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Abstract

Although it is well-known that humans com-
monly engage in risk-sensitive behaviors in the
presence of stochasticity, most Inverse Rein-
forcement Learning (IRL) models assume a risk-
neutral agent. As such, beyond (7) introducing
model misspecification, (i) they do not permit
direct inference of the risk attitude of the ob-
served agent, which can be useful in many ap-
plications. In this paper, we propose a novel
model of behavior to cope with these issues. By
allowing for risk sensitivity, our model allevi-
ates (4), and by explicitly representing risk at-
titudes through (learnable) utility functions, it
solves (i7). Then, we characterize the partial
identifiability of an agent’s utility under the new
model and note that demonstrations from multi-
ple environments mitigate the problem. We de-
vise two provably-efficient algorithms for learn-
ing utilities in a finite-data regime, and we con-
clude with some proof-of-concept experiments to
validate both our model and our algorithms.

1. Introduction

The ultimate goal of Artificial Intelligence (Al) is to con-
struct artificial rational autonomous agents (Russell &
Norvig, 2010). Such agents will interact with each other
and with human beings to achieve the tasks that we assign
to them. In this vision, a crucial feature is being able to cor-
rectly model the observed behavior of other agents. This
allows a variety of applications: descriptive, to understand
the intent of the observed agent (Russell, 1998), predictive,
to anticipate the behavior of the observed agent (potentially
in new scenarios) (Arora & Doshi, 2021), and normative,
to imitate the observed agent because they are behaving in
the “right way” (Osa et al., 2018).

Nowadays, Inverse Reinforcement Learning (IRL) pro-
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vides the most popular and powerful models of the behav-
ior of the observed agent, named “expert”. IRL models
assume the existence of a reward function that rationalizes
the expert’s behavior and differ from each other based on
the specific assumption of how the expert behaves based
on the given reward. For instance, Ng & Russell (2000)
considers the expert as playing an optimal policy, Poiani
et al. (2024) considers an e-optimal policy, Malik et al.
(2021) considers an optimal policy satisfying some con-
straints, Ziebart (2010); Fu et al. (2017) assume that the ex-
pert plays actions proportionally to their (soft) Q-functions,
and Ramachandran & Amir (2007) assumes this probabil-
ity to depend on the optimal advantage function.

These IRL models represent the expert as a risk-neutral
agent, i.e., an agent interested in maximizing the expected
return. However, there are many scenarios in which ratio-
nal agents and humans adopt risk-sensitive strategies in the
presence of stochasticity, like finance (Follmer & Schied,
2016), revenue management (Barz, 2007), driving (Bern-
hard et al., 2019), and many other choice problems (Kah-
neman & Tversky, 1979; Kreps, 1988). In these settings,
agents are not only interested in the expected return, but
in its full distribution (Bellemare et al., 2023). Thus, IRL
models incur in misspecification, that can crucially affect
the descriptive, predictive, and normative power of the in-
ferred reward function (Skalse & Abate, 2024).

In this context, in addition to misspecification, another is-
sue of IRL models is that they do not explicitly represent
the risk attitude of the expert, which is only indirectly cap-
tured by the reward function. We desire two different rep-
resentations for the task of the expert (through a reward)
and for its risk attitude (e.g., through a utility function),
analogously to what is done in Inverse Constrained Rein-
forcement Learning (ICRL) (Malik et al., 2021). Here, the
behavior of the expert is described by two parameters, a re-
ward for modelling the task, and a cost for modelling the
constraints. In this way, the reward is more easily inter-
pretable since it does not have to capture both the task and
the constraints, and, also, we can use the learned cost for
performing new tasks safely (Kim et al., 2023). For these
reasons, if we were able to directly learn the risk attitude
of the expert separately from its reward function, then we
could more easily understand its intent and anticipate its
choices in new, unseen, scenarios (Kreps, 1988).
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Contributions. In this paper, we introduce a new risk-
sensitive model of behavior that encodes the risk attitude
of an agent with a utility function. Thanks to this model,
we will show that it is possible to overcome the limitations
mentioned above. Our main contributions are:

* We present a new simple yet powerful model of behavior
in Markov Decision Processes (MDPs) that rationalizes
non-Markovian demonstrations (Section 3).

* We formulate Utility Learning (UL) as the problem of in-
ferring the risk attitude of an agent under the new model
of behavior, we characterise the partial identifiability of
its utility, and we show that demonstrations in multiple
environments alleviate the issue (Section 4).

¢ We introduce CATY-UL and TRACTOR-UL, two novel
algorithms for solving the UL problem with finite data in
a provably-efficient manner (Section 5).

* We conclude with proof-of-concept experiments that
serve as an empirical validation of both the proposed
model and the presented algorithms. (Section 6).

The proofs of all results are reported in Appendix C-E.

2. Preliminaries

The main paper’s notation is below. Additional notation for
the supplemental is in Appendix B.

Notation. For any N € N, we write [N] := {1,..., N}.
Given set X', we denote by A% the probability simplex on
X. Given compact X < R y € RY, we define ITx(y) :=
argmin, v ||y — x[]2. A real-valued function f : R —» R
is L-Lipschitz if, for all z,y € R, we have |f(z) — f(y)] <
Llxz — y|. f is increasing if, for all x < y € R, it holds
f(x) < f(y), and it is strictly-increasing if f(x) < f(y).
The probability distribution that puts all its mass on z € R
is denoted by &, and is called the Dirac delta. We represent
distributions on finite support as mixtures of Dirac deltas.

Markov Decision Processes (MDPs). A tabular episodic
Markov Decision Process (MDP) (Puterman, 1994) is a tu-
ple M = (S, A, H, sg,p,r), where S and A are the finite
state (S := |S|) and action (A := |.A|) spaces, H is the time
horizon, sq € S is the initial state, p : S x A x [H] — AS
is the transition model, and r : S x A x [H] — [0, 1] is the
deterministic reward function. The interaction of an agent
with M generates trajectories. Let €, := (S x A)"71 x S
be the set of state-action trajectories of length h for all
h € [H + 1], and = Q1. A deterministic non-
Markovian policy m = {7 }ne[n is a sequence of func-
tions m, : Q) — A that, given the history up to stage
h,ie.,w = (s1,a1,...,8h—1,anh-1,Sn) € Qp, prescribes
an action. A Markovian policy m = {7y }pepny is a se-
quence of functions 7, : & — A that depend on the cur-
rent state only. We use g : Upero i1y 00 — [0, H]
to denote the return of a (partial) trajectory w € 2y, i.e.,

9(W) = Xpegn_1y Tw (sn, an). With abuse of notation,
we denote by IP,, ;. » the probability distribution over trajec-
tories of any length induced by 7 in M (we omit sy for
simplicity), and by E,, ,. » the expectation w.r.t. P, ,. .. We
define the return distribution nP"™ e Al%H] of policy
as 17" (Y) = Yeqn g(w)—y Prorr (W) for all y € [0, H].
The set of possible returns at h € [H + 1] is G} := {y €
[0,h —1]|3w € Qp,37 & g(w) = y A Ppra(w) > 0},
and GP" = QZ’:_l. We remark that G;"" has finite car-
dinality for all h. The performance of policy 7 is given
by J™(p,7) = Epr x|S0, rn(sn,an)], and note that
J™(p,7) = Egpp.r~[G]. We define the optimal perfor-
mance as J*(p,r) := max, J"(p,r), and the optimal pol-
icy as 7* € argmax, J™(p, 7).

Risk-Sensitive Markov Decision Processes (RS-
MDPs). A Risk-Sensitive Markov Decision Process (RS-
MDP) (Wu & Xu, 2023) is a pair My = (M, U), where
M = (S, A, H,sq,p,r)is an MDP, and U € {1 is a utility
function in set & = {U’ : [0,H] — [0,H]|U’'(0) =
0,U'(H) = H AU’ is strictly-increasing and continuous}.
Differently from Wu & Xu (2023), w.l.o.g., our utilities
satisfy U(H) = H to settle the scale. The interaction
with My is the same as with M, and the notation
described earlier still applies, except for the perfor-
mance of policies. The Fperformance of policy = is
J™(U;p,r) == Ep 2 [U(X,—1 "h(Sh, ar))], and note that
J™(U;p,1) = Egeyer=[U(G)]. We define the optimal
performance as J*(U;p,r) = max, J"(U;p,r), the
optimal policy as 7* € argmax, J™(U;p,r), and the set
of optimal policies for My as IT%  (U).

Enlarged state space approach. In MDPs, there al-
ways exists a Markovian optimal policy (Puterman, 1994),
but in RS-MDPs this does not hold. The enlarged
state space approach (Wu & Xu, 2023) is a method,
proposed by Biuerle & Rieder (2014), to compute an
optimal policy in a RS-MDP. Given RS-MDP My =
(S,A,H,sg,p,r,U), we construct the enlarged state space
MDP €¢[My] = (S, A, H,(s0,0),p,t), with a different
state space &' = S x GI'" at every h.! For every h €
[H] and (s,y,a)eSxG;"" x A, the reward function t is
tn(s,y,a)=U(y+rn(s,a))1{h= H}, while the dynamics
p assigns to the next state (s,y')eS x Gy/, the probabil-
ity: pr(s’,9/|s,y,a)=pn(s'|s,a)1{y' =y+rn(s,a)}. In
words, the state space is enlarged with a component that
keeps track of the cumulative reward in the original RS-
MDP, and the reward t, bounded in [0, H], provides the
utility of the accumulated reward at the end of the episode.
A Markovian policy 1) = {t¢p}nepry for €[My] is a se-
quence of mappings ¢, : S x G;"" — A. Being an MDP,

lActually, Béuerle & Rieder (2014) use state space S x Rxo,
while Wu & Xu (2023) use S x [h — 1] for all h € [H]. Instead,
we consider sets S x {G}"" }1, to capture the minimal size required.



Learning Utilities from Demonstrations in MDPs

az,r = 1000€

Figure 1. The MDP considered in Example 3.1.

we adopt for €[My,] the same notation presented earlier
for MDPs, by replacing p,r,m with p,v,1. Let * be
the optimal Markovian policy for €[ My ]. Then, Theo-
rem 3.1 of Biuerle & Rieder (2014) shows that the (non-
Markovian) policy 7*, defined for all h € {2,..., H} and
wely as m(w) = Vi (sh, Dprepn1y "w (w7, an)), and
¥ (s0) =17 (80,0), is optimal for M.

Inverse Reinforcement Learning (IRL). In IRL we are
given demonstrations of behavior from the expert’s policy
7, and the goal is to recover the reward of the expert 7%
(Russell, 1998). As explained in Section 1, a model of be-
havior describes how the expert’s policy 7 is generated
from 7. A model suffers from partial identifiability if the
knowledge of 7% does not permit to recover r¥ (almost)
uniquely (Cao et al., 2021; Metelli et al., 2021).

Miscellaneous. For L. > 0, we write i,
$L| U is L-Lipschitz}. For any finite set X < [0, H] we
)

=

We will denote by Mz some RS-MDPs with U € 4" .

3. A New Model of Behavior

We aim to devise a realistic model of behavior for humans
and rational agents in MDPs that complies with their sensi-
tivity to risk. In fact, due to the stochasticity of the environ-
ment, they are likely to behave in a risk-sensitive manner.
Our insight is that risk-sensitivity in MDPs gives rise to
non-Markovian policies for both rational agents (see Belle-
mare et al. (2023)) and humans:

Example 3.1. In the MDP of Fig. 1, we expect most people
to decide what action to play in state s depending on the
amount of reward earned so far, since, intuitively, it makes
more sense to take the risky action a,isy, that sometimes
gives a large return (150€) but sometimes gives nothing
(0€), when we are guaranteed to have at least 1000€ in
our wallet (i.e., we have reached s from as), while it may
be better to take the safe action ayy, that gives 50€ for
sure, if we reached s with no reward (i.e., from ay). This
kind of behavior is known as “decreasing” risk-aversion.
(Pratt, 1964, Kreps, 1988; Wakker, 2010).

In short, demonstrations of behavior from risk-sensitive
agents in MDPs are likely to be collected by non-
Markovian policies, whose dependency on the past history
is restricted to the amount of reward collected so far. How-
ever, none of the existing IRL models of behavior (see Sec-
tions 1 and 7) contemplate non-Markovian policies, and,
thus, they result in misspecification.”

For these reasons, we introduce a new model of behavior
that contemplates non-Markovian policies. Given demon-
strations from the expert’s policy 7¥ in an environment
(S, A, H, sq,p), we assume the existence of a reward func-
tion 7% and a utility function U¥ € 4 such that:

7TEEargrr1<‘ab><1i331,m1577T [UE(in(Sh,ah))], (D
i h=1

i.e., we model the expert as an optimal agent in a RS-MDP.
The reward ¥ aims to capture the task of the expert, while
the utility U represents its risk attitude. Intuitively, if p is
deterministic, then the trajectories with the largest returns
under ¥ are preferred. However, in presence of stochas-
ticity, the utility UF associates weights to the returns of
the trajectories to represent their true “values” for the ex-
pert. If UF is linear, then argmax, J™(UZ;p,r¥) =
argmax, J™(p,rF) and the expert values each trajectory
by its return under rE ie., it is risk-neutral. However, if
U¥ is convex (resp. concave), then the expert amplifies
(resp. attenuates) the desirability of high-return trajecto-
ries, so that it will accept even more (resp. less) variance to
play them. In this case, U” represents a risk-seeking (resp.
risk-averse) expert (Kreps, 1988; Biuerle & Rieder, 2014).

There are many arguments that support this model:

1. it generalizes the IRL model of Ng & Russell (2000),
that we get if the expert is risk-neutral (U is linear);

2. itis justified by the famous expected utility theory (von
Neumann & Morgenstern, 1947), as we can interpret
each policy 7 as a choice that induces a lottery np’TE*”
over the set of prizes (i.e., returns) gwE;

?Re-modelling the MDP including the sum of the past rewards
into the state would make the demonstrated policy Markovian,
but, as explained in Appendix C.1, it would create various issues
like a state space with a size exponential in the horizon.
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3. it contemplates the existence of non-Markovian policies
that depend only on the cumulative reward so far (see
Bauerle & Rieder (2014));

4. the corresponding planning problem enjoys practical
tractability (Wu & Xu, 2023);

5. UF can be learned efficiently, as we show in Section 5.

Some considerations. If U® is linear, Eq. (1) ad-
mits a Markovian optimal policy (Puterman, 1994). Oth-
erwise, the more UZ deviates from linearity, the more non-
Markovian policies may outperform Markovian policies:

Proposition 3.1. There exists a RS-MDP in which the dif-
ference between the optimal performance and the perfor-
mance of the best Markovian policy is 0.5.

Next, note that, in absence of stochasticity, U plays no
role, and Eq. (1) traces back to risk-neutral behavior, as
desired:

Proposition 3.2. If p is deterministicc  then
argmax, J™(U¥;p,r¥) = argmax, J™(p,rF).

We remark that, by complying with non-Markovian poli-
cies, our model of behavior suffers from less misspecifica-
tion than common IRL models. Moreover, by using U E it
permits to learn a succinct and transferrable representation
of the risk attitude of the expert, as we shall see later.

4. Utility Learning

In this and in the following sections, we focus on the prob-
lem of learning the utility U¥ of the expert under the as-
sumption that it behaves as in Eq. (1). Here, we assume that
the expert’s policy 7% and the dynamics sg, p are known,
while in Section 5 we will estimate them from finite data.

Problem definition and partial identifiability. Given
demonstrations collected by a policy 7 satisfying Eq. (1),
three different learning problems arise:

1. given r¥, learn U?;
2. given UF learn rZ;
3. learn both 7% and UE.

Problem 3 is the most interesting and challenging, because
it makes the least assumptions, while Problem 2, i.e., IRL,
has been extensively studied in literature when UF is lin-
ear (Ng & Russell, 2000). In this paper, in analogy to ICRL
(Malik et al., 2021) where the goal is to learn the constraints
when ¥ is known, we focus on Problem 1 because it has
relevant applications per se (see later in this section) and
because it represents a significant step toward solving Prob-
lem 3. Thus, we will consider r¥ to be given and denote it
with r for simplicity. Let us formalize Problem 1:

Definition 4.1 (Utility Learning (UL)). Let M =
(S, A, H,sg,p,r) be an MDP and w¥ a (potentially non-
Markovian) policy. Under the assumption that % satisfies

Eq. (1) in M for some unknown U, the goal of Utility
Learning (UL) is to find UP.

Does the knowledge of 7F and M suffice to uniquely iden-
tify U¥? Analogously to IRL (Cao et al., 2021) and ICRL
(Kim et al., 2023), the answer is negative, as shown in the
following example (details in Appendix D).

Example 4.1. Consider the MDP M in Fig. 2 (left), where
H=2,r1(sg,a1)=1,r1(s0,a2) =0.5. Let the expert’s pol-
icy % prescribe a1 in sg. Then, all the utility functions
U e that take on values in the blue region of Fig. 2 (mid-
dle) for returns G =1,G = 1.5, make % optimal in My.

Simply put, in UL, the only information available on the
unknown utility U¥ is that it belongs to 4l and it makes
7% an optimal policy in the corresponding RS-MDP. Since
Example 4.1 shows that, in general, there is a set of utili-
ties U € 4 satisfying this condition, we realize that U is
partially identifiable. Analogously to Metelli et al. (2021;
2023), we call such set the feasible set of utilities “compat-
ible” with 7% in M:3

Uy, ne = {U e U|J™ (Usp,r) = J*(Usp,r)}. ()
Applications. If we knew the risk attitude of the expert,
i.e., its utility U £ in our model, then we could use it for
applications like (i) predicting the behavior of the expert
in a new environment, (i¢) imitating the expert, or (iii) as-
sessing how valuable a certain behavior is from the view-
point of the expert. UL represents an appealing problem
setting for learning U” from demonstrations of behavior.
However, due to partial identifiability, no learning algo-
rithm can recover UF, but, at best, it can find an arbi-
trary utility in the feasible set U, ,. .=. Is this ambiguity
tolerated by the applications (7), (i¢), and (iii) above? In
other words, we are interested in understanding whether
all the utilities contained into U, ,. .= can be used in place
of the true U¥ without incurring in large errors.* Unfor-
tunately, the following propositions answer negatively for
all (i), (i¢), and (7i7). Nevertheless, Proposition 4.5 shows
that the availability of expert demonstrations from multiple
environments is a possible mitigation for the issue.

Let us begin with (). We say that a utility U permits to pre-
dict the behavior of an agent with utility U” in a new MDP
M’ if U and UZ induce in M’ the same optimal policies.
The next two propositions show that if the transition model
or the reward function of M’ differ from those of the orig-
inal MDP M, then there are utilities in the feasible set that
get wrong in predicting the behavior of the agent with U¥:

Proposition 4.1. There exist two MDPs M =
(S, A H,s0,p,r), M = (S, A, H,s0,p',7), withp # p/,

3In Appendix D we provide a more explicit expression.
“Skalse et al. (2023) conduct an analogous study for IRL.
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Figure 2. (Left) MDP of Example 4.1. (Middle) its feasible set with a sample utility U’. (Right) plot of U’ with linear interpolation.

for which there exist a policy ©% and a pair of utilities
U, Uz € Uy, ne such that 1T, (Ur) n 11%, (Uz) = {}.

Proposition 4.2. There exist two MDPs M =
(S, A, H,sg,p,r), M' = (S, A, H,sg,p,r"), withr # 1/,
for which there exist a policy ©% and a pair of utilities

U, Uz € Uy, e such that 1Ly, (Ur) n 115 L (Uz) = {}.

Consider now (i7). We say that a utility U permits to im-
itate the behavior of an agent with utility U if optimiz-
ing U provides policies with a large expected utility w.r.t.
UZE. The reason behind this definition is that, differently
from IRL, we wish to imitate also the risk attitude of the
observed agent. However, UL does not always allow to
perform meaningful imitations:

Proposition 4.3. There exists an MDP M =
(S, A, H,so,p,v) and a policy ©F for which there
are utilities U1,Us € Uy, , »» such that, for any ¢ > 0
smaller than some universal constant, there exists a
policy we such that J*(Uy;p,r) — J™(Uy;p,r) = € and
J*(Uz;p,r) — J™(Uz; p,7) = L.

Concerning (iii), we say that U and U assess behavior
in a similar way if, given any policy, they provide close
values of performance. The intuition is that the expert
values policies based on their alignment with its risk at-
titude UE w.rt. its task r. Formally, we want U such that
d;‘}},(UE,U) :=max,r|J’T(UE;p,r)—J”(U;p,7‘)| is small
(Zhao et al., 2024). Nonetheless, nor all the utilities in the
feasible set are close to each other w.r.t. d;‘}}r:

Proposition 4.4. There exists an MDP M =
(S, A, H,so,p,v) and a policy ©F for which there
exists a pair of utilities Uy,Us € U,, = such that
de (Uy,Us) = 1.

Propositions 4.1-4.4 tell us that demonstrations of behav-
ior in a single MDP do not provide enough information
on UF for applications (i), (ii), and (iii).> Thus, we
might hope that expert demonstrations in multiple environ-
ments can help in mitigating this issue, similarly to what

3 Actually, for (47) only, we can try to learn 7 directly without
passing through UF | as in behavioral cloning (Osa et al., 2018).

is done in IRL (Amin & Singh, 2016; Cao et al., 2021)
and ICRL (Kim et al., 2023). Formally, we extend the
UL problem of Definition 4.1 to a set of MDPs {M*};,
with M? = (8% A% H, s, p,7%),° and policies {7F};
by assuming that there exists a single utility U¥ for which
Eq. (1) is satisfied for all i, i.e., such that 7%+ is opti-
mal for M}]E for all <. In this extended problem setting,
the feasible set will be the intersection of all the feasible
sets Uy i . The following result proves that demon-
strations in multiple environments is a possible solution to
the partial identifiability problem.

Proposition 4.5. Let S, A, H be any state space, action
space, and horizon, satisfying S>3,A>2,H >2, and let
UF el be any utility. If, for any possible dynamics sg,p
and reward r, we are given the set of all the deter-
ministic optimal policies of the corresponding RS-MDP
(S, A, H,s0,p,r,UF), then we can uniquely identify U .

5. Online UL with Generative Model

In this section, we present two provably-efficient algo-
rithms for solving the UL problem in a finite-data regime.

5.1. Problem Setting

We consider a finite-data version of the UL prob-
lem with demonstrations in multiple environments pre-
sented in Section 4. We let { M} iepng, with MP =
(S8, A", H, sj,p*,r"), be the N MDPs with shared hori-
zon H in which an expert with utility U” e 4l provides
demonstrations of behavior. Specifically, for each MDP
./\/li_, the expert provides us with a batch dataset DEI =
{(s1,al,sd, ... sk aly, sh 1)} jepreap of T trajecto-
ries collected by executing a policy 7%%, which is opti-
mal for the RS-MDP M . Moreover, for every M", we
let S*, A*, H, s, 7" be known, and we consider access to
a generative sampling model (Azar et al., 2013) for the
transition model pi, which allows us to collect a sample

s’ ~ pi(|s,a) from any triple s,a,h at our choice. In

SFor simplicity, we let H be shared.
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short, we assume access to offline data for the expert and to
online data for the environments, as is common in the IRL
literature (Ho & Ermon, 2016).

Due to partial identifiability, the feasible set (), Uy,i i z.i
might contain multiple utilities. Thus, we will develop two
different algorithms, one that aims to classify utilities as
inside or outside the feasible set [, Upi yi ze,i (CATY-UL,
Section 5.3), and the other that aims to compute a single
utility contained into it (TRACTOR-UL, Section 5.4). In-
tuitively, CATY—UL and TRACTOR-UL together permit to
fully characterize the feasible set, by, respectively, learning
a classification boundary and a representative item. Never-
theless, note that, because of finite data, we will be able to
provide guarantees only for a relaxation of the feasible set
Ua 2 (); Upi i re.: for some A = 0:
al,

where Ci i rz.:(U) quantifies the (non)compatibility of
utility U with demonstrations from 7% in M? (Lazzati
et al., 2024a; 2025):

Un = {U€ﬂ| Z épi77.i,7.rE,i(U) <
1€[N]

3)

Cpi,ri,ﬂ'EJ (U) = J*(U;pla Tl) = J" (U;plvrl)' €]
Intuitively, Ua enlarges the feasible set by accepting utili-
ties that make the policies 7% at most A-suboptimal. Note
that, for A = 0, we have Upn = (), Upi i p5.i.

