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Abstract

The relationship between inverse reinforcement learning (IRL) and inverse optimization (I0)
for Markov decision processes (MDPs) has been relatively underexplored in the literature,
despite addressing the same problem. In this work, we revisit the relationship between the IO
framework for MDPs, IRL, and apprenticeship learning (AL). We incorporate prior beliefs
on the structure of the cost function into the IRL and AL problems, and demonstrate that
the convex-analytic view of the AL formalism (Kamoutsi et al.|2021)) emerges as a relaxation
of our framework. Notably, the AL formalism is a special case in our framework when the
regularization term is absent. Focusing on the suboptimal expert setting, we formulate the
AL problem as a regularized min-max problem. The regularizer plays a key role in addressing
the ill-posedness of IRL by guiding the search for plausible cost functions. To solve the
resulting regularized-convex-concave-min-max problem, we use stochastic mirror descent
(SMD) and establish convergence bounds for the proposed method. Numerical experiments
highlight the critical role of regularization in learning cost vectors and apprentice policies.

1 Introduction

In scenarios where an agent must learn to navigate in a random or uncertain environment, it is a common
practice to model the situation as a Markov decision process (MDP) and apply reinforcement learning (RL).
The goal in RL is to find a policy that minimizes the total expected discounted cost for the agent. Usually,
it is assumed that the cost function is known; however, specifying this function is difficult for most real-
life scenarios (Ng & Russell, 2000). Moreover, an incorrect specification of the cost function can lead to
unintended and potentially detrimental effects on the agent’s behavior (Amodei et al., |2016; Hadfield-Menell
et al.l 2020). Consider the problem of driving: should the agent be rewarded for arriving quickly, safely, or
cheaply, and how should the importance of each factor be balanced?

Inverse reinforcement learning (IRL) tackles this problem by reducing the work of manually designing the cost
function and using observations of an expert agent’s actions. Specifically, IRL aims to infer the cost function
that the expert is optimizing based on recorded behavior and a model of the environment. Returning to the
driving example, this approach involves observing an expert driver’s behavior and deducing the underlying
objective that guides their decisions. However, the goal extends beyond identifying the cost function; in
many cases, there is a desire to emulate the expert’s actions, much like a student assimilating knowledge
from a mentor. For instance, when children learn to run, they are not explicitly given a cost function to
optimize, but an expert shows them demonstrations of how they should run. Building on this idea, learning
from demonstrations (LfD) and imitation learning (IL) seek to derive a policy that matches or surpasses the
expert’s performance.

IRL was first informally proposed by [Russell| (1998), and Ng & Russell| (2000) introduced three algorithms
for different scenarios: (1) when the policy, transition dynamics, and a finite state space are known; (2)
when the state space is infinite; and (3) when the policy is unknown, but sample trajectories are available.
Several methods have since been proposed, including a maximum margin approach (Ratliff et al., 2006]),
Bayesian frameworks (Ramachandran & Amirl 2007), and maximum entropy techniques (Ziebart et al.
2008). However, all of these methods rely on RL as a subroutine within an inner loop, leading to significant
computational expenses.
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Furthermore, the IRL problem is ill-posed (Ng & Russell, 2000)), as multiple cost functions can explain
an agent’s behavior. This challenge has garnered increasing attention in the literature, with several works
focusing on identifying the set of feasible cost functions that account for the expert’s behavior (Metelli et al.)
2021} [Lindner et al., 2022)). For our analysis, it is important to note that the work of [Metelli et al. (2021}
2023)); [Lazzati et al| (2025) assumes access to a generative-model oracle for both the transition dynamics of
the MDP and the expert’s policy. A key finding in this body of work is that learning the feasible cost set is
inefficient and infeasible for large state spaces, as the sample complexity scales heavily with the size of the
state space.

In the context of LfD or IL, the literature often adopts the apprenticeship learning (AL) formalism proposed
by |Abbeel & Ngj (2004), which assumes access to a set of expert demonstrations and that the unknown true
cost function belongs to a specific class of functions. Consequently, this assumption requires identifying these
basis functions in advance, which can be nontrivial. There are two main classes of cost functions considered:
(1) linear combinations of known basis functions called features (Abbeel & Ng|, [2004; |Syed & Schapire, 2007}
Ziebart et al., 2008)) and (2) convex combinations of a set of vectors (Syed et al. |2008; [Kamoutsi et al.,
2021). Building on the AL formalism, Syed & Schapire| (2007) presented a game-theoretic view of AL and
solved it using a multiplicative weights algorithm. Later, [Syed et al.|(2008) proposed a linear programming
approach to solve the AL problem without employing IRL or RL as a subroutine. This marked an initial
step toward leveraging the tools of mathematical optimization to address the LfD problem. Following this
direction, [Kamoutsi et al.| (2021) introduced a convex-analytic approach to the LfD problem within the
AL formalism using a generative-model oracle for the MDP’s transitions. They formulated a bilinear min-
max problem using Lagrangian duality and solved it using stochastic mirror descent (SMD). Moreover,
Ho & Ermon| (2016)) solved the LfD problem for a general class of cost functions C = RS> solving an
entropy-regularized-min-max problem, and connected their approach with generative adversarial networks.
Nevertheless, this min-max problem is nonconvex-nonconcave, limiting its theoretical understanding.

Contribution. We revisit 1O’s tools for IRL and present the inverse problem for estimating the cost func-
tion of an MDP given an optimal policy (Erkin et all |2010; (Chan et al., [2023) and incorporate
prior beliefs on the structure of the cost function Through this approach, we revisit the proof that
the inverse-feasible set of this inverse problem is equivalent to the dual problem derived by [Kamoutsi et al.
(2021) and extend it to a general class of cost functions. Furthermore, we propose a new problem for AL tai-
lored for suboptimal experts and provide results that allow us to interpret optimal solutions. Using
Lagrangian duality, we derive a regularized-convex-concave-min-max problem [RLID,] for solving
which reduces to previous formulations (Kamoutsi et all |2021)) when the regularization term is null. Ad-
ditionally, we show that the stochastic mirror descent algorithm proposed in [Jin & Sidford| (2020) to solve
{oo-f1 games naturally adapts to our problem, and we provide theoretical convergence bounds.

