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Abstract

We present R2-FFNO, a novel neural operator architecture designed to address the overpa-
rameterization common in Factorized Fourier Neural Operators (FFNO) through reduced-
rank factorization of spectral components. While neural operators are effective for learning
solutions to partial differential equations (PDE), their architectures often contain an ex-
cessive number of parameters, which can lead to overfitting and diminished generalization
capabilities. Inspired from reduced-rank learning techniques, the R2-FFNO approach de-
composes spectral kernels into lower-rank representations, enabling systematic control over
the model’s capacity. This low-rank factorization facilitates a balance between the model’s
expressiveness and capability of generalization. Empirical analysis reveals that performance
saturates once an optimal rank is achieved and degrades if the rank is increased beyond
this point. This observation highlights an optimal trade-off between model complexity
and accuracy, underscoring the importance of principled rank selection in designing neural
operators.

To further enhance performance, a targeted data augmentation strategy is utilized.
This strategy introduces high-frequency variations during training to address spectral bias,
thereby enhancing the model’s capacity to resolve fine-scale PDE dynamics. A comprehen-
sive evaluation on benchmark datasets confirms the efficacy of the R2-FFNO. Compared
to the original FFNO architecture, R2-FFNO demonstrates significant error reductions:
46.5% reduction in the Navier-Stokes problem, 31.6% in the Kolmogorov Flow problem,
and 34.7% in the Darcy Flow problem. The proposed method offers a principled framework
for managing overparameterization in neural operators, contributing to the development of
more efficient and generalizable PDE solvers for wide application in scientific computing.
Our code is available at https://github.com/Chieh997/R2FFNO.
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1. Introduction

Partial differential equations (PDE) represent the foundational mathematical framework
for modeling complex physical phenomena in diverse disciplines of science and engineering,
from fluid dynamics (Herron and Foster, 2008) and structural mechanics (Öchsner, 2020)
to climate science (Stocker, 2011). Despite their ubiquitous importance, the solution of
these equations for real-world applications remains computationally intensive. Traditional
numerical solvers, while accurate, face significant limitations in computational efficiency
when handling multidimensional problems (Julien and Watson, 2009) or when requiring
rapid solutions for time-sensitive applications.

The emergence of neural operators as surrogate models for PDE solutions has revolu-
tionized scientific computing by enabling dramatic speedups while maintaining acceptable
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accuracy (Azizzadenesheli et al., 2024). Among these approaches, the Fourier Neural Oper-
ator (FNO) (Li et al., 2021) has demonstrated remarkable capabilities in learning mappings
between infinite-dimensional function spaces. The FNO leverages the efficiency of the fast
Fourier transform (FFT) to capture long-range spatial dependencies with O(n log n) com-
putational complexity, making it particularly suitable for multidimensional problems such
as fluid dynamics.

Building upon this foundation, the Factorized Fourier Neural Operator (FFNO) (Tran
et al., 2023) represented a significant advance by introducing separable spectral layers
through Fourier factorization, which processes each spatial dimension independently in the
Fourier domain before combining them in physical space. This innovation, coupled with im-
proved residual connections and improved training strategies, reduced the model complexity
by an order of magnitude while simultaneously improving accuracy.

In this article, we contend that the separation of layers in the FFNO architecture may
result in overparameterization. To investigate this issue, we conduct an analysis of the
eigenvalues associated with the linear mappings in FFNO, thereby providing empirical sup-
port for the overparameterization hypothesis. Furthermore, we propose a Reduced-Rank
FFNO (R2-FFNO) in which each learnable linear mapping is decomposed into the product
of two lower-dimensional learnable matrices. Additionally, to mitigate high-frequency spec-
tral bias, we employed a data augmentation strategy by introducing high-frequency data
variations. Our experimental results demonstrate that the R2-FFNO achieves a reduction
in error ranging from 31% to 46% relative to the original FFNO, and attains state-of-the-art
performance in our simulation studies.

