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1 Introduction

In this paper, we consider optimality conditions for average-reward robust Markov decision processes
(MDPs), where a controller aims to optimize the long-run average reward in the presence of an
adversary. Specifically, we consider the value

α(µ,Π,K) := sup
π∈Π

inf
κ∈K

lim sup
n→∞

Eπ,κµ
1

n

n−1∑
k=0

r(Xk, Ak),

where Π and K denote the controller’s and adversary’s policy classes, respectively, and µ is the initial
distribution. We assume that the adversary is S-rectangular, and that both policy classes may be
history-dependent (denoted by ΠH and KH) or stationary (denoted by ΠS and KS), with potentially
asymmetric information structures between the controller and adversary decisions.

We are interested in identifying conditions under which α(µ,Π,K) = α∗ holds for all initial
distributions µ. Here, α∗ ∈ [0, 1] arises as part of a solution pair (u∗, α∗) to the following robust
Bellman equation with a constant gain:

u∗(s) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + u∗(X1)] , (1.1)

where Q and Ps are the controller’s and adversary’s decision sets, respectively.

Our main results can be summarized as follows.

• When the robust Bellman equation (1.1) admits a solution (u∗, α∗), α∗ coincides with the
optimal average-rewards α∗ = α(ΠH,KH) = α(ΠS,KH) = α(ΠS,KS), independent of
the initial distribution (cf. Section 3.2). In particular, stationary controller policies are
optimal for α(ΠH,KH). However, in general, α(ΠH,KS) ̸= α∗; (cf. Section 5).

• Theorem 4 in Section 4 implies that if the controller is communicating (as in Definition 3)
and Q is compact, then (1.1) has a solution.

• Theorem 5 in Section 4 shows that if the adversary is communicating, Ps, s ∈ S are convex
and compact, and Q is convex, then the Bellman equation (1.1) has a solution.

• Section 5 shows that if both the controller and the adversary are communicating and compact
(not necessarily convex), and K = KS, then a stationary policy is optimal for the controller
if and only if α′ = α∗. Here, α′ denotes the solution to (3.2), obtained by swapping the
sup-inf order in (1.1).

1.1 Literature review

Robust MDPs: While the Bellman optimality of discounted-reward robust MDPs has been ex-
tensively studied [5, 9, 10, 7], the corresponding results for the average-reward setting remain

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



underexplored. To the best of our knowledge, Wang et al. [8] provides the first results under the
stringent assumptions of SA-rectangularity and uniform unichains. Grand-Clement et al. [4] focus on
Blackwell optimality, showing that ϵ-Blackwell optimal policies always exist under SA-rectangularity.
Moreover, they demonstrate that in S-rectangular RMDPs, average-optimal policies may fail to exist;
and even when they do exist, they may need to be strictly history-dependent.

Stochastic games (SGs): S-rectangular robust MDPs can be viewed as a generalization of zero-
sum SGs. They extend the standard SGs framework in the following ways: (i) an asymmetry of
information, where the controller may use history-dependent policies while the adversary is restricted
to stationary or Markovian ones, and (ii) ambiguity-set constraints, where the adversary’s feasible set
may be nonconvex, in contrast to the convex mixed-strategy sets of SGs.

There is an extensive literature on average-payoff SGs; see Section 5 of Filar and Vrieze [3]. The
present work, which establishes constant-gain Bellman optimality for robust MDPs under one-sided
communication and compactness assumptions, also contributes to the SG literature.

2 Canonical Construction and the Optimal Robust Control Problem

In this section, we first present a brief but self-contained canonical construction of the probability
space, the processes of interest, and the controller’s and adversary’s policy classes. The construction
closely follows Wang et al. [7], to which we refer the reader for additional details.

Let S,A be finite state and action spaces, each equipped with the discrete Borel σ-fields S and
A, respectively. Define the underlying measurable space (Ω,F) with Ω = (S × A)Z≥0 and F the
corresponding cylinder σ-field. The process {(Xt, At), t ≥ 0} is defined by point evaluation, i.e.,
Xt(ω) = st and At(ω) = at for all t ≥ 0 and any ω = (s0, a0, s1, a1, . . .) ∈ Ω.

The history set Ht at time t contains all t-truncated sample paths Ht :=
{ht = (s0, a0, . . . , at−1, st) : ω = (s0, a0, s1 . . . ) ∈ Ω} . We also define the random element
Ht : Ω→ Ht by point evaluation Ht(ω) = ht, and the σ-fieldHt := σ(Ht).

Given a prescribed subset Q ⊂ P(A), a controller policy π is a sequence of decision rules π =
(π0, π1, π2, . . .) where each πt is a measure-valued function πt : Ht → Q, represented in conditional
distribution form as πt(a|ht) ∈ [0, 1] with

∑
a∈A πt(a|ht) = 1. The history-dependent controller

policy class is therefore ΠH(Q) := {π = (π0, π1, . . .) : πt ∈ {Ht → Q}, ∀t ≥ 0}.
A controller policy π = (π0, π1, . . .) is stationary if for any t1, t2 ≥ 0 and ht1 ∈ Ht1 , h

′
t2 ∈ Ht2

such that st1 = s′t2 , we have πt1(·|ht1) = πt2(·|h′t2). In particular, this means πt(a|ht) = ∆(a|st)
where ht = (s0, a0, . . . , st) for some ∆ : S → Q for all t ≥ 0. Thus, a stationary controller policy
can be identified with ∆ : S → Q, i.e., π = (∆,∆, . . .). Accordingly, the stationary policy class for
the controller is ΠS(Q) := {(∆,∆, . . .) : ∆ ∈ {S → Q}}, which is identified with {S → Q}.
On the adversary side, for each s ∈ S we fix a prescribed set of measure-valued functions Ps ⊂
{A→ P(S)}. The product set P :=×s∈S Ps is called an S-rectangular ambiguity set.

Given {Ps : s ∈ S}, a history-dependent S-rectangular adversary policy κ is a sequence of
adversarial decision rules κ = (κ0, κ1, κ2, . . .). Each decision rule κt specifies the conditional
distribution of the next state given a history ht ∈ Ht and an action a ∈ A, i.e., κt(s′|ht, a) ∈ [0, 1]
with

∑
s′∈S κt(s

′|ht, a) = 1. The history-dependent adversary policy class is KH(P) := {κ =
(κ0, κ1, . . .) : κt(·|ht, ·) ∈ Pst , where ht = (s0, a0, . . . , st), ∀t ≥ 0}.
Analogous to the controller side, a stationary adversary policy κ = (κ0, κ1, . . .) can be identified
with p ∈ P , i.e., κ = (p, p, . . .) with κt(s′|ht, a) = p(s′|st, a) where ht = (s0, a0, . . . , st). Thus,
the stationary adversary policy class is KS(P) := {(p, p, . . .) : p ∈ P}, which can be identified
directly with P .

As shown in Wang et al. [7], for Π = ΠH(Q) or ΠS(Q) and K = KH(P) or KS(P) the triple
µ ∈ P(S), π ∈ Π, κ ∈ K uniquely defines a probability measure Pπ,κµ on (Ω,F). The expectation
under Pπ,κµ is denoted by Eπ,κµ .

This paper considers the optimal robust control of the upper and lower long-run average rewards
associated with a robust MDP instance (Q,P, r) defined by

α(µ,Π,K) := sup
π∈Π

inf
κ∈K

α(µ, π, κ) and α(µ,Π,K) := sup
π∈Π

inf
κ∈K

α(µ, π, κ),
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where

α(µ, π, κ) := lim sup
n→∞

Eπ,κµ
1

n

n−1∑
k=0

r(Xk, Ak) and α(µ, π, κ) := lim inf
n→∞

Eπ,κµ
1

n

n−1∑
k=0

r(Xk, Ak).

The controller’s policy class is either ΠH(Q) or ΠS(Q), while the adversary’s policy class is either
KH(P) or KS(P). For notational simplicity, we will suppress the dependence of Π and K on Q and
P whenever it is clear from the context.

