  is defined as
E'L V7i (H)
maxz > _; V7 (u) .
over all agents and the largest summed values achieved by

any product policy 7.

, 1.e., the ratio between the values summed

For the rest of this section, we formally extend the notion of
smoothness from normal-form games (Roughgarden, 2015)
to Markov games in Section 4.1, and present our POA
bounds in smooth Markov (potential) games in Sections
4.2 and 4.3.

4.1. Definition and sufficient conditions of smooth
Markov game.

Definition 4.2 extends the notion of smooth normal-form
game to its counterpart in Markov games.

Definition 4.2 (Smooth Markov game). A Markov game is
(c, B)-smooth if

Zi VT:‘,im—t(S) > aVz,(s) — BVx(s)

for any s and any pair of product policies m,7,, where

Ve(s) =2, Vi(s).

Intuitively, in a smooth Markov game, the externality im-
posed by one agent on the value of the others is limited.
Therefore, we conjecture that a sufficient condition is that
both the transition and reward functions of the Markov game
are “smooth”. Proposition 4.3 verifies this conjecture, which
formally defines the smoothness of the transition and reward
functions and establishes it as a sufficient condition for the
smoothness of the Markov game.

Proposition 4.3 (Transition and reward smoothness as a
sufficient condition for Markov game smoothness). The
reward functions {r'};cn of a Markov game is said to be
(A, p)-smooth if

Arg, (s) < Zl T;i 7r_7:(5) < pra(s)

for any state s and any pair of product policies m,m,, where
r2(s) = Equr(s)[r'(s,a)] and rx(s) := 3, rk(s). Let-
ting My := (I — yPy)™L, the transition function P of a
Markov game is said to be (k, v)-smooth if

M

pig—il 2 KM, r —vMyr

for any r € RIS| and any pair of product policies 7, m,. For
a Markov game, if its reward functions are (A, p)-smooth
and its transition function is (k, v)-smooth, then the Markov
game is (a = K\, B = pv)-smooth.

Proof. We can establish

SV )= My
>3, “Mmrjr}‘,ri —vMgrt,

i
=kM,, ir;j,ﬂ,i —uM; >, r;jm,i
>kMy, Mg, — pMapry = KAV, — uv'Vy

where the two inequalities are due to the smoothness of the
transition function and the reward functions, respectively,
which completes the proof. O

4.2. POA bound for near-Nash policies

We here derive our POA bound in Theorem 4.5 for near-
Nash policies in smooth Markov games, generalizing from
smooth normal-form games (Roughgarden, 2016) to smooth
Markov games. Similar to the normal-form game counter-
part, we describe the result for e-ratio-Nash policies as
defined in Definition 4.4 to ease presentation.

Definition 4.4 (e-ratio-Nash policy). A product policy 7 =
(71, ..., ) is an e-ratio-Nash policy if, for any agent i,
maxg VY, (1) < (1— Vi ().

Theorem 4.5 (POA of e-ratio-Nash in smooth Markov
games). In any («, §)-smooth Markov game, the POA of
any e-ratio-Nash policy is at least %

Proof. Consider setting m, = m, in Definition 4.2 where 7,
is a policy that achieves the optimal joint value, we have

Va(s) =22, Va(s) 235,(1 = OV, -i(s)
2(1 =€) (aVr.(s) = BVz(s))

where the first inequality is by the definition of 7 being
e-ratio-Nash and the second inequality is by the definition
of smooth Markov game. Rearranging the terms completes
the proof. [

4.3. POA bound for the approximate best-response
dynamics

Inspired by the POA bounds for the best-response dynamics
in smooth (normal-form) potential games (Roughgarden,
2015), we here derive the counterpart for smooth MPGs
in Theorem 4.7, which bounds the number of policies gen-
erated from the maximum-gain e-ratio-best-response dy-
namics: Until product policy 7 is e-ratio-Nash, update
the maximum-gain agent to its best response, where the
maximum-gain agent is the agent that induces the maximum
increase in value after its best response.

We make Assumption 4.6 that also appears in the normal-
form game setting (Roughgarden, 2015).

Assumption 4.6. We have 0 < ®,(s) < V,(s) for any
product policy 7 and any state s.
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20 — PG — PG

200
Iterations

Figure 1. POA (top) and Nash-gap (bottom) under the tabular softmax parameterization (means and standard errors over 10 random
initializations).The dashed lines are the curves of the log barrier regularized version of the algorithms with the same color.

Theorem 4.7 (POA bound of maximum-gain
e-ratio-best-response in smooth MPGs, proof in Ap-
pendix F.1). Consider a («,)-smooth MPG where
Assumption 4.6 holds. Let m, argmax, Vy(p) be
a globally optimal policy and o > 0 be a constant
for analysis. Consider the sequence of maximum-gain
e-ratio-best-response policies g, ..., 7. Then, all but at
most

(I)max
lo o (DO — Tlogp i (7)
policies T, in the sequence satisfy
o}
Ve, > — V.. 8
(w) 79070 (w) (8)
o(1+8)

where p = (1 —¢€)(1 4+

~—) and @y == . ().

Since our NPG dynamics (5,6) described in Section 3.3 is an
instance of maximum-gain approximate-best-response dy-
namics, we have Corollary 4.8 directly induced by Theorem
4.7.

Corollary 4.8 (POA bound of the approximate-best-re-
sponse NPG dynamics (5,6) in smooth MPGs, proof in
Appendix F.2). Consider a (o, 3)-smooth MPG where As-
sumption 4.6 holds. Let m, = arg max, V;(u) be a glob-
ally optimal policy and o > 0 be a constant for analysis.

Consider the sequence of policies m, ..., T generated from
the approximate-best-response NPG dynamics (5,6) with

K> %, Then, all but at most

(1—7)

max

00

log,, —Tlog, <1 + 9

)
2(1=1)
policies m; in the sequence satisfy (8), where p = (1 +
) /(L + gassy):

2(1-7)

5. Experiments

Environment. We evaluate the algorithms on Coordination
Game, which extends the two players version in (Zhang
et al., 2021) to multiple players N = 2,3,5. The state
space and action space are S = S! x --- x SNV, A = Al x
- x AN, respectively, where Vi < N,S* € {0,1}, A’ €
{0,1}. The reward is shared by all the agents (cooperative
setting, a special case of Markov Potential Games), and it
encourages agents to be in the same local state. To have
rewards with more different levels, we design the reward in
the way that when the number of agents occupy local state
0 or 1, whichever the maximum, to be the same, the state
with more local states of Os is larger than the one with more
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Figure 2. POA (top) and Nash-gap (bottom) under the NN parameterization (means and standard errors over 20 random initializations).The
dashed lines are the curves of the log barrier regularized version of the algorithms with the same color.