2. Related Works

Classical numerical partial differential equation solvers form the backbone of computational
science and engineering, providing robust and accurate methods for solving complex math-
ematical models. These established techniques have been developed over several centuries,
with foundational contributions from mathematicians like Euler, Lagrange, and Fourier, and
continue to be essential tools for modeling real-world problems. The foundation of classical
PDE solvers lies in discretization schemes that transform continuous differential equations
into solvable algebraic systems. The finite difference method represents the most straightfor-
ward approach which approximates derivatives using differences between function values at
discrete grid points. This method excels in simple geometries and is particularly effective for
structured problems, though it can struggle with complex boundary conditions. The finite
element method (FEM) offers greater flexibility by dividing the computational domain into
small, nonoverlapping elements and using piecewise polynomial functions to approximate
solutions. The strength of FEM lies in handling complex geometries and varying boundary
conditions, making it the preferred choice for structural analysis and engineering applica-
tions. Spectral methods discretize the equations by utilizing global basis functions such as
trigonometric polynomials or orthogonal polynomials. These methods achieve exponential
convergence rates for sufficiently smooth solutions, making them particularly valuable in
fluid dynamics and atmospheric modeling.

Although these traditional methods have proven invaluable for scientific computing,
they share fundamental limitations that become pronounced in modern applications. Each
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method solves individual PDE instances with fixed parameters, requiring complete re-
computation for different initial conditions, boundary conditions, or parameter values.
This instance-by-instance approach becomes computationally prohibitive when exploring
higher-dimensional problems whose parameter spaces increase exponentially, such as at-
mospheric modeling or when real-time predictions are required. Furthermore, traditional
solvers exhibit inherent speed-accuracy trade-offs based on spatial resolution, often requir-
ing extremely fine meshes to achieve desired accuracy, particularly for turbulent flows or
multiscale phenomena.

Neural Operators. Neural operators emerged as a revolutionary approach to overcome
the limitations of traditional PDE solvers by learning mappings between infinite-dimensional
function spaces rather than finite-dimensional vector spaces (Kovachki et al., 2024). This
fundamental shift enables neural networks to learn the solution of PDEs from data, contrast-
ing sharply with classical methods that solve one equation instance at a time. DeepONet
(Lu et al., 2021) stands as a pioneering architecture in neural operator learning, character-
ized by its two sub-networks that encode different aspects of the operator mapping. The
branch network encodes the input function at a fixed number of sensor locations, while
the trunk network encodes the spatial coordinates where the output function is evaluated.
This decomposition allows DeepONet to handle functions as inputs—infinite-dimensional
objects—and map them to the corresponding output functions in the solution space. Graph
neural operators (Li et al., 2020a,b) extend the concept of neural operator by incorporating
graph structures to handle irregular geometries and variable discretizations.

Convolutional neural networks and the U-Net architecture, traditionally successful in
image domains, have been pivotal in the advancement of neural operators. For example,
convolutional neural operators (Raonić et al., 2023) employ convolutional layers to model
mappings between high-dimensional function spaces, often achieving robust and accurate
performance on PDE benchmarks. The U-shaped neural operator (Rahman et al., 2024)
integrates the U-Net architecture into the neural operator framework. By using the skip
connections that merge multi-scale feature maps, the U-shaped neural operator has achieved
significant performance gains.

FNO and its Variants. The Fourier Neural Operator (FNO) (Li et al., 2021) repre-
sents a landmark achievement in neural operator design, introducing a novel architecture
that parameterizes integral kernels directly in Fourier space. This approach leverages the
computational efficiency of FFT while maintaining the theoretical rigor of neural operator
frameworks. The FNO architecture consists of multiple Fourier layers, each performing a
linear transformation in the frequency domain, followed by an inverse fast Fourier transform
(IFFT) and non-linear activation. The key innovation lies in learning the kernel weights
in Fourier space, which enables efficient computation of global convolutions that would be
prohibitively expensive in spatial domains. The resolution-invariance property stems from
FNO’s parameterization in function space rather than discrete space, enabling the same
learned parameters to operate across different discretization levels. Experimental results
show that FNO achieves up to three orders of magnitude speedup compared to traditional
PDE solvers while maintaining competitive accuracy.

The exponential parameter growth with increasing dimensionality has been a persistent
challenge for FNO in high-resolution applications. Recent developments have introduced
sophisticated parameterization strategies to address these scalability concerns. Adaptive
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Fourier Neural Operator (AFNO) (Guibas et al., 2022) introduced the concept of patch
embedding, processing input functions in localized patches. Crucially, AFNO also refined
the parameterization of the spectral filters by applying weight parameters separately to the
real and imaginary parts of the Fourier transform, allowing for more flexible and expressive
kernel learning. The Factorized Fourier Neural Operator (FFNO) (Tran et al., 2023), ad-
dressed the computational challenges of high-dimensional inputs by factorizing the weight
parameters. Instead of operating on a single high-dimensional Fourier transform, FFNO
applies independent one-dimensional Fourier transforms across each dimension and learns
respective weight parameters for each, significantly reducing computational complexity and
memory footprint. The Amortized Fourier Neural Operator (AM-FNO) (Xiao et al., 2024)
represents a significant advancement in parameter efficiency, utilizing neural networks to
approximate the mapping between frequencies and function values rather than maintain-
ing separate parameters for each frequency mode. This approach enables the handling of
arbitrarily many frequency modes using a fixed number of parameters.