5.2. Challenges and Solution

To develop practical algorithms, some dimensionality
challenges must be addressed. In this section, we explain
how we will face them. In short, our solution permits to
work with tractable approximations whose complexity is
controlled by a discretization parameter ey > 0. First, we
need some notation. We use symbol ), to denote an €g-
discretization of the real-valued interval [0, h — 1], i.e., we
set )y, = {0, €0, 2€0, - - ., l(h — 1)/€0J60} Vh e HH + 1]]
Moreover, we introduce ad-hoc symbols R, ) for the dis-
cretization of intervals [0, 1] and [0, H], namely, we let
R :=Y2, Y = YVgi1. Wealsosetd := |Y| = |H/e|.

Working with continuous utilities. Utilities in &l are de-
fined over the real-valued interval [0, H |, making them in-
compatible with the finite precision of computers. For this
reason, we will consider discretized utilities. Formally, we
will approximate any U € il with a d-dimensional vector
U e 9 =1, such that U(y) = U(y) Yy € V.

Return distributions. In MDPs with dynamics p and re-
ward r, return distributions 7 are supported on the set
of possible returns G”"c[0,H]. However, in general,
the size of this set grows exponentially in the horizon
|GP"|oc(SA)H, causing any exact representation of 7 to

e e 9

Algorithm 1 CATY-UL

Input: data {D/};, threshold A, utility U, discretization eo, dy-
namics {p'};

// Discretize U:

U(y) —U(y) forallye)

fori =1,2,...,Ndo ‘

// Estimate J?E’I(U;p",ri):

7%t — ERD(DE, 1Y)

TEHU) ey 77 )T ()

// Estimate J*(U;p’,r"):

J*4U), - < PLANNING(U, i, p*)

// Estimate Cpi i z4(U):

CHU) — J*'(U) = JPHU)

end
class « True if 3, [ xy C'(U) < A else False
Return class

explode even for small H. Thus, we adopt a categori-
cal representation for return distributions (Bellemare et al.,
2023), that, roughly speaking, aims to approximate a dis-
tribution on [0, H] with a distribution on Y < [0,H]. For-
mally, given any neAl%H] with finite support, its cate-
gorical representation Proj.(7) is the distribution in Q:=
{geAld] | 2je[ay 49y, } (y; are the items of })) obtained
through the categorical projection operator Proj, (Rowland
et al., 2018), reported in Eq. (8)-(9) in Appendix B.

Optimal policies in RS-MDPs. To compute an optimal
policy in RS-MDP M, with dynamics p and reward r,
the enlarged state space approach of Biuerle & Rieder
(2014) presented in Section 2 requires the computation of
an optimal policy in the MDP &[M{/], whose state space is
S x G;"" Yh. Unfortunately, we suffer again from an expo-
nential dependence on the horizon |G}"|oc(SA)"~1, that
causes any exact representation of the state space and of
the optimal policy of MDP &[M{/] to explode. To avoid
this issue, we adopt the discretization approach of Wu &
Xu (2023), which, in short, amounts to approximate sets
G;’" with Y, by simply replacing reward r with the dis-
cretized version T, defined as: Tp,(s,a) = Hg[ry(s,a)]
for all s, a, h. Crucially, since 71, (s, a) € R, then the sum
of h rewards 7 belongs to Vy1. In this manner, the sets
of partial returns satisfy G, < )} < Y for all h, thus,
the state space of the enlarged MDP has now a cardinality
at most Sd < O(SH/ep), which is no longer exponential
in the horizon. In the following, we will denote by 7 the
discretized version of reward r? for all i € [N].

5.3. CATY-UL (CompATibilitY for Utility Learning)

The goal of CATY-UL (Algorithm 1) is to classify input
utilities U € 4l based on whether they belong to set {a or
not for some A > 0. We implement it using two differ-
ent subroutines (Lazzati et al., 2024a; 2025). First, Algo-
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rithm 3 (reported in Appendix E for its simplicity) actively
explores the N environments M? uniformly, by collecting
7t samples from each transition model pi, and uses these
samples to construct estimates p’. Next, Algorithm 1 uses
these estimates along with the expert’s data D> to classify
any input utility U € 4 w.r.t. Ua. To perform the classi-
ﬁAcation, based on Eq. (3), CATY-UL computes estimates
CH(U) ~ Cpi i nea(U) for all i € [N], and, then, it out-
puts whether ;v Ci(U) < A (see Line 8). To compute
CAi(U ), driven by Eq. (4), CATY-UL computes two sepa-
rate estimates fEl(U) ~ J”E'l(U;pi, r?) (Lines 3-4) and
J¥A(U) ~ J*(U; p,r') (Line 5), and then combines them
(Line 6). Specifically, the ERD (Estimate Return Distribu-
tion) subroutine (Algorithm 5) permits to construct an es-
timate % of the categorical projection Projc(npi”"z’”E'z)
of the expert’s return distribution npi”i”f’i from dataset
DEi, which is used at Line 4 to compute .J ¥ (U). Instead,
quantity J*(U) is calculated at Line 5 as the optimal per-
formance in the RS-MDP (S, A%, H, s}, p*, 7', U), which
is computed through value iteration (Puterman, 1994) in
the corresponding enlarged state space MDP using the
PLANNING subroutine (Algorithm 4). CATY-UL enjoys
the following guarantee for L-Lipschitz input utilities:

Theorem 5.1. Let L > 0, ¢,0 € (0,1), and let U < 81y,
be the set of utilities to classify. For all i € [N], in case
|U| = 1, let the number of samples satisfy:

N2H? N i
5 logg)., —

TE,q',Zé( @<NQSAH41 SAHNL>.

€2 o8 de

Otherwise, if |U| > 1, let the number of samples satisfy:

€

. ~(N*H*L? HNL
Ei
TN = (9( o log 5 ),
. ~/N2SAH® SAHN
T >O(T<S+log 5 ))
Then, setting ¢ = €2/(T2HL*N?), w.p. at least 1 — §, for
any A > 0, CATY-UL correctly classifies all the U € U
lying inside Ua_. or outside U 4.

(&)

Roughly speaking, this theorem says that, for a number of
samples independent of A, CATY—-UL correctly recognizes
all the utilities in Ua_. S Ua and outside Ua . 2 Ua
as, respectively, inside and outside set /a. Intuitively, the
Lipschitzianity assumption is necessary for approximating
functions U € U with vectors in ${. We remark that, if
|| = 1, then oS queries to the generative model suffice.
Otherwise, we require oc.S? samples.

5.4. TRACTOR-UL (exTRACTOR for Utility Learning)

For simplicity of presentation, we introduce some notation.
For any L > 0, let £y, ::ﬂ%, and let 4, 80, , 40 80, .U A be
the analogous of, respectively, {1, {7, L, {7, Un, but con-
taining increasing functions instead of strictly-increasing

10
11

12
13
14
15
16

17

18

20
21

Algorithm 2 TRACTOR-UL

Input: data {Df}l, parameters T, K, o, Uy, discretization e,
dynamics {p*};

7Pt «— ERD(DE,r")  forie [N]
fort =0,1,...,7 —1do
// Compute distributions {fi};:
fori=1,2,...,Ndo

L — PLANNING(U4, i, p°)

D « ROLLOUT(!, 5,7, i, K)

N (y) < % ZGeD H{G =y}, Vyel
end
// Update Ugpi1:
gt < Zie[N]] (ﬁ% - ﬁE’l)
Uipr < IIg (Ui — ag:)

end
U1 U
Return U

functions. TRACTOR-UL (Algorithm 2) is a more “prac-
tical” UL algorithm, in that it aims to compute a util-
ity function contained into the feasible set (1), Upi i r5.i.
As CATY-UL, it comprises an initial exploration phase
(Algorithm 3), that collects 7% samples to compute esti-
mates p° of the transition models p’, and an extraction
phase (Algorithm 2), where these estimates and the ex-
pert’s data D are used to compute a utility (almost) in
the feasible set. Specifically, since the utilities U in the
feasible set satisfy Y., Cpi i n2.:(U) = 0, TRACTOR-UL
aims to find a minimum of function Y3, C,i i 2. (-) over
the set ;. So, starting from an initial d-dimensional
utility Uy € QL, TRACTOR-UL computes a sequence
Uy,...,Ur by performing online projected gradient de-
scent’ (Orabona, 2023) in the space of discretized L-
Lipschitz utilities £, , where the gradient g; is computed
at Line 17, and the update is carried out at Line 18.
With infinite data, the gradient g; at iteration ¢ would be
St gt ) where i is any optimal pol-
icy in RS-MDP My, , in which U; € i is any util-
ity satisfying U;(y) = Uy(y) for all y € Y. In our
case, TRACTOR-UL uses 7°%, computed at Line 10 in
the same way as in CATY-UL, to approximate npl’T'lmE’i,

and it uses 7, computed at Lines 13-15, to approximate
Qi k.0 . . 5t mt % ~%.T .
nP" T by estimating 7P T 07t where 7;" is the op-

timal policy for the RS-MDP (8¢, A%, H,s{,p",7",U;). In
short, Line 13 computes policy 7;" through the enlarged
state space approach, which is subsequently played in MDP
(8%, A" H,s8,p',7") (ROLLOUT subroutine, Algorithm 6,
Line 14) to construct a dataset D of K trajectories that is
used at Line 15 to compute 7)}. TRACTOR-UL enjoys the
following guarantee:

"This approach is based on (Syed & Schapire, 2007; Schlag-
inhaufen & Kamgarpour, 2024).
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Theorem 5.2. Let L > 0, ¢,§ € (0,1), and U¥ € ;.
Assume that the projection operator HQL is implemented
exactly. Let the number of samples satisfy Eq. (5). There
exist values of €y, K, o, Ug (see Appendix E.5) such that, if
we run TRACTOR-UL for a number of gradient iterations:

T > O(N*H'L?/"),

then, w.p. at least 1 — 6, any utility U € YU; such that

A~

U(y) =U(y) Yy € Y belongs toU..

In other words, with high probability, TRACTOR-UL
is guaranteed to find a |utility U with small
> Cpivinpi(U) < € ie., U is close to the feasible
set. Note that we consider increasing utilities 4l; instead
of strictly-increasing 311, to guarantee the closedness of the
set onto which we project. Observe also that assuming that
I, can be implemented exactly simplifies the theoretical
an}tlysis, but, in practice, we are satisfied with approxima-
tions that can be computed efficiently since set 4, is made

of O(H?/e3) linear constraints (Appendix E.1).

6. Numerical Simulations

In this section, we present proof-of-concept experiments
using data collected from lab members to provide empir-
ical evidence to support both our model and algorithms.

The data. We asked to 15 participants to describe the ac-
tions they would play in an MDP with horizon H = 5 (see
Appendix F), at varying of the state, the stage, and the cu-
mulative reward collected. The reward has a monetary in-
terpretation. To answer the questions, the participants have
been provided with complete information about the MDP.?

Experiment 1 - Validation of the model. Our model of
behavior, presented in Eq. (1), is the first IRL model that
contemplates non-Markovian policies. To understand if
this new model is more suitable than existing IRL mod-
els to describe human behavior in MDPs, we count how
many participants to the study exhibited non-Markovian
behavior. Intuitively, the more non-Markovianity, the bet-
ter our model. What we found is that 10 participants out
of 15 demonstrated a non-Markovian policy even in this
very small environment, providing consistent evidence on
the importance of our new model. See Appendix F.3 for
additional analysis of our model on this data.

Experiment 2 - Validation of TRACTOR-UL. To under-
stand how TRACTOR-UL performs in practice, we have
run it on both the real-world data described earlier and on
simulated data. Crucially, the executions on the partici-
pants’ data reveal that, irrespective of the initial utility Uy
adopted, the algorithm converges much faster using large
values of step size «.. For instance, as shown in Fig. 3, the

8The data collected is not personal.
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Figure 3. Simulations of TRACTOR—-UL with various step sizes .
The shaded regions are the standard deviation over 5 seeds.

best step size for using TRACTOR-UL to compute a utility
representative of the behavior of participant 10 is a = 100.
Intuitively, this is explained by the presence of a large num-
ber of utilities in the feasible set (since we are considering
demonstrations in a single environment N = 1), and by
the projection step onto 4, , that results in small changes
of utility even with large steps (see Appendix F.2.2). Next,
we have run TRACTOR-UL on simulated data to analyze
its performance on larger MDPs (increment of S, A) and
with multiple environments (increment of V). We found
that the number of gradient iterations necessary to achieve
a certain level of (non)compatibility is affected by the in-
crement of NV, but not of S, A, as predicted by Theorem
5.2. However, note that larger S, A require more execution
time, because of the value iteration subroutine. Moreover,
we observed that, when IV > 1, the best step size o can
be much smaller than &« = 100. Intuitively, the feasible
set contains less utilities now, thus, we need more accurate
(smaller) gradient steps to find them. More details on this
experiment in Appendix F.2.3.

7. Related Work

In risk-sensitive IRL (Majumdar et al., 2017), the learner is
either provided with the reward of the expert and it must
infer some parameters representing its risk attitude, or the
learner must infer both the reward and the risk attitude from
demonstrations of behavior (Singh et al., 2018; Chen et al.,
2019; Ratliff & Mazumdar, 2020; Cheng et al., 2023; Cao
et al., 2024). However, these works consider problem set-
tings and models of behavior fairly different from ours.
Specifically, Majumdar et al. (2017); Singh et al. (2018);
Chen et al. (2019) focus on the so-called “prepare-react
model”, which is a model of environment less expressive
than an MDP. Instead, Ratliff & Mazumdar (2020); Cheng
et al. (2023); Cao et al. (2024) consider models of behav-
ior in which the expert’s policy is Markovian. More on the
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related works in Appendix A.

8. Conclusion

In this paper, we proposed a novel risk-aware model of be-
havior that rationalizes non-Markovian policies in MDPs,
and we presented two provably-efficient algorithms for
learning the risk attitude of an agent from demonstrations.
Interesting directions for future works include extending
our algorithms to high-dimensional settings, studying the
problem of learning both r and U from demonstrations, and
exploring new methods to alleviate the partial identifiabil-

1ty.

Acknowledgements

AI4AREALNET has received funding from European
Union’s Horizon Europe Research and Innovation pro-
gramme under the Grant Agreement No 101119527. Views
and opinions expressed are however those of the author(s)
only and do not necessarily reflect those of the European
Union. Neither the European Union nor the granting au-
thority can be held responsible for them.

Funded by the European Union - Next Generation EU
within the project NRPP M4C2, Investment 1.,3 DD. 341 -
15 march 2022 - FAIR - Future Artificial Intelligence Re-
search - Spoke 4 - PEO0000013 - D53C22002380006.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.

References

Agarwal, A., Jiang, N., Kakade, S. M., and Sun, W. Re-
inforcement Learning: Theory and Algorithms. 2021.
URL https://rltheorybook.github.io/.

Amin, K. and Singh, S. Towards resolving unidentifiability
in inverse reinforcement learning, 2016.

Arora, S. and Doshi, P. A survey of inverse reinforcement
learning: Challenges, methods and progress. Artificial
Intelligence, 297:103500, 2021.

Artzner, P., Delbaen, F., Eber, J., and Heath, D. Coherent
measures of risk. Mathematical Finance, 9(3):203-228,
1999.

Azar, M. G., Munos, R., and Kappen, H. Minimax
PAC bounds on the sample complexity of reinforcement

learning with a generative model. Machine Learning, 91
(3):325-349, 2013.

Barz, C. Risk-Averse Capacity Control in Revenue Man-
agement. Springer, 2007.

Bellemare, M. G., Dabney, W., and Rowland, M. Distribu-
tional Reinforcement Learning. MIT Press, 2023.

Bernhard, J., Pollok, S., and Knoll, A. Addressing in-
herent uncertainty: Risk-sensitive behavior generation
for automated driving using distributional reinforcement
learning. IEEE Intelligent Vehicles Symposium (IV), pp.
2148-2155, 2019.

Béduerle, N. and Rieder, U. More risk-sensitive markov de-

cision processes. Mathematics of Operations Research,
39(1):105-120, 2014.

Cao, H., Cohen, S., and Szpruch, L. Identifiability in in-
verse reinforcement learning. In Advances in Neural In-
formation Processing Systems 34 (NeurIPS), pp. 12362—
12373, 2021.

Cao, H., Wu, Z., and Xu, R. Inference of utilities and time
preference in sequential decision-making, 2024.

Chajewska, U., Koller, D., and Ormoneit, D. Learning an
agent’s utility function by observing behavior. In Inter-
national Conference on Machine Learning 18 (ICML),
pp- 35-42, 2001.

Chen, R., Wang, W., Zhao, Z., and Zhao, D. Active
learning for risk-sensitive inverse reinforcement learn-
ing, 2019.

Cheng, Z., Coache, A., and Jaimungal, S. Eliciting risk
aversion with inverse reinforcement learning via interac-
tive questioning, 2023.

Fu, J., Luo, K., and Levine, S. Learning robust rewards
with adversarial inverse reinforcement learning. In In-

ternational Conference on Learning Representations 5
(ICLR), 2017.

Follmer, H. and Schied, A. Stochastic Finance: An Intro-
duction in Discrete Time. De Gruyter, 2016.

Ho, J. and Ermon, S. Generative adversarial imitation
learning. In Advances in Neural Information Processing
Systems 29 (NeurIPS), 2016.

Jonsson, A., Kaufmann, E., Menard, P., Dar-
wiche Domingues, O., Leurent, E., and Valko, M.
Planning in markov decision processes with gap-
dependent sample complexity. In Advances in Neural
Information Processing Systems 33 (NeurlPS), pp.
1253-1263, 2020.


https://rltheorybook.github.io/

Learning Utilities from Demonstrations in MDPs

Kahneman, D. and Tversky, A. Prospect theory: An anal-
ysis of decision under risk. Econometrica, 47(2):263—
291, 1979.

Kim, K., Swamy, G., Liu, Z., Zhao, D., Choudhury, S., and
Wu, S. Z. Learning shared safety constraints from multi-
task demonstrations. In Advances in Neural Information
Processing Systems 36 (NeurIPS), pp. 5808-5826, 2023.

Kreps, D. M. Notes On The Theory Of Choice. Westview
Press, 1988.

Lazzati, F., Mutti, M., and Metelli, A. M. How does in-
verse rl scale to large state spaces? a provably efficient
approach. In Advances in Neural Information Process-
ing Systems 37 (NeurlIPS), pp. 54820-54871, 2024a.

Lazzati, F., Mutti, M., and Metelli, A. M. Offline inverse
rl: New solution concepts and provably efficient algo-
rithms. In International Conference on Machine Learn-
ing 41 (ICML), 2024b.

Lazzati, F., Mutti, M., and Metelli, A. Reward compatibil-
ity: A framework for inverse rl, 2025.

Lei, B. Learning influence diagram utility function by ob-
serving behavior. In Advanced Multimedia and Ubiqui-
tous Engineering 14 (MUE), pp. 164-168, 2020.

Majumdar, A., Singh, S., Mandlekar, A., and Pavone, M.
Risk-sensitive inverse reinforcement learning via coher-
ent risk models. In Robotics: Science and Systems 13
(RSS), 2017.

Malik, S., Anwar, U., Aghasi, A., and Ahmed, A. In-
verse constrained reinforcement learning. In Interna-
tional Conference on Machine Learning 38 (ICML), vol-
ume 139, pp. 7390-7399, 2021.

Metelli, A. M., Ramponi, G., Concetti, A., and Restelli,
M. Provably efficient learning of transferable rewards.
In International Conference on Machine Learning 38
(ICML), volume 139, pp. 7665-7676, 2021.

Metelli, A. M., Lazzati, F., and Restelli, M. Towards theo-
retical understanding of inverse reinforcement learning.
In International Conference on Machine Learning 40
(ICML), pp. 24555-24591, 2023.

Ng, A. Y. and Russell, S. J. Algorithms for inverse rein-
forcement learning. In International Conference on Ma-
chine Learning 17 (ICML 2000), pp. 663-670, 2000.

Orabona, F. A modern introduction to online learning,
2023.

Osa, T., Pajarinen, J., Neumann, G., Bagnell, J. A., Abbeel,
P., and Peters, J. An algorithmic perspective on imitation
learning. Foundations and Trends® in Robotics, 7(1-2):
1-179, 2018.

10

Poiani, R., Curti, G., Metelli, A. M., and Restelli, M. In-
verse reinforcement learning with sub-optimal experts,
2024.

Pratt, J. W. Risk aversion in the small and in the large.
Econometrica, 32:122-136, 1964.

Puterman, M. L. Markov Decision Processes: Discrete
Stochastic Dynamic Programming. John Wiley & Sons,
Inc., 1994.

Ramachandran, D. and Amir, E. Bayesian inverse rein-
forcement learning. In International Joint Conference on
Artifical Intelligence 20 (IJCAI), pp. 2586-2591, 2007.

Ratliff, L. J. and Mazumdar, E. Inverse risk-sensitive re-
inforcement learning. IEEE Transactions on Automatic
Control, 65(3):1256-1263, 2020.

Rockafellar, R. T. and Uryasev, S. Optimization of condi-
tional value-at risk. Journal of Risk, 3:21-41, 2000.

Rowland, M., Bellemare, M., Dabney, W., Munos, R., and
Teh, Y. W. An analysis of categorical distributional re-
inforcement learning. In International Conference on
Artificial Intelligence and Statistics 21 (AISTATS), vol-
ume 84, pp. 29-37, 2018.

Rowland, M., Wenliang, L. K., Munos, R., Lyle, C., Tang,
Y., and Dabney, W. Near-minimax-optimal distributional
reinforcement learning with a generative model, 2024.

Russell, S. Learning agents for uncertain environments
(extended abstract). In Proceedings of the Eleventh An-
nual Conference on Computational Learning Theory 11
(COLT), pp. 101-103, 1998.

Russell, S. and Norvig, P. Artificial Intelligence: A Modern
Approach. Prentice Hall, 3 edition, 2010.

Schlaginhaufen, A. and Kamgarpour, M. Towards the
transferability of rewards recovered via regularized in-
verse reinforcement learning, 2024.

Shah, R., Gundotra, N., Abbeel, P, and Dragan, A. On
the feasibility of learning, rather than assuming, human
biases for reward inference. In International Conference
on Machine Learning 36 (ICML), volume 97, pp. 5670—
5679, 2019.

Shukla, N., He, Y., Chen, F., and Zhu, S.-C. Learning
human utility from video demonstrations for deductive
planning in robotics. In Conference on Robot Learning
1 (CoRL), volume 78, pp. 448-457, 2017.

Singh, S., Lacotte, J., Majumdar, A., and Pavone, M. Risk-
sensitive inverse reinforcement learning via semi- and
non-parametric methods. The International Journal of
Robotics Research, 37(13-14):1713-1740, 2018.



Learning Utilities from Demonstrations in MDPs

Skalse, J. and Abate, A. Quantifying the sensitivity of in-
verse reinforcement learning to misspecification. In In-
ternational Conference on Learning Representations 12
(ICLR), 2024.

Skalse, J. M. V., Farrugia-Roberts, M., Russell, S., Abate,
A., and Gleave, A. Invariance in policy optimisation
and partial identifiability in reward learning. In Inter-
national Conference on Machine Learning 40 (ICML),
volume 202, pp. 32033-32058, 2023.

Syed, U. and Schapire, R. E. A game-theoretic approach
to apprenticeship learning. In Advances in Neural Infor-
mation Processing System 20 (NeurIPS), 2007.

Villani, C. Optimal Transport: Old and New. Springer
Berlin, Heidelberg, 2008.

von Neumann, J. and Morgenstern, O. Theory of Games
and Economic Behavior. Princeton University Press,
1947.

