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Abstract— Autonomous systems operating in adversarial
and time-critical environments require strategic decision-
making mechanisms that ensure safety, robustness, and perfor-
mance. Safe predefined-time stability characterizes parameter-
dependent nonlinear dynamical systems whose trajectories
starting in a set of admissible states remain within the set and
converge to an equilibrium point within a predefined time. In
this paper, we develop a game-theoretic framework to address
a robust optimal safe predefined-time stabilization problem
for parameter-dependent nonlinear dynamical systems subject
to an adversary with nonquadratic performance measures. In
particular, the robust optimal safe predefined-time stabilization
problem is formulated as a two-player zero-sum differential
game, wherein the controller is a minimizing player and the
adversary is a maximizing player. Sufficient conditions for the
existence of a saddle-point solution to the zero-sum game and
closed-loop system safe predefined-time stability are derived.
Specifically, safe predefined-time stability of the closed-loop
system is guaranteed via a barrier Lyapunov function satisfying
a differential inequality while serving as a solution to the steady-
state Hamilton—Jacobi-Isaacs (HJI) equation ensuring Nash
equilibrium. Since the steady-state HJI equation is typically
intractable to solve analytically, we construct an adversarially
robust physics-informed machine learning algorithm to learn
the safely predefined-time stabilizing solution to the steady-
state HJI equation. Simulation results illustrate the efficacy of
the proposed framework.

I. INTRODUCTION

Autonomy pertains to controlled systems that can operate
without human intervention. Systems with this capability
are termed autonomous systems (ASs), such as self-driving
cars, humanoid robots, and unmanned aerial vehicles [1].
However, numerous incidents of unintended AS crashes
highlight that ASs are safety-critical systems. Hence, ensur-
ing safety has led to the emergence of safe autonomy [2].
Safe autonomy can be enabled by harnessing the advantages
of nonlinear control theory [3], optimal control theory [4],
robust control theory [5], and game theory [6] to equip ASs
with control architectures that ensure safety, stability, robust-
ness, and performance. However, ensuring safety becomes
considerably more challenging in the presence of adversarial
disturbances arising from cyber-physical attacks. This ne-
cessitates the synthesis of adversarially robust optimal safe
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policies guaranteeing disturbance rejection in a predefined
time. Incorporating predefined-time adversarial robustness
into safe control design enhances resilience and reliability
in real-world applications.

Stability theory concerns the behavior of the system tra-
jectories of a dynamical system when the system initial state
is near an equilibrium state [3]. The notion of asymptotic
stability allows the convergence of system trajectories to a
Lyapunov stable equilibrium point over an infinite horizon
[3]. In contrast, the concept of finite-time stability enables
the convergence of system solutions to a Lyapunov stable
equilibrium state in finite time [7]. However, the settling-time
function for finite-time stability is not uniformly bounded,
and hence the convergence time may increase (possibly
unboundedly) with the norm of the initial condition. Fixed-
time stability strengthens the notion of finite-time stability
by guaranteeing that the settling-time function is uniformly
bounded with respect to the initial condition [8]. However,
this upper bound cannot be prescribed a priori. Alternatively,
the concept of predefined-time stability involves fixed-time
stable parameter-dependent dynamical systems whose upper
bound of the settling-time function can be chosen via an
appropriate selection of the system parameters [9], [10].

Differential game theory analyzes strategic interactions
between competing agents, providing a powerful framework
for addressing robust optimal control problems. Specifically,
the disturbance rejection control problem in . control
theory [5], [11], [12] can be formulated as a two-player
zero-sum game wherein the controller is a minimizing player
and the disturbance is a maximizing player. Infinite-horizon
zero-sum games for linear and nonlinear dynamical systems
with quadratic and nonquadratic performance measures are
studied in [13]-[19]. In particular, sufficient conditions are
provided to characterize a saddle point solution for the game
and closed-loop system asymptotic, partial-state asymptotic,
and partial-state finite-time stability in [16]-[18]. In light of
the above, although these game-theoretic control frameworks
establish stability and Nash equilibrium, predefined-time sta-
bility is not ensured, and safety is not a design consideration.