Recent spectral analysis has revealed important insights into FNO’s learning characteris-
tics, showing that FNO exhibits significant capability in learning low-frequency information
but faces challenges with high-frequency components (Qin et al., 2024). Recent research
has developed several innovative approaches to address this fundamental limitation. The
SpecBoost framework (Qin et al., 2024) represents a breakthrough in ensemble learning for
neural operators, employing multiple FNOs to better capture high-frequency information
through a residual learning approach. The Conv-FNO architecture (Liu et al., 2025) intro-
duces convolutional neural network preprocessing to extract local spatial features directly
from input data, effectively bridging the gap between local and global representations. The
U-FNO architecture (Wen et al., 2022) enhances the experssiveness of FNO by appending
a mini U-Net path to the Fourier layer. The Wavelet Neural Operator (WNO) (Tripura
and Chakraborty, 2023) extends the Fourier approach by incorporating wavelet transforma-
tions, which provide superior time-frequency localization compared to pure Fourier methods.
WNO harnesses wavelets’ ability to capture both spatial and frequency information simulta-
neously, enabling more effective learning of functional mappings in problems with localized
features or multi-scale phenomena. The wavelet basis functions’ localization properties
make WNO particularly effective for problems exhibiting sharp gradients, discontinuities,
or hierarchical structures that pure Fourier methods might struggle to represent accurately.

3. Reduced-Rank Fourier Neural Operator (R2-FFNO)

The fundamental FNO architecture is designed to learn the complex, non-linear mapping
G from input fields a(x, t) to spatio-temporal solutions u(x, t) across diverse PDE systems.
Motivated by the overparameterization hypothesis of the FFNO architecture, we propose
a novel approach that addresses this challenge through reduced-rank factorization. To
establish the theoretical foundation for our contributions, we first present the mathematical
formulation of the standard FNO and its factorized variant (FFNO), which serve as the
baseline architectures for our proposed enhancements.
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Figure 1: The architecture of our proposed Reduced-Rank Factorized Fourier Neural Op-
erator (R2-FFNO). This diagram extends the FFNO framework by introducing low-rank
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3.1. Fourier Neural Operator (FNO)

The FNO model proposed a mapping G from an input function a to an output function u,
structured as:

G = P ◦ Q(L) ◦ · · · ◦ Q(1) ◦ L, (1)

where ◦ is function composition, L is a lifting operator that maps the input function to
a higher-dimensional representation, followed by an iterative application of L learnable
Fourier operator layers Q(ℓ), and P is a projection operator that maps the final hidden
state back to the output function space.

Each operator layer Q(ℓ) processes the hidden state z(ℓ) 7→ z(ℓ+1) by:

z(ℓ+1) = Q(ℓ)(z(ℓ)) = σ(W (ℓ)z(ℓ) + b(ℓ) +K(ℓ)(z(ℓ))), (2)

where σ is a non-linear activation function, W (ℓ) is a linear transformation matrix, and b(ℓ)

is a bias vector. The kernel integral operator K(ℓ) performs global convolution efficiently in
the Fourier domain:

K(ℓ)(z(ℓ)) = F−1(R(ℓ) · F(z(ℓ))), (3)

where F and F−1 represent the D-dimensional FFT and its inverse transformation (IFFT),
respectively, and R is the learnable Fourier domain weighted parameter, often referred to
as a spectral convolution kernel.

3.2. Factorized Fourier Neural Operator (FFNO)

The FFNO introduces a modified operator layer Q(ℓ) with a residual connection and a more
complex non-linearity to enhance stability and performance:

Q(ℓ)(z(ℓ)) = z(ℓ) + σ(W
(ℓ)
2 σ(W

(ℓ)
1 K(ℓ)(z(ℓ)) + b

(ℓ)
1 ) + b

(ℓ)
2 ) (4)
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where W
(ℓ)
1 , W

(ℓ)
2 are the weight matrices, and b

(ℓ)
1 , b

(ℓ)
2 are bias vectors.