1.1 Notation

We denote the cardinality of a set S as |S|. The probability simplex over |S| elements is given by AlSI =
{w eRISH| z; >0, Zﬁll x; = 1} and boxes are denoted by By = {x € R" | ||z|l < b}. The canonical basis
vectors are denoted by e’ = {x € R" | ¢; = 1 and e; = 0V # i}. The Kronecker delta is denoted by d;;.
Component-wise multiplication between two vectors x, y is denoted by x oy. The nonnegative real numbers

are denoted by R>(. Finally, we use the same notation as Kamoutsi et al.| (2021), with minor modifications,
to highlight the strong connections to their work.

2 Preliminaries and problem formulation

In this section, we establish the foundational concepts necessary for our study. We begin by defining the
structure of infinite-horizon MDPs. We then introduce the IRL problem and discuss the LfD problem through
the AL formalism. Finally, we provide an overview of 10 and formally state our problem.
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2.1 Infinite Horizon MDPs

A finite MDP is defined as a tuple (S, A, P, vy, ¢,y) where S is a finite state space, A a finite action space,
and P is a transition law P = (P(-|s,a))s.. where P(-|s,a) € AlS|. The initial state distribution is denoted

by vo € AlSI and satisfies vo(s) > 0 for every s € S. The cost vector is defined as ¢ € C C IB%ll‘SHAl and the
discount factor is given by v € (0,1).

A stationary Markov policy is a collection of distributions, indexed by s € & and denoted by (7(- | s))ses,
where 7(-|s) € Al4. We denote the space of stationary Markov policies by ITy. In this framework, the MDP
begins with an initial state sg ~ vg. At each time-step ¢, where the current state is s;: the agent selects an
action according to a; ~ m(- | s¢), the next state is determined by the transition law s;11 ~ P(- | ¢, a¢), and
a cost ¢(s¢, ay) is incurred. Note that in an infinite horizon model, the process continues indefinitely.

The normalized value function VI € RIS of a policy 7 given a cost ¢ is given by

VI (s) = (1 - 7)ET [Z V(s a»]
t=0

where E7[-] denotes the expectation with respect to the trajectories generated by = when starting from the
state s. While we refer to it as a function, any function from a finite set to the reals can be naturally
represented as a vector. The fundamental goal of RL is to find a policy 7 such that the process ((s:, a¢)):
minimizes the total expected cost:

pe = min pe(m) (RL¢)

welly
Z ve(sy, at)] .
t=0

where p.(7) = (vo, V). Notice that we explicitly highlight the dependence of equation on the cost
vector ¢. Furthermore, we denote V* as the value function corresponding to the optimal policy for RL..

— min (1 — 7)E”
félnrt( 7)EZ,

The normalized occupancy measure p, € AlSIAL of a policy 7 is defined as
o0

IJ’TF(S70’) = (1 — ,y) Z,ytIPgo[st =S, a = a],
t=0

where P7, [-] represents the probability of an event when starting from s ~ v and following 7. The occupancy
measure of a state-action pair can be interpreted as the discounted visitation frequency of the pair when
following a particular policy. Hence, we can also write p} = mingem, (i, €).

We define the transition matrix P € RISXISIAl where P, (s0) = P(s' | 5,a) and the polyhedron F = {u €

RISIAL | Tp = vy, p > 0} where T € RISIXISIIAl Ty (s,0) = 0st,s — VPs (s,0), and T = ﬁT. An
1

a—) (B —+P)u

alternative expression for T’, that is useful for computing gradient estimators is Tyu =
where B is a binary matrix that satisfies By (5,4) = 1 if s’ = s and B,/ (5,0) = 0 otherwise.

Proposition 1 (Puterman (1994)). It holds that, F = {p, | m € Ilp}. For every m € Iy, we have that

Wr € F. Moreover, for every feasible solution p € F, we can obtain a stationary Markov policy 7, € Ily by
w(z,a)

e Then, the induced occupancy measure is exactly p.

mula ] 7) = 5

a’€A

Proposition [I] provides a correspondence between the elements of F and occupancy measures given by
stationary Markov policies. Note that the condition T,u = vy can be interpreted as the Markov property
of the process under P} [-]. Hence, the MDP linear programming approach consists of solving the MDP-P,
problem

. .
= min C
pe=  Jnin {p;c)

st Typ =y, (MDP-P,)
n=>0.
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Note that the constraints enforce that g € F, therefore an optimal g corresponds to an optimal policy. The
corresponding dual problem is given by

max { (o, u) | ¢ — T/ u > 0}, (MDP-D.)
u€RISI

where an optimal u represents the optimal value function V7.

2.2 Inverse reinforcement learning

The IRL problem aims to uncover the true cost function that an expert agent is optimizing given some
information about the expert’s behavior: sample trajectories, its real policy, or an estimate of its policy
(Ng & Russelll |2000). Formally, given an MDP without a cost vector and with access to information about
an expert’s policy mg, which could be the actual policy, an estimate, or a set of demonstrations, the IRL
problem is defined by the tuple (S, A, P,vy,7g,7). The goal of the IRL problem is to determine a cost
vector ¢ for which the policy 7g is optimal for within the MDP (S, A, P, vy, ¢,7).

2.3 Learning from demonstrations and the apprenticeship learning formalism

The goal of learning from demonstrations is to learn a policy that matches or outperforms the expert’s
policy mg for an unknown true cost vector ciue- The apprenticeship learning formalism (Abbeel & Ngj
2004) has been routinely used in literature for addressing the LfD problem. The AL formalism assumes that
the unknown true cost function ¢y belongs to a class of functions C and searches for a policy that solves
the following min-max problem

A" = min MAX (o, €) — (Prg, €) = min max(pr — Pz, €), (LfDy )

An optimal solution to is called an apprentice policy m4 and satisfies

</J’7rAvctruc> S </JJ7rE;ctruc> + ﬁ*

In optimization-focused approaches to LD, the ¢ e is assumed to belong to a convex hull

Ne Ne
C =Ceonv := {cw = Zwici w; > O,Zwi = 1}
i1 i=1

(Syed et al.| [2008; Kamoutsi et al., 2021) of a set of vectors {c;}/=; C RISIMI where ||¢;[|oc < 1 for each
i=1,...,n.. It is assumed that this set of vectors is known; however, in practice, an initial estimation step
is required to determine this set, a task that is generally nontrivial.

