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ABSTRACT

Adam is a widely used optimizer in neural network training due to its adaptive
learning rate. However, because different data samples influence model updates
to varying degrees, treating them equally can lead to inefficient convergence. To
address this, a prior work proposed adapting the sampling distribution using a
bandit framework to select samples adaptively. While promising, both the orig-
inal Adam and its bandit-based variant suffer from flawed theoretical guarantees.
In this paper, we introduce Adam with Combinatorial Bandit Sampling (AdamCB),
which integrates combinatorial bandit techniques into Adam to resolve these issues.
AdamCB is able to fully utilize feedback from multiple actions at once, enhancing
both theoretical guarantees and practical performance. Our rigorous regret analy-
sis shows that AdamCB achieves faster convergence than both the original Adam and
its variants. Numerical experiments demonstrate that AdamCB consistently out-
performs existing Adam-based methods, making it the first to offer both provable
guarantees and practical efficiency for Adam with adaptive batch selection.

1 INTRODUCTION

Adam (Kingma & Bal [2015) is one of the most widely used optimizers for training neural networks,
primarily due to its ability to adapt learning rates. Despite its popularity, the standard version of
Adam and its numerous variants treat each training sample equally by employing uniform sampling
over the dataset. In practice, however, different data samples can influence model updates to varying
degrees. Consequently, simply performing full dataset sweeps with equal weighting may lead to
inefficient convergence and unnecessary computational overhead.

To address these challenges, [Liu et al.|(2020) introduced a dynamic approach called AdamBS, which
adapts the sampling distribution during training using a multi-armed bandit (MAB) framework. In
this method, each training sample is treated as an arm in the MAB, allowing more important samples
to be selected with higher probability and having a greater influence on model updates. This approach
was intended to improve both the adaptability and efficiency of the optimization process, presenting
a promising direction for further advancements.

However, despite its potential benefits, critical issues remain: the analysis of both the original Adam
method (as identified by Reddi et al.| (2018))) and its bandit-based extension, AdamBS (issues newly
discovered in this work), is technically flawed. The theoretical guarantees provided for the efficiency
and effectiveness of these methods are incorrect (see Sections [2.5.2and [2.5.3). As a result, to the
best of our knowledge, there is no existing Adam-based method that can adaptively sample while
providing rigorous performance guarantees. This raises a critical question: is it possible to design an
algorithm that adaptively adjusts the sampling distribution while ensuring both provable guarantees
and practical performance improvements?

In this paper, we propose a new optimization method, Adam with Combinatorial Bandit Sampling
(AdamCB), which addresses the fundamental flaws in the analysis of AdamBS by incorporating a
combinatorial bandit approach into the sample selection process. In this approach, batch selection
is formulated as a combinatorial action, where multiple arms (samples) are selected simultaneously.
This combinatorial bandit framework can take advantage of feedback from multiple samples at once,
significantly enhancing the adaptivity of the optimizer. For the first time, we provide provable perfor-
mance guarantees for adaptive batch selection in Adam-based methods, leading to faster convergence
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and demonstrating both theoretical and practical improvements over existing approaches. Our main
contributions are summarized as follows:

* We propose Adam with Combinatorial Bandit Sampling (AdamCB), a novel optimization
algorithm that integrates the Adam method with a combinatorial bandit approach for sample
selection. To the best of our knowledge, AdamCB is not only the first algorithm to successfully
combine combinatorial bandit techniques with the Adam framework, but also the first to
correctly adapt any bandit techniques to Adam, significantly enhancing its adaptability.

* We provide a rigorous regret analysis of the proposed AdamCB algorithm, demonstrating
that it achieves a sharper regret bound compared to both the original Adam (which uses
uniform sampling) and its bandit-based variant, AdamBS (Liu et al.,2020). Additionally, we
correct the theoretical flaws in the analysis of AdamBS and present a revised regret bound
(see Table|l|for comparisons).

* We perform empirical evaluations across multiple datasets and models, showing that AdamCB
consistently outperforms existing Adam-based optimization methods in terms of both con-
vergence speed and practical performance. Our results establish AdamCB as the first Adam-
based algorithm to offer both provable convergence guarantees and practical efficiency for
bandit-based Adam optimization methods.

2  PRELIMINARIES

2.1 NOTATIONS

We denote by [n] the set {1,2,...n} for a positive integer n. For a vector x € R%, we denote by
|||| the vector’s Euclidean norm. For two positive sequences {a,, }5>; and {b,}52 1, a,, = O(by)
implies that there exists an absolute constant C' > 0 such that a,, < Cb,, holds for all n > 1.
Similarly, a,, = o(b,,) indicates that lim,, _, ‘g—" =0.

2.2  ExPECTED Risk AND EMPIRICAL Risk

Expected Risk. In many machine learning problems, the primary goal is to develop a model with
robust generalization performance. By generalization, we mean that while models are trained on a
finite sample of data points, we aim for them to perform well on the entire population of data. To
achieve this, we focus on minimizing a quantity known as the expected risk. The expected risk is the
average loss across the entire population data distribution, reflecting the model’s anticipated error if
it had access to the complete set of possible data samples. Formally, the expected risk is defined as:

Baer [(O5a,))i= [ £6:,9)P () M)

where § € R? is the model parameter, £(6; z,y) is the loss function that measures the error of the
model on a single data sample (z,y), and P is the true distribution of the data. The gold standard
goal is to find the ¢ that minimizes the expected risk in Eq.(T), ensuring that the model generalizes
well to all data drawn from P.

Empirical Risk. In practice, however, the true distribution P is typically unknown. Instead, we
only work with a finite dataset D consisting of n samples, which is denoted as D := {(z;,y;)}74

To approximate the expected risk, we use the empirical distribution P derived from the dataset D.

For this empirical distribution P to be a reliable approximation, we assume that the dataset D is
representative of the true distribution P. This requires that each sample in the dataset D is equally
likely and independently drawn from the true distribution P (i.e., the samples (x;,y;) are i.i.d.

according to P). The empirical distribution P canbe expressed as:

3

1 n
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where ¢ is the Dirac-delta function. With the empirical distribution at hand, the empirical risk is the
average loss over the given finite dataset D. The empirical risk serves as an estimate of the expected
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risk and is formally defined as:

B y~pll(0:2,y)] /Z (0;2,y)dP(x,y; D Zf (0; 24, i) (3)

However, if the dataset is non-uniformly distributed, some samples may be over-represented or under-
represented, leading to a biased estimate of the expected risk. To address this issue, one can use
importance sampling (Katharopoulos & Fleuret, [2018), which adjusts the sample weights to ensure
the empirical risk remains an unbiased estimate of the expected risk. This method assigns a weight
to each sample to correct for distributional imbalances.

2.3 OsiecTIVE FuNcTiION AND MINI-BATCHES

Objective Function. In the context of optimizing machine learning models, the objective function
f(6;D) is often the empirical risk in Eq.(3). Given a dataset D = {(z;,y;)} . the objective
function f(0; D) is defined as, f(6; D) := — > ", £(6;x;, ;). As studied in the relevant literature
of Adam optimization (Duchi et al.| 2011} T1eleman & Hinton, 2012; [Zeiler| 2012} Kingma & Bal
20155 |Dozat, 2016} |Reddi et al., 2018)), we focus on the problem setting where f is convex (i.e., £ is
convex). Then, the goal of the optimization problem is to find a parameter §* € R? that minimizes
the objective function f(6; D). This problem is known as empirical risk minimization (ERM):
0* € argmin f(0; D).
OeRd

The gradient of the objective function f with respect to @ is denoted by g := Vo f(; D) = L 37" | g;,
where g; := Vgl(0;x;,y;) is the gradient of the loss based on the i-th data sample in D. When
the dataset D = {(x;,y;)}", is very large, computing the gradient over the full dataset D for
each optimization step can be computationally expensive in each iteration. To make this process
more efficient, we use mini-batches, which are smaller subsets of the full dataset, reducing the
computational load and allowing for faster updates to the model parameters.

Mini-Batches. Consider the sequence of mini-batches D1, Dy, ..., Dy C D used for training,
with corresponding objective functions f; := f(0,D;) for each t € {1,...,T}. Let K be the
size of the mini-batch D; for all ¢, then D; := {(z1,y1), (%s2,Ys2), -, (T %,y %)}, where

Jy o= {J}, J2, ..., JE} C [n] is the set of indices of the samples in the mini-batch D;. The
objective function f(6; D,) for the mini-batch D; is defined as the expected risk over this mini-batch:

f(6;Dy) := //z(a; z,y)dP(z,y; Dy) 4)

where P (z,y; Dy) is the empirical distribution derived from the mini-batch D;. The gradient of the
objective function f; with respect to 6 is denoted as g; := Vg f;.

Note that the sequence of mini-batches {D;}_; can be either sampled stochastically or chosen
adaptively. Stochastic sampling involves selecting mini-batches randomly, while adaptive sampling
selects mini-batches based on specific criteria, such as the current state of the model or the importance
of the samples. The empirical distribution P (z,y; D) depends significantly on how the mini-batch
D; is selected from the full dataset D.

2.4 REGRET MINIMIZATION

Cumulative Regret. An online optimization method can be analyzed within the framework of
regret minimization. Consider an online optimization algorithm 7 that generates a sequence of
model parameters 61, ...,607 over T iterations. Then, we can compare the performance of m with
the oracle’s optimal selection of the parameter §* € argmingcga f(6; D) under the full dataset D.
The cumulative regret after T iterations is defined as:

T
T):=E Zf(Gt;D)—T-;relkgf(ﬂ;D) (5)
t=1

where the expectation is taken with respect to any stochasticity in data sampling and parameter
estimation. For the algorithm 7 to converge, we want the cumulative regret R™(7") to grow slower
than the number of iterations T, specifically R™(T) = o(T).
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Online Regret. It is important to note that the previous literature only focuses on regret minimiza-
tion over the sequence of mini-batch datasets {D;}1_,, hence, for {f;}Z_,. Specifically, the online
regret of the optimization algorithm 7 after 7" iterations is defined as:

T T
ontine (1) == E Z fe(0r) — gTEIJiRY(}I Z fe(0) (6)
t=1 t=1

We will show in the proof of Theorem [1] that minimizing the cumulative regret R™(7") in Eq.(3)
reduces to minimizing the online regret R7 . .(7T") with respect to the sequence {f;}7; in Eq.(6).
Hence, focusing on minimizing the online regret is sufficient for achieving low cumulative regret.

2.5 RELATED WORK: ADAM AND TECHNICAL ISSUES IN CONVERGENCE GUARANTEES
2.5.1 Apbam OPTIMIZER

Adam (Kingma & Bal 2015)) is a widely used first-order gradient-based optimization method that
computes adaptive learning rates for each parameter by using both the first and second moment
estimates of the gradients. In each iteration ¢, Adam maintains the accumulated gradients m; <«
B1.emi—1 + (1 — B1.4)g: and the accumulated squared gradients v, < Bov;—1 + (1 — B2)g?, where
g is the gradient at iteration ¢ and g7 represents the element-wise square of gradient g;. The hyper-
parameters (1, 32 € [0, 1) control the decay rates of m; and v, respectively. Since these moment
estimates are initially biased towards zero, the estimates are corrected as 7h; < my/(1 — %) and
0y < v /(1 — B%). The Adam algorithm then updates the parameters using 6; < 6; 1 — at%,
where € is a small positive constant added to prevent division by zero. The key characteristic of
Adam lies in its use of exponential moving average for both the gradient estimates (first-order) and the
element-wise squares of gradients (second-order). This approach has proven effective for optimizing
deep neural networks. The success of Adam has led to numerous follow-up works, such as |Reddi
et al.| (2018)),|Huang et al.[(2019), Chen et al.| (2020),|Alacaoglu et al.|(2020), and |Chen et al.|(2023).