3 Robust Bellman Equations and Optimality

In this section, we define the constant-gain robust Bellman equation and show that its solution
determines the long-run average reward of the robust control problem. This also implies stationary
optimality for the controller in the α(µ,ΠH,KH) and α(µ,ΠH,KH) case.

3.1 Robust Bellman Equations with a Constant Gain

Definition 1. (u∗, α∗) ∈ {S → R} × [0, 1] is said to be a solution of the robust Bellman equation
with a constant gain if

u∗(s) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + u∗(X1)], ∀s ∈ S. (3.1)

Here, the expectation is taken w.r.t. the measure Pϕ,ps(A0 = a,X1 = s′) = ϕ(a)ps,a(s
′). We say

that (u′, α′) ∈ {S → R} × [0, 1] is a solution to the inf-sup equation with a constant gain if
u′(s) = inf

ps∈Ps

sup
ϕ∈Q

Eϕ,ps [r(s,A0)− α′ + u′(X1)], ∀s ∈ S. (3.2)

It is useful to introduce the following discounted robust Bellman equation. These will serve as key
theoretical tools in establishing the existence of solutions to the average-reward equation (3.1).
Definition 2. v∗γ : S → R is the unique solution of the γ-discounted robust Bellman equation if

v∗γ(s) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0) + γv∗γ(X1)], ∀s ∈ S. (3.3)

Remark. The existence and uniqueness of the solution to (3.3) follows from a standard contraction
argument (see Wang et al. [7]). However, existing literature has only shown the existence of a solution
to (3.1) in the SA-rectangular settings under further assumptions [8, Theorem 8].

3.2 Bellman Optimality

Theorem 1. If (u∗, α∗) solves (3.1), then
α∗ = α(µ,ΠH,KH) = α(µ,ΠH,KH)

= α(µ,ΠS,KH) = α(µ,ΠS,KH) = α(µ,ΠS,KS) = α(µ,ΠS,KS)
(3.4)

for all µ ∈ P(S). Moreover, any other solution (u, α) to (3.1) satisfies α = α∗.
Theorem 2. If (u∗, α∗) solves (3.1) and (3.2), then

sup
π∈Π

inf
κ∈K

α(µ, π, κ) = inf
κ∈K

sup
π∈Π

α(µ, π, κ) = sup
π∈Π

inf
κ∈K

α(µ, π, κ) = inf
κ∈K

sup
π∈Π

α(µ, π, κ) = α∗

for every combination of Π = ΠH,ΠS and K = KH,KS and any µ ∈ P(S).

4 Existence of Solution

4.1 General Criteria

Theorem 3. Given arbitrary Q ⊂ P(A) and {Ps ⊂ {A→ P(S)} : s ∈ S}, the following state-
ments are equivalent:

(1) The solutions
{
v∗γ : γ ∈ (0, 1)

}
to the γ-discounted equation (3.3) have uniformly bounded

span; i.e. supγ∈(0,1)

∣∣v∗γ∣∣span = supγ∈(0,1)

[
maxs∈S v

∗
γ(s)−mins∈S v

∗
γ(s)

]
<∞.

(2) The constant-gain average-reward robust Bellman equation (3.1) has a solution (u∗, α∗).
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4.2 Communicating Structures

In this section, we show that under compactness and one-sided communicating structures, the Bellman
equation does have solutions.

For p ∈ P and ∆ : S → P(A), denote p∆(s′|s) :=
∑
a∈A p(s

′|s, a)∆(a|s). Also, let pn∆(s
′|s) be

the (s, s′) entry of the n’th power of the matrix {p∆(s′|s) : s, s′ ∈ S}.
Definition 3. Consider arbitrary controller and adversary action sets Q ⊂ P(A) and P =×s∈S Ps,
with Ps ⊂ {A→ P(S)}.

• A stationary controller policy ∆ : S → Q is said to be communicating if for any s, s′ ∈ S,
there exists p ∈ P and N ≥ 1 s.t. pN∆(s′|s) > 0. The controller is said to be communicating
if all the stationary controller policies are communicating.

• A stationary adversary policy p ∈ P is said to be communicating if for any s, s′ ∈ S, there
exists ∆ : S → Q and N ≥ 1 s.t. pN∆(s′|s) > 0. The adversary is said to be communicating
if all the stationary adversary policies are communicating.

Theorem 4. If the controller is communicating and Q is compact, then the constant-gain average-
reward robust Bellman equation (3.1) has a solution.
Theorem 5. If the adversary is communicating, Ps, s ∈ S are convex and compact, and Q is convex,
then the constant-gain average-reward robust Bellman equation (3.1) has a solution.

5 Bellman Optimality for the HD-S Case

In this section, we show a surprising result that, under a weak communication assumption, the average
reward for a history-dependent controller against a stationary adversary corresponds to the solution
of the Bellman equation with the inf-sup ordering, rather than its original form.
Definition 4. A stationary adversary policy p ∈ P is said to be weakly communicating if there is a
communicating class C s.t. for any s, s′ ∈ C, there exists ∆ : S → Q and N ≥ 1 s.t. pN∆(s′|s) > 0.
Moreover, for all s ∈ Cc, s is transient under any stationary policy of the controller. The adversary is
weakly communicating if every stationary policy p ∈ P is weakly communicating. Evidently, if the
adversary is communicating, then it is also weakly communicating.
Proposition 5.1. If {δa : a ∈ A} ⊂ Q and the adversary is weakly communicating, then for each
ϵ > 0, there exists a history-dependent reinforcement learning policy πRL ∈ ΠH s.t.

0 ≤ α(µ,ΠH,KS)− inf
κ∈KS

α(µ, πRL, κ) ≤ inf
κ∈KS

sup
π∈ΠS

α(µ, π, κ)− inf
κ∈KS

α(µ, πRL, κ) ≤ ϵ

The same result holds true if α is replaced with α.
Theorem 6. If {δa : a ∈ A} ⊂ Q, then so long as the adversary is weakly communicating,

α(µ,ΠH,KS) = inf
κ∈KS

sup
π∈ΠH

α(µ, π, κ) = inf
κ∈KS

sup
π∈ΠS

α(µ, π, κ).

The same result holds true if α is replaced with α. Moreover, if (3.2) admits a solution pair (u′, α′),
then α(µ,ΠH,KS) = α(µ,ΠH,KS) = α′. A sufficient condition for (3.2) to have a solution is
that the adversary is communicating and Ps : s ∈ S are compact.

Intuitively, when the stationary adversary is weakly communicating, a history-dependent controller
policy can adaptively “learn” the adversary policy through online reinforcement learning. Importantly,
this learning process doesn’t affect the long-run average performance of the controller policy, hence
achieves the inf-sup value.

In particular, this implies that if solutions exist for (3.1) and (3.2), but the corresponding gains α∗

and α′ do not coincide, then stationary optimality cannot be expected for the robust optimal control
problems α(µ,ΠH,KS) and α(µ,ΠH,KS). A converse of this is also true. This is summarized in the
following Corollary 6.1.
Corollary 6.1. Assume that both the controller and the adversary are communicating,
{δa : a ∈ A} ⊂ Q, and that Q and Ps, s ∈ S are compact. If the adversary’s policy class is
stationary, i.e., K = KS, then stationary policies are optimal for a history-dependent controller
Π = ΠH if and only if α′ = α∗.
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Appendices
A Proofs for Section 3

Recall that the history

Ht := {ht = (s0, a0, . . . , at−1, st) : ω = (s0, a0, . . . , at−1, st, . . . ) ∈ Ω} .

We also define the random element Ht : Ω→ Ht by point evaluation Ht(ω) = ht, and the σ-field
Ht := σ(Ht). Next, we define {Gt : t ≥ 0} by

Gt := {gt = (s0, a0, . . . , st, at) : ω = (s0, a0, . . . , st, at . . . ) ∈ Ω} .

Note that gt is the concatenation of the history ht with the controller’s action at time t, i.e., gt =
(ht, at), where ht ∈ Ht. Also, define the random element Gt : Ω → Gt by point evaluation
Gt(ω) = gt, and Gt := σ(Gt).

To prove the main theorems in Section 3, we introduce an important technical tool.

