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ABSTRACT

Capacity analyses of dense associative memories (DAMs) characterize global
phase transitions but cannot predict which individual patterns will fail retrieval
in a given finite-size system. We propose the basin isolation metric Iµ(σ), a
Hessian-free diagnostic that measures the anharmonicity of the energy landscape
around each stored pattern by probing radial energy profiles along random tan-
gent directions. Evaluating on a spherical DAM with cubic interactions (n=3)
across N ∈ {100, 200, 500, 1000} in the near-transition regime, we find that at
N ≤ 200, Iµ outperforms pairwise overlap baselines (AUC-ROC up to 0.68),
is reasonably robust to its scale parameter, and captures nonlinear geometric in-
formation not fully captured by simple overlap statistics. However, with a fixed
number of probing directions K, the diagnostic degrades at N ≥ 500, consistent
with random tangent sampling becoming increasingly sparse relative to the grow-
ing tangent-space dimensionality. These results provide a geometric perspective
on per-pattern retrieval variability and clarify the regime where local landscape
probing remains informative.

1 INTRODUCTION

Associative memories store patterns as attractors of an energy-based dynamical system and retrieve
them via energy minimization (Hopfield, 1982). Dense associative memories (DAMs) with higher-
order polynomial interactions achieve storage capacity M ∼ Nn−1 for interaction order n, vastly
surpassing the classical M ∼ 0.14N limit (Krotov & Hopfield, 2016; Demircigil et al., 2017). These
models underpin modern Hopfield networks (Ramsauer et al., 2020) and related memory-augmented
architectures. As these systems scale, per-pattern reliability (knowing which stored patterns can be
retrieved and which cannot) becomes a question of direct practical importance.

Existing theoretical analyses characterize global phase transitions (critical loads M∗ above which
typical retrieval fails) but treat all patterns as statistically equivalent (Amit et al., 1985; Lucibello &
Mézard, 2023). Yet even below M∗, individual patterns vary substantially in retrieval robustness de-
pending on their local energy landscape. Per-pattern reliability prediction would enable confidence
estimation, selective consolidation of fragile memories (Fachechi et al., 2019), and targeted error
correction.

Related work. Classical signal-to-noise analysis (Amit et al., 1985), scaling laws (Cabannes et al.,
2023), and replica-theoretic approaches (Lucibello & Mézard, 2023) characterize average-case or
asymptotic capacity without yielding finite-size per-pattern diagnostics. The Hessian spectrum at
each minimum provides a direct local characterization but requires O(N2) storage and O(N3)
eigendecomposition. Pairwise overlap statistics are inexpensive but capture only linear interfer-
ence, missing the nonlinear basin deformations that polynomial energies create. To our knowledge,
no prior work has proposed a Hessian-free, per-pattern geometric diagnostic for retrieval reliability
in finite-size DAMs.

Contribution. We introduce the basin isolation metric Iµ(σ), which quantifies the anharmonicity
of the energy landscape around each stored pattern by measuring how radial energy profiles deviate
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Algorithm 1 Basin Isolation Metric Iµ(σ)

Require: Pattern ξµ, all patterns Ξ, radius σ, directions K, grid points npts

1: for k = 1, . . . ,K do
2: Sample vk uniformly on the unit sphere in the tangent space at ξµ

3: {rj}npts−1
j=0 ← equispaced grid from 0 to σ ▷ includes r0=0

4: for j = 0, . . . , npts − 1 do
5: ek(rj)← H

(
ProjS(ξ

µ + rjvk)
)

▷ Eq. equation 1
6: end for
7: Fit êk(r) = ek(0) +

1
2
κ̂kr

2 to first 10 points ▷ least squares
8: Approximate Dk = σ−1

∫ σ

0
|ek(r)− êk(r)| dr by the trapezoidal rule on {rj}

9: end for
10: return Iµ(σ) =

1
K

∑K
k=1 Dk

from a locally-fitted quadratic. Through systematic experiments across four dimensions, we estab-
lish three findings: (1) Iµ outperforms overlap baselines at moderate N , capturing nonlinear basin
deformation not fully reflected in pairwise overlap statistics; (2) at moderate N , the diagnostic is
reasonably robust to its scale parameter, with the heuristic σ ≈ dtyp/3 providing an effective de-
fault; and (3) all tested diagnostics degrade toward chance level at high N , suggesting a limitation
of fixed-budget scalar diagnostics in this near-transition regime.