1s. The transition function for each agent ¢’s local state is
P(st=0la' =0) =1—¢, P(s' = 0]a’ = 1) = ¢, where
e=0.1.

Algorithms. We exhaustively evaluate the performance
of policy gradient PG, natural policy gradient NPG, and
best response natural policy gradient NPG-BR with soft-
max parameterization under the tabular setting, w/wo log
barrier regularizer. Besides softmax parameterization for
PG, we also consider the neural network parameterization
with softmax activation in the last layer NN-PG. Precisely,
the policy gradient update rule for agent ¢’s neural network
policy 7h; : S — A(AY) is

Vo®o(u) = Y dp?(s)mpi(a’]s) Ap(s, a') Vgimh (a'ls).

We run each algorithm in Coordination Game with N =
2,3, 5 agents and plot the Nash-gap and POA as the eval-
uation metrics. The algorithms, both the tabular softmax
and the neural network parameterizations, share the same
initial policy parameters, which are sampled from the nor-
mal distribution of mean 0 and standard deviation 1. For
each log barrier regularized algorithm, we performed a grid
search for its coefficient A € {0.01,0.1,1.0,10.0,100.0}

and picked the one with the best POA. Additional details of
our experiment are presented in Appendix G.

5.1. Results under the tabular softmax parameterization

Figure 1 presents the POA and the Nash-gap of the algo-
rithms under the tabular softmax parameterization. The
results help address the following questions:

How fast do the algorithms converge? In terms of both the
POA and the Nash-gap, NPG converges fastest, with NPG-
BR the second and PG the slowest. This result demonstrates
the improvement in the convergence rate of using the natural
policy gradient over the policy gradient.

What is the effect of K for NPG-BR? We did a grid search
of K € {1,5,10,20,50} for NPG-BR (details in Appendix
H.1), we show the results for the best-performing K in
terms of the POA for N = 2, 3, 5 separately in Figure 1. We
observe that K = 5 is the best for N = 3,5 and K = 50,
the largest value we searched, is the best for N = 2.

How do the algorithms compare in terms of the POA? Con-
sistent with the converge rate, NPG enjoys the overall high-
est POA, with NPG-BR the second and PG the lowest.
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5.2. Results under the neural network parameterization

Figure 2 presents the POA and the Nash-gap of the algo-
rithms under the neural network (NN) parameterization. The
results help address the following questions:

Does NN help improve the convergence/POA from tabu-
lar softmax? With the NN parameterization, the PG al-
gorithm (“NN-PG”) significantly outperforms its tabular
softmax counterpart (“Softmax-PG”) in terms of both the
convergence rate and the POA. NN-PG even outperforms
Softmax-NPG in terms of POA at the beginning of the train-
ing, although and eventually the POA of Softmax-NPG is
the highest among all. This demonstrates the significant
improvement of the NN parameterization over the tabular
softmax.

What is the effect of the NN regularization? Compared with
the results under tabular softmax, the log barrier regular-
ization under NN has a significantly larger impact: it both
improves the POA and reduces the Nash-gap at convergence,
especially when [V is large (e.g., N = 5).

What is the effect of the NN optimizer? Among all NN
variants, NN-PG is the best in terms of POA when N is
small, and the regularized NN-Adam is the best when N
is large. When N = 5, the POA of the best NN variant,
the regularized NN-Adam, is still significantly smaller than
Softmax-NPG.

6. Conclusion and discussion

To conclude, we have established in Section 3 convergence
to (near-)Nash policies in Markov potential games of sev-
eral policy gradient-based dynamics under tabular softmax
parameterization, including asymptotic convergence of the
standard policy gradient dynamics (Section 3.1), its finite-
time convergence with log-barrier regularization (Section
3.2), and finite-time convergence of the approximate best-
response natural policy gradient dynamics (Section 3.3). In
Section 4, we have extended the notion of smoothness in
normal-form games to Markov games and established the
price-of-anarchy bounds of near-Nash policies in smooth
Markov games and of the approximate maximum-gain best-
response dynamics in smooth Markov potential games.

Future work. (i) Our theoretical guarantee for the NPG
dynamics is limited to the (approximate) best-response vari-
ant, although our empirical results imply that the standard
NPG dynamics where all agents get updated per iteration
should also converge. This suggests that a future direction is
to establish the convergence of the standard NPG dynamics.
(i1) Our POA bound is also limited to the (approximate) best-
response NPG dynamics, and a future direction is to provide
POA bounds for other learning dynamics. (iii) Both the
theoretical and the empirical parts of this paper are limited

to exact gradient computation, and therefore an immediate
future direction is to explore sample-based learning dynam-
ics.
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A. Proof of Lemma 3.1
Note that
Olog wél (af|s")
oo’

s,at

— 1fs = &(1[a" = al] - mhs(a’ls)).

Plugging it and by similar derivations in the proof of Lemma C.1 in (Agarwal et al., 2019), we have:

OV (1) i i\ Aé
6962 :Es/,\,dz" Ea’~7rg(-\s) []1[(5/,(1/) = (57 a )]A9(8/7 a/)]
:dze(s)ﬂéb( s )E(fwﬂ (1) [Ay(s,a’,a™)].
This concludes the proof.
B. Proof of Lemma 3.2

Since ®y(sg), abbreviated as ®y in this proof, is (assumed to be) twice-differentialble, as an equivalent condition for
smoothness, we will bound the spectral norm of its Hessian VZCID(;. Similar to the proof of Lemma 4.4 in (Leonardos et al.,
2021), we view Hessian

0?®y
o0t 967,

s,a’ s’,ad

Vidy =

i,s,a%,j,s",a7

as a symmetric N x N block matrix with submatrices

R
V3, bpg=|—"0 7
9igi Lo [ael GGJ Lais,a,-

s,at s’,ad
for all 4, 7 € N. Claim C.2 in (Leonardos et al., 2021) shows that if we can bound the spectral norm of any submatrix as

||V61 0i <I>9H2 < L, then the spectral norm of the block matrix is bounded as ||V2<I>9 ||2 < NL. We then next bound the

spectural norm (i.e., the largest absolute eigenvalue) of matrix V@a o Po. Noting Vew,@g = VSJ eiVGj = VSJ ei%i due to
(1), it suffices to define U (t) := Vpit sy 90— and W(t, s) := Vpiiyoy 05 45.0,0-1.— for scalars ¢, s > 0 and unit vectors u, v,
and to show

1
T A1 —)3

d*U(t)

d*W (¢, s)
dt?