2.4 A primer on inverse optimization

Inverse optimization is a mathematical framework that fits optimization models to decision data. Given
an observed optimal solution, it seeks to learn the objectives and constraints of the underlying model. For
example, IRL can be thought of as an inverse optimization problem, as it searches for the cost function that
an optimal agent is optimizing.

Consider the general forward optimization problem for a given parameter 6 in the parameter space I':

min {f(z,0) |z € X(0)}, (FOPy)
TER™
where X (0) denotes the feasible set for @, which depends on #. Given an optimal solution &, the inverse
optimization problem consists of finding a #* € I' that makes & optimal for [FOPg| with § = 6* and is optimal
in some way. For this purpose, define the optimal solution set X°P*(0) := argmin_{f(x,0) | z € X(0)} and
the inverse-feasible set ©"V(2) := {0 € I'| 2 € X°P*(d)}. Naturally, we want to find a § € ©V(&), but
rather than selecting an arbitrary 6 from this set, we aim for one that minimizes a certain criterion.
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Hence, the inverse optimization problem [NV-OPT]is defined as:

min{F(6) | 0 € 6™ (@)}, (INV-OPT)

where F' should convey information about the quality of 6 given some prior knowledge, and the search space
I' should be appropriately chosen for each instance of the problem.

2.5 Our problem

Suppose that the environment is modeled as an MDP where only the state space S, action space A, and
discount factor v are known. We assume that the learner has access to a generative-model oracle for the
MDP’s transition dynamics, as well as a generative-model oracle of an expert’s occupancy measure pi, (not
necessarily optimal), and a prior belief é of the cost function the expert is trying to optimize for. We aim
to learn a cost function ¢4 and an apprentice policy w4, such that 74 is optimal for RL.,, and ¢4 remains
close to the prior ¢ while w4 performs similarly to 7 under ¢4 (see [[O-AL,).

3 The inverse optimization viewpoint

In this section, we show how the IRL problem can be addressed with the tools of I0. We establish the
equivalence between the AL problem formulation presented in Kamoutsi et al.| (2021]) and the inverse-feasible
set of the problem [RL-IO] Additionally, we demonstrate how prior beliefs about the structure of the cost
vector can be incorporated into both the IRL formulation and the AL setting

3.1 IRLvialO

We will use the ideas of Subsection applied to the forward optimization problem MDP-P,, . where the
parameter 6 corresponds to the true cost vector ciye the expert is optimizing for. Note that we assume
the existence of ¢iye because the IRL problem assumes that the expert is optimal for some cost function.
Therefore, let us suppose that ¢,y lies in a convex class of cost functions C and that the expert’s policy 7 is
optimal for RL,,,., which means that its corresponding occupancy measure pi, is optimal for MDP-Py, ..

The following proposition follows from complementary slackness for linear problems (Bertsimas & Tsitsiklis),
1997).

Proposition 2 (Complementary slackness). An element p is an optimal solution to[MDP-P.| if and only

if there exists a vector u € RIS such that ¢ — T u >0 and (pr,c— T, u) =0.

Remember that w is the dual variable for the equality constraint in and represents the value
function. Therefore, the inverse-feasible set for p,, consists of the cost functions in C for which such a
exists

O (puy,) i={ceC|FuecR : c—TJuZQ <u,rE,c—TJu> = 0}.

Substituting for the inverse-feasible set in [NV-OPT]and choosing an appropriate function F for comparing
cost vectors, we arrive to the inverse reinforcement learning problem through inverse optimization (Erkin
et al.l |2010; |Chan et al.| 2023])

min F(e)

ceC,ucklsI

s.t c—T,)u>0, (IRL-10)
<lu’7TE?c - T’;ru> =0.

3.2 Connections to LfD and the AL formalism

Kamoutsi et al.| (2021)) considered the LfD problem under the assumption that the true cost function cgrye
belongs to the convex hull C.ony of a given set of vectors. By applying an epigraphic transformation to
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where the validity of this transformation depends on the previous assumption on ¢gpye, and deriving
its dual, they arrived to the optimization problem

max{(qu,Tju—@ |C€CCOHV,C—T,;F’U,20}. (Dxy)

They focus on this problem and optimize its unconstrained version derived through Lagrangian duality,
where the dual variable corresponding to the constraint ¢ — TJ u > 0 represents the apprentice state-action
visitation probability.

Theorem 1 (cf. Proposition 2 in Kamoutsi et al.| (2021)). Suppose that pr, is an optimal solution for
where ¢ € C. Then the following equality holds:

(eu)

0™ () =11, (arg max{(qu,Tju —c)lcelC, c— T,YTu > O})

where Iy denotes the projection in the first component.

This implies that the dual problem [D; .| serves as an alternative representation of the inverse-feasible set
O™ (pr,.). In contrast, in problem [IRL-IO| we choose an element within the inverse-feasible set that mini-
mizes F. In this sense, under the assumption of expert’s optimality and that ¢iue € Ceony, the AL formalism
finds an arbitrary element of the inverse-feasible set, whereas [RL-IO] has a criterion for searching within
this space and considers a general convex class of cost functions C.

3.3 Incorporating prior beliefs

Suppose we are given a proxy cost vector ¢ that reflects our prior beliefs about the structure of the true cost
vector, which are not necessarily accurate. Leveraging this information, we aim to guide the search within
the inverse feasible set in problem [[RL-IO| To this end, we project é onto ©™ (., ) by solving the following

optimization problem:

. Al12
min —C
e A | 12
s.t c—T u>0, (IRL-10)
<[1,.,|.E,C* Tf;ru> =

Figure [T illustrates the setting for problem The polyhedral region in fuchsia represents the set of
all occupancy measures F. In particular, if we assume that the expert is optimal and the induced policy is
deterministic, then g, is a vertex of F and the true cost vector ¢gye, in green, is within the inverse-feasible
set OV (p, ). The proxy cost vector é, in red, is not necessarily inside the inverse-feasible set and will be
projected onto the inverse-feasible set by solving Problem

Figure 1: Ilustration of the incorporation of é.