Wakker, P. P. Prospect Theory: For Risk and Ambiguity.
Cambridge University Press, 2010.

Wu, Z. and Xu, R. Risk-sensitive markov decision process
and learning under general utility functions, 2023.

Xiong, C., Shukla, N., Xiong, W., and Zhu, S.-C. Robot
learning with a spatial, temporal, and causal and-or
graph. In IEEE International Conference on Robotics
and Automation 33 (ICRA), pp. 2144-2151, 2016.

Zhao, L., Wang, M., and Bai, Y. Is inverse reinforce-
ment learning harder than standard reinforcement learn-
ing? In International Conference on Machine Learning
41 (ICML), 2024.

Ziebart, B. D. Modeling purposeful adaptive behavior with
the principle of maximum causal entropy, 2010.

11



Learning Utilities from Demonstrations in MDPs

A. More on Related Work

We describe here more in detail the most relevant related works. First, we describe IRL papers with risk, i.e., those works
that consider MDPs, and try to learn either the reward function or the utility or both. Next, we analyze the works that
aim to learn the risk attitude (i.e., a utility function) from demonstrations of behavior (potentially in problems other than
MDPs). Finally, we present other connected works.

Inverse Reinforcement Learning with risk. Majumdar et al. (2017) introduces the risk-sensitive IRL problem in deci-
sion problems different from MDPs. The authors analyze two settings, one in which the expert takes a single decision, and
one in which there are multiple decisions in sequence. They model the expert as a risk-aware decision-making agent acting
according to a coherent risk metric (Artzner et al., 1999), and they consider both the case in which the reward function
is known, and they try to learn the risk attitude (coherent risk metric) of the expert, and the case in which the reward is
unknown, and they aim to estimate both the risk attitude and the reward function. Nevertheless, the authors analyze a model
of environment, called prepare-react model, rather different from an MDP, since, simply put, it can be seen as an MDP in
which the stochasticity is shared by all the state-action pairs at each stage h € [H]. Moreover, they consider Markovian
policies. Singh et al. (2018) generalizes the work of Majumdar et al. (2017). Specifically, the biggest improvement is to
consider nested optimization stages. However, the model of the environment is still rather different from an MDP. We
mention also the work of Chen et al. (2019) who extend Majumdar et al. (2017) by devising an active learning framework
to improve the efficiency of their learning algorithms.

Another important work is that of Ratliff & Mazumdar (2020), who study the risk-sensitive IRL problem in MDPs, by
proposing a parametric model of behavior for the expert based on prospect theory (Kahneman & Tversky, 1979), and they
devise a gradient-based IRL algorithm that minimizes a loss function defined on the observed behavior. This work differs
from ours in that it assumes that the expert plays actions based on a softmax distribution, i.e., using a Markovian policy.

Cheng et al. (2023) proposes a model of behavior in MDPs using the conditional value-at-risk (Rockafellar & Uryasev,
2000) instead of a utility function (von Neumann & Morgenstern, 1947). Moreover, differently from ours, their model
does not contemplate non-Markovian policies. Similarly to us, they analyze the partial identifiability of the parameters
representing the risk attitude from demonstrations in a single environment, and propose a strategy for designing the envi-
ronments in which collecting additional demonstrations in order to reduce the partial identifiability.

We shall mention also the recent pre-print of Cao et al. (2024) that proposes a novel stochastic control framework in
continuous time that includes two utility functions and a generic discounting scheme under a time-varying rate. Assuming
to know both the utilities and the discounting scheme, the authors show that, through state augmentation, the control
problem is well-posed. In addition, the authors provide sufficient conditions for the identification of both the utilities and
the discounting scheme given demonstrations of behavior. We note that there are crucial differences between this work
and ours. First, the author model the expert as solving an optimization problem in which the utility function is applied
to the per stage reward, instead we apply the utility to the entire return (see Eq. (1)). Next, they model the expert using
Markovian policies.

Learning utilities from demonstrations. Chajewska et al. (2001) considers an approach similar to IRL Ng & Russell
(2000). Their goal is not to perform active preference elicitation, but, similarly to us, to use demonstrations to infer
preferences. Specifically, they aim to learn utilities in sequential decision-making problems from demonstrations. However,
they model the problems through decision trees, which are different from MDPs, and this represents the main difference
between their work and ours. Indeed, decision trees are simpler since there is no notion of reward function at intermediate
states. In this manner, they are able to devise (backward induction) algorithms to learn utilities in decision trees through
linear constraints similar to those devised by Ng & Russell (2000) in IRL. It is interesting to notice that they adopt a
Bayesian approach to extract a single utility from the feasible set constructed, and not an heuristic like that of Ng &
Russell (2000). They assume a prior p(u) over the true utility function u, and approximate the posterior w.r.t. the feasible
set of utilities I/ using Markov Chain Monte Carlo (MCMC).

Shukla et al. (2017) faces the problem of learning human utilities from (video) demonstrations, with the aim of generating
meaningful tasks based on the learned utilities. However, differently from us, they consider the stochastic context-free
And-Or graph (STC-AOG) framework (Xiong et al., 2016), instead of MDPs.

Lei (2020) considers the problem of learning utilities from demonstrations similarly to Chajewska et al. (2001), but with
the difference of considering influence diagrams instead of decision trees. Since any influence diagram can be expanded

12
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into a decision tree, authors adopt a strategy similar to Chajewska et al. (2001).

Others. Shah et al. (2019) aims to learn the behavioral model of the expert from demonstrations. However, they do
not consider a specific model like us (i.e., Eq. (1)), but use a differentiable planner (neural network) to learn the planner.
In principle, they can fit any behavioral model (also risk-sentitive models) given the huge expressive power of neural
networks. However, their approach requires a lot of demonstrations, even across multiple MDPs. Moreover, this approach
does not permit to learn a utility function as a simple, interpretable, and transferrable representation of the risk attitude of
the expert.

B. Additional Notation

In this appendix, we introduce additional notation that will be used in other appendices.

Miscellaneous. For any probability distribution v € A®, we denote its cumulative density function by F,. Let v € AR
be a probability distribution on R; then, for any y € [0, 1], we define the generalized inverse F,1(y) as:

F, ' (y) == inf{F,(z) > y}.

zeR

We define the 1-Wasserstein distance wy : A® x A® — [0, c0] between two probability distributions v, u as:

wn(v, 1) 1= f F7 () — B (v)dy. ®)

In addition, we define the Cramér distance {5 : A® x A® — [0, 0] between two probability distributions v, u as:

) 1/2
v = ([ (B0) - Bw)Pa) ™
R
‘We will use notation:

Vx~@[X] = Ex~q[(X —Ex~q[X])"],

to denote the variance of a random variable X ~ () distributed as (). Given two random variables X ~ Q1,Y ~ Qs, we
denote their covariance as:

Covx~q: v~@: [ X, Y] = Ex<q, v~ [(X —Ex<q,[X])(Y — Ev~q,[Y]]

We define the categorical projection operator Proj, (mentioned in Section 5), that projects onto set Y = {y1,¥y2, ..., Ya}
(the items of ) are ordered: y; < yo < ... < yq, withy; = 0,92 = €0,y3 = 2¢q,...,yq = |H/eo]eo), based on Rowland
et al. (2018). For single Dirac measures on an arbitrary y € R, we write:

Oy, ify <
Projo(dy) == { =m0y, + 550y, iy <y <y, ®)
Oy, ify > yq

and we extend it affinely to finite mixtures of M Dirac distributions, so that:

Projc( Z qjézj) = Z q;Proj.(42,), )
jelM] Je[M]

for some set of real values {z;} je[ar) and weights {q;} je[ar]-
Value functions. Given an MDP M = (S, A, H, so,p, ) and a policy 7, we define the V- and Q-functions of policy
7 in MDP M at every (s,a,h) € S x A x [H] respectively as V;"(s;p,r) = EP,TJ[Zih ri(st,a¢)|sp = s] and

Qr(s,a;p,r) = Ep,rm[Zf:h r¢(S¢,at)|sn = s,an = a]. We define the optimal V- and Q-functions as V;*(s; p,r) =
sup, Vi7" (s;p,7) and Qi (s, a;p,r) = sup, QF (s, a;p,r).

13
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For MDPs with an enlarged state space, e.g., ({S X Vn}n, A, H, (s0,0), p,t), and a policy ¢ = {15}, forall h € [H] and
(s,y,a) € S x Yy, x A we denote the V- and Q-functions respectively as 1/}:”(57 yip,t) i=Ep e [ZtH:h v (Se, Y, ar)|Sp =
s,yn = y] and Q}f(& y,a;p,t) = ]Ep,t,w[th:h v(Se, yr, ar)|Sn = S,yn = y,an = a]. We denote the optimal V- and
Q-functions as V;* (s, y; p, t) := sup,, Vhw(s7 y; p,t) and Qf (s, y, a; p, t) := sup,, Q’,f(s, Y, a;p, ).

Observe that the notation just introduced will be extended in a straightforward manner to MDPs (MDPs with enlarged state
space) that have an estimated transition model p (ﬁ), and/or a discretized reward function 7 ().

C. Additional Results and Proofs for Section 3

In Appendix C.1, we explain why including the past rewards into the state is not satisfactory, in Appendix C.2 we provide
an observation on Eq. (1), while in Appendix C.3 we provide the missing proofs for Section 3.

C.1. Drawbacks of Re-modelling the MDP

Re-modelling the MDP including the sum of the past rewards into the state would make the demonstrated policy Markovian,
and so, in principle, it would allow to apply the existing IRL. models meaningfully. However, since in IRL the reward
function is unknown, to adopt this trick one should include into the state representation the entire sequence of past state-
action pairs, causing the size of the new state space to explode, and also causing the reward function to become non-
Markovian w.r.t. the original state space. If instead the reward function was known, and one just wanted to apply one of the
risk-sensitive IRL. models of behavior presented in Section 7 to learn the (parameters of the) risk attitude, then re-modelling
the MDP would still cause the size of the new state space to explode in tabular MDPs, since, in general, there is a number
of cumulative reward values that is exponential in the horizon. Moreover, it is not clear why the considered model of
behavior, that was designed for the original state space (not including the past rewards), should be realistic in the new state
space.

C.2. An Observation on the Model

If we restrict the optimization problem in Eq. (1) to Markovian policies, we note that non-stationarity (i.e., the dependence
of the policy on the stage h) and stochasticity (i.e., if the policy prescribes a lottery over actions instead of a single
action) can improve the performance w.r.t. Markovian stationary deterministic policies even in stationary environments.
Intuitively, the reason is that they permit to consider larger ranges of return distributions w.r.t. Markovian stationary
deterministic policies.

Proposition C.1. There exists a RS-MDP with stationary transition model and reward in which the best Markovian policy
is non-stationary, and the best stationary Markovian policy is stochastic.

C.3. Proofs for Section 3

Proposition 3.1. There exists a RS-MDP in which the difference between the optimal performance and the performance
of the best Markovian policy is 0.5.

Proof. For reasons that will be clear later, let us define symbol x ~ 2.6 as the solution of z — % —-01=1

Consider the RS-MDP My = (S, A, H, sp,p,r,U) in Fig. 4, where S = {Ssini, S1, S2, 3, 54, S5, 86}, A = {a1,a2},
H =4, sg = siny, transition model p such that:

p1(81|8init,a) = p1(32|8mma) = 1/2 Vae A,
p2(ss|si,a) = pa(s3lsg,a) =1 Vae A,
p3(salss,a1) = x/3.99,p3(s5]s3,a1) = 1 — x/3.99, p3(s6|s3,a2) = 1,

reward function r defined as:

r1(Smi,a) =0 Vae A,
ro(s1,a) =1 Vace A,
ro(se,a) =0 Vae A,

14
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Figure 4. MDP for the proof of Proposition 3.1.

r3(ss,a) =0 Vace A,
ra(sq,a) =1 Vace A,
ra(ss,a) =0 Vae A,
r4(sg,a) = 0.5 Vae A,

and utility function U € 4 that satisfies:

z—01 ify=05
z ify=1

Uly) = .
W =\o o1 ify-15
399  ify=2
Note that this entails that:
;@U@) +U(1) = U(05) + U(L5). (10)

Note also that the support of the return function of this (RS-)MDP is GP" = {0,0.5,1, 1.5, 2}.

For « € [0, 1], let 7 be the generic Markovian policy that plays action a; in s3 w.p. « (the actions played in other states
are not relevant). Then, its expected utility is:

T (Us pyr) = %M%U@) H(1= g )UM) + (1 - a)U(L5)]
+ %[a(;@zju) (- ;@)U(O)) +(1-a)U(0.5)]
0] %[a(ﬁU(Z) FU) + (1 -a)(U(L5) +U(05))]
2 U(1.5) + U(O.5)

2 )
where at (1) we have used that U (0) = 0, and at (2) we have used Eq. (10).

Thus, all Markovian policies 7* have the same performance. Let us consider the non-Markovian policy 7 that, in state
s3, plays action a; w.p. 1 if s3 is reached with cumulative reward 1, and it plays action as w.p. 1 if s3 is reached with
cumulative reward 0. Then, its performance is:

T (Usp,r) = %(S%U@) H- SEU) + %U(Oﬁ).

The difference in performance between the optimal performance and that of 7 is:

J*(U;p,r) = ™ (Usp,r) = J*(Usp,r) — J™ (U;p,7)
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Figure 5. MDP for the proof of Proposition C.1.
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where at (3) we have replaced the values of utility, and at (4) we have used the definition of x.

Proposition 3.2. If p is deterministic, then arg max, J™(U¥; p,r¥) = argmax_ J™(p,r").

Proof. If p is deterministic, then the optimal policy in Eq. (1) is the policy that deterministically plays the trajectory w
with largest value of UZ(g(w)) (g(w) denotes the return of w under reward 7). Since, by hypothesis, U € §L, then it is
strictly increasing, thus such trajectory coincides with the trajectory with largest return. O

Proposition C.1. There exists a RS-MDP with stationary transition model and reward in which the best Markovian policy
is non-stationary, and the best stationary Markovian policy is stochastic.

Proof. Consider the stationary RS-MDP My = (S, A, H, s, p,r,U) depicted in Fig. 5, where S = {sin, $1, S2, S3},
A = {a1,a2}, H = 4, sg = sinit, Stationary transition model p (we omit subscript because of stationarity) such that:

p(s2]Sinit, a1) = 1 — p(s3]Sinit, a1) = 1/3,
P(51|Sinit, a2) = 1,
D(Sinit|s,a) =1 Vs € {s1, 59,53}, Va e A,

reward function r defined as:

7(Sini,a) =0 Vae A,
(s1,a) =05 Vae A,

r(se,a) =1 Vae A,

r(ss,a) =0 Vace A,

r
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and utility function U € 4 that satisfies:

0.15 ify=0.5
0.2 ify=1

Uly) = . :
1.8 ify=1.5
2 ify=2

Let 7%# denote the general non-stationary policy that plays action a; at stage 1 w.p. « € [0, 1], and plays action a; at
stage 2 w.p. 3 € [0, 1]. The performance of policy 7® can be written as:

7 W) = af 2 [8(5U@ 4 2UM) + (- pUE)] + 2 [5300) + (- HU05)]}
+(1—a)[ﬂ(;U(1 5)+§U05)+ AU
_ aﬁ[%U(Z) + %U( ) — %U(l 5) — gU(O )]
+(a+ ﬂ)[%U(l.E)) + gU(0.5) ~U]+U0)
SRR AN
= —§a6+ 1—10(a+5) + %

To show that the best Markovian policy is non-stationary in this example, we show that the performance of non-stationary
policy 7! is better than the performance of all possible Markovian policies. The performance of 70! is:

0,1 1 1
JT (U, =—+-=03.
WUipr) =15+ %
Instead, the generic stationary policy is 7*“, and has performance:
a0 8 1 1
JNU; =——a’+-a+-.
(U;p,r) 9% +5a+5
The value of « € [0, 1] that maximizes this objective is:
d __aa 16 1 9
SN Ui ) = et s =0 = a=_,
i’ Uipr) =—gaty YT %0
from which we get:
9/80,9/80 169
J" U;p,r) = —— <0.22,
U;p7) = 255

which is smaller than 0.3 = J™ (U; p,r). This concludes the proof of the first part of the proposition.

For the second part, simply observe that, in the problem instance considered, we just obtained that the best Markovian
stationary policy plays action a; w.p. 9/80, i.e., it is stochastic. O

D. Additional Results and Proofs for Section 4

In this appendix, we provide a more explicit formulation for the feasible utility set (Appendix D.1), we present a property
of the distance d*' (Appendix D.2), and then we provide the proofs of all the results presented in Section 4 (Appendix D.3).
D.1. A more Explicit Formulation for the Feasible Set

For any policy 7, we denote by SP>"™ the set of all (s, h,y) state-stage-cumulative reward triples which are covered with
non-zero probability by policy 7 in the considered (RS-)MDP.

Thanks to this definition, we can rewrite the feasible set as follows:
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Proposition D.1. Let M = (S, A, H,sq,p,r) be an MDP, and let % be the expert policy. Then, the feasible utility
set Uy, . = contains all and only the utility functions that make the actions played by the expert policy optimal at all the

(s,h,y) € 8P Formally:
U,

p,7,

= {U eLl’V(s,h,y) e8P Vae A:
Qi (s,y, 74 (5,9);p7) = Q*(s,y,a;p,7),

where we used the notation introduced in Appendix B.

Proof Sketch. Based on Theorem 3.1 of Béuerle & Rieder (2014) (or Theorem 1 of Wu & Xu (2023)), we have that a utility
U e U belongs to the feasible set if it makes the expert policy optimal even in the enlarged state space MDP (note that it
is possible to define a policy 1 for the enlarged MDP because we are considering policies m whose non-Markovianity lies
only in the cumulative reward up to now). Therefore, the result follows thanks to a proof analogous to that of Lemma E.1
in Lazzati et al. (2024b), since we are simply considering a common MDP with two variables per state. O

D.2. A Property of ¢

We note that closeness under the max norm (restricted to a certain domain) implies closeness under d*':

Proposition D.2. Consider an arbitrary MDP with transition model p and reward function r. Then, for any pair of utilities
U1, U, € A, it holds that d;{IT(Ul, UQ) < mMaxgege:r |U1 (G) — U2(G)|

Proof. For the sake of simplicity, we denote the infinity norm and the 1-norm w.r.t. set GP" as: || f| o := maxgegr.r | f
and | f[1 == Y gege.r |f(G)|. In addition, we overload notation and use symbols Uy, Uz to denote the vectors in [0, H]!
containing, respectively, the values assigned by utility functions U7, Us to points in set GP". Then, we can write:

)|
7|

(
gpv

d2 (U, Uz) == sup |[J™(Ur;p,r) — J™(Uz; p, )|

mell
= sup |EG~npre [U1(G)] = EGagp.re [Ua(G)]|
TE
= sup [EG~yrr[UL(G) — U2(G)]|
TE
(N
< sup  [Eqy[Ui(G) — U2(G)]|
neAIP"
2)
< sup Egy|Ui(G) — U2(G)

neAg? "
3
2 Uy — Ua|o,

where at (1) we upper bound by considering the set of all possible distributions over set GP>" instead of just those induced
by some policies in the considered MDP, at (2) we apply triangle inequality, and at (3) we have used the fact that || - ||; and
| - |oo are dual norms. O

D.3. Proofs for Section 4

Example 4.1. Consider the MDP M in Fig. 2 (left), where H =2,11(s9,a1)=1,r1(s0,a2) =0.5. Let the expert’s policy
¥ prescribe ay in so. Then, all the utility functions U €\ that take on values in the blue region of Fig. 2 (middle) for
returns G =1,G = 1.5, make % optimal in My.

Proof. A utility U € 4l makes 7F optimal for My if playing a; is better than playing ax: J" (U;p,r) = 01U(2) +
0.5U(1.5) + 0.4U(1) = 0.8U(1.5) + 0.2U(1). Thus, all the utilities U € 4, that assign to G = 1,G = 1.5 any of the
values coloured in blue in Fig. 2 (middle), satisfy this condition. O

Proposition 4.1. There exist two MDPs M = (S, A, H, so,p,r), M’ = (S, A, H, so,p, ), withp # p/, for which there
exist a policy 7 and a pair of utilities Uy, Uz € Uy, y. . such that TT%, (U1) n 1% (Us) = {}.
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ay, az
1/4

start

Figure 6. MDP for the proof of Proposition 4.1.

Proof. We will prove the guarantee stated in the proposition using two different pairs of MDPs: One that that satisfies
GgP" =GP i.e., for which the support of the return function coincides, and the other that does not. Let us begin with the
former.

Consider a simple MDP M = (S, A, H, Sini, p,r) with five states S = {8, S0, S0.25, S0.75, S1}, tWo actions A =
{a1, a2}, horizon H = 2, initial state siy;;, transition model p such that:

1/4 if s’ = sg
1/4 if s’ = sg.25
1/4 ifs’ =sg75
1/4 ifs' = s

1/2 if 8/ S0.25
1/2 ifS/ = 80.75 ’

p1(5/|8imu CLl) =

P1(8'|Sinie, az) = {

and reward function r that assigns r1 (Sinit, @1) = 71 (Sinit, a2) = 0, and:

0 ifs=son(a=a;va=as)
(5,a) 0.25 ifs=spo5 A(a=0a1Vva=ay)
ro(s,a) = i .
2 0.75 ifs=sp75 A (a=a1 Vva=ay)

1 ifs=s1A(a=a1va=ag)

Note that the support of the return function is G”" = {0,0.25,0.75, 1}. We are given an expert’s policy 7% that prescribes
action a; at stage 1 in state siy;;, and arbitrary actions in other states (the specific action is not relevant). The MDP M is
represented in Figure 6.

Now, we show that utilities Uy, Uz € 4, defined in points of the support G”" as (and connected in arbitrary continuous
strictly-increasing manner between these points):

0 ifG=0 0 ifG=0
UL(G) 0.01 ifG =0.25 , Us(G) 0.01 ifG=0.25 7

0.02 ifG=0.75 0.99 ifG=0.75

1.99 ifG=1 199 ifG=1

belong to the feasible setl,, ,. .=, and, when transferred to the new MDP M’ = (S, A, H, sipii, ', ), with transition model
p’ # p defined as:

p/1('|3init7a1) = p1<'|5iniba1>7
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0.7 ifs = sy

5 (8 |Sinit, a2) = )
Pa(slsim; a2) 0.3 ifs =s;

impose different optimal policies, i.e., utility Us keeps making action a; optimal from state sj,;; even in M’, while Uy
makes action as optimal. This proves the thesis of the proposition.

Let us begin by showing that Uy, U, € U, ,. .= belong to the feasible set of M with policy 7. Let 7 be the policy that
plays action as in state sj,;. Then, the distribution of returns induced by policies 7 and 7 are (we represent values only
at points in GP" = {0,0.25,0.75, 1}):
Pt = [1/4,1/4,1/4,1/4]7
P  =10,1/2,1/2,0]T.

Thus, policy 7% is optimal under some utility U if and only if the values assigned by U to points in G»" = {0,0.25,0.75, 1}
(denoted, respectively, by U', U2, U3, U?) satisfy:

UT(gpm™" — Py = [1/4, —1/4, —1/4,1/4)U = U' = U2 = U + U* > 0,

where we have overloaded the notation and denoted with U := [U', U2, U3, U*]T both the utility and the vector of values
assigned to points in GP*". By imposing normalization constraints (U (0) = 0, U(2) = 2), we get U = 0, and by imposing
also the monotonicity constraints, we get that utility U is in the feasible set U4, ,. .= if and only if:

Ut>U02+0U3
0<U?2<U3<U*<?2

Clearly, both utilities Uy, Us satisfy these constraints, thus they belong to the feasible set 4, ,. .=. Now, concerning problem
M, the performances of 7%, 7 w.r.t. utilities Uy, U, are:

E 1 1 1 1
J" Ul;p/,r = ZUl(O) + 1U1(025) + ZU1(075) + ZUl(l) = 202/4 = 0.505,
J?

