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Abstract

A Top Two sampling rule for bandit identification is a method which selects the
next arm to sample from among two candidate arms, a leader and a challenger. Due
to their simplicity and good empirical performance, they have received increased
attention in recent years. However, for fixed-confidence best arm identification,
theoretical guarantees for Top Two methods have only been obtained in the asymp-
totic regime, when the error level vanishes. In this paper, we derive the first
non-asymptotic upper bound on the expected sample complexity of a Top Two
algorithm, which holds for any error level. Our analysis highlights sufficient prop-
erties for a regret minimization algorithm to be used as leader. These properties
are satisfied by the UCB algorithm, and our proposed UCB-based Top Two algo-
rithm simultaneously enjoys non-asymptotic guarantees and competitive empirical
performance.

1 Introduction

Faced with a collection of items (“arms”) with unknown probability distributions, a question that
arises in many applications is to find the distribution with the largest mean, which is referred to as
the best arm. Different approaches have been considered depending on the data collection process.
Sequential hypothesis testing [[10} 37]] encompasses situations where there is no control on the
collected samples. Experimental design [7}135] aims at choosing the data collection scheme a priori.
In the multi-armed bandit [4} 20] and the ranking and selection [18]] literature, an algorithm chooses
sequentially the distribution from which it will collect an additional sample based on past data.

In order to have theoretical guarantees for this identification problem, one should adopt a statistical
model on the underlying distributions. While parametric models are reasonable for applications such
as A/B testing [28]], they are unrealistic in other fields such as agriculture [21]. Despite the restricted
scope of its applications, studying the identification task for Gaussian distributions is a natural first
step. Hopefully the insights gained will then be generalized to wider classes of distributions.

In the fixed confidence identification problem, an algorithm aims at identifying the best arm with
an error of at most 6 € (0, 1) while using as few samples as possible. Since each sample has a cost,
those algorithms should provide an upper bound on the expected number of samples used by the
algorithm before stopping. For those guarantees to be useful in practice, they should hold for any 9,
which is referred to as the non-asymptotic (or moderate) regime. In contrast, the asymptotic regime
considers vanishing error level, i.e. § — 0. For Gaussian distributions, Top Two algorithms [36] [39]
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have only been studied in the asymptotic regime. We show the first non-asymptotic guaranty for a
Top Two algorithm holding for any instance with a unique best arm.

1.1 Setting and related work

A Gaussian bandit problem is described by K arms whose probability distributions belongs to the set
D of Gaussian distributions with known variance . By rescaling, we assume o7 = 1 for all i € [K].
Since an element of D is uniquely characterized by its mean, the vector . € R¥ refers to a K -arms
Gaussian bandit. Let A C R¥ be the (K — 1)-dimensional simplex.

A best arm identification (BAI) algorithm aims at identifying an arm with highest mean parameter,
i.e. an arm belonging to the set i* (i) = arg max,e (g Hi- At each time n € N, the algorithm (1)
chooses an arm I,, based on previous observations, (2) observes a sample X, ; ~ N (s, ,1), and
(3) decides whether it should stop and return an arm 2,, or continue sampling. We consider the fixed
confidence identification setting, in which the probability of error of an algorithm is required to be
less than a given ¢ € (0, 1) on all instances p. The sample complexity of an algorithm corresponds to
its stopping time 75, which counts the number of rounds before termination. An algorithm is said to
be §-correct on DK if P, (15 < +00, ir, & i*(pn)) < 6 for all u € DX [14]. We aim at designing
d-correct algorithms minimizing E|[7s].

As done in all the literature on fixed-confidence BAI, we assume that there is a unique best arm and
we denote it by i*(p) or i* when y is clear from the context. To ensure J-correctness on DX, an
algorithm has to be able to distinguish the unknown y from any instance having a different best arm,
hence it needs to estimates the gaps between arms. Lemma|[I.T| gives a lower bound on the expected
sample complexity which is known to be tight in the asymptotic regime, i.e. when ¢ goes to zero.

Lemma 1.1 ([17]). An algorithm which is 6-correct on all problems in DX satisfies that for all
p € RE K, [75] > T* (1) log(1/(2.48)) where T* () = minge o,1 T7 () and, for all B € (0,1),

w1 o (g — )
Tow)™ = e i S 5 1 wn)

When considering the sub-class of algorithms allocating a fraction [ of their sample to the best arm,
we obtain a lower bound as in Lemmawith 15 () instead of T*(p1). An algorithm is said to be
asymptotically optimal (resp. S-optimal) if its sample complexity matches that lower bound asymp-
totically, that is if lim sups_, E,,[75]/log(1/) < T*(u) (resp. Tj(p1))- [38] showed the worst-case
inequality 77 /2( u) < 2T*(u) for any single-parameter exponential families. Therefore, the expected

sample complexity of an asymptotically 5-optimal algorithm with 5 = 1/2 is at worst twice higher
than that of any asymptotically optimal algorithm. Leveraging the symmetry of Gaussian distribu-
tions, a tighter worst-case inequality can be derived (Lemma|C.6). The allocations w* (1) and w (1)

realizing 7™ (p1) and 77 (1) are known to be unique, and satisfy min;e g min{w* ()i, wg(p)i} > 0.
[6] showed that 2 < w*(u);l < +/K — 1+ 1 for Gaussian distributions (Lemma .

Related work The first BAI algorithms were introduced and studied under the assumption that the
observation have bounded support, with a known upper bound [15,124,[16}[19]]. The sample complexity
bounds proved for these algorithms scale as the sum of squared inverse gap, i.e. H(u) := 2A;1i2n +
D i 21 — i) 2 where Apin := min;z;« (i« — p;), which satisfies H(p) < T*(u) < 2H (1)
[L7]. Following their work, a rich literature designed asymptotically optimal algorithms in the
fixed-confidence setting for parametric distributions, such as single-parameter exponential families,
and non-parametric distributions such as bounded ones. Those algorithms build on two main ideas.
The Tracking approach computes at each round the optimal allocation for the empirical estimator, and
then tracks it [17]. To achieve lower computational cost, Game-based algorithms [12]] view T*( u)’l
as a min-max game between the learner and the nature, and design saddle-point algorithms to solve it
sequentially.

Top Two algorithms arose as an identification strategy based on the Thompson Sampling algorithm
for regret minimization [41]]: [38] introduced Top Two Probability Sampling (TTPS) and Top Two
Thompson Sampling (TTTS). Adopting a Bayesian viewpoint, Russo studied the convergence rate of
the posterior probability that ¢* is not the best arm, under some conditions on the prior. For Gaussian
bandits, other Bayesian Top Two algorithms with frequentist components have been shown to be



asymptotically S-optimal: Top Two Expected Improvement (TTEI, [36]) and Top Two Transportation
Cost (T3C, [39]). [21] introduces fully frequentist Top Two algorithms. Their analysis proves
asymptotic S-optimality for several Top Two algorithms and distribution classes, beyond Gaussian.
[34] provides guarantees for single-parameter exponential families, at the price of adding forced
exploration. [44]] proposes an algorithm to tackle the top-k identification problem and introduces
information-directed selection (IDS) to choose § in an adaptive manner, which differs from the one
proposed in [33]. In addition to their success in the fixed-confidence setting, Top Two algorithms
have also been studied for fixed-budget problems [2]], in which guarantees on the error probability
should be given after T samples. While existing Top Two sampling rules differ by how they choose
the leader and the challenger, they all sample the leader with probability 5. By design, Top Two
algorithms with a fixed 3 can reach S-optimality at best, and cannot be optimal on all instances p.

Shortcomings of the asymptotic regime While the literature provides a detailed understanding
of the asymptotic regime, many interesting questions are unanswered in the non-asymptotic regime.
Recent works [9} 140} 32, 131]] have shown that the sample complexity is affected by strong moderate
confidence terms (independent of §). The analysis of [21]] applies to their 5-EB-TC algorithm whose
empirical stopping times is order of magnitude larger than its competitors for § = 0.01. Since the
proof of asymptotic 5-optimality hides design flaws, non-asymptotic guarantees should be derived to
understand which Top Two algorithms will perform well in practice for any reasonable choice of §.

1.2 Contributions

Our main contribution is to propose the first non-asymptotic analysis of Top Two algorithms. We
identify sufficient properties of the leader (seen as a regret-minimization algorithm) for it to hold.
This solves two open problems: obtaining an upper bound which (1) is non-asymptotic (Theorem [2.4]
holds for any ¢) and (2) holds for all instances having a unique best arm (i.e. sub-optimal arms can
have the same mean, which was not allowed in the analyzes of existing Top Two algorithms). As a
consequence, we propose the[TTUCB]|(Top Two UCB) algorithm which builds on the UCB algorithm.

By using tracking instead of sampling to choose between the leader and the challenger, TTUCB]is the
first Top Two algorithm which is asymptotically 3-optimal (Theorem [2.3)) and has non-asymptotic
guarantees (Theorem[2.4)). Our experiments reveal that[TTUCB] performs on par with existing Top
Two algorithms, which are only proven to be asymptotically S-optimal, even for large sets of arms.
Numerically, we show that considering adaptive proportions compared to a fixed 5 = 1/2 yields a
significant speed-up on hard instances, and to a moderate improvement on random instances.

2 UCB-based Top Two algorithm

We propose a fully deterministic Top Two algorithm based on UCB [5]], named [TTUCB]|and detailed
in Algorithm[I] We prove a non-asymptotic upper bound on the expected sample complexity holding
for any instance having a unique best arm.

Stopping and recommendation rules The o-algebra 7., := o({I;, Xt 1, }+c[n—1]) €ncompasses all
the information available to the agent before time n. Let Ny, ; := Zte[nq] 1 (I, = i) be the number

of pulls of arm i before time n, and its empirical mean by i, ; := ﬁ ey Xer, 1 (I = 1).

The algorithm stops as soon as the generalized likelihood ratio exceeds a threshold ¢(n — 1, 4), i.e.

HUn,i, — ﬂn,i > 26(77/ - 17 5) ) (1)

min
1Fin \/1/Nn7’2n + 1/Nn,7, =

where we recommend i, = arg max; ¢ fin,; at time n. Lemma(2.1|provides an explicit threshold
ensuring §-correctness, which relies on concentration inequalities derived in [27].

Lemma 2.1. Let C¢ defined in (16) s.t. Ci(x) = x + log(x). Given any sampling rule, taking
e(n,8) = 2Ca(log(K —1)/8)/2) + 4log(4 + log(n/2)) @

in the stopping rule (1) ensures d-correct for Gaussian distributions.



Algorithm 1 TTUCB

Input: (3,6) € (0,1)?, threshold ¢ : N x (0,1) — R* and function g : N — R¥.
Pull once each arm i € [K];
for n > K do

Set i,, = arg Max;c () fn,is

If mlnL;ﬁfn \/% 2 \/ 2C(TL - 17 6) then return in, else;

(#,, pUcB—Hn,i)+
\/1/N,,LYBI;JLCB+1/N7L,’L' ’

UCB
Observe X, 1, by pulling I,, = BUCB if Nﬁ}lggcg < 5Ln+1735c3, else I,, = CIC;
end for

Set BUB = arg MaX;c (k] {,u’nz + qu(i:)} and O} = arg mini;&BgCB

Sampling rule We initialize by sampling each arms once. At time n > K, a Top Two sampling
rule defines a leader B,, € [K] and a challenger C,, # B,,, and chooses I,, = B,, or I,, = C,, based
on a fixed allocation S. In prior work this choice was done at random, which means that the leader
was sampled with probability 5. We replace randomization by tracking, and show similar theoretical
and numerical results (see Figure E] in Appendix . For fixed (3, we recommend to use 8 = 1/2
without prior knowledge on the unknown mean parameters (see Section [3.4|for adaptive proportions).
This recommendation is supported theoretically by the fact that w*(u);« < 1/2 (Lemma H and
that T7), (w)/T™* () is significantly smaller than 2 for most instances (Lemma and Figure .

Let L, ,; := Zte[n_l] 1 (B; = i) be the number of time arm ¢ was the leader, and Njw- =
> tepn—1) 1 ((By, It) = (i, 7)) be the number of pulls of arm j at rounds in which i was the leader.
We use K independent tracking procedures. A tracking procedure is a deterministic method to
convert a sequence of allocations over arms into a sequence of arms, which ensures that the empirical
proportions are close to the averaged allocation over arms. For each leader, we track the allocation
(8,1 — ) between the leader and the challenger. Formally, we set I,, = B,, if Nf B, < BLypy1.B,,
else I,, = C,,. Using Theorem 6 in [[13]] for each tracking procedure yields Lemma@}

Lemma 2.2. Foralln > K and all i € [K], we have —1/2 < N} ; — 8L, ; < 1.

Using tracking over randomization is motivated by practical and theoretical reasons. First, in some
specific applications, the practitioner might be only willing to use a deterministic algorithm. Second,
in the analysis, it is easier to control deterministic counts since it removes the need for martingales
arguments to bound the deviations of the samples. Therefore, tracking simplifies the non-asymptotic
analysis. Third, Lemma shows that the speed of convergence is at least O(1/n) for tracking,
while we would obtain a speed of O(1/4/n) for randomization.

At time n, the UCB leader is defined as

B® = argmax{pin,i +1/9(n)/Nni} , )
i€[K]

where +/g(n)/N, ; is a bonus coping for uncertainty. Let « > 1 and s > 1 be two concentration
parameters. The choice of g(n) should ensure that we have an upper confidence bound on p; holding
with high probability: with probability 1 — Kn~%, for all t € [n'/*,n] and all arms i € [K], p; €
[tee.i £/ g(t) /Ny ;). For Gaussian observations, a function g which is sufficient for the purpose of our
proof can be obtained by a union bound over time, giving g,,(n) = 2a(1 + s) logn. We can improve
on g, with mixtures of martingales, yielding g,,(n) = W_; (2salog(n) + 2log(2 + alogn) + 2)
with W_;(z) = =W_1(—e~7) for all z > 1, where WW_; is the negative branch of the Lambert W/
function, and W_1 (z) ~ = + log(x). A UCB leader with go(n) = 0 recovers the Empirical Best
(EB) leader [21]. Choosing g is central for empirical performance and non-asymptotic guarantees, but
not for asymptotic ones. The lowest g will yield better empirical performance since larger g means
more conservative confidence bounds. In our experiments where @ = s = 1.2, we will consider g,,
since g, (n) < gy (n) forn > 50 .

Given a leader B,,, the TC challenger is defined as

CTC = arg min (KB, — Fni)+ ’
#B, \/1/Npp, +1/Np;

“
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where 2 = max{z, 0}. [39] introduced the TC challenger as a computationally efficient approxi-
mation of the challenger in TTTS [38]], which uses re-sampling till an unlikely event occurs. Both
T3C and TTTS use the TS leader which takes the best arm of a vector of realization drawn from a
sampler, e.g. 0; ~ N (fin, i, 1 /Ny, ;) for Gaussian distributions with unit variance.

Computational cost Computing the stopping rule (I)) and the UCB leader (3) can be done in O(K).
At time n where B,, coincides with i,,, computing the TC challenger (4) is done as a by-product of
the computation of the stopping rule, without additional cost. When B,, # i,,, we draw at random an
arm with larger empirical mean. The per-round computational and memory cost of is O(K).