2.5.2 TEcHNICAL ISSUES IN ADAM-BASED METHODS

Despite its widespread use in optimization of neural networks, the original version of Adam fails to
provide convergence guarantees. This issue has been identified and discussed by previous literature
such as Reddi et al.| (2018) and |Alacaoglu et al.| (2020) (e.g., see Section 3 of |[Reddi et al.| (2018)).
Although follow-up Adam-based methods (e.g., AMSGrad by [Reddi et al.| (2018)) have attempted to
address these technical issues, they still present errors that have not been corrected. For example, the
convergence proofs for these methods often rely on the condition that all components of the vector
VU1 /(a1 (1= Bieg1)) — Ve /(e (1 — B1,1)) are positive (refer to the proofs of Theorem 10.5 in
Kingma & Bal(2015); Theorem 4 in|[Reddi et al.|(2018)). However, such a condition cannot be met
for all iterations, indicating that these methods might diverge. Similar issues exist in other related
works such as|Huang et al.[(2019) (Lemma A.2), |Chen et al|(2020) (Lemma A.1), and |Chen et al.
(2023) (Theorem C.10). More details are in Appendix [C|

2.5.3 TEecHNICAL ISSUES IN AbAM wiTH BANDIT SAMPLING (L1U ET AL.,[2020)

The most closely related work to ours is [Liu et al.| (2020), which extends Adam using a bandit
approach, known as AdamBS. However, the fundamental technical issues about convergence in Adam-
based methods mentioned in the previous subsection still affect AdamBS. Furthermore, there are a
few shortcomings of this existing approach that we summarize as follows:

* AdamBS unfortunately fails to provide guarantees on convergence despite its claims,
both on the regret bound and on the effectiveness of the adaptive sample selection via the
bandit approach. Specifically, the claimed regret bound in Theorem 1 of |Liu et al.|(2020) is
incorrect. Specifically, Eq.(7) on Page 3 of the supplemental material of|Liu et al.|(2020) has
an error in the formula expansion{'| This technical error is crucial to their claim regarding
the convergence rate of AdamBS and its dependence on the mini-batch size K.

'Liu et al.|(2020) use Jensen’s inequality when dealing with the expectation of the squared norm of the sum
of gradient estimates. However, the convexity assumption should be ensured to use Jensen’s inequality, but it
cannot be ensured.
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* Not only are the theoretical results incorrect in [Liu et al.[ (2020), but also their problem
setting is limited and not practical even if the analysis were correct. The analysis was
performed only under the assumption that feature vectors follow a doubly heavy-tailed
distribution, which is a rather strong assumption and may not hold in practical scenarios.
No analysis was shown for bounded or sub-Gaussian (light-tailed) distributions, for example.

* Despite the claim on mini-batch selection of size K, their algorithm design leads to possibly
sampling the same sample multiple times in a given mini-batch since the bandit algorithm
utilized and analyzed in their work is based on single action selection (not a combinatorial
bandit). Hence, algorithmically their method does not perform what they have claimed.
Furthermore, because of this reason, their method fails to obtain performance gains with
respect to the mini-batch size K, which is contrary to their claim.

* Numerical evaluations (see Section |S) show poor performance of AdamBS algorithm.
An independent group also attempted to reproduce the results in|Liu et al.|(2020)), but failed
to produce the same results (see [Bansal et al.|(2022)). To our best knowledge, |L1u et al.
(2020) did not share their codebase publicly.

3 Prorosep ALGoriTHM: ApaMCB

3.1 ApbpaMCB ALGORITHM

Algorithm 1: Adam with Combinatorial Bandit Sampling (AdamCB)

Input: learning rate {cy }_,, decay rates {31+ };_;, B2, batch size K, exploration parameter
v €10,1)
Initialize: model parameters 6, first moment estimate mg <— 0, second moment estimate
vy 0,79 < 0, sample weights w; ¢ <— 1 forall i € [n]
fort =1to T do
Jt, Dt, Snull ¢ < Batch-Selection(w; 1, K, ) (Algorithm
Compute unbiased gradient estimate g; with respect to J; using Eq.
my < Brame—1 + (1 — B1t)ge
vy < Bavi—1 + (1 — B2)g}

o N (1=B1.0)® - :
14 V1, O < Max § q=p, 1z Vi1, Ut ift>2

Orv1 < 935 - atﬁ .
wy < Weight-Update(w;—1,pr, Jr, {gj.}je . Snune, ) (Algorithm 3)

We present our proposed algorithm, Adam with Combinatorial Bandit Sampling (AdamCB), which
is described in Algorithm The algorithm begins by initializing the sample weights wy :=

{w1,0,w2,0, ..., W0} uniformly, assigning an equal weight of 1 to each of n training samples. At
each iteration ¢ € [T'], the current sample weights w; 1 = {w1 4—1, W2 4—1,..., Wy ¢—1} are used to
determine the sample selection probabilities p; := {p1,¢,P2.t,- - -, Pn,t}» Where these probabilities

are controlled with the exploration parameter v (Line 2). A subset of samples, denoted by D; C D,
is chosen based on these probabilities. The set of indices for samples chosen in the mini-batch D is
denoted by J; := {J}, JZ, ..., JE} C [n]. Using this mini-batch D, an unbiased gradient estimate
gt is computed (Line 3). The algorithm then updates moments estimates m;, vy, and v; following
the Adam-based update rules (Lines 4-6). The model parameters 6, are subsequently updated based
on these moment estimates (Line 7). Finally, the weights w,_ are adjusted to reflect the importance
of each sample, improving the batch selection process in future iterations (Line 8).

The following subsections describe the detailed process for deriving the sample probabilities p; and
selecting the mini-batch D, = {(x;,y;)};jes, from the sample weights w,_; utilizing our proposed
combinatorial bandit sampling.

3.2 BAtcH SELECTION: COMBINATORIAL BANDIT SAMPLING

Incorporating a bandit approach, we treat each sample as an arm. Since we select multiple arms
(samples) for a mini-batch, we extend the sample selection process to handle multiple arms. There
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are two ways to sample multiple arms: with or without replacement. The previous method AdamBS
(Liu et al.}|2020) samples multiple arms with replacement. In contrast, our newly proposed method,
AdamCB, uses a combinatorial bandit algorithm to sample multiple arms without replacement. This
is achieved by the Batch-Selection algorithm described in Algorithm[2]

Algorithm 2: Batch-Selection

Input: Sample weights w;_1, batch size K, exploration parameter v € [0, 1)
Set C « (1/K —y/n)/(1 ~ )

if maX;e(p] Wi,t—1 >C Z:-Lzl Wi t—1 then

Let w;_1 be a sorted list of {w; ;—1}7; in descending order

Set S + ZZ’:I Wi t—1

fori=1tondo

Compute 7+ C - S/(1—i-C)
L if w; ;1 < 7 then break, else update S <— S — w; ;1

Set Snull,t — {’L Wi -1 > 7'} and Wit—1 =T fori € Snull,t

else

L Set Snu]]7t —0
Setpiy « K ((1 — ) gl 1) for all i € [n]
j=1 Wi t— n
Set J; — DepRound (K, (p1,¢,p2,t- - -, Pn.t)) (Algorithm|[7)
return Jtvptv Snull,t

Algorithm 2| comprises the following steps:

Weight Adjustment (Lines 2-10). Unlike AdamBS, where the expected total number of sample
(arm) selections is only 1, i.e, > ; p;s = 1, AdamCB adapts to mini-batch training by setting
> 1 piw = K, where K is the mini-batch size. This design ensures that the sampling probabilities
align directly with the number of samples required in each batchE] However, this scaling can result
in some individual probabilities p; ; exceeding 1, which is not valid in probability terms. To address
this, we cap the sample weights at a threshold 7. If a weight w; ;1 exceeds 7, the index ¢ is added
to the set Syun,+, and the excess weight is redistributed across the remaining samples. w;_; is sorted
in descending order during this process, which has a computational complexity of O(n logn).

Probability Computation (Line 11). After adjusting the weights, the probabilities p; for selecting
each sample are computed using the adjusted weights w,_; and the exploration parameter . This
computation balances the need to exploit samples with higher weights (more likely to provide useful
gradients) and explore other samples. The inclusion of K in the scaling ensures that the sum of
probabilities matches the batch size: Y. | p;; = K.

Mini-batch Selection (Line 12). The final selection of K distinct samples for the mini-batch is
achieved using the DepRound (Algorithm(7)) (originally proposed in/Gandhi et al.|(2006); also adapted
in|Uchiya et al.|(2010)). DepRound efficiently selects K distinct samples from the set of n samples,
ensuring each sample ¢ is selected with probability p; ;. DepRound only requires computational
complexity of O(n), which is much more efficient compared to a naive approach that would require
considering all possible combinations of K samples from n, which has a complexity of at least (I'é)

3.3 CompruUTING UNBIASED GRADIENT ESTIMATES

Given the mini-batch data D; = {(x;,y;)} e, from Algorithm [2| we define the corresponding
online objective function at iteration ¢ as f; := f(0;D;). Since the dataset D is distributed non-
uniformly with sample selection probabilities p;, and D; is selected according to p;, we use an

?Setting > o pit = K ensures that the selection probabilities are consistent with the batch size K.
Constraining » 7", pi,c = 1, as in single-sample selection methods like AdamBS, would necessitate additional
rescaling operations or repeated sampling to meet the batch size, increasing complexity. By scaling the
probabilities directly to K, AdamCB avoids this issue and maintains efficiency while adhering to the principles
of combinatorial bandit sampling.
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importance sampling technique to compute the empirical distribution P for Dy:

- 1 ox=x;,y =1y,
Pla,yiDy) = 5 3 =TV = 0) )
JE€Jt Pt

where ¢ is the Dirac-delta function. This formulation ensures that the empirical distribution P for
the mini-batch D; closely approximates the original empirical distribution P(z, y; ) defined over

the full dataset D, as expressed in Eq.( ' According to the empmcal distribution P(a: y; Dy) in
Eq.(7) and the online objective function f; corresponding to the mini-batch D, in Eq.(d)), we obtain:

fo=10:D) = [ 10 )aPe.yD) = 1 S 06525, 95)

e
jen Pt

This implies that the gradient g; := Vy f; obtained from the mini-batch D; at iteration ¢ is computed
as follows:

Vol(6; x;,
gt = Vofi =Vof(0;D;) = K E Vol(0; x5, y;) _ Z Yt ®)
np;j.t npj,¢
J€J: JeJ

Here, we denote the gradients for each individual sample in the mini-batch D; as { gjyt} jedJ,» where
J¢ is the set of indices for D;. In stochastic optimization methods like SGD and Adam, it is crucial to
use an unbiased gradient estimate when updating the moment vectors. We can easily show that g, is
an unbiased estimate of the true gradient g over the entire dataset by taking the expectation over py,
i.e, E,, [9:] = g. The unbiased gradient estimate g; in Eq. is then used to update the first moment
estimate m; and the second moment estimate v; in each iteration of the algorithm.

3.4 UpbDATE oF SAMPLE WEIGHTS

The final step in each iteration of Algorithm [I] involves updating the sample weights w;. In the
context of the adversarial semi-bandit setting, our partial feedback consists only of the gradients
{9j.t};e,. Theloss ¢; , occurred when the ¢-th arm is pulled is computed based on the norm of the
gradient ||g; ¢||. Specifically, the loss ¢; ; is always non-negative and inversely related to ||g; ¢||. This
means that a sample with a low gradient norm is assigned a low weight, whereas samples with larger
gradient norms are more likely to be chosen in future iterations.