Safe control theory concerns the controller analysis and
synthesis for a safety critical dynamical system to guarantee
the satisfaction of safety specifications [20], which can be
expressed as forward invariance [3] of a set of safe system
states. Control barrier functions (CBF) have been commonly
used to guarantee the safety of a control system by rendering
a safe set forward invariant [21]-[23]. The problem of
asymptotic stabilization with guaranteed safety is addressed



in [24] by merging a control Lyapunov function (CLF)
[25] and a CBF [21]. However, a CLBF cannot exist, as
shown in [26]. Alternatively, quadratic programming (QP)
has been utilized to combine a CLF and a CBF to synthesize
controllers for safe asymptotic stabilization of nonlinear
systems [27], [28]. A key limitation of these frameworks
is the lack of robustness guarantees. In contrast, building on
the results of [29], the notion of robust CBF is introduced
in [30] to construct controllers for nonlinear systems with
exogenous disturbances that guarantee safety and input-to-
state stability [3]. However, CBF-based QPs introduce unde-
sirable asymptotically stable equilibria [31], do not optimize
closed-loop system performance in the face of a worst-
case adversary, and do not enforce time constraints. To the
best of our knowledge, a game-theoretic control framework
that simultaneously ensures safety, predefined-time stability,
optimality, and robustness is absent from the literature.

To synthesize the Nash equilibrium strategies for a zero-
sum differential game formulating a robust optimal stabi-
lization problem, it is first necessary to determine the value
of the game, which is a stabilizing solution of a non-
linear partial differential equation, the steady-state Hamil-
ton—Jacobi—Isaacs (HJI) equation. Solving the steady-state
HIJI equation is generally intractable, except for special
cases [32]. Physics-informed neural networks (PINNs), first
developed in [33], have demonstrated their effectiveness
in approximating a stabilizing solution to the steady-state
Hamilton—Jacobi—Bellman (HJB) equation related to an op-
timal stabilization problem [34]-[36]. However, using PINNs
to solve a zero-sum differential game has not been explored.
To the best of our knowledge, the literature lacks a game-
theoretic physics-informed learning framework that approxi-
mates the unique stabilizing solution to the steady-state HJI.

Contributions: The contributions of this paper are
threefold. First, we address an adversarially robust optimal
safe predefined-time stabilization problem formulated as a
two-player zero-sum differential game. Second, sufficient
conditions for the existence of a saddle-point solution to the
zero-sum game and closed-loop system safe predefined time
stability are derived in terms of a barrier Lyapunov function.
Finally, an adversarial physics-informed learning algorithm
is developed to learn the solution to the robust optimal safe
predefined-time stabilization problem.

II. ROBUST OPTIMAL SAFE PREDEFINED-TIME
STABILIZATION

In this section, we formulate the robust optimal safe
predefined time stabilization problem as a two-player zero-
sum differential game to characterize robust optimal feedback
controllers that render the equilibrium point of the closed-
loop system safely predefined-time stable while optimizing
the closed-loop system performance against the worst-case
feedback adversary. Specifically, we provide sufficient condi-
tions for the existence of a safely predefined time stabilizing
feedback Nash equilibrium solution to the zero-sum game.

Consider the parameter-dependent nonlinear affine dynam-

ical system given by

i(t) = f(a(t),0f) + G(x(t),0c)ult) + K (z(t), 0k )a(t),
2(0) = zo, =0, (D

where, for every ¢ > 0, z(t) € R" is the state vector, u(t) €
R™u is the control input, a(t) € R™a is the adversarial input,
f:R"xRNs — R™ is such that f(-,0y) is continuous on R"
for all f € RY7 and f(0,-) =0, G : R" x RN¢ — Rnxmu
is such that G(-,0¢) is continuous on R™ for all ¢ € RVe,
and K : R" x RV, — R"*™a g such that K(-,0x) is
continuous on R” for all 85 € RV,

Let S < R” be a set of admissible states with 0 € S and
let T}, > 0 be a predefined time. To evaluate the performance
of the controlled parameter-dependent nonlinear dynamical
system (T)), we define the performance measure
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where L : S - R, L, : S - R>*™ [, : S —
RiIXma R, : 8 - R™>XMu and R, : S — R™MaX™Ma gre
continuous on S such that L(0) = 0, L, (0) = 0, L,(0) =0,
R,(z) > 0, x € §, and R,(z) > 0, z € S. Note that
L(-) penalizes deviations of the state 2 from the origin, if
L(z) 20, z €S, L,(-) penalizes alignment with the control
input u, L,(-) rewards alignment with the adversary input a,
and R, (-) and R, () penalize control and adversary effort.
The controller u(+) is a player that minimizes the performance
measure (2), whereas the adversary a(-) is a player that
maximizes the performance measure (2.