2 METHOD

2.1 MODEL

We consider a continuous DAM on the sphere ∥x∥2 = N with energy

H(x) = − 1

n

M∑
µ=1

(
x · ξµ

N

)n

, (1)

where ξ1, . . . , ξM are i.i.d. uniform on SN−1(
√
N) and n=3. Denoting the N ×M pattern matrix

Ξ = [ξ1, . . . , ξM ] and the projection onto the sphere ProjS(z) =
√
N z/∥z∥, retrieval uses the

iterative map xt+1 = ProjS
(
ΞF ′(Ξ⊤xt/N)

)
, with F ′(m) = mn−1 applied elementwise. For

n=3, the theoretical capacity scales as M∗ ∼ N2 (Krotov & Hopfield, 2016; Demircigil et al.,
2017).

2.2 BASIN ISOLATION METRIC

Because retrieval is constrained to the sphere, the relevant local object is the tangent-space (Rieman-
nian) Hessian. Around a constrained local minimum x⋆, the projected energy admits a second-order
expansion

H
(
ProjS(x

⋆ + δ)
)
= H(x⋆) + 1

2δ
⊤H(x⋆)δ +O(∥δ∥3),

for small δ ∈ Tx⋆SN−1(
√
N). Motivated by this local quadratic reference, we probe the energy

around each stored pattern ξµ without forming the Hessian: we sample K random tangent directions
vk, evaluate the radial energy profile ek(r) = H

(
ProjS(ξ

µ + rvk)
)

on npts=100 equispaced grid
points from 0 to σ, fit a quadratic êk(r) = ek(0) +

1
2 κ̂kr

2 to the first 10 points (where κ̂k is
an effective directional curvature coefficient, not an eigenvalue estimate), and compute the mean
absolute deviation Dk = σ−1

∫ σ

0
|ek(r) − êk(r)| dr approximated numerically over the grid. The

metric averages over directions: Iµ(σ) = K−1
∑

k Dk. Larger Iµ(σ) indicates a more strongly
deformed and hence less isolated local basin. The full procedure is given in Algorithm 1.

Tangent directions are sampled by drawing g ∼ N (0, IN ), projecting onto TξµSN−1(
√
N), and

normalizing to unit length.

Choice of σ. For i.i.d. uniform patterns on SN−1(
√
N), the typical inter-pattern distance is dtyp =√

2N . We set σ ≈ dtyp/3 =
√
2N/3, probing the “near field” of each basin, and validate this

empirically in Section 3.3.
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Table 1: AUC-ROC for predicting retrieval failure (pµ < 0.5). Bold: best per N ; 95% bootstrap CI
shown for Iµ only. J∗: Youden index for Iµ.

N M M/N2 Fail% AUC(Iµ) AUC(Ōµ) AUC(Omax
µ ) J∗

100 300 .030 77.3 .679 [.60,.75] .653 .556 .301
200 1,200 .030 43.8 .626 [.59,.66] .587 .562 .195
500 11,000 .044 78.5 .559 [.55,.57] .562 .463 .091
1000 48,000 .048 44.7 .523 [.52,.53] .535 .475 .036

2.3 BASELINES AND EVALUATION

We compare Iµ against two overlap-based predictors: (i) maximal overlap Omax
µ = maxν ̸=µ ξ

µ ·
ξν/N (signed), and (ii) mean absolute overlap Ōµ = (M−1)−1

∑
ν ̸=µ |ξµ · ξν/N |.

Retrieval reliability pµ is estimated from L=100 noisy trials. Each initialization is constructed as
x0 = ProjS(ξ

µ + η), where η is sampled isotropically in the tangent space with norm 0.3
√
N .

Iterations were terminated when ∥xt+1 − xt∥∞ < 10−7 or after 200 steps; success was declared
when the terminal state achieved overlap >0.9 with the target pattern µ. Empirically, pµ is near-
bimodal in the regimes we study, so we evaluate all diagnostics as binary classifiers of retrieval
failure (pµ < 0.5) using AUC-ROC with 1000-iteration bootstrap confidence intervals.

3 EXPERIMENTS

We evaluate across N ∈ {100, 200, 500, 1000} with K=100 tangent directions. For each N , M was
calibrated to yield a nontrivial mixture of successes and failures (failure rates: 44–78%; Table 1).
All experiments use fixed random seeds with separate RNG streams for pattern generation, metric
computation, and retrieval testing.

3.1 DIAGNOSTIC PERFORMANCE

Table 1 summarizes the results. At N ≤ 200, Iµ achieves the highest AUC (0.679 and 0.626),
exceeding both overlap baselines. The gains are modest in absolute terms (+0.026 at N=100,
+0.039 at N=200) but consistent with additional nonlinear geometric signal. The Youden index
of 0.301 at N=100 indicates that Iµ should be viewed as a ranking statistic for potentially fragile
memories rather than a deterministic oracle.