41
d
an dtds

max < —— max
4(1—~)3 [ull,=llv]l,=1

llullo=1

t=0 t=0,s=0

For U (t), we decompose itas U(t) = Y40 Y g i Thipp(@']50) - Tyt (7 50) - Qiytou0-i (50, 0", a™"). Abbreviating

i as , pri as ", and Qgiyy.q 9 as Qy, we have

d27rt Us0) i s D
dt2 ZZ gz (@7s0) - Qulso, @’ a™)

dmi(a’|so) ;o _ dQ¢(s0,a’,a™")
+2T ™ ((l |SO) T
d*Qu(s0,a",a")

dt?

+t-u

+7r,f(ai\so) S a " sg) -

We then bound ‘ y tQ ’ ‘ for any unit vector u by bounding the three terms, respectively. For the first term, we have
t=0

Za"' =0

the reward is bounded in [0, 1], and }_,_, 7~ *(a*|so) = 1. For the second term, we have ),

d®m}(a’|so)

e < 6 =: Cy as proved in Lemma D.4 in (Agarwal et al., 2019), 0 < Q;(so, a’,a™*) < ﬁ assuming

dri(a’|so)

‘ SQZI Cl
t=0
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as proved in Lemma D.4 in (Agarwal et al., 2019), and ‘ M‘ ’ < (1701)2 as proved in Lemma D.2 in (Agarwal
etal., 2019) and Lemma 4.4 in (Leonardos et al., 2021). For the third term, we have ’ Qi(s0.a%,a”) 27°Cy

7Co
tzo’ S Gt aoe

dt?

as proved in Lemma D.2 in (Agarwal et al., 2019). We hence derive the bound:

d*U(t C 2vC? 2720 C
ax 2( ) e I W b L
lull,=t ] dt? || “1=7 (1=7)2 (1=7)° (1-7)
s 7C2 642y
1= Q=972 @0@-9)° ' ’
< 8 < 41
T(=) T AL y)?
For W (t,s), similarly, we decompose it as W(t,s) = 3.2 . >4 i Toiip(a’|s0) - ﬂ'gj_‘_siv(aj\so) :

T, I (a0 sg) - Qoi 410,07 +5v,0-i—i (S0, a*,a?,a=>~7). With similar abbreviations, we have

W (t,s) dri(a \50 dﬂg(a”SO) P P i j —i—j
=YY (T 7130) . tvms (g 5g) - Qu s )

a’® al a=H—I

+dw§(ai\so) dQy.s(s0,a%,a? ,a=H77)

~mi(a’]s0) - w7 (@™ |so) -

dt ds
. dmi(al S dQ: s iqd q—h—I
+7i(a’]sg) - 4773(557\30) b (@ sg) - Qr, (So’ad’ta @ )

tq - .
i (a'so) - wi(aso) - 7 -

—i=i (g~ |5g) - szt,s(SO»ai»aj,ai’j)),
d>W (t,s)

‘We then bound Trds

for any unit vectors u, v by bounding the four terms, respectively. Similarly, the first
t=0,5=0

2'yC

term can be bounded by )3

I : ( )2 , the third term by (1 )2 , and the fourth term by = 7)2 + [=9E
We hence derive the bound:

d*W (t, C? C? C? C 2vC?
max (t,s) < ’712 ’712+ 22+’Y13
luli=llvll=1| dtds |,_g o] "1—7 (@T=7)? (1-7?2 @1-=7)72 (1-9)
—47% + 2y + 10
=3 (Cl 22,02 = 6)
(1—7)3
41
A1 -y)®
This concludes the proof.
C. Proof of Theorem 3.4
C.1. Notation
Define
Vie(s ZW &(st,ar)|ma, s0 = $]
t=0

7 (11) = Bagrp [V (50)]

Q7 (s,a) =E[>_ (51, a¢)|m, 50 = 5,00 = d

t=0
AR (s,a) = QF° (s,a) — V°(s)
Suppose Pin < Q7 (5,a) < Prnax.
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C.2. Smoothness of F

Lemma C.1 (Smoothness of F' under tabular softmax). Fix a state s. Let 0, = [(0})7,...,(6N)T]T € R=: A"l be

the column vector of parameters for state s, with 0. € RIA for i € N. For some fixed vector cs € RIAl define
Fy(0s) == ca o, (als)cs,a =: mg, - cs with mg, € RIAl and - denoting inner product. Then, Fy(0y) is -smooth.

Proof. We will view Hessian vgst(es) as a N x N block matrix and bound the spectral norm of each submatrix as
HV279] 5(05) ‘ < L, which bounds the Hessian’s spectral norm as || V3 FS(HS)H2 < NL.
9 s

‘We have

) . T
VOLF ( ) ng( ) == (veéﬂes)TCs == V@;Tfé; (71'9:_21 ®I|A1|) MZCS

where Vi F(0;) € R Api e RMIXIAL g the permutation matrix that permutes all joint actions to be sorted as
a = (a=* a%), I, is the n x n identity matrix, and ® is the Kronecker product. For the tabular softmax parameterization,
we have

. . . N T
The submatrix is therefore

. . T .