We define, for every zg € S, the set of safely
predefined-time stabilizing pairs of feedback strategies by
F(x0,8,Tp) = {u : [0,00) - R™ and a : [0,00) —
R™a : y(-) and a(-) are a feedback control strategy and a
feedback adversary strategy and = (¢), ¢t = 0, is a solution
to (I) satisfying x (¢) € S for all ¢ > 0 and z (¢) = 0 for all
t > T,}. Furthermore, let F, (zo,S,T}) and F, (zo, S, Tp)
be the sets of feedback control strategies and feedback adver-
sary strategies such that F, (xo,S,Tp) X Fq (20,S,Tp) =
f (SC(), S, Tp).

The next theorem gives sufficient conditions for the exis-
tence of a safely predefined time stabilizing feedback Nash
equilibrium solution to the two-player zero-sum game.

Theorem 1: Consider the parameter-dependent nonlinear
affine dynamical system with performance measure (2)).
Assume that there exist a continuously differentiable function
V : 8 — R, system parameter vectors 07 € RN/, §; € RN,
and A € RV% and real numbers o, 3, p, ¢, k > 0 such
that pk < 1, gk > 1, and
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R, '(x) [V’(x)K(x,GK) + La(;v)} =0, z€8, (3
V(0) =0, €]
V(z) >0, ze8\{0}, 3)
V(z) > w0 as z — dS, (6)
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If either S is bounded or both S is unbounded and V'(-) is
coercive, then there exists a control parameter vector 0. €
RNe and an adversary parameter vector 6, € R™= such that
with the feedback control strategy

ult) =u* (x(t). )
= IR ) [La(e(t) + V(1) C (). 05)]
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and the feedback adversary strategy

a(t) =a*(z(t),6.)

élRJI(96(15))[La(96(t)) + V(@)K (2(1),0x)]

2
z(t)eS, t=0, (9
the zero solution z(t) = 0 to (I)) is safely predefined-time
stable with predefined time 7}, with respect to the set of
admissible states S. Furthermore, if g € S, then the pair of

feedback strategies (u*(-),a*(+)) is the Nash equilibrium of
the two-player zero-sum game in the sense that

J(xo, U*(l'(')y 9c)7 a*(w(~)7 0a))
J (o, u(),al-))

J (SC(), u()’ a())

= min max
u(')e'}—u(mmsva) a(')(—:]:a 517075an)

max min
a(-)eFq(x0,8,Tp) u(-)eFu(xo,S,Tp)
and the Nash value is
J (o, u (2(),0c),a™ (z(),0a)) = V (20).
Proof. The proof is given in [37]. [

The robust optimal safe predefined-time stabilization prob-
lem is equivalent to solving the steady-state HJI equation
subject to the constraints (@)—(7), which is generally

difficult to solve, except for special cases. In the next section,
we present learning-based techniques for approximating the
solution of the HJI equation.

III. PINNS FOR ROBUST OPTIMAL SAFE CONTROL

In this section, building on the results of [38], we design
a physics-informed learning framework to approximate the
safely predefined-time stabilizing solution V' (-) of the steady-
state HJI equation (3). Specifically, invoking the universal
approximation property of deep neural networks [39], we in-
troduce a surrogate model V (-, w) with w € R representing
the trainable model parameters. To ensure the satisfaction of
the constraints @)—(6), let

V(z,w) = h(Van(z,w))B(z), (x,w)eS x RN, (10)

where h : R — (0,00) is a user-defined continuously
differentiable function, Van : S x RY — R is a standard
fully-connected neural network, and B : &S — R is a
user-defined continuously differentiable function satisfying
B(0) = 0, B(z) > 0, =z € S\{0}, and B(x) — o as
x — 0S. If § is unbounded, then B(-) is additionally
coercive.