Since we are still selecting an element from the inverse-feasible set, we can derive results similar to those
presented by Kamoutsi et al| (2021) for solutions to Problem [IRL-IOg4| under the assumption of expert
optimality. The following corollary follows directly from the proof of Theorem [1| (see Appendix [A.2]):
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Corollary 1 (Optimal expert). Assume that wg is optimal for RL.,,. A pair (ca,ua) is optimal for
Problem [IRL-I0¢| if and only if np is optimal for RLc, and uwa = V. In particular, the cost vector c4 is
the projection of ¢ onto the inverse feasible set and g is optimal for c4.

It is important to note that when the expert is suboptimal, Problem [RL-TOis infeasible, as the complemen-
tary slackness equality cannot be satisfied. To account for the possibility of suboptimal expert behavior, we
can relax the complementary slackness condition in [[RL-TO] Weighing the beliefs of the expert’s optimality
and the quality of the cost function estimate with parameter a € R>(, we arrive to problem

Al12 T
— T
C{nm s alle = é||5 + (Mrg, € L)

s.t c— Tv—ru > 0. (I0-AL,)

Proposition 3 (Suboptimal expert). A pair (ca,ua) is optimal for|[O-AL,| if and only if the apprentice
policy mwa is optimal for RL., and uwa = V. Furthermore, the optimal value corresponds to alca — élj3 +
Pea(TE) = Pea(Ta).

Proposition [3| states that the apprentice policy 74, i.e. the dual variable for the constraint ¢ — T;ru >0, is
optimal for the RL problem with cost vector c4. Solutions to can be viewed as a way to balance
the distance between the cost vector ¢4 and the estimate ¢, while ensuring that the total expected cost of
7 and 74 are similar under ¢4 and that 74 is optimal for RL,,.

Figure 2: Illustration of

Figure [ illustrates using the same notation as Figure[I} In this scenario, the suboptimal expert lies
within the occupancy measure set F rather than at a vertex. The apprentice policy w4 provides a better
explanation of the expert’s behavior, as it corresponds to the closest vertex, while 7/y better aligns with the
proxy cost vector é. The parameter o governs this trade-off: when « increases, the optimization problem
selects Mo whereas for values closer to zero, it selects pir .

This is our alternative to the AL formalism: instead of identifying the set of vectors {c;};¢; that define
Ceony and choosing an arbitrary cost vector within the inverse-feasible set, we search over a general convex
class of cost vectors C and define an estimate ¢ to guide the search. In practice, obtaining information about
optimal experts is challenging (Brown et al.;, [2019; |Chen et al., 2021; [Wang et al.,|2021). Furthermore, given
an expert’s policy or demonstrations, it is difficult to determine whether it is optimal. Nonetheless, we still

aim to leverage suboptimal experts’ information and comprehend its actions by solving

3.4 Min-max formulation

We aim to reformulate as a convex-concave-min-max problem and solve this unconstrained opti-
mization problem using stochastic mirror descent. To this end, we compute its Lagrangian:

L(c,u, p) = allc = &[5+ (pry — ¢ — T )
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where g € RISIMI and pu > 0. Observe that £(c,u, pt) is convex on (¢, u) and concave on g. Thus, [JO-AL,
is equivalent to the min-max problem

min maxL(e,u, ).
ceC,ucRlSI p>0 (7 ’H)

In our setting, we assume that C = IB%‘{S”A‘, which is not restrictive because we can scale any cost vector to
lie within this set. Therefore, we know that |V ||cc < 1 for any policy m € IIy and ¢ € C (see Lemma

in the Appendix). Hence, we can search for (¢, u) within the box B‘l‘SHAl X ]B%‘ls‘. Moreover, as all feasible
solutions for MDP-P.| belong to the simplex AlSII4l we can restrict the search for p to the same simplex.

. A2 T
— — - T, u). RL{D
(c,u)eBr;gl‘\nA\ xB}! ;.zergl%s}ﬁAl olle = ellz + (ke — s v w) ( )

Observe that this formulation closely resembles previous min-max formulations of the LfD problem (Kamoutsi
et al., 2021)). Tt can be interpreted as a regularized version of this problem, where the search for ¢ is conducted
within a general class of cost functions rather than being restricted to a previously specified convex hull.

4 Algorithm

Revisiting the assumptions for our problem, we assume that we have access to a generative-model oracle of
the expert’s occupancy measure pt,,, as well as a generative-model oracle for the MDP’s transition law. In
this section, we will focus on solving [RLID,] via stochastic mirror descent. Before attempting to solve this
problem, we must first define what constitutes a good solution. We define an e-approximate solution as a
pair (¢, u), p such that their duality gap is bounded by € > 0.

Definition 1 (e-approximate solution). Given € > 0, an e-approximate solution of|[RLfD,|is a pair of feasible
solutions ((cf,u), u) € (]B%ll‘SHAl X IBS‘{S‘) x AISIAL that satisfy

Gap((ct,u),u) = max L((c,u),p') — L((c,u),u) <e

min
W EAISIIA| (¢’ u')eBISIM4I BIS|

To minimize the duality gap, we require descent and ascent directions. The gradients of L((c,u), ) at a
given iterate ((ct, ut), pt) € (IB%'{SHA‘ X IB%Il‘Sl) x AISIIAl are given by

() (¢, u _ (2alet = &) + prp — m)
g (( ts t)a /J't) ( T’Yl"’t _ T’YIJ/TI'E )

g* (e, wr), ) = —(—cr + T up) = ¢, — Ty,
where g(&™)((cg, ue), ) = View L((er, ur), pe) and g#((er, ur), ue) = —VuL((er, ue), pe). Since explicit

access to T, and pir, is unavailable, it is necessary to develop gradient estimators that are compatible with
oracle-based queries.

Definition 2 (bounded estimator). Given the following properties on mean, scale, and variance of an
estimator:

i. unbiasedness: E[g] = g.
it. bounded mazimum entry: |||l < z with probability 1.

iii. bounded second-moment: E[||g]|?] < v

we call § a (v, || - ||)-bounded estimator if it satisfies (i) and (i) and a (z,v,] - ||am)-bounded estimator if it
satisfies (i), (i), (i) with local norm || - ||y for ally € A™.
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With this in mind, define the gradient estimator for the (¢, u) side through the following procedure

1
sample (s, a) ~ STA (st,a¢) ~ pt, sy~ P(-| st,00), (8B,a8) ~ fry, 85~ P(-| s8,a8),
IS|IA] - 2a (c(s,a)eD) — &(s,a)el>V)) + elsmar) — elst.ar)
ek (e et e )

"(C,’U,)

set ¢ (e, u), pe) =

In Lemma [T} we show that this estimator is unbiased and provides a bound for its second moment.