If j = i

. T )
Viio: Fs(05) =Vor (V%W?)z ( Mozt ®Iw\) M%)

) L
cwhere b = (1 @ ILa) Mes.
For the first term, we get ‘ ‘ o
Vi (mp: © b) = diag(mp; © b) — mg: (mg: © b’

For the second term we get:

Vor (s - b)) = (mpi - 0) Vs (mpi ) + (Vi (s - b)) (i) T
— Viigi Fs(65) = diag(mj; © b) — s (mgs © )" — (i - 0)Vii () — (Vi (- b)) (i) T
Since

max(”diag(ﬂéi ® b)H , ’
s 2

mhy @8] Imhy - B1) < ol = el

. . . N T
s s|2 s s s 9
ot ol < oo o v, <31t
we know that
V3.0 F 0], < 5 el

If j # i

T
Vz 0] (95) :MJVB;W?%((( 0r L,J®I|AJ )VGJ’TT )®I|A1> MjMiCS
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Sinc¢ ‘
[MIMey|, < VN le]l

H( 9 i, J®I|AJ|)V977T >®I|A1

(et )y

< |mi et HVW ) (10)
—i—j
<
<1
we know that
vzboJFS(es) S \/NHC”OO
O

Therefore, we have
V3. Fo(0,)]|, < Nmax(5,VN) [le]l

Lemma C.2. For product policy that can be factorized into the product of individual policies with softmax parameterization,

we have: oV () 057 (1) )
O (1 O (1 T i 70,0 i
G0, oo, 1t (Il A s e

where Q”e’ (s,a') = Ea—imm,_i(|s) Qg"(s,ai,a_i) ,Age’i( a') = Q”’ (s,a’) — qu"(s).

Proof.
8V7T9 (n) o™ () 1 - dlog mp: (a'ls)
89; az B 39; ai - 1— ~ ESNdZS ]EaNTI'Q(-‘s) |:A¢ (S, Q)T}

s’,a®

1i E, 70 Bany( [ A7 (5,0)1s = |(Uafm] = a'] — s (a']))]

fdw ) Eamry(lsty | A7 (', @) (1falm] = a') = moi(a’]s)))]
= ﬁdﬂe( )(EaNﬂeHS’) {Ag" (Sl’a)]l[a[m} = al]} 7IEQN7T9(.|S/) [AgS (Sl,a)ﬁgi(ai|sl):|)

= T ) a1 [ A7 )1 alm] = 1] = 0 (@1) B 1) [47° (5]

o

du (') Bavrns( 1) [A;;e(s', a)1falm] = o'

d”" Zﬂ'g als)A ,a)l[a[m] = a']
- Edze(s’)ﬂgi(aﬂs’) Eq—inmg(|s") {Ag”(s’,az,a”)}

fd”( s')mgi(a']s") AT (s, a')

Lemma C.3. For all agents i with a round of parallel update
Oii1 = 0; + 0V Vi (k) = 0, + 1V g ()
with learning rates n < 1 2, where 3 = NL(®pac — Poin) » L = max(5,v/N), we have

ngt+1)( )> Vt)( ) Q(tJrl ( ,CL) > Q((;)(&G,)
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Proof. Let us use the notation #, € R 451 to refer to the parameters of the product policy on state s. Define
(0s) = o, (als)c(s, a)

(t)(

where c(s, a) is treated as a constant, and is set to be A" (s, a) later in the proof. Thus,

OF5(05) N Oy, (a'[s) /
B0 |y = %: 79; » eé’iC(S’a)
o dme()s) PLATD
= 1(a'[i] = ¢*] —2—1"2 1la —_— !
(1) (2)
(1) = Y 1l = o] 2D [ @)1 — s (a]3))] el )
7 oy (als) L " ’

c(s,a’)

_ Z 1[a'[i] = a']mg, (a']5) (1 — ﬂgé(ai‘s» o

:Z]l[a’[i} =a'|r'(d|s )(1—7T “(a'ls ))C(S’a/)

(a']s) (a|s)mgi (a'[i]|s c(s,a’
=X 1 maqs)(—w )70 (@19 | el )
== 1] # o, (@) (])] | el

=- Z 1[a'[i] # a']x"(a’|s)7"" (a*|s)c(s,a’)
(1) +(2) = X2, L[a'[i] = a']n*(a'|s)c(s, a’)—
(Z 1[a'[i] = o'} (a'|s)x" (a'|s)e(s,a’) + 3 L[a'[i] # o] (a'|s)7" (a’|s)c(s, a’))

= Z 1[a'[i] = a']x"(a'|s)c(s,a’) — Zﬂt(a’|s)7rt’i(ai|s)c(s,a’)
Let c(s,a’) = Ag(s,d’),

= 1fa'[i] = a']r'(a'|s) Ay (s, a) Zw (a'|s)m" (a'|s) Ag(s, a’)

= 1[d[i] = a']n'(a'|s) Ay(s, a’)

= Ty (ai|s)Agg’i(s, a')
Therefore,
1 OF,(0,)
T % ) S

s,at

V&g (n) =

OFs(0s)
805 ot

s

1
— O =0 4 p——dTe (s
)
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Since F(6;) is a S-smooth function for 8 = Nmax(5, VN )(Pmax — Pmin), then our assumptions that 7 < 1_77 =

1y C lias L gm 1 whi
N V) (BB implies nlﬂdue(s) < 3> which means
Fo(057) > Fu(62)

— V() 2 VI (s); Q1 (s,0) 2 QY (5, a).

Lemma C.4. For all states s and actions a, there exists values V°(s), Q3 (s, a) and Q;O’i(s,a) such that as t —
00, Vi(s) = V§o(s), QL (s,a) = Q¥ (s,a), Q' (s,a) = Q3" (s, a). Define

Al = min |A;O’i(s,ai)|.
{s,a?|AZ"*(s,a")#0}

A = min A"

Further, there exists a Ty such thatVt > Ty, s € S,a* € A%,

Q(p’(saa)_ZSQg(Saa)§Q¢7(57a’)+z

Proof. {V(s)} is bounded and monotonically increasing, therefore V{(s) — V,*(s). Similarly, we know Q}(s,a) —
Q% (s, a). Since the product policy is assumed to converge, we have that {Qf;;i(s, a')} is convergent. For agent i, state s,
categorize the local action a’ into three groups:

i = {aﬂcz;“(s,ai) - v;°<s>}
Ii’i = {ai|QZ°’i(s,ai) > V(;O(s)}

I’ = {aﬂQf’l(s,ai) < V(;O(s)}
Since be’i(s,ai) — Qf’i(s,ai) as t — oo, there exists a T such that Vt > Ty, s € S,a* € A%,

00,1 i A % i 00,4 [ A
Q(ﬁ’(saa)_ZgQg (S,Q)Squ (sva)—’_z

Lemma C.5. 377 such thatVt > T1,s € S, we have

. ) A , . ) ) A . Ny
A';)’l(s,az) < —Zfor a' € Ii’l;Ag’(s,a’) > Zfor ateI?"