To learn an approximation V (-, w) of V/(-), we randomly
sample M points in S and let Seo = {x1,...,2p} < S
denote the set of collocation points. The learning procedure
is formulated as a constrained optimization problem, where,
at the collocation points, the loss function £(-) penalizes
violations of the steady-state HJI equation (3) and the
constraint function I(-,-) enforces the differential inequality
to guarantee safe predefined-time stability. Specifically,
the constrained optimization problem is of the form

S Ew)

subject to I(z,w) <0, € S,

Y

where the loss function £(-) and the constraint function (-, -)
are defined by

Ew) = Y | L) + Ve, w) f (2, 67)
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+ %K(m, GK)Rgl(x)KT(mﬁK)VIT(x,w))
+ Tlp (ozf/p(;mw) + BV (x, w))T7

(z,w) € Seot x RY. (13)

The constrained optimization problem can be numer-
ically addressed using the augmented Lagrangian method
(see, for example, [40] and [41]). In particular, the con-
strained optimization problem (TI)) is converted into a se-
quence of unconstrained optimization subproblems through
an iterative procedure. In each iteration, the objective func-
tion of the unconstrained optimization subproblem is the
sum of the loss function £(-) and a penalty term for the
constraints. Hence, the optimization subproblem at iteration
k takes the form

min & (w), (14)

weRN

where Ei(+) is the loss function at iteration k given by

gk(w) = 5(w) + Z (Mk—l]l{l(x,w)zov/\k,l(m)>0}l2(ajaw)

€S0l

+)\k,1(x)l(x,w)), (15)

with v representing the or operator.
For every iteration k € Z, the Lagrangian multipliers pi,
and Ak(-) in (I3) are updated as

P = Optg—1, (16)
/\k(x) = ma‘X{Oa /\k—l(m) + 2/”“]6—11(3:71’0)}) T € SC017 17

with §, po € R being tunable hyperparameters, and Ag(x)
is initialized to be O for every = € S.,. The optimization
subproblem (T4) can be solved using modern gradient-
based or (quasi-) Newton-based numerical solvers, such as
Adam [42] or L-BFGS [43].

Let wy denote the minimizer of the optimization sub-
problem (T4) at iteration k. Substituting wy, into (T0) yields
V(-,wk), an approximation of the value function. Further-
more, substituting V' (-, wy) into and @) yields the
approximate Nash feedback control and adversary strategies
4(-,wy) and a(-, wy ), respectively. Algorithm |1| presents the
pseudocode for the proposed adversarial physics-informed
learning framework for robust optimal safe control, executed
for a given number of iterations . The architecture of
Algorithm [T) is shown in Fig. [I}

Remark 1: Note that the steady-state HJI equation (3))
may have multiple solutions. However, the Nash value V()
is the unique safely predefined-time stabilizing solution.
Hence, when using PINNs to solve the robust optimal safe
predefined-time stabilization problem, enforcing the stability
conditions (@)-(7) is imperative. Conditions (@)-(6) are sat-
isfied by the design of the PINN architecture, while (7)) is
imposed as a constraint in the learning procedure. O

Simulation results are provided in Appendix.

IV. CONCLUSION

In this paper, an adversarially robust optimal safe
predefined-time stabilization problem is stated and shown

Algorithm 1 Training procedure of Adversarial PINN
Hyperparameters: o, 3,v,1,,p,q, 7,0, to
Input: Collocation points Seo = {z1,..., 2} < S
Output: Nash value V (-, wi)
Nash equilibrium (4(-, wic), a(-, wr))

1: procedure
2: Ao(x) < 0 for every x € S¢q
3. Initialize network parameters wy € RY
4: for k=1---K do
5: E — E(wr—1) = (12)
6: Uz) « l(z, wp—1) = (3)
7: Ep—E+ Z (,uk,1 ]1{l~(a:)>0v>\k,1(w)>0} 12(5(})
:EESCUl
+ A1 (2) (@)
wy, < arg min, &
: Mk < Oft—1 R

10: Ai(x) — max{0, \g—1(z) + 2pp—1l(x)}

for every x € S¢ol
11: end for

12: end procedure

Collocation Points

8
1
Adversarial PINN [ Hyperparameters |
Training g

Constraints (4)-(7)

I Optimizer: | l
I L-BGGS-B, TNC |
Updated Parameters for NN and Loss Function:

Robust Optimal Safe
Predefined-Time Stabilization

Fig. 1: Adversarial physics-informed learning architecture to solve
the robust optimal safe predefined-time stabilization problem.

to correspond to a two-player zero-sum differential game.
Sufficient conditions are derived to characterize a safely
predefined time stabilizing saddle-point solution to the dif-
ferential game. Specifically, safe predefined-time stability of
the closed-loop system and Nash equilibrium are established
via a barrier Lyapunov function that satisfies a certain
differential inequality and the steady-state HJI equation.
Given the intractability of the latter, an adversarial physics-
informed learning algorithm is developed to learn the safely
predefined-time stabilizing solution to the steady-state HIJI
equation. Future research will explore discrete-time exten-
sions of the proposed framework.



APPENDIX

Here, we present a numerical example to illustrate the
developed robust optimal safe predefined-time control and
physics-informed learning framework. Consider the nonlin-
ear affine dynamical system given by

#1(¢) = — min{0, 21 ()} + u1(t) + a1(¢), x1(0) = 10,
t>0,
Z2(t) = — max{0, x2(t)} + ua(t) + a2(t), x2(0) = zg0.

The set of admissible states S is given by § =
{zeR?:5(z) >0}, where s(z) = 1 — 23, = € R%

Choosing
1 [Z'J% I‘xJ% X1 )
L(x) — 9 ~1—1 Yo—1 + mln{O,xl}
2|5 (2) s (x)], 5@
o2 (1 B o
+ S(LL') ( x)> a {0, 2}, ES,

2 2 (B s

Ry(x) = I, z € S, and Ry(x) = 315, = € S, where
~v1 € (0,1) and 75 > 1, and using a similar construction
as in [37] with V (x) = J2l&
equilibrium is given by

u*(a:,@c)=2< 7[%J171 + WL:E,J;YQ ), ze€S,
s7z (x) sz (x)

and

x € S, the inverse Nash

U (z) 8T (a)

]T

a*(x,93)=< [2]" + [2]™ ), T €S,

where 6, = 0, = [v1, 72

Let T, = 3.4259 so that 4 = 0.5 and -2 = 1.5. For our
PINN architecture, we let h(x) = H%’ x € R, which is
the sigmoid function, and B(z) = %, x € S. The
neural network Vyn(+, ) is implemented as a fully connected
neural network with six hidden layers, each comprising 50
neurons, using the sigmoid activation function. The number
of collocation points is set to M = 10* For the aug-
mented Lagrangian method, the hyperparameters are set to
po = 1073 and § = 1.5. At every iteration of Algorithm
[I} the optimization subproblem (I4) is solved using the
truncated Newton conjugate gradient (TNCG) optimizer (see,
for example, [44] and [45]).

Fig. [2| shows the approximate Nash value V, the approx-
imate Nash control strategy #, and the approximate Nash
adversary strategy a, along with the exact Nash value V, the
exact Nash control strategy u*, and the exact Nash adversary
strategy a*. Note that Algorithm [T] exhibits a low symmetric
absolute error (SAE). The left plot of Fig. [3] shows the

SAE of V
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Fig. 2: Nash value, Nash feedback control strategy, and Nash
feedback adversary strategy. (Left) Exact Nash value V', exact Nash
control strategy u*, and exact Nash adversary strategy a*. (Middle)
Approximate Nash value V, approximate Nash control strategy 1,
and approximate Nash adversary strategy a. (Right) Symmetric
absolute error for learning the Nash value, the Nash control strategy,
and the Nash adversary strategy.
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Fig. 3: Robust optimal safe predefined-time stabilization. (Left)
Closed-loop state trajectories x(t), ¢ = 0, starting from different
initial conditions in the safe set S. (Right) Time evolution of the
Euclidean norm |z (¢)|2, ¢ = 0, of each trajectory shown in the
left plot. In both plots, trajectories starting from the same initial
condition are marked with the same color.

closed-loop state trajectories starting from different initial
conditions within the safe set S. Note that all trajectories
remain within S and converge to the origin. The right plot
of Fig. 3] shows the time evolution of the Euclidean norm
of each trajectory. Note the predefined time convergence to
the origin, which verifies the settling-time function bound
T (x0,0c,0,) < 3.4259, zo € S.
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