2.1 Sample complexity upper bound

Leveraging the unified analysis of Top Two algorithms proposed by [21]], we obtain the asymptotic
(B-optimality of (Theorem [2.3)). After showing the required properties for the UCB leader, we
proved that tracking Top Two algorithms have similar properties as their sampling-based counterparts.
Theorem 2.3. Let (6, 3) € (0,1)%, s > 1 and a > 1. Using the threshold @) in () and g, (or gm)
in (@), the[TT algorlthm is 8-correct and asymptotically B-optimal for all p € RX such that
min; | — pz] > 0, d.e. it satisfies lim sups_, o E,[75]/log(1/0) < T5 ().

Theorem[2.3|and guarantees for other Top Two algorithms hold only for arms having distinct means.
Moreover, an asymptotic result provides no guarantees on the performance in moderate regime of 9.
We address those two limitations.

Non-asymptotic upper bound Theorem gives an upper bound on the expected sample com-
plexity holding for any § and any instance having a unique best arm. It is a direct corollary of a more
general result holding for any 8 € (0,1), s > 1 and o > 1 (Theorem [D.4)).

Theorem 2.4. Let § € (0,1). Using the threshold @) in l 1) and g,, in . B) with s = a = 1.2, the
TTUCB|algorithm with 3 = 1/2 satisfies that, for all p € R™ such that |i*(u)| = 1,

E < inf To (8 ch2 ¢ (2/e)'2 12K
M[Tg] _UJOE[071(III(—1)71]maX{ O( 7w0), r O(wO) ’ /5 }+ ’

where C,, = hy (26H (1)), Co(wo) = 2/(ea,(wo)) + 1 with e € (0,1],
To(0,wo) = sup{n | n —1 < 277, (u)(1 + £)2(1 — wo) ") (\/e(n —1,6) + v/4logn)?} ,

with a,(wo) = (1 — wo)dﬂ(“’”)max{min#i*(#) wf/2(u)i,w0/2} and d,(wo) = [{i # *(n) |
Wy o (1)i < wo/2}|. The function hy(x) = W (log(z) + 225 is positive, increasing for
x > 2+ 2K, and satisfies hi(z) = z(log z + log log x).

The [TTUCB]| sampling rule using g,, in (@) satisfies a similar upper bound (Corollary [D.5). Since
Theorem [2.4] holds for any instance having a unique best arm, we corroborate the intuition that

assuming min,; |p; — pj| > 0 is an artifact of the existing proof to obtain asymptotic 5-optimality.

The upper bound on E,, [7s] involves several terms. The §-dependent term is Tp(6). In the asymptotic
regime, we can show that limsup;_,, Tp(9)/log(1/d) < 2T1*/2( ) by taking wy = 0 and letting
€ go to zero. While there is (sub-optimal) factor 2 in Tp(8), Theorem [2.3| shows that is
asymptotically 1/2-optimal. This factor is a price we paid to obtain more explicit non-asymptotic
terms, and removing it would require more sophisticated arguments in order to control the convergence
of the empirical proportions N, /(n — 1) towards w} ().

In the regime where H (u) — o0, the upper bound is dominated by the d-independent term C}L'Q
(when o = 1.2) with satisfies C,, = O(H (u) log H()). Compared to the best known upper and
lower bounds in this regime (see discussion below), our non-asymptotic term has a sub-optimal
scaling in O((H (u) log H (11))*) with o« > 1. While taking o ~ 1 would mitigate this sub-optimality,

it would yield a larger dependency in Co (wg)®/(*~1). Empirically, Figures|1(b) and[5|(Appendix|G.2)
hints that the empirical performance of TTUCB|has a better scaling with H (x) than H ().

For instances such that min;;~ wy /2(u)i is arbitrarily small, taking wg = 0 yields an arbitrarily
large Cy(0). By clipping with wg/2, we circumvent this pitfall and ensure that Co(wg) = O(K/¢).



Table 1: Upper bound on the sample complexity 75 in probability (§) or in expectation (}). The
notation O displays the dominating term when 6 — 0 for the asymptotic regime, and when H (1) —

400 (or A; — 0) for the finite-confidence one. The notation O hides polylogarithmic factors. (¥)

Upper bound on E,[751 (€)] where P[€ €] < 4. (**) The asymptotic upper bound holds for instances
having all distinct means, while the non-asymptotic one doesn’t require this assumption.

Algorithm Asymptotic behavior Finite-confidence behavior

LUCBI [24] O (H()log(1/9)) O (H (u)log H (1))
Exp-Gap§ [25] O (H () log(1/5)) O(Lizi- A7 ? loglog A7)

(n
li’ UCB§ [19] O (H(u)log(1/6)) O(F i A7 loglog A7)
DKM{ [12]  T*(p)log(1/8) + O(\/log(1/6)) O (KT*(n)?)
Peace§ [26] O (T* () log(1/9)) O (H(p) log(K/Amin))
FWSt[42]  T*(;)log(1/6) + O(loglog(1/6)) O (e* H(p)'*/?)
EBSt [6]]* T (p) log(1/0) + o(1) O (KH(p)*/whyn)
TTUCBH** T (1) log(1/6) 4+ O(loglog(1/d)) O ((H(p)log H(1))") with o > 1

Since it yields a larger T (6), we are trading-off asymptotic terms for improved non-asymptotic ones.
We illustrate this with two archetypal instances. For the “1-sparse” instance, in which g7 > 0 and
i = 0 for all i # 1, we have by symmetry that 2w’1*/2(u)¢ =1/(K — 1) for all i # 1. Therefore,
we have Cy(wo) = O(K/e) since d,,(wo) = 0 for all wy € [0,1/(K — 1)]. The “almost dense”
instance is such that 3 = 1, ug = Oand pu; = 1 — v forall ¢ ¢ {1, K}. By symmetry, there
exists a function & : [0,1) — [0, (K — 1)71) with lim,—_, () = 0, such that 203 o (1) = h(7)
and 2w} (1) = (1 = h(v))/(K —2) forall i ¢ {1, K'}. While lim,_,o Co(0) = +o0, we obtain
lim, ;o Co(wo) = O(K/e) by taking wo = (1 — h(y))/(K — 2) since d,,(wo) = 1.

Comparison with existing upper bounds Table[I| summarizes the asymptotic and non-asymptotic
scalings of the upper bound on the sample complexity of existing BAI algorithms. Among the class
of asymptotically (/3-)optimal algorithms, very few of them also enjoy non-asymptotic guarantees,
e.g. the analyses of Track-and-Stop and Top Two algorithms are asymptotic. The gamification
approach of [12] is the first attempt to provide both. Their non-asymptotic upper bound on E,,[75]
involves an implicit time 77 (8) which scales with KT*(u)? and is only valid for log(1/4) >
KT*(u) (see Lemma 2, with constants in Appendix D.7). Let Ty := T™*(u)log(1/5). As a
first order approximation, they obtain 71(6) ~ Ty + © (/7§ logT}), and we obtain Tp(8) ~
O (Ty +logTy) (Lemma|D.13)). [42] were the first to obtain an upper bound on E,, [75] of the form
O©(T} + loglog(1/4)). While they improved the second-order d-dependent term, the §-independent
term scales with e’ H (11)'%/? (see their Theorem 2 for e~ > T*(p), with constants given by
Appendix N). The algorithm proposed by [6] has a non-asymptotic upper bound on E, [751 (£)] of the
form (1+¢)T§ + f(u, §) which is valid for log(1/8) = w2 K /Amin, where & is such that P, (£€) <

7. Since f(u,0) =s5—0 o(1), they obtain a better J- dependency However, f(u,9) is arbltrarlly large
when Wiy = min, e[k w* (1), is arbitrarily small since it scales with K H(p)* /w?;,,. Therefore,
they suffer from the pitfall which we avoided by clipping. In light of Table[T] enjoys the best
scaling when H (1) — o0 in the class of asymptotically (8-)optimal BAT algorithms.

The LUCBI algorithm [24] has a structure similar to a Top Two algorithm, with the difference that
LUCB samples both the leader and the challenger instead of choosing one. As LUCBI satisfies
E,[7s] < 292H () log(H (11)/6) + 16, it enjoys better scaling when H (1) — 400 than[TTUCB]
Since the empirical allocation of LUCB1 is not converging towards w} /2 (), it is not asymptotically

1/2-optimal. The Peace algorithm [26] has a non-asymptotic upper bound on 75 of the form O((T} +
v* (1)) log( K/ Amin)) holding with probability 1 — §. The term ~*(u) is a Gaussian-width which
originates from concentration on the suprema of Gaussian processes and satisfies v*(u) = Q(H (u)).

Another class of BAI algorithms focus on the dependency in the gaps A; := p;« — p;, and derive non-
asymptotic upper bound on 75 holding with high probability. [25][19] (8] 9] gives 6-PAC algorithms
with an upper bound of the form O(H () log(1/6) + >, 4+ A;?loglog A; 1), and [19] shows that



for two arms the dependency A~21loglog A~! is optimal when A — 0. While those algorithms
obtain the best scaling when H (1) — 400, they are not asymptotically (3-)optimal.

3 Non-asymptotic analysis

3.1 Proof sketch of Theorem 2.4]

Existing analyses of Top Two algorithms are asymptotic in nature and requires too much control on
the empirical means and proportions to yield any meaningful information in the finite-confidence
regime. Therefore, we adopt a different approach which ressembles the non-asymptotic analysis of
[[12]]. We first define concentration events to control the deviations of the random variables used in the
UCB leader and the TC challenger. For all n > K, let £, := (ic(x) Niepns/o n) (6t N EF;) where

5t1,i — { /Nt,i|,ut,i N ,Ui| < /6logt} and th,z — {(,ut,z'* - Mt,i) - (Mz‘* — /M) S — /810gt}.
\/I/Nm* + 1/Nt,z‘

Using Lemmas and the proof boils down to constructing a time 7°(d) after which &,, C
{75 < n} forn > T(0) since it would yield that E,,[75] < T'() + 12K.

Let n > K such that £, N {n < 75} holds true, and ¢ € [n°/6, n] such that BY“® = i*. Using that
t <n < 75, under (), Sir Szi, the stopping condition yields that

2¢(n = 1,8) = (s — poye) (/Ni e +1/N] e) 7% = \/Blogn) 4

Let wy , be the unique element of wy , (4¢). Lemma3.1{links the empirical proportions N;; /(t—1)
to wy /2,0 for i € {i*, CC€}. It is the key technical challenge of our non-asymptotic proof strategy.

Lemma 3.1. Ler ¢ € (0, 1]. There exist T,, > 0 such that for all n > T}, such that £, N {n < 75}
holds true, there exists t € [n°/ n] with BY® = i*, which satisfies

(n = (/N +1/N] ge) < (14 6)*(2+ 1w} 5 cac) /5.
Before proving Lemma 3.1} we conclude the proof of Theorem 2.4 Let &, T}, and ¢ as in Lemma[3.1]
and T'(0) := sup{n | n—1 < T}, (n)(1 +¢)?(\/c(n —1,68) + /4logn)?/B}. For all n >
max{T),,T(1)}, we have \/c(n —1,0) + /4logn > \/B(n -1 1/2( 1)~ L(1 + £)~2. Therefore,

we have proved that £, N {n < 75} = 0 for all n > max{T),, T(0)}. This concludes the proof.

Provided that B; = i*, the above only used the stopping condition and the TC challenger, and no
other properties of the leader. Lemma shows that BB = i*, except for a sublinear number
of times. Section [3.3]exhibits sufficient conditions on a regret minimization algorithm to obtain a
non-asymptotic upper bound.

Lemma 3.2. Under the event (¢ k1 (e[ns/o &l o we have Ly i» > n—1—24H () logn —2K.

n]

Proof sketch of Lemma The key technical challenge is to link N~ £ ore /(n —1) with wy J2,CTC"

We adopt the approach used to analyze of APT [30]: consider an arm belng over-sampled and study
the last time this arm was pulled. By the pigeonhole principle, at time 7,

Fky # i, st Ny > 2L — Npp o )wl o g, - 5)
Let ¢; be the last time at which BY“® = i* and CJ® = k;, hence N, > N} — 1. Using
Lemmasand , we show that NZ;kl 2 w1/2 g, (n = 1), hence t; > n®/6 for n large enough
(see Appendix . Then, we need to link N[M* to (n —1)/2. When wy , ;. -is small, (3 can be

true at t; = nd/ 6. hence there is no hope to show that t; = n — o(n). To circumvent this problem,
we link Nti:,i* to Nt’: k, thanks to Lemma and use that

n—1 n-1 n—1 N{
Nty S <2+Ni* ) (A;;kl +1> <2(1+e)? 2+ 1/wijp,)

t1,0* t1,k1



for n > T),(w_) with T, (w_) < max{C?, (2/(ew_) 4+ 1)°,(2/¢)"?} (Lemmas and[D.11)),
where w_ = min;z;~ wf/u > 0 lower bounds w{/Q Ky This concludes the proof for wg = 0.

The (sub-optimal) multiplicative factor 2 in 75 (d) comes from the inequality (6). To remove it, we
need to control the deviation between the empirical proportion of arm 4 and w} /2. forall i € [K].

Nevertheless, TTUCB]is asymptotically 1/2-optimal (Theorem [2.3).

Refined analysis For wy € (0, (K — 1), we clip min; 4 Wiy, by wp/2 (see Appendix @
Our method can be used to analyze other algorithms, and it improves existing results on APT.

3.2 Beyond Gaussian distributions

Theorems and[2.4]hold for sub-Gaussian r.v. thanks to direct adaptations of concentration results
(Lemmas [2.1] [E.2| and [E.5). The situation is akin to the regret bound of UCB: it holds for any
sub-Gaussian, but it is close to optimality in a distribution-dependent sense only for Gaussians.
However, if the focus is on asymptotically 5-optimal algorithms, then it is challenging to express the
characteristic time 7™ (u) for the non-parametric class of sub-Gaussian distributions.

The [TTUCB]algorithm can also be defined for more general distributions such as single-parameter
exponential families or bounded distributions. It is only a matter of adapting the definition of the UCB
leader and the TC challenger. For bounded distributions, the UCB leader was studied in [[1]] and the
TC challenger was analyzed in [21]. Leveraging their unified analysis of Top Two algorithms with our
tracking-based results, we can show asymptotic 3-optimality of for bounded distributions
and single-parameter exponential families with sub-exponential tails. We believe that non-asymptotic
guaranties could be obtained for more general distributions, but it will come at the price of more
technical arguments and less explicit non-asymptotic terms.

3.3 Generic regret minimizing leader

Our non-asymptotic analysis highlights that any regret minimization algorithm that selects the arm ¢*
except for a sublinear number of times (Property [T) can be used as leader with the TC challenger.

Property 1. There exists (£,), with 3 P, (£%) < +o00 and a function & with h(n) = O(n?) for
some 7y € (0, 1) such that under event £, L,, ;+ > n — 1 — h(n).

For asymptotic guarantees, the sufficient properties on the leader from [21] are weaker since they are
even satisfied by the greedy choice B,, = 7,,. While Top Two algorithms were introduced by [38] to
adapt Thompson Sampling to BAI, we have shown that other regret minimization algorithms can be
used: the Top Two method is a generic wrapper to convert any regret minimization algorithm into a
best arm identification strategy.