The key innovation in FFNO lies in factorizing the kernel integral K(ℓ). Instead of
computing a full-dimensional Fourier transform, FFNO approximates the kernel integral by
summing independent one-dimensional Fourier transforms across each dimension d ∈ D:

K(ℓ)(z(ℓ)) =
∑
d∈D

F−1
d (R

(ℓ)
d · Fd(z

(ℓ))), (5)

where {Fd}d∈D and {F−1
d }d∈D denote the one-dimensional FFT and IFFT along dimen-

sion d respectively, and R
(ℓ)
d is the learnable spectral convolution kernel specific to that

dimension.

3.3. Proposed Method: Reduced-Rank Fourier Neural Operator (R2-FFNO)

Our proposed Reduced-Rank Factorized Fourier Neural Operator (R2-FFNO), depicted
in Figure 1, constrains model capacity through reduced-rank factorization of the spectral
kernels. This design is motivated by an eigenvalue analysis of the FFNO architecture (see
Figure 2 and detailed in Section 4.2), which empirically supports the presence of overparam-
eterization in the spectral domain. The underlying principle of reduced-rank factorization
is inspired by techniques such as reduced-rank regression (Reinsel et al., 2022) and recent
developments in parameter-efficient large-scale models (Gu et al., 2022). Specifically, each
one-dimensional spectral kernel Rd is decomposed as:

R
(ℓ)
d = U

(ℓ)
d,(k)

[
V

(ℓ)
d,(k)

]⊤
, (6)

where U
(ℓ)
d,(k) and V

(ℓ)
d,(k) are reduced-rank decomposition matrices of rank k along dimension

d ∈ D.
Given that R

(ℓ)
d ∈ RH×H×M , where H is the hidden size for both input and output

channels, and M the number of top Fourier modes retained along the spatial dimension, we
explored applying low-rank factorization across two different tensor dimensions: between
the input and output channels, and between the output channels and spatial dimensions.
Our experiments demonstrated that the latter approach yields superior performance.

From a computational complexity perspective, the number of parameters for FFNO’s

R
(ℓ)
d scales as O(LH2MD), which is reduced to O(LHk(H + M)D) after applying our

reduced-rank decomposition. This substantial parameter reduction directly addresses the
overparameterization problem by constraining the model’s effective capacity without sacri-
ficing expressiveness. The low-rank structure enforces a principled bottleneck that captures
essential spectral patterns while eliminating redundant parameters, thereby preventing over-
fitting and enhancing generalization to unseen PDE configurations. By controlling the rank
k, we can systematically regulate model complexity and achieve an optimal balance between
representational power and generalization capability.

4. Numerical Experiments

We compared the proposed method against a variety of Fourier operator variants—FNO,
AFNO, AM-FNO, Geo-FNO(Li et al., 2023a), U-FNO, WNO, and FFNO—across three
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distinct fluid dynamics datasets: Darcy flow, the Navier-Stokes equation, and Kolmogorov
flow. All experiments employ two-dimensional unit square domains with input and output
functions discretized at 128× 128 resolution.

Experimental Details. All models were trained for 1000 epochs using N = 1000 training
samples and 200 test samples, with early stopping implemented to prevent overfitting.
Training employed the AdamW optimizer (Loshchilov and Hutter, 2019) with an initial
learning rate of 1 × 10−3 and weight decay of 1 × 10−4, combined with cosine annealing
learning rate scheduling (Loshchilov and Hutter, 2017). All models were implemented in
PyTorch (Paszke, 2019) and trained on a single RTX 3080 GPU.

Mean Squared Error (MSE) served as the loss function during training, while evaluation
metrics included both MSE and relative L2 loss, defined as:

MSE =
1

N

N∑
i=1

∥ω̂i − ωi∥22 ; relative L2 loss =
1

N

N∑
i=1

∥ω̂i − ωi∥2
∥ωi∥2

,

where ∥·∥2 is the L2-norm, and ω̂ is the model’s prediction of the corresponding ground
truth ω. Prediction variability was assessed by calculating the standard deviation of the
individual sample-wise MSE and relative L2 errors.

Model Configurations. To ensure fair comparison, all models were configured to project
input data to a 32-channel latent space. Model-specific configurations were optimized
through hyperparameter search: the FNO baseline and Geo-FNO used a mode size of
12, AFNO employed a patch size of 8 (creating 16× 16 patches), AM-FNO utilized a width
of 32 with 32 modes for MLP-based spectral layers, and FFNO was evaluated with a mode
size of 32. For U-FNO and WNO, we adopted the default configurations from their respec-
tive source code: U-FNO with a width of 36 and mode size of 10, and WNO with discrete
settings and a width of 40. The U-FNO model, originally designed for 3D problems, was
adapted for our 2D experiments.