Proof. Since V{(s) — V°(s), we have that there exists 77 > Tp such that for all ¢ > T,

A A
V5o (s) — i < Vi(s) SV (s) + 1
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Fora' € I*'t > Ty > T,

Agl(sv ai) = Qgi(sa ai) - é(s)

00,1 i A
§Q¢ (s,a)+Z—V¢f(s)
A

00,1 1 A e'e]
S Qg7 (s,a") + o = Vit(s) + (11

I
|
B>

+
\

_|_
\

IA
\
\

For o’ € Ii’i,t > Ty > Ty,

Al (s,a') = Qy'(s,a") = Vi(s)

> Q7 (s,a") — = = V5°(s) (12)

O

Lemma C.6. age,f W _y 0ast — oo forall states s, agents i, actions a’. This implies thatVa' € Ii’iUIi’i, mhi(at|s) — 0

s,a’

and that 3 .y nbi(atls) — 1.

0P70 (1)
207

S‘G’L

Proof. Since ®7¢ () is smooth, we know — 0 for all 5,4, a’. From lemma 1 we have

8<I>t (,u) o 1 d t
04’

s,al

o @ @) 47 (s

Since from lemma 4 we know that |A;Z (s,a’)| > £ forallt > T}, foralla® € I Sur il , which together with the assumption
that y is strict positive for all state s prove 7*(a’|s) — 0. Then we also know for all Daier mhi(atls) — 1. O

Lemma C.7. Fort > 1, 02 o 18 strictly decreasing Va' € I*" and 02 i 18 strictly increasing Va' € I4+57,

Proof. From lemma 1 we have

t . .
0P (,LL) 1 dﬂt (s)wt’i(ai|5)Agl(57aZ)

3 1%
90, i 1—7
From lemma 4, we know for all t > T, a* € Ii’i,A';;i(s, a’) < —£;Forall a’ € Iii,AZ;i(s, a') > £. This implies
At . . t . . .
that after iteration 77, %({;i(’f) < O0Va* € I % > 0Va® € I7'. — After iteration 17, 0" _, is strictly decreasing
Va' € I2" and 0}, is strictly increasing Va' € I3 O

Lemma C.8. For all states s where I fr’ £ 0, we have:

tyi . tyi
maxaielg,ies:ai — 00, mznaiEAiQS”ai — —00
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Proof. Since I 8t # (), we have some action a’ L€ [ '. From lemma 5, we know
7 (al |s) — 0ast — oo
t,i
exp(HS, ;)

— XA Oast — oo
Zai€A7' exp(es al)

ti . . . . . . .
From lemma 6 we know 937;7" is monotonically increasing, which implies
oy

Z exp(0°° ) = coast — oo

s,a’

at€At
From lemma 5, we also know
Z 7t (at|s) — 1
aielg’i
t,
Zaiéfg’i exp(as 21‘)
¢
ZaiEAi CXP(GS ;1)

Z exp(@i’fﬂ) — 00

Since denominator does to oo, we know

aielg'i

which implies
t,i
max ; 61“98 wi 0
. Lo oty : : . 9 (1) _
Note this also implies maxaze‘w&s}a,; — o0o. The sum of the gradient is always zero: ) .c.i 7 - =
s,a
1 7t . i prax i _ t,0 _ 0,2 . . .
Tdy (s )Zwem moi(a'[s)AG " (s,a’) = 0. Thus, > s 0., = > ,icpi b, which is a constant. Since
maxaieAlﬁg ai 7 00, We know
: K
mlnai@yﬂq i TP 00

O

Lenzma| ()?9 Suppose a’, € I“ Ya € I3, if 3t > Ty such that 7" (a|s) < mhi(a’|s), then V1 > t, 7™ (a|s) <
7.(.7'1 K2

Proof. Suppose a’, € I3 a € I3, if 7'(als) < 7%%(a’, |s), then

() 1

T e ()7 (als)(Q" (s, 0) = Vi (s)
i tyi i t 0!
< %dﬂ ()t (al|s)(QL (s, all) — ViE(s)) = ai’;(a K

, where the last step holds because Q;"i(s, al) > Qf’i(s, al)— 42> Q;"’i(s7 a)+A -4 > be’i(s, a)— L +A-2>
Q¢ '(s,a) for t > Tp.
We can then partition I’ into B (a’ ') and By “(a’ ") as follows:

By'(al) : {ala € I and ¥t > Ty, 7t (', |s) < 7' (als)}

By'(ah) 1"\ By (@),
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Lemma C.10. Suppose Ij_’i #0.Va', € I3, we have that Bg’i(ai) # () and that
Z 7t (a’|s) = 1, ast — oco.
aiEBg’i(af'_)

This implies that:

) 120)
maxateBS,z(air)Gs — 00.

Proof. Let a’, € I3'. Consider any @’ € B'(a% ). Then by definition of B (a,), there exists ¢’ > Tj such that
mti(a’ |s) > ¥ (a’|s). From lemma 8, we know V7 > ¢, 77 (a, |s) > 7" (a’|s). From lemma 5, we know 7' (a’,|s) —
0 as ¢t — oo, which implies

mhi(@’|s) — 0ast — oo.