The regret of an algorithm at time n, R,, = > £ir A;N, i, is almost always studied through its

expectation E[R,,]. This is however not sufficient for our application. We need to prove that with high
probability, IV, ; is small for all arm ¢ # ¢*. Such guarantees are known for UCB [3] and ETC [29],
but are yet unknown for Thompson Sampling. We cannot in general obtain a good enough bound on
N,,,; from a bound on E[R,,]. However, we can if we have high probability bounds on R,,. Suppose
that a regret minimization algorithm Alg, satisfies Property[2]and is independent of the horizon .

Property 2. There exists s > 1,y € (0,1), (En,5)(n,5) With >, P, [SE —s] < 00 and a function h
with h(n,n~*) = O(n?) such that under event &, 5, R,, < h(n,§).

Let Alg, be the algorithm Alg; used in a Top Two procedure, but which uses only the observations
obtained at times n such that I, = B, and discards the rest. Let gn = &y p—s and Apyy =
min,;« A;. Then, under &, Alg, satisfies Zi#* N}” < h(n,n"*)/Amin and Lemmayields
Nﬁ:i* > fB(n—1) — h(n,n"*)/Anin — K/2. Therefore, Propertyholds for £, and h(n) =
(h(n,mn~*)/Amin + K/2 4+ 1)/B. Given a specific algorithm, a finer analysis could avoid discarding
information by using Alg; with every observations.



3.4 Adaptive proportions

Given a fixed allocation 3, any Top Two algorithm can at best be asymptotically 5-optimal. Since the
optimal allocation * € arg minge g 1) 15 (1) is unknown, it should be learned from the observations
by a Top Two algorithm using an adaptive proportion [3,, at time n. Recently, [44] proposes IDS
to choose 3, in an adaptive manner. For BAI with Gaussian observations, IDS yields 5, =
Nync, /(Nu.B, + Nnc,). Let B% = % > ten—1) Pl (Br = i) be the average proportion when

arm ¢ was the leader before time n. Tracking with IDS requires to use 5511 instead of 3. Using the
analysis of [44]], it is reasonable to believe that one could obtain asymptotic optimality of TTUCB
with IDS. However it is not clear how to adapt the non-asymptotic analysis since it heavily relies on 3
being fixed and bounded away from {0, 1}. Experiments with IDS are available in Appendix

4 Experiments

In the moderate regime (& = 0.1), we assess the empirical performance of with bonus
gm and concentration parameters s = « = 1.2. As benchmarks, we compare our algorithm with
three sampling-based Top Two algorithms: TTTS, T3C and S-EB-TCI. In addition, we consider
Track-and-Stop (TaS) [17]], FWS [42], DKM [12], LUCB [24] and uniform sampling. At time n, the
LUCB algorithm computes a leader and a challenger, then sample them both (see Appendix [G.I)). To
provide a clear comparison with Top Two algorithms, we define a new 5-LUCB algorithm which
sample the leader with probability /3, else sample the challenger. At the exception of LUCB and
B-LUCB which have their own stopping rule, all algorithms uses the stopping rule (I) with the
heuristic threshold ¢(n, ) = log((1 + logn)/d). Even though this choice is not sufficient to prove
d-correctness, it yields an empirical error which is several orders of magnitude lower than §. Top
Two algorithms and 5-LUCB use 8 = 1/2. To allow for a fair numerical comparison, LUCB and
(-LUCB use \/2c(n —1,0)/Ny,; as bonus, which is too tight to yield valid confidence intervals.
Supplementary experiments are available in Appendix [G]

Random instances We assess the performance on 5000 random Gaussian instances with K = 10
such that y; = 0.6 and p; ~ U([0.2,0.5]) for all ¢ # 1. Numerically, we observe w*(u);» =~
1/3 £0.02 (mean = std). In Figurea), we see that performs on par with existing Top Two
algorithms, and slightly outperforms TaS and FWS. Our algorithm achieves significantly better result
than DKM, LUCB, 1/2-LUCB and uniform sampling. The CPU running time is reported in Table El,
and the observed empirical errors before stopping is displayed in Figure 3] (Appendix [G.2).

Larger sets of arms We evaluate the impact of larger number of arms. The “1-sparse” scenario of
[20] sets py = 1/4 and p; = 0 forall i # 1, i.e. H(p) = 32(K — 1) (see Appendix [G.2|for other
instances). We consider algorithms with low computational cost. In Figure [[(b), all algorithms have
the same linear scaling in K (i.e. in H (u1)). Faced with an increase in the number of arms, the TS
leader used in T3C appears to be more robust than the UCB leader in This is a common
feature of UCB algorithms which have to overcome the bonus of sub-optimal arms.

4.0x10° o 61
* 107 [ epray o
' — TTUCB o
8 —+ T3C //%//%
3.0x10* § 8 - LUCB v
F : v—1/2-LUCB >~
g ° = o Uniform I =8 -
= g A+
= " ° ° — o g .~
< | o = :
= 2.0x10 8 ' &3] . g ./—/.+/
IR
1.0x10* T "///
X r <
| T1LL
10" 10° 10°

o

TTUCB EBTCI T3C TITS Tas FWS DKM LUCB 1/2-LUCEUniform K

Figure 1: Empirical stopping time on (a) random instances (/X = 10) and (b) “1-Sparse” instances.



5 Conclusion

In this paper, we have shown the first non-asymptotic upper bound on the expected sample complexity
of a Top Two algorithm, which holds for any error level and for any instance having a unique best
arm. Furthermore, we have demonstrated that the algorithm achieves competitive empirical
performance compared to other algorithms, including Top Two methods.

While our guarantees hold for a fixed proportion f3 allocated to the leader, [44] recently introduced
IDS to define an adaptive proportion [3,, at time n and show asymptotic optimality for Gaussian
distributions. Deriving guarantees for IDS for single-parameter exponential families is a challenging
open problem. Finally, Top Two algorithms are a promising method to tackle complex settings. While
heuristics exist for some structured bandits such as Top-k, it would be interesting to efficiently adapt
Top Two methods to deal with sophisticated structure, e.g. linear bandits.
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A Outline

The appendices are organized as follows:

* Appendix [B| gathers notation used in this work.
* In Appendix C} we study the link between 7™ (1) and T} (1) for Gaussian distributions.

* The detailed analysis of our non-asymptotic upper bound (Theorem [2.4), sketched in
Section [3] is detailed in Appendix [D] We also give a non-asymptotic upper bound on the
TTUCB]|using g, in (@) (Corollary [D.3), and on uniform sampling (Theorem [D.6).

* We show the asymptotic optimality of our algorithm (Theorem[2.3) in Appendix [F

* Appendix [E] gathers concentration results used by the stopping rule (Lemma[2.1)) and the
sampling rule.

* Implementation details and supplementary experiments are detailed in Appendix

Table 2: Notation for the setting.

Notation Type Description
K N Number of arms
i R Mean of arm ¢ € [K]
w RE Vector of means, 1 := (14;) e[k
i RX — [K] Bestarm operator, i* (1) = arg maX;e(x) Hi
T* (), Tj (1) R% Asymptotic (8-)characteristic time
w* (), ws(p) = {(Wh ,;)ieix) } VAN Asymptotic (/3-)optimal allocation

B Notation

We recall some commonly used notation: the set of integers [n] := {1,--- ,n}, the complement X ¢
and interior X of a set X, Landau’s notation o, O, 2 and ©, the (K — 1)-dimensional probability
simplex Ax = {w € Rf | w >0, ZiE[K] w; = 1}. While Table [2] gathers problem-specific
notation, Table 3| groups notation for the algorithms. We emphasize that N}H is the number of times
where we pulled arm ¢ as a leader before time n.

Table 3: Notation for algorithms.

Notation Type Description

B, [K]  Leader at time n
K]  Challenger at time n
]

Arm sampled at time n
B (0,1) Proportion parameter
X1, Sample observed at the end of time n, i.e. X, 1, ~ N(/.t[n, 1)
Fn History before time n, i.e. 7, :=0(I1, X115, s In, Xn,1,,)
in [K]  Arm recommended before time n, i.e. i, € argmax;c(x fin,i
Ts N Sample complexity (stopping time of the algorithm)
i [K]  Arm recommended by the algorithm
¢(n, 0) Stopping threshold function

R*
Ny I\?r Number of pulls of arm ¢ before time n, Ny, ; := Zte[n_u 1(; =14)

i 7 Empirical mean of arm 4 before time n, fi,, ; := ﬁ Zte[n—l] X, 1 (I, =14)
Lr},i N Counts of B; = i before time n, L, ; := Zte[n—1] 1 (B, =1)

N} N Counts of (By, Iy) = (i, j) before time n, Ny, ; =32, L((Be, It) = (i,7))

n,j

13



C Characteristic times

Let 1 € DX such that i*(p) = {i*}. Let 8 € (0,1) and w}; be the unique allocation S-optimal
allocation satisfying wj ; > 0 for all i € [K] (Lemma|C.2), i.e. wg(u) = {wj} where

Y2 L
wi(p) == argmax min (i = i)™ _ arg max mi pir — M

— Y = mim-———-.
WEA 1w« =3 iF£i* 2<1/6 + 1/w7,) WEN kg :wix=f i \/ 1/6 + l/wl

We restate without proof two fundamental results on the characteristic time and the associated
allocation, which were first shown in [38]]. Lemma gives an upper bound on 77 (1) /T (p) and
Lemma[C.2]shows that the (3-)optimal allocation is unique with strictly positive values. [38] shows
that these two results hold for any single-parameter exponential families. [21] extended their proof
for the non-parametric family of bounded distributions. Moreover, they argue that these results should
hold for more general distributions provided some regularity assumptions are satisfied.

Lemma C.1 (38]). T7),(n) < 2T (1) and with * = w}. (),
T* * 1 B*
B(M)Smax{ﬁ, p } .
T*(p) gr1-p
Lemma C.2 ([38]). Ifi*(u) is a singleton and 3 € (0, 1), then w* () and wi () are singletons, i.e.
the optimal allocations are unique, and w*(y); > 0 and wg(p); > 0 for all i € [K].

Gaussian distributions Since Lemma|C.I]is a worst-case inequality holding for general distribu-
tions, we expect that tighter inequality can be achieved for Gaussian distributions by leveraging their
symmetry. This intuition is fueled by recent results of [6]]. Using a rewriting of the optimization prob-
lem underlying 7*(u) (LemmalC.3), they provide a better understanding of characteristic times and
their optimal allocations (Lemma|[C.4)). In particular, for Gaussian distributions, Lemma [C.4] shows
that the optimal allocation of arm * is never above 1/2 and is larger than 1/(vVK —1+1) > 1/K.

Lemma C.3 (Proposition 8 in [6]). Let u € RX be a K-arms Gaussian bandits and (1) be the
solution of 1,,(r) = 0, where

Vr e (1/5171&11,{1(%* — i), +00),  Pu(r) = g; (r(pie — ps)? — 1)

and 1, is convex and decreasing. Then,

N 2r(p)
i#* r(p)(pix —pi)?—1

Lemma C.4 (Proposition 10 in [6]). Let i € R¥ be a K-arms Gaussian bandits. For K = 2,

w*(p) = (0.5,0.5) and T*(u) = 8(u1 — pa)? .

For K > 3, we have

(VK =T1+1) < w'(u)i- <1/2,

and
1+vVK -1 1+VK —1)2
max{ - 8 504 +7 }ST*(;L)SQ ( * ) 5
ming - (pis — 1) A2 N2+ (e — 1)

where A2 = 1 D ipir (Hir — w:)?. In particular, the equalities w*(u);+ = 1/(v/K — 1+ 1) and
* _ 2(14+vEK-1)? . e P A
T*(u) = ing (e —)? e reached if and only if (1; = max; i« p; for all i # i*.

By inspecting the proof of Proposition 8 in [6], we obtain directly the following rewriting of T'; ().

Lemma C.5. Let u € RE be a K-arms Gaussian bandits and (1) be the solution of ¢,, 5(r) = 0
where

1 1-8
r(pis = pi)? — 1 g

vr € (1/ min(uis = p)?,+00), Pup(r) =
ii*
and @, g is convex and decreasing. Then,

73() = 220
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Figure 2: Ratio of characteristic times €2(z) = T7 (1) /T* () for K = 3 (left) and K = 4 (right).
The dashed blue line is 75 = 6/(1 + v/2)? (left), and the blue point is 73 = 8/(1 + v/3)? (right).

Proof. Using the proof of Proposition 8 in [6], we obtain directly that
275 (1) ™" = Cp()
where Cg(p) is the solution of ®,(C) = 0 where

Zﬁﬂz*_,ul /C (1_5)

11

The idea behind the above result is that at the equilibrium, i.e. at w*, all the transportation costs
are equal to C. Then, the implicit equation defining C' is obtained by using the constraints that
> iz w; =1 — . To conclude, we simply use r = 3/C.

Since it is the sum of K — 1 convex and decreasing functions, ¢,, g is also convex and decreasing. [J

Lemma aims at improving the worst-case inequality between T1*/2( w) and T*(u) in the

Gaussian setting. For K = 2, those two quantities are equal. For K > 3, we showed that
max .| (u)|=1 1} /2(u) /T* () is at least r i, which is achieved when all sub-optimal arms have the

same mean. As the gradient of the ratio is the null vector for those instances, we conjecture this is
the maximum, i.e. T} /2( 1) < rT*(u). Our conjecture is supported by numerical simulations for

K >3.In Flgure we plot the ratio of characteristic times €(2) = T7 5 (1) /T (p) for K € {3,4}.
We observed that our conjecture is validated empirically, and that T, (1) /T () is often close to 1.

172K
Lemma C.6. For K = 2, we have T}, (1) = T* (). For K > 3, let rix = 2K /(1 + VK —1)%

Then, for all p such that i* () is unique, we have Tr}/f’((’;) = Q(x) where x; = :1* :J > 1 forall

J ¢ {i*,3*} with j* € argmin,_;. pi» — ;. In other words, 71/*2((/;) is independent from p;+ and

ming;« pi+ — puj. Moreover, we have
Q(lK,Q) =TK and VmQ(lK,Q) = OK,Q .

Proof. Using Lemma L we have 17, (1) = T*(p) directly for K = 2.

For K > 3, we want to upper bound 77, (1) /T*(11). If we denote by Amin (1) = min;z (pir —
w;)?, it is easy to see that TF o (1) /T () = 1/2( )/T*(ft) when Apin (1) = Amin (). Likewise,
this ratio is invariant by translation of all means by a same quantity. Therefore, we consider without
restriction an instance p such that A,;, (1) = 1 and with

1 =0>po=—x9 >+ > ug = —Tg ,
where o = 1 and x; > 1 forall 7 > 3.