Algorithm 3: Weight-Update

Input: w;_1,ps, Ji, {95, }ie s, Snune, v € [0,1)
for j = 1ton do

2
Compute loss £ ; = pg‘% ( ‘(lij i|)|2 p2 ) if j € J;; otherwise £;+ = 0
Js min -
ifj ¢ Snull,t then
| wje = w1 exp (=Kl /n)

return wy

4 REGRET ANALYSIS

In this section, we present a regret analysis for our proposed algorithm, AdamCB. We first start by
introducing the standard assumptions that form the basis of our analysis.

Assumption 1 (Bounded gradient). There exists L > 0 such that ||g; .|| < L for all i € [n] and
te[T].
Assumption 2 (Bounded parameter). There exists D > 0 such that ||0s — 6| < D forany s,t € [T].

Discussion of Assumptions. Both Assumptions[Tjand[2]are the standard assumptions in the relevant
literature that studies the regret bounds of Adam-based optimization (Kingma & Bal 2015} |Reddi
et al.| 2018} [Luo et al.,2019; |Liu et al.l 2020; [Chen et al., |2020). A closely related work (Liu et al.,
2020) relies on the additional stronger assumption of a doubly heavy-tailed feature distribution. In
contrast, the regret bound for AdamCB is derived using only these two standard assumptions.
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4.1 RecGreT Bounp oF AbamMCB

Theorem 1 (Regret bound of AdamCB). Suppose Assumptions [I12] hold, and we run AdamCB for a
total T iterations with o,y = % and with By := B1A""Y, X € (0,1). Then, the cumulative regret of

AdamCB (Algorithm[I)) with batch size K is upper-bounded by
f T n 1/4
<df+ 7 (Kln K) : )

Discussion of Theorem The cumulative regret bound of AdamCB is sub-linearin 7', i.e., R™(T") =
o(T). Hence, AdamCB is guaranteed to converge to the optimal solution. The first term in the regret

bound, dv/T, which is commonly shared by the results in all Adam-based methods (Kingma & Bal

2015} Reddi et al| 2018} Liu et al.l 2020). The second term, (v/d/n®/4) ((T/K)In (n/K))""*,
illustrates the impact of the number of samples n as well as the batch size K on regret. As the
number of samples n increases, this term decreases, suggesting that having more data generally
helps in reducing regret (hence converging faster to optimality). Similarly, increasing the batch size
K also decreases this term, reflecting that larger mini-batches can reduce the variance in gradient
estimates, thus improving the performance.

4.2  PROOF SKETCH OF THEOREM 1]

In this subsection, we present the proof sketch of Theorem [[l The proof start by decomposing
the cumulative regret R (T') into two primary parts: the cumulative online regret R7 ;.. (1) and
additional terms. The decomposmon is given by:

online

T
R’T(T) = onlme g 91, €t7D1)) +E gé%%;f(g,pt) —-T. g[el]g}l f(e,D):| (10)
®) ®)
We now prove the following two key lemmas to bound the online regret R7 . . (T').

Lemma 1. Suppose Assumptions[I{2|hold. AdamCB (Algorithm[I)) with a mini-batch of size K, which
is formed dynamically by distribution p;, achieves the following upper-bound for the cumulative online
regret RT . .(T) over T iterations,

onlme( )< Pldf+ fpg QKZ e |:Z ||thH :| 3

JEJt

online

where p1, pa, and ps are constants (See Appendix[B.2).

Lemma [I] provides an upper bound for the cumulative online regret over T iterations. This lemma
shows that p, affect the theoretical upper bound of R7 ... (T), so we wish to choose p; that could
lead to minimizing the upper bound. The following key lemma shows that it can be achieved by
combinatorial semi-bandit method, adapted from EXP3 (Auer et al., 2002b).

Lemma 2. Suppose Assumptionshold. Ifwe set v = min{ 1, % } the batch selection

(Algorithm ) and the weight update rule (Algorithm[3)) following AdamCB (Algorithm[I)) implies

s , /
Z i anﬂ —mln;EPt leiji| = ( KnTln;;)

t=1 JjE€Jt jE€Jt

Lemma [2| bounds the difference between the expected cumulative loss of the chosen mini-batch
and the optimal mini-batch, showing sub-linear growth in 7" with dependence on the batch size K.
Combining Lemmaand Lemma' we can bound the cumulative online regret R” . (7"), which also
grows sub-linearly in 7". Proofs of Lemma[I]and Lemmal are in Appendix [B.2|and Appendix
respectively. The d1screpancy terms (A) and (B) in Eq.(10) capture the dlfference between the full
dataset D and the mini-batches {D;}7_,, and are also bounded sub-linearly in T (See Lemma in
Appendix - Since the cumulative regret R™(7T') is decomposed into the online regret R, T)
with additional sub-linear terms, we obtain the cumulative regret bound for AdamCB.

onhne(
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Table 1: Comparison of Convergence Rates

Optimizer Convergence Rate

Adam (Kingma & Ba, [2015) (corrected’) O (dv'T + n‘l//gg VT)
AdamBS (Liu et al.|2020) (corrected’) O (dv/T + Y& (TInn)*)

n3/4

AdamCB (Ours) O(d\/T + ns% (% In %) %)

T Note that the original results and proofs in both[Kingma & Bal (2015) and |Liu et al.[(2020) are incorrect.
Hence, their claimed regret bounds in both works are invalid. However, we newly derive the corrected versions
of the regret bounds for|[Kingma & Bal(2015) and |Liu et al.[(2020) in Theorems@]and@ which can be of
independent interest.

4.3  COMPARISONS WITH ADAM AND ADAMBS

In this subsection, our goal is to demonstrate that the convergence rate of AdamCB (Algorithm [T))
is provably more efficient than Adam (Kingma & Bal [2015) which employs uniform sampling and
AdamBS (Liu et al., 2020) which utilizes (non-combinatorial) bandit sampling. Note that the original
proofs in [Kingma & Bal (2015) and |Liu et al.| (2020) are incorrect as explained in Sections @]
and Hence, their claimed regret bounds in both works are invalid. However, we newly
derive the corrected versions of the regret bounds for Kingma & Ba/(2015) and [Liu et al.| (2020) in
Theorems [2]and 3] respectively, which we believe are independent contributions.

To facilitate comparisons with corrected results of |Kingma & Bal (2015) and |Liu et al.| (2020), we
additionally introduce the following assumption:

Assumption 3 (Bounded variance of gradient). There exists o > 0 such that Var(||g; +||) < o2 for
alli € [n) and t € [T

Assumption is commonly used in the previous literature (Reddi et al.,[2016; Nguyen et al., 2018;
Zou et al.; 2019; Patel et al., 2022). It is important to note that Assumption E]is not required for our
analysis of our algorithm in Theorem (1| Rather, we employ the assumption to fairly compare with
corrected results for the existing Adam-based methods (Kingma & Ba, 2015} |Liu et al., [2020).

Under Assumptions|I] 2] and[3] the convergence rate for (corrected) Adam using uniform sampling
is given by O(dﬁ + Vd VT ) (Theorem [2| in Appendix EI), while the convergence rate for

ni/2
(corrected) Adam using bandit sampling is O (d\/T + n‘?{i (Tlnn)Y/ 4) (Theoremin Appendix
when Assumptions[T]and 2|hold. The convergence rates are outlined in Table[I]

Faster convergence of AdamCB. In the case of uniform sampling in Adam, the second term in the
convergence rate exhibits a dependence on n~ /2, which implies that regret decreases as the dataset
size increases. However, this reduction in regret occurs at a slower rate compared to bandit-based
sampling methods. Both AdamBS (corrected) and AdamCB achieve an improved n—3/4 dependency,
resulting in a faster convergence. When comparing the two bandit-based sampling methods, AdamCB
surpasses AdamBS (corrected) in terms of convergence rate, particularly by the factor of the batch size
K. That is, AdamBS does not benefit from multiple samples in batch while our AdamCB enjoys faster
convergence. Hence, AdamCB is not only the first algorithm with correct performance guarantees
for Adam with adaptive batch selection, but to our best knowledge, also the method with the fastest
convergence guarantees in terms of regret performance.

5 NUMERICAL EXPERIMENTS

Experimental Setup. To empirically evaluate the proposed algorithm, AdamCB, we conduct ex-
periments using deep learning models, including multilayer perceptrons (MLP) and convolutional
neural networks (CNN), on three benchmark datasets: MNIST, Fashion MNIST, and CIFAR10. We
compare AdamCB to Adam and AdamBS. All experiments are implemented in PyTorch. Performance
is assessed by plotting training and test losses over epochs, with training loss calculated using the full
dataset. Results represent the average over five runs with different random seeds, including standard
deviation. We use the same hyper-parameters for all methods: 81 =0.9, 82 =0.999, v=0.4, K =128,
and o = 0.001. Experimental details and additional experiments are in Appendix [G}
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Figure 1: Performances with MLP model on MNIST, Fashion MNIST, and CIFAR10
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Figure 2: Performances with CNN model on MNIST, Fashion MNIST, and CIFAR10

Results. Figures [T|and 2] demonstrate that AdamCB consistently outperforms Adam, showing faster
reduction in both training and test losses across all datasets. The results suggest that combinatorial
bandit sampling is more effective than uniform sampling for performance optimization. When at-
tempting to replicate the results of AdamBS from |Liu et al.|(2020), we observe inconsistent outcomes,
with significant fluctuations in the losses, suggesting potential instability and divergence. In con-
trast, AdamCB consistently converges across all datasets, highlighting that AdamCB not only achieves
superior performance but also provides practical efficiency compared to Adam and AdamBS.

6 CONCLUSION

In this work, we introduced AdamCB, an optimization algorithm that integrates combinatorial ban-
dit sampling with the Adam method. Through rigorous theoretical analysis, we demonstrated that
Adam(B achieves a superior convergence rate compared to existing Adam-based algorithms. Further-
more, extensive numerical experiments validated the practical advantages of AdamCB, showing its
effectiveness across various datasets. Thus, AdamCB offers both provable convergence guarantees
and practical efficiency, addressing the limitations of previous Adam-based methods. We believe our
results provide a strong foundation for future research on adaptive optimization methods using bandit
techniques and their broader applications in machine learning.

10
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7 REPRODUCIBILITY STATEMENT

For each theoretical result, we present the complete set of assumptions in the main paper (see
Section |4) and the detailed proofs of the main results are provided in the appendix, along with
experimental details and additional experiments in Appendix [Gfto reproduce the main experimental
results.
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A AUXILIARY LEMMAS

Definition 1. A function f : R? — R is convex if for all u,v € R%, and all X € [0,1],
Af(u) + (1 =A)f(v) = f(Au+ (1= Av)

Lemma 3. If a function f : RY — R is convex, then for all u,v € R?,

f) = f(u) + Vf(u) (v —u)

where (—)T denotes the transpose of (—).

Lemma 4 (Cauchy-Schwarz inequality). Foralln > 1, a;,b; € R, (1 < i < n),

(50) (5% (5%

Lemma 5 (Taylor series). Fora € R, and 0 < a <1,

1 _
Zat:l—a and Ztat 127(1—@)2

t>1 t>1

Lemma 6 (Upper bound for the harmonic series). For N € N,

Lemma 7. Foralln € N, and a;,b; € R such that a; > 0 and b; > 0 for all i € [n),

N

—

n=1

1

N
1 1
E —<InN+1 and g — <2V N
n n=1
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B Proor FOR ADaMCB REGRET BouND

In this section, we provide proofs of key lemmas, Lemma[T]and Lemma[2] They are needed to prove
Theorem [T} which shows the regret bound for AdamCB. In the last of this section, we present the
proof for Theorem

B.1 AuxiLiary LEMMAS FOrR LEmMAa [I]

In this subsection, we present auxiliary lemmas and proofs for Lemmal[l] Our proofs basically follow
arguments as in (Tran et al.[(2019). For the sake of completeness, all lemmas from Tran et al.|(2019)
are restated with our problem setting.

Lemma 8. Forallt > 1, we have

by = max{gl_gl):))vg, foralll1 < s < t} (11

where ¥y is in AdamCB (Algorithm|I)).