Lemma 1. Gradient estimator 3™ ((ci, u;), ue) is a (0% || - ||2)-bounded estimator, with
4(1++?)
(cyu) _ 2
v = 640" - |S||A| + ——5 + 8.
SIAI+ =5
For the p side, define the gradient estimator by
e (s.0)~ o 8~ P sia)
sample (s,a) ~ =, § ~ P(-|s,a),
|S[IA]
~ s,a 1 s,a s,a
st 7 (crvte). ) = ISTAT (s, el = ()6l — el @)

As before, we will demonstrate unbiasedness and bound its second moment; however, this time we will also
calculate a bound on its maximum entry.

Lemma 2. Gradient estimator gH((ce, ut), pe) s a (2, 0%, - ||2)-bounded estimator, with

2/S|| 4| 4(1+7%)
®no_ no_
2P = 1= andv* = |S||A| | 2 + =2 )

Using these gradient estimators and the bounds established above, we adapt the SMD algorithm orig-
inally designed for solving MDPs in [Jin & Sidford| (2020)). Algorithm [1| presents the SMD method
for TRL. This algorithm iteratively computes bounded gradient estimators (Lines 3 and 5) by sam-
pling from the occupancy measures and querying the oracle (Lines 2 and 4). The updates are
then obtained using mirror descent steps followed by a projection (Lines 6 and 7). After T it-
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erations, the algorithm returns the average of the iterates as an e-approximate solution to [RLID,]

Algorithm 1: Stochastic Mirror Descent for Inverse Reinforcement Learning

Parameters: Step-size (%), n# number of iterations T, accuracy level e.

Input: State space S, action space A, transition oracle P, occupancy measure oracle ptr,, initial state
distribution vy, discount factor +, initial ((co, uo), to) € IEB'{SHA‘ x AlSIIAL

Output: An expected e-approximate solution ((c¢, u), u¢) for

fort+ 0toT —1do
/* (c,u) gradient estimation */
Sample (Stvat) ~ i, S;& ~ P( | Stvat)v (SEvaE) ~ Urg, S/E ~ P( | SEaaE)
Compute:

5o (( ), ) 20(e0 =€) ¥y — e
g Ct,Ut), t) = s s s s
L (e et (e et

/* p gradient estimation */
Sample (s,a) ~ ﬁ, s ~P(-]s,a)
Compute:
” _ (,0) 1 (5,0) Mo (5:0)
g*((er, wr), ) = [SIJA { eu(s, a)et> — i) (u(s)et™" —yuy(s") e )
/* Mirror descent steps */

(et ur) < Igisiial,glsi ((ero1,wp—1) =@ g™ ((eo1, 1), pi-1))
| < Hagsiar (pe—1 o exp(—=nHg* ((er—1, we—1), e—1)))

return ((cevuﬁ)aue) <~ % Z;’F:l((ct?ut)ap‘t)

Theorem 2. Given € € (0,1), Algom'thm with step-size

(cu) — __ € n_ _©
n n dok

- 4U(c,u) ’
and gradient estimators defined in equations [ and[g finds an expected e-approzimate solution

E[Gap((c’,u), p)] <€,

)

within any iteration number

T max {O <a2|s€|§|A|2> o <|S|A| log (|5 ||A]) ) }

€2

The number of iterations scales quadratically with the number of actions and cubically with the number of
states. Theoretically, the number of iterations required depends on the parameter a € R>¢. When ae = 0, the
number of iterations decreases significantly as the |S|3 and |.A|? terms vanish from the initial expression. This
suggests that introducing the regularization «||c— é||3 increases the complexity of the problem. Nevertheless,
we will see in the next section that the regularization term helps to guide the search to uncover the true cost
function.

Proposition 4. Let ((c%,u®)uc) be an expected e-approzimate solution for|RLfD,| such that pu¢ induces a

policy mye € Iy defined by mpe(als) = % It then holds that

E [afl¢ = él3 + pes (mp) = pes(ma)] < €+ allea = €3 + peu(nE) = P2
where ((ca,ua), pa) denotes the optimal solution for|RLfD, | and 74 is the policy induced by pa.

Proposition [4] establishes a connection between expected e-approximate solutions for [RLID,] and its optimal
solution. Specifically, it shows that an expected e-approximate solution achieves an objective value that is
at most € worse than that of the optimal solution. Note that we assume that p¢ induces a policy, which is
not always the case for an arbitrary p € AlISIMAIL

10
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5 Numerical experiments

We use a standard H x W Gridworld environment (Figure, where each cell is a unique state. Obstacles
(shown in red) incur a cost of 1, terminal cells (shown in green) incur a cost of —1, and all other cells
(shown in white) incur a cost of 0. The action set is {up, down, left, right}, but a “wind” introduces a 20%
chance of drifting left or otherwise altering the intended move. If the resulting move is out of bounds, the
agent remains in the same cell. The discount factor is 0.7, and initial states are chosen uniformly. We solve
the corresponding with a linear solver to obtain the optimal occupancy measure (Figure .
To construct a suboptimal expert, we terminate the solver early and use the resulting p as the expert’s
occupancy measure (Figure . To visualize the policies induced by these occupancy measures, we extract
the most likely action at each state by computing argmax,c 4 (s, a) and display it in the corresponding
cell.

10 10
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T 6 e IEEEEER
U R R N R B R ) EERREREEEH
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0 0 0

o 2 4 6 8 10 0 2 4 6

®
5
°
~
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o
@
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(a) Gridworld environment. (b) Optimal policy. (c) Expert’s policy.

Figure 3: Hlustration of the Gridworld environment, the optimal policy, and the expert’s policy.

5.1 Implementation details

We executed Algorithm [I[] N times with randomly generated initial values for T iterations and averaged the
resulting outputs. With reproducibility in mind, we provide a Python package (see supplementary material)
with a framework that can handle general discounted Markov decision processes.