First, we can rewrite

1 x? > 1 . 1 1
= - max mi ni — Imax min-———— = —
4gedg_1 i>2 1+ 1/q; ~ dgedg_1 i>2 1+1/q; 4K’

1*/2(33)
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where the inequality is an equality if and only ; = 1 for all ¢ > 2. Using Lemma[C.4] we know that
T*(z) =2(1 + VK —1)?
if and only x; = 1 for all ¢ > 2. Therefore, we have exhibited an instance such that
T35 (1) 2K

T () (1+VK—-1)2"

Applying Lemmafor f = 1/2, we obtain T} /2(:1:) = 4C(x) where C'(z) is the implicit solution
of the equation

1 1
o(z,C(x)) =0 where ¢(z,C) = o] +Z 21 L.
i>3 v

Using Lemma|C.3] we know that

2r(x)
T*(z) =
1+ r(ml)—l + Zi23 r(z);}cf—l

where () is the implicit solution of the equation

¥(a,r(z)) =0 where ¢(z,r) = — ! +Z( ! 1.

Therefore, we obtain that

Ii)p(@ x x
) = - 2@ C) +Zr(x)(0()

T2 T ) r(z) -1 r(x)a? — 1)’

i>3
and our goal is to show that the above quantity is maximum if and only x; = 1 for all ¢ > 2. One
way of doing this is by computing the gradient and showing it is negative, which would imply that
the function is decreasing. Let j > 3. Using the implicit differentiation theorem, we obtain

2C (x)x;
e g (@, C(x)) T2 ac 20 (15 —s)
T TPy R— 7 ad g (k)=
J ac \h AT @12 T 2izs C@er1) ]
and
oY 2r(z)z;
or (2) 37_].(%7”(95)) (r(@a2—1) and or i ) 2r(1x—2)
2= == 7 o, K2 = 7
81}] or (‘T7 ’I“({L‘)) m + 2123 W 8‘7:] K 1
Direct computations yield that
9 [ Cl) \ s, @@ -1) - Cl)gs @) g O (_Cl) 1 20(1g )
Or; \r(z)—1) (r(x) —1)2 Oxj \r(x)—1/),_, | K —1(r(1g_s) —1)2"’
and

i < C(x) > _ %(x}r(x)(r(x)x? -1) - C’(I)%(z) (27"(:0)9:? — 1) — 20 (x)r(z)?x;
O (r(2)(r(z)a? — 1))

9 (_ O (1 2C(1k—2)
oz <r(x)(r(x)x? - 1))3621}{2 (K -1 1) (r(lg—2) —1)27

and, for i > 3 s.t. i # 7,
Kl ( Clx) > _ S @r@)r(@)ef —1) = @) FE () (2r(w)af — 1)
Ox; \r(z)(r(z)a? — 1) (r(z)(r(z)a? - 1))*

0 ( C(z) ) _ 1 2C(1k-2)
Oxj \r(x)(r(x)z; —1) ) ,_y, . K—-1((lg-2)—1)*"

=N
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Then, plugging everything together, we obtained that

o0 2C(1x—2) 1 1 1
—(1g_2) = + -1+ — ] =0.
a.’bj (T(lK_Q) - 1)2 K-1 K -1 zzgyﬁj -1
Therefore, we have shown that VQ(1x_2) = O _o. O

D Non-asymptotic analysis

In Appendix [D.T] we state and prove one key result for each one of the three main components of

the [TTUCB] sampling rule: the UCB leader (Lemma , the TC challenger (Lemma [D.2) and
the tracking (Lemma [D.3). The proof of Theorem [2.4]is detailed in Appendix [D.2] which uses
the stopping rule (I)) and a proof method from [30]. It is a direct consequence of a more general

result (Theorem [D.4). In Appendix [D.3] we prove a non-asymptotic upper bound for the TTUCB
when using g,, instead of g,, (Corollary [D.3)). We compare our results with uniform sampling in

Appendix [D.4] (Theorem [D.6). Other technicalities are gathered in Appendix

D.1 Key properties

Before delving in the proof of Theorem[D.4]itself, we present the key properties of each component
of the[TTUCB]| sampling rule under a some concentration event.

Let @« > 1and s > 1. Let (&,),>Kk be the sequence of concentration events defined as &, :=
&1 N &,y forall n > K where & ,, and &, ,, are defined in (T7) and (I9) as

wl(t
£ o= {Vk € K]Vt € [0/ n), s — el < | 24 >} ,
i Nt,k

- % 6% ]. ]_
Ean 1= {Vk # iVt € M), (e — pk) — (s — ) > _\/2a(2 +s) log(t) (N + Nk> } ’
t,i* t,

with g, (n) = 2a(1 + s) log n. In Lemma it is shown that ) P(ES) < (2K — 1)¢(s).

UCB leader Lemmal]Zfl shows that the UCB leader is different from ¢* for only a sublinear number
of times under a certain concentration event. It is slightly more general than Lemma [3.2] presented in
Sectlonl 2l which follows from H (1) < Hy () 4+ 2A52 = H(p).

min

Lemma D.1. Let (€1,,), and g, as in Lemma Let Hi(p) = 3 2= () W For all
n > K, under the event £ ,
Vt S [nl/a7n]a Lt,i* 2 t— 1— QH(M)gu(t)/ﬁ - K/B 9 (6)

Let (&3 ,)n and gy, as in Lemma Under the event Es ,, () holds by using g, instead of g,,.

Proof. Suppose that at time ¢ € [nl/ * n], the UCB leader is different from *, i.e. By = k # *.
Using the event & ,, and the definition of B, yields

| gu(t) [ 9u(t) [4g.(1)
» < * AR _
pi Hes Nt i K Ny — Mt Ny i

We get that if ¢ > n'/®, then Nej < m 4“7“(:)) Therefore, we obtain the following upper bound on
the number of times the leader is different from ¢* up to time ¢

K-1 - Ag,(t K —
t—1— L”*_ZL”@<BZNZC,€ 5 *BZN“# <Z g 4 251’

k#i* kAi* ki k#z* - ,LLk B
where we used Lemmafor the second inequality and Nt’fk < Ny, for the third. This concludes
the proof for g,,. The same reasoning can be applied for g,,. O
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TC challenger Lemma|D.2]shows a lower bound on the “transportation” costs used by the TC
challenger provided a certain concentration holds. This lower bound depends only on the empirical
counts when the best arm is the leader.

Lemma D.2. Foralln > K, under the event & ,, for all t € [nY/*, n) such that B, = i*,

Yk # ¥, He.B, — Btk > Hir — B —V2a(2+s)logn.

V1/Nes, +1/New \/1/Ng’,;* +1/Nj,

Proof. Under &, ,,, using B, = i* yields

Ht,B, — Ktk > Hix — Mk —V2a(2+ s)logt > Fir — Hk —V2a(2+ s)logn,
V1/Nieg, + 1/Ny 1/Ny i« +1/Ny 1/NE. +1/N5,

where the second inequality uses that Ny > Ntl*k forall k # 4*. O

Tracking Lemma[D.3|shows the key property satisfied by the K independent tracking procedures
used by the sampling rule. It is slightly more general than Lemma [2.2]presented in Section 2]
It is a simple corollary of Theorem 6 in [[13].

Lemma D.3. Foralln > K andi € [K], we have —1/2 < N}” — BLy,; < 1andforall k # i,

B o 11

Nio>_FP NI
n,l—l_ﬁ n,k 21—ﬂ

Proof. We can rewrite the tracking condition Nf B, < BLypy1,B, as

Nﬁ%’n - /BL"LJFlan < (Ln+1,Bn, - Nyﬁ%n) - (1 - /8)L7L+17Bn .
For all k € [K], this corresponds to a two-arms C-Tracking between the leader & and the challengers
with w, = (8,1 — B) for all n such that B,, = k. The leader’s pulling count is Nf}g,n and
the challengers’ pulling count is L4+ B, — Nﬁ B, - We recall that C-Tracking was defined as
In = argmingciry Noke = Doiefn) Wik
Theorem 6 in [13] yields for all n > K, f% < Nf B, ~ BLy, B, < 1. The K parallel tracking

procedures are independent since they are considering counts partitioned on the considered leader.
Therefore, the above results holds for all ¢ € [K]. This concludes the first part of the proof.

Direct manipulations yield the second part of the result, namely

Ny <Lni—Np,; <(1=08)Ln;+ 3 and N!.> —5 + Ly i8> %(Nflk - =) -

n,i =

The choice of K independent tracking procedures was made for two reasons. First, independent
procedures are simpler to analyze for theoretical purpose. Second, independent procedures yields
better empirical performance since it avoids over-sampling a sub-optimal arm when it is mistakenly
chosen as leader. To understand the second argument, let’s look at another design with one tracking
procedure. Namely we set I, = B,, if N,, g, < fn,else I, = C,,. When B,, # i*, then it will
(almost always) take I,, = B,, since N,, g, is lower than Sn. On the other hand, when B,, # i* with

K independent tracking procedures, both [NV f B, and L,, g, are small, hence it is less systematic.

D.2 Proof of Theorem 2.4

Theoremis a direct corollary of Theorem which holds for any 5 € (0,1), s > 1 and o > 1.

Theorem D.4. Let (6,3) € (0,1)% s > 1 and o > 1. Using the threshold @) in () and g, in @),
the[TTUCB|algorithm satisfies that, for all i € RE such that |i* ()| = 1,

E,[rs] < max {TO((S), ce, c(;fl,c?} L0y,
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where

To(5)sup{n>K|n1 STg(ﬂ)ﬁ(l(l:ur;d(“’O) (Ve(n )+\/a(2+s)logn)2} ,
QZM@W+WMM@,%=£%6H70FUW%C%4M—M@+L

au(wo) = (1 — wp) @) max{i;?}&) wh (i, (1= Bwo},  du(wo) = [{i € [K]\{i" ()} | wh(p)i < (1= Blwo},

with e € (0,1], wo € [0,1/(K — 1)] and ( is the Riemann ( function. For all x > 0, the
function hy(z) := 2W _, (log(x) + W) is positive, increasing for v > 2 + K/, and satisfies
hi(x) = z(log x + log log ).

Let n > K such that &, holds true and the algorithm has not stop yet, i.e. £, N {n < 75}. Let

t € [nY/ n] such that B; = i*. Let ¢(n, §) as in (2), which satisfies that n + c(n, §) is increasing.
Using the stopping rule (I)) and ¢t < n < 75, we obtain

\/QC (n—1,6) > \/20 ) > min Mti, — Htyi > mi (B, — i)+ (pe.B, — pec,)+ ’
i#ie /1[Ny, + 1/ Ny 2B, V1/Ne g, +1/Ny; \/1/Nt,Bt +1/N: e,

The last inequality is an equality when B; = %;, and trivially true when B, # i; since a positive term
is higher than zero (already null when taking ¢ = 1;). Using Lemma [D.2] we obtain

PtBe —F.Ce P ZPC _\/2a(2+ 5)logn
V1/Ny 5, +1/N.c, \/1 INiw +1/Ni,
1/8+1/wj v — Hi
T e
1/Ngi +1/Nic, i 1/8+1/wg,

1/ﬂ+1/wgc
> _ Co_ Jorx(u)-1 — /2a(2 + 5) logn,
= \/1/1\72,7;* +1/N{e, 5l o2+ s)logn

where the second inequality is obtained by artificially making appear 1/5 + 1/ wj ¢, and taking the
minimum of ¢ # ¢*. The last inequality simply uses the definition of wlg.

While combining Lemma and Lemma links Nt’;* /(t — 1) with 3, we need another argument
to compare the empirical allocation NZ*C /(t — 1) of the sub-optimal arm C; with its S-optimal
allocation wj ., . Before delving into this key argument, we conclude the proof under an assumption
that will be shown to hold later: there exists Dy > 0 and T}, > 0 such that for all n > T, there
exists a well chosen ¢ € [n!/® n] with B, = i*, which satisfies

o« o D
N +1/Nfe, < =5 (1/B+1/wfc,) - %

Let’s define

T(6, D) := sup {n > K |[n—1<T5(u)Do (\/c(n— 1,0) + \/a(2+s)logn>2} .

Ht,By —Ht,Cy . ..
For all n > max{T},, T(1, Do)}, the lower bound on NV is positive, hence we can
use that it is upper bounded by /2¢(n — 1, ). Putting everything together, we have shown that

2
¥n > max{T},, T(1, D)}, n—1<T4(u)Dy (\/c(n T1,8) + /a2 1 5) log n)
Therefore, we have &, N {n < 7w} = 0 (Ge. &, C {m < n}) for all n >

max{7'(0, Dy),T(1,Dy),T,} + 1. Using that § — T'(d, Do) is an decreasing function (since
C¢ is increasing), we obtain that T'(6, Do) = max{T'(d, D), T(1, Do)}.
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Combining Lemmas [D.8|and [E-6] yields
E,[75] < max{T(5, Do), T,} + 1+ > Pu(EL) < max{T(6, Do), T} + 1 + (2K — 1)((s) .

n>1

At this stage, the proof of Theorem@ boils down to exhibiting Dy > 0 and 7}, > 0 such that:
for all n > T, there exists a well chosen ¢ € [nl/ ® n| with By = ¢* and such that (]ZI) holds. As
mentioned above, the crux of the problem is to relate Nf;ct /(t — 1) and w} o, . To do so, we will

build on the idea behind the proof for APT from [30]: consider an arm being over-sampled and study
the last time this arm was pulled.

By the pigeonhole principle, at time n, there is an index k1 # i* such that (3] holds, i.e.

. wp .
:,Zl,kl Z 1 _’ é(Ln,i* - N:L,l*) 9

and we take such k. Let 1 := sup {t < n | (B, C) = (i*, k1)} be the last time at which i* was

the leader and k; was the challenger. If I;, = B;, then Nti;kl = Nf:kl, else Nt’:)kl = Nﬁ:kl —1.1In

both cases, we have N}, > Ni', —1.Let f; as in (T4). Combined the above with Lemma
we obtain

it i k it *
Ntlakl an;kl_l ﬂ é( _Nn,i*)_lZwﬁ,kl(n_l)_fl(n)'
Let w_ > 0 be a lower bound on wj ;. , for example consider w_ = min;;+ wj ,. Let
ELa »T
1
Co(w):sup{n21|n—1<(nl/a-i-fl(n))} . (8)
w-—
Since t1 — 1 > Nj , > wﬂk (n — 1) — fi1(n), we obtain that t; > n'/ for all n. > No(w_).