Since By (a’.) U By'(a%) = I3 and Zaiejg,z nti(a’ls) — 1, we know

Yoo ati(a]s) =1
a*€Bgy ¢ (a%)
By (a}) #0
Using the same techniques in lemma 7, we know

, t,i
maxaieBS,i(ai)QS — 00

Lemma C.11. Consider any s where Ij_’i # 0. Then, Va', € 5 ElTair such that ¥t > Tai,Vai € Bg’i(af‘_),
74 0l [3) > 7 (0l 3)

Proof. By the definition of B (a.) and lemma 8, there exists ¢, > Tp such that V7 > t,i, 77 (a’, |s) > 77 (a’[s). We

can choose Tai = maXaieBg,i(ai)tai. O

Lemma C.12. Va’_"Ir € Ii’i7 we have 92 @

is lower bounded as t — 0. Va' € Ii’i, we have that 92 4i — —00ast — oo.
,at, ,at

Proof. From lemma 6, we know that Vai cl S’i, after 717, 62 i is strictly increasing, and is therefore bounded from below.
Ay

For the second claim, we know from lemma 6 that Va® € I f’i, after 17, 92 i is strictly decreasing. Then, by monotone

convergence theorem, we know limt_m)@i i exists and is either —oo or some constant 0. We now prove by contraction that
limtﬁooﬁiyai cannot be some constant 6. Suppose limtﬁooﬁiﬂai = 0}. We immediately know that V¢ > T7, ei,ai > 0).
By lemma 7, we know Jat € A(bz such that
lim inf 6", = —00 (13)
t—oo 5:9

Let us consider some 4% > 0 such that QsTla’f > 0§ — §'. Now for t > T3, define 7%(t) to be the largest iteration in [1}, ]

such that Q;La(f )i > i — 5. Define T to be the subsequence {#'} of the interval (7% (t), ¢) such that 92/;; decreases.
Define ’ ’

S 0D (1)
t,0
AR Tapi
t Tt s,a’
For non—empty ] t’i, we have:

t—1

: 9P (1) «— 99" (p) 99" (1) 1
gt — — VL — < - Prax — Prin
Z g T%)H 0 B Z 0 . 7 ( )

I3 — T g —
teTt s,a’ 1= s,a’ t/=ri(t) s,a’ (1 )
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1ot Ti(t),i 1
= ;(92”ai — 95@(?’ ) + (1 — ’Y) ((bmax - q)min)
where we have used that |8(,;1;2 f:‘) | < (1L,) (Pmax — Prmin)-
By equation (13), we know
lim inf Z"" = —o0 (14)

t—o0

For any T4 £ (,vt' € T%, from lemma 1, we know:

OV /00, | | )G ol A
. ; = . T - > €ex -0, )
odt (M)/aai,m Wt/’l(al|S)A;’Z(57a1) Pty s,a 4((I)max _ (I)min)

A

> () P
o exp(6 )4(q)max - (I)min)

’ . ’ . t/ t/
where we have used that |A;’Z(s, a’)] < Ppax — Prin and V¢’ > T, |A;’l(s,al_)\ > %. Since both %C};i (‘_‘) and ag;i (’f)

s,at

are negative, we can get:

09" () : A 99" ()
. < o - 15
067 . = T ——— 207 (1>
For non-empty 77,
t—1 ’ ’
Lot Ty i ) )
,(97i_917i): lig -
U - t;} aas,ai t’;’:ﬁai 868@’;
By equation (15)
: A 99" (1)
< 0)———— .
- exp( )4((1)max - (I)min) X 691 i
teTti s,a
. A .
— 5t Zt,z
exp( )4(©max - (I)min)
which together with the fact that GsTlaf is some finite constant and equation (14) lead to
02;1 — —ooast — 00
this contradicts the assumption that {9; ot }e>1, is lower bounded by 6 and complete the proof. O

Lemma C.13. Consider any s where I" # 0. Then, Yo', € I3,

ti
Z 057 — 00

Proof. For any a' € By'(a’,). By definition, we know that V¢ > Tp, w%(a’,[s) < 7%%(als), which implies that
0", < 6L, Sinceinlemma 11, 6%, is lower bounded as t — oo, we know that 6%, is lower bounded as t — oc. This
9 ) + ’

s,a%
9t’i — 0
E s,a

together with lemma 9 proves that
a*€By ¢ (afF )
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Proof of Theorem 3.4. Suppose 1 il is non-empty for some s, else the proof is complete. Let ai el j_l Then, by lemma
12, we know

DA (16)
aiEBS’i(ai)
For a’ € I*", since % = exp(0%* Gt ¥ ) — 0 (as Qt . is lower bounded and §%% — —oco by lemma 11), there
’ a/+ S
exists 15 > T} such that o
mti(at|s) _ A
Wt’i(ams) 8|A25|((I>max — ®uin)
-y 5 V@) i )2 (17)
max - q)mm * 8
atel®?

For a’ € By, by definition of BJ", we have Agi(s,ai) — 0 and by lemma 10, V¢ > T,: 1 < % . Then,
d7T5 > Ty, T’ll such that

mhi(al|s) A

mhi(a'ls) 16]A}]

|45 (s,a")| <

1,0 7 7 1,0 A
— Y whi(d]s)|A (s, a")] < 7l |s) =

— 16
ate€Bgy*(al)

A o ) ) L A
— —ati(al |s )16 | Z | ﬂ—t,z(al‘s)Agl(s,a’)<7rt,z(a:_|s)ﬁ (18)
a’ EBS’%(aﬂr)
Fort > T3,
tif 1 t,i
0= w"(a'[s)Ay'(s,a")
a’iEAQ>
= 3w (d']s)AY (s,a) + Y whi(al|s) Ay (s,at) + Y whi(al]s) AL (s, a")
aield’ ai€l}’ aiel®?
@ i i i i i ;
> Z ﬂt,z(aqs)Ag (s,a") + Z i (a \S)A’;’ (s,a")
aiGBg’l(ai) aiGBg’I(ai)
+7rt’i(aﬁr|s)A7;;i(s,aﬁr)+ Z Wt’i(ai|s)Agi(s,ai)
atel®?
(b) o ) . o . ) A (gt
> Z ﬁt’z(al|s)Agz(s,a1) + Z Trt’z(al|S)A2;l(5,al) —|—7rt’l(a:_|s)— — el (a ‘S)
) s.i, g o —sis s 4 . Siq)max_q)mm
a'€By*(al) a*€By " (al) atel®

tyi( 1 A Q0 A P

> Y a(a']s)AG (s,a") — i (als) T+ wt (al[s) 7 - w (Al fs) T

_ ‘. 16 4 8

aleBS‘l(aﬂr)
> Y whi(a]s)AY (s, a")
aiEBg’i(aﬂr)

where (a) uses Va' € Iil andt > Ty > Ty, AL l(s a') > 0 from lemma 3, (b) uses Vt > Ty > Ty, At’z(s7ai+) > % from
lemma 3 and A¢ '(5,a%) > —(Pmax — Prin)- (¢) uses equation (17) and equation (18). This implies that