5.2 Regularization effect

We study the effect of the regularization term «||c — &||3 in solving problem via SMD. To this end,
we define a cost vector ¢ that is zero everywhere except for a randomly selected subset of obstacle and goal
states. This choice was made based on practical considerations, as in most real-world scenarios, we rarely
have access to a highly accurate estimate of the cost vector. Specifically, for obstacles, ¢ is set to 1 for a
randomly selected 50% of the obstacle states, while for goal states, € is set to —1 for a randomly chosen 50%

of them. Moreover, regarding the algorithm’s parameters, we chose N = 20, T' = 10°, and both step-sizes as
1072,

Figure [4| depicts the learned cost vectors for each action {up, down, left, right} under varying levels of regu-
larization a. As « increases, the cost vectors display more white regions, indicating near-zero cost values,
and more accurately highlight the main obstacles. In turn, this leads to a better approximation of the true
cost structure. However, when the regularization is too strong, it may overly penalize costs associated with
obstacle areas that are less frequently demonstrated, thereby ignoring parts of the environment that do not
appear in the demonstration data. Consequently, selecting an appropriate « is crucial to achieve a cost
vector that balances fidelity to the true environment and robustness in identifying cost structures that are
not present in the estimate €.

11
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Figure 4: Effect of the regularization on the cost vector.

Figure [5] displays the apprentice policy obtained using SMD for various values of a. Notably, when « is
set to 0.005 or 0.001, the apprentice policy closely resembles the one derived by exclusively weighting the
expert’s policy (i.e., &« = 0). This observation is significant, as the previous analysis demonstrated that
incorporating regularization yields a cost vector for the apprentice policies that aligns more closely with the

true cost vector.

Figure 5: Effect of regularization on the apprentice policy.

12

a=0.1 a = 0.005 a = 0.001 a=20

10 10 10 " 10 ™
RN R E RN RN E NN RN NN RN NN
81‘1‘?1‘1‘99?&‘ & DEEEIEAE K ¥ K [AENENE] RS
L [ PR PR [ PR [ P g P RN RN ENENE RN NN Tt T ([ F[F 7]
T 0 I O Y 1 1Y 0 1 S S Y 1 2l A S LA R Y K LA K M A KA LA A

|+ | || o ||
e -

\ \ el e e T nEENNEaEER IS EREEEE s SR EERr
ale [ )] sl |t SRS N sle [ ][] ] N tt AR EERs
« | e « [« [t ]e |« « [« |« - - - « « « | | =
B ek S+ Ve v vl S+ v v e Ve S+ vl v
v [ RN el vlelv| 2 2]y vivlv[v | Ve v ' I8 e el g s %
a e [« [ ] ot e | o]« e |« « [« [« | + + tle |« - e + + EanannE
o 2 4 6 8 10 o 2 4 6 8 10 [ 2 4 6 8 10 uU 4 6 8 10




Under review as submission to TMLR

5.3 Convergence

In the same experimental setting, we examined the convergence of the solutions up to iteration ¢ < T by
computing the L!-norm of the difference between the solutions at iterations ¢ and t—1. We plotted this norm
for each of the o values considered in the previous experiments. According to this sense of convergence, all
« values exhibit comparable convergence rates for © and pu. However, for ¢, the convergence rate at « = 0.1
is faster than that observed for smaller values of a. This behavior aligns with the increased penalty imposed
for deviating from é under stronger regularization, thereby accelerating convergence for c.

a=0.1 a = 0.005 a = 0.001

Figure 6: Effect of regularization on the difference of solutions found between iterations.

However, it is important to note that Theorem [2| characterizes convergence in terms of the duality gap. In
Figure [7| we compute the duality gap of the solution every 25 iterations, using IPOPT (Wachter & Biegler,
2006). The algorithm parameters remain unchanged, except that, due to computational constraints, we
reduce the grid size to 6 x 6 and limit the execution to 7' = 10* iterations. As expected from the results of
Theorem [2] stronger regularization leads to slower convergence of the duality gap, a trend illustrated in this
figure. While we did not use the theoretically prescribed step sizes due to their small magnitude, the figure
still offers valuable insights into how regularization affects the convergence behavior.
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Figure 7: Duality gap convergence.
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A Appendix

A.1 MDPs
Lemma 3. Given a DMDP with discount factor v € (0, 1), then the value function satisfies

Ve (s) < llefloe =1

c

for any policy m € Iy and any state s € S.

Proof. Given a policy w € Ilj and a state s € S the value function

VI(s) = (1 —7)E] [Z WtC(St,at)]
t=0

< (1-7)E] [Z vtIICIIM]
t=0

1
=(1- V)WHCHoo
=1
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A.2 10, LfD, and AL

Theorem 1. Suppose that iy, is an optimal solution for equation[MDP-P¢| where ¢ € C. Then the following
equality holds:

0™ (py,) = II; <argmax{<uﬂE,TJu —c¢)|celC, c— TJu > 0}>

(cu)

where Iy denotes the projection in the first component.

Proof. Note that

argmax{(u,,E,T,;ruf@ |ceC, chJu >0}

(e;u)

:argmin{(u,rE,chJu> |ceC, ch,yTu > 0},

(e,u)
thus, we will prove that
O™ () =11, (argmin{(uw,c TJu) lceC, c— Tju > 0}) .
(e;u)

If pr, € F, then p,, > 0. Using the restriction ¢ — TJu > 0, we have that

min){<umchJu>|ceC, c—T u>0}>0.

(e,u

If co € O™ (pr,), then there exists uy € RIS! that satisfies ¢ —T;ruo >0 and (pr,,co —TJu0> = 0. This
implies that

(co,up) € argmin{{pr,,c — TJu) |cecC, c—TJu > 0}.