Proposition A.1. For any function f : S → R and any pair of policies π ∈ ΠH and κ ∈ KH, define
the process

Mπ,κ
f,n =

n∑
k=1

f(Xk)−
∑
a,s′

πk−1(a|Hk−1)κk−1(s
′|Hk−1, a)f(s

′).

Then, Mπ,κ
f,n is aHk, Pπ,κµ -Martingale.

A.1 Proof of Proposition A.1

Proof. It suffices to check E[Mπ,κ
f,k −M

π,κ
f,k−1|Hk−1] = 0.

We see that the conditional distribution of (Ak−1, Xk) given Hk−1 is determined by πk−1 and κk−1.
So,

Eπ,κµ [f(Xk)|Hk−1] =
∑
a,s′

πk−1(a|Hk−1)κk−1(s
′|Hk−1, a)f(s

′).

Also, note that

Mπ,κ
f,k −M

π,κ
f,k−1 = f(Xk)−

∑
a,s′

πk−1(a|Hk−1)κk−1(s
′|Hk−1, a)f(s

′).

This completes the proof.

A.2 Proof of Theorem 1

Proof. Note that the second claim follows from the first claim: If (u, α) is any other solution to (3.1),
then by (3.4), α = α(µ,ΠH,KH). On the other hand, by (3.4), α(µ,ΠH,KH) = α∗. So, α = α∗.

To show (3.4), observe that α(µ,ΠS,KH) is the smallest maxmin control average-reward among the
ones that appear in (3.4). We will first show that α(µ,ΠS,KH) ≥ α∗. Then, we show α(µ,ΠS,KS) ≤
α∗ as well as α(µ,ΠH,KH) ≤ α∗. Combining these, we can conclude (3.4) and hence Theorem 1.

Step 1: Show α(µ,ΠS,KH) ≥ α∗.

Since (u∗, α∗) solves (3.1), for each ϵ > 0, there exists a controller decision rule ∆ : S → P(A) so
that

inf
ps∈Ps

E∆(·|s),ps [r(s,A0)− α∗ + u(X1)] ≥ u∗(s)− ϵ.

Therefore, for any history-dependent adversarial policy κ = (κ0, κ1, . . . ) and any s ∈ S, gk−1 ∈
Gk−1, k ≥ 0, we have that∑

a∈A
∆(a|s)

(
r(s, a)− α+

∑
s′∈S

κk(s
′|gk−1, s, a)u

∗(s′)

)
≥ u∗(s)− ϵ. (A.1)
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Using (A.1), we have that

n−1∑
k=0

∑
a∈A

∆(a|Xt)[r(Xt, a)− α∗]

≥ −nϵ+
n−1∑
k=0

u∗(Xk)−
∑

(a,s′)∈A×S

κk(s
′|Hk, a)∆(a|Xk)u

∗(s′)


= −nϵ+M∆,κ

u∗,n − u∗(Xn) + u∗(X0)

(A.2)

On the other hand, notice that

E∆,κ
µ [r(Xk, Ak)− α∗] = E∆,κ

µ

∑
a∈A

∆(a|Xk)[r(Xk, a)− α∗]. (A.3)

Therefore, by (A.2),

1

n

n−1∑
k=0

E∆,κ
µ [r(Xk, Ak)− α∗] =

1

n
E∆,κ
µ

n−1∑
k=0

∑
a∈A

∆(a|Xk)[r(Xk, a)− α∗]

≥ −ϵ+ E∆,κ
µ M∆,κ

u∗,n + E∆,κ
µ

u∗(X0)− u∗(Xn)

n
→ −ϵ

as n→∞. Here, we use Proposition A.1 to conclude that E∆,κ
µ M∆,κ

u∗,n = 0

So, we have that for arbitrary κ ∈ KH,

lim inf
n→∞

E∆,κ
µ

1

n

n−1∑
k=0

r(Xk, Ak) ≥ α∗ − ϵ.

This implies that

inf
κ∈KH

lim inf
n→∞

E∆,κ
µ

1

n

n−1∑
k=0

r(Xk, Ak) ≥ α∗ − ϵ.

Moreover, since ∆ ∈ ΠS, we have that

α(µ,ΠS,KH) = sup
π∈ΠS

inf
κ∈KH

α(µ, π, κ) ≥ α∗ − ϵ. (A.4)

Since ϵ > 0 is arbitrary, we conclude that α(µ,ΠS,KH) ≥ α∗.

Step 2: Show α(µ,ΠS,KS) ≤ α∗ and α(µ,ΠH,KH) ≤ α∗.

We consider an arbitrary history-dependent policy π = (π0, π1, . . . ) ∈ ΠH. Since (u∗, α∗) solves
(3.1), for any s ∈ S, gk−1 ∈ Gk−1 and k ≥ 0,

inf
ps∈Ps

Eπk(·|gk−1,s),ps [r(s,A0)− α∗ + u∗(X1)] ≤ u∗(s).

Hence, there exists κk(·|gk−1, s, ·) ∈ Ps so that

∑
a∈A

πk(a|gk−1, s)

(
r(s, a) +

∑
s′∈S

κk(s
′|gk−1, s, a)u

∗(s′)

)
≤ u∗(s) + ϵ (A.5)

for each s ∈ S, gk−1 ∈ Gk−1 and k ≥ 0.

Moreover, by the same argument, if πk(·|gk−1, s) = π(·|s) is Markov time-homogeneous, there exists
κk(·|gk−1, s, ·) = κ(·|s, ·) Markov time-homogeneous so that (A.5) holds. So, we have constructed
an adversarial policy κ := (κ0, κ1, . . . ) ∈ KH (or KS) with {κk : k ≥ 0} specified above.
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Therefore, with (A.5), we have that

n−1∑
k=0

∑
a∈A

πk(a|Hk)[r(Xk, a)− α∗]

≤ nϵ+
n−1∑
k=0

u∗(Xk)−
∑

(a,s′)∈A×S

πk(a|Hk)κk(s
′|Hk, a)u

∗(s′)


= nϵ+Mπ,κ

u∗,n − u∗(Xn) + u∗(X0)

(A.6)

As in (A.3), notice that

Eπ,κµ [r(Xk, Ak)− α∗] = Eπ,κµ
∑
a∈A

πk(a|Hk)[r(Xk, a)− α∗].

Therefore, by (A.6),

1

n

n−1∑
k=0

Eπ,κµ [r(Xk, Ak)− α∗] =
1

n
Eπ,κµ

n−1∑
k=0

∑
a∈A

πk(a|Hk)[r(Xk, a)− α∗]

≤ ϵ+ Eπ,κµ Mπ,κ
u∗,n + Eπ,κµ

u∗(X0)− u∗(Xn)

n
→ ϵ

as n→∞. Here, we also use Proposition A.1 to conclude that Eπ,κµ Mπ,κ
u∗,n = 0

So, we have that that for arbitrary π ∈ ΠH (or π ∈ ΠS) there exists κ ∈ KH (or κ ∈ KS) s.t.

lim sup
n→∞

Eπ,κµ
1

n

n−1∑
k=0

r(Xk, Ak) ≤ α∗ + ϵ.

Hence,

inf
κ∈KH

lim sup
n→∞

Eπ,κµ
1

n

n−1∑
k=0

r(Xk, Ak) ≤ α∗ − ϵ

where κ ∈ KH is replaced by κ ∈ KS if π ∈ ΠS.

Moreover, since π ∈ ΠH (or π ∈ ΠS) can be any policy, we have that

α(µ,ΠH,KH) = sup
π∈ΠH

inf
κ∈KH

α(µ, π, κ) ≤ α∗ − ϵ. (A.7)

Since ϵ > 0 can be arbitrarily small, we conclude that α(µ,ΠH,KH) ≤ α∗. The same proof still
holds when π ∈ ΠS and κ ∈ KS, leading to α(µ,ΠS,KS) ≤ α∗.