0Pt
s,a

aiEBg’i(ai)
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which contradicts with equation (16) which leads to

limsoe Y (9§3fli—9§3;f)=n§: 3 851);(/1) 0

aiEBg’i(ai) t=T3 aieBS’i(air)

Therefore, the set I iz =
Let 0 = [09>°,0-%], 0 = [6, 0],
VT () = V7 () = @7 () — @70 (1)
= EgynnVg” (50) = Vg (50)]
By performance difference lemma,

- ﬁ ESNd::e, [Ea“"’re’ (-Is) Agg (87 U“)]

= — ESNCI:IB/ [Eaiwﬂ.i(,|5)[Eafiwﬂgoo,ii(.‘s) AZ (s, a)]]

[Eaiwﬂ’i(-\s) Afbo’i(sv ai)}

swdzel

Since Iiz =10,

swdzel [Eai,\/ﬂoo,i(,ls) A;O’Z(& az)}
=0

which completes the proof.

D. Proofs for Section 3.2
D.1. Proof of Lemma 3.5

The proof extends the proof of Theorem 5.2 in (Agarwal et al., 2019) by the usage of the multi-agent performance difference
lemma (Lemma C.1 in (Leonardos et al., 2021)).

Fix an arbitrary agent i € A and suppose it deviates from wé)i to an optimal policy 7i(6~%) w.r.t. the corresponding
single-agent MDP specified by 6~*. We will use 7, as a shorthand for 7 (6~") and 7" as a shorthand for 7,,. By the
definition of e-Nash, we need to show that V', . (1) — Vi () < 2AM.

s

Similar to the proof of Theorem 5.2 in (Agarwal et al., 2019), we can bound Aj(s,a") < for any (s, a")-pair. It suffices to
bound A} (s, a’) for any (s, a’) where A}(s,a’) > 0 (else A}(s,a’) <is trivially true):

) OLx(0) () o ) , A ( 1 o ) A ( 1 o )
2 (2|S iy = ot > : = e ’Li i) Al , 7 _ zi 7 > _ zi 7
JASIAD = o 2 G2 R Gl (o) + 17 (7 = o(ele)) 2 g g — 7o'l

where the last inequality is due to A (s, a’) > 0, and by rearranging we get ), (a‘|s) > 1/2|.A"|. Solving (i) for Aj(s,a’),
we have

o 1 1 0L\(6) A ( 1 >
A’L S, al = 7 7 " 7 + —_ ]. T T N Al
o5 ) =) (w @ 00, TSI\ m @A

1 i A i (i i
Sdﬂe(s) (2|A l€opt + |S|> (mgi(a'ls) > 1/2|A%)
2 )
< (opt = A/ (2|S]AY]))

~ i (5)|S]
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We are now ready to use the multi-agent performance difference lemma on 7, := (7%, 7—%) and 7:

V‘n%j;,ﬂ*i (:u) - VGZ (:U’) = ]Eswdw* EaiNﬂ"i (s) Ea*iNﬂ'*i [AZQ(S7 aiv aii)]

:Zd“* ZTI’ 5)Af(s,a")
dy (s)

m( <2 < 2\M
Zd d”" |S| Amax(dw(s)>_ A

which concludes the proof.

D.2. Proof of Theorem 3.6

Lemma 3.2 shows that ®y is m -smooth. Lemma D.4 in (Agarwal et al., 2019) shows that the regularizer for each agent
i1s ‘ SI -smooth. Thus, 3, is an upper bound on the smoothness of Ly (6). Then, by standard results, we have
25)\(‘[//\(9*) - L)\(GO)) < QBA((I)max - (I)min)

T - T ’

where the last inequality is because. We need to choose 7" large enough such that

2
min “V@LA(H(t))“ <
t<T 2

2B = i) 1 ),

Solving the above inequality we obtain 7" > 86|5|” max; ‘Ailz(ém""_é"““) . By Lemma 3.5, we should set A = ¢/2M to

achieve the specified Nash-gap of e. Plugging in A = ¢/ 2M and ) : ﬁ + %, we have

32M2|S|2 max; |A7I| ﬁ)\( max (I)min)

T 2
€
328N M?|S|? max; | A2 (Prmax — Punin) N 64AN M?2|S| max; | A2 (Prmax — Prmin)
- (1=7)3e2 =
328N M?|S|? max; |A"|*(Pmax — Prin) N 32N M|S| max; |AY? (®Pmax — Prnin)
a (1—7)3e €

which completes the proof.

E. Proofs for Section 3.3
E.1. Proof of Lemma 3.7
The proof is similar to that of the counterpart lemma for the single-agent setting (Lemma 5.1 of (Agarwal et al., 2019)).

For a vector w € RIS ‘All, define the error function

Ly(w) =E,_gmo aini (-fs) [w' Vi logmhi (a']s) — Ay(s, a’)] = || D ((Vg: log m: Jw — A§)||§

where Di € RISIM'IXISIAT g he diagonal matrix with diagonal entries {dre (s)mhi(a’|s) } s i, and Vi log ), €

RISIATXISIAT i5 the Jacobian matrix. By the main property of the Moore—Penrose inverse for least squares, i.e., the

minimizer of || Az — ng with the smallest /5 norm is ATb, we have
* i i W1 (i gi

wy = (Dy(Vgilogmy:)) (DyAp)

where w}; is the minimizer of L) (w) with the smallest 5 norm. One can verify that w}; =
i i i i i \T i i A
(F§)'WVei Vi (1) = ((Vgi log ) " DjVgilog m ) (Vg logmh) T Dy Af)
. St ) + . S
= (D§Vgilogmh)' ((Veilogmh) ") ((Vei logmh) " Dy Ap)
i i\t (i gi

:wz
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We can then follow the same argument in the proof of Lemma 5.1 in (Agarwal et al., 2019) to show the claim of Lemma 3.7.

E.2. Proof of Theorem 3.8

Suppose the inner loop achieves §-near-optimal deviation, which require at most (lfﬁ inner iterations (Agarwal et al.,

2019). Then, either the best-response iteration halts, or the total potential function is improved by at least <, which implies

the number of outer iterations is at most O(ﬁ)

F. Proofs for Section 4
F.1. Proof of Theorem 4.7
We abbreviate V;!(y) as Vi and Vz(u) as Vi For any policy 7, define 0°(m;) := V', _, =V and A(m;) := 37, 6*(mt).