(c;u)
On the other hand, if ¢* € I} (arg L R T/u)|ceC c—T u> O}), then ¢* € C and there
exists u* such that
¢ — T;ru* >0and (ptr,,c* — T;ru*> < AWy, c— TJu),

for every pair (e¢,u) such that ¢ € C and ¢ — T;'—u > 0. In particular, this is true for (é,@) where pi,, is
optimal for MDP-P¢ and w4 is its dual optimal. Therefore, by complementary slackness we have that

0 < <[L7TE,C* _T»;FU*> < <I~L7I'E7é_TryTﬁ> = 07
and we conclude that ¢* € O™ (g, ). O

Proposition 3. A pair (ca,wa) is optimal for|[I0-AL,|if and only if the apprentice policy w4 is optimal
for RL., and wa = V. Furthermore, the optimal value corresponds to allca — é||3 + pe, (7g) — pi, -

Proof. Observe that is a convex optimization problem. Therefore, a pair (c4,u4) is optimal for
if and only if the KKT conditions are satisfied. In particular, it satisfies complementary slackness
(rnsca — T uwg) = 0 and the stationarity condition Ty, = Typir, = Vo, which implies that pur, € F.
Then, by Proposition [2| 74 is optimal for RL., with us = V. Moreover, if (c4,u) are optimal we have
that
allen = &3+ (fapsca — T wa) = allea — &3 e T
A 2 Hrp, CA ~y UA O‘HCA C||2 + <:U'TrEch> <I’I’7TE7 ~ uA>
= allea = &|3 + pes(mE) — (o, ua)

= allea = &l3 + pea(mB) = P, -
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A.3 Gradient estimation
Lemma 1. Gradient estimator 3™ ((ci, u;), ue) is a (0% || - ||2)-bounded estimator, with
1
v©®) = 6402 - |S||A| + (( +7”)2) +8.

Proof. The unbiasedness follows from the following observations
|S||~A| 2 (ct(s a)e(s a) (8 a)e(s,a)>

2 84

+ Z MWE SE7(LE (GE,aE) Z'ut St, at (Sf,at)
SE,OF St,at
- Mt

= 20[(0,5 - é) + Mg

and
1 ’
(1 - ’7) ,Z Mt(st’ at)P(SQ | St, at)(e(si) ")/e(st))
S4,0t,5¢
Z Mt St,at (St) -7 Z ,Ut St,at St | st7at) (s})
St,a¢ St,at,st
- Bup —~yPp
= 7)( )
ThuS, we obtain
g 2a(ct - é) + Hrg — MKt
B [§©9)((c ), }( i |
7 (e.w), ) o
For proving the bound on the second-moment, note that
2
{H|S|A| 20 (Ct(s a)e® — ¢(s,a)e'® a)) 4 esman) _ glsia) ]
2
+ He(sE ag) _ e(st7at) 2
2

<9E {4|5||A|a Hct(s a)e>V — ¢(s, a)el>

< 2E [4|S[|Ala® - 4+ 2]
= 32|S||Ala? + 4,
and
1 , ; » , 2 2(1+17)
() _ mels) _ (o(s8) _ ~o(sh) H <g 2L TY)
B [y (0 —ret? e —aetm) [[] < | T
_ 21497
(L—=7)2"
Hence, we can provide the bound
(4) 2(14+~2)
(cu <9
E|l3 wll;] = {32|S|A| A+ 7)2]
1
6402 S|l + 204 g
(1—9)?
where in (i) we used ||z +y||* < 2[|[z]* + [|y?]
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Lemma 2. Gradient estimator gh((cg,ut), ) is a (2%, 0™, || - ||2)-bounded estimator, with
2|8 4(1+~2
M= 7| 1A and vt = |S||A] (2+ 7( +72>> .
(1=7) (1=7)

Proof. The unbiasedness follows from

1
(1-7)

E[g"((et, ue), )] = Z mP(s’ | s,a)-|S||A| (Ct(s,a)e(s’a) _

s,a,s’

(1) el

1 T T
=c¢——— (B u—~vP u
(1—7) ( )
= Ct — T,YT'LL
For the bound on the maximum entry observe that

19 ((erue). o)l oc = IS4 m{ W

1+
< IS|14 (nctum T ”’)

(1—7)
_ 2[S[JA]
(1-7)

Finally, the bound on the second-moment can be obtained by:

c(s,a) —

}

~ (l) s,a 4
E 5% (e0 we), w2 ] < 1SP2LAP - E [2||ct<s,a>e< i+ Ty

— |SPlAP - E [u%s,a) (2<ct<s,a>>2 n

(lur(s)e®O2, + IIWt(S')e(S’“)IIi/)}

2
)+ (14_”7)2<ut<s’>>2)]

= IS4 [st,a) (2o + s o))

4 2
Y W (s a)P(s | 5,0) s ()
s’,s,a (1 - ’Y)
sl (24 ) S+ s S WP s
B (=72 ) 4 A= 7
401 +v2))

=|S||A (2+ ,

ik (2+ 1

where we used ||z + y||2 < 2[||z||? + |ly||?] two times for (i) and that (c;,u;) € BISM 5 BIS for (i4). O

A.4 Algorithm convergence

We will follow [Jin & Sidford| (2020) and show how their results accommodates to our problem.

Definition 3 ({.-f; convex-concave min-max problem). Let f : R™ x R™ — R be a differentiable function
that is convex in x € R™ and concave in y € R™. We define the {-01 convez-concave min-max problem as

min max x .
min max f(z,y)

18
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Furthermore, define the operator

G(z) = G(z,y) = [Vaf(z,y), - Vy f(z,y)] = [¢" (2. y), ¢ (z, y)].
Lemma 3 (cf. Appendix A.1 in|Carmon et al.| (2019)). For every z1,...,zx € Z =B} x A™ it holds that

K

Gap( sz> < sup i2:(6?( k), 2k — W).

uGZ

Proof. For all z € Z, f(z*,uY) is concave in u¥ and — f(u®, 2¥) is concave in u®. Therefore, gap(z,u) is
concave in u for every z and we have

gap(z,u) < gap(z, z) + (Vugap(z,2),u — 2)
= (Vugap(z, z),u — 2)

= (-G(2),u—2z)
= (G(z),z —u).
Similarly, gap(z;u) is convex in z for every u. Therefore,
1 & 1 & 1 &
gap (K kz_:lzk;u> <% kzﬂgap(zk;u) <% ;<G(Zk)azk —u),

where the first inequality follows from convexity in z and the second inequality from above’s result. Taking
the supremum over the inequality yields the result. O

The two divergences that we will use in the stochastic mirror descent algorithm for the £,,-f1 convex-concave
min-max problem are the following:

1. given the euclidean distance h(x) = %||x||3, we obtain the divergence V(') = L||x — «'||3;
2. given h(y) = >, y;logy;, we obtain the Kullback-Leibler divergence Vy(y') =3 v;log (%{)