Step 3: Combining Steps 1 and 2 We combine the results from steps 1 and 2 to conclude that

α∗ ≤ α(µ,ΠS,KH) ≤ α(µ,ΠH,KH) ≤ α(µ,ΠH,KH) ≤ α∗,

α∗ ≤ α(µ,ΠS,KH) ≤ α(µ,ΠS,KH) ≤ α(µ,ΠH,KH) ≤ α∗,

α∗ ≤ α(µ,ΠS,KH) ≤ α(µ,ΠS,KS) ≤ α(µ,ΠS,KS) ≤ α∗,

α∗ ≤ α(µ,ΠS,KH) ≤ α(µ,ΠS,KH) ≤ α(µ,ΠS,KS) ≤ α∗.

These inequalities imply (3.4).

A.3 Proof of Theorem 2

Proof. Since (u∗, α∗) solves (3.2), we have that there exists ψ : S ×A→ P(S) s.t. ψ(·|s, ·) ∈ Ps
for all s ∈ S and

sup
ϕ∈Q

Eϕ,ψ(·|s,·)[r(s,A0)− α∗ + u(X1)] ≤ u∗(s) + ϵ.

8



Thus, for any history-dependent policy π = (π0, π1, . . . ), and s ∈ S, gk−1 ∈ Gk−1, k ≥ 0,∑
a∈A

πk(a|gk−1, s)

[
r(s, a)− α∗ +

∑
s′∈S

ψ(s′|s, a)u∗(s′)

]
≤ u∗(s) + ϵ. (A.8)

Note that

1

n

n−1∑
k=0

Eπ,ψµ [r(Xk, Ak)− α∗] =
1

n

n−1∑
k=0

Eπ,ψµ Eπ,ψµ [r(Xk, Ak)− α∗|Hk]

=
1

n

n−1∑
k=0

Eπ,ψµ

[∑
a

πk(a|Gk−1, Xk)r(Xk, a)− α∗

]
(i)

≤ 1

n

n−1∑
k=0

Eπ,ψµ [u∗(Xk) + ϵ]− Eπ,ψµ

 ∑
a∈A,s′∈S

πk(a|Hk)ψ(s
′|s, a)u∗(s′)


= ϵ+

1

n
Eπ,ψµ Mπ,ψ

n + Eπ,ψµ
u∗(X0)− u∗(Xn)

n

= ϵ+ Eπ,ψµ
u∗(X0)− u∗(Xn)

n
→ ϵ

n→∞, where (i) follows from (A.8).

So, we have that

lim sup
n→∞

Eπ,ψµ
1

n

n−1∑
k=0

r(Xk, Ak) ≤ α∗ + ϵ.

Since π ∈ ΠH is arbitrary, we can conclude that

inf
κ∈KS

sup
π∈ΠH

α(µ, π, κ) ≤ sup
π∈ΠH

α(µ, π, ψ) ≤ α∗ + ϵ. (A.9)

On the other hand, since (u∗, α∗) solves (3.1), Theorem 1 and the proofs in Appendix A.2 are still
valid. In particular, by (A.4), still holds. Therefore, combining (A.4) with (A.9), we have that

α∗ − ϵ ≤ sup
π∈ΠS

inf
κ∈KH

α(µ, π, κ)

≤ sup
π∈ΠH

inf
κ∈KH

α(µ, π, κ)

≤ inf
κ∈KH

sup
π∈ΠH

α(µ, π, κ)

≤ inf
κ∈KS

sup
π∈ΠH

α(µ, π, κ)

≤ α∗ + ϵ.

Since ϵ is arbitrary, we have that

α∗ = sup
π∈ΠS

inf
κ∈KH

α(µ, π, κ) = inf
κ∈KS

sup
π∈ΠH

α(µ, π, κ).

This implies the statement of the theorem, as supπ∈ΠS
infκ∈KH

α(µ, π, κ) is the smallest and
infκ∈KS

supπ∈ΠH
α(µ, π, κ) is the largest among all the relevant values in the statement of the

theorem.

B Proofs for Section 4

B.1 Proof of Theorem 3

Proof. (1) =⇒ (2):
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We fix a reference state s0 ∈ S and define

uγ = v∗γ − v∗γ(s0), αγ = (1− γ)v∗γ(s0).

Since v∗γ solves (3.3), we observe that

v∗γ(s)− v∗γ(s0) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0) + γ(v∗γ(X1)− v∗γ(s0))]− (1− γ)v∗γ(s0)

uγ(s) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− αγ + γuγ(X1)]
(B.1)

From Wang et al. [7],
∥∥v∗γ∥∥∞ ≤ 1/(1−γ). So, 0 ≤ αγ ≤ 1. Moreover, by (1), ∥uγ∥∞ ≤

∣∣v∗γ∣∣span ≤
C < ∞ uniformly in γ. Hence (uγ , αγ) ∈ [−C,C]|S| × [0, 1] for all γ. As [−C,C]|S| × [0, 1] is
compact in the sup metric, there exists a convergent subsequence {(uγn , αγn) : n = 1, 2, . . .} with
(u∗, α∗) := limn→∞(uγn , αγn).

Next, we would like to take the limit n→∞ on both sides of (B.1), with γ replaced by γn. To do
this, we define for γ ∈ [0, 1], (u, α) ∈ [−C,C]|S| × [0, 1], ϕ ∈ P(A), ps ∈ {A→ P(S)},

fs(γ, u, α, ϕ, ps) = Eϕ,ps [r(s,A0)− α+ γu(X1)],

which is a continuous function.

We first note that since Ps is bounded and the mapping ps → fs(γ, u, α, ϕ, ps) is continuous,

inf
ps∈Ps

fs(γ, u, α, ϕ, ps) = min
ps∈Ps

fs(γ, u, α, ϕ, ps)

where Ps is the closure of Ps.
Since Ps is compact and does not depend on γ, ϕ, u, α, by Berge’s maximum theorem [2, VI.3,
Theorem 1 & 2], the mapping

(γ, u, α, ϕ)→ ms(γ, u, α, ϕ) := min
ps∈Ps

fs(γ, u, α, ϕ, ps)

is continuous for γ ∈ [0, 1], (u, α) ∈ [−C,C]|S| × [0, 1], and ϕ ∈ P(A).
Apply the same argument, we have that

Ms(γ, u, α) = max
ϕ∈Q

ms(γ, u, α, ϕ) = sup
ϕ∈Q

ms(γ, u, α, ϕ) = sup
ϕ∈Q

inf
ps∈Ps

fs(γ, u, α, ϕ, ps)

is continuous for γ ∈ [0, 1] and (u, α) ∈ [−C,C]|S| × [0, 1].

Therefore, we have that

lim
n→∞

Ms(γn, uγn , αγn) =Ms(1, u∗, α∗) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + u∗(X1)].

This and (B.1) implies that

u∗(s) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + u∗(X1)]

i.e. (u∗, α∗) solves (3.1).

(2) =⇒ (1):

Let (u∗, α∗) be a solution to (3.1). Due to the solutions of (3.1) being shift-invariant, w.l.o.g., we
assume that u∗ ≥ 0 and mins∈S u(s) = 0. To simplify notation, we define the discounted Bellman
operator

Tγ [v] := sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0) + γv(X1)].

Then Tγ [v∗γ ] = v∗γ , where v∗γ is the unique fixed-point.

We define two auxiliary values

vγ :=
α∗

1− γ
+ u∗, vγ :=

α∗

1− γ
+ u∗ − |u∗|span . (B.2)
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Step 1: We show that Tγ [vγ ] ≤ vγ and Tγ [vγ ] ≥ vγ .

We observe that for all s ∈ S,

Tγ [vγ ](s) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0) + γvγ(X1)]

=
γα∗

1− γ
+ α∗ + sup

ϕ∈Q
inf

ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + γu∗(X1)]

=
α∗

1− γ
+ sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + u∗(X1)− (1− γ)u∗(X1)]

(i)

≤ α∗

1− γ
+ sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + γu∗(X1)]

= vγ(s)

where (i) follows from the choice that u∗ ≥ 0 and the last equality uses the assumption that (u∗, α∗)
solves (3.1). On the other hand,

Tγ [vγ ](s) =
α∗

1− γ
+ sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + γ(u∗(X1)− |u∗|span)]

=
α∗

1− γ
− |u∗|span + sup

ϕ∈Q
inf

ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + u∗(X1) + (1− γ)(|u∗|span − u
∗(X1))]

(i)

≥ α∗

1− γ
− |u∗|span + sup

ϕ∈Q
inf

ps∈Ps

Eϕ,ps [r(s,A0)− α∗ + u∗(X1)]

= vγ(s)

where (i) follows from u∗ ≥ 0 and mins∈S u
∗(s) = 0 hence |u∗|span − u∗ = ∥u∗∥∞ − u∗ ≥ 0.