*oTg

We now have

Voo = Vi = 30 (Vi e = 0'(m0)) 2 aVe, = 8V, — Am)
7 3

where the inequality is due to the («, 3)-smoothness of the MPG, which implies

o 1
mvm - 7A(7Tt)~ (19)

Ve, 2
1+p

For a “bad” policy 7 that violates (8), we have
Ame) ZzaVe, = (L+ )V, > (14 8) 1+ 0)Va, = (1 + )Va, = o(1+ B)Vr, = o(1 + B)®r,

where the first inequality is directly from inequality (19), the second inequality due to that 7; is a bad policy, the third
due to the assumption that @, (s) < V. (s). Therefore, for the maximum-gain agent chosen to update from ¢ to ¢ + 1, the
increase in its local value is at least W‘bm since A(m;) = Y, 8%(m¢). Due to the characteristic of ® in (1), we have

Dppg — By, > 2D e,

O, > (1+0(1+p6)/N)Py,. (20)
For a good 7; being updated, ® can increase by a ratio of at least lie since
(I)tJrl - (I't _ V71Z't+1 - Vﬂ%t _ V7\'t+1 - V7Tt > V7Tt+1 B Vﬂ't > 1 _1.
(I)t (I)t (I)t Vﬂ-t 1—c¢

Let m and T — m be the number of bad and good policies in the sequence, respectively. We then have ®q(1 +
208 ym( L yT=m < @, which implies (7) and concludes the proof.

—€

F.2. Proof of Corollary 4.8

Similar to the proof of Theorem 4.7, we can obtain inequality (20) for a bad 7, and for a good 7, the €/2 increase per
iteration implies

(pt—i-l - (I)t o V7TZ:f,+1 - V;f _ Vﬂ't+1 - Vﬂ't > Vm+1 B Vﬂ't > 6/2
D, D, Dy h Vi, 1—v

Let m and T'— m be the number of bad and good policies in the sequence, respectively. We then have ®o(1 + M)m(l +

N
ﬁ)T_m < @ ax, Which implies (9) and concludes the proof.
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G. Experiment details

G.1. Pseudocode for the reward function of our Coordination Game

Algorithm 1 Calculate the team reward for [V agents in state s

if (N = 2) or (N = 3) then
difference_bound=1
else
difference_bound=2
end if
if abs(s.count(”0”) — s.count(”1”)) < difference_bound then
if s.count(”0”) < s.count(’1”’) then
reward= 1
else
reward= 0
end if
else if s.count(’0’) > s.count(’1’) then
reward= 3
else
reward= 2
end if

G.2. Hyperparameters

Table 1. Hyperparameters

Hyperparameter Value

~ (discount factor) 0.95

1 (initial state distribution) Uniform

71 (learning rate) 0.1

A (log barrier coefficient) searched over {0.01,0.1, 1.0,10.0,100.0}
K (NPG-BR inner-loop complexity) searched over {1, 5, 10, 20, 50}

NN architecture 2N_FC(2M)-FC(2™)-Linear(2)-softmax

*The NN’s input is the one-hot representation of the global state s.

G.3. Computing resources

The code is implemented by PyTorch, and a single run of 400 iterations took approximately 30, 50, 200 seconds for 2,3,5
agents version of the coordination game, respectively, using an NVIDIA Tesla V100 GPU and 32 CPU cores.
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H. Additional experimental results
H.1. Effect of K for the NPG-BR dynamics

In Figure 1, we plot the best-performing K for N = 2,3, 5, respectively, in terms of the POA, with the results for each
individual K shown in Figure 3.

N=2, Best Response N=3, Best Response N=5, Best Response
1.0 1.0 1.0
0.9 0.9 0.9
0.8 0.8 0.8
<o(0.7 0.7 0.7
a
0.6 0.6 0.6
0.5 0.5 0.5
0'40 100 200 300 400 0'40 100 200 300 400 0'40 100 200 300 400
Iterations —— NPG-BR[K=5] —— NPG-BR[K=30] —— NPG-BR[K=50] —— NPG-BR[K=10]
—— NPG-BR[K=1] NPG-BR[K=40] —— NPG-BR[K=20]
N=2, Best Response N=3, Best Response N=5, Best Response
20.0
35
17.5
15.0 30
125 25y
10.0 20
7.5 15
5.0 10
2.5 5
0.0 0
0 100 200 300 400 0 100 200 300 400 0] 100 200 300 400
Iterations —— NPG-BR[K=5] —— NPG-BR[K=30] —— NPG-BR[K=50] —— NPG-BR[K=10]
—— NPG-BR[K=1] NPG-BR[K=40] —— NPG-BR[K=20]

Figure 3. POA (top) and Nash-gap (bottom) under the tabular softmax parameterization (means and standard errors over 10 random
initializations).The dashed lines are the curves of the log barrier regularized version of the algorithms with the same color.
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H.2. Effect of the log barrier coefficient ) for the PG dynamics under tabular softmax

N=2, PG-Softmax N=3, PG-Softmax N=5, PG-Softmax

0.85 0.85

0.80 : 0.80

0.75 0.75

0.70 0.70

0.65 0.65

0.60 0.60

0.55 0.55

0.50 0.50

0.45 0.45

0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
lterations —— Lambda=0.01 —— Lambda=10.0 Lambda=1.0
Lambda=0.1 —— Lambda=100.0
N=2, PG-Softmax N=3, PG-Softmax N=5, PG-Softmax

25

25
20
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215

Q

w 15
Z10

5 10

0 5

0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
lterations —— Lambda=0.01 —— Lambda=10.0 —— Lambda=1.0

Lambda=0.1 —— Lambda=100.0

Figure 4. POA (top) and Nash-gap (bottom) for the PG dynamics under the tabular softmax parameterization (means and standard errors
over 10 random initializations) with various choices for A, the log barrier regularization coefficient.

In Figure 1, we plot in the dashed lines the best-performing A, the log barrier regularization coefficient, for the PG dynamics
under tabular softmax. Figure 4 complement the results with the POA and Nash-gap curves with various choices for A we
searched.