(

(Uy;p',7) = 0.7U1(0) + 0.3U;(1) = 0.3 x 1.99 = 0.597,
J7
(

)
)
, 1 1 1 1
Ug;p ,7") = ZUl(O) + 1U1(025) + ZU1(075) + ZUl(l) = 299/4 = 0.7475,
JT(Us:p/,7) = 0.7U1(0) + 0.3U1 (1) = 0.3 x 1.99 = 0.597.

Clearly, J”E(Ul;p',r) < J™(Uy;p',7), but J (Ug;p',r) > J™(Ua;p',7), thus we conclude that the set of policies
induced by utilities Uy, Us in M’ do not intersect, since they start from s;,;; with different actions H;@T(U 1)0 H:/,r (Uy) =

{}. This concludes the proof with an example that satisfies Grr =GP
If we want an example that does not satisfy GP'" = GP, then we can consider exactly the same example with M and

M, but using 71 (Sinit, a2) = 0.001. In this manner, we see that G»" = {0,0.25,0.251,0.75,0.751, 1}, and gr'r =
{0,0.001,0.25,0.75,1,1.001}, which are different. By choosing Uy, U} as:

0 itG=0 0 itG=0
0.001 if G =0.001 0.001 if G =0.001
0.01 ifG =025 0.01 ifG=0.25
UlG) 0.011 %fG = 0.251 ’ Uy(G) 0.011 %fG = 0.251 ’

0.02 ifG=0.75 099 ifG=0.75
0.021 if G =0.751 0.991 ifG=0.751
199 ifG=1 199 ifG=1

([ 1.991 if G = 1.001 1.991 if G =1.001

it can be shown that U7, U} belong to the (new) feasible set of M, and that induce different policies in M’. This concludes
the proof. O
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Figure 7. MDP for the proof of Proposition 4.2.

Proposition 4.2. There exist tiwo MDPs M = (S, A, H, so,p,7), M' = (S, A, H, so,p,r’), with r # 1’, for which there
exist a policy 7% and a pair of utilities U1,Us € U,, ,. & such that I (Un) n 115 L (Us) = {}.

Proof. Similarly to the proof of Proposition 4.1, we provide two examples, one with Gr' = GP, and the other with
GP" £ GP", Let us begin with the former.

Consider a simple MDP M = (S, A, H, Sinit, p, ) With three states S = {sin, $1, $2}, two actions A = {ay, as}, horizon
H = 2, initial state s;,;, transition model p such that:

172 if s’ = s
1/2 if s = s9

P1(|Sinic, a1) = { ,
0.9 ifs" =s;
0.1 ifs" = sy

)

P1(8'|Sinit, a2) = {

and reward function r that assigns r1 (Sinit, @1) = 0, 71 (Sinit, a2) = 0.5, and:

0 ifs=sA(a=a1va=as)
TQ(Sa a) = . .
1 ifs=ssA(a=a;Vva=as)
Note that the support of the return function is GP" = {0,0.5,1,1.5}. We are given an expert’s policy F that prescribes
action ap at stage 1 in state sy, and arbitrary actions in other states (the specific action is not relevant). The MDP M is
represented in Figure 7.

Now, we show that the utilities Uy, Us € 41, defined in points of the support GP°" as (and connected in arbitrary continuous
strictly-increasing manner between these points):

0 ifG=0 0 ifG=0
0.1 ifG=05 0.1 ifG=0.5
Ul(G) = l 3 U2(G) = 1 )
09 ifG=1 0.8 ifG=1
1.5 ifG=1.5 1.5 ifG=15

belong to the feasible set U4, ,. .=, and, when transferred to the new MDP M’ = (S, A, H, iy, p, r’), with reward function
r’ # r defined as:
71 (Sinit, a1) = 0.5, 71(Sinit, az) = 0,

{1 ifs=s1A(a=a1va=as)

r5(s,a) =
2(5,9) 0 ifs=ssn(a=a;va=ay)’

impose different optimal policies, i.e., utility Us keeps making action a; optimal from state sj,;; even in M’, while U;
makes action ay optimal. This will demonstrate the thesis of the proposition.

Let us begin by showing that Uy, U; € U, ,. .= belong to the feasible set of M with policy 7. Let 7 be the policy that
plays action as in state sijyi. Then, the distribution of returns induced by policies mF and 7 are (we represent values only
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at points in G»" = {0,0.5, 1, 1.5}):

P =10.5,0,0.5,0]T
n"T =10,0.9,0,0.1]T.
Thus, policy 7% is optimal under some utility U if and only if the values assigned by U to points in G»" = {0, 0.5, 1, 1.5}
(denoted, respectively, by U', U2, U3, U*) satisfy:

E

UT(nP™™ —nP™T) = [0.5,-0.9,0.5, —0.1]U = 0.5U* — 0.9U? + 0.5U% — 0.1U* > 0,

where we have overloaded the notation and denoted with U := [U', U2, U3, U*]T both the utility and the vector of values
assigned to points in GP'". By imposing normalization constraints (U (0) = 0, U(2) = 2), we get U = 0, and by imposing
also the monotonicity constraints, we get that utility U is in the feasible set U, ,. .= if and only if:

U* = 5U3 —9U?
0<U2<U3<Ur<?2

Clearly, both utilities Uy, Us satisfy these constraints, thus they belong to the feasible set 4, ,. .=. Now, concerning problem
M/, the performances of 77, 7 w.r.t. utilities Uy, Us are:

™ (Uy;p,r') = 0U1(0) + 0.5U4(0.5) + 0U (1) + 0.5U7 (1.5) = 1.6/2 = 0.8,
J(Ugsp,r’) = 0.1U1(0) + 0U3(0.5) + 0.9U71 (1) + 0U1(1.5) = 0.9 x 0.9 = 0.81,
E
I (Uz; p, ") = 0U2(0) + 0.5U5(0.5) + 0Us(1) + 0.5U2(1.5) = 1.6/2 = 0.8,
J™(Ug;p, ") = 0.1U5(0) + 0U5(0.5) + 0.9U3(1) + 0U2(1.5) = 0.9 x 0.8 = 0.72.
Clearly, J”E(Ul;p, r') < J*(Uy;p,r'), but J“E(Uz;p, r') > J%(Ua;p,r’), thus we conclude that the set of policies
induced by utilities Uy, Uz in M’ do not intersect, since they start from sin; with different actions IT* , (Ur) 1T} |, (Us) =

{}. This concludes the proof with an example that satisfies G»*™ = GP".

If we want an example that does not satisfy GP™" =GP, then we can consider exactly the same example with M and M’,
but using 7 (Sinit, a2) = 0.001. In this manner, we see that G»" = {0,0.5,1,1.5}, and G " = {0.001,0.5,1.001, 1.5},
which are different. Nevertheless, by choosing U7, Uj as:

(0 ifG=0 0 ifG=0
0.001 if G = 0.001 0.001 if G = 0.001
U{(G):<o.1 %fG=O.5 | Ug(G)=<O'1 %fG=O.5 ’
09 ifG=1 08 ifG=1
0.901 if G = 1.001 0.801 if G = 1.001
1.5 ifG=15 1.5 ifG=15

it can be shown that U;, U} still belong to the feasible set of M (the constraints are the same), and that induce different
policies in M’. This concludes the proof. [

Proposition 4.3. There exists an MDP M = (S, A, H, so,p,r) and a policy 7 for which there are utilities Uy, U, €
Uy, . r& such that, for any € > 0 smaller than some universal constant, there exists a policy . such that J*(Uy;p,r) —
J"(Ur;p, ) = eand J*(Uz;p,r) — J™ (U2;p,7) = 1.

Proof. Consider a simple MDP M = (S, A, H, Sinit, p,r) with four states S = {sin, $1, S2, S3}, three actions A4 =
{a1, a2, a3}, horizon H = 2, initial state s, transition model p such that:

D1 (52|3m1taa1 1 31|51mt;a3> - 17

| 0.91 ifs =s;
Sinits @
i 02) = 9 09 if o — 53’
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ai, az,as

start

Figure 8. MDP for the proof of Proposition 4.3.

and reward function r that assigns 71 (Sinit, @1) = 71 (Sinit, a2) = 71 (Sinit, a3) = 0, and:

0 ifs=s1A(a=a1va=asVva=a3)
ro(s,a) =305 ifs=syA(a=a;va=azVva=a3).

1 ifs=s3An(a=a1 va=asVva=a3)

Note that the support of the return function is G»" = {0,0.5,1}. We are given an expert’s policy 7% that prescribes
action a; at stage 1 in state siy;;, and arbitrary actions in other states (the specific action is not relevant). The MDP M is
represented in Figure 8.

Now, we show that the utilities Uy, Uz € 4, defined in points of the support GP" as (and connected in arbitrary continuous
strictly-increasing manner between these points):

0 ifG =0 0 ifG =0
U (G) =< 0.1 ifG =05, Ux(G)=<1.00 ifG =05,
0.1/0.09 ifG =1 1.1 ifG=1

belong to the feasible set U, ,. =, and that, for any € € [0,0.1], there exists a policy 7 for which it holds both that
J*(Us;p,7) = J"(Us;p,v) = eand J*(Ug; p, 1) — J"(Uzip,7) = 1.

First, let us show that both Uy, U, belong to the feasible utility set. Let !, 72, 7 be the policies that play, respectively,
action a1, as, as in state Sip;; (note that 7' = 7). Then, their performances for arbitrary utility U are:

J™ (Usp,r) = U(05),
J™ (Usp,r) = 0.09U(1) + 0.91U(0) = 0.09U(1),
T (Usp,r) = U(0) =0,
where we have used the normalization condition. Replacing U with Uy, we get J*(Uy;p,7r) = J"l(Ul;p,r) =

0.1=J”2(U1;p,7“) = 0.1 > J”S(Ul;p,r) = 0. Instead, replacing with Us, we get J*(Ua;p,r) = J”l(UQ;p,r)
1.099 > J”Q(Ug;p, r)=0.09 x 1.1 > J’Ts(Ug;p, r) = 0. Therefore, both Uy, Uz € U, ;. 5.

Now, for any « € [0, 1] let us denote by 7, the policy that, at state s;y, plays action az w.p. a, and action as w.p. 1 — .
We show that, for any € € [0,0.1], policy /g 1 is e-optimal for utility U;, and its suboptimality is at least 1 under utility
Us. For any « € [0, 1], the expected utilities of policy 7, under U; and U, are:

JT(Uy;p,r) = (1 —a) x0.09 x Uy (1) = (1 — ) x 0.1,
JT(Ug;p, 1) = (1 — ) x 0.09 x Us(1) = (1 — «) x 0.099,

from which we derive that the suboptimalities of such policy under U; and Uy are:

J*(Uy;p,r) — J™(Ur;p,7) =01 — (1 —a) x 0.1 =0.1a,
J*(Ug;p,r) — J™(Ug;p,r) = 1.099 — (1 — ) x 0.099 = 1 + 0.099«.
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Figure 9. MDP for the proof of Proposition 4.4.

Thus, for any € € [0, 0.1], policy /o 1 is e-optimal for utility Uy, but it is at least 1-suboptimal for utility Us.

The intuition is that utilities U; and U, assess in completely different manners the policies that play action ao, although
they both describe policy 7% as optimal. This concludes the proof. O

Proposition 4.4. There exists an MDP M = (S, A, H, 59, p,) and a policy wF for which there exists a pair of utilities
Ur,Uz € U, , & such that d;{lr(Ul, Us) = 1.

Proof. Consider a simple MDP M = (S, A, H, Sinit, p, ) with three states S = {Sini, 51, S2}, three actions A =
{a1, as,as}, horizon H = 2, initial state siy;, transition model p such that:

P1(51|Sinie, a1) = 1, P1(82|5init, a2) = p1(52]Sinit, az) = 1,

and reward function r that assigns 71 (Siit, @1) = 71 (Sinit, a2) = 0, 71 (Sinit, a2) = 1, and:

if
TQ(S,CL) = {O e

1 ifs=ssn(a=a1va

s1A(a=a1 va=ayvas)

as va3) .

Note that the support of the return function is GP" = {0,1,2}. We are given an expert’s policy 7 that prescribes action
as at stage 1 in state s, and arbitrary actions in the other states (the specific action is not relevant). The MDP M is
represented in Figure 9.

Consider two utilities U7, Us, that take on the following values in GP'":

0 ifG=0
U (G)=401 ifG=1,
ifG =2
0 ifG=0
Uy(G)=<11 ifG=1.
2 ifG =2

It is immediate that both utilities belong to the feasible set U, ,. .». Nevertheless, if we denote by 7 the policy that plays
action as in state sinie, we see that J7 (Uy; p,r) = 0.1, while J™(Us; p,7) = 1.1, so that the difference is 1. O

Proposition 4.5. Let S, A, H be any state space, action space, and horizon, satisfying S>3,A>2,H >2, and let U¥ e{l
be any utility. If, for any possible dynamics sq,p and reward r, we are given the set of all the deterministic optimal policies
of the corresponding RS-MDP (S, A, H,so,p,r,UF), then we can uniquely identify UF.

Proof. We provide a constructive proof that shows which values of s, p, r it is sufficient to choose for recovering U”
exactly. The construction is articulated into two parts. First, we aim to recover the value of U E (1), i.e., for G = 1; next,
we recover the utility for all other possible values of return. The intuition is that we construct a Standard Gamble (SG)
between two policies over the entire horizon (Wakker, 2010).

To infer U¥ (1), we use the sg, p, r values that provide the MDP described in Figure 10.
We consider a single initial state sj,;. From here, action a; (and all actions other than a; and a2) brings deterministically

to state s7, while action ay brings to state s3 w.p. ¢ (to choose, for some ¢ € [0,1]), and to state s3 w.p. 1 — ¢. From
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Figure 10. MDP for the proof of Proposition 4.5.

state s2, for any i € [3], all actions bring deterministically to state s3, and so on, up to state s:7. We will call the trajectory
{Sinit, 7,83, . .., 85} the i trajectory for all i € [3], and we will write G (i) to denote the sum of rewards along such

1) %)

trajectory. To infer the value UZ (1), we select a reward 1’ : S x A x [H] — [0, 1] that provides return G(1) = 1.5 to
the first trajectory, return G(2) = 1 to the second trajectory, and return G(3) = H to the third trajectory (this is possible
because H > 2). By selecting, successively, all the values of ¢ € [0, 1], we are asking to the expert to play either action a;
or action ay from the initial state s;,; (we denote policies w72, respectively, the policies that play actions aj, ag in Siyi)-
Since we are assuming that the expert will demonstrate all the possible deterministic optimal policies, there exists a value
q' € [0,1] for which the expert demonstrates both policies 7! and 72. Indeed, the expected utilities of policies 7!, 72 for
arbitrary value of ¢ are (we write p(q) as the generic transition model):

J™(UP:plg), 1) = UE(L5),
T (UP:plg),r') = qUE(H) + (1 — q)UP (1) = ¢H + (1 — U (1),

and since U¥ is strictly-increasing, we have U¥(1) < UF(1.5) < UF(H) = H, thus there must exist ¢’ that permits to
write UZ(1.5) as a convex combination of the other two. This allows us to write:

UE(15)=¢dH+ (1 —¢)UP(1). (11)

Next, we select reward ” that provides returns G(1) = 1,G(2) = 0.5, G(3) = 1.5. Thus, there must exist a ¢ € [0, 1]
for which the expert demonstrates both policies ! and 72, allowing us to write:

UE(1) = ¢"UP(1.5) + (1 —¢")UF(0.5). (12)

Finally, we can repeat the same step with a third reward r” that provides returns G(1) = 0.5, G(2) = 0, G(3) = 1, and for
some ¢"” € [0, 1] we obtain:

UF(0.5) = ¢"U®(1). (13)
By putting together Eq. (11), Eq. (12), and Eq. (13), we can retrieve U (1):

UEB(1.5)=¢dH+ (1-¢)UF(1)
UP(1) =q"UE(1.5) + (1 — ¢")UF(0.5)
UE(0.5) = ¢"UE(1)

Now that we know U £(1), we can infer the utility for all the returns G € (1, H) by choosing a reward that provides returns
G(1) = G,G(2) = 1,G(3) = H, because for some g € [0, 1] the expert will play both policies 7' and 72, which allows
us to write:

UP(G) =qH + (1 -qU"(1),
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and to retrieve U (G).

Similarly, for all G € (0,1), we select a reward that provides returns G(1) = G,G(2) = 0,G(3) = 1, and for some
g € [0, 1] we can write:

UR(G) =qu"(1),

and retrieve U?(Q).

This concludes the proof. As a final remark, we stress that the initial step for inferring U ¥ (1) cannot be dropped because
there is no reward r : S x A x [H] — [0, 1] that provides returns G(2) = 0 and G(3) = H, because both the first and
second trajectories pass through action ag in state sipj. O

E. Additional Results and Proofs for Section 5

This appendix is divided in 5 parts. First, we show the complexity of implementing operator HQL (Appendix E.1). In
Appendix E.2, we provide the pseudocode, along with a description, of algorithms EXPLORE, PLANNING, ERD, and
ROLLOUT. In Appendix E.3 we analyze the time and space complexities of CATY—-UL and TRACTOR-UL. In Appendix
E.4, we provide the proof of Theorem 5.1. In Appendix E.5, we provide the proof of Theorem 5.2.

E.1. Projecting onto the Set of Discretized Utilities

Let us use the square brackets [] to denote the components of vectors. Then, note that set i[; can be represented more
explicitly as:

U, ={Ue[0,H*|U[1]=0AU[d]=HAU[{] <U[i +1]Vie [d—1]
AVYi,jeld]sti<j:|U[i]—U[j]| <L(j—i)eo} (14)

Notice that set {1, is closed and convex, since it is defined by linear constraints only. The amount of constraints scales as
ocd?.

We remark that in Theorem 5.2 we assume availability of an oracle for computing the projection exactly. In practice, we
can use any quadratic programming solver to approximate the projection.

E.2. Missing Algorithms and Sub-routines

EXPLORE In Algorithm 3, we report the pseudo-code implementing subroutine EXPLORE. Simply put, we adopt a
uniform-sampling strategy, i.e., we collect n = |7/(SAH )| samples from each (s,a, h) € S x A x [H] triple, that we use
to compute the empirical estimate of the transition model. We return such estimate.

PLANNING The PLANNING sub-routine (Algorithm 4) takes in input a utility U, an environment index ¢, and a transition
model p, that uses to construct the RS-MDP My, := (8%, A%, H, s§, p,7,U). Notice that My # MLE for 3 aspects.
First, it uses the input transition model p # pi; next, it consider the discretized reward 7 # r’; finally, it has input utility
U#UP.

PLANNING outputs two items. The optimal performance J*(U;p,7?) for RS-MDP M;, and the optimal policy 1* =
{1} }1, for the enlarged state space MDP &[My;]. However, it should be remarked that, instead of computing optimal
policy ¢* for €[ My] only at pairs (s,y) € S x g,’;’f” for all h € [H], PLANNING computes the optimal policy 1)* at all
pairs (s,y) € S x Yy, for all h € [H] (note that g,’;"?l < Vh).

The algorithm implemented in PLANNING for computing both J*(U; p, r*) and 1* is value iteration. The difference from

common implementations of value iterations lies in the presence of an additional variable in the state. A similar pseudocode
is provided in Algorithm 1 of Wu & Xu (2023).

ERD (Estimate the Return Distribution) The ERD sub-routine (Algorithm 5) takes in input a dataset D¥ = {w;}; of
state-action trajectories w; € ) and a reward function 7, and it computes an estimate of the return distribution w.r.t. 7.
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Algorithm 3 EXPLORE
Input: samples budget 7
n < |7/(SAH)]
forie{1,2,...,N}do
// Initialize the transition model estimate:
pi(s'|s,a) = 0forall (s,a,h,s') €S x Ax [H] xS
// Collect samples:
for (s,a,h) € S x A x [H] do
for _€{1,2,...,n}do
s" « sample from p} (-|s, a)
Ph(s']s.a) < Py (s']s,a) + 1
end
end
m('lsa a) - 232(|5, a)/n
end
Return {p'};

Algorithm 4 PLANNING
Input: utility U, environment index i, transition model p
// Initialize the () and value function at the last stage:
for (s,y) € S' x Yy do

for a € A' do

| Qul(s,y,a) < Uy +Ty(s,a))
end
VH(Sv y) < max QH(57 Y, CL)
ac Al

Yu(s,y) — argmax Qr(s,y,a) /+ Keep just one action */
ac At
end
// Backward induction:

forh=H—-1,...,2,1do

for (s,y) € 8¢ x V), do
for a € A’ do
Qn(5,9,0) < B (o | Vi1 (5 + 7 (5,0)) |
end
Vh(sv y) A Hé?ff Qh(sa Y, (l)
Yu(s,y) « argmax Qn(s,y,a) /+ Keep just one action =/
ac A’
end

end

// Return optimal performance and policy:
Return Vi (sf,0), ¢

For every trajectory w; € D¥, ERD computes the return G of w; based on the input reward r (Line 55). In the next lines,
ERD simply computes the categorical projection of the mixture of Dirac deltas:

~ . 1
n= PrOJC (; W(SGJ'>7
where the categorical projection operator Proj, is defined in Eq. (8).

ROLLOUT ROLLOUT (Algorithm 6) takes in input a Markovian policy v, a transition model p, a reward r, an environment
index 7, and a number of trajectories K, to construct the MDP M = (§*, A", H, s}, p, ) obtained from MDP M" by
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Algorithm 5 ERD - Estimate the Return Distribution

Input: dataset D, reward r
// Initialize 7:
for y € YV do
| 7(y) <0
end

// Loop over all trajectories in DF:
for w e D do
// Compute return of w= {51,0,17. . .,5H7aH,sH+1}:
G~ Zthl rh(shv a’h)
// Update estimate 7:
if G < 0 then
| 7(0) < 7(0) +1
end
elseif G > [%Jeo then
| (2 Jeo) — (| £ Jeo) + 1
end
else
L «— maXyeyry<G Y
U — mingeyay=c y
(L) < (L) + =%
aU) —aU) + §=¢
end

end

// Normalize:
~ N NE

7 < 7/|D”|
Return 7)

replacing the dynamics and reward p’, r* with the input p, r.

ROLLOUT collects K trajectories by playing policy % in M for K times, computes the return G of each trajectory, and
then returns a dataset D containing these K returns. In other words, with abuse of notation, we say that the outputted
dataset D = {G}}ye[x] is obtained by collecting K samples G}, from distribution n?-™*,

E.3. Time and Space Complexities

The time and space complexities of the subroutines are:

* EXPLORE: time = O N1 ) for collecting 7 samples from the N environments; space = O (S AHN ) for storing the
estimates of the transition model of the /V environments.

* ERD: time = O (H P+ H/ eo) for computing the return of each trajectory demontrated by the expert and initializing

an estimate of the return distribution; space = O (H / eo) to store an estimate of the return distribution.

* PLANNING: time = (’)(SQAH 2/60) for doing backward induction in the enlarged discretized MDP; space =

@) (SAH 2/ 60) to store a Q-function in the enlarged discretized MDP.

* ROLLOUT: time = (’)(KH) for simulating K trajectories long H; space = (’)(K) for storing the returns of the K

trajectories.

Using these complexities, we derive the complexities of CATY-UL and TRACTOR—-UL as:

e CATY-UL: time = O( N7 + MN (HTE + SZAHQ/E())) for calling EXPLORE once and then both ERD and
PLANNING MN times, where M denotes the number of input utilities to which CATY-UL is applied; space =
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Algorithm 6 ROLLOUT

Input: policy v, transition model p, reward 7, environment index 7, number of trajectories K
D —{} // Loop over the number of trajectories:
for _€{1,2,...,K} do
s—shy—0 /* y keeps track of the accumulated reward =/
for h = 1t0 H do
a — ¥n(s,y)
y<—y+ra(sa)
s « s where s’ ~ p(-|s, a)
end
D —Du{y}

end
Return D

O (S AHN + SAH?/ 60) where the dominant terms are for storing a transition model in EXPLORE and a Q-function
in PLANNING.

o TRACTOR-UL: time = O(NT + NHTE + T(NSQAHZ/eO + NKH + Qtime)) for calling EXPLORE once, ERD
N times, both PLANNING and ROLLOUT T'N times, and executing 7" times the Euclidean projection onto i, using

some optimization solver (Q¢;. represents this term); space = O(N H/eg + SAH? /g + K + Qspace) for storing

the N estimates of return distributions, for calling PLANNING and ROLLOUT, and for executing some optimization
solver for Euclidean projection (Q space represents this term).