Step 2: We prove that v∗γ , the solution to (3.3), is upper bounded by vγ and lower bounded by vγ ; i.e.

vγ ≤ v∗γ ≤ vγ .

To achieve this, we will use the fact that Tγ is a monotone γ-contraction.

First, the contraction property of Tγ is well known (see Wang et al. [7]). We then show that Tγ is a
monotone operator; i.e., Tγ [u] ≥ Tγ [v] if u ≥ v. This is straightforward

Tγ [u](s) = sup
ϕ∈Q

inf
ps∈Ps

Eϕ,ps [r(s,A0) + γ[u(X1)− v(X1)] + γv(X1)] ≥ Tγ [v](s)

where we used that u(X1)− v(X1) ≥ 0.

Next, we check by induction that

T kγ [vγ ] := (Tγ ◦ · · · ◦ Tγ)︸ ︷︷ ︸
×k

[v] ≤ v

for all k ≥ 1. The base case k = 1 follows from the previous proof. For the induction step, assume
that T kγ [vγ ] ≤ vγ . By the monotonicity of Tγ , we have that

T k+1
γ [vγ ] = Tγ [T kγ [vγ ]] ≤ Tγ [vγ ] ≤ vγ ,

completing the induction step.

On the other hand, by the contraction property, vγ ≥ T kγ [vγ ] → v∗γ as k → ∞. So, we have that
vγ ≥ v∗γ .

Similarly, we show that v∗γ is lower bounded by vγ . Again, we apply the same induction argument. We
see that the base case holds due to Tγ [vγ ] ≥ vγ , and the induction step follows from the monotonicity
of Tγ . Therefore, by the contraction property, vγ ≤ T kγ [vγ ] → v∗γ as k → ∞. So, we have that
vγ ≤ v∗γ .
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Step 3: We conclude the proof by bounding the span of v∗γ .

Since vγ ≤ v∗γ ≤ vγ ,∣∣v∗γ∣∣span = max
s∈S

v∗γ(s)−min
s∈S

v∗γ(s) ≤ max
s∈S

vγ(s)−min
s∈S

vγ(s) = 2 |u∗|span

where the last equality follows from the definition of vγ and vγ in (B.2).

B.2 Proof of Theorem 4

Proof. By Theorem 3, it suffices to show that under the assumptions of Theorem 4, the solution v∗γ
to (3.3) has uniformly bounded span. To show this, we take the following steps.

Step 1: We will construct a finite subset of controller’s policyC that ensures a uniform communication
probability lower bound. We use this property to show an enhanced version of the communicating
controller under compact Q in Lemma 1.

We consider an arbitrary fixed pair of states x, y ∈ S. Since the controller is assumed to be
communicating, for any stationary policy ∆ : S → Q, there exists p = px,y,∆ ∈ P and N =
Nx,y,∆ ≥ 1 s.t. pN∆(y|x) > 0. Note that both p and N are dependent on ∆, x, y. We will suppress
the dependence for notation simplicity.

Note that if we fix p = p∆ andN = N∆, then the mapping η → pNη for η : S → P(A) is continuous
in η. This is because both η → pη and pη → pNη are continuous. So, there must exists an open
neighborhood G∆ of ∆ s.t. pNη (y|x) ≥ pN∆(y|x)/2 for all η ∈ G∆.

Since Q is compact, {S → Q}, seen as stochastic matrices in R|S|×|A|, is also compact. Note
that clearly, {G∆ : ∆ ∈ {S → Q}} is an open cover of {S → Q}. Hence, by the compactness of
{S → Q}, there exists a finite sub-cover {G∆ : ∆ ∈ C} where C :=

{
∆1, . . . ,∆|C|

}
⊂ {S → Q}

is a finite subset.

Since C is finite, by the construction of G∆, we have that

min
∆∈C

(p∆∆)
N∆

(y|x) =: δ(y|x) > 0.

Note that δ(y|x) is independent of ∆, and here the dependence of N and p on x, y are suppressed.
On the other hand, for any stationary policy η, η ∈ G∆k

for some k ∈ {1, . . . , |C|}. So,

(p∆k
η )N

∆k
(y|x) ≥ 1

2
(p∆k

∆k
)N

∆k
(y|x) ≥ δ(y|x) > 0.

Since the state space is finite, we can define

δ := min
x,y∈S

δ(y|x), M := max
k=1,...,|C|; x,y∈S

Nx,y,∆k .

This implies the following Lemma 1.

Lemma 1. Under the assumptions of Theorem 4, there exists δ > 0 and positive integer M s.t. for
any stationary controller policy ∆ : S → Q and any pair of states x, y ∈ S, there exists p ∈ P and
N ≤M s.t. pN∆(y|x) ≥ δ.

Step 2: We show that under Lemma 1, for fixed y ∈ S and policy ∆ : S → Q, there exists
a p ∈ P independent of the initial state x ∈ S so that the probability of the first hitting time
τy := inf {k ≥ 0 : Xk = y} being less than or equal to M has a uniform lower bound. This is
summarized in Lemma 2.

Lemma 2. Under the assumptions of Theorem 4, there exists δ′ > 0 s.t. for any stationary controller
policy ∆ : S → Q and states y ∈ S, there exists q ∈ P s.t.

min
x∈S

P∆,q
x (τy ≤ |S|) ≥ δ′.

We fix y ∈ S and ∆ : S → Q. To verify Lemma 2, note that in Lemma 1 we can take M ≤ |S|,
since the longest loop-free path between two states in S has at most |S| steps.
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For each x ∈ S, let p = px,y,∆ the adversarial stationary policy in Lemma 1. Then, we have that

P∆,p
x (τy ≤M) ≥ pN∆(y|x) ≥ δ.

So, to prove Lemma 2, we can show that the choice px,y,∆ can be made independent of x.

Let us define q = qy,∆ ∈ P algorithmically as follows. We will iteratively assign q(·|s, ·) ∈ Ps until
all {q(·|s, ·) : s ∈ S} has been assigned. Denote q∆(·|s) =

∑
a∈A∆(a|si)q(·|s, a).

We initialize the algorithm by assigning q(·|y, ·) = py for an arbitrary py ∈ Py . Then, Let V = {y}
be the assigned states, and V c the compliment in S are the unassigned states.

1. Choose any unassigned state s0 ∈ V c. Then by Lemma 1 there exists p = ps0,y,∆ ∈ P
and N s.t. pN∆(y|s0) ≥ δ. Therefore, there exists a path s0 → s1 →, . . . ,→ sN = y s.t.
p∆(sk+1|sk) > 0.

Moreover, since there are at most PN := (|S| − 1)!/(|S| − N)! paths from s0 to y in N
steps, there must be one path with probability at least δ/PN under p∆. Let s0 → s1 →
, . . . ,→ sN = y be this path.

Note that, in general, this path could be repeating, i.e., si = sj for some i < j. However,
we can “trim off” the in-between segment to get s0 → . . .→ si → sj+1 → . . .→ sN = y.
This is again a path with probability at least δ/PN under p∆. We trim until obtaining a non-
repeating path with probability at least δ/PN and relabel it with s0 → s1 →, . . . ,→ sk = y
for some k ≤ N .

Therefore, we have that on this path, for all i ≤ k − 1,

p∆(si+1|si) ≥
k−1∏
i=0

p∆(si+1|si) ≥ δ/PN

where δ/PN is independent of x, y,∆.

2. Let j = min {i ≥ 1 : si ∈ V } be the first index so that sj is assigned. So, si ∈ V c

for all i ≤ j − 1. We assign q(·|si, ·) := ps0,y,∆(·|si, ·) ∈ Psi , which implies that
q∆(si+1|si) ≥ δ/PN for all i ≤ j − 1.