At N ≥ 500, all diagnostics degrade. The mean overlap Ōµ is numerically slightly higher than Iµ
(AUC 0.562 vs. 0.559 at N=500), and Omax

µ falls slightly below chance (AUC < 0.5): for i.i.d.
patterns in the near-transition regime with M ∼ N2, the per-pattern maximum overlap concentrates
around

√
4 logN/N → 0 with vanishing variance, rendering it uninformative.

3.2 CLASSIFICATION ANALYSIS

Figure 2 shows that at N=200, Iµ dominates both baselines (AUC-PR = 0.565 vs. prevalence
0.438); at N=1,000, all curves collapse toward the diagonal. All AUCs move toward 0.5 at large N ,
while the Youden index of Iµ drops from 0.301 to 0.036, suggesting the degradation is not unique
to Iµ among the scalar diagnostics considered here.

3.3 SCALE SENSITIVITY

We sweep σ over 15 values from 0.02
√
2N to 0.8

√
2N (Figure 3). At N ≤ 200, AUC(Iµ) exhibits

a broad plateau: Iµ exceeds both baselines across a wide range of σ, and the heuristic σ = dtyp/3
falls within this plateau. Beyond σ ≈ dtyp/3, AUC degrades monotonically; at still larger scales, the
Pearson correlation reverses sign, indicating a transition from local basin probing to global landscape
averaging. At N ≥ 500, Iµ never meaningfully exceeds Ōµ at any σ.
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Figure 1: N=200, M=1,200. Top: pµ vs. each predictor (left to right: Iµ, Omax
µ , Ōµ). Bottom:

predictor distributions split by retrieval success/failure. Iµ (left) shows distributional separation;
Omax

µ (center) shows near-complete overlap.

Figure 2: ROC curves at N=200 (left) and N=1,000 (right). Iµ (blue) vs. Omax
µ (orange) vs.

Ōµ (green). At N=200, Iµ dominates; at N=1,000, all curves approach the diagonal. Results at
N=100 and N=500 are consistent (Table 1).

4 DISCUSSION

What the metric reveals. The success of Iµ at moderate dimensions suggests that local energy an-
harmonicity carries predictive information beyond pairwise statistics. The polynomial energy equa-
tion 1 with n=3 generates higher-order terms encoding multi-pattern interference not fully captured
by linear overlap. The transition scale σ ≈ dtyp/3 provides an operational basin-radius proxy, oth-
erwise difficult to define without full basin-of-attraction computation. At N ≥ 500, performance
degrades markedly. With K=100 fixed while the tangent-space dimension grows as N−1, direc-
tional sampling becomes progressively less informative: a fixed random set of probe directions is
increasingly unlikely to intersect the narrow directions along which a basin is most strongly de-
formed. This degradation is not unique to Iµ: all AUCs move toward 0.5 at large N (Youden
index of Iµ: 0.301 → 0.036). This suggests that near the transition in high dimensions, per-pattern
variability may be governed by geometric features that these fixed-budget scalar diagnostics do not
reliably capture. These results point to a limitation of fixed-budget local probing in the present
near-transition setting, rather than a universal impossibility claim.
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Figure 3: Scale sensitivity at N=200. (a) AUC vs. σ; overlap baselines as horizontal lines; dashed
vertical: σ = dtyp/3. (b) Correlations weaken and eventually reverse sign at large σ.

Limitations and future work. Each N is a single disorder realization; bootstrap intervals quantify
uncertainty across patterns within an instance only. Results concern the near-transition setting with
one perturbation norm, one success threshold, and K=100. We test only n=3; behavior for other
orders, including n → ∞ (Ramsauer et al., 2020), remains open. Whether scaling K with N
maintains diagnostic power and whether informed tangent directions (e.g., overlap gradients toward
nearest competitors) could improve performance at large N are natural next steps.

Conclusion. We have introduced Iµ(σ) as a per-pattern diagnostic for retrieval reliability in DAMs,
showing that it captures nonlinear geometric information not fully captured by simple overlap statis-
tics. Our experiments establish both its utility at moderate dimensions and a practical limitation of
fixed-budget local probing at high dimensions, offering a geometric perspective on retrieval vari-
ability that complements capacity-theoretic analyses.
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Carlo Lucibello and Marc Mézard. The exponential capacity of dense associative memories. arXiv
preprint arXiv:2304.14964, 2023.
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