Observe that the time and space complexities of the proposed algorithms are polynomial in the amount of data (7, 7F), in the
number of environments (/V), and in the size of the environments (S, A, H). Moreover, both CATY-UL and TRACTOR-UL
have time complexities that grow linearly in the number of runs (resp. M and T'), and note that the complexity of
TRACTOR-UL grows linearly also in the number of simulated trajectories (/) and in the complexity of the optimiza-
tion solver used for the Euclidean projection (Q+;m.). Observe that the complexities depend on 1/¢, where €y > 0 is the
discretization parameter.

From a theoretical perspective, if we want that, with probability at least 1 — §, the outputs of CATY-UL and TRACTOR-UL
are e-accurate, then, under the assumption that the output of the optimization solver adopted for the Euclidean pro-

jection is exact, Theorems 5.1 and 5.2 show that it suffices to take ¢¢ = O(e2/(HN?)), 7€ < (’3(Nif4 log%>,

r < @(%(S + log %)), T < (’)(Nifﬂ), K < 5(N2H2 log %), for obtaining a time and space complexity

2
1

for the algorithms that grow polynomially in S, A, H, N, ¢, log %, Qtime, Qspace-

E.4. Analysis of CATY-UL

Theorem 5.1. Let L > 0, ¢,6 € (0,1), and let U < 81}, be the set of utilities to classify. For all i € [N], in case U] = 1,
let the number of samples satisfy:

. ~/N?H? N . ~/N?SAH* SAHNL
E,z> o SN
T /O< 2 log 6)’ T /(9( 2 log 5e )

Otherwise, if |U| > 1, let the number of samples satisfy:

. ~/NAHAL? HNL
TE”‘ZO( log ),

€t de (5)
P> O( MBI (5 1 10 SAINY)

Then, setting ey = €2/(72HL*N?), wp. at least 1 — §, for any A > 0, CATY-UL correctly classifies all the U € U lying
inside Ua_¢ or outside U ;.

Proof. Observe that the classification carried out by CATY—-UL complies with the statement in the theorem as long as we
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can demonstrate that:

(bup\ D Cprimea @)= Y CU)| <€) 213,

M} {” vel il ie[N]

where P rqiy, (rE.1}, Tepresents the joint probability distribution induced by the exploration phase of CATY-UL and the
execution of each 7% in the corresponding M®.

We can rewrite this expression as:

sup’ 2 pi i i (U) — Z (?i(U’ sup Z ’Cp wiaei (U )—(?l(U)‘

Vel e ie[N] Vel ;e [N]

<Y sup

ie[N] VU

Cpipi i (U) = CH(U)),

where at (1) we have upper bounded the maximum of a sum with the sum of the maxima. This shows that we can obtain
the result as long as we can demonstrate that, for all ¢ € [N], it holds that:

o

N (15)

Cpri meslU) = C(U)| < <) =1-

P ( sup

piri B N Uey

the statement of the theorem would then follow from a union bound. Therefore, let us omit the 7 index for simplicity, and
let us try to obtain the bound in Eq. (15). We can write:

_ 5 ~ ~
sup [C 2 (U) = C(U)] := sup [(J*(Usp,r) = J™ (Usp,r)) = (J*(U) = J#(U))]
UeU UelU
2) ~ A
<sup‘J U;p,r)—JE(U)‘+sup|J*(U;p,r)—J*(U)|
Ueld Ueld
Csup| E [UG)]- E [UG)]
Ued GnyprimP G~nF
+ E [U(G)]| + sup |[J*(U; p,7) — T*(U)]
G~Projc (nr-m ) el
4)
<sup| E [UG)]- E [U(@)]]
Uel Grppmm® G~Projg (npomm )
+ sup | E [U(@G)] - E [U@G)]
UelU G~Prnjc(n1’v7""E) G~n¥
+ sup [J*(Usp,r) — J*(U)|
UelUd
)
< swp | E [fG)]- E LA(G]
f: fis L-Lipschitz = G~pp.rm ¥ Gwprojc(np,rmE)
+ sup | E U@ - E [U@G)]
UeU  G~Proje (np-m 7)) G~AF
+sup|J*(U;p,r)—f*(U)|
UeU
QL wi (77" Proje (n "))
+ sup | E U] - E [UG)]
UeU " G~Proj (nrm= ") G~®

sup |J*(U; p,r) — J*(U)),
UelUd

where at (2) we have applied triangle inequality, at (3) we use the definition of J " (U;p,r), and that of JE (U) (Line
4 of CATY-UL), and we have added and subtracted a term, where operator Proj. is defined in Eq. (8). We remark that

distribution n””"”E may have a support that grows exponentially in H, while both 7¥ and Proj,. (nva"”E) are supported on
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). Note that 7 and Projc(np’“”E) are different distributions, since the former is the projection on ) of an estimate of

np”’*ﬂE. At (4), we apply triangle inequality, at (5) we use the hypothesis that all utilities are L-Lipschitz i/ < 4, and
notice that [y, is a subset of all L-Lipschitz functions f : [0, H] — [0, H], and at (6) we apply the duality formula for the
1-Wasserstein distance w; (see Eq. (6.3) in Chapter 6 of Villani (2008)).

Concerning the case || = 1, we apply, for all ¢ € [N], Lemma E.3 with probability §/(2N) and accuracy €¢/(3N), and
Lemma E.5 with probability /(2N and accuracy €/(3N), while we bound the 1-Wasserstein distance through Lemma
E.1, to obtain, through an application of the union bound, that:

Z Epiﬂ.iﬂ.rE,i(U)_ Z é\Z(U)‘ <
€[N] 1€[N]

NL~/2Heo + ¢/3+ NHLeo + e/3> >1-4,

P (sup
{Mi}i{n B0} NUeu

as long as, for all ¢ € [N]:

S}

P ~<N2H2 log J§>

T =
€2

i ~(N2SAH* SAHN
=0 5 log .
€

(560

. 2 .
By setting €9 = =5 7z=» We obtain that:

2
€ €
= — [ g .
NL~/2Hey + N H Le G + DIN €/3

By putting this bound into the bound on 7%, we get the result.

When U is an arbitrary subset of i ,, we apply, for all i € [ N], Lemma E.4 with probability 6/(2N) and accuracy €¢/(3N),
and Lemma E.13 with probability §/(2N) and accuracy €¢/(3N), while we bound the 1-Wasserstein distance through
Lemma E.1, to obtain, through an application of the union bound, that:

P (sup C iﬂ-iﬂrE,i(U) — é\Z(U)‘ <
MUt S ueu z'e%w] ’ iE%V]]
NL\/2Heo + ¢/3 + NHLeo + 6/3) >1-4,
as long as, for all ¢ € [N]:
L N23
TE’i>O(NH 1 HN>,
€2eg deg
. x(N2SAH® SAHN
"= 0 = (S + log 3 ))

. . 2 .
Again, by setting €9 = =577z, We obtain that:

2

€ €
NL~\/2H NHLey = = + o= < €/3.
€ + €0 6 + LN 6/3

By putting this bound into the bounds on 7% and 7%, we get the result. O

E.4.1. LEMMAS ON THE EXPERT’S RETURN DISTRIBUTION

Lemma E.1. Let the projection operator Proj, be defined as in Eq. (8), over set Y with discretization €. Then, for all
1 € [N], it holds that:

w1 (npimi,ﬂE’i 7 P}"OjC (npiﬂ'ivﬂ'E'i )) < \/m
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Proof. For the sake of simplicity, we omit index ¢ € [N], but the following derivation can be applied to all the N demon-
strations.

By applying Lemma 5.2 of Rowland et al. (2024), replacing term 1/(1 — ) with horizon H, we get:

B : rl rrl : raf
wi (7" Proje (i7" 7)) < VHE (P Proje (17)).
Similarly to the proof of Proposition 3 of Rowland et al. (2018), we can write:

. ﬂ"E M ’f’.ﬂ'E .(1)
g% (’r]p7 ’ 7Pr0.]C (T]p’ ' )) = J\R(an,r,‘lrE (y) - Fprojc(np,r,‘lrE) (y))2dy

H

?2)
=L<awﬁ@r4thma@P@
Yj+1
3
2 S e cn ) = Fongggeey 0P
jeld—1]

+j<amﬂ@ P ey ()2

y_1+1
=Y W) = oot oomnes (1)2dy + 6o
< Fopr.n® Proj (n7rm )

jeld—1]

5) Yj+1 9
=2 J (F e (U511) = Foprnr () 2y + €0
jeld—1] ¥Yi

= Z (yj+1 - yj)(anﬂ‘,wE (yj+1) - anmﬂ'E (yj))2 + €
jeld—1]

©
e Dy (Fpprns (9541) = Fprns ()7 + €0
jeld—1]

) 2
< 60( Z (F»,]p,nfrE (ijrl) - anmﬂ'E (yj)) + €o
jeld—1]

8 2
Q 0 (Fyprr (40) = Fpproe (1)) + €0

< 2e¢g,

where at (1) we have applied the definition of /5 distance (Eq. (7)), at (2) we recognize that the two distribu-
tions np’“”E,Projc(np”””E) are defined on [0, H], at (3) we use the additivity property of the integral, using notation
Y = {0,¢0,2¢,...,|H/eo]eo}, d == |Y| = |H/eo| + 1, y1 = 0,y = €0,y3 = 2€0,...,Yq = |H/eo]eo, (nota-
tion introduced in Sectlon 5). At (4) we upper bound S Eprne (y) — Fpmjc(nwwE)(y)de < S; dy = H—yq =

— |H/eoleo = eo(H/eo — | H/eo]) < €o since the dlfference of cumulative distribution functions is bounded by 1.
At (5), thanks to the definition of the projection operator Proj, (Eq. (8)), we notice that, for y € [y;,y;+1], it holds
that Fp i v ,rE)(y) € [an,,,E (y5), T (y;+1)], thus we can upper bound the integrand through the maximum,
constant, difference of cumulative distribution functions. At (6) we use the definition of set )/, i.e., an ¢p-covering of the
[0, H] interval, at (7) we use the Cauchy-Schwarz’s inequality 3 ()2 < (3 ; x;)? for z; > 0, and noticed that the
summands are always non-negative, at (8) we apply a telescoping argument.

The result follows by taking the square root of both sides. O
Lemma E 2. Leti € [N], and let f € [0, H]? be an arbitrary d-dimensional vector. Denote by G1,Go,...,G 5. Lid.
nPr 7" the random variables representing the returns of the 7% trajectories inside dataset DF*. Let T]E " be the

random output of Algorithm 5 that depends on the random variables G1,Ga, ..., G 5. Then, it holds that:

EGth,m,GTE,iNHPi*Ti’"E’i [EyNﬁE,i [f(y)]] = EyNijc(npi’rimE,i) [f(y)]
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Proof. We omit index 4 for simplicity, but the proof can be carried out for all ¢ € [N] independently. To prove the
statement, we use the notation described in Appendix E.2 for the Dirac delta, to provide an explicit representation of both
the distribution Proj, (np’r>”E) and the “random” distribution 7% .

We consider distribution 77""™" supported on Z := {21, 23, ..., 23} < [0, H], while distributions Projc(np’”rE)7 n¥ are
supported on set Y = {y1,92,...,ya} < [0, H].

W.r.t. distribution Proj, (771’>"”E ), we can write:

Projc(np’rﬂ _PYOJC( Z n”” Zk) zk)
ke[M]

S P (24)Proje (5.,

ke[M]
)y PP () (5311]1{% < it + Oyad{ze > ya
ke[M]
N Yird =2k | 2k Y5 5y_7.+1)]l{2k € (yj=yj+1]})

Yi
selaoay Wit Y T Vil Y

=0u 3 ) (e < w) + PR e ()

ke[M]
’I"TrE y
+ Z 6!/;‘( Z nr (Zk)( j+1_ Lz € (yi, yj+1]}
jef2,...d—1} ke[M] Yir1 = Yj
Yj—1
+7]l 2k € (Yj-1,9 ))
E B e (o)

0y > 1 () (e > pah + 22 € (o, pall),
ke[ M] Yd — Yd—1

where at (1) we have applied the extension in Eq. (9) of the projection operator Proj, to finite mixtures of Dirac distribu-
tions, and at (2) we have applied its definition (Eq. (8)).

Concerning distribution ﬁE , based on Algorithm 5, we can write:

ﬁE:iLEI( > (H{Gt yl}+y

te[TF]

n{Gt € (v e}))

Oy Yi+1 —
- TLE( 5 (%H{Gte(yi;yj+l]}
P [ 5] Yji+1 — Yy

+ M]l{@ € (y];hyi]}))
- %( 2, (1{Gt > ya} + #MQ € (va- 1’yd]}))

te[rF] Ya—1
. ) R B}
Now, if we take the expectation of the random vector nE WLt nPT T we get:
~E
EG11G27~~»7G7E“’7IP’7"7‘E [77 ]

6y Y2
= EG1,G2~,---,G,E NT,PW-"\'E |:7'E1( Z (]].{Gt < yl} + y2

te[TE]

—4(G1 ()

+ )] —E]( > (Lﬂ{Gte(yu%H]}

je{2,...,d—1} T te[r 7] Yj+1 — Yj

%I{Gt € (Yj-1, yi]}))
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8y Gt —ya—
S {ORCCESTES = e CRE))]

6) y2— G
DE gy [53,1 (1G <w}+ y2

1{G € (1, 2]})

2~ Y1
Yi+1 — G

- Z Oy, (%H{G € (¥i, Yj+1l}
jef2,...,d—1} Yi+1 — Yj

G—yj—1
+ I (G e (g1, ys
P—— {G e (yj y]})

G — ya—
+0,, (G > ya} + LG € (yar.val})
Yd — Yd-1

4 rak -z
= un Z n"" (Zk)(]l{zk <yt = — “1{z € (y1,yz]})
ke[M] Y2 U1
raf Yj — 2k
+ ) 5yj( P (Zk)(%]l{zk € (Y, yj1l}
je{2,...,d—1} ke[ M] Yi+1 — Yj
2k —Yj—1
+ I g e (gy1,u])))
Yi —Yj—1 !
E Ze — —
+ Oy, Z norr (Zk)(]l{zk > ya} + kiydlﬂ{zk € (yd—layd]})
kel[]wﬂ Yd — Yd—1

® : rf
= Proje (""" ),

where at (3) we use the fact that G, Go, ..., G .= are independent and identically distributed, at (4) we apply the linearity
of the expectation, we notice that 5yj does not depend on G for all j € [d]], and we notice that, for any y € ), it holds that

Egypirn® [1{G < y}]| = np’r’”E(G <Y) = Dke[m] 77’7*“715(zk)]l{z;C < y}, where we have abused notation by writing
npvr*”E (G < y) to mean the probability, under distribution np”’=”E, that event {G < y} happens. Moreover, similarly, we
notice that, for any y,y’ € Y, itholds thatE, .= [G - 1{G € [y,y']}] = Xyepag 2P () Wz € [y, 9]} AL(5)
we simply recognize Proj, (n’”’”E) using the previous expression.

This concludes the proof because the equality of the Dirac delta representations means that the expectations of any function
w.r.t. these two distributions coincide. O

Lemma E.3. Leti € [N] and let€,6 € (0,1). If |U| = 1, then, with probability at least 1 — 0, we have:

sup E [U@G]- E_[UG)]<e
UelU GNProjc(n;D",r”,ﬂ'Ev”) G~HEs

as long as:

H?log 2
F = C——s 5,
€

where c is some positive constant.

Proof. Let U be the only function inside /. Let us omit index ¢ for simplicity. Then, we can write:

@
 we- ok wE@l2| B wel- e | B UG
G~iP G~Projg (177777 G~iP B LGP
@ log 2
<cH B

where at (1) we have applied Lemma E.2, and at (2) we have applied the Hoeffding’s inequality noticing that function U is
bounded in [0, H], and denoting with ¢ some positive constant.
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By imposing:

and solving w.r.t. 7E we get the result. ]

Lemma E4. Leti e [N] andlet e, € (0,1). Then, with probability at least 1 — §, we have:

sup E UG- E U@ <e
UeUd GNProjc(n;D",r”,ﬂ'Ev”) G~HEs
as long as:
~ ¢ H? H
E
Oz 8 5)
T €2eg ©8 deg

Proof. Again, let us omit index i for simplicity. First, for all possible functions U € U, we denote by U € 7, the function
in 47, that takes on the values that the function U assigns to the points of set ). This permits us to write:

sup | B [U(G)] - E [U(G)]‘
Ueld ' G~hHE G~Pr0jc(nP,’V'v7rE)
= suwp | E [U(G)] - E [*(G)]‘
Uesly, G~n G~Projg (np-mm")
Q)] . .
<_swp | E [U(G)]- E [U(G)]‘
ﬁG[O,H]d G~nF G~Pr0jc(np~r,1rE)
2) — _
2 sw | B [0@]- E_| E 0G|
Uelo,H]e ' G~n” g B LG~pE

where at (1) we upper bound by considering all the possible vectors U € [0, H]?, and at (2) we apply Lemma E.2.

Now, similarly to the proof of Lemma 7.2 in Agarwal et al. (2021), we construct an ¢'-covering of set [0, H]?, call it N/,
with [N | < (1 + 2H~/d/€')¢ such that, for all f € [0, H]?, there exists f’ € N for which |f — f|2 < €. By applying a
union bound over all f' € N, and Lemma E.3, we have that, with probability at least 1 — §, for all f’ € N, it holds that:

2(1+2HVd/¢')
| Ef@]- E | E [f’(G)]]\scH\/dlog = — (16)

G~nE np,r,ﬂ'E G~nE T

Next, for any f € [0, H]?, denote its closest points (in 2-norm) from A/ as f’. Then, we have:

E@n- B | E @]
-| B @l- B | E U@ E @I~ & | E1G])
<| e lren- e [ & r@)
+H E U@ -r@l+] E [ E 116 - 1o
N e Y
gc’H dloizdf
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where at (3) we apply triangle inequality, at (4) we apply the result in Eq. (16), and the fact that, by definition of ¢’-covering,
[f — f'll2 < € entails that | f(y) — f(y)] < € forall y € V; at (5) we set € = 1/7, and we simplify.

The result follows by upper bounding d < H /¢y + 1, and then by setting:

Hlog *
98 ey <e, a7

c// =
€T

and solving w.r.t. 7F, and noticing that for all 7¥ greater than some constant, we can get rid of the logarithmic terms in
E
T, O

E.4.2. LEMMAS ON THE OPTIMAL PERFORMANCE FOR SINGLE UTILITY

In this section, we will omit index ¢ € [IN] since the following derivations can be carried out for each i.

We denote the arbitrary MDP in {M"}; as M = (S, A, H, 59, p, ), and its analogous with discretized reward 7, defined
atall (s,a,h) € S x A x [H] as 7 (s, a) == lIg[run(s,a)], as M = (S, A, H, s, p,T). We denote the analogous MDPs
with empirical transition model p as M= (S, A, H,sp,p,r) and ﬁ = (S, A, H,s0,p,T).

Given any utility U € {;,, we denote the corresponding RS-MDPs, respectively, as My, My, M v, My . Concerning the
discretized RS-MDPs My, and Ms, we denote the corresponding enlarged state space MDPs, respectively, as €[My] =
({S x In}n, A, H, (50,0),p,t) and €[My] = ({S x Vu}n, A, H, (s0,0),p, t), where we decided to define such enlarged
state space MDPs using the state space {S x YV} considered by Algorithm 4 (PLANNING) instead of, respectively,
{S x GV}, and {S x GV'"}y,. Thus, the transition models p and p, from any h € [H] and (s,y,a) € S x YV, x A,
assign to the next state (s’,y') € S x Vy41 the probability: pp(s',y'|s,y,a) = pp(s'ls,a)1{y’ = y + Tr(s,a)} and
pu(s, ' ]s,y,a) == pn(s'ls,a)1{y’ = y + Tr(s,a)}. Moreover, the reward function v, in any h € [H] and (s,y,a) €
Sx Y x A, isty(s,y,a) =0if h < H,and t(s,y,a) = U(y + Tr(s,a)) if h = H.

We will make extensive use of notation for V- and - functions introduced in Appendix B.

We are now ready to proceed with the analysis. In general, the analysis shares similarities to that of Theorem 3 of Wu &
Xu (2023), but we use results also from Azar et al. (2013) to obtain tighter bounds.

Lemma E.5. Let ¢, 6 € (0,1). For any fixed L-Lipschitz utility function U € 1y, it suffices to execute CATY—-UL with:

~/SAH* SAH
T<(’)( €2 log deo )’

to obtain |.J*(U; p,7) — j*(U)’ < HLey+ewp. 1 —6.
Proof. For an arbitrary utility U € 4, we can write:
|[J*(U;p,7) = JHU)| L T (Us p,r) = T*(U)£T* (p, v)]
(2) A
< |JHU;p,7) = T*(p, )| + | T*(p,v) — J*(U))|
LU p,7) = J*(p,0)| + [ T*(p,1) — T (B, 7)]
“) ~
< HLeo + [J*(p,v) — J* (b, v)]
= HLey + |Vi*(50,0;p,t) — V1*(50a0;ﬁ7 v)|
<HL y ,aip, - A IR :Aa
€0 +he[[H]],(s,g,lf))e(Sxyth‘Qh(s’y a;p,t) — Qu(s,y,a;p,v)|
®) )
< HLey + €,

where at (1) we add and subtract the optimal expected utility in the enlarged MDP &[M{/] considered by Algorithm 4,
but with the true transition model p. At (2) we apply triangle inequality, at (3) we recognize that the estimate J* (U) used
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in CATY-UL and outputted by PLANNING (Algorithm 4) is the optimal expected utility for the discretized problem with
estimated dynamics p, at (4) we use Proposition 3 of Wu & Xu (2023), since U is L-Lipschitz, and at (5) we apply Lemma
E.6 to bound the distance between QQ-functions.

H3lo 4SAHd lo 16SAHd \ 3/4 lo 16SAHd
04/M+0H2(g6> v s
n n n

| —

N

By setting:

<e/3 <e/3 <e/3

and solving w.r.t. €:

3. 4SAHd
C,H log #2522
A
8/3 1., 16SAHd
i H®? log 165404
sy Fiasama
m H” log =225
€

AR\ AR\
o

n

n

nz=c
Taking the largest bound, we get:

H31 16SAHd

n> CL

)
62

for some positive constant c. Since d < H /ey + 1, we can write:

4 c"SAH
, SAH log oo
C 3 s

T=
€

for some positive constants ¢, ¢”, where we used that 7 = SAHn. O

The proof of the following lemma is organized in many lemmas, and is based on the proof of Theorem 1 of Azar et al.
(2013).

Lemma E.6. Forany 0 € (0, 1), we have:

a * p,v) —QF P, <€
heﬂH]],(s,zr,la)}e{Sxyth|Qh(37y’a,p7 ) Qh(svyaa’pv )| €,

w.p. at least 1 — 8, where € is defined as:

| g3 log 4SAHd log L6SAH \ 3/4 log 16SAHd
€:=c gé—l—cHQ(g‘S) +cH3g767
n n n

for some positive constant c.
Proof. 'We upper bound one side, and then the other. For all the h € [H], (s,y,a) € S x Y, x A, it holds that:
Qr(s,a,yp,%) — Qh(s,y,0;, )

H

() ~ *

< E [ > (ph’(5/|3h’7ah’) _ph’(s/‘sh’>ah’))vf2€+1(5/7yh’+1§p7t)
p,v,¥ h=hs'eS

Sh_87yh_y7ah_a]

/

< E
n

" <
@ [ i C\/c1V5/~ﬁh,(-|sh,,ah,)[V$+1(3/’yh'“;p’t)] + by
poe® L,

Sh_sayh_yvah_a]
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H
C1 * ~
= C\/ g E |: Z \/VS’~ZA7,L/(~\S;L/,U.,LI)[V}:%erl(S/?yh’+1;p7t)] Sh = 8Yn = Y,an = Q
h

ﬁgrad’* h =
+ Hby
3) c -
< ey | =VH3 + Hb,
n

H31lo 4SAHY lo 16SAHY \ 3/4 lo 16SAHY
= c\lig o 4+ H? <g o ) + c"Hgig L]
n n n

/
=€,

where at (1) we have applied Lemma E.7, at (2) we have applied Lemma E.10 with §/2 of probability, at (3) we have
applied Lemma E.12.