Note that, at the current iteration, q∆(·|s) is well-defined for all s ∈ V . Since sj ∈ V , there
is a non-repeating path

{
sj = s′j , s

′
j+1, . . . , s

′
k = y

}
⊂ V s.t. q∆(s′i+1|s′i) ≥ δ/PN .

Therefore, after assigning q(·|si, ·) for i ≤ j − 1, we have a new path s0 → . . . → sj →
s′j+1 → . . . → s′k = y with positive one step transition probabilities at least δ/PN under
q∆. We record this path that leads to y.

3. Update V ← V ∪ {s0, . . . , sj−1}.

Iterate until V = S.

Note that the algorithm terminates in at most |S| iterations, producing q ∈ P . Moreover, it produces
a directed graph whose edges correspond to a positive transition probabilities at least δ/PN under
q∆(·|·), ensuring that every state can reach y in at most |S| steps.

Therefore, we conclude that for any y ∈ S and ∆ : S → Q, let q = qy,∆ ∈ P be constructed by the
above algorithm, then

min
x∈S

P∆,q
x (τy ≤ |S|) ≥ (δ/PN )

|S|
=: δ′ > 0.

Note that δ′ is independent of x, y,∆. This shows Lemma 2.

Step 3: We turn the probability bound in Lemma 2 to a bound on the expected hitting time bound.

Lemma 3. Under the assumptions of Theorem 4, for any ∆ : S → Q and y ∈ S, the q ∈ P in
Lemma 2 satisfies

max
x∈S

E∆,q
x τy ≤

|S|
δ′
.
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To show Lemma 3, we first show that

max
x∈S

P∆,q
x (τy > m|S|) ≤ (1− δ′)m. (B.3)

We prove by an induction on m. The base case m = 1 follows directly from Lemma 2 that

max
x∈S

P∆,q
x (τy > |S|) = 1−min

x∈S
P∆,q
x (τy ≤ |S|) ≤ 1− δ′. (B.4)

For the induction step, note that for any x

P∆,q
x (τy > (k + 1)|S|) = E∆,q

x 1 {τy > (k + 1)|S|}
= E∆,q

x E∆,q
x

[
1 {τy > (k + 1)|S|}

∣∣Hk|S|]
(i)
= E∆,q

x

[
1 {τy > k|S|}E∆,q

x

[
1 {τy > (k + 1)|S|}

∣∣Hk|S|]]
(ii)
= E∆,q

x

[
1 {τy > k|S|}E∆,q

Xk|S|
[1 {τy > |S|}]

]
= E∆,q

x

[
1 {τy > k|S|}P∆,q

Xk|S|
(τy > |S|)

]
(iii)

≤ E∆,q
x [1 {τy > k|S|}](1− δ′)

≤ (1− δ′)k+1

where (i) follows from τy is aHt-stopping time with{τy > k|S|} = {τy ≤ k|S|}c ∈ Hk|S|, as well
as 1 {τy > (k + 1)|S|} = 1 {τy > (k + 1)|S|}1 {τy > k|S|}, (ii) is due to the Markov property,
and (iii) follows from (B.4). This completes the induction step and shows (B.3).

We then prove Lemma 3 using (B.3). Note that since τy is non-negative, for x ∈ S, s ̸= y,

E∆,q
x [τy] =

∑
k≥0

P∆,q
x (τy ≥ k)

=
∑
k≥0

P∆,q
x (τy > k)

≤ |S|+
∑
k≥1

|S|P∆,q
x (τy ≥ k|S|)

≤ |S|
∞∑
k=0

(1− δ′)k

≤ |S|
δ′
.

Of course E∆,q
y [τy] = 0 ≤ |S|/δ′. This implies Lemma 3.

Step 4: Equipped Lemma 3, we now proceed to analyze the span of v∗γ . We consider bounding
v∗γ(x)− v∗γ(y) for a fixed pair of states x ̸= y ∈ S.

First, note that v∗γ solves (3.3), then for each ϵ > 0, there exists ∆ϵ : S → Q s.t. for all s ∈ S

v∗γ(s) ≤ inf
ps∈Ps

E∆ϵ(·|s),ps [r(s,A0) + γv∗γ(X1)] + (1− γ)ϵ.

Then, by Theorem 1&5 in Wang et al. [7], for κ ∈ KH denoting

v∆ϵ,κ
γ (s) := E∆ϵ,κ

s

∞∑
k=0

γkr(Xk, Ak),

we have that for all s ∈ S,
0 ≤ v∗γ(s)− inf

κ∈KS

v∆ϵ,κ
γ (s) ≤ ϵ;
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i.e. ∆ϵ is ϵ-optimal. Moreover, there exists stationary pϵ ∈ KS s.t.

0 ≤ v∆ϵ,pϵ
γ (s)− inf

κ∈KS

v∆ϵ,κ
γ (s) ≤ ϵ.

Note that by the definition of ∆ϵ and pϵ,

v∗γ(x)− v∗γ(y) = sup
π∈ΠS

inf
κ∈KH

vπ,κγ (x)− sup
π∈ΠS

inf
κ∈KH

vπ,κγ (y)

≤ inf
κ∈KH

v∆ϵ,κ
γ (x)− inf

κ∈KH

v∆ϵ,κ
γ (y) + ϵ

≤ v∆ϵ,κ
γ (x)− v∆ϵ,pϵ

γ (y) + 2ϵ.

(B.5)

for any κ ∈ KH. Since ϵ > 0 can be arbitrarily small, it suffices to choose a κ ∈ KH (potentially
depending on ∆ϵ, pϵ, x, y) so that v∆ϵ,κ

γ (x)− v∆ϵ,pϵ
γ (y) is uniformly bounded.

This can be achieved using a similar argument as in Bartlett and Tewari [1]. We consider a history-
dependent adversary κ = (κ0, κ1, . . . ) ∈ KH defined as follows. Let gt−1 = (s0, a0, . . . , st−1, at−1)
and

κt(s
′|gt−1, s, a) =

{
q(s′|s, a) if sk ̸= y,∀k ≤ t− 1 and s ̸= y,

pϵ(s
′|s, a) otherwise.

(B.6)

Here q = qy,∆ϵ is defined in Lemma 2 and 3. In other words, the κ uses q when the chain hasn’t hit
y and uses the ϵ-optimal adversary after hitting y.

Under this history-dependent adversarial policy, we have

v∆ϵ,κ
γ (x) = E∆ϵ,κ

x

∞∑
k=0

γkr(Xk, Ak)

= E∆ϵ,κ
x

τy−1∑
k=0

γkr(Xk, Ak) + E∆ϵ,κ
x γτy

∞∑
k=τy

γk−τyr(Xk, Ak)

≤ E∆ϵ,κ
x τy + E∆ϵ,κ

x

∞∑
k=τy

γk−τyr(Xk, Ak).

(B.7)

Note that by the construction of κ in (B.6)

E∆ϵ,κ
x τy =

∞∑
k=0

P∆ϵ,κ
x (τy ≥ k)

(i)
=

∞∑
k=0

P∆ϵ,κ
x (τy > k)

=

∞∑
k=0

E∆ϵ,κ
x 1 {X0(ω), X1(ω), . . . , Xk(ω) ̸= y}

(ii)
=

∞∑
k=0

∑
gk=(s0,a0,...,sk,ak)∈Gk

k−1∏
j=0

∆ϵ(aj |sj)κj(sj+1|gj−1, sj , aj)1 {s0, . . . , sk ̸= y}

(iii)
=

∞∑
k=0

∑
gk∈Gk

k−1∏
j=0

∆ϵ(aj |sj)q(sj+1|sj , aj)1 {s0, . . . , sk ̸= y}

= E∆ϵ,q
x τy.