For instances p such that wB k, 1s small, the equation (3) can be satisfied at the very beginning,
hence t1 might be sublinear in n. Therefore, while combmmg Lemma[D.T]and Lemmamylelds

Ng1 i+ & B(t1 — 1), it is not possible to obtain Nfl i+ & B(n —1). Due to the missing link between
t1 and n, we use the following inequality

* * —1 Nf:,kl
L/N{ s +1/N{ oy < —— o 1/6 + N“ N +1],

t1,k1 t1,1*

which is a suboptimal step which artificially introduces 1/, and is responsible for the multiplicative
factor 1/ in Theorem - ID.4] Improving on this suboptimal step is an interesting question, whose
answer still eludes us. One idea would be to leverage the information of the sampled arm at time ¢
since we have NZ;* < BLyy1,i- when i* = B, = I, else NZ;* > BLyt1iv-

Let e € (0, 1]. It remains to control both terms. First, we obtain

n—1 1
1B+ —— <1/8+ — <(Q+¢e)(1/8+1/wj ;
N W~ R =T) ( i)
for all n > C4(w_). The last inequality is obtained by definition of
1
C’l(w_):sup{n21|n—l<fl(n)<1+>}, ©)
w_ €
which ensures that, for all n > C;(w_), the last condition of the equivalence
1
U’E,kl — filn)/(n—1) > (1 + 5)*111)%’,@1 = n- fl( ) (1 + E)
5 k1

is satisfied since wﬁ g = w—andn > C1(w-). Second, using Lemma . with Nti:,kl >
w,&kl( 1) — f1(n), we obtain

-1

NI 1
k< b__ +1<(1+¢)/B,

i* =

Ni . 1=6 21 -p) (wg,,ﬂ (n—1)— fl(n))




for all n > Cy(w_). The last inequality is obtained by definition of

1 1-B+e
C _ )= N* _ 1 < — l=pre , 10
>(w-) = sup {n eN*|n o (fl(n) + 2Be >} (10
which ensures that, for all n > C3(w_), the last condition of the equivalence
~1
1
1ﬂ - +1<(1+e)/B
-8B 21-p) (wé,kl (n—1)— f1(n))
1 258 1 ( 1— B + €>
= < = n—-1>— fn)+—2T¢
wh, (n—1)— fi(n) ~ 1-B+e¢ Wi 1(n) 252

is satisfied since w} ;, > w_ and n > Ca(w_). By comparison between (8) and (I0), we notice that

max {Co(w_), Ca(w_)} < max {Co<w>» (1_2§;6>}

Putting everything together, we have shown that taking Dy = (1 + )2/, we have for all n >

max{K, Co(w_),Cy(w_),Ca(w_)}, there exists t; € [n'/* n] with B;, = i* and such that (7)

holds. Let 4 defined in (T3). Since & < 1, using Lemmas [D.10|and [D.11] with the above yields
cw_ Be

Using w_ = min;;+ wj ; yields the first part of Theorem@ i.e. the special case of wy = 0.

1/(a-1)
max{Cp(w_),C1(w-),Ca(w-)} < max {hl (4 (1 + s)H () , (2 + 1> , 1}

Refined non-asymptotic upper bound When considering large K or instances with unbalanced
B-optimal allocation, min;.;» wj ; can become arbitrarily small. Therefore, the dependency in the
inverse of min;;« wj ; is undesired, and we would like to clip it with a value of our choosing which
is away from zero.

Let wy € (0,1/(X — 1)] be an allocation threshold and d,, (wo) = [{i € [K]\ {i*} | wj, <

(1 — B)wo}| be the number of arms having a S-optimal allocation strictly smaller than (1 — 8)wy.
As discussed above, for instances p such that w[’§7 ky (defined above) is small, the equation @) can be

satisfied at the very beginning for a small empirical allocation Nf: k,- 1o provide a more meaningful
result, one needs to have a sub-optimal arm k; such that either:

* Case 1: wj ;. is not too small, i.e. w};kl > (1= B)wp.

* Case 2: wj, is too small but N::kl is large enough, i.e. wj, < (1 — B)wo and
Ni* > 'w(](Ln’i* — N’rZLtz*)

n,k1 =

In case 1, we can conduct the same manipulations as above simply by using w_ = max{(1 —
B)wo, min;£; wg ;} instead of w_ = min;;« wg ;» since it is a lower bound for wg Ky

In case 2, the above proof can also be applied by conducting the same algebraic manipulations with
(1 = B)wo instead of wj ;. , and using w— = (1 — Blwy = max{(1l — B)wo, min;x;- wj ;}. To
slightly detail the argument, we can show similarly that Nt’: g, = (1= Blwo(n —1) — f1(n), where
f1 as in (T4) since we have (1 — 8)wg < 1 — f3. Then, for all n > C1((1 — B)wyo),

n—1

i*
Nt17k1

1/8+

<(1+e) (1/5+ ) <(L+e) (1/8+1/why,) -

1
(1= B)wo
The problematic situation happens when we are neither in case 1 nor in case 2:

* Case 3: both wj, and N}, are too small, i.e. wj, < (1 — B)woand NI\ <

wo(Ln,i» — NJ i)
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In case 3 it is not possible to conclude the proof with the arm k; without paying the price of an
inverse of min;;» wj ;. To overcome this price, we need to find another arm £ such that either case
1 or case 2 happens. Since N , and wj ;. -are small, we will ignore arm k1 and use the pigeonhole
principle on all arm ¢ € [K] \ {z k1}. Asin (B, we obtain that there exists ko such that

(1 —wo)w} ;,

1-p

where the last inequality is obtained by using wj , > 0 and Nf:kl < wo(Lnp, i+ — Nﬁti* ). Based
on ko the same dichotomy happens: either we can conclude the proof when we are in case 1 or
2 or we cannot since we are in case 3. If case 3 occurs also for ko, i.e. wj,; < (1 — B)wo and

N < wo(Lnis — N

n,ko n,i*

wh g, "
> Bv 2 — (L'n,,z* NZ _ (3 ) Z

7 i*
n,ka = 1_ ﬁ — w[-} o n,i* n,k1 (ani* - Nn,i*) ;

— N/...), we should also ignore it since it is non informative.

The main idea is then to peel off arms that are not informative, till we find an informative one. By
induction, we construct a sequence (k:a)ae[d] of such arms, where k is the first arm for which either
case 1 or case 2 holds. This means that for all a € [d — 1], we have wg k., < (1= B)wo and

N:z,ka < wO(L’ﬂ,i" n 'L* - Z
bela—1]

The construction, which rely on the pigeonhole principle for i € [K]\ ({i*} U {kq}ae[a—1)). yields
that k4 satisfies

d—1,, %
W5 1y (1 —wo)" T Wh i*
ka2 (Lnis = > N, i = Moo
¢ 1—5 Zae[d 1] W5k, a€ld—1] to

where the last inequality is obtained since ) €ld—1] wf 1. > 0 and by a simple recurrence on the

nz*_

arms {kq }aca—1)- Since the arm kg satisfies case 1 or case 2, we can conclude similarly as above.
Lettq :=sup{t <n | (B, Ct) = (i*, ka)}.

When wj > (1 — B)wo, the above proof can also be applied by conducting the same algebraic
manipulations with (1 —wg)9~! )4 max{(1— B)wo, mingz w} ;}.
In more details, we can show that Ntd gy = (1= wo)d*1w27kd (n—1) — f1(n), where f; as in (T4)
) twp ., <1 — . Then, forall n > Cy(w_),

w ;. and using w_ = (1 —wp

since we have (1 — wq

n—1 1 1+e¢
B+ o < (L+e) [ 1/8+ — | < 1/6+1/ws,) -
N/ (1 — wo) 1w}, (1 — w1 ( Bka)
This allow to conclude the result with Dy = 6(1(1+€))d1 hence paying a multiplicative factor of
1/(1 —wp)dt.
When w}, < (1 — B)wg and N}, > wo(Lpi+ — Ni e — > acid-1] N.). we conclude
similarly by manipulating (1 — wg)9~1(1 — B)wg, and using w_ = (1 — wg)? (1 — Blwy =
(1—wp)?~ ! max{(1—B)wo, min, w} ; }. First, we have NZ;,,% > (1—wp)?¥ two(n—1)— fi(n),
where f; as in (T4) since we have (1 — 3)(1 — wg)?twy < 1 — B. Then, for all n > Cy(w_),
n— 1 1+e¢
1/4+ ——<(1+¢ (164— )S 1/6 + 1/wj .
/ Ntd,kd ( ) / (1 _ wo)dfl(l _ 5)w0 (1 O)d 1 ( / / B, kd)
This allow to conclude the result with Dy = B(I(FrTi))Zd—l

To remove the dependency in the random variable d, we consider the worst case scenario where

{katacia—1y = {i € [K]\ {i*} | wj,; < (1 —Blwo},ie. d—1<dy,(wo). In words, it means that

we had to enumerate over all arms with small allocation, such that case 2 didn’t hold, before finding

an arm with large allocation, i.e. satisfying case 1.

In all the cases considered above, the parameters always satisfied w_ > (1 — wg)%(*°) max{(1 —
2

B)wo, minz- wj ;} and Do < g7ty

S B wo) o This yields the second part of Theorem i.e. for
wo € (0, 1/(K — 1)]
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D.3 Tighter UCB leader

While Theorem [2.3]holds for the[TTUCB]|sampling rule using g,, and g,, Theorem [D.4]is formulated
solely for g,,. Experiments highlight that using g,, leads to worse performances than when using g,,.
This is not surprising since g,, is smaller than g,,.

It is direct to see that the proof of Theorem [D.4]also holds for g,,, up to additional technicalities which
we detail below. As the obtained non-asymptotic upper bound is less explicit, we chose not to include
it in Theorem 2.3

Letaw > 1ands > 1. Let (E’n)n be the sequence of concentration events defined as én =E&,NE
for all n > K where &3 ,, is defined in (I8) as

Ny i
gm(n) :=W_1 (2salog(n) + 2log(2 + alogn) +2) ,

m (T
g3,n = {Vk S [K]th € [nl/a’n]’ |,u't,k - /-Lk| < g ( )} s

where W _1(z) = —W_1(—e~%) for all z > 1, with W_ is the negative branch of the Lambert W
function.

Let n > K such that £, holds true and the algorithm has not stop yet, i.e. &N {n < 75}. Using the
second part of Lemma|D.1| the vast majority of the proof is unchanged. Modifying the definition of
f1 in (T4) of Lemma[D.9|to account for g,,,, we define f2(n) := 2H (u)gm(n)/B + K/ + 2 for all
n>K.

In light of the proofs of the technical Lemmas [D.10]and [D-TT] we can define
Cp=sup{z e N* |z < fo(z*)} ,
and obtain directly Corollary @l with the same proof as in Appendix [D.2]

Corollary D.5. Ler (6,3) € (0,1)% € € (0, 1] s>1La>1w € [0 1/(K — 1)]. Combining the
stopping rule (1)) with threshold (]%[)(and the[TTUCB| sampling rule using g, in @ yields a d-correct
algorithm such that, for all j € R® with | (u | =1,

Eylrs] < max {Ty(6), g, 57, €7} + Ca,
where Ty(9), Co, C1 and Cy are defined in Theorem and
C, :=sup{r € N* | & < 2H (1) gm (2*)/B + K/B + 2} . (11)

Explicit upper bound Since g,, is itself a non-standard function (like logarithm), it is not straight-
forward to obtain an explicit upper bound on (TT). For g,, it was done in Lemma [D.10] by using
Lemmal[D.7l

Using Lemma[D.7] we obtain that
@ 2 2H (n)gm (%) /8 + K/B +2

T —Co T —
= — log
Cu Cu

cO) > 2sa? log(z) + 2log(2 + a*logz) + 2

2
— y—log(y) > <log(2 +a?logx) + ) I — log e, + ¢

1
sa?+1/2 2¢ sa?+1/2

= x> ha(cy, ),

where we used y = m, c1 = log(2sa? + 1) + m, ¢y =2H(p), co = K/ +2and
define

ho(z,2) == z(2sa® + )W _, ( sa’log + % % 4 log(2+a loga:)> + cl) . (12)

1
sa?+1/2 (

For both equivalences above, we used that we are interested in larger values of x, hence we
used that === > 1 > 1, 2sa?log(z) + 2log(2 + a?logz) + 2 > 1 and
©

T
> cu(2sa2+41)
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ﬁ (sa2 log e, + 2% + log(2 + a?log x)) 4+ ¢1 > 1. Since those conditions are implied

by z > hg(cu, x), those conditions are neither restrictive nor informative.
Therefore, we have shown that CN'M defined in satisfies
C, <sup{z € N* |z < hy (2H(p),2)} ,
where ha(z,z) is defined in (T2) is such that ho(z, 1) ~, 2z1og(2 + a?logx) and ha(z, ) ~,

2502z log 2.

D.4 Uniform sampling

While the shortcomings of uniform sampling are well known for general bandit instances, it is also
clear that uniform sampling perform well for highly symmetric instances x such that w*(u) ~ 1k /K.
Therefore, we derive a non-asymptotic upper bound for uniform sampling (Theorem [D.6), which
allow a clear comparison with Theorem [D.4] (and Corollary [D.5).

Theorem D.6. Ler § € (0,1). Combining the stopping rule (1) with threshold @) and the uniform
sampling rule yields a §-correct algorithm such that, for all u € R¥ with |i*(u)| = 1,

8aK(1+ s)
E,[7s <rnax{T d),h ( .
#[ } 1( ) ’ mlniy&i*(,ui* - Mz‘)
where h3(z) = zW _1 (log(x)) for all z > e and h3(x) = x for all x € (0, ¢) and

4K 2
— 1< _ .
T1() = sup {n >Klin-1 S BE (\/c(n 1,0) + \/a(2+ s) 1ogn) }

2)}+1+(2K—1)C(8)7 (13)

Proof. Letn > K such that £, holds true and the algorithm has not stop yet, i.e. £, N{n < 75}. Let
t:==sup{t e [n'/*n]| (t—1)/K €N, i, =i*}. Using the stopping rule () and t < n < 73,
we obtain

Mg, — Mty Mtz — Mtk
\/20774—1(5 >\/2Ct—15)>m1 t _ st SRt ,
i#ie \/1/Nes, + 1/Nii \/1/Nis, + 1/Nig,

Ht,iy —Ht,i

V1/Nea +1/Nes
(t—1)/K € N, we have N; ; = (t — 1) /K for all i € [K]. Combining the above with Lemma|D.2]
we obtain

where k; = argmin,;, Since we sample uniformly, for all time ¢ such that

— Mk > t—1
w/Nz; NG, V2K

V2e(n —1,0) +/2a(2 + s)logn > min (g« — ;) ,

where the last inequality is obtained by taking the minimum over ¢ € [K]. To conclude the proof, we
simply have to link ¢ with n. More precisely, we will show thatn — ¢ < K — 1 and 7, = ¢* forn
large enough. By concentration, we have

Kgu /gu <um<m g]:[ Kgu
t,e

Therefore, we have i+ > max;4ix fit 4, 1.€. & = 4%, for all £ > N3 where
4K
N3:—sup{n€N|n—1< - 9u(n) 2},
min;;» (pir — ps)
which means that we have at worse n—¢ < K —1. Forn > N3+ K, weobtaint > n—(K—1) > Nj.

% and © = n/c,. Assume that ¢, > e. Using the definition of g,, and

Lemma[D.7] direct manipulations yields

4K g, (n)
mingz« (fis — pi)?

Letc, =

< x—log(z) >log(c,) < z>W_1(log(c,)),
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where the last inequality uses that log(cu) > 1 and x > 1, which is not restrictive (or informative)
since it is implied by z > W _; (log(c,,)). When ¢,, < e, which means that the problem is easy, we
have directly that  — log(x) > 1 > log(c,) for « > 1. Therefore, the condition becomes = > 1, i.e.
n > c,. Defining hs(z) = W _;(log(x)) for all z > e and h3(z) = z for all z € (0, €), we have

8aK(1+ s) )
mingzi (i — pi)?)

Using a similar argument as the one in Appendix which rely on and the definition of 77 (9),
we can conclude the proof. O

N3§h3(

The structure of the non-asymptotic upper bound of uniform sampling in (13 is similar to the one for
the [TTUCB]| sampling rule in Theorem [D.4] Therefore, we can compare the dominating terms for
both the asymptotic and the non-asymptotic regime.