Proof. Prove by induction on ¢. Recall that by the update rule on 9;, we have 01 < vy, Uy <
max{(lﬁi))zvt 1,1)75} if t > 2. Thus,

(I=PB1,¢
U9 = max (1_ﬁ1’2)2ﬁ v
2 (1— Br1)? 1,V2
_ (1-pB12)?
= max 1= 5 1)211171)2
_ 2
= max { El ?7252 vg,1 <8< 2}
— Ml,s
which we proved for the case when ¢ = 2 in Eq.(TI). Now, assume that
(1—=Pri1)?

@t_lzmax{ Vs, foralllgsgt—l},

(1= PBrs)?
and Eq.(TI) holds for all 1 < j < ¢ — 1. By the update rule on ¥y,

(1= Be)? }

V¢ = max {w’l}tl, Ut

- rnax{(l(l_ﬂﬁl’t)j2 (max{mvs, foralll <s<t— 1}) ,Ut}
— P11 —Bi,s

_ (1= B1,)* (1= PBie-1)? B } (1= B1)? }
_max{max{ =B 1)? (1= B vg, forall1 <s <t —1 7(1—51,#1)2%

(
max{max{glﬂlt) Vs, fora111§s§t1} M“))Q t}

1—PB1s)?2 (1—=Pre1
]_ —
= max {(Mvs, foralll <s < t}
(1 - Bl,s)
which ends the proof. O

Lemma9. Forallt > 1, we have

h

= 315 12

where 0y is in AdamCB (Algorithm![I).

14
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Proof. By Lemmal§]

1— 2
I max{(ﬁl’t)zvs, foralll <s < t}
(1 _61,3)

Therefore, there is some 1 < s < ¢ such that 9, = %vg Recall that by the update rule on v,

we have vy < Bavy_1 + (1 — B2)g?. This implies

t
ve=1-5)> B
k=1

Hence,

(1= B14)?
\/7 ]-_ﬂl,s) (1- B2’

VI () Lt
8 k=1

1— B - -k
<1- : ; s
V=5 (1=5) > 7 Gma, ol

Recall the unbiased gradient estimate g; in Eq.(8),

1 9j,t
gt = K Tp-
JEJt Jot
By the triangle inequality property of norms and the fact that p, ; > 7/n and ||g; .|| < L for all
i € [n] and ¢ € [T] from Assumption [I] the unbiased gradient estimate is bounded by L/, i.e,
llg¢ll < L/~. Therefore,

Vi VTR (15 )

< (LJI—Bs (igi) \/11*752

o (1=5)
L

= (1 = B1)

which ends the proof. O

Lemma 10. For the parameter settings and conditions assumed in Lemmal[l] we have

Z mtu \/1HT+1
= Vil (1_5 W1 —=P2(1—mn)

Proof. Recall that by the update rule on my, vy, we have my < [ mi—1 + (1 — B1,)g: and
vy < Bavi_1 + (1 — B2)g?. This implies

t t
e =30~ i) (H ﬁl,)gk, v (1= )Y Bt
k=1 k=1

r=k+1
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Since for all £ > 1, ¥¢ o, > v, by Lemma we have

2 2
mt u < mt,u

S 0 (T 1) 0]
 JumeTi a e,

(Shea(1 = B10? (s Bir) ) (Shos (i B ) 92.0)

V-8l 7,
(it B74) (e B 2)
NCEESDY NS
- 1 Y1 B 07
SRV i

where the second inequality is by Lemma 4] the third inequality is from the fact that 5, , < 1
and 1 < By forall 1 < k < T, and the fourth inequality is obtained by applying Lemmaﬁ]to

Sh_y Bi7F. Therefore,

t _
m?,u 1 Zk:l Bi kgl%,u
VB = = BOVI=BvE [ giRee,
1 LBTrgR

<
— (

1= B)VI= B/t I; 5 a2
k

1 t t—
Z - |gk,u|
(1= B)VI = PBavt /pL*

_ 1 d t—k
=0 5 ﬁ—ﬁz\/i,;n |9k

where the second inequality is by Lemmaand we define n := 8L Therefore,

NG
2 r :
mi 1 1 =k
b = —= 21" "okl (13)
; Vitw  (L=B)VI=5 ; Vi kz::l

It is sufficient to consider 23:1 % 22:1 7' "|gk |- Firstly, this can be expanded as:

d 1 : t—k 0
; ﬁ;n 98,0l = 1°191.0]
+ % (11910 + 1°192,ul]]
+ % (2191, + 1" 92.u] + n°g3.0]]
L
+ % " Mgrw + 0" 2 lg2,u] + -+ 0°lgral]]
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Changing the role of | 91,.| as the common factor, we obtain,

1 o 1 1 1

2: E:t 0 1 2 T—1

T _g’u, +7 +7 +...+7
ﬁkln 1"(77 \/in \/gn 1 )

1

L Loy L 7o

Floel (B 5
1 1 1 7

+ lg3.u] (\/gno ottt s 3)

L
+ ul- =
|gT, |\/T77
In other words,
T 1< T 1
DR SUGLVIIES ST} 9F ¥

Moreover, since
T T T T—t
1 1 bt 1 & 1 ( 1 )
o—t _ L e
2 Z Eabv:d DUy D DUy S
where the last inequahty is by Lemma@ we obtain

- 1 1 1
Z\[Z” ‘gku| thu|\[< 77) f;\/%|gtu|

Furthermore, since

1 AN ’
—_— = —_— <
;:1 \/{'gt,ul (;_1 \/igt,u|> =

where the first inequality is by Lemma ] and the last inequality is by Lemma 6] we obtain

T ¢
1 vinT +1
S0 < Y gural
\/’ ) 1 _ 77 )
Hence, by Eq.(13),
ZT: mi, VInT + 1 o
= = gi.T,
= Jto, — (1= B1)vI=B2(1—n) ‘
which ends the proof. O

B.2 Proor For LEmMmA [I]

Lemma 1.  Suppose Assumptions [I{2] hold. AdamCB (Algorithm [I) with a mini-batch of size K,
which is formed dynamically by distribution p, achieves the following upper-bound for the cumulative

online regret RT .. (T) over T iterations,

Ripine(T) < prdVT + Vilpy QKZ Pr{z H;Zi) }

jE€Jt
where p1, pa, and ps are defined as follows:
D?L ayv1+InT dpyD*L
207(1— B1)2 " T (1= B)2vVI_Ba(l—n)' "~ 2a7(1 = B1)2(1 — A)2
Note that d is the dimension of parameter space and the inputs of Algorithm |l| follows these
conditions: (a) oy = % (b) B1, Ba € [0,1), B1y = BN forall t € [T], X € (0,1), (c)

n=p1/VB2 <1, and (d)y € [0,1).

p1=
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Proof. Recall Lemma 3]
Since f; : R? — R is convex, we have, f;(0*) — f:(6;) > gF(6* — 6;). This means that
d
Fe(00) = fu(07) < gl (01— 0°) = gr.u(Or — 07,)
u=1

From the parameter update rule presented in Algorithm|[I}

9t+1 =0, — Oétmt/\/’&»t

P (1—51,0)
=9t—0ét< mi1+-——F—""G
Vi Vi
We focus on the u-th dimension of the parameter vector §; € R?. Substract the scalar ¢, and square
both sides of the above update rule, we have,

2
(6t+l,u — 0;)2 = (Ht,u — 0:;)2 — 20 < Bi’t Mt—1,u + ( — ﬁl t)gt u) (et,u - 0,*11,) + Oé? < mf’u >

Vt,u Ut u Vt,u

We can rearrange the above equation
* V @tﬂi *\2 *\2
wllrw —0%) = ——"—— (0t — 0%,)° — (Or41.. — 07,
Gt,u(0r, ,u) 20 (1 — Bry) (( t, , ) (Ory1, , ) )
Qg mt2u B,

"B Vo (-
T

th (0:) — manft Z fe(0:) — )]]
t=1

where §* € arg ming pa thl ft( ) is defined as the optimal parameter that minimizes the cumu-
lative loss over given 7' iterations. Hence,
T

T T d
&mwszb:mw»—ﬂww]gEbjﬂwrWﬂ]zEb:Zjmem— ;] (15)

t=1 t=1

Combining Eq.(T4) with Eq.(I3), we obtain

da T

Utu 2 2

J<E SN Y (0, —0%)% — (Brpru— 07,

onhne |JL 1t12at1_ﬂ1t) (( t, ,) (t+17 ,))
m;

E E A“’ +E

u=1 t=1 1_6” VG u]

On the other hand, for all ¢ > 2, we have

({}t—17u)1/4 * 5
mi—1 u(9 — 0., u) = 7(9# - et,u)\/at—lm

Q1

/= 2
Vt—1,u mtfl u
< L — 9 2 s
< “pagy O ) 2\/0r 1

where the inequality is from the fact that pqg < p?/2 + ¢*/2 for any p, ¢ € R. Hence,

d T
Z)Tnline(T) <E lz Z 2&15@ ((Gt,u - H:Fu)Q - (et-‘rl,u - 9:’;)2)]

)mtfl,u(gt,u - gjku) (14)

Note that,

onlme

+E

u=1t=1 (1= Bre)

33
+E v

et 2( 1—51 t)
IR zd:zT: Bre0—1 mt2—1,u

Lu= 1t= 22(1_/31t) \/ﬁtfl,u

T
B O, 5

B ;; 200-1(1 = Brt) (6 = O)
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Since 81+ < 81(1 < ¢ < T'), we obtain

d T
Z Z Brio—1 mtz—l,u _ Z Bi,i+10 m?,u
2(1 = Bre) /O 2(1 = Bra+1) /e

u=1t=2
< Z i Qi m%u
TSI 20 Bre)

zdzz m?u +Zd:ZT: B to—1 m%—l,u <Zd:zT: o mi,
=21 —51t ) /0 21 = Bue) SO T S L B
and we obtain the bound for R7 ;. .(T) as:
d T —
Ut,u * *
onlme < E lz Z 20& 1 j 61 t) ((et,u - e,u)g - (9t+1,u - 9,u>2)] (16)
u=1 t=1
d T mt
= (17)
d T
RAV Ut 1,u 2
e ;tz: 20& 1(1 *ﬁl) ~bia) (18)

Now, we start to bound each term: (I6), (I7), and (T8).