Here, (i) is becasue x ̸= y, (ii) follows from the definition of E∆ϵ,κ
x , (iii) is because by (B.6)

κj(sj+1|gj−1, sj , aj)1 {s0, . . . , sk ̸= y} =
{
0 if si = y for some i ≤ j
q(sj+1|sj , aj) if s0, . . . , sj ̸= y

,

and the last equality follows from reversing the previous steps.
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On the other hand,

E∆ϵ,κ
x

∞∑
k=τy

γk−τyr(Xk, Ak)

= E∆ϵ,κ
x

∞∑
j=1

∞∑
k=j

1 {τy = j} γk−τyr(Xk, Ak)

(i)
=

∞∑
j=1

∞∑
k=j

E∆ϵ,κ
x 1 {τy = j} γk−jr(Xk, Ak)

=

∞∑
j=1

∞∑
k=j

∑
gk∈Gk

∆ϵ(aj |sj)κj(sj+1|gj−1, sj , aj)1 {s0, . . . , sj−1 ̸= y, sj = y} γk−jr(sk, ak)

(ii)
=

∞∑
j=1

∞∑
k=j

∑
gk∈Gk

∆ϵ(aj |sj)pϵ(sj+1|, sj , aj)1 {s0, . . . , sj−1 ̸= y, sj = y} γk−jr(sk, ak)

(iii)
= E∆ϵ,pϵ

x

∞∑
k=τy

γk−τyr(Xk, Ak)

= E∆ϵ,pϵ
x E∆ϵ,pϵ

x

 ∞∑
k=τy

γk−τyr(Xk, Ak)

∣∣∣∣∣∣Hτy


(iv)
= E∆ϵ,pϵ

y

∞∑
k=0

γkr(Xk, Ak)

= v∆ϵ,pϵ
γ (y).

(B.8)
Here (i) applies Fubini’s theorem leveraging the positivity of the summand, (ii) follows from the
definition of κ in (B.6), (iii) is obtained from reversing the previous equalities, and (iv) is because
pϵ is a stationary policy and, under E∆ϵ,pϵ

x , (Xt, At) is strong Markov.

Therefore, the bound in (B.5) and (B.7) implies that

v∗γ(x)− v∗γ(y) ≤ v∆ϵ,κ
γ (x)− v∆ϵ,pϵ

γ (y) + 2ϵ

≤ E∆ϵ,q
x τy + v∆ϵ,pϵ

γ (y)− v∆ϵ,pϵ
γ (y) + 2ϵ

≤ |S|
δ′

+ 2ϵ.

where the last inequality follows from Lemma 3.

Since ϵ > 0, x, y ∈ S are arbitrary, we have that∣∣v∗γ∣∣span = max
x∈S

v∗γ(x)−min
x∈S

v∗γ(x) ≤
|S|
δ′
.

So,
∣∣v∗γ∣∣span is uniformly bounded in γ. By Theorem 3, we conclude that (3.1) has a solution. This

completes the proof of Theorem 4.

B.3 Proof of Theorem 5

Proof. As in the proof of Theorem 4, we show that
∣∣v∗γ∣∣span is uniformly bounded in γ. To achieve

this, we will be considering the inf-sup version of the γ-discounted Bellman equation defined as
follows:

Definition 5. We say that v′γ : S → R is the unique solution to the γ-discounted inf-sup equation if

v′γ(s) = inf
ps∈Ps

sup
ϕ∈Q

Eϕ,ps [r(s,A0) + γv′γ(X1)], ∀s ∈ S. (B.9)
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Similar to (3.3), the existence and uniqueness of the solutions of (B.9) follow from a standard
contraction argument as in Wang et al. [7].

We note that under the convexity assumptions in Theorem 5, if v′γ is the solution to (B.9), then
an application of Sion’s min-max theorem (see Corollary 2.1 in Wang et al. [7]) yields v′γ = v∗γ .
Therefore, it suffices to show that

∣∣v′γ∣∣span is uniformly bounded in γ.

The remainder of the proof follows closely the argument of Theorem 4. In particular, modified
versions of the key lemmas (with the roles of the controller and adversary reversed) continue to hold.
Therefore, we provide only an abbreviated argument here, emphasizing the differences.

Step 1: The following lemma, analogous to Lemma 1, holds:

Lemma 4. Under the assumptions of Theorem 5, there exists δ > 0 s.t. for any stationary adversary
policy p ∈ P and any pair of states x, y ∈ S, there exists ∆ and N ≤ |S| s.t. pN∆(y|x) ≥ δ.

We apply the same proof idea as before. For fixed p ∈ P , by assumption, there exists ∆ =
∆x,y,p ∈ {S → Q} so that pN∆(y|x) > 0 for some N = Nx,y,p. Observe that for ∆, N fixed,
the mapping p → pN∆(y|x) is continuous. So, there exists an open neighborhood Gp of p s.t.
qN∆ (y|x) ≥ pN∆(y|x)/2 for all q ∈ Gp.

Since P is compact, by the same argument as in the proof of Lemma 1, there exists a finite set
C :=

{
p1, . . . , p|C|

}
⊂ P s.t. {Gp : p ∈ C} covers P .

So, for any q ∈ P , we can find p ∈ C s.t. q ∈ Gp. Then, for any x, y ∈ S, set ∆ = ∆x,y,p and
N = Nx,y,p, we have

qN∆ (y|x) ≥ 1

2
pN∆(y|x) ≥ min

p∈C
pN

x,y,p

∆x,y,p (y|x) =: δ(y|x) > 0

where δ(y|x) is independent of p. Let δ = minx,y∈S δ(y|x), this implies Lemma 4.

Step 2: We show the following lemma.

Lemma 5. Under the assumptions of Theorem 5, there exists δ′ > 0 s.t. for any stationary adversary
p ∈ P and states y ∈ S, there exists ∆ : S → Q s.t.

min
x∈S

P∆,p
x (τy ≤ |S|) ≥ δ′.

For fixed adversary stationary policy p ∈ P , we construct ∆ = ∆y,p independent of x, that satisfies
Lemma 5.

We will iteratively define ∆(·|s) ∈ Q until all {∆(·|s) : s ∈ S} has been assigned. Denote p∆(·|s) =∑
a∈A∆(a|si)p(·|s, a).

We initialize the algorithm by assigning ∆(·|y) = ϕ(·) for an arbitrary ϕ ∈ Q. Then, Let V = {y}
be the assigned states, and V c the compliment in S are the unassigned states.

1. Choose any unassigned state s0 ∈ V c. Then by Lemma 1 there exists ξ = ξx,y,p : S → Q
and N s.t. pNξ (y|s0) ≥ δ. Therefore, by the “trimming” argument in the proof of Lemma
2, there exists a non-repeating path s0 → s1 →, . . . ,→ sk = y, si ̸= sj if i ̸= j, s.t.
pξ(si+1|si) ≥ δ/PN for all i ≤ k − 1, where PN := (|S| − 1)!/(|S| −N)!.

2. Let j = min {k ≥ 1 : sk ∈ V } be the first index so that sj is assigned. So, si ∈ V c for all
i ≤ j − 1. We assign ∆(·|si) := ξs0,y,p(·|si) ∈ Q.

Note that, at the current iteration, ∆(·|s) is well-defined for all s ∈ V . Since sj ∈ V , there
is a non-repeating path

{
sj = s′j , s

′
j+1, . . . , s

′
k = y

}
⊂ V s.t. p∆(s′i+1|s′i) ≥ δ/PN .

Therefore, after assigning ∆(·|si) for i ≤ j − 1, we have a new path s0 → . . . → sj →
s′j+1 → . . . → s′k = y with positive one step transition probabilities at least δ/PN under
p∆. We record this path that leads to y.

3. Update V ← V ∪ {s0, . . . , sj−1}.
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Iterate until V = S.

This algorithm terminates in at most |S| iterations, producing ∆ : S → Q. Moreover, it produces
a directed graph whose edges correspond to positive transition probabilities at least δ/PN under
p∆(·|·), ensuring that every state can reach y in at most |S| steps.

Therefore, we conclude that for any y ∈ S and p ∈ P , let ∆ be constructed by the above algorithm,
then

min
x∈S

P∆,p
x (τy ≤ |S|) ≥ (δ/PN )

|S|
=: δ′ > 0.

Note that δ′ is independent of x, y,∆. This shows Lemma 5.

Step 3: The same proof as that of Lemma 3 implies the following Lemma.