First, we look at the asymptotic dominant term, namely we compare T (6) and 77 (9). Taking w =

1x /K instead of w*(u) in the definition of 7™ (u), it is direct to see that T* () < m

Using Lemma we have T3 () < T*(p1) max {’%, 11_—,66* } where 8* = w}. (). Therefore, while

(14¢)? < 4K
B(1—wg )@ (w0) = ming i (pix —p)?
suggest that the gap is significant for reasonable instances. It is even possible to design instances
where the gap between both notion of complexity explodes.

we can’t say that 75 (1) for all instances i, empirical evidences

Second, we examine the dominating d-independent term. Using Lemma|[D.7] we obtain by concavity
that forall z > e

-1
0 < hy() = ha(x) < 2W_, (log(x)) =2 (1 B W(llg(x») ’

which yields that lim,_, 4 o h1(x) — ha(x) < 2. While those two functions diverges when  — o0,
their difference remains bounded by a finite quantity. Therefore, hq and hg are qualitatively similar. It

is direct to see that ——2——— < H(u) < % Therefore, while we can’t say that
NG £ % (#i* Hz) NG % (M* Hz)
aH(p) < m for all instances p, the gap can become significant for some instances.

D.5 Technicalities

Lemrna gathers properties on the function W _; which we used in this work.
Lemma D.7 ([22]). Let W _y(z) = —W_1(—e~%) for all z > 1, where W_1 is the negative branch

of the Lambert W function. The function W _; is increasing on (1,400) and strictly concave on

. -1
1, +00). In particular, W/_ r)=(1-— orall x > 1. Then, forally > 1 and x > 1,
1

1
W_l(x)
W_oi(y) <z <<= y<uz-—Ilogx).
Moreover, for all x > 1,

x +log(z) < W_y(z) <z + log(x )—ﬁ—mm{; f}

Lemma [D.8]is a standard result to upper bound the expected sample complexity of an algorithm.

Lemma D.8. Let (£,)n>K be a sequence of events and T'(0) > K be such that for n > T'(6),
En C{rs <n}. Then, B, [15] < T(6) + > o P L(ED).

Proof.

ZIP (s>n) < Y Pulm>n)+ > PuEH<TE) + ) PuEl).

n<T(5) n>T(5) n>K

25



Technical results Lemma[D.9|shows that a linear lower bound on the number of samples allocated
to the challenger, i.e. L, ;» — N2'.. 2 (1 — B)(n —1).

n,*

Lemma D.9. Let w € (0,1 — 3) and (&1,,)y as in (T7). For all n € N*, under &; ,,,

(Lo = N ) =12 (0= w = (),

1-p
where
fi(n) =2H(p)gu(n)/B+ K/B+2. (14)
Proof. Using Lemma we obtain that, under & .,
% (Ln - N::i*) 1= why — % 1> wn—1) - 2H(u)gu(n)/8 — K/B —2.
where the last inequality uses Lemma[D.I|for t = n and w € (0,1 — j3). O

Lemma gives an explicit upper bound on the constant Cp(w_) defined implicitly in Ap-
pendix [D.2]
Lemma D.10. Let w_ > 0 and Co(w_) as in §). Then, we have

1/(a=1))
Co(w-) §max{h1 (4e® (L + s)H(n)/B) , <2+1> } .

w—

where hy : R% — RY is an increasing function for v > 2 + K /3 defined as

2 105).

x

hy(x) == aW _4 (log(m) + (15)

Proof. Using the definition of g, and Lemma|[D.7} direct manipulations yields
nte > fi(n) <= nt>c,log(n'*) +2+ K/B = x—log(x) >d, <= x>W_,(d,),

where © = n'/%/c,, d,, = log(c,) + (2 + K/B)/c, and ¢, = 4a?(1 + s)H(u)/pB. For the last
equivalence we used that we are only interested in > 1 (small values are not relevant for upper
bounds). Since W_; (d u) > 1, this condition is neither restrictive nor informative as we obtain the
final condition z > W _ (d,,). Moreover, we can show

d,>1 = cu(log(cu) -1)> -2+ K/p) C;A(IOg(Cu) -1)>-1,

where the last part is true since 2+ K/ > 1 and min, g x(log(x) —1) = —1 by direct computations.
Therefore, for all n > hy(c,)®, we have

1 9 af/(a—1)
n—lz—(nl/o‘+f1(n)) — pn-1>-"pl/e — n2<—|—1> .
w_ w_ w

Given the definition of C(w_) as in (), this concludes the proof.

Since 2 — W _1(z) is a positive and increasing function, i.e. W_1(z) > 0 and W_,(z) > 0, a

2+K/8
xT

sufficient condition for h; to be increasing is to have f : x — log(x) + increasing since

hy(z) = W_i(f(@) +af (@)W (f(z)) >0 <= W_i(f(z)) > Oand f'(«)W_; (f(z)) > 0.

Since f'(z) = L — 24K/B  we have that hy is increasing for z > 2 + K/p. O

T x2 s

Lemma gives an explicit upper bound on the constant C;(w_) defined implicitly in Ap-
pendix [D.2]
Lemma D.11. Let w_ > 0 and Cy(w_) as in Q). Then, we have

1(a-1)) @
() §max{h1 (4@2(1+5)H(u)/[3),(121/5+1> } .
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Proof. Using manipulations conducted in Lemma [D.I0} we obtain that, for all n >
hy (40(1 + s)H (1) /B)",

a/(a—1)

1 1+1 1+1

_12f1(n)<1_|_5> <:n—12+7/5n1/a <:n2< +/8+1) )
w w

w_

Given the definition of Cy (w_) as in (9), this concludes the proof. O

Lemma|[D:T2] gives an asymptotic upper bound for times that are defined implicitly. For example, it
can be used with Ty(8) and 77 (6) defined in Theorem [D.4]and Theorem

Lemma D.12. Let C > 0, D > 0, ¢(n, d) as in @) and

2
T(5) := sup {n eEN“|n-1<C (\/C(n— 1,0) + \/Dlogn> } .
Then, we have lim sups_, % <C.

Proof. Let~ > 0. Direct manipulations yield that

n—1< C’<\/c(n— 1,0) + \/Dlogn)2

2 _
= (\/nflf\/CDlogn) f4log<4+logg)§20CG <;log(K§1>)

2C 1 K—-1
-1 _— f N.
_1_’_700(2 0g< 5 )) orn > IV,

= n<

where N, = sup {n eN*| (Vn-1-+CD logn)2 —4log (4 +1log %) > (1+ ’y)n} There-

fore, we have
2 1 K-1
T6,0) < N, + 1+ = ¢ (1g<)> |

147 2 )
Using that Ci () &~ z + log(z) (LemmalE. ), we obtain directly that, for all v > 0,
lim sup T,0) < ¢ )
50 log(1/6) = 147
which yields the result by letting v go to zero. O

Lemma[D.T3| gives a non-asymptotic upper bound for times that are defined implicitly. For example,
when considering the idealized choice ¢(n, §) = log(1/0), it can be used as a first order approximation
of Ty(d) and T (8) defined in Theorem[D.4]and Theorem

Lemma D.13. Ler C > 0, D > 0 and T(5) := sup{n € N* | n—1 < Clog(1/d) + Dlogn}.
Then, we have

_ C
T(5) < DW_4 (D log(1/0) +1/D + 1ogD>
forlog(1/8) > 2=LLsDIZL 1 ops0 T(5) < D.
Proof. Direct manipulations yield that
C — C

n—12>Clog(1/§) + Dlogn < y—logy > Elog(l/é) +cp <= n>DW_4 Blog(l/c?) +c¢p
where y = n/D and cp = 1/D+log D. For the last equivalence, we used that & log(1/6)+cp > 1
if and only if log(1/6) > £(1 - cp) = %g(m*l. When £ log(1/8) + c¢p < 1, which means

that the J parameter is large, we have directly that y — logy > 1 > % log(1/6) + ¢p fory > 1.
Therefore, the condition becomes n > D. O

27



E Concentration

The proof of Lemma [2.1]is given in Appendix In Appendix we show concentration results
for the UCB leader (both with g,, and g,,) and the TC challenger.

E.1 Proof of Lemma[2.1]

Proving §-correctness of a GLR stopping rule is done by leveraging concentration results. In particular,
we build upon Theorem 9 of [27], which is restated below.

Lemma E.1. Consider Gaussian bandits with means 1 € RX and unit variance. Let S C [K] and
x> 0.

B e N, 3 P2 () > 3 2log (4 -+ log (Noi) +1S1Co (S) <o
kes keS
where Cg is defined in [27] by Cc(x) = minygj1 /2,1 % and
go(A) = 22 — 2Xlog(4)) + log ((2)) — %log(l —A), (16)
where ( is the Riemann ¢ function and Cg(x) = x + log(z).
Since %, = ©* (), standard manipulations yield that for all & # i,
W = Inf (Nt (ttn, = 1)° + Ny (pn g — u)?) = inf (N, (i, — 2)? + N g (pn g — 9)°) -

Nnp Nn,k Yy=

Let i* = i*(u). Using the stopping rule (T)) and the above manipulations, we obtain
Pu (7—6 < +Oov'zT5 7& Z*)
<P, (Eln €N, Ji #4*, i =i"(pn), min inf (Npi(ttn;i — 2)° + Nop(tink — y)?) > 2¢(n — 1, 5))

k#i y>x

Nni Nn *
<P, (Hn eN, Fi £, i =i (un), T)(Mn’i — pi)Q + 2’ (fnir — M*)Q >c(n— 1,5))

Nn,i*
2

<> P (3” €N, N;’i (Hn,i — pi)? +
ii*
where the second inequality is obtained with (k, x,y) = (i*, p;, pi+ ), and the third by union bound.
By concavity of x — log(4 + log(z)) and N, ;+ + Ny ; < ZkE[K] Ny, =n — 1, we obtain
Vi # 1%, log(4 +log Ny i) +1og(4 +log Ny, ;) < 2log(4 + log((n —1)/2))
Combining the above with Lemma for all ¢ # ¢*, we obtain P, (15 < +o00,i=17") <
Zi;ﬁvﬁ* % = 0.

(pmie — pin)? > c(n — 175))

E.2 Sampling rule

In Lemmas [E:2]and [E:3] we prove that the UCB leader using g,, and gy, is truly an upper confidence
bounds for the unknown mean parameters, when a certain concentration event occurs. Then, when
another concentration event occurs, we show a lower bound on the “transportation” costs used by
the TC challenger in Lemma [E.3] Lemma [E.6] upper bounds the probability of not being in the
intersection of the two above sequence of concentration events.

UCB Leader Lemma|E.2|proves that the bonus g, is sufficient to have upper confidence bounds on
the unknown mean g for Gaussian observations. The proof uses a simple union bound argument over
the time.

Lemma E.2. Let oo > 1 and s > 1. Foralln > K, let g, (n) = 2a(1 + s) log(n) and

wlt
gl,n = {Vk‘ € [K],Vt S [nl/o‘,n], |Nt,k — ‘LLk| < i\[( )} . (17)
ok

Then, foralln > K, P(é‘En) < Kn™%.
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Proof. Let (X) e, be Gaussian observations from one distribution with unit variance. By union
bound over [K] and using that n < t*, we obtain

2a(1 + s) log(t
P(ﬂke[ 1,3t € b/, ml, e — pul > (N>g“)
tk
2(1 1
< 3 (3t e Vo), fus — el 2 | 221080
ke[K] Nek
2(1 + s)log(n)
< > o S et = ) St
<) P3Ime] Z X, > -
ke[K] 9€[m]
2(1 4+ s)log(n)
< > _—
S S DL (E S FELE]
ke[K] me[n] sE [m]
< Z Z n~ U+ = K=,
ke[K] me[n]
where we used that p1; j, — g, = N} - 22:1 1 (I, = k) X 1 and concentration results for Gaussian
observations. ' O

Lemma [E.3] proves that the bonus g,,, is sufficient to have upper confidence bounds on the unknown
mean p for Gaussian observations. The proof uses a more sophisticated argument based on mixture
of martingales.

Lemma E3. Let « > land s > 1. Forall x > 1, let W_1(x) = —W_1(—e™%) where
W_1 is the negative branch of the Lambert W function. For all n > K, let g,(n) =
W_1 (2salog(n) + 2log(2 + alogn) + 2) and

Ntk

LK

m (T
Esp 1= {Vk € [K],Vt € [nl/“,n], |pee i — p] < g()} . (18)

Then, for alln > K, P(ﬁgyn) < Kn~™%.

Proof. Let (X)) the observations from a standard normal distributions and denote S; =
>_se[) Xs- To derived concentration result, we use peeling.

Letn > 0and D = [ 28] Foralli € [D],let v; > 0 and N; = (1 +n)'~1. Foralli € [D], we

define the family of priors f, ~,(z) = “’éﬁ exp (7%) with weights w; = 2 and process
Z wz/le,% x) exp (xSt — 3% t) dr,
i€[D]

which satisfies M(0) = 1. It is direct to see that M (t) = exp (zS; — 22%t) is a non-negative
martingale. By Tonelli’s theorem, then M (¢) is also a non-negative martingale of unit initial value.

Let ¢ € [D] and consider ¢ € [N;, N;41). For all z,

fNu'Y \/7ftm = ftm< )

Direct computations shows that
1 1 52
ooy (15— 1) = e (5
/ 2 W 2(1 4 i)t

29



Minoring M (t) by one of the positive term of its sum, we obtain

1 1

— 52
M(t) > — ex : :
DyJasarha+n) (o)

Using Ville’s maximal inequality, we have that with probability greater than 1 — §, log M (t) <
log (1/4). Therefore, with probability greater than 1 — 6, for all s € [D] and ¢ € [N;, N;11),

SQ
Tt < (147) (210g (1/8) + 21og D + log(1 +~; ) +log(1 + 1)) -

Since this upper bound is independent of ¢, we can optimize it and choose ; as in Lemma [E.4] for all
i e [D].

Lemma E.4 (Lemma A.3 in [T1]). For a,b > 1, the minimal value of f(n) = (1+n)(a+log(b+ %))
is attained at n* such that f(n*) <1 —b+ W _1(a+b). Ifb = 1, then there is equality.

Therefore, with probability greater than 1 — §, for all ¢ € [D] and ¢t € [N;, N;41),
S
- (1+2log(1/8) +2log D + log(1 + 7))

(1+2log (1/6) + 2log (log(1 +n) + logn) — 2loglog(1 + n) + log(1 + 7))

=W_1(2log(1/6) + 2log (2 +logn) + 3 — 2log2)

<W_,4
<W_;

logn
log(1+n)"
n* = €? — 1, which minimizes n + log(1 + n) — 2log(log(1 + 7)). Since [n] C Ui [Ni, Nit1)

and Ny, (pe i — pi) = Zse[Nt,k] X & (unit-variance), this yields

The second inequality is obtained since D < 1+ The last equality is obtained for the choice

t

EZXS

s=1

~+

P (Elt <n,

> \/1W1 (21og(1/9) + 2log(2 + log(n)) + 3 — 2log 2>> <9.