Bound for the term (I6). Let us rewrite the term as

d T _
N s o
8 ;; 200 (1 — Bry) (B0 = 0%,)° = (Bry1 — 07,) )]
d 'lA)l d T @t
-F (0L — 05| +E b (b0 — 07,
u=l 20[1(17&71)( ) ) ;;2%(1*51 f)( b )
d T o . -
- — Oru —0%)| —E e 01 — 0%))°
;; 2001 (1 = Br,e— 1)( " ) uz::l 20‘T(1—51,T)( T 2 ]

Omitting the last term and replacing oy = a/v/t(1 < t < T'), we obtain

d -
Utu * 0\ 2
E ;; 2ai(1= Bra) (O = 0%)% = (Begr,0 — 0%,) )]
d -
V1,u * \2

<E ; 20(1 = f11) Y ]

1 d r % \2 vV t'{)t,u (t - 1)1A)t—1,u
+ %E 7; ;(et’u —0%) <(1 — fit) a (1—PB1-1)
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2
Recall that by the update rule on ©;, we have 7, , < max {%'Dt—lﬂﬁ futyu}. Therefore,

N 1— 2
Vp.q > %W—Lu, and hence

Vv tﬁt,u \/ t - 1 vt 1,u \/t(l B1,t— 1)2 Ug—1, U (t - 1)@t71,u

(1 —51,t) (I—=PBi4-1) — (1—014) (1—PB1-1)

_ Viti—1u /(= 1)0-1u
(1—PBi-1) (1—PB1-1)

>0
Now by the positivity of the essential formula T e, ”) W we obtain
d T \/r
tu * \2 * \2
O — 0 — (01,0 — 0
;; 2014(1 — B1,e) (@, W) = B, ) )1

IN

2a = (1= p1) = (L= Pue) (1—Brt-1)

2 d ; 2
< D? Nax < dD*L gﬁ
200 = (1 = Brr) — 2av(1 = By)

where the last inequality is by Lemma[9]

Bound for the term (I7).
e[ So5 e e elS Y
u=1t=1 1=f =5 Vit
<o gy VBT
L=B | (1=BVI=Ba(l—n) 7"

avinT + 1 d
= (1 _ﬁl)QW(l _17) ZE[”ngu”]

where the last inequality is by Lemma [I0]

u=1

Bound for the term . By Assumpt1onlthat 10 — 0,]| < D forany m,n € [T], = o/ V%,
and B,y = S1 A" < B; < 1, we obtain

B/ Oi—1u . D2
lZZMHI_ﬁl)(e em)]_m(l_ﬁ1 [ZZﬂum]

u=1t=2 u=1t=2
Therefore, from Lemma@l, we obtain

u D2L
ZZ Blt Vg1, (e*u_etu)Q < d
20ét 1 1 — ﬂl) ’ ’ 20[

u=1t=2

Z Bra/(t — 1) ]
t=2
Note that
T T
S D= ST S N < = <
t=2 t=2

where the first inequality is from the fact that 3; < 1, and the last inequality is from Lemma[5] Thus,
the bound for the term is

611& Dy 1u % d61D2
e[Sy i, at”)]—2av<1—m)< =SV

u=1t=2
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We bounded for terms (16), (17), and (I8).

. dD2L ayvinT + 1 4
online(T) < ﬁﬁ—‘r 2 ZE [HglzT,uH]
ay(1=p1) (1=p1)*V1I=B21—n) =
n dpyD?L
207(1 = B1)*(1 = A)?
Hence,
d
7?'(T)rnline(T> < pldﬁ+pQZE[||gl:T,u|” + ps3 (19)
u=1
where p1, p2, and ps are defined as the following:
D?L ayV1l+InT dpyD?L

P (1= 82 T (=BT =Bl —n) " ™ 2a7(1 = B1)2(1 — V)2
Now, we consider 2221 E [|lg1.7,|], which is in the right-hand side of Eq..

d

Y Ellgrrul] = Zi:

u=1

T d

T
S| <o) > e[S - va
t=1

t=1 u=1

Q‘M—‘

> Elllge]

where the first inequality is due to the concavity of square root. Recall that the unbiased gradient

estimate is g; = & ied, ng;;, Hence,
d
R(T)rnline(T) S pldﬁ + P2 Z Ept [”glzT,u”] + P3
u=1

T

< pdVT + poVdy | Y By, [ll9:l1] + ps

2

T
< pdVT + paVd ZEpt Z Iit || 4 py
t=1 JGJ npj.t
The last inequality uses Jensen’s inequality to the convex function || - ||?. Therefore,

2

T
]- gjt
Ronlme( ) < pld\/7+p2f n2K?2 t:ZlEpt Z e

JjE€Jt Pyt

< pld\FT+ pz\/g

2[(2 » Z ||9Jt|| .

j€J¢ it

where the last inequality is by Lemma[d] This completes the proof of Lemmal[T} O
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B.3 PrOOF FOR LEMMA
Lemma 2. Suppose Assumptionshold. If we set v = min{ 1, Tzel%%[}? } the batch selection

(Algorithm ) and the weight update rule (Algorithm E[)following AdamCB (Algorithm[l) implies

= <,/KnTln-Z_>
t=1 JEJT: Pjit jel, Djt

g, y! ||g”|| 4 ZEM

2 . 2 2 . . .
Proof. We set {;, = Pz (— ‘(Ii’.’il)‘z + ng ) in Algorlthm Since ||gi¢|| < L and p;+ > Pmin
Js min

forall i € [n] and ¢ € [T'] by Assumption|l} we have ¢; , € [0, 1].
Let W, := " | w¢. Then, for any ¢t € [T \

A
Wi Z Wt 1 Z

1€ [n]\Shun, ¢ 1€.Shull, ¢ =1
Wi,t—1 Y5 Wi t—1
= § W exp (—fi,t> + E
. t—1 n X Wt—l
ZE[n]\snull,t lesnu]l,t

The last equality is by the weight update rule in Algorithm[3] From the probability computation in
Algorithm 2] we have

Wi +— K
Digt =K<(1 _7)% + 7) 2 =1
Zj:l Wig—1 N n
Thus, we obtain the following bound,
Ky, K¢,
0< Vi, == <y <1
n np;t

By the fact that e™® < 1 — 2 + (e — 2)a? for all = € [0, 1], and considering %EAM as x, we have

W, Wi t—1 K~ - Ky, (2 Wi t—1

< —— 1 - —¥ —2)(—¥; —_—

W, S > W, [ lie (e —2)( - ) + > W,
1€[n]\ Snun, 1€ Shull, ¢

it K~ - K.
=1+ > Jit 1 {— Vi + (e~ 2)(7751‘,7:)2}
1E€[n]\ Shun,
2

Di,t
= — K~ V52
1€ [n]\ Snun, ¢
~y . K(e—2)y? io\2
<Sl———— > pidhiit—5—= > pislliy)
n(l—7) i€[n]\ Snun ¢ n*(1=7) €[]\ Snun, ¢
¥ K(e - 2)’)’2 ;
<l—-—— Z &'.,t+272€“f
n(l a ’Y) 1€ J¢\ Shull, ¢ " <1 a 7) i€n]

The last inequality uses the fact that pi,tlfm =/{;y <1fori € Jyand pi,tlfu = 0fori ¢ J;. Taking
logarithms and using the fact that In(1 4+ ) < z forall z > —1 gives

W, —2)y
In Wtil < - 2 Z b+ e Z éz t

1—
n( F)/) ’L’GJt\SnunJ ’LE[’IL

By summing over ¢, we obtain

5 T
ln% Z Z 5¢,t+K Q)szgzt

L AN M S
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On the other hand, for the sequence {J;}]_; of batches with the optimal Zt 1 2_jey, Lt among
all subsets J; containing K elements,

e gx Wy T - lnw-vT K
In % > 1In ZJEJt 2 > Zjejt ! +In —
Wh Wi K n

Iy @j,mng

]EJ: t:jg‘snul],t

The first line above uses the fact that

> wir > K(Weg;wir) X
i€y

and the second line uses w; 1 = exp (—(Kfy/n) Dt Suae éj7t).
From combining results,

K 1 2)K
DD DINAREITLIEEES Sl S szh
JEJF t:5& St t=14€J;\ Soun,¢ t=1:€[n
Since 3 e D pjesu, lit < 15 _7 Zt 1 2 ie Sy, Lint trivially holds, we have
Kv
)ONDDERTED DD DR ZZw ZZ%
JEJ t:5¢ Shun,e JEJF t:5€Shun, ¢ t=1ieJ; t=1ie[n]

Let Lyinx(T) := Zt 12 je J* i+ and Lpxps.x(T') := Zt > e, Uyt Taking the expectation
of both sides and using the properties of ﬁi,t, we obtain,

n. K 1 2)K
Lyink(T)+ —In— < E[Lexps.x (T)] + 2] Z Z Ui
yoon T (1-7) e

This is because the expectation of /; ¢ 18 £; ¢ from the fact that DepRound selects ¢-th sample with
probability p; ;. Since Zt 1 Z 1 i < M , we have the following statement,

n
Lvink (T) — E[Lexps x (T)] < (e — 1)y Lvink (T) + 5 % n e

Using the fact that Lynk(7) < TK and choosing the input parameter as vy =

min{ 1, % } we obtain the following,

Lyink(T) — E[Lgxps.x (T)] < 2v/e — 1,/ KnTln % <2.63,/KnTIn %

Therefore, considering the scaling factor, we have:

T

S 5 ] e 5

2
:| = %(LMIN—K(T) - E[LEXP3—K(T)])

Pin

2.63L% |/ n
< p;m KnTln?
n
=0 KnTIn —
(,/ 0 nK)

This completes the proof of Lemma 2] O

i ,)
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B.4 Proor For THEOREM[I] (ADAMCB REGRET BOUND)

In this subsection, we prove Theorem|[I]} Recall that the online regret only focuses on the minimization
over the sequence of mini-batch datasets {D;}7_;. Thus, the online regret of the algorithm at the
end of T iterations is defined as

T

T
> f(05Dy) - ggﬁg;ﬂ@;m)}

t=1

rine(l) =E

online

However, our ultimate goal is to find the optimal selection of the parameter under the full dataset.
Consider an online optimization algorithm 7 that computes the sequence of model parameters
01, ...,07. Then, we can compare the performance of 7 with the oracle’s optimal selection of the
parameter mingcga f(6; D) under the full dataset. The cumulative regret after 7" iterations is

R™(T):=E

T
>_[(65D) =T min f(H;D)]

t=1

where the expectation is taken with respect to any stochasticity in data sampling and parameter
estimation. Before we prove Theorem [T} we first prove the following lemma.

Lemma 11. The cumulative regret R™(T) can be decomposed into sub-parts which includes the
cumulative online regret R}y . .(T') and additional terms that are sub-linear in T :

R™ (T) = Z}Tnline(T) + O(\/T)

Proof. First, rewrite R™(T') by expanding the terms inside the expectations. We add and subtract
the sum Zthl f(64;Dy) inside the expectation:

T
=E lz f(6;;D) = T - min f(6; D)
t=1

0cRd

T T T
=k lzf(et? =Y f0s5D)+ Y f(0:Dy) =T - min f(6;D)
t=1 t=1 =1

0eR

We also add and subtract the term mingcga Zil f(0; D;) inside the expectation. Then, we have
the following,

T T
R™(T) =E [Z F(05:D) = > f(05:D1) + Y f(0D1) — T - min f(6; D)l

T
P} ; 0cRd
T T T T
:Elwat,D) > f(0::Dy)| +E Zf(et;m)—;g]i}gng(e;Dt)]
t=1 t=1 t=1 t=1
T
+E ;relg}i;f(@;l?t) —T~5gli[{gf(9;1>)]

Since the second term of the right-hand side in above equation is equal the online cumulative regret
R ine(T), we can rewrite R™(T') as:

online
R™ (T) = (T)rnline (T>
T T
Zf(et; > A M%} (20)
= t=1

min Zf 0;Dy)—T - mm f(6;D)

aeRd

+E

2y

Now, let us consider each term in detail.
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Bound for the term (20). Recall the expression of f(6; D) and f; = f(0; Dy):
1 & 1 0(0;z5,y;)

TLZ ( ax,7y)a f( ’ t) KZ npj.i

i=1 JEJt ’

where J; is the set of indices in the subset dataset (mini-batch) at iteration ¢, D; C D. For any
0 € R%, we have

Bl 0D =8 | ¥ A | L5 (A0

jegy npj,t jed, np]t
0(0; x4, y;)
- XX e = 1S ) = 565D
JjEJp i=1

Note that, by linearity of expectation, we can interchange the expectation and the summation. Since
E[f(0; D;)] = f(0; D), we have for the term as:

T T
:E[Zf(eﬁ Zf 9t,Dt]

= t=1
T
= ]E lz 915, gtaDt)]
t=1
T
= ZE 0t7 (otaDt)] =0

~

=1

Bound for the term (2I). Let 6* be the parameter that minimizes the cumulative loss over the full
dataset D, i.e, §* € arg mingcpa f(6; D). Since 6* is optimal for the full dataset, we have:

min £(6;D) = f(6"; D)

Similarly, denote the optimal parameter for the cumulative regret for mini-batch datasets by 0; :=
arg mingcpa Z?:l f(6; D). Given these notations, we can write the term (21} as:

1D =E

We can add and subtract the term ZtT_l f(6*; D) inside the expectation.