Our proposed R2-FFNO applies reduced-rank factorization to the FFNO baseline with
mode size 32. The optimal rank k is chosen from the set {1, 2, 4, 8, 16, 24, 28}. We employed a
data augmentation strategy that involves the addition of Gaussian noise, aiming to mitigate
high-frequency spectral bias. Empirical results suggest that this data augmentation indeed
improved the model’s performance. This improvement may be attributed to the inherent
property of Gaussian noise, which possesses energy across a wide range of frequencies and
introduces abrupt, fine-scale fluctuations. Its addition can thus make the model robust to
these small, high-frequency perturbations. This strategy appears to effectively counteract
the tendency of models to overfit low-frequency components, thereby potentially reducing
spectral bias and improving generalization.

Our analysis proceeds in four stages. First, Section 4.2 provides empirical evidence
for the low-rank nature of FFNO spectral kernels through normalized eigenvalue analysis.
Second, Section 4.3 compares the proposed R2-FFNO, using its optimal rank, against all
baseline models. Section 4.4 presents a comprehensive sensitivity analysis, demonstrating
the critical importance of rank selection for achieving optimal performance across different
PDE systems. Finally, in Section 4.5, we conduct an ablation study to isolate the indi-
vidual contributions of reduced-rank factorization and data augmentation to the overall
performance.



Chou Chen

4.1. Benchmark Datasets

4.1.1. Darcy Flow

The Darcy Flow dataset is generated from the steady-state Darcy equation, a fundamental
elliptic PDE that describes fluid flow through porous media. The equation is defined as
follows:

−∇ · (a(x)∇u(x)) = f(x) x ∈ (0, 1)2

u(x) = 0 x ∈ ∂(0, 1)2

Here, u(x) represents the pressure field, a(x) is the permeability field (coefficient), and f(x)
is a source term. The problem is posed on a unit square domain (0, 1)2 with homogeneous
Dirichlet boundary conditions. The dataset is sourced from the Python package Neural
Operator (Kovachki et al., 2024; Kossaifi et al., 2024).

4.1.2. Navier-Stokes Equations

The Navier-Stokes Equations dataset involves transient, incompressible fluid flow. These
equations are a set of non-linear PDEs crucial for describing the motion of viscous fluids.
The specific form used for this dataset is:

∂tu(x, t) + u(x, t) · ∇u(x, t) = −∇p(x, t) + ν∆u(x, t) x ∈ (0, 1)2, t ∈ (0, T ],

∇ · u(x, t) = 0 x ∈ (0, 1)2, t ∈ (0, T ],

u(x, 0) = u0(x) x ∈ (0, 1)2,

where u(x, t) is the velocity vector at position x and time t, p(x, t) is the pressure, and
ν = µ/ρ is the kinematic viscosity. Here, µ is dynamic viscosity, and ρ is the constant
fluid density (taken to be unity). ∆ denotes the Laplacian operator. The first equation
represents momentum conservation, the second ensures incompressibility (divergence-free
flow), and the third sets the initial velocity field. The dataset is also sourced from the
Python package Neural Operator.

4.1.3. Kolmogorov Flow

Kolmogorov flow is a special case for the Navier-Stokes equations under a sinusoidal external
forcing function in the first spatial direction (Chen, 2024):

∂tu(x, t) + u(x, t) · ∇u(x, t) = −∇p(x, t) + ν∆u(x, t) + νf(x),

∇ · u(x, t) = 0,

u(x, 0) = u0(x),

where f = [a sin(x2), 0]
⊤ is an external forcing term. We generate the dataset using

the python package KolSol1, which implements the pseudospectral solver using a Fourier-
Galerkin approach (Canuto et al., 1988).