The proof for the other side of inequality is completely analogous, and it holds w.p. 1 — 6/2. The result follows through
the application of a union bound. O

Lemma E.7. For any tuple h € [H], (s,y,a) € S x YV, x A, it holds that:

H
Qs.pap) Qi< E |3 %
P, % W =hs'eS

N *
(ph’(s,|5h’;ah’) *Ph'(5'|5h/,ah/))vhle+1($'7yh/+1;13,t) ‘ Sh = 8,Yn = Y,ap = a],

H
Qi (s,y,a;p,v) — Qi (s, y,a:p,t) = E [ >
pre* Lp—ph sies

~ *
(ph/(s’lsh/, an) = pr(s'|smw, ahf))Vhﬁl(SCyh/ﬂ;p,t) ( Sh=8Yn =Y,an = a],
where 1p* IZ* are the optimal policies respectively in problems p,t and p, t.

Proof. Forany h € [H], (s,y,a) € S x Y, x A, we can write:
Qi (s y,a:p,v) — Qi (s,y. a; b, )

I " ~
= Q) (s,y,a:p,0) — Q) (5,9,a;p,7)
(e)) * * ~
<Q;ﬁ) (s7y7a;pat)7Q;i} (s,yva;p’t)
2) *
:th(87yﬂa’) + Z ph(8/7y/|s7yua)v}?+1(8/7yl;p7t)
(8",9")ESXVn+1

~ * ~
~(wva+ Y By lsu V(s yiEY)

(8",9")ESXVnt1

3) *
= D Y sya)Vii (s )
(8",9")ESXVn 1
~ * ~
- 2 ph(s/7y/|87yva)Vhl,p.t,_l(s/vy/;pvt)
(8",9")ESXYh+1
~ %
+ > Pr(s ¥ |s, . ) V2 (s, y s, )
(8", y")ESXYn+1

~ *
= Z (ph(slay/|svyaa) _ph(slvy/‘sayaa)>V]~Z/)+1(S/ay/;pat)
(S’,y/)GSth+1

~ * ) F ~
+ ) B Ys,y,0) (Vthrl(S/vy/;pat) - Vhﬂl(S’,y’;p,t)>
(",y)ESX V1
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4 —
@ Z (ph(s’|s,a)]l{y+rh(s,a) =y}
(s",y")ES X Yh 41

~ / — / *
= Bu(s')s, @)1y + Tu(s,0) = ¥ VL (5,05, 0)

~ * * ~
+ DI TACRIERAD) (Vhw+1(8’7y’;p,t) - Vﬁﬂl(S’,y’;p,t))
(8", y")ESXVh+1
®) ~ _ *
23 (pulls, @) = pu(s'1s,0)) Y My +Tals.a) =y IV 5p0)
s'eS Y EVh+1
~ * * ~
+ Z ph(slayl|57y7 a’) (Vhw-f-l('s,?y/;p?t) - V#—kl(sl;p?t))
(s",y")ESXVh+1
6 ~ * _
(:) Z (ph(8/|sa a’) _ph(sl|sv a))vhw+1(s,vy + Th(&a)m»t)
s'eS
~ * * ~
+ > By lsy0) (Vhw+1(8'7y’;p,t) - Vﬁ"H(S',y’;P,t))
(s",y")ESXVh+1
~ * p—
= 3 (pn(1s, @) = P51, ) ) Vi (5 + (s, @) ,1)
s'eS
+ Z ﬁh(s/’y/|87y7 a)
(8", y")ESXVh +1

* * ~
: (Q}fH(S’,y’,wi‘H(SCy’);pm) - Q}fH(S’,y',wﬁﬂ(SCy/);p,t)),

where at (1) we have used that 12* is the optimal policy in p, t, and thus Q;f* (s,a;p,t) < Qv;f* (s,a;p,t). At (2) we apply
the Bellman equation, at (3) we add and subtract the expected under p optimal value function under p, at (4) we use the
definition of transition model p, p, at (5) we split the summations, at (6) we recognize that the indicator function takes on
value 1 only when y + 7 (s, a) = /. Finally, we unfold the recursion to obtain the result.

Concerning the second equation, for any h € [H], (s,y,a) € S x Y, x A, we can write:
QZ(& y,a;p, t) - QZ(Sv Y, a; §7 t)
* b¥ ~
= Qf (S, Yy,a;p, t) - Q;f (8, Yy, a;p, t)

)] *
= t(s,y,a) + Z ph(s’7y’|s,y,a)V,Zﬂ_l(s’,y';p,t)
(s",y)ESXVYh41
~ %k ~
- (th(S,y,G) + Z ph(s,vy/‘87y7a)vhw+1(slvy/§pat)>
(8",9")ESXVn 1
8) *
= Z ph(slvy/‘sayaa)v}:ﬁrl(sl?y/;pyt)
(8", y")ESXYh+1

~ 5 ¥ ~
- Z ph(s/ay/|5?y7G’)Vhw+1(s/ay/;p7t)
(s7,y")ESXVn+1
~ *
i Z ph(slvy/“%yﬂa’)‘/lzz—l(slﬁy/;p7t)
(s",y")ES X Yh 41
~ *
= 2 (ph(slay/|87yaa) _ph(sl,y/‘sayaa’))‘/}ﬁ_l(slay,;pat)

(8",9")ESXVnt1

~ * * ~
+ Z ph(s/ay/|8,yv a) (Vhw+1(s 7y/;p7t) - Vizp+1(5/,y/;pat)>

(s",y")ESX Vht1

= Z (ph(s'|s,a)]l{y+7h(s,a) =1’}
(8", y")ESXYn+1

~ _ *
= Buls'ls, @)1ly + Tu(s,0) = ¥ DV (050, 0)
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~ * D ¥ ~
+ > By lsy0) (Vhw+1(8’7y’;p,t) - Vﬁﬂl(S',y’;P,t))
(s",y")ESXVh+1

> (pn(s'ls.0) = Buls'ls,0)) D) Ty +Tuls,0) =y VL5, 0)

s'eS Y E€Vn+1

~ * * ~
+ DI TACRIERTRD) (Vhwﬂ(S’,y’;p,t) - Vﬁﬂl(S’,y’;p,t))
(8", ¥ )ESXVh +1

~ )* —
> (pn(ls, @) = Bu(s/ls, @) ) VL (8 y + (s, 0): p.)

s'eS

~ * 7% ~
+ > pu(s’ y'|s,y, a) (Vh"’+1(8'7y’;10,t) - Vhw+1(8’,y/;13,t))
(8" y)ESXVnt1
~ * p—
Z (ph(8/|8, a) - ph(5/|57 a))vhw+1(5,7 Y+ Th(57 a); p, t)
s'eS
+ Z ﬁh(slay/|57y7a’)

(8", y")ESXVh+1

# ~ % ~ ~
: (QQ}/;Jrl(S/a y/v ’l/)z+1(5l7 y/)7 pv t) - Qq}f+1(sl7 y/7 /l/)ZJrl(S/v y/)7 p7 t))a

®

\Y

where at (7) we have applied the Bellman equation, at (8) we have added and subtracted a term, and at (9) we have used
* * * ~ . . N

that V}Zérl (S/a yla p7 t) = Q%+1 (Sla y/7 ¢Z+1 (81, y/)v pa t) = Q}qf+1 (8/7 y/a w}f+1 (S/a y/)7 pa t)’ since w}ﬂ:+1 (5/7 y/) 18 the Optlmal

action under p, v, and so, it cannot be worse than action ;' , (s, /). By unfolding the recursion, we obtain the result. [

Lemma E.8. Forany 6 € (0,1), w.p. at least 1 — 6, it holds that:

* ¥ ~ , [log %

he[[H]],I(Islz}){eSxyh Vi (s,y50,v) = V,© (s,4:p,v)| < cH e
. , [10g 25411

e B g, (Vi (5:50,) = Vil (5,58 0)] < B\ | ——4—

where c is some positive constant.

Proof. First, we observe that, for any h € [H], (s,y) € S x Yy, by following passages similar to those in the proof of
Lemma E.7:

* ~
|Vh*(say;pvt) - V‘}:/J (svy;pat)‘
ES % ~
=1Q} (5,5, 0} (5,9);9,v) — Q) (5,9,97 (5,9); 9, v)]

%
= ‘th(s7yaw7:(s7y)) + Z ph(s/ay/|57y7wz(s7y))vh(ﬁ»1(sl7y/;pat)
(8", ¥ )ESXVh +1

~ * ~
~(wlsp vk + Y Bl sy (s )V (Y8, )|
(s",y")ES X VYh41
*
e D G T AT DL TR
(s",9")eESXVh 11

~ * ~
- Z ph(slay,|57y7¢Iﬂ:(57y))vhw+1(slvy/;p7t)

(s",y")ESXVh+1

~ *
D N N R A CE N AN AT ]
(s’ y")eESX V1

~ ¥
=Y (Rl w5 ) ~ Bl s 0 (5 ) V(5 o s, 0)
(S/vy,)esxyh+1
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~ * * ~
+ > ph(S’,y’lsyyﬂbfi(s,y))(Vhwﬂ(s”y’;p,t) - V;Z”H(S’,y’;p,t))‘
(s",y")ESXVh+1
~ )k _
. (ool 7 5,)) = Pl 5 (3, )) ) Vil sy = T, 5 (s, )i )
s'eS
S0 * wE o, WE o
+ 2 ph(say|Svy7wh(87y))(vh+1(s7yap,t)_vh+1(3,yvpat))‘

(s",y")ESXYVh+1

H
~ *
~ E¢* [ Z Z (Ph'(5/|8huah') _ph’(s/|5h’>ah’>)vf:€+1(s/7yh’+1§p7t)
P,

h'=h s'eS
‘Sh =5,Yn = y:H
) a ) o, o
< E Z Z (ph'(s Sy ans) — i (s |3h’7ah'))vh'+1(3 s Y4139, T)
RN h=h!seS
Sh = 8,Yn = y]a

where at (1) we have brought the absolute value inside the expectation.
Similarly, for the other term, for any h € [H], (s,y) € S x Y, we can write:
Vi (5,959, %) = Vi (s, 939, v))|
= [V (s,950,%) = Vi (5,58, 0)

2) * ) ~
= ‘I&%Qf (8, Yy, a;p, t) - ICILIEEK(QZY (87 Y, a;p, t)|

(3) * * ~
< Iglea}IQf (5,9, a:p,v) = Q) (s,9,a;p,%)]
*
—max (s y,a) + Y ey sy V(Y e )
(8",y")ES X Vh 11
~ b* ~
e CICT RO R Y AR RO AR CRTETR0) |
(s’,y’)ESth+1
o ro WE o
_Igleaj() Z ph(say ‘sayaa)vh+1(s7y7pat)
(8",y)ESX Vh 11
~ s ~
- DR T CR U ER OV AT CIRTE )
(S’,y,)GSth,_'_l
~ 0¥
£ B Yls Vi ye)|
(8", )ES X Vn 11
~ *
= r;léﬁ( Z (ph(sluyl|s7y7a) _ph(8/7y/‘87yaa)>V};€D+1(S/ayl;p7t)
("9 )ES X Vh 11
~ * 7%k ~
Y Bl (VL e - VL (LR )|
(8",9")ESXYh+1
Cé) Z ;o _ NN — ¥ oo
= ph(S,y|5,y,a)*ph(5,y|8,y,a) Vh+1(53yap7t)
(S',y')ESXy;H,l
~ _ * b ¥ ~
+ ‘ Z ph(5/7yl|say7a)(vl—;¢+1(slvy/;pat) 7V}j}+1(s/5y/;pat))‘

(s",y")ESXYh 41

> (pu(1s,@) = 5515, @) ) Vil (s + T (s, @) b, )|

s'eS
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~ . * s ~
+ ‘ DI A CRTIERTR) (Vﬁﬂl(S’,y’;P,t) - Vﬁl(S’,y’;p,t))‘
(S/,y/)GSth+1
<.
®) i ) ., o
< E Z Z (Ph/(s |Shyan') — D (s |Sh/,ah/)>Vh/+1(5 JYh'+15 P, T)
Pt Lpoplges
Sh = S, Ynh = y]7

where at (2) we have applied the Bellman optimality equation, at (3) we have upper bounded the difference of maxima
with the maximum of the difference, at (4) we denote the maximal action by @, and we apply triangle inequality; at (5) we
have unfolded the recursion and called ¢ the resulting policy.

Now, for some € € (0, 1), let us denote by £ the event defined as:
£ = {Vhe [H], (s,y,a) €S x Vp x A:

|2 (0015 = Pl 15, 5+ Tl i) < o

s'eS

We can write:

P(EY) = P(Hhe [H], (s,y,a) €S x Y x A

~ * p—
|2 (o015 = Pl 5, LA o im)| >
s'eS
(6)

<
he[H],(s,y,a)eSxVp x A

]P)<| Z (ph(s'|s,a) 7ﬁ}z(5/|57a))vhwj1(5/7y +Fh(57a’);p7t)’ > 6)
s'eS

) —2ne?
< Z 2e m?

he[H],(s,y,a)eSx Y x A

—2ne?
=2S5AHde uZz |

where at (6) we have applied a union bound over all tuples h € [H], (s,y,a) € S x YV, x A, and at (7) we have applied
Hoeffding’s inequality, by recalling that we collect n samples (see Algorithm 3) for any (s,a,h) € S x A x [H] triple,
and that vector Vhwjl(-, y + Tr(s,a); p, v) bounded by [0, H] is independent of the randomness in Py, (+|s, a). It should be
remarked that our collection of samples depends only on S x A x [H], and not on }j,; such term enters the expression only
through the union bound, because we have to apply Hoeffding’s inequality for all the value functions considered, which
are as many as |);,| . Note that we use d = |V 41| since it is the largest |}, | among h € [H + 1].

This probability is at most ¢ if:

IOg 231(4st

— n€2
9SAHde 75 <§ — e>H .
n

By plugging into the previous expressions, we obtain that, w.p. 1 — d:
s ~
|Vh*(s,y;pvt) _Vhw (Svy;pat)‘

~ *
5 (P& lsnrsane) = P (' s, ) )V 31 (5 g9, )

s'eS

H
< E [ >
RN h=h
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Sh = S, Yn = y]
H log 2SAHd
< E H\|———"— s, =s,yn =y
ﬁ,t,’(ﬁ* h=h 2n
2SAHd
_ 2 log #2572
2n

and also:
Vi (s, 5 0,¢) — Vi (s, 50, v)

H
~ *
< AIE[ N (ph'(s/\shuahf) —ph'(8/|8h',ah'))VhleH(S/’yh'+1;137t)
P Lpi=p

=h!s’eS

Sh = S5,Yn _y:|

|: H 10g 2SAHd

Z a 2n6

Sh = 5,Yn _y]

This concludes the proof.

Lemma E.9. Forany 6 € (0,1), wp. at least 1 — 6, it holds that, for all h € [H], (s,y,a) € S x V), x A:

\/Vs’~ph(~\s,a) [Vh*+1(8/, y+ ?h(sa a); P, t)] <
VVombn o [V (5,9 + s, )i B, )] + by,
\/Vs’~ph(-\s,a) [Vh*-t,-l(sla Y+ 7}1(8, a); P, t)] <

\/Vs’~ﬁh(‘|s,a) [Vh*+1(5/a y+ ?h(sa a); ﬁ? t)] + bla

where by is defined as:

1 4SAHY \ 1/4 1 4SAHY
by :=cH<Og : ) S0 T R

n n

for some positive constants c, c.

Proof. In the following, we will use 7 as a label for y + 75 (s, a). We begin with the first expression. We can write, for any
he[H],(s,y,a) €S x Y x A:
Vorepn(ls.a) [Viea (85,79, 1)]
= Voepn(1s.) Vi1 (8570, )1 EV o S5, () [V 1 (87, 5 1, 1)
— (Voo Vi (5 750,001 = Vi (s [Vl (5,750, 0)])
+ Vi (1s,a) Vs (8,79, 0)]
© Y (pulsls, @) = (15, @) ) Vil o (5. 7 p. )

s'eS

43



Learning Utilities from Demonstrations in MDPs

B [( )y Ph(S’IS,a)Vh*+1(8’,?;P7t))2

s'eS

- ( Z ﬁh(8/|s’a)vh*+1(3’7?;PJ))Q]

s'eS
+ Vs’Nﬁh('Ls,a) [Vh*+1 (Slvy; pa )+‘/}L+1(S/7y; ﬁa t)]
(@) ~ _
2 (pals'ls,0) = Bu(s'ls, @) ) Vil (5w, )

s'eS

- [( 2 ph(é"ls,a)Vi‘H(S',?;P,t))2

s'eS

(X A1 Vi (7 00) |

s’'eS
+ Vg (s [Viia (81750 1) = VL (8, 7:B,0)]
Vo) (Vi (5,7 B, 0))
+2CoVy <5, (-1s,0) [ Vi1 (87,75 9, ¥) — V;:ﬂ*l(sl,?; p,t),
A ERTR]
3)

~ 2 p—
< Y (mnls'ls,0) = Bun(s'ls. @) ) Vi 5. 59,
s'eS

B [( )y ph(s’|s,a)vh*+1(s’,y;p,r))2

s'eS

(2 s, Vi (5 TR 0)

s’eS
_ * o~
+ Voopn (s [Vira (870, 8) = Vil (8,759, 1)
* o~
+ Vo lsa Vi1 (s 7:9,1)]
+ 2(V(g,~ﬁh(.|s,a> (Vi (5,9, 0) — Vi (s, T3 B, )]
) PN 1/2
Vs, Vi (8, 7P, t)])

'[s,a) = pn(sl5, @) ) Vi1 (', 7, )
s'eS

seS<
(3 sl Vit (70,0
-(

Z Pr(s|s, a) Vi1 (s, 75 p, v ))2]
s’'eS

~

+ |:\/Vs/~ﬁh(-\s,a) [Vh*+1(s/ag;p7t) Vhfl( ! ypat)]

2
% o~
+\/Vs’~;6h(~\s,a)[Vthrl(S/vy;pat)]] s

where at (1) we have used the common formula for the variance V[ X] = E[X?] — E[X]?, at (2) we have decomposed the
variance of a sum as V[X + Y] = V[X] + V[Y] + 2Cov[X, Y], at (3) we have applied Cauchy-Schwarz’s inequality to
bound the covariance with the product of the variances [Cov[ X, Y]| < 4/V[X]V[Y].

Next, observe that:

* ~
Vs’~13h(-|s,a) [Vh*+1 (5,7 Ui p, t) - V}ZZJ.H (5/’ i p, t)]
(€] _ * o~
= ES’~f’h('|8,a) [(Vh*+1 (5/’ yip, t) - V}Zﬂl (8/7 Yy b, t>>2]
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— By (s [V (8,70, 1) — Vi (5,55, 0)]°
(<)E< o[V (870, ¥) = Vi (1, 75B,1)%)
IV T3 0,8) = VIS G55 0) e
= [V TR Y) — Vi TR D1,

where at (4) we have used V[X] = E[X?] — E[X]?, at (5) we recognize that the second term is a square, thus always
positive, and we remove it, and at (6) we have upper bounded the expected value, an average, through the infinity norm.

Thanks to this expression, we can continue to upper bound the previous term as:
V8’~17h,(-|8,a) [Vh*+1 (s/’ 7;p,v)]
~ 2 —
<)) (ph(5/|5» a) = pr(s']s, a)) Vit (s, 959, v)

s'eS

B [( > ph(s’|s,a)vh*ﬂ(s’,y;p,t))2

s'eS

R ( 2, ﬁh(s%’“)Vh*ﬂ(slvﬂ;p,t))?]

s'eS
* - P* _ A
+ [“Vh+1('7y;pat) Vh+1( ysp,t HOO

+ \/VS’~Ph( [s,a) [Vh+1 s, 7; pa ]
@ Z (ph(s'|s,a) D (s |5 a))Vh+1( p,t)

s'eS
-|( X en(sls.a) —ﬁh<s'|s,a))v,;l(s',y;p,t))
s’'eS
(22 0a('ls.0) + Biu(s'ls. )V (s T:p.v)) |
s'eS

*
[V T ) = VS (8,9 e
2
+\/Xls ' ~Dn (s, a)[vh.l,-l s’ yvpa ]

< (ph(5/|5>a) Pr(s']s, “)>Vh+1( p.v)
s’'eS

(2 @nls'ls.a) —ﬁh<s’|s,a))vh*H(s’,y;p,t))
s’'eS

> (oa

s'eS

'[5,0) + ('], ) Vit (1,7, ) |

log 4S?§Hd e 2
9 PN

+ [CH T + \/Vs’~ﬁh(-|s,a) [Vh+1 (8/7 yip, t)]:I
©)

< Y (mls'1s.0) = Buls'ls,0) ) Vit (5,5 . )

s'eS

(n(s']3. @) = Pi(s'| 5. @) Vi (', 7 .|
s'eS

log ASAHd * PN 2
HQ\/ils + \/Vs’~f)h('|57a) [Vhw+1(sl7y;p7t)]]
(10 |

< Y (pr(s'13:0) = Bu(s')s, ) ) Vi (/7. 1)

s'eS
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ASAHd
4 9cH? log =57
n
log 4SAHd — 2
+ [CH2 + \/Vs’~ph |s a)[Vhdjrl( » Y5 p t)]:l

(11)

_
o
00

4SAHd 4SAHd
— 9% 4 9cH?

4SAHd "
+\/ s’~ph -|s, a)[Vthrl(s @Pa )]:I

,_.
Q
o]

+ [CH2

4SAHd

4SAHd
CH2\/7 \/VS ~pn( |5a h+1( >y7pa )]] )

where at (7) we have applied the common formula 22 — y2 = (x — y)(x + y), at (8) we have applied Lemma E.8 using
probability 6’ = /2, and noticing that, for how the discretized MDP is constructed, we have that 7 € Y, at (9) we have
upper bounded the second term with the absolute value and recognized that the value function does not exceed H and the
sum of probabilities is no greater than 2; at (10) we recognize that, in the proof of Lemma E.8, we had already bounded
that term, thus, under the event £ which holds w.p. 1 — §/2, we have that bound; at (11) we have applied Hoeffding’s
inequality to all tuples h € [H], (s,y,a) € S x Y, x A with probability §/(2S AHd), and noticed that the square of the
value function does not exceed H2.

= 3cH?

T

Observe that the previous formula holds for all h € [H], (s,y,a) € S X Vi x Aw.p. 1 — J (by summing the two /2
through a union bound). By taking the square root of both sides, we obtain:

\/VS’~Ph(-IS,a) [Vh*+1 (5/7 yip, t)]

4SAHd 4SAHd
g(gcﬂz M+[CH2 -
n n

1/2
+ \/Vs’~ph( |s, a) h+1 8 ' s p7

(12) / B llog 4SAHY 4SAHY

=:by

% o~
+ \/szﬁh Clo.a) (Vi (.78, 0)]
= \/Vs’~ph (:]s,a) [Vh+1( p )] + b17

where at (12) we have used the fact that v/a + b < \/a + Vb.