T T
E LZ; f(05;Dy) =T+ (05D [Zf 0;:Dy) ;f (0 Dy) ]
T

E|Y f(65D)—T- f(e*;w]
t=1

Note that E[f(6*; D;)] = f(6*; D) holds as we have shown when bounding the term (20). By the
linearity of expectation, we have

T
;IelliRrLli;f(H;Dt -T- nglnf@D}

Zf 0F;Dy) T-f(e*;w]

E[S fw*;m] — S EIf (0D =T+ (0" D)
t=1

t=1

Since E Z?:l fO*Dy) =T - f(0% D)} = 0 holds, the term 1) reduces to
T
E > (£(6;7:D) — (9*;@))]
t=1

T
> (100 - 510

t=1

=E
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By the convexity of f;, we have:

Jo(07) = fu(0%) < g/ (6] — 6%)
Therefore,
T

T
B[S0~ £007)| <E | aT0; - m]

t=1 t=1
Using bounded gradients assumption (Assumption |1)), i.e, ||g:|| < L/~ (Proof in Lemma EI) and

Cauchy-Schwarz inequality (Lemma ), we have

T
<E lzgfwz — 0" ] < ZE lgelllo; — 0711 < (L/) ) E[l16; — 07|
t=1

t=1

Recall the parameter update rule, 6, | < 9t — aymy/(\/r + €). Then
1071 — 0"[1 < 1165 = 07[| + au ||me/ (V01 + €)
Now, we claim that ||| is bounded. The update rule for the first moment estimate:
my < Brami—1 + (1 — B1.4) g

(22)

Then, the expression for m; is:

t
me =Y (1— B (H 517>gk
k=1

r=k+1

where 31; = S1A"! with 31 < 1 and A < 1. Note that ||gx| is bounded by L/~ for all k. This
implies that:

llgwl

H ﬂ1>\r 1

r=k+1

e <Z|1751k|

H ﬂlr

r=k+1

< (L/7) Z|1 — BiA

t(t—1)—k(k—1) k(k 1)
< (L/7) Zﬂi I

k=1

(L/v)>_ Bi"
k=1

L

S -
(1= 51)
The last inequality is due to Lemmal[5] Therefore, the step size in Eq.(22) is bounded by:

IN

ag|me | ol al
Vie+e ™ ey(L=51)  Viey(l - By)

We use the fact that oy = a/+/t. By summing over 7 iterations, we obtain

20LVT
E[||6; — 0]
Z . IT< 51 Z Vit 671—51)
The last inequality is by Lemma@ Flnally, we get
N . 20L*\/T
<(L/7) ZE 16 = 6"[I) < =O0(VT)
y*(1 - fr)

In summary, the cumulative regret R”( ) is decomposed by the following:

RW(T) = Z)rn]ine(T) + +
where = 0 and = O(ﬁ ). Thus, this completes the proof of Lemma saying

R™ (T) = Z)Tnline(T) + O(\/T)
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Now, we prove the main Theorem

Proof. From Lemmal(l I} we have shown that the cumulative regret R™(T") can be decomposed into
the online regret leme(T) with the additional sub-linear terms. Hence, we are left to bound the

cumulative online regret R7 . (7). Recall the first key lemma (Lemma I):
Iy s
t
Ronlme( ) < pldf+fp2 nQKZ Dt |:Z " :|
t=1 JjEJt

Recall also the second key lemma (Lemma @):

= ||gjt||2 lg;.c 12 —
; - Z Pid —mmZEpt Z (950 = < KnTan)

jEJt JEJL

Let we denote M := min,, Z;F:r E,, [Z e, ‘(lii :il)L } . Then by Lemma we have

T
llgjell” t|| / n
=M+ Cy/KnTIln—
; " Z p‘]t K

jeJt

where C' > 0 is a constant. By plugging above equation to Lemmal[I] we obtain

. vd n
Ronline<T) < pldﬁ"" P2W M+C K’IZTIDE + p3

d
< p1dVT + po \\[r\ﬁerQ \\fﬁ O,/KnTan+p3

1/4
= pdVT + pg\fv M + p4;f< In ) +p3

VK K K
We use the fact that va + b < \/a + /b in the second inequality and we define py := p2v/C.

Now, we should consider M. Using the tower property, we can express M as,

. 78
M = minZEpt Z 1G5,e1l-
Dt =1 jE] p]t
- [
= minZEPt E,, Z NGjell
Dt =1 I j€] p]t
Lol Il I
. t
=min} By |3 |D s
t=1 Li=1 |J€:

T i n ||
“an3 s, | 3|3l ]
Le—— ljes. Li=1 it

T n ) 2
_ KminZEpt Z 9.t l
L -1 Pit

For this minimization problem, it can be shown that for every iteration ¢, the optimal distribution
p; is proportional to the gradient norm of individual example. Formally speaking, for any ¢, the

. 2 .
optimal solution p; to the problem arg min,,, SR, [Z?:l “*‘Zitt”} is (pje)* = %
7, i=1 v

all j € [n]. By plugging this solution,
T n 2
=13 (S
t=1 \i=1
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By plugging M to the online regret bound expression,

Vd Vd (nT | n 1/4
n\/EvM'sz;n(Kl K) +p3

T n \[ nT n 1/4
= VT4 >l +p4(Kan) o

t=1

Rgnline(T) < pldﬁ + p2

T n 2 1/4
1 Vd (nT . n
— pid E . ve In —
= VT + Vipay | 5 t_1< — ’|> Ty (K K) T

By Assumption 1] ||g; || < L fori € [n] and ¢ € [T']. Then, the second term in the right-hand side
of above inequality is bounded by Lp2+/dT’, which diminishes by the first term that have order of
O(dv/T). Hence, the online regret RT . (T) after T iterations is,

<00 5031 () )

Finally, by Lemma[TT] we can bound the cumulative regret using the bound of the online regret as

R™(T) = Riyine(T) + O(VT) < O(dVT) + O (‘f (”T In ”) M) +O(T)

K"K
(d\f+ ‘3@(;111;))

This completes the proof of Theorem O
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C ProBLEMATIC IN CONVERGENCE PROOF OF ADAM-BASED OPTIMIZERS

Adam (Kingma & Bal 2015) is a widely used optimizer in practice. However, Reddi et al.| (2018))
pointed out issues with the convergence proof of Adam and introduced a modified version called
AMSGrad to address the problem. Unfortunately, the convergence proof of AMSGrad also contains
errors. In this section, we highlight a specific issue in the convergence proof of AMSGrad, which
is similarly overlooked in the convergence proof of Adam. As a result, neither Adam nor AMSGrad
guarantees convergence, and they actually diverge under certain conditions.

Algorithm 4: AMSGrad
Input: 0; € RY, {a;} 1, {Bri}i1s Ba
Initialize: mg < 0, v9 < 0, 09 < 0
fort =1to 1 do
gt = V fi(0r)
my = Breme—1 + (1 — B1.4) g
vy = Bove_1 + (1 — Ba2)g?
0y = max{0;_1,v:} and V; = diag(0:)
Orp1 =0, — atmt/\/ﬁ

Before presenting the convergence issue in the proof of AMSGrad, it is essential to first revisit and
establish the following inequality, as discussed in|Redd1 et al.| (2018)).

Lemma 12. Algorithm{]achieves the following guarantee, for all T > 1:

d T =
gnline(T) < E [Z Z # ((Qt,u - Q:ku)2 - (9t+1,u - g*u)2)] (23)

u=1t=1 1- ﬁl’t)
d T a mz

+E e 24)
u=1 tz:; 1- 51 Ut,u]
S B/

+E ’7_“92_9“2 25
I T )

Proof. Recall Lemma[3]

Since f; : R? — R is convex, we have, f;(0*) — f:(6;) > gF(6* — 6;). This means that
d

Fol0) — £:(07) < gl (0 = 0") = gru(Or — 07,)

u=1
From the parameter update rule presented in Algorithm 4]
Or41 =01 — atmt/\/th
Bt (1—Bie)
=0 — o (imt1 "0
Vo Vo

We focus on the u-th dimension of the parameter vector ; € R?. Substract the scalar 0%, and square
both sides of the above update rule, we have,

2
B¢ (1—B1) « 2 [ Mt

———Mt—1u+ ——F—Gtu (et,u - e,u) + a; —

V Vt,u vV Vt,u ' vV Ut,u

We can rearrange the above equation as

(Ors1u — 05)° = (Oru — 07,)° — 204 <

GO — 07) = —L (B0 — 0%)% — (B0 — 0%,)7)

N 2a4(1 — B1t)
Qg mt2u ﬁl t
/ - 7 —Lu 6 (7 9*u 26
i 21 = Big) for, (11— 517t)mt 1,u(0t, ") (26)
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Note that,

onlme

T
th (0:) — manft Z fe(0:) — )]]

where 0% € argmingpa thl f+(0) is defined as the optimal parameter that minimizes the cumu-
lative loss over given 7 iterations. Hence,

T T T d
ontine (') = E [Z [fe(0:) — ft(e*)]] <E [Z g: (6 — 9*)] =E [Z > el — qu)] 27

t=1 t=1 t=1u=1

Combining Eq.(26) with Eq.(27), we obtain

d T /r »
onhne < E [Z Z 20¢t : ((et,u - 9:)2 - (9t+1,u - ejﬂu)2)‘|

u=1t=1 (1= Fue)
d T B,
fu
;; 1—5126 \/ﬁ tE ;; 1—31t)mt 1B etu)]

On the other hand, for all ¢ > 2, we have

s 1/4
mi—tu(¥ f’tu)=w(9?‘u—9t,u)m(f”t‘l7"

Q1 Ut—l,u)1/4

= 2
\/Vt_1.u My 1
<X Y 0 ) oy ——
= 204 (0% = Or) 1 St

where the inequality is from the fact that pg < p?/2 + ¢*/2 for any p, ¢ € R. Hence,

d T

V0t . "

gnline(T) < E Z Z 204t(1 _t ﬂl t) ((ot,u - e,u)z - (9t+1,u - e,u)Q)]
u=1 t=1 ’

[d T 2
oy M u
+E ’
7; ; 2(1 - 61715) V ﬁt,u‘|

o Br,e0e—1 m%ﬂ,u
YEIL D 506y ﬁ]
+E Xd: ZT: /O (07, — ew)?]
I 2001 (1= B1g)
Since (1,4 < [31(1 <t <T), we obtain

ZZ 2at 1(1_61 t)(e 9t7u) SZ 22at71(1_51)(97u Ht,u)

u=1t=2 u=1t=
Moreover, we have

d T T-1 2

ZZ Brio—1 Mi_14 _ Z Bi,e+10 Miu

21— Pr) o—ra = 20— Brest) Vi
B B AL
T 200 = Brasr) o
Lok
T oI 20 B) Vo

where the last inequality is from the assumptlon that 51+ < 81 < 1(1 < ¢ < T). Therefore

mtu Biog—1 Mi_1, L& mi .,
ZZ 1—51t +ZZ — B1,t) /D Szzl—ﬁl 0

u=1t=1 u=1t=2
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and we obtain the bound for R7 . .(T') as:

online

d T =
: (T)ﬂlz m((ot,uemz(om,ue:';)?)]

i
online ‘Lo 204t(1 — ﬂl,t)
Qi m?,u
1- 51 @t,u
Bt/ Ot—1,u (0%, — 0,2

KN tﬂl)
201 (1~ B1)

This completes the proof of Lemma O

S
Il

Mg
M=

+E

1t=1

g
Il

M&
N

+E

1t

||
N

u

Issue in the Convergence Proof of AMSGrad. The problem with the convergence proof of
AMSGrad arises when analyzing the term in Eq.(23) from Lemma

d T
R P
=F ii#% — 0707 = (1 — 0%,)})
~ = 204t(1 — /81> L, u u t+1,u "

Indeed, Reddi et al.|(2018) used the fact that 8; ; < (3 in the above inequality, however, it is not
always valid because the term

(Ot —04,)% = (Or1.0 — 03,)°

in Eq.(23)) can be negative. Thus, the convergence rate of AMSGrad described in Theorem 4 of
Reddi et al.| (2018)) is incorrect, and AMSGrad does not guarantee convergence as well as Adam. The
same issue appears in the convergence proofs of other Adam-based algorithms, i.e, Theorem 10.5
in |Kingma & Ba (2015), Theorem 4.4 in Bock et al.| (2018)), Theorem 5 in [Luo et al.|(2019), and
Theorem 4.2 in|Chen et al.| (2020).
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D Proor FOR CONVERGENCE RATE WHEN USING UNIFORM SAMPLING

To compare the convergence rate between using uniform sampling and bandit sampling, we will
now prove the following Theorem [2| It is important to note that Theorem [2| includes an additional
condition—Assumption [3}—which was not present in Theorem[I] This assumption plays a key role
in distinguishing the results between these two theorems.