1. https://github.com/MagriLab/KolSol

https://github.com/MagriLab/KolSol
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4.2. Low-Rank Characteristics of Spectral Kernels

The low-rank nature of spectral kernels is empirically demonstrated by analyzing their
normalized eigenvalues. The normalized eigenvalue λ̃i is defined as:

λ̃i =
λi∑K
j=1 λj

,

where {λi}Ki=1 are the eigenvalues in descending order and K is the full rank size.
The normalized eigenvalues of the FFNO spectral kernels (Rx and Ry) are presented

by layer (ℓ = 0 to 3) after 1000 training epochs, reflecting the decomposition across output
channels and spatial dimensions. Figure 2 shows the analysis for the Navier-Stokes dataset,
and Figure S1 in Supplemental Material A provides the results for Darcy Flow and Kol-
mogorov Flow. The observed rapid decay of the eigenvalues, particularly within the first
few ranks, provides strong empirical evidence for the inherent low-rank characteristics of
these spectral kernels, motivating the use of structured capacity constraints in R2-FFNO.

While each plot exhibits distinct decay patterns, suggesting that optimal rank k might
vary for individual spectral kernels, setting unique ranks would introduce excessive hy-
perparameter complexity. Therefore, for practical implementation and simplified model
configuration, we adopt a uniform rank k across all spectral kernels within the model.

Figure 2: Normalized eigenvalues of the FFNO spectral kernels R
(ℓ)
x , R

(ℓ)
y after 1000 train-

ing epochs on the Navier-Stokes dataset. The top row presents the eigenvalues for the

x-dimension kernels R
(ℓ)
x , while the bottom row for the y-dimension kernels R

(ℓ)
y , across

different layers ℓ.

4.3. Main Results

Table 1 presents a comprehensive comparison of MSE and relative L2 error across all
datasets, with corresponding visual representations of model predictions shown in Figure 4.

Our proposed R2-FFNO consistently demonstrates competitive and often superior per-
formance across the evaluated benchmarks. On the Navier-Stokes dataset, R2-FFNO achieved
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optimal results with a substantial reduction of 46.5% on MSE and 27.6% on relative L2 com-
pared to the baseline FFNO. For the Kolmogorov Flow dataset, R2-FFNO outperformed
the current state-of-the-art AM-FNO model with a 23.5% MSE reduction, representing a
31.6% improvement on MSE and an 18.5% reduction on relative L2 over the original FFNO
baseline. While R2-FFNO ranked second on the Darcy dataset, it still demonstrated sub-
stantial improvement with a 34.7% MSE reduction and an 18.1% relative L2 reduction over
FFNO.

To confirm the significance of these gains, we conducted one-sided paired t-tests com-
paring the sample-wise MSE of R2-FFNO to the FFNO baseline. The results showed statis-
tically significant improvements across all three datasets, with p-values of 0.0256 for Darcy
Flow, 6.83e-43 for Navier-Stokes, and 1.25e-7 for Kolmogorov Flow. As all these p-values
are well below the 0.05 significance level, we can confidently conclude that our proposed
method consistently and significantly outperforms the baseline. These consistent improve-
ments across diverse fluid dynamics problems indicate the robustness and generalizability
of the reduced-rank approach.

Beyond accuracy improvements, R2-FFNO demonstrates enhanced stability across dif-
ferent experimental runs. The method exhibits the lowest SD of MSE and L2-loss for most
test cases, with AM-FNO on the Darcy dataset being the sole exception. This pattern in-
dicates that our model not only maintains or improves model accuracy but also contributes
to greater robustness by minimizing prediction variability across runs.

Darcy Navier-Stokes Kolmogorov
MSE relative L2 MSE relative L2 MSE relative L2

FNO 19.60 ± 47.63 119.96 ± 77.64 34.16 ± 16.44 181.19 ± 17.97 3.82 ± 5.84 52.36 ± 49.48
AFNO 11.61 ± 40.61 82.40 ± 60.27 6.65 ± 6.37 73.67 ± 20.25 3.03 ± 4.08 48.63 ± 39.98
AM-FNO 2.90 ± 5.99 46.17 ± 29.65 6.64 ± 5.11 76.62 ± 14.09 1.70 ± 2.56 34.37 ± 33.69
Geo-FNO 17.35 ± 39.11 114.30 ± 68.84 32.68 ± 14.29 178.18 ± 15.32 2.23 ± 3.39 38.09 ± 39.02
U-FNO 21.00 ± 64.26 105.86 ± 87.20 5.17 ± 4.39 66.47 ± 15.77 2.18 ± 3.15 40.68 ± 34.49
WNO 15.77 ± 36.21 110.57 ± 63.91 28.28 ± 15.07 163.23 ± 19.15 2.73 ± 4.10 43.76 ± 41.38
FFNO 4.94 ± 16.64 59.25 ± 39.17 4.30 ± 3.71 60.76 ± 13.17 1.92 ± 2.95 36.35 ± 36.07
R2FFNO 3.25 ± 9.24 48.49 ± 29.53 2.31 ± 2.25 43.96 ± 10.65 1.31 ± 1.99 29.56 ± 30.39