To prove the second formula, the passages are basically the same, the only difference is that, at passage (1), we sum and

subtract V, +1(s J; p, ) instead of V} +1(s ¥; p, ), and that at passage (8) we apply the other expression in Lemma E.8.
This concludes the proof. O

Lemma E.10. Forany 6 € (0, 1), define:

25AHd
c1 = log 5
SAHA N 3/4 SAHd
by = CH(logS) ! 'H2%,
n n
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for some positive constants ¢, c'. Then, w.p. at least 1 — 0, we have, for all h € [H], (s,y,a) € S x YV x A:

. (pe(s'ls,@) = Pals'ls.@) ) Vits (8, y + (s, a)ip, )

s'eS

* _ ~
< C//\/Clvs’~ﬁh(-|s,a) [Vthr] (8/7 ) + Th($7 a’); p, t)]

+ bo,
n

. (pr(s'ls,@) = Pals'ls. @) ) Vits (5,9 + (s, a)ip, )

s'eS

- c,,,\/clvswﬁhns,a) [Viia(s'y + Th(s.a)ip,v)]
n

+ bo,
P47 /! /"
for some positive constants c”, c”.

Proof. Again, we will write 7 instead of y + 7, (s, a) for simplicity. For all h € [H], (s,y,a) € S x V), x A, we can write:

. (pr(s'ls,@) = Puls'ls. @) ) Vit (/.7 .0)
s'eS

O \/ 2V (fs.a) [Vire 1 (87,75 9, ©)] log 25514 | 2Hlog 254Hd
h n 3n

@ |2log 25AHd = 2 H log 28AHd
< Tg (\/Vs’~ﬁh('|s,a) [Vvizp.l,.l(s/a Yy; p, R)] + bl) + T(;

P —a 1/4
® c\/ﬁszﬁh(ws,a) Vi (s, 7:p,v)] Lo fa H(log BSAaHd> /

n n n

. 8SAHd i
+ " A2 710g & _ 4 "
n n n

U - 8SAHd \ 3/4 8SAHd
< c\/clvs’~ﬁh(~|s,a) [Vh+1(8/7 Y p, t)] + C/H(log 5) / + " 2 IOg 5 7

n n n

where at (1) we have applied the Bernstein’s inequality using §/(2SAHd) as probability for all h € [H], (s,y,a) €
S x Vp, x A, and at (2) we have applied Lemma E.9 with §/2 of probability, and a union bound to guarantee the event to

hold w.p. 1 — 4, at (3) we use the definition of ¢; := log 2224 and denoted by c, ¢, ¢”, ¢ some positive constants.

For the other expression, an analogous derivation can be carried out. In particular, we use the other side of the Bernstein’s
inequality, and the other expression in Lemma E.9. O

Lemma E.11. Forany h € [H], (s,y,a) € S x YV, x A and deterministic policy 1, let E;f (s,y,a) be defined as:

H

S0 = E |3 o )= QEspaspo)| s = sun = poan =
s Y, . et h\Sh's Yn', An’ h $,Y,a; P, Sh S, Yn Y,an al.
Y h'=h

Then, function ¥ satisfies the Bellman equation, i.e., for any h € [H], (s,y,a) € § x Y x A and deterministic policy :

El}i}(sv Y, a) =Vs/~ph(~\s,a) [V}ZZ}+1(S/7 Y+ Fh(87 a); p, t)]
+  E [SHa(y+Tals,a),dnsa (8, y + Tals, ).

s’ ~pp(+]s,a)

Proof. Forall h € [H],(s,y,a) € S x Y x A and deterministic policy v, we can write (we denote a’ := ¥ 11(s",y +
Tr(s,a)) and § == y + (s, a) for notational simplicity, and we remark that 3 is not a random variable):
H 2

Eid;(say7a) = ]Ew [ Z th'(sh’vyh’aah’) - Q;/:(S)yva;p7t) ‘Sh =5Yn =Y,0p = a':l
p,T, h—h
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e (Shes Yns,s ah')—Q}%ﬂ(Sla 7,a';p,¢)

s'~pn(|s,a) L p,e,p

- (Q}Ti}(sa Y, a;p, t)_Q;erl(sla y7 (1,/; P, t))
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/
\Sh = 5,0p = @, Yn =Y, Sh+1 =SH

H

2 _

= E |: i ’ Z th’(sh/ayh’vah’) - quf+1(s/vyva/;pvt)
s'~pn(-|s,a) L p,v,p h=h+1

2

- (Qx(sayva;pat)_th(svyv ) Qh+1(s yva p, ))‘

‘5h+1 = Sl»yh+1 = yH
H 2
Z 9% (sh’7 Yn', ah’) Qh+1(8 ya a/ ip,t )‘

3
EJ. [
siapnCls,a) Lo U S

| she1 =8 Yns1 = y]]

-2 E [(Qf(&y,a;p,t)—th(&y, ) Qh+1(s y7a p,t ))

s'~pn(:|s,a)

H
- E Z e (Shes Ynts Anr) — Q%H(S/,?, a’;p,v) | Shel = S Ynt1 = ?] ]
pory h'=h+1

=0
2
+ [|Qh $,Y,a;p,t )_th(saﬁ% ) Qh+1(5 y,a p,t )| ]
9’~Ph( [s,a)
@ g [
s'~pn(-]s,a)
H 2
E H Z th'(shlayh’v ah’) - Q;/L)jtl(slvya a/;pat)‘ |Sh+1 = S/a Yh+1 = y] ]
Pt H g S
=%, (,7,a)
_ 2
+ 195 (5., a3 b, ) = tu(s,9,0) = Qb (,7,0/5p,0)

3/"ph( [s,a)

=:Vs’~ph(»\s,u) [Q}Ll (Slvy:a/§p)t)]=Vs’~ph(»\s,a) [V;f;l(sl,y;pﬂ)]

= E [Zfﬁ_l(slayv al)] +Va '~pp(-]s,a) [Vhw+1(slvy;pat)]a
s'~pp(+]s,a)

at (1) we add and subtract a term, at (2) we bring out the non-random reward received at h, at (3) we compute the square and

use the linearity of expectation, at (4) we use the fact that E,, . | Zg:hﬂ th (S Ynry apr ) — Q}fﬂ (s',7,a';p,¢) } Shi1 =

] Qh+1 (s',7,a';p,¢) — QZ’H (s',7,a’;p,t) = 0 because of linearity of expectation. O

Lemma E.12. Let i) be any policy, and let p be any transition model associated to an arbitrary inner dynamics p. Then,
forallh e [H],(s,y,a) € S x V), x A, it holds that:

< VHS.

Pt |: Z \/VSINPFL’ (Ispr, ah’)[Vf:Z'}Jrl(S Yn'+15 P, ¢ )] Sh = 5Yn =Y,ap = a:|
T,

Proof. Forall h € [H], (s,y,a) € S x V), x A, we can write (note that this derivation is independent of p, p, so we might

48



Learning Utilities from Demonstrations in MDPs

use even p, p in the proof):

H
E [ \/VS’NPh,/('|Sh/,ah,/)[szl’}ﬁ-l(slayh'+1;p7t)] | Sh = S5, Yn =Y, 0p = a:H
p7t711) h/=h

W a v

S| E [ H Z VS,NP}L’("SM’“}L/)[Vh’+1(sl7yh'-‘rl;p7t)] | Sh = 8,Yn =Y,ap = CL])
P, h =h

@ <l "

< H pEw[ Z Vs/~ph/(~\sh/,ah/)[Vh’+1(8/7yh'+1;p7t)] | Sh = S, Yn = Y,Qp = a:|

Ty h=h

H

3 ./

= H(pItEw [ Z EZ/(Sthh/a ah,/) - Es’~ph/(-|sh/,ah’/) [EZ/_Fl(SIayh/-&-la 77Dh’+1(5/a yh’+1))]
v h'=h

1/2
|Sh =S5Yn =Y,ap = CL])

H

= \/H\ ]Ew[ Z S (Shry Y anr) — S (Shs1s Yt Q1) | Sh = 8, Yn = Yy ap, = a]
p,t, h=h

“
= \/H\ pIEI¢ [Eﬁf(smyh-ﬂh) - E%H(SHHJ/HH,&HH) |Sh =S, yn = y,an = a]
=0

=VH Z;f(s,y,a)

(©)
< VHVH?
= VH3,

where at (1) we have applied the Cauchy-Schwarz’s inequality, at (2) we have applied Jensen’s inequality, at (3) we
have applied Lemma E.11, at (4) we have used telescoping, and at (5) we have bounded E;f(s, y,a) < H? forall h €
[H], (s,y,a) €S x Y x A. O

E.4.3. LEMMAS ON THE OPTIMAL PERFORMANCE FOR MULTIPLE UTILITIES

To prove the following results, we will make use of the notation introduced in the previous section.

Lemma E.13. Let ¢, € (0, 1). It suffices to execute CATY-UL with:

~(SAH® SAH
r< 05— (s +10s=57)).
to obtain supy ey, |J*(U;p,r) — j*(U)| < HLey +ewp. 1 —0.

Proof. Similarly to the proof of Lemma E.13, we can write:

sup |J*(U;p,r) — J*(U)|

UEU.L

= sup [J*(U;p,r) — J*(U)£J*(p, )|
UEL‘L

< sup [J*(U;p,r) — J*(p,v)| + sup [J*(p,x) — J*(U)]
Uesly, Uesly,

= sup |J*(U;p,7) — J*(p,v)| + sup |J*(p,v) — J*(B,v))|
Ueslp, Uelly,

< HLeo + sup |J*(p,t) — J*(p, 1))

UGL[L
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Q)] 2 AH
< HLey + HQ\/n(log 5 5T (S —1)log (e(1 +n/(S — 1))))
< HLeg + ¢,
where at (1) we have applied the formula in Lemma E.14.
By enforcing such quantity to be smaller than €, we get:
2 SAH
H2\/(1og 2L (S = 1) log (e(1 +n/(S — 1)))) <
n )
12 flog (e(1 -+ n/(S ~ 1))) SAH
2( log —— -1)) <
Tn \/ ( og—5—+ (S )) €
H* SAH
— nz 26—2(log7 + (S~ 1)) log (e(1+ n/(S — 1))).

By summing over all (s,a,h) € S x A x [H], and by applying Lemma J.3 of Lazzati et al. (2024b), we obtain that:

~(SAH? AH
T=SAHn>O<S 3 (logS +S>>.
€ 1)

Lemma E.14. For any 0 € (0, 1), for all utility functions U € 3y, at the same time, we have:

2 (logSAi + (S —1)log (e(1 + n/(S — 1)))),

0~ TG0 < 12
w.p. at least 1 — 0.
Proof. Let us denote by £ the event defined as:

= {VnEN, Vhe [H], (s,y,a) €S x Yp x A:
SAH

nKL(ﬁh(-|s,a)|\ph(-|s,a)) < log + (S —1)log (e(l +n/(S — 1)))}

We can write:

P(EY) = P(Hne N, 3h e [H], (s,y,a) €S x YV x A:

a + (S —1)log (e(1 + n/(S — 1))))

~ SA
nKL(pn(:|s,a)|pn(-|s,a)) > log

QP(aneN, I(s,a,h) €S x A x [H] :

nKL(ﬁh(~|s7a)th(~|s,a)) > log SAH + (S —1)log (e(l +n/(S— 1))))

0

(@) ~
2 ¥ P(heNnKL(ph<-|s,a>|ph<-|s,a>)>

(s,a,h)eSx Ax[H]

H
log + (5 —1)log (e(1 +n/(S — 1))))

3) 1)
< AH

(s,a,h)eESx AX[H] S
<6,
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where at (1) we realize that there is no dependence on variable y, thus we can drop it,’ at (2) we have applied a union
bound over all triples (s,a,h) € S x A x [H], and at (3) we have applied Proposition 1 of Jonsson et al. (2020).

Next, for all utilities U € Uy, at the same time, for all the tuples h € [H], (s,y) € S x Y, we can write:

Vit (s, p,8) — Vi (5,959, 0)

H
“)
2r |3
.oy

h'=h

N *
2 (Ph/(sl\sh', an) — ph’(3/|8h/, ah’)) Vhﬂ/}-t,-l(s/v Yh'4+1; P, t)

s'eS

Sh = S5,Yn = Y,0an _a:|

r H

<H E Ipns (-[8n7s anr) — D (L sy an) |1 ’3h =8,Yn =Y,an = a]
pey Ly

- H
(6) —
<H E_ Z \/2KL(ph’(’|5h/aah/)th/('|5h’;ah’)) ‘ Sh = 8,Yn =Y,an = a]
t,’l,ZJ Lh/=h

@ D) SAH
<H E — | lo, S—1)log(e(l+n/(S—1
i _hZh\/n( g5 + (S = Dlog (e(1 +n/(S - 1))))

‘Sh =S5Yn =Y,ap = a]

:HZ\/2<10g‘SD45H+(Sl)10g (e(lJrn/(S*l))))a

n

where at (4) we apply the formula derived in the proof of Lemma E.8 and triangle inequality, at (5) we have upper
bounded with the 1-norm, defined as || f|1 := >, | f(2)], at (6) we have applied Pinsker’s inequality, at (7) we assume that
concentration event £ holds.

We remark that the guarantee provided by this theorem holds not only for L-Lipschitz utilities, but for all functions with
the same dimensionality (since it is a bound in 1-norm). O]
E.5. Analysis of TRACTOR-UL

Theorem 5.2. Let L > 0, ¢,6 € (0,1), and UF € U;. Assume that the projection operator HgL is implemented exactly.

Let the number of samples satisfy Eq. (5). There exist values of ey, K, ., Uy (see Appendix E.5) such that, if we run
TRACTOR-UL for a number of gradient iterations:

T > O(N*H'L?/¢"),
then, w.p. at least 1 — &, any utility U € 4 such that U(y) = ﬁ(y) Yy e Y belongstoU..

Proof. The proof draws inspiration from those of Syed & Schapire (2007) and Schlaginhaufen & Kamgarpour (2024).

Given any distribution 7 supported on ), and given any two utilities U € U, U € Y, (where U is a function on [0, H] and
U is a vector on )), we will abuse notation and write both UTrn and U Tn, with obvious meaning.

Moreover, for L > 0, we difine operator €, : i:lL — 24 (lere 2% denotes the power set of set X) that, given vector
U ey, returns the set €1, (U) :={U e U, |Vye Y: Uy) =U(y)}.

First of all, we observe that the guarantee provided by the theorem follows directly by the following expression:

P ( sup Z épi’ri,,,rE,i(U) < 6) >1-9,
MIEME, MY N pee, (D) v

Therefore, differently from the event for a single utility, now there is no dependence on d in the bound. Intuitively, d appeared in the
case of a single utility because we had to apply Hoeffding’s inequality d times, because we had, potentially, d different value functions
(as many as the states). Since now we provide the bound for all the possible value functions (1-norm bound), then the dependence on d
disappears.
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where Py a2 aqn denotes the joint probability distribution obtained by the N MDPs (M.

Let us denote by U = (3.}, U,)/T the output of TRACTOR-UL. Note that U € ;. We can write:

sup Z Cp ri gk, )

veer (D) i[N]

@)
= sup

UeeL(U) ig[N]

(
(

(U;p',r) J”E’i(U;pi,ri)J_r(?TﬁEvi)
(U,

) ﬁTﬁPh) + €1
veer (D) ze[[N

3
&) sup maxUTn ot E’) +e
veer(U) ie[N]

T-1

@ sup — E max <UtTn — UtTﬁE’i) + €
7 T . neD;
Uoer (Uo), i€[N] t=0

Ur—1€€,(Ur—1)

® 1 ~E i
< T Z sup Z (max UTn+U! i — UtTnE’z> + e
Ut) ie[N]

i—oUeC(Uy) eV

©1 R 1 = el
Z Z Ut< - Ei)_f min Z Z UT(nz—nE’l)+61+€2
t 0 ie[N] UEML t=0 ie[N]

M 1 = v , 2HN/H Jeq

< 7 Iin Z 2 UT(ﬁz —?]E’Z) +e +e+
Velly =0 ie[N]

VT

=€z

(8) 1 ~i
Z Z U ’T( H Ez)-ﬁ-UE’Tr]p L + €1 + €3 + €3
T = Oze[[N]]

(9) 1 T~ i E,i
Z Z U E,7 ’L+UE T P rt 71'1 UEanp T, T + 261 + €9 + €3
t 0 ie[N]

(10) 1 i —i i K
Z ZUE (Prm_npv’"v’TE)+261+62+63+64
=0 ie[N] -

<0

an
< 2€1 + €9 + €3 + €4,

where at (1) we apply the definition of (non)compatibility, at (2) we first upper bound the supremum of a sum with the sum
Hlog NHrE:D

0 at(3)

eg'rE’z

of the supremum, and then we apply Lemma E.15 w.p. §/3, and denote €; :== NL+/2Heqg+ >, cH
1€[N]

we denote by D, the set of possible return distributions in environment ¢, at (4) we use the definition of (7 , and realize that

all functions U € €1, (U) can be constructed based on 7' functions Uy € €1,(Uy), ..., Ur_1 € € (Ur_1). At(5) we upper

bound the maximum of the sum with the sum of maxima, and exchange the two summations, and we add and subtract the

dot product between the (discretized) utility U; and the estimate of the return distribution computed at Line 15; moreover,

we bring the sup inside the summation. At (6) we upper bound the supremum of the sum with the sum of the supremum, and

we apply Lemma E.16 w.p. §/3, defining e := cNHQ\/ (log SAAN 4 (S —1)log (e(1 +n/(S — 1)))) + NHLey +

T
dHN OgKT , and we add and subtract a term, at (7) we apply Theorem H.2 from Schlaginhaufen & Kamgarpour (2024)
since set {; is closed and convex, where D = maxg g |U — U,Hg =+/d—2H = /|H/eo] — 1H < H+/H/eg
’ =L
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(recall that we consider increasing and not strictly-increasing utilities),'” and maxg g IV 2ierny T (7 — 7772

| Sicpny 1 — 772 < Ziepnp 7t + 1771 = 2N =: G (because 7} and 7)™ are probability distributions), with
learning rate o = D/(GVT) = H+/d —2/(2N/T) = +/|H/eo| — 1H/(2N+/T), at (8) we upper bound the minimum
over utilities with a specific choice of utility, UE and we add and subtract a term; note that UE € 4, corresponds to the
expert’s utility U¥ € 4, (by hypothesis), i.e., for all y € y T (y) = U¥(y). Note that, by hypothesis, U* makes all
the expert policies optimal, i.e., Vi € [N] : UFTypr"r L = sup, UE’Tn” LT AL (9) we note that, under the good
event of Lemma E.15, we can provide an upper bound 'usmg the term in Lemma E.15 (since U¥ € Y, ); in addition, we
sum and subtract a term that depends on some policy 7y, whose existence is guaranteed by Lemma E.17, which we apply
at the next step. At (10) we apply Lemma E.17 w.p. 6/3, and we define as ¢4 the upper bound times V. Finally, at (11) we
use the hypothesis that utility U” makes the expert policy optimal in all environments.

We want that 2¢; + €5 + €3 + €4 < €. We can rewrite the sum as:

2€1 + €3+ €3+ €4

HN
(2NL«/2H60 + LNHEO) 4+ HANVE

Vel
Hlo NHTE 1 NT
-I—C/ Z H g T Ve deg //NH Og

B,
€T
ie[N] 0

+ c”’NHQ\/Tll(log SA(I;—IN + (S —1)log (e(1+n/(S — 1))))

By imposing each term smaller than €/5, we find that it suffices that

€0 = oy
0 = B0NZ?LZH

27753 4rrdr2
T>0(X8) > o ML)
0€ =

H?N? log 51 HAN*L? 1o .
B> O ——F > O N loe T2 ) vie [N]

~( N>H?log &L N’H?log MHL

K>0 1) >0 S

A\

€2

e

7]\]225‘]{5 (5 + log LAfN) Vie [N]

T >

where we have used that 7% = SAHn for all i € [N], and also used Lemma J.3 of Lazzati et al. (2024b).
The statement of the theorem follows through the application of a union bound. O

Lemma E.15. Let 6 € (0,1). Then, it holds that, w.p. at least 1 — §:

B Hlog NGITE”"
Usu§) Z ‘UTn i g (Up )| < NL\/2Heo + Z cH TE;O
€

2L je[N] ie[N]

where c is some positive constant.

Proof. We can make the same derivation as in the proof of Theorem 5.1 to upper bound the objective with the sum of two
terms, which can then be bounded using Lemma E.1 and the expression (Eq. (17)) obtained in the proof of Lemma E.4
w.p. 0/N:

sup 2 ‘UTﬁE’i—J”E’i(U;pi,ri)
Ueid, ie[N]

<L Z w(n ptortm” PrOJC( P 7"7’TEq))
€[N]

'The maximum is attained by discretized utilities U, U’ that assign, respectively, U(y) = 0and U (y) = H toall the y € Y\{y1,ya}-
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+ 2, _sw | E U@~ E [U@)
ie[N] U'€[0,H]? G~Proje (nv' w51 Gt
H log NHT=!
<LN\2Heg+ Y. cH giE‘SFO
ie[N] o7
The result follows through the application of the union bound. O

Lemma E.16. Ler 6 € (0,1). With probability at least 1 — 0, for allt € {0,1,...,T — 1}, for all i € [N], it holds that:

.y 1, SAHN
sup maxUTn—U,n < CHQ\/(log + (S —1)log (e(1+n/(S — 1))))
Ute¢L(Ut) ’r]EQi n 5

logﬂ
HL "HA\| =
+ €) t+ C K

Proof. We use the notation in Section 5. In particular, let policy 7, " be the optimal policy in the RS-MDP ./\//Y% =
(84, AL H, s, pt, 7, Uy, e

where c, ¢’ are some positive constants.

T 7)) = THUsp . 7) = T (U p7),
where the last passage holds trivially for all U; € €, (Ut) (because there is no evaluation of utility outside ))).

Thus, forall ¢ € {0,1,...,T — 1}, we have:

sup  maxUTn — U, mi+J*(Uy; p',7)
Uree,, (T,) 1594
) o o i s
< swp |JAUp ) = SHUGEL )| + [0 (3 - 07 TR

UtECL(Ut)

= HlLey + cHQ\/iL(log SA(?N + (8 —=1)log (e(1 +n/(S — 1))))

—T ( ~i ~—1 ~k,i
+’Ut(772—n’”’”t )‘

C Hleo + cHz\/Tll(log SAfN +(S = 1)log (e(1 + n/(S — 1))))

where at (1) we have applied the triangle inequality, and realized that in the second term there is no dependence on the value
of utility outside of ); moreover, we have used that .J* (Uy; 5, 7) = U, n?" TR by definition of policy 7;"". At (2) we

apply Lemma E.13 (our J*(Uy; p*,7°) has the same meaning of .J*(U) in the lemma, and we upper bound SUDy, ce, (T,)
with supyey ) w.p. /(2N ),!! and we keep the confidence bound explicit, and we upper bound d < H /ey + 1, and at
(3) we observe that 7 is the empirical estimate of distribution nﬁi TR (see Line 15) obtained through the sampling of
K s/a\mple returns G1,Go, ..., Gk S nf’i TR Indeed, note that the policy 122" i computed at Line 13 and optimal for
L’E[M%t] = ({S" xVn}n, A%, H, sb,p?, ti),12 provides policy 7, through the formula in Section 2, thus Line 14 is actually

A~k i

simulating ;" in MDP M. Therefore, we can apply Hoeffding’s inequality (e.g., see Lemma E.3) w.p. 6/(2T'N).

""We remark that, in doing so, we can still apply Proposition 3 of Wu & Xu (2023) inside the proof of Lemma E.13 even though we
consider increasing utilities instead of strictly-increasing utilities; indeed, it is trivial to observe that the proof of Proposition 3 of Wu &
Xu (2023) does not depend on such property.

12See Section 2 for the meaning of p* and ti; we use ), for all h in the state space instead of the sets of partial returns {Q}’T”Fl b in
order to obtain policy *"* supported on the entire S x ), space, and to make it compliant with Algorithm 4
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The result follows through the application of the union bound.