1/
)

Since 3 — 2log2 < 2 and W _1 is increasing, taking § = n~* and restricting to m € [n n] yields

P (3 € (01l /N i — ] > /T (2510g(o) + 2log(2 + og(o)) +2) ) <™.

Using n < m® and doing a union bound over arms yield the result. O

TC challenger LemmalE.5|lower bounds the difference between the empirical gap and the unknown
gap.
LemmaE.5. Leto > 1and s > 1. Foralln > K, let

-k (6% 1 1
521" = {Vk # iVt € [nl/ an]a (,Ut,z'* - :U’t,k’) - (.u“Z* - ,Uk) > \/204(2 + S) 1Og(t) (N + N, k>
t,i* t,

19)
Then, for alln > K, IP’(EEV,L) < (K —-1)n"%.

Proof. Let (X)sepn and (Y5)se[n) be Gaussian observations from two distributions with unit vari-

A s oy 1 N2y i i i 1 4 1 i
ance. Then - 3774 X; — .= >3/ Y is Gaussian with variance .~ + ;- By union bound and
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using that n < t*, we obtain

P( 3k 2 3t € nt/e,n), Wi —Hr) = e — i) _ pom oo
( R e R 2+ 5) log(t

< ST P (3t e ut/eny, Wi ZHer) = e Z ) log(n
k;ézi* ( | | V/1/Nei» +1/Ne g ( ) log(n)

mZmIXZ_Ti ngy
P mi, Mo n]*, — 2 < —+/2(2 + s)log(n
< 3 (S <, EEEAZBISN < g

<Y Y B (n}L zx - ;ZY < —\/2(2 + 5) log(n) (1/m; + 1/m2>>

k#i* (my1,m2)€[n

<> D n’(2+8)=(K—1)n*

k#i* (mq,m2)€[n]?

where we used that (up;» — pir) — (e — pg) = Ntlw Z’; L (I =) X0 —
ﬁ 22:1 1 (Is = k) X, 1, and concentration results for Gaussian observations. O

Using a mixture of martingale arguments, we could improve on Lemma|[E.5|similarly as g,, improved
on g,,. This will impact second order terms of our non-asymptotic theoretical guarantees, at the price
of less explicit non-asymptotic terms.

Concentration event Lemmal|E.6|upper bounds the summed probabilities of the complementary
events.

Lemma E.6. Let ( be the Riemann ( function. Let (&1 )n>k, (E2n)n>k and (€3 p)n>K as
in (I7), (I9) and (18). Foralin > K, let &, = E1,, N Eap and E,, = E3,, N Ea . Then,

max{ SorED), Y P(SE)} < (2K = 1)¢(s) .

n>K n>K
Proof. Using Lemmas [E.2]and [E.3] direct union bound yields

SrEl) < Y Pl +PES,) < D (@K - 1)nT = (2K — 1)((s) .

neN* neN* neN*

The same proof trivially holds for En by using Lemmas and O

F Asymptotic analysis

Based solely on Theorem it is not possible to obtain asymptotic S-optimality due to the
multiplicative factor 1/8. Building on the unified analysis proposed in [21]], we prove Theorem

Our main technical contribution for this proof lies in the use of tracking instead of sampling. Given
that the cumulative probability of being sampled is the expectation of the random empirical counts,
it is not surprising that tracking-based Top Two algorithms enjoy the same theoretical guarantees
as their sampling counterpart. As we will see, the analysis to obtain similar result is even simpler
(Lemmas 6] [F.8and [F.I0). Apart from this technical subtlety, the proof of Theorem 2.3 boils down
to showing that the UCB leader satisfies the two sufficient properties highlighted by previous work

(Lemmas [F:4] and [E7).

Using the fact that z — /2 is increasing, it is direct to see that the TC challenger (@) coincides with
the definition used by [39} 21]], i.e.

_ ) _ 32
CZC = arg min (Hn,Bo — Hini)t =argminl (un. 5. > fini (. B = fin.i) .
i#B, \/1/Nnp, +1/N,;, B, (b, 5 > pin 1) 2(1/Nn,B,, +1/Nn ;)
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F.1 Proof of Theorem[2.3

Let 4 € DX such that min;; |p; — p;| > 0, and let i* = i*(u) be the unique best arm. Let
B € (0,1) and w}; be the unique allocation 3-optimal allocation satisfying wj ; > 0 forall i € [K]

(Lemma|C.2), i.e. wj(p) = {w}} where

(1) — (e — i) e —
wi(p) = argmax min argmax min

WEA g wx=[3 i£i* 2(1/5 + 1/”LU1) B WEA g w;x=[3 iF£i* \/ 1/ﬁ —+ l/wz .
Let € > 0. Following [36} 139, 21]], we aim at upper bounding the expectation of the convergence

time T, which is a random variable quantifies the number of samples required for the empirical
allocations N, /(n — 1) to be e-close to wi:

Tg::inf{TEHVnZT,

< 5} . (20)

"
n—1 we o
Lemma F.1{shows that a sufficient condition for asymptotic S-optimality is to show E,, [Tﬂ6 | < 400
for all € small enough.

Lemma F.1. Let (5, 3) € (0,1)2. Assume that there exists €1 (1) > 0 such that for all € € (0,1(p)],
E,[T5] < +oo. Combining the stopping rule (1) with threshold as in (2) yields an algorithm such
that, for all p € RE with |i*(u)| = 1,

Proof. While the first result in the spirit of Lemma[F.I|was derived by [36] for Gaussian distributions,
a proof holding for more general distributions is given by Theorem 2 in [21]. The sole criterion on
the stopping threshold is to be asymptotically tight (Definition [F.2).

Definition F.2. A threshold ¢ : N x (0,1] — Ry is said to be asymptotically tight if there exists
a €10,1), o € (0,1], functions f,T : (0,1] — Ry and C independent of § satisfying: (1) for all
§ € (0,90] and n > T'(9), then ¢(n,d) < f(§) + Cn®, (2) limsup,_, f(9)/log(1/0) < 1 and (3)
limsup;_, 7(d)/log(1/d) = 0.

Since C¢ defined in (16) satisfies C; ~ x + log(z), it is direct to see that

1 K—-1
¢(n,d) =2Cq <2 log <5>> +4log (4 + log g)

is asymptotically tight, e.g. by taking (a, 80, C) = (1/2,1,4), f(6) = 2Cq (4 log (%)) and
T(8) = 1. This concludes the proof. O

Throughout the proof, we will use a concentration result of the empirical mean (Lemma[F.3) Since
this is a standard result for Gaussian observations (see Lemma 5 of [36]]), we omit the proof.

Lemma F.3. There exists a sub-Gaussian random variable W, such that almost surely, for all
i € [K] and all n such that N, ; > 1,

log(e + Nn,z)
‘/Jmi - ,Ui| <W, T .

In particular, any random variable which is polynomial in W, has a finite expectation.

Sufficient exploration To upper bound the expected convergence time, as prior work we first
establish sufficient exploration. Given an arbitrary threshold L € R* , we define the sampled enough
set and its arms with highest mean (when not empty) as

St.={ic|[K]|N,;>L} and I} :=argmaxy; . 20
€Sk
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Since min;; |p; — p;| > 0, Z7 is a singleton. We define the highly and the mildly under-sampled
sets
UL ={ic[K]| Ny, <VL} and V5I:={ic[K]|N,;<L*}. (22)

[21] identifies the properties that the leader and the challenger should satisfy to ensure sufficient
exploration. Lemma[F.4]show that the desired property for the UCB leader defined in (3) with bonus
gu(n) = 2a(1 + s)logn or

gm(n) = W_1 (2salog(n) + 2log(2 + alogn) + 2) .

Lemma F.4. There exists Lo with E,[(Lo)®] < +oo for all « > 0 such that if L > Ly, for all
n (at most polynomial in L) such that St # (), BUB ¢ SL implies BU® € T* and BUE ¢
arg max;cgr fn,i-

Proof. Lete > 0and A,y = min,«; [u; — p15]. Let g denote either g,, or g,,. Let L > L, where
Lo will be specified later, and n (at most polynomial in L) such that S # (). Then, there exists a
polynomial function P such that n < P(L). By considering arms that are sampled more than L, we
can show that for all k € SL \ 7,

g(n) log(e + Nni)  /9( \/10g \/g(P(L))
— < W < W
M"”“Jr\/Nn,k‘”kJr VY i 1+L L

where the last inequality is obtained for L > Lg with

I I P
L():1+sup{LEN*WH Ogl(iz)m,\/g(é))m}.

Since W _1(z) ~ x + log(x), both g, and g,,, have a logarithmic behavior, hence g(P(L)) =700
o(L). Since Ly is polynomial in W,,, Lemma[F3]yields E,[(Lo)®] < 400 for all a > 0.

Moreover, for all k € 77,

log(e + N ogle + 1)
7> W)
No 1+ Npp M7V Ty

> g — €.

Assume that BY“® € SL and that BB ¢ Z*. Since BY® = arg maxy (k] {/Jn,k + \/%},

taking ¢ < Apin/3 in the above yields a direct contradiction.

We can use the proof of [21] to obtain Lemma@ While their result accounts for the randomization
of the sampling procedure, the argument is direct for tracking since it removes the need for a
concentration argument.

Lemma F.5 (Lemma 19 in [21]). Let J,; = arg max;, vz fi;. There exists Ly with E, [L1] < 400
such that if L > Ly, for all n (at most polynomial in L) such that UL # (), BV ¢ VL implies
CTC e VEU (T2 \ {BYUPY).

Lemma [F.6] proves sufficient exploration for the [TTUCB]| sampling rule. It builds on the same
reasoning than the one used in the proofs introduced by [39], and generalized by [21].

Lemma F.6. Assume min;; |u; — p;| > 0. Under the[TTUCB|sampling rule, there exist N with
E,.[No] < 400 such that for all n > Ny and all i € [K], Ny, ; > \/n/K.

Proof. Let Lo and L1 as in Lemmasnand 5| Therefore, for L > Ly := max{L, Lg 3}, for all
n such that UL # (0, BB e VL or CI€ eV,

Let L > maX{Lg, L4}

Suppose towards contradiction that UL KL is not empty. Then, forany 1 < ¢t < |KL], Ul and
V,L' are non empty as well. Using the pigeonhole principle, there exists some i € [K] such that
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since | J¥| = 11is implied by min;; |u; — @] > 0.
We have E,,[Lo] < +oo. There exists a deterministic Ly such that forall L > Ly, L] > KL3/4.
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NLLJJ > L3/4, Thus, we have ’VLLLJ‘ < K — 1. Our goal is to show that ‘VéLJ‘ <K-2. A

sufficient condition is that one arm in V{i | is pulled at least L3/* times between | L] and [2L] — 1.

Case 1. Suppose there exists ¢ € VLLLJ such that L|op,| i — L1, > %/4+3/(26). Using Lemma
we obtain _ _
Nispji = Nipi 2 BL2r)i — Liny) —3/2 > L3/,

hence i is sampled L?/* times between |L| and |2L| — 1.

Case 2. Suppose that, for all i € VLLLJ’ Liar)i —Lin): < %/4 +3/(28). Then,

/
Z (Lioryi — Lieys) = ([20) = [L]) = K L +3/(28)
B
Vi

Using Lemma[D.3] we obtain

Z (Niaryi = Nipja) = 8 Z (Li2r)i — Liny )| < 3(K —1)/2.
gVl EVIL)

Combining all the above, we obtain

Z (Li2r)i — Linyi) — Z (Niarji = Nizya)

ieVLLLJ iQVLLLJ
> (1-0) Z (Li2ny,i — Lipyi) —3(K —1)/2
z'¢\/LLLJ
3/4 ‘
> (- 9) ({200~ 12D - & (B +3/20) ) ) =30 = nj2 2 KV

where the last inequality is obtained for L > L5 with
L3/4
Lo=swp{renia-p) (2 - 12 - x (

B

The Lh.s. summation is exactly the number of times where an arm i € VLLL | was leader but wasn’t
sampled, hence

+ 3/(25))) —3(K -1)/2< KL3/4} :

|2L]—1
Yo (BECB eV, L= CEC) > K34
t=|L]

For any |L| <t < [2L| — 1, U} is non-empty, hence we have BB € VLLL | < V,E implies
cfcevlc VLLL |- Therefore, we have shown that
[2L]-1 [2L]—1 L

1(LeVi ) > 1(BY®PevLl I,=C/°)>KL*.
Z ( LL | ) Z < UCB A TC) 3/4
t=|L] t=|L]

Therefore, there is at least one arm in VLLL | that is sampled L3/* times between | L] and [2L] — 1.

In summary, we have shown ‘VLLQ I J‘ < K — 2. By induction, for any 1 < k£ < K, we have

‘Vﬁc L) ’ < K — k, and finally U LLK L= () for all L > Ls. This concludes the proof. O

Convergence towards $-optimal allocation Provided sufficient exploration holds (Lemma[F6),
[21] identifies the properties that the leader and the challenger should satisfy to obtain convergence
towards the 3-optimal allocation wj. Lemma show that the desired property for the UCB leader

defined in (3) with bonus g, (n) = 2a(1 + s) logn or

gm(n) = W_q (2salog(n) + 2log(2 + alogn) + 2) .
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Lemma F.7. There exists Ny with E,,[N1] < +o0 such that for all n > N1, BYB = i*(p).

Proof. Let A = min;»;~ |p;» — ;. Let g denote either g,, or g,,,. Let Ny as in Lemma For all
n > N (to be specified later), we obtain for all k& # *,

g(n) log(e + Ny k) 1/4 log et Vi 14 19(n)
ko Sk AW | ———— + K < +W, +K == < g + 2,
Hine Ny H ! 1+ Nk Kk VE vn fk

where the last inequality is obtained for n > N; where

[log(e + /& /
N1:1+Sup{n€N*|Wu W>E,Kl/4 g(\//]%)>€}
K

Since W_1(z) ~ z + log(x), both g, and g,,, have a logarithmic behavior, hence g(n) =, 100
o(y/n). Since N; is polynomial in W,, LemmaEylelds E,[(N1)¥] < 400 forall o > 0.

Moreover
log(e + N,, i log(e + /&
i+ + MEM*—WM (7HK)ZM*—€.
n i* 1+ Nn i 1+ /?
Therefore, taking ¢ < A/3, yields the result that BECB =i*. O

Combining Lemma [F7] with tracking properties (Lemma [D.3)), we obtain convergence towards the
(B-optimal allocation for the best arm (LemmalF.§).

Lemma F.8. Let ¢ > 0. Under the[TTUCB|sampling rule, there exists No with E,,[N2] < +o00 such
that for all n > N,
Ny i

n—l

B‘<5

Proof. Let Ny as in Lemma [F.6)and C; as in Lemma For all n > max{Nl7 No}, we have

B,, =i*. Let M > max{Ny, No}. Then, we have L,, ;« > n—Mand}, . N ¥ <M — 1 for
allm > M + 1. Using Lemmam we have
N+ [N = BLngi| | L 1 2(M —1)
n—1 B’_ n—1 +h n—1 Z n—1)+ﬁ n—1
k;éi*
Taking Ny = max{Ny, Ny, % + 1} yields the result. O

We can use the proof of [21] to obtain Lemma@ While their result accounts for the randomization
of the sampling procedure, the argument is direct for tracking since it removes the need for a
concentration argument.