Lemma 6. Under the assumptions of Theorem 5, for any p ∈ P and y ∈ S, the ∆ constructed in
Lemma 5 satisfies

max
x∈S

E∆,p
x τy ≤

|S|
δ′
.

Step 4: By convexity of Q and Ps and the compactness of Ps, Corollary 2.1 in Wang et al. [7]
implies the existence of ϵ-optimal stationary strategies ∆ : S → Q and pϵ ∈ P of both the controller
and the adversary. In particular,

inf
κ∈KS

v∆ϵ,κ
γ (s) + ϵ ≥ v∗γ(s) = v′γ(s) ≥ sup

π∈ΠH

vπ,pϵγ (s)− ϵ.

Moreover, observe that

v∆ϵ,κϵ
γ (s) + ϵ ≥ inf

κ∈KS

v∆ϵ,κ
γ (s) + ϵ ≥ v∗γ(s) ≥ sup

π∈ΠH

vπ,pϵγ (s)− ϵ ≥ v∆ϵ,κϵ
γ (s)− ϵ.

So,
|v∗γ(s)− v∆ϵ,κϵ

γ (s)| ≤ ϵ. (B.10)

Next, following the same proof, we construct a two-phase history dependent controller policy by
first using ∆ constructed in 5 and 6 until the first time hitting y and then use an ϵ-optimal stationary
policy ∆ϵ afterwards. Let us denote this history-dependent controller by π.

By convexity of Q and Ps and the compactness of Ps, Corollary 2.1 of Wang et al. [7] implies that

v′γ(x)− v′γ(y) = inf
κ∈KS

sup
π∈ΠH

vπ,pγ (x)− inf
κ∈KS

sup
π∈ΠH

vπ,κγ (y)

≥ sup
π∈ΠH

vπ,pϵγ (x)− sup
π∈ΠH

vπ,pϵγ (y)− ϵ

≥ vπ,pϵγ (x)− v∆ϵ,pϵ
γ (x)− 3ϵ,

(B.11)

where the last inequality follows from (B.10).

We observe that

vπ,pϵγ (x) = Eπ,pϵx

∞∑
k=0

γkr(Xk, Ak)

= Eπ,pϵx

τy−1∑
k=0

γkr(Xk, Ak) + Eπ,pϵx γτy
∞∑

k=τy

γk−τyr(Xk, Ak)

≥ Eπ,pϵx (γτy − 1)

∞∑
k=τy

γk−τyr(Xk, Ak) + Eπ,pϵx

∞∑
k=τy

γk−τyr(Xk, Ak).

18



Note that

Eπ,pϵx (γτy − 1)

∞∑
k=τy

γk−τyr(Xk, Ak) ≥ Eπ,pϵx

γτy − 1

1− γ

= −Eπ,pϵx

τy−1∑
k=0

γk

≥ −Eπ,pϵx τy

= −E∆,pϵ
x τy

≥ −|S|
δ′

and by (B.8),

Eπ,pϵx

∞∑
k=τy

γk−τyr(Xk, Ak) = v∆ϵ,pϵ
γ (y).

Therefore, from (B.11), we have that

v′γ(x)− v′γ(y) ≥ −
|S|
δ′
− 3ϵ.

This hold for all x, y ∈ S, and ϵ can be arbitrarily small. Hence, we have that |v′γ(x)−v′γ(y)| ≤ |S|/δ′
for all x, y ∈ S.

Under the assumptions of Theorem 5, Corollary 2.1 in Wang et al. [7] implies that v′γ = v∗γ solves
(3.3) and (B.9). So, we conclude that∣∣v′γ∣∣span =

∣∣v∗γ∣∣span ≤ |S|δ′
which is uniform in γ. This and Theorem 3 implies Theorem 5.

C Proofs for Section 5

C.1 Proof of Proposition 5.1

Proof. First, notice that

0 ≤ α(µ,ΠH,KS)− inf
κ∈KS

α(µ, πRL, κ)

(i)

≤ inf
κ∈KS

sup
π∈ΠH

α(µ, π, κ)− inf
κ∈KS

α(µ, πRL, κ)

(ii)
= inf

κ∈KS

sup
π∈ΠS

α(µ, π, κ)− inf
κ∈KS

α(µ, πRL, κ)

≤ inf
κ∈KS

∣∣∣∣ sup
π∈ΠS

α(µ, π, κ)− α(µ, πRL, κ)

∣∣∣∣
(iii)
= inf

κ∈KS

|α∗
κ − α(µ, πRL, κ)|

(C.1)

where (i) follows from weak duality and (ii) uses the optimality of ΠS for classical MDPs (see
Puterman [6]). For (iii), note that since p ∈ P is weakly communicating, by the standard results
from classical MDPs (also see Puterman [6]), we have that for each κ ∈ KS, there exists an optimal
deterministic Markov time-homogeneous policy ∆κ that achieves an optimal average-reward α∗

κ.

On the other hand, Algorithm 2 in Zhang and Xie [11] and the regret bound therein imply that for
any weakly communicating MDP and parameter ϵ > 0, there exists a policy πRL that uses only
deterministic actions so that for any κ ∈ KS, w.p. at least 1− ϵ

n−1∑
t=0

[α∗
κ − r(Xt, At)] = Õ(|h∗κ|span

√
n).
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This implies that

0 ≤ α∗
κ − Eπ,κµ

1

n

n−1∑
t=0

r(Xt, At) = Õ

( |h∗κ|span√
n

)
(1− ϵ) + ϵ.

Hence, we have that
0 ≤ α∗

κ − α(µ, πRL, κ)

≤ α∗
κ − α(µ, πRL, κ)

= lim sup
n→∞

(
α∗
κ − Eπ,κµ

1

n

n−1∑
t=0

r(Xt, At)

)
≤ ϵ

(C.2)

Since πRL only uses deterministic actions and {δa : a ∈ A} ⊂ Q, πRL ∈ ΠH(Q). Therefore, going
back to (C.1), we have that

0 ≤ α(µ,ΠH,KS)− inf
κ∈KS

α(µ, πRL, κ)

≤ inf
κ∈KS

sup
π∈ΠS

α(µ, π, κ)− inf
κ∈KS

α(µ, πRL, κ)

≤ inf
κ∈KS

|α∗
κ − α(µ, πRL, κ)|

≤ ϵ.

Finally, to conclude the proposition, we note that if α is replaced by α, the derivation in (C.1) is still
valid. This, coupled with (C.2), yields the limsup version of Theorem 5.1.

C.2 Proof of Theorem 6

Proof. By Proposition 5.1, we have that for any ϵ > 0,

−ϵ ≤ α(µ,ΠH,KS)− inf
κ∈KS

sup
π∈ΠS

α(µ, π, κ) ≤ ϵ.

Also, by Markov optimality in classical MDPs [6], supπ∈ΠS
α(µ, π, κ) = supπ∈ΠH

α(µ, π, κ).
Since ϵ can be arbitrarily small, these inequalities imply the liminf version of Theorem 6. The same
argument holds when α is replaced with α.

To show the second claim, we note that the same argument as in the proof of Theorem 3 implies that
if
∣∣v′γ∣∣span is uniformly bounded in γ, then (3.2) has a solution (u′, α′). Moreover, the argument for

Theorem 1 will imply that α′ is the optimal average-reward

α′ = inf
κ∈KH

sup
π∈ΠH

α(µ, π, κ) = inf
κ∈KS

sup
π∈ΠH

α(µ, π, κ) = inf
κ∈KS

sup
π∈ΠS

α(µ, π, κ).

So, we only need to show that
∣∣v′γ∣∣span is uniformly bounded in γ. This is achieved by employing the

same proof as Theorem 4. As the proof idea is already used in both Theorem 4 and 5, we omit further
detail.

C.3 Proof of Corollary 6.1

Proof. By Theorem 4 and 6, solutions (u∗, α∗) and (u′, α′) to (3.1) and (3.2) exists under the
assumptions of Corollary 6.1. Hence, by Theorem 1 and 6,

α(µ,ΠH,KS) = α(µ,ΠH,KS) = α′,

while
α(µ,ΠS,KS) = α(µ,ΠS,KS) = α∗.

This implies the corollary.
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