Table 1: Comparison of the mean and standard deviation of MSE and relative L2 error for
different models on the Darcy, Navier-Stokes, and Kolmogorov datasets. All values are in
units of 10−3

4.4. Rank Sensitivity

To investigate the sensitivity of our proposed R2-FFNO model to low-rank factorization, we
conducted a parameter study on rank size k. With a full mode size of 32, we evaluated model
performance across various rank values: k ∈ {1, 2, 4, 8, 16, 24, 28}. The results, detailing
both MSE and relative L2 loss, are summarized in Table 2 and visualized in Figure 3.

The analysis reveals that the rank size has a significant impact on model performance,
with optimal values varying across datasets. For the Darcy Flow and Navier-Stokes Equa-
tion datasets, the optimal rank achieving the lowest errors is k = 16. In contrast, the
Kolmogorov Flow dataset achieves the best performance with a higher rank of k = 24. This
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variation indicates that the ideal reduced-rank approximation depends on the underlying
complexity and characteristics of each specific PDE problem.

Across all datasets, we observe a consistent pattern: MSE and relative L2 loss initially
decrease as rank increases, followed by either saturation or a slight increase, suggesting
degraded performance beyond the optimal rank. The SD generally mirrors this trend,
indicating that optimal rank selection contributes not only to improved accuracy but also
to more consistent and robust predictions. However, the optimal rank for the mean error
does not always align with the optimal rank for the minimum variability. For example,in the
Darcy Flow analysis, the lowest mean MSE is observed at rank k = 16, whereas the lowest
SD of MSE is at k = 8. This suggests a nuanced trade-off between maximizing predictive
accuracy and maximizing prediction consistency for certain PDE systems.

These results highlight the existence of an optimal trade-off point where model com-
plexity, as defined by rank, maximizes predictive performance and robustness. The varied
optimal ranks across datasets further confirm that carefully tuning the rank size to the
specific characteristics of the problem is crucial to achieving both high performance and
robust generalization.

Darcy Navier-Stokes Kolmogorov
MSE relative L2 MSE relative L2 MSE relative L2

rank=1 4.36 ± 10.92 57.33 ± 34.79 4.99 ± 3.98 66.12 ± 13.12 1.77 ± 2.62 36.29 ± 32.56
rank=2 3.86 ± 12.10 53.89 ± 34.13 4.01 ± 3.29 59.02 ± 12.19 1.68 ± 2.51 35.06 ± 32.72
rank=4 4.35 ± 10.90 55.22 ± 34.68 2.61 ± 2.30 47.12 ± 10.56 2.11 ± 3.23 37.70 ± 38.90
rank=8 3.56 ± 8.91 50.36 ± 33.57 2.62 ± 2.49 46.88 ± 11.27 1.60 ± 2.48 32.64 ± 33.51
rank=16 3.21 ± 9.24 47.98 ± 29.66 2.25 ± 2.21 43.30 ± 10.64 1.61 ± 2.63 32.09 ± 35.08
rank=24 3.37 ± 8.93 48.83 ± 32.78 3.27 ± 3.00 52.44 ± 12.48 1.31 ± 1.97 29.81 ± 30.11
rank=28 3.31 ± 9.32 47.33 ± 31.25 2.87 ± 2.76 49.06 ± 11.82 1.35 ± 2.06 30.09 ± 30.87

Table 2: Comparison of the mean and standard deviation of MSE and relative L2 error for
different rank sizes on the Darcy, Navier-Stokes, and Kolmogorov datasets.

(a) Darcy Flow (b) Navier-Stokes Equation (c) Kolmogorov Flow

Figure 3: Evaluation of R2-FFNO model performance with varying low-rank factorization
sizes (k) across three datasets: (a) Darcy Flow, (b) Navier-Stokes Equation, and (c) Kol-
mogorov Flow.
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4.5. Ablation Study: the Contributions of Reduced-Rank Factorization and Data
Augmentation

We conducted a comprehensive ablation study to isolate the individual contributions of our
two primary components: reduced-rank factorization and data augmentation. The results
in Table 3 clearly show that both reduced-rank factorization alone (R2-FFNO) and data
augmentation individually (FFNO(aug)) improve performance over the baseline FFNO.