Lemma F.9 (Lemma 20 in [21]]). Let ¢ > 0. Under the|TTUCB|sampling rule, there exists N3 with
E,[Ns] < 400 such that for all n > N3 and all i # i* (),

n,i TC -
n_lzwg’i—i—s = C"#i.

Combining Lemma [F.9| with tracking properties (Lemma [D.3), we obtain convergence towards the
[-optimal allocation for all arms (Lemma |[F.10).

Lemma F.10. Let ¢ > 0. Under theTTUCB|sampling rule, there exists Ny with E,,[N4] < 400 such
that for all n > Ny,

n,i

<ege.
n—1

Vi € [K], —w,
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Proof. Let Ny, Ci, Ny and N3 as in Lemmas [ES§ and [F9] For all n
max{ Ny, N1, No, N3}, we have BUB = j*, ’N

v

—mit 3| < ¢ and for all i # 7*,

n—1

Nn—1,i TC

nn—lz >wh,+e = C5#i.
Let M > max{No,Ni,N2,N3} and n > N5 = max{¥=L 4+ 1, M}. Let t,_1(e) =
max {t <n| 7]:[1; <wp,; + s}. Since ivii < i\[jl’ for t < n, we have

Ny i M-1 1 UCB % ~TC - .
n—l_n—1+n—1g (t 1, C, i, Iy z)

As a similar upper bound is shown in the proof of Lemma|F.8 we obtain gj{ < wg7 + 2¢ for all

i € [K]and alln > Ny := max{Ny, N1, N2, N3, N5 }. Since 1 and w} ; sum to 1, we obtain for
alln > Ny and all i € [K],

Nyi —1—2%21—2(%,#25)=WE,i—2(K—1)5-
k#i

n—1 ‘

k#i
Therefore, for all n > N, and all i € [K], % —wj ;| < 2(K — 1) . Since E,,[N4] < 400 and
we showed the result for all , this concludes the proof. O

Lemma shows that E, [T5] < +o00, it is a direct consequence of Lemmam
Lemma F.11. Lete > 0 and T§ as in 20). Under the[TTUCB|sampling rule, we have E,[Tj] < +o0.

Theorem [2.3]is a direct consequence of Lemma [F.I]and Lemma [F11]

G Implementation details and additional experiments

The implementations details and supplementary experiments are detailed in Appendix [G.I] and
Appendix[G.2]

G.1 Implementation details

Top Two sampling rules Existing Top Two algorithms are based on a sampling procedure to
choose between the leader B,, and the challenger C),, namely sample B,, with probability /3, else
sample C,. The difference lies in the choice of the leader and the challenger themselves.

TTTS [38]] uses a TS (Thompson Sampling) leader and a RS (Re-Sampling) challenger based on a sam-
pler IL,,. For Gaussian bandits, the sampler I1,, is the posterior distribution X, €[K] N (tn,is 1/ Ny 4)
given the improper prior IT; = (N(0,4+00))%. The TS leader is BIS € arg max; ¢ 0; where
6 ~ II,,. The RS challenger samples vector of realizations 6 € II,, until B,, ¢ arg max;e (k] 0;, then
it is defined as CRS arg max;e k) 0; for this specific vector of realization. When the posterior 11,
and the leader B,, have almost converged towards the Dirac distribution on  and the best arm i* ()
respectively, the event B,, ¢ arg mMax, e 0; becomes very rare. The experiments in [21] reveals
that computing the RS challenger can require more than millions of re-sampling steps. Therefore, the
RS challenger can become computationally intractable even for Gaussian distribution where sampling
from 1I,, can be done more efficiently.
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T3C [39] combines the TS leader and the TC challenger. 5-EB-TCI [21] combines the EB leader
with the TCI challenger defined as

32
CT = argmin1 > ; (en, B, = fin.i) + log(N,, ;) .

n iiBn (Mnan :u“ﬂ’l) 2(1/Nn,Bn + 1/Nn,i) g( TLJ)
Since the TC and TCI challenger can re-use computations from the stopping rule, those two chal-
lengers have no additional computational cost which makes it very attractive for larger sets of
arms.

Each tracking procedure has a computational and memory cost in O(1), hence total cost of O(K)
for the K independent procedures. Each UCB index has a computational and memory cost in O(1),
hence total cost of O(K) to compute BU°B as in (3)). Each TC index (or stopping rule index) has
a computational and memory cost in O(1), hence total cost of O(K) to compute C € as in ().
Therefore, the per-round computational and memory cost of is in O(K).

Other sampling rules At each time n, Track-and-Stop (TaS) [17] computes the optimal allocation
for the current empirical mean, w,, = w*(u,). Given w,, € Ak, it uses a tracking procedure to
obtain an arm [, to sample. On top of this tracking a forced exploration is used to enforce convergence
towards the optimal allocation for the true unknown parameters. The optimization problem defining
w* () can be rewritten as solving an equation ¢,,(r) = 0, where

1
Vr e (1/mi,n(/~‘i* - ,ui)27 +OO)> ’(/}M(r) = 2 1
it ; (r(pis — pi)? = 1)
The function ¢, 1is decreasing, and satisfies lim, 4o, (r) = —1 and
limy, 1 / min, six (ir —11)? F,(y) = +oo. For the practical implementation of the optimal al-

location, we use the approach of [17] and perform binary searches to compute the unique solution of
¥, (r) = 0. A faster implementation based on Newton’s iterates was proposed by [6] after proving
that v, is convex. While this improvement holds only for Gaussian distributions, the binary searches
can be used for more general distributions.

DKM [[12]] view T*()~! as a min-max game between the learner and the nature, and design saddle-
point algorithms to solve it sequentially. At each time n, a learner outputs an allocation w,,, which is
used by the nature to compute the worst alternative mean parameter \,,. Then, the learner is updated
based on optimistic gains based on \,,.

FWS [42] alternates between forced exploration and Frank-Wolfe (FW) updates.

LUCB [24]] samples and stops based on upper/lower confidence indices for a bonus function g. For
Gaussian distributions, it rewrites for all ¢ € [K] as

2¢(n —1,9)
Nn,i

2 —-1,9
and Ln,i = Mn,i — % .

Un,i = Hn,i +
At each time n, it samples 2,, and arg max; z; U, and stops when L, ; > max;x;, U, ;. The
B-LUCB algorithm samples i,, with probability 3, else it samples arg max;_; Uy, ;. The stopping
time is the same as for LUCB.

Adaptive proportions [44] propose IDS, whcih is an update mechanism for 3 based on the
optimality conditions for the problem underlying 7 (). For Gaussian with known homoscedastic
variance, IDS can be written as

ﬁ _ Nn,Bn dKL(,Un,Bn , Un (B’ru Cn)) _ Nn,cn,
" J\/vn,B71 dKL(/an,Bn B un(Bna Cn)) + Nn,Cn dKL(NJn,Cn ) un(an Cn)) J\/vn,B71 + Nn,Cn ,

where the second equality is obtained by direct computations which uses that

Nn,iﬂn,i + ijun,j
Nn,i + Nn,j

un(t,j) = chfel]lf{ [Nnidgi (fn,i, ) + Ny jdri (fn,j, )] =
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Reproducibility Our code is implemented in Julia 1.7.2, and the plots are generated with the
StatsPlots. jl package. Other dependencies are listed in the Readme .md. The Readme.md file
also provides detailed julia instructions to reproduce our experiments, as well as a script.sh to run
them all]_lI at once. The general structure of the code (and some functions) is taken from the tidnabbil
library.

Table 4: CPU running time in seconds on random Gaussian instances (K = 10).

TTUCB| EB-TCI T3C TTTS TaS FWS DKM LUCB Uniform
Average 0.14 0.10 0.06 082 7838 7.10 0.40 0.06 0.14

Std 0.11 0.30 0.06 0.65 50.34 9.6 0.30 0.09 0.10
o5/ | I
\ —T3C
=05} 1} TITS
= AN TaS
x L v % FWS
SN
FO03F NN 1/2-LUCB
= \i ‘\\ Uniform
Q‘O.Z’ \\ ‘\‘ \:-\
0-1f h S
0.0t _ ri—

200 400 600 800 1000 1200 1400
n

Figure 3: Empirical errors at time n < 75 on random Gaussian instances (K = 10).

G.2 Supplementary experiments

Running time The CPU running time corresponding to the experiment displayed in Figure[T|a) are
reported in Table ] They match our discussion on computational cost detailed in Appendix[G.I] The
slowest algorithm is TaS, followed closely by FWS and TTTS. All remaining algorithms have similar
computational cost: B-EB-TCI, T3C, LUCB and uniform sampling. It is slightly higher for
DKM.

We emphasize that this is a coarse empirical comparison of the CPU running time in order to
grasp the different orders of magnitude. More efficient implementation could (and should) be used
by practitioners. As an example, the computational cost of TaS can be improved for Gaussian
distributions by using the algorithm from [6] based on Newton’s iterates. However, we doubt that the
faster implementation of TaS will match the computational cost of DKM or FWS.

Empirical errors before stopping At the exception of LUCB, all the considered algorithms are
anytime algorithms (see [23]) for a definition) since they are not using ¢ in their sampling rule. While
all those algorithms are §-correct, none enjoy theoretical guarantees on the probability of error
before stopping, i.e. upper bounds on P, (7, # i*(u)) for n < 75. In Figure [3| we display their
averaged empirical errors at time n < 75 (i.e. 1 (2, # ¢*)) corresponding to the experiment displayed
in Figure [T[a), with their associated Wilson Score Intervals [43]]. To avoid an unfair comparison
between algorithms having different stopping time, we restrict our plots to the median of the observed
empirical stopping time. Therefore, even the fastest algorithm will average its empirical errors on at
least 2500 instances.

Based on Figure 3] we see that uniform sampling and DKM perform the worst in terms of empirical
error. At all times, the smallest empirical errors are achieved by S-EB-TCI, TTTS and LUCB. While
[TTUCB]is at first as bad as FWS, its empirical error tends to match the one of the best algorithms for
larger time. For TaS and T3C, the trend is reversed.

'This library was created by [12]], see https://bitbucket.org/wmkoolen/tidnabbil. No license were available on
the repository, but we obtained the authorization from the authors.
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Figure 4: Empirical stopping time on random Gaussian instances (X = 10): tracking (T-) versus
sampling (S-).

Tracking versus sampling The[TTUCB]|sampling rule uses tracking instead of sampling. Since
both approaches aim at doing the same with either a deterministic or a randomized approach, it is
interesting to assess whether they lead to different empirical performance. Therefore, we compare
both approaches for four Top Two sampling rules. Figure @] reveals that the algorithmic choice of
tracking or sampling has a negligible impact on the empirical stopping time.

In light of this experiment, the choice of tracking or sampling is mostly a question of theoretical
analysis. Since the analysis of a randomized sampling requires to control of the randomness of the
allocation, we choose a deterministic tracking for analytical simplicity. Moreover, this choice is
natural when both the leader and challenger are deterministic.
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Figure 5: Influence of the dimension K on the average empirical stopping time (& standard deviation)
for the Gaussian benchmark (a) “a = 0.3” and (b) “a = 0.6”.

Larger sets of arms In addition to the results presented in Section[d] we also evaluate the perfor-
mance of our algorithm on the two other benchmarks used in [20]. The “a = 0.3” scenarios consider

wi=1-— (;(__11) for all ¢ € [K], with hardness H (u) ~ 3K. The “a = 0.6” scenarios consider

wi=1-— (;;_11) for all i € [K], with hardness H (u) ~ 12K 2. The observations from Figure
are consistent with the ones in Figure[T(b). Overall, T3C performs the best for larger sets of arms.

G.2.1 Adaptive proportions

The ratio 17, (1) /T (1) seems to reach its highest value r = 2K/(1 + VK — 1)? for “equal
means” instances (Lemma [C.6), i.e. j; = p;« — A for all ¢ # i* with A > 0. To best observe
differences between Top Two algorithms with 8 = 1/2 and their adaptive version, we consider such
instances with K = 35 (rx ~ 3/2). Figure |§|reveals that adaptive proportions yield better empirical
performance, with an empirical speed-up close to rx ~ 3/2. We also compare them with three
asymptotically optimal BAI algorithms (TaS, FWS and DKM). Even on those hard instances, Top
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Figure 6: Empirical stopping time on “equal means” instances (K, u;«, A) = (35,0, 0.5) for (top)
d = 0.1 and (bottom) ¢ € {0.01,0.001}: constant 5 = 1/2 and adaptive (A-).

Two algorithms with fixed § = 1/2 are outperforming the asymptotically optimal algorithms for all
the values 6 € {0.1,0.01,0.001}. While being only 1/2 asymptotically optimal, Top Two algorithms
(with fixed § = 1/2) can obtain significantly better empirical performances compared to existing
asymptotically optimal in the finite-confidence regime. The gap between the empirical performance
of the adaptive and the fixed S Top Two algorithms is increasing with ¢ decreasing. Interestingly,
TTUCB appears to be slightly more robust to decreasing confidence § compared to other Top Two
algorithms.

We also compare Top Two algorithms using a fixed proportion 8 = 1/2 with their adaptive counterpart
using B, = Ny.¢,./(Nn,B, + Nn,c,) at time n on random instances.
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Figure 7: Empirical stopping time on random Gaussian instances () = 10): constant 5 = 1/2 and
adaptive (A-).

Experiments are conducted on 5000 random Gaussian instances with K = 10 such that iy = 0.6
and 4u; ~ U([0.2,0.5]) for all i # 1. Figure[7]shows that their performances are highly similar, with
a slim advantage for adaptive algorithms. For instances with multiple close competitors, the same
phenomenon appears (see Figure 8|below). This is expected as 77, (1) /T (n) is close to one when
sub-optimal arms have significantly distinct means (see Figure 2).
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Figure 8: Empirical stopping time on random Gaussian instances (K = 10) with multiple close
competitors.

Then, we assess the performance on 5000 random Gaussian instances with K = 10 such that
p1 = 0.6 and p; = py — A; fori # 1 where A; = 55 (7565 + 125) forall i € {2,3,4,5,6}
and A; = {5 (925 + ) forall i € {7,8,9,10} with u; ~ U([0,1]). Numerically, we observe
w* () ~ 0.28276 4 0.0003 (mean = std). Both plots in Figureshow the same phenomena than
the ones observed in Figures[I(b) and[7]

41



	Introduction
	Setting and related work
	Contributions

	UCB-based Top Two algorithm
	Sample complexity upper bound

	Non-asymptotic analysis
	Proof sketch of Theorem 2.4
	Beyond Gaussian distributions
	Generic regret minimizing leader
	Adaptive proportions

	Experiments
	Conclusion
	Outline
	Notation
	Characteristic times
	Non-asymptotic analysis
	Key properties
	Proof of Theorem 2.4
	Tighter UCB leader
	Uniform sampling
	Technicalities

	Concentration
	Proof of Lemma 2.1
	Sampling rule

	Asymptotic analysis
	Proof of Theorem 2.3

	Implementation details and additional experiments
	Implementation details
	Supplementary experiments
	Adaptive proportions