Theorem 2. Suppose Assumptions and[Blhold. The convergence rate for (corrected) Adam using

uniform sampling is given by:
(d\f + vd ——=VT )

nl/2

Proof. We start the proof from the first key lemma (Lemma [T)):

Lemma 1. Suppose Assumptions hold. AdamCB (Algorithm[I) with a mini-batch of size K,
which is formed dynamically by distribution p,, achieves the following upper-bound for the cumulative

online regret R}y ..(T') over T iterations,

1
onlme( ) < pldf+ \[pz n2K Z Pt |:

} (28)

e Jy pj,

where p1, p2, and p3 are defined as follows:
B D?L B ay1l+InT B dpyD?L
P 2= T =BT B - ) T 2091 B0 - A2

Note that d is the dlmenszon of parameter space and the inputs of Algorithm [I] follows these
conditions: (a) oy = \[, (b) B1, B2 € [0,1), Brs = LA forall t € [T], X € (0,1), (¢)

n=p1/VB2 <1 and(d)~ € 0,1).

Consider the second term in the right-hand side of Eq.(28)),

1 « 1
W; ” ZHQHH :WZEM E,, ZHgﬂH | pe
t=

2
JET: (pjit) =1 JEJ (pj.t)

1 |i=1 [j€J: Pist

St 1> ”i;;” ]

t=1 ]GJt =1

The tower property is used in the first equality. Since Z"_l ”gzjfll is independent to j € J;, the

mini-batch size K is multiplied in the last equality. Therefore, we'can express the cumulative online
regret R7 . (T) as:

Z llgi.¢1|?

i=1 pzt

7?'(T)rnline(T) < pldﬁ + \/ap2 2 Z]Ept

In the case when we select samples uniformly, we can set the probability distribution p; to satisfy
piy = 1/nforallt € [T] and ¢ € [n]. By plugging it, we obtain

T n
1
7?’(T)rnline(T> < pldﬁ"" \/aPQ E Z [Z ||gi,t||2 +p3

t=1 Li=1
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Now, recall Assumption
Assumption 3. There exists o > 0 such that Var(||g; +||) < o2 foralli € [n] and t € [T

1| ) 1< ? g2
— . < | = ) —
- ;:1 lgiall®| < <”;—1 Igz,tI) +—

T tine (1) for uniform sampling is,

Therefore, the online regret bound R,

T n 2
- 1 o?
online(T) = O(dﬁ) +0 \/a ﬁ Z <Z ||gi,t||> + ;T
t=1 \i=1
Applying the fact that va + b < \/a + /b, we obtain,

T n 2
uine(T) = O(VT) + O | Vd % Z (Z ”glt|> +0 (\/&\/Z)

i=1

By Assumption 1} ||g; || < L fori € [n] and ¢ € [T']. Then, the second term in the right-hand side
of above inequality is bounded by O(v/dT"), which diminishes by the first term that have order of
O(d\/T). Hence, the online regret R™ . (T) after T iterations is given by

online

nl/2

Z)rnline(T) = O(d\/f) +0 <\/E\/f>

Finally, by Lemma|[TT] we can bound the cumulative regret using the online regret, which completes
the regret analysis for uniform sampling.

/2

R(T) = Riyine(T) + O(VT) = O(dV/T) + O (ﬁﬁ> +OWT)

nl/2

_o (wﬂﬁﬁ)
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E CorrectioN oF AbAMBS (Liu ET AL., [2020))

This subsection introduces the corrected analysis for AdamBS (Liu et al.} 2020). We use AlgorithmE]
and Algorithm [6] for modified AdamBS.

Algorithm 5: (Corrected) Adam with Bandit Sampling (AdamBS)

Input: learning rate {cy };_,, decay rates {31+ };_;, 32, batch size K, exploration parameter
v€[0,1)
Initialize: model parameters 6g; first moment §:Stimate mg + 0; second moment estimate
vg 0, 0p + 0; sample weights wf, < 1 for all ¢ € [n]
fort =1to T do
Compute sample distribution p; for all j € [n]

Wjt—1 0
S S T

Select a mini-batch Dy := {(x;,y;)}jes, by sampling with replacement from p,

Compute unbiased gradient estimate g; with respect to the mini-batch D, using Eq.

my < Bremi—1 + (1 — B14)g:

vy = Bavg1 + (1 — Ba)g?

5 ; (=10 - .
1 4= V1, O <= MaxX =g,z Vi1, Ve ift>2

Ors1 < 0y — aymy [ (VO + €)
wy < Weight-Update(wi—1,p¢, Ji, {gjt}icd,, ) (Algorithm@)

Algorithm 6: (Corrected) Weight-Update for AdamBS

Input: w;_1, pi, 1, {9;}jes,, and y € [0,1)
for j =1tondo
2 2
Compute loss £, = Pamin (—M L? ) if j € J;, otherwise, ;¢ = 0

(Pj.)® | P
L 1G=JF)
Kpj,t

Update sample weights w; s = w; ;1 exp(—'yéjyt/n)

Compute unbiased gradient estimate gf it =

return w;

At iteration ¢ € [T'], AdamBS chooses a mini-batch D, = {(x;,y;)} e, of size K according to
probability distribution p; with replacement. We denote J; as the set of indices for the mini-batch
D;. Then, the algorithm receives the loss, regarding losses from all chosen samples in the mini-batch

D as one loss, is % > ?;+, denote as ¢; ; € [0,1]. The unbiased estimate of the loss Ej’t is,

K )
Jo = lis Zk=1 I(j = th)
» Kpj4

JEJ¢

We have a following key lemma concerning the rate of convergence of AdamBS.

Lemma 13 (Corrected version of Lemma 1 in|[Liu et al.|(2020)). S Eraose Assumptions[I}2hold. If we

sety = min{l, A/ ((’f_“i)"T }, the weight update rule (Algorithm

following AdamBS (Algorithm
implies

T T
lgs.el® , lgsell?
E E,, E E — min E E,, E D)2 = O(KvnTlInn)

=1 jed, (Pj, t—1 jed, Pjt)

2 e 2\ . . .
Proof. Wesetl;; = P et (* l(‘ij’i‘)lz + sz ) in Algorithm |6} Since,
2.t min

forall ¢ € [T], i € [n] by Assumption[I] we have /;; € [0,1].

gitllz2 < Land p; s > Dmin
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We use the following simple facts, which are immediately derived from the definitions,

sz tgzt K Z’ejt —KJ (29)

JEJt
i R " 0K 16 = TR " K 13 = Jk) . L.
Zpi,t(gi,t)z = ZPi,t( Lt ZkKlp,»(t : )>€i,t = Zfi,t w&,t < it
i=1 i=1 b i=1 i—=1

Let Wy := Y7, wy. Then, for any ¢ € [T,

3 W e (< 27)
i=1
The last equality is by the weight update rule in Algorithm[6] From the probability computation in

Algorithm 5] we have
g

Wy +—
Pii = (1 — ) et — +1>7
n n

D Wht—1

Thus, we obtain the following bound,

_ 7k
’75”_ <zt2k1(l—<]t)><€”<1
n sz,t ’

By the fact that e < 1 — 2 + (e — 2)a? for all # € [0, 1], and considering %l@)t as x, we have

Wi " w1 [ o v 2]
< ! 1— =04+ (e—=2)(—1
Wt—l ; Wt—l n t ( )(Tl t)

- Pz‘,t—V/n Y i 7 5i2
:;_7{1—”&—#(6—2)(”&) }

V/n i, (e=2)(v/n)*
SlfﬁZpi,tftJr T~ me‘ it)

/n g (e=2)(v/n)
<1- 0t —— E l;
>~ 1 ~y t + 1_7 s ,t

The last inequality uses Eq.(29) and Eq.(30). Taking logarithms and using the fact thatIn (1 + z) < z
for all z > —1 gives

In

_ 2. .
Wt § 7/” EJt 6 2)(7/”) Z E'L .
Wi_q 1—7 1— ’

By summing over ¢, we obtain

T
Wr v/n 5 e=2)(v/n
In — < — bt 4
Wi 1= ; ' 1—x t=1 i=1
On the other hand, for any action j,

Wr wiT AN

From combining results,

T T
Zﬁ"‘> 1= S _’“;1"_@_2)%2 by
t=1 ]
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We next take the expectation of both sides with respect to probability distribution p; and since
Ep, [¢;.¢] = ¢;,¢, we have

T T n T
B> 67> 1 -7t - ”1;1” —(e— 2)% DDINCY
t=1 t=1

i=1 t=1

Since j € J; were chosen arbitrarily, we can choose the best .J;* for every iteration ¢. Let Lyyn (T') :=
ZtT 1 Z]EJ* ¢ and Lexps(T) := Zf 1 2jey, Lyt Summing over j € Ji, and using the fact
that Zt > i < M , we have the following statement,

nKlnn
Y

E[Lgxp3(T)] > (1 — ) Lvn(T) — — (e = 2)yLvin(T)

Then, we get the following,

nKlnn
Y

Lyin(T) — E[Lgxp3(T)] < (e — 1)yLvin(T') +

Using the fact that Lyyn(7') < TK and choosing the input parameter as v = min{l7 (Zl‘i)"T },

we obtain the following,

Lyin(T) — E[Lgxp3(T)] < 2ve — 1KvVnTInn < 2.63KvnT lnn

Therefore, considering the scaling factor, we have:

XT: pt{ HthH ] ZEW{Z Hg]tH ] 2L2 (Lyvy (T) — E[Lexes (7))
= "

t=1 FEJ Prmin

2.63L°
< 623 KvVnTIlnn

min

= O(K\/nTlnn)
O

Theorem 3 (Corrected version of Theorem 4 in [Liu et al| (2020)). Suppose Assumptions [I}2] hold.
The convergence rate for (corrected) AdamBS using bandit sampling is given by:

n3/4

<df + ﬁ(Tln n)1/4>

Proof. From Lemma|l1] n we have shown that the cumulative regret R™(T") can be decomposed into
the online regret R7 . .(T") with the additional sub-linear terms. Hence, we are left to bound the

cumulative online regret R7 . (7). Recall the first key lemma (Lemma I):

7zonhne( )<,01d\ﬁ+ \[pg QKZ p'|:z HgJ tH :|+p3

jeJ, p]vt)

We can apply Lemma |1| to AdamBS as AdamCB, since both AdamBS and AdamCB follow the same
model parameter update rule. However, we use the corrected lemma (Lemma|l3)) for AdamBS, rather
than applying the key lemma (Lemma 2) used for AdamCB. Recall Lemma

T

— mi Z - Z ngt” = O(KvnTInn)