We remark that in one case we use probability 6/(2N) (without T') while in the other we use §/(2NT) (with T), because
in the former we provide a guarantee for all possible utilities w.r.t. the optimal performance, thus all the 7" steps are
already included; instead, in the latter, we provide a guarantee for a single utility and for a single policy at a specific
te€{0,...,T — 1}, thus we have to compute a union bound with 7. O

Lemma E.17. Let 6 € (0, 1). With probability at least 1 — 6, for all i € [N] and t € {0,...,T — 1}, under the good event
in Lemma E.16, there exists a policy T, such that:

log 55+

K

ET,\l

U

—UBT T < LHeo/2 + cH

1 SAHN
+c’H2\/<log + (S —1)log (e(l—l—n/(S—l)))),
n )
where c, ¢’ are positive constants.

Proof. First, simply observe that 7! is the empirical estimate (see Line 15) of 77’7 TR thus, similarly to the proof of
Lemma E.16, forall i € [N] and ¢t € {0,1,...,T — 1}, we can apply Hoeffding’s inequality w.p. /(2T N):

log 55
K

057 (5t - 7 | < e

. . . AL =i~k
Now, we compare distributions n” *" >™t  and 77” TR Through straightforward passages, we can write:

U (o 7 A )
*

= |Jﬁf’i(UE;ﬁ ) — ST )

~%k,i
so,ﬁff 54 v siph T
(8]sc (so)Va ' (s'sp',7)

s'eS
AN
_Zpl |SO77Tt1( Vet (85D 7)
s'eS
. . . . . . ~k,i . .
<| Y (P15 A (s)) = (s’ \sﬁff(so)))vm (s';',7)
s'eS
. . . Ak, . .
+ Z ﬁi(5/|50a77t 1 307 ’V2 (s §pl771) - V;t (3/§ﬁ7?l)
s'eS
<. ..
s E . [ 2 (PZI(S’\Shwah') —232/(8'|Sh',ah'))Vh/il(S/;pl,?’)
prralt L2l oes
S1 = 86]
H . . .
[ Z HPZ/('\S}M%') — D Clsw aw)| |51 = 56]
P ’r’ wf =1 1
H

<H B | 3 KL ool Clsiean)
h'=1

i~k
phTh e

31 - So:l

where at the last passage we applied the Pinsker’s inequality. Note that the previous derivation was possible as long as as
policy 71;" is defined over all the possible pairs state-cumulative reward (s, y) € S x Y, forall h € [H]. Since we construct
it through policy ", obtained at Line 13, i.e., over the entire enlarged state space {S x YV }x, then policy 7;* satsifies
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such property. Now, in the proof of Lemma E.16 we used Lemma E.14, in which event £ bounds the KL-divergence
between transition models. Therefore, under the application of Lemma E.16, it holds that:

e (o et <2 (1og SN (9 1) tog (o145 - 1)),

where 7 is the number of samples takes at each (s,a,h) € S x A x [H] in the i € [N] MDP.
Therefore, we can finally write:
T )R A s P AN s S

%0

_ 77171 7Fi 5Tt )

k.1 A0 71’7’1\,?%

_ UE’T (npi,?iﬂ?t _ npi,ri,Fi) + UEvT (np RE

—E, 7/~ i —i ~kd
TP (i )

2 UET (npﬂ?’ﬂ?i“ _ 77171,7'1-?) + cHAJ IOgKé

+ c’H2\/Z<log SA(?N + (S —1)log (e(1 + n/(S — 1))))

@) log &L
< LHeo/2 + cHY| OgK5

+ c’HQ\/fL<log SA(?N + (5 —=1)log (e(1 +n/(S — 1)))),

where at (1) we have used the bounds derived earlier, and at (2) we have applied Lemma E.18, noticing that we can choose
policy 7 as we wish, and using that k < /2.

O

Lemma E.18. Let M, = (S, A, H,s0,p,r") and My = (S, A, H, s9,p,7°) be two MDPs with deterministic rewards
that differ only in the reward function r* # 12, and assume that, for all (s,a,h) € S x A x [H], it holds that |r}(s,a) —
r2(s,a)| < k, for some k = 0. Let ' be an arbitrary (potentially non-Markovian) policy that induces, in My, the
distribution over returns np”"l ™" Then, there exists a policy 72 that induces in M the distribution 771’”"2’“2 such that:

U(G)]-E

sup |[E :[U(G)]| < LHk.

Gmpor2.
Uey, K

G~nprlw

Proof. A non-Markovian policy like 71, in its most general form, prescribes actions at stages h € [H] depending on the
sequence of state-action-reward (s1, a1,71, S2,a2,72, ..., Sh—1,an—1,Th—1, Sh) Teceived so far. Since, by hypothesis, the
reward functions are deterministic (see also Section 2), then it is clear that the information contained in the rewards re-
ceived so far ({r1,r2,...,7,_1}) is already contained in the state-action pairs received (s1, a1, S2, a2, ..., Sh—1,aQr—1, Sh)
(indeed, for deterministic reward 7!, we have that r; = 71(s1,a1),72 = r3(s2,a2), and so on). This means that, for
any non-Markovian policy in the MDP M, since it coincides with Mo except for the deterministic reward function, it is
possible to construct a policy 72 that induces the same distribution over state-action trajectories, i.e., for any state-action
trajectory w = (81,a1,52,02,...,SH—1,QH—1,5H,0H,5H+1) € , itholds P}, .1 11 (w) =P, 12 r2(w).

Therefore, we can write:

sup ‘]EGWP,M,W] [U(G)] ~ Egppro.eo [U(G)]’
Uesl,

Qsup | By @U( Y rhis.a)

Ueldy ' Len (s,a,h)ew

~ D P @V Y risa))

weN (s,a,h)ew

56



Learning Utilities from Demonstrations in MDPs

2 sup | DBy @U( Y rhis.)

Ueid

L wel) (s,a,h)ew
= Y B @U( Y risa)
weN (s,a,h)ew
= sup | Y P (U( Y ) -v( Y rea))
Uelly ' eq (s,a,h)ew (s,a,h)ew
3)
< sup Z]P’p,rlml(w)‘U( Z T}L(s,a))—U( Z ri(s,a))‘
Uetly e (s,a,h)ew (s,a,h)ew
)
<Y Ppnm@L| Y (rh(s.a) = ri(s,0))
wes (s,a,h)ew
S 1 2
< Pp,rl ,mt (w)L Z ’rh(&a) - ’I"h(S, a)’
we (s,a,h)ew
(6)
SO Ppm@L >k
weN (s,a,h)ew
— LHE,

where at (1) we use the fact that the expected utility w.r.t. the distribution over returns can be computed using the probability
distribution over state-action trajectories (since the rewards are deterministic), at (2) we use that policy 72 is constructed
exactly to match the distribution over state-action trajectories, at (3) we apply triangle inequality, at (4) we use the fact that
all utilities U € 4, are L-Lipschitz, i.e., forall z,y € [0, H]: |U(xz) — U(y)| < L|x —y|, at (5) we apply again the triangle
inequality, and at (6) we use the hypothesis that r!, 2 are close to each other by parameter k. [

F. Experimental Details

In this appendix, we collect additional information about the experiments described in Section 6. Appendix F.1 presents
formally the MDP used for the collection of the data along with the questions posed to the participants. Appendix F.2
contains additional details on Experiment 2. Finally, Appendix F.3 presents an additional experiment conducted on the
collected data.

F.1. Data Description

Below, we describe the data collected.

F.1.1. CONSIDERED MDP

The 15 participants analyzed in the study have been provided with complete access to the MDP in Figure 11, which we
will denote by M. In other words, the participants know the transition model and the reward function of M everywhere.

Intuitively, states L (Low), M (Medium), H (High), and T (Top), represent 4 “levels” so that the received reward increases
when playing actions in “higher” states instead of “lower” states. Formally, MDP M = (S, A, H, s¢, p, ) has four states
S = {L,M, H, T}, and three actions for each state A = {ag,a,a—_}. The horizon is H = 5, i.e., the agent has to take
5 actions. The initial state is s = M. The transition model p is stationary, i.e., it does not depend on the stage h € [H].
Specifically, p is depicted in Table 1. The intuition is that action ag keeps the agent in the same state deterministically,
while action a. tries to bring the agent to the higher state with probability 1/3, and action a_ sometimes make the agent
“fall down” to the lower state with probability 1/5.

The reward function r : S x A x [H] — R is deterministic, stationary, and depends only the state-action pair played.
The specific values are depicted in Table 2. Note that we have written the reward values as numbers in [0€, 1000€], to
provide a monetary interpretation. Nevertheless, we will rescale the interval to [0, 1] during the analysis for normalization.
Observe that the same actions played in “higher” states (e.g., H or T') provide higher rewards than when played in “lower”
states (e.g., L or M). Moreover, notice that action a,, which is the only action that tries to increase the state, does not
provide reward at all, while the risky action a_, which sometimes decreases the state, always provides double the reward
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start M M M M M

Figure 11. The MDP used for data collection.

L » [L M H T |
(L,a()) 1 0 0 0
(Las) | 2/3 1/3 0 0
(Lal) | 10 0 0
(Myag) | 0 1 0 0
(Myay) | 0 2/3 1/3 0
(Mya_) | 1/5 4/5 0 0
(Ha) | 0 0 1 0
(Hiay) | 0 0 2/3 1/3
(Hia_) | 0 1/5 4/5 0
(Toag) | 0 0 0 1
(Tyay) | 0 0 0 1
(T,a_) | 0 0 1/5 4/5

Table 1. The transition model p of MDP M.

than “default” action a.

L [t ™ 7 T |

ao | 0€ 30€ 100€ 500€
ar | 0€E 0€ 0€  0€
a_ | 0€ 60€ 200€ 1000€

Table 2. The reward function r of MDP M.

F.1.2. INTUITION BEHIND AGENTS BEHAVIOR

The reward is interpreted as money. Playing MDP M involves a trade-off between playing action a, which gives no
money but potentially allows to collect more money in the future (by reaching “higher” states), and action a_, which
provides the greatest amount of money immediately, but potentially reduces the amount of money which can be earned in
the future. Action ag, being deterministic, provides a reference point, so that deterministically playing action ag for all the
H = 5 stages gives to the agent 30 x 5 = 150€. Thus, playing actions a, a_ other than a( means that the agent accepts
some risk to try to increase its earnings.
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F.1.3. QUESTIONS ASKED TO THE PARTICIPANTS

We remark that the participants have enough background knowledge to understand the MDP described. To each participant,
we ask which action in {ag, a4, a_} it would play if it was in a certain state s, stage h, with cumulative reward up to now g,
for many different values of triples (s, h,y) € S x [H] x [0€, 5000€]. Specifically, the values of triples s, h, y considered
are:

(M,1,0€)  (M,2,0€)  (M,2,30€) (M,2,60€) (H,2,0€)
(M,3,0€)  (M,3,30€)  (M,3,60€)  (M,3,2006€) (H,3,0€)
(H,3,30€)  (H,3,60€) (H,3,2006) (T,3,06) (M,4,0€)
(M,4,30€)  (M,4,60€)  (M,4,90€)  (M,4,120€) (M, 4,150€)
(M,4,180€)  (M,4,300€)  (M,4,400€)  (H,4,0€)  (H,4,30€)
(H,4,60€)  (H,4,100€)  (H,4,130€)  (H,4,200€)  (H,4,300€)
(H,4,1000€)  (T,4,0€)  (T,4,60€).

From state L, we assume all participants always play action a4 since it is the only rational strategy. Moreover, from stage
h = 5, we assume that all participants always play action a_ since, again, it is the only rational strategy.

In all other possible combinations of values of s, h,y, we “interpolate” by considering the action recommended by the
participant in the closest ¢’ to y, in the same s, h.

F.1.4. THE RETURN DISTRIBUTION OF THE PARTICIPANTS’ POLICIES

We now present the return distribution of the policies prescribed by the participants. Specifically, we have simulated 10000
times the policies of the participants, and we have computed the empirical estimate of their return distributions. Such values
are reported in Figures 12, 13, 14, 15, and 16, where we use notation ¥ to denote the return distribution of participant i,
with ¢ € [15].
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Figure 12. Plot of nf, nZ, and n¥ .
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Figure 13. Plot of n¥, nZ, and nf.

F.2. Details Experiment 2

Experiment 2 is made of two parts, the first in which we execute TRACTOR-UL on the MDP (and data) adopted also in
Experiment 1, and the other where we use simulated data. We describe here the former, while we present the latter more
in detail in Appendix F.2.3.
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Figure 16. Plot of nf5, n¥,, and nf%.

We consider the policy of the 10th participant (chosen arbitrarily) to the survey, and we execute TRACTOR-UL multiple
times with varying values of the input parameters, specifically: we always use ' =10000 trajectories for estimating the
return distribution of the 10th participant’s policy, and the return distribution of the optimal policies computed along the
way; we make 5 runs with each combination of parameters with different seeds. We execute for 7' = 70 iterations using
Lipschitz constant L = 10, which means that we consider only utilities U € i, satisfying |U(G) — U(G")| < 10|G — G’
for all G, G’ € [0, 5] (the horizon is 5). As initial utility U, we try Usqu, Usquare, and Ulinear (see Appendix F.3), and as
learning rates we try 0.01, 0.5, 5, 100, 1000, 10000.

The experiment has been conducted in some hours on a personal computer with processor AMD Ryzen 5 5500U with
Radeon Graphics (2.10 GHz), with 8,00 GB of RAM.

We note that the choice of Uy is rather irrelevant for the shape of the extracted U , but it matters for its “location”, as shown
in Fig. 17.

To view the sequence of utilities extracted by TRACTOR~-UL during the run, see Appendix F.2.1, while in Appendix F.2.2
we explain better why the best learning rate is large.

F.2.1. THE SEQUENCE OF UTILITIES EXTRACTED BY TRACTOR—-UL ON THE COLLECTED DATA

We now present some plots representing the sequence of utilities extracted by TRACTOR-UL during its execution. Specif-
ically, we consider initial utility Uy = Usquare> and we use learning rates o € [0.01,0.5, 5, 100, 1000, 10000]. We plot the
sequence of utilities considered by TRACTOR—-UL during its execution in Figures 18, 19, and 20, where we adopt notation
that U; denotes the utility extracted at iteration ¢, and the number in the legend represents the (non)compatibility of that
utility. We consider again participant 10.
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Utility U(G)

- Usqrt
- Usquare

Ulinear

0 1 2
Return G

3 4

Figure 17. Utilities computed by TRACTOR~UL starting with the Uy in the legend (o« = 100).

We observe that, for smaller learning rates (e.g., « € [0.01, 0.5, 5]), the utilities as well as the (non)compatibilities) do not
change much (Figure 18 and Figure 19 left), while for larger learning rates, we obtain more consistent changes (Figure 19

left and Figure 20).

Clearly, larger learning rates require less iterations to achieve small values of (non)compatibilities. Nevertheless, too large

values (e.g., o« = 10000) are outperformed by intermediate values (e.g., « = 100).
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(Right) o = 0.5.
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Figure 19. (Left) o = 5. (Right) o = 100.
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Figure 20. (Left) o = 1000. (Right) o = 10000.

F.2.2. AN EXPLANATION FOR A LARGE LEARNING RATE

As mentioned in the main paper, there two reasons why a large learning rate is required: (1) the feasible set is large and
contains utilities that lie on the boundaries of set {1, ,'* causing larger step sizes to converge sooner; (i) the projection onto
4, results in minimal changes of utility even with very large steps.

Now, we show visually that the projection update represented by operator HHL crucially neglects small variations in the
(non-projected) utilities, requiring us to increase the step size.

Thus, the intuition is that we need a large learning rate because the projection step neglects small variations. To show this,
we take as initial utility Uy = Usqri, two return distributions 7, n¥, where n* coincides with the distribution of an optimal
policy for Usgy, and n¥ is the return distribution of the policy played by participant 10. These distributions are plotted in
Figure 21 left, and their difference is plotted in Figure 21 right. In particular, we note that the two distributions are rather
different, with the expert’s distribution 7 that is more risk-averse, in that it provides higher probability to returns around
G = 0.5, while the optimal distribution 7¢ is more risk-lover, in that it assigns some probability to higher returns G > 1,
but suffering from also high probability to small returns G' < 0.3.

0.35 I nE 0.3 ‘ >
0.30 o T 02
w
| =
0 0.25 | 01 I
< —_
© !
2020 = 0.0 e A
3 < ®
B 015 O -01y ¢
o C
£ 0.10 o
a 1 o -0.2
=
0.05 3
| T 8 o3
0.00 o

2 3 2 3
Return G Return G

Figure 21. (Left) Plot of n¥ and . (Right) Plot of 5 — n”.
We aim to perform the TRACTOR—-UL update rule:

Ug —Uy— a(n* — 77E)

Y

with some learning rate «, and then to perform the projection:
- —
U 1 < HQL [U 1].

3¢(, forces utilities to be increasing, i.e., with constraints U(G1) < U(G2) YG1 < Ga. The plateau in Fig. 17 (right) indicates that
U(G1) = U(G2)VG1 < G2,G1, G2 € [1, 3], thus, it represents a boundary.
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We execute the update with the following values of steps size: « € {0.01,0.5,5,100, 1000, 10000}, and we plot the

corresponding updated utilities U and U, in Figures 22, 23, and 24.
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Figure 22. (Left) o = 0.01. (Right) o = 0.5.
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Figure 24. (Left) a = 1000. (Right) o = 10000.

As we can see from Figures 22, 23, and 24, the update Uy — U, obtained with step sizes < 5 are rather neglectable, so
that the return distribution of the new optimal policy n§ for U; still coincides with the previous one 7, and the gradient at
the next step is the same. For o = 5, we begin to notice some changes. See Figure 25.

Instead, with larger gradients, we observe a non-neglectable change in utility, which provides a consistent change in the
return distribution for o = 100, and a huge change for « € [1000, 10000] (see Figure 26).

Since neglectable changes in both the utility and the optimal return distribution (obtained with small learning rates) mean
that we have to update the utility many times along the same direction, then the update is equivalent to performing a single
update in that direction with a huge step size. This justifies the use of large learning rates.
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Figure 25. (Left) Comparison of the return distributions 75 obtained with o = 0.01 and o = 0.5, with n¢. (Right) Comparison of the
return distribution 1§ obtained with o = 5, with 7¥.

° R .
0.35 —e— n;,a=100 0.5 8 —e— n},@=1000
« L

0.30 Mo ny ,@=10000
— _04 e
S o025 S
> S 03
2020 20
% e}
®0.15 Ro2
g o
a 0.10 0 & o

0.1 o
0.05 W
0.00 ? hd 00 Il o1l
0 1 2 3 4 5 0 1 2 3 4 5
Return G Return G

Figure 26. (Left) Comparison of the return distribution 7§ obtained with o = 100, with n¢. (Right) Comparison of the return distribu-
tions 7§ obtained with oo = 1000 and o = 10000, with 7.

F.2.3. ANALYSIS ON SIMULATED DATA

We have executed TRACTOR-UL on MDPs generated at random. Below (Figures 27-29), we report the truncated
(non)compatibility values of the utilities extracted by the algorithm as a function of the number of iterations, in the five
different experiments conducted. For the experiments, we executed for 7' = 70 gradient iterations, with parameters
K = 10000 and L = 10, as in the first part of the experiment. We found that the best learning rate is o = 1.

To comply with the assumption that there exists a utility function for which the expert’s policy is (almost) optimal, we

compute, in each environment, the optimal policy for an S-shaped utility function that is convex for small returns, and
concave for large returns, and then we inject some noise.
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Figure 27. (Left) Simulation with S = 20 and A = 5. (Right) Simulation with S = 100 and A = 10.
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Figure 29. Simulation with N = 20.

F.3. Additional Experiment

We conducted an additional experiment using the collected data to understand which utility is more representative of all
the participants’ behaviors under the model of Eq. (1).

The utilities considered for comparison are: Usgr, Usquares Ulinear» and Usg. The first three can be formally defined as:

Usard(G) = V5G, Usquare(G) == G?/5, Ujinear(G) := G, and they are depicted in Figure 30. Instead, utility Usg differs
from each participant and is defined in the next section.

F.3.1. STANDARD GAMBLE DATA

Utility Usg corresponds to the utility of each participant as fitted using the standard gamble method (Wakker, 2010).
Standard Gamble (SG). The Standard Gamble (SG) method (e.g., see Section 2.5 of (Wakker, 2010)) is a common
method for inferring the von Neumann-Morgenstern (vNM) utility function of an agent. Observe Figure 32. In a SG, the
agent has to decide between two options: a sure option (e.g., z = 30€), in which the prize is obtained with probability 1,
and a lottery between two prizes (e.g., 5000€and 0€), in which the best prize (5000€) is received with probability p. For
any value of x, the agent has to answer what is the probability p that, from his perspective, makes the two options (i.e., ©

for sure, or the lottery) indifferent.

Given the probability p, we have that the utility U of the agent for x is:
Ulz) = p-U(5000) + (1 —p) - U(0) = p,
since, by normalization conditions, we have U (0) = 0 and U (5000) = 1.
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F.3.2. RESULTS
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Figure 30. A plot of utilities Usqrt, Usquare, Ulinear-
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Figure 31. The SG utilities of the participants.
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Figure 32. The SG used for data collection.

Our SG. We have asked the 15 participants to the study to answer some SG questions, which allows us to fit a vVNM

utility function Ugg for each of them. Specifically, we have asked to answer 8 different SG questions, in which the x value
in Figure 32 has been replaced by:

10€, 30€, 50€, 100€, 300€, 500€, 1000€, 2000€.

Next, we linearly interpolate the computed utilities, obtaining the functions in Figure 31.

It should be remarked that this model considers single decisions (i.e., H = 1), while in MDPs there is a sequence of
decisions to be taken over time, specifically over a certain time horizon H.

To measure the fitness of a utility U to the data (policy ) fairly, we consider a relative notion of (non)compatibility (we
omit p, r for simplicity): C, (U) = (J*(U) — J™(U))/J*(U). Intuitively, C.. (U) measures the quality of 7 as perceived
by the demonstrating agent, if U was its true utility function.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 ] mean

Unear | 39 58 18 1 9 33 25 62 | 56 1 16 16 25 60 | 28422
Ugqe |16 28 8 1 3 16 11 30 1 25 1 6 8 11 28| 13+10
Uquae | 70 86 32 1 19 41 44 91 1 8 1 35 28 44 9l | 45432
Usg |39 76 11 0 5 28 20 34 10 2 1 8 21 17 51 |22421

Table 3. Values of C;;. of various utilities with the demonstrations of the participants in percentage.

We execute CATY-UL (without exploration) for the 15 participants comparing the IRL risk-neutral utility Ujipear With 3
“baselines”: A risk-averse Usqy (concave) and a risk-lover Usquare (convex) utilities, and the utility Usg fitted through the
SG method (see Appendix F for details). We report the (non)compatibilities in percentage in Table 3, where we have used
colors to highlight the best and worst values for each participant (the last column contains the average over the participants).

Some observations are in order. First, this data shows that Ujipesr (i-€., IRL) is overcome by Uy, which reduces E:r (+) from
28% to 13% on the average of the participants. Next, note that Usqyy outperforms the Usg of each participant. This is due
to both the bounded rationality of humans, who can not apply the H = 1 utility Usg to H > 1 problems, and the fact
that Usqy probably “overfits” the simple MDP considered, but it might generalize worse than Usg to new environments.
14 Finally, observe that all the utilities are compatible with policies 4 and 11, providing empirical evidence on the partial
identifiability of the expert’s utility from single demonstrations.

The experiment has been conducted on the same personal computer as experiment 2, in less than one hour.

The experiment has been conducted collecting 10000 trajectories to estimate the return distribution of each participant’s
policy, and 10000 trajectories for estimating the return distribution of the optimal policy, which has been computed exactly
through value iteration. We have executed 5 simulations with different seeds, and the relative (non)compatibility values
written in Table 3 are the average over the 5 simulations.

For the experiment, we used the true transition model, and we remark that the reward function considered, when discretized,
coincides with itself, i.e., we did not incur in estimation error of the transition model nor in approximation error for the
discretization.

“Further analysis should be carried out on this, that we leave to future works.
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