Theorem 3. Given a {y €1 convez-concave-min-maz problem [3, desired accuracy €, (v%,]| - ||2)-bounded
estimators §g* of g ,and (22,09, || - |Am)-bounded estimators §¥ of g¥. Algorithm 1 with choice of pa-
rameters Ny < 1o, My < e outputs an e-approximate optimal solution within any iteration number

— 4vv
T > max {lﬁnb 8log(m,)}

Toeny

Proof. Note that V is 1-strongly convex. Since 7, < we have that

_€
— 4oy
e 2vY 1

€ y
179 lloe < 1 N3l < 75 - = 5-

Hence, by Lemma 1 and Lemma 2 in |Jin & Sidford| (2020) we know that

Z <77mgtmaxt - CE> < le + 5 Z || ||§v

te[T] te[T]
S ey — ) <V, (9) + - Z 132115,
te[T] te(T]

Now, define ¥ := g¥ — g&, 97 := g¢ — g7, and the sequences &1, ..., &7 and 91, ..., 7 by

"ﬁl =, "%t-i-l = argmin<nw§tw7m> + V@t (m)a
zEBY

91 =y1, Yir1 = argrAninWéZ’ ) + Vg, (y).
YyeA™
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In a similar way to n¥g?, we can bound the {,-norm of n¥3¥

17737 loe < 1n¥38 o0 + 11797 loo = 11Y3¢ [loc + IE[1Y 37 ]ll0 < 2[17¥ 37 [lo0 < 1.

Therefore, using the lemmas as above we get

Z <,'7mgtm’$t - $> < le + 5 Z ||g:tnl|2’

te[T] te[T)
Sy —y) <V, (y +f S gy
te(T) te(T]

Since g¥ = ¥ + g¥ and g = §¥ + §7,

> lgP e — ) + (9 ye — )]

te[T]
1 T~ 1 Yy 1 T AT 5 1 YaY 4
= Z Tz<77 Gt » Tt —a:)—f——y(n Gy —y)| + Z TE<77 9t s Lt —$>+7<ﬁ 9t 9t — )
te[T) n n te[T) n n
+ Z (98, @0 — @) + (07, ye — U1)]
te[T]
- 1 v~ 1 5 1 A
— Z gF, e — )+ — > (1747, & —x)] + o Yo m¥at e -+ — D> (¥ 9 — )]
te[T) te([T] te[T) te[T]
+ Z (GF @0 — 1) + (3¢, Y — Ge)]
te(T)
2 N . N
<V, (z )+— > NIGEIE +UgFI3] + D (aF @ — 24)
n* te[T) te(T]
2 nY y y ~Y A
V(W) + 5 > LIge, + 182115, + > (6F ye — 9o)-
n te[T) te[T)
Consider the operator G(z) := [¢*(z,y), —g¥(x,y)]. As min-max problem [3|is convex in its first argument

and concave in its second argument, by Lemma [3] if we show that

1
sup — Z (G(zt), 2zt —u) <,

ucz te[T]
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T
we obtain that Gap( L 3™ 2;) <e. Now take the expectation on both sides:
i=1

E sup % Z (G(z1), 2zt —u) = IE% sup Z (¢%(z,y),zs — ) + Z (¢Y(z,y),y — y)

weZ L o @Y) | ie[T) te[T)]
(i) 1 2 ,,,]m ~x AL
< —E(sup) nmewl(ic) + -5 Z 17115 + 197 113]
z,y

te(T]

2 nY
Ve @)+ 2 [1a?lE + 11aY 1]

te(T]
(i1) 1 y ~Y
< —E sup x)+n" > 75 + y)+n¥ > a3
(z,y) te(T) te[T)

p 2V()+ + 2v<)+yy

su v® 4 su v
< sup MU sup sV ()
(iv) 4Anb? 2logm
< z, @ Y,y
S T +nTvT + T +ncv
(v)
<e€

where in (i) we used that E[(97, z, — &) [ 1, ... T] = E[(3} g — 9¢) | 1,.... T] = 0; (id) E[||g7[13] < E[llg7 3]
and E[Y,[9::[9717] < E[>,[9:):(9¢17] due to E[(X — E[X])?] < E[X?]; (iii) due to the assumptions on the

estimators; (iv) by properties of KL-divergence and that |z — xo[|3 < 2nb*; (v) the choice of n* = 15,
nY = 5, and T > max {82 —al Sle‘zlgym}. O

Theorem 2. Given € € (0,1), Algorithm with step-size

€ €

(cu) _ w_ €
= o

= Lplew)’

n

and gradient estimators defined in equation [1 and [3 finds an expected e-approzimate solution within any

iteration number
21Q13] 412
> max{o (AR o (1SllgisA)) }
€ €

Proof. This follows directly from the bounds of the gradient estimators and Theorem O

B ¢-approximate solutions

Proposition 4. Let ((c, u®)uc) be an e-approzimate solution for|RLfD,) where pu induces a policy e € Il

defined by e (als) = % It then holds that

E [allc® = &l + pes (75) = per (14)] < €+ allea = €l5 + pea(7B) = P,

where ((ca,uwa), pa) denotes the optimal solution for|RLfD,| and w4 is the policy induced by pa.

Proof. As ((c¢,u®)uc) is an e-approximate solution we know that

E [‘C((cea ue)’ I-LA) - L((CA’ ‘/JA‘LE )7 “E)] <e
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Moreover,

‘C((cea U’E)v IJ'A) - ‘C((CAv ‘/Cﬂ;\ue)a /’l’e)
=allct = |3 — allea — él5 + (tnp — pa, ¢ = T u) = (i, — p,ca — T V)
(4) e A A
=alle — &5 — allea = &[5 + pes (T8) = per (Ta) = pen (TE) + pes (W)

()
> allc” = ¢l — allea — €[5 + pec () — pec (Wa) = pes (TE) + pea(ma),

where (i) follows from (g — po, =T uw) = (vo,u) — (vp,u) = 0 and Lemma 2 (Appendix B.1) in Kamoutsi
et al.| (2021) and (i) from pf, = pe,(ma) < pey(m) for any policy m € Ilp. Rearranging these terms we
arrive to

E [allc® = &l + per (75) = pes (1a)] < €+ allea — €[5 + pes (7E) — P,
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