-1 jed, p]t

Zpt

-1 jed, p]t
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Let we denote M := min,, Zthl Ep, [Zje J ‘(lzji il)‘; ] . Then by Lemma we have
t Js

T

Z Ept

t=1 JEJ:

=M+ C'KvVnTlan

where C’ > 0 is a constant. By plugging above equation to Lemma we obtain

d
Rentine (1) < pld\/erpQ \/\/%\/MJrC"KVnTlnnerg
n

Vd Vd
< p1dVT + py \Fx/Merg i C'KVnTlnn + ps
= p1dVT + piﬁ\/ + Ps\[( Tlnn)1/4 + p3
n

We use the fact that va + b < v/a + /b in the second inequality and we define ps := pa/C".
Now, we should consider M. Using the tower property and applying the optimal solution for p; at
each iteration, we can express M as,

T n 2
MoKY (z ngz-,g)
t=1 =1

This follows the same argument as in the proof of Theorem ] (See[B.4). Then, by plugging M to the
online regret bound expression,

Z)Tnline(T) < pldﬁ + p2

Vd Vd
VM + ps— (nT'Inn 1/4+

T n \f
= p1dVT + P2 KZ (Z g t||> trs— (nThnn) ! + pg
t=1 \i=

T n 2
1 Vd
pﬂ¢T+¢@27ﬂ§:<ZNM¢0 +ps== (T hnn)' ™+ py
t=1 =1

By Assumption 1] ||g; || < L fori € [n] and ¢ € [T']. Then, the second term in the right-hand side
of above inequality is bounded by Lps+/dT’, which diminishes by the first term that have order of
O(dv/T). Hence, the online regret R T) after T iterations is,

onlme(
Tl = O(VT >+o<ﬁ<nT1n )“4>

Finally, by Lemma|I 1] we can bound the cumulative regret using the bound of the online regret as

R™(T) = R o (T) + OVT) = O(dVT) + O (*f (nT1nn)1/4> +O(VT)

(mﬁ+ﬁ;(1mm>

This completes the proof of Theorem 3] O
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F ADDITIONAL ALGORITHM

F.1 DEPROUND ALGORITHM

Algorithm 7: DepRound

Input: Natural number K (< n), sample distribution p := (p*, p?,...,p") with 31" | p' = K
Output: Subset of [n] with distinct /X elements

1 while there is an ¢ with 0 < p* < 1 do

2 Choose distinct 4, j with 0 < p’ < land 0 < p/ < 1

3 Set a = min{1 — p%,p’} and B = min{p?, 1 — p’}

4 Update p® and p’ as:

(pi7pj) _ (Pt + a7p]: — a) with probabilityaiw
(p" = B,p" +B) with probability ;¢

sreturn {i:p' = 1,1 <i<n}

The DepRound (Gandhi et al., [2006) (Dependent Rounding) algorithm is used to select a subset of
elements from a set while maintaining certain probabilistic properties. It ensures that the sum of
probabilities is preserved and elements are chosen with the correct marginal probabilities.
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G MoRrE oN NUMERICAL EXPERIMENTS

G.1 DeTtAILS ON EXPERIMENTAL SETUP

We compared our method, AdamCB, with corrected Adam and corrected AdamBS. The experiments
measured training loss and test loss, averaged over five runs with different random seeds, and included
1-sigma error bars for reliability. Throughout the entire experiments, identical hyper-parameters are
used with any tuning as shown in Table 2]

Table 2: Hyper-parameters used for experiments

Hyper-parameter Value
Learning rate oy 0.001
Exponential decay rates for momentum 3, 1, 52 0.9, 0.999
Decay rate for 3 ; for convergence guarantee A 1-1e-8

€ for non-zero division le-8

Loss Function Cross-Entropy

Batch Size K 128
exploration parameter vy 0.4
Number of epochs 10

We trained MLP models on the MNIST, Fashion MNIST, and CIFAR-10 datasets. The detailed
architectures of the MLP models for each dataset are provided in Table

Table 3: MLP Architecture for MNIST/Fashion MNIST (left) and CIFAR10 (right)

Layer Type Input Output Layer Type Input Output
Flatten (N, 28281) (N, 28281) Flatten (N, 32323) (N, 32323)
Dense + ReLU (N, 28281) (N, 512) Dense + ReLU (N, 32323) (N, 512)
Dense + ReLU (N, 512) (N, 256) Dense + ReLU (N, 512) (N, 256)
Dense (N, 256) (N, 10) Dense (N, 256) (N, 10)

We also trained CNN models on the same datasets. The detailed architectures of the CNN models
for each dataset are presented in Table

Table 4: CNN Architecture for MNIST/Fashion MNIST (left) and CIFAR10 (right)

Layer Type Input Output
Layer Type Input Output Conv + ReLU (N, 3, 32, 32) (N, 64, 32, 32)
Conv + ReLU (N, 1, 28, 28) (N, 32, 28, 28) MaxPool (N, 64, 32, 32) (N, 64, 16, 16)
MaxPool (N, 32,28,28) (N, 32,14, 14) Conv + ReLU (N, 64, 16, 16) (N, 128, 16, 16)
Conv + ReLU (N, 32,14,14) (N, 64, 14, 14) MaxPool (N, 128,16, 16) (N, 128, 8, 8)
MaxPool (N,64,14,14) (N, 64,7,7) Conv + ReLU (N, 128, 8, 8) (N, 256, 8, 8)
Flatten N, 64,7,7) (N, 3136) MaxPool (N, 256, 8, 8) (N, 256, 4, 4)
Dense (N, 3136) (N, 128) Flatten (N, 256, 4, 4) (N, 25644)
Dense + Softmax (N, 128) (N, 10) Dense (N, 25644) (N, 512)

Dense + Softmax (N, 512) (N, 10)

We also evaluated the original Adam optimizer and the AMSGrad optimizer on the CIFAR-10 dataset
using both MLP and CNN models. We also conducted an evaluation of the corrected AdamBS
algorithm (Algorithm [5). The results are presented in Figures [3] and From these plots, it
is evident that our AdamCB algorithm outperforms the other Adam-based algorithms. To further
assess performance, we conducted experiments using the VGG model, which is a larger architecture
compared to the MLP and CNN models. The detailed structure of the VGG architecture is provided
in Table[5] and the results are shown in Figure 5]
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Table 5: VGG Architecture for MNIST/Fashion MNIST (left) and CIFAR10 (right)

Layer Type Input Output Layer Type Input Output
Conv + ReLU (N, 1, 28, 28) (N, 64, 28, 28) Conv + ReLU (N, 3,32, 32) (N, 64, 32, 32)
Conv + ReLU (N, 64, 28, 28) (N, 64, 28, 28) Conv + ReLU (N, 64, 32, 32) (N, 64, 32, 32)
MaxPool (N, 64, 28, 28) (N, 64, 14, 14) MaxPool (N, 64, 32, 32) (N, 64, 16, 16)
Conv + ReLU (N, 64, 14, 14) (N, 128, 14, 14) Conv + ReLU (N, 64, 16, 16) (N, 128, 16, 16)
Conv + ReLU (N, 128,14, 14) (N, 128, 14, 14) Conv + ReLU (N, 128,16, 16) (N, 128, 16, 16)
MaxPool (N, 128,14,14) (N, 128,7,7) MaxPool (N, 128,16, 16) (N, 128, 8, 8)
Conv + ReLU (N, 128,7,7) (N, 256,7,7) Conv + ReLU (N, 128, 8, 8) (N, 256, 8, 8)
Conv + ReLU (N, 256,7,7) N, 256,7,7) Conv + ReLU (N, 256, 8, 8) (N, 256, 8, 8)
Conv + ReLU (N, 256,7,7) (N, 256,7,7) Conv + ReLU (N, 256, 8, 8) (N, 256, 8, 8)
MaxPool (N, 256,7,7) (N, 256, 3, 3) MaxPool (N, 256, 8, 8) (N, 256, 4, 4)
Flatten (N, 256, 3, 3) (N, 2304) Flatten (N, 256, 4, 4) (N, 4096)
Dense (N, 2304) (N, 512) Dense (N, 4096) (N, 512)
Dense (N, 512) (N, 512) Dense (N, 512) (N, 512)
Dense (N, 512) (N, 10) Dense (N, 512) (N, 10)
—=— Adam —— AdamBS —— AdamCB (ours)
= \-\\
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Figure 6: Comparison of Adam-based optimizations on the logistic regression model (MNIST)

G.2 ApbppITIONAL EXPERIMENTS

To further evaluate the effectiveness of our proposed method, we conducted additional experiments
using logistic regression, ResNet-18 (He et al., 2016), ConvNeXt-Base (Liu et al., [2022), and
ConvNeXt-Large (Liu et al.,2022) networks. The logistic regression model was employed to assess
the performance of our algorithm in convex optimization settings.

For general non-convex optimization, we tested our method on the ResNet-18, ConvNeXt-Base,
and ConvNeXt-Large models. Notably, ResNet-18 (11.4 million parameters), ConvNeXt-Base
(89 million parameters), and ConvNeXt-Large (198 million parameters) are substantially larger
architectures compared to the simple MLP and CNN models evaluated in the previous section.
These experiments demonstrate the scalability and efficiency of our algorithm on larger, more
complex models.

In all experiments, our proposed algorithm, AdamCB, consistently outperformed existing methods,
reaffirming its effectiveness across both convex and non-convex optimization tasks and on models of
varying complexity.
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Figure 8: Comparison of Adam-based optimizations on ConvNext-base model (CIFAR-10)
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H AbpbitioNAL RELATED WORKS

Importance sampling. Importance sampling methods have received significant attention in recent
years for their application in convex optimization problems. A study identified as Richtarik & Takac
(2016) introduced a specialized coordinate descent algorithm that selects groups of coordinates
to enhance the rate of convergence. Subsequent research, referenced as |[Needell et al.| (2014),
Zhao & Zhang| (2015), delves into the variance in gradient estimates within stochastic gradient
descent, highlighting that the ideal sampling distribution should align with the per-sample gradient
norm. Another study, |[Namkoong et al.| (2017, developed a method for adaptively sampling in
both block coordinate descent and stochastic gradient descent. This involves dividing parameters
into predetermined blocks for coordinate descent and organizing training samples into fixed batches
for stochastic gradient descent. Research denoted as |Katharopoulos & Fleuret (2018) suggested
sampling a large batch in each iteration to create a distribution derived from the gradient norms of
these samples, followed by selecting a smaller batch from this large batch for updating parameters.
However, The potential for accelerating the convergence rate with this method remains uncertain.

Bandit methods. AdaBoost (Schapirel 2013) works with complete information, meaning it evalu-
ates each training instance through the current ensemble model to identify misclassified examples.
Our method, however, deals with limited information because we can only choose a small set of
examples in each step. This limitation requires finding a balance between exploring by selecting
diverse examples to collect more data and exploiting by choosing the best examples based on the
currently available information. The multi-armed bandit problem is a classic framework for under-
standing this trade-off between exploration and exploitation. This dilemma also arises in numerous
other scenarios (Auer et al., |1995};2002al).

Improving batch selection. The adversarial bandit method known as EXP3 (Auer, 2002)) is often
used as a standard in dynamic settings and has proven to be highly effective in the context of automated
curriculum learning. In ACL, the dynamic selection of tasks is guided by an algorithm, often relying
on reinforcement learning or bandit techniques. For example, |Graves et al.|(2017) have suggested
the use of a non-stationary bandit method, specifically EXP3, and their findings reveal that without
prior task knowledge, ACL can significantly enhance training efficiency when compared to uniform
sampling methods. Furthermore, a bandit algorithm is capable of identifying intricate sequences
and opportunities for effective knowledge sharing within an unorganized curriculum. While existing
research has predominantly concentrated on task-oriented ACL, the underlying concepts are equally
applicable to selecting instances and batches.
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