Both reduced-rank factorization alone (R2-FFNO) and data augmentation individually
(FFNO(aug)) improve performance over the baseline FFNO. For the Darcy Flow dataset,
reduced-rank factorization achieves a 12.8% reduction in MSE and a 4.6% reduction in rel-
ative L2, while data augmentation provides a 6.7% improvement in MSE and a 7.8% reduc-
tion in relative L2. In the Navier-Stokes dataset, data augmentation shows more substantial
gains across the board with a 28.4% reduction in MSE and a 16.2% reduction in relative
L2, while reduced-rank factorization maintains similar performance. For Kolmogorov Flow,
both components contribute modestly but consistently. Reduced-rank factorization reduces
MSE by 3.1% and relative L2 by 2.2%, while data augmentation reduces MSE by 1.6% and
relative L2 by 2.2%.

Our proposed complete model R2-FFNO(aug), which combines both techniques, con-
sistently achieves the best results across all three datasets. The combined approach yields
substantial overall improvements: 34.2% MSE reduction and 18.1% relative L2 reduction for
Darcy Flow; 46.3% MSE reduction and 27.6% relative L2 reduction for Navier-Stokes; and
31.8% MSE reduction and 18.5% relative L2 reduction for Kolmogorov Flow. Importantly,
these substantial final improvements exceed the sum of individual contributions, confirm-
ing the synergistic effects between reduced-rank factorization and data augmentation. This
confirms that both components are crucial to the overall effectiveness of our method and
that their effects are synergistic.

Darcy Navier-Stokes Kolmogorov
MSE relative L2 MSE relative L2 MSE relative L2

FFNO 4.94 ± 16.64 59.25 ± 39.17 4.30 ± 3.71 60.76 ± 13.17 1.92 ± 2.95 36.35 ± 36.07
FFNO(aug) 4.61 ± 14.96 54.64 ± 38.90 3.08 ± 2.76 51.02 ± 11.83 1.89 ± 2.93 35.48 ± 36.87
R2FFNO 4.31 ± 11.35 56.51 ± 33.24 4.26 ± 3.62 60.43 ± 13.10 1.86 ± 2.83 35.49 ± 35.78
R2FFNO(aug) 3.25 ± 9.24 48.49 ± 29.53 2.31 ± 2.25 43.96 ± 10.65 1.31 ± 1.99 29.56 ± 30.39

Table 3: Ablation study isolating the performance effects of data augmentation and reduced-
rank factorization. This table compares the performance of four model variants: the baseline
FFNO, FFNO with data augmentation (FFNO(aug)), R2-FFNO with reducedrank factor-
ization only, and the full R2-FFNO(aug) model combining both strategies.

5. Conclusion and Discussion

This work introduces the R2-FFNO method to address overparameterization in FFNO ar-
chitectures through systematic reduced-rank factorization of spectral kernels. To further
enhance its robustness and mitigate high-frequency spectral bias, we also employed a data
augmentation strategy involving the addition of high-frequency data variations via Gaus-
sian noise. Comprehensive experimental evaluation demonstrates that R2-FFNO achieves
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competitive or superior performance compared to state-of-the-art models, with reduced
prediction errors and enhanced stability. Our analysis highlights the critical importance of
careful rank selection, as it directly impacts the balance between computational efficiency
and predictive accuracy. Notably, we observe performance saturation after reaching the
optimal rank, with degraded performance beyond this threshold, suggesting the existence
of an optimal complexity-accuracy trade-off.

Future research directions include extending R2-FFNO to irregular domains, such as
structured meshes or unstructured point clouds, potentially through the application of co-
ordinate mapping techniques or integration with approaches like GINO (Li et al., 2023b) and
Geo-FNO. Combining R2-FFNO with Physics-Informed Neural Networks (PINNs) (Raissi
et al., 2019) presents an intriguing direction, as the operator learning capabilities of R2-
FFNO combined with the physics-constraining properties of PINNs could yield more robust
and data-efficient PDE solvers. Furthermore, investigating the integration of R2-FFNO
with WNO, which captures multiscale spatial and frequency information, could address
challenges associated with high-frequency modeling and enhance multi-scale representation
capabilities.
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Appendix A. Prediction of Models

(a) Darcy Flow

(b) Navier-Stokes Equation

(c) Kolmogorov Flow

Figure 4: Visual comparison of predictions across different models for a representative sam-
ple from each dataset. For each dataset, the figure displays the input field, the corresponding
ground truth solution, and the predictions generated by various models.


