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Abstract

High-probability analysis of stochastic first-order
optimization methods under mild assumptions
on the noise has been gaining a lot of attention
in recent years. Typically, gradient clipping is
one of the key algorithmic ingredients to derive
good high-probability guarantees when the noise
is heavy-tailed. However, if implemented naı̈vely,
clipping can spoil the convergence of the popu-
lar methods for composite and distributed opti-
mization (Prox-SGD/Parallel SGD) even in the
absence of any noise. Due to this reason, many
works on high-probability analysis consider only
unconstrained non-distributed problems, and the
existing results for composite/distributed prob-
lems do not include some important special cases
(like strongly convex problems) and are not op-
timal. To address this issue, we propose new
stochastic methods for composite and distributed
optimization based on the clipping of stochas-
tic gradient differences and prove tight high-
probability convergence results (including nearly
optimal ones) for the new methods. In addition,
we also develop new methods for composite and
distributed variational inequalities and analyze the
high-probability convergence of these methods.
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4Université de Montréal and Mila, Canada 5Canada CIFAR AI
Chair 6Weierstrass Institute for Applied Analysis and Stochastics,
Germany 7University Innopolis, Russia 8Ivannikov Institute for
System Programming RAS, Russia 9Skolkovo Institute of Science
and Technology, Russia. Correspondence to: Eduard Gorbunov
<eduard.gorbunov@mbzuai.ac.ae>.

Proceedings of the 41 st International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

1. Introduction
Many recent works on stochastic optimization have the ul-
timate goal of bridging the theory and practice in machine
learning. This is mostly reflected in the attempts at the
theoretical analysis of optimization methods under weaker
assumptions than the standard ones. Moreover, some phe-
nomena cannot be explained using classical in-expectation
convergence analysis (see the motivating example from
(Gorbunov et al., 2020a)) that results in the growing interest
in more accurate ways to the analysis of stochastic methods,
for example, high-probability convergence analysis.

However, despite the significant attention to this topic
(Nazin et al., 2019; Davis et al., 2021; Gorbunov et al.,
2020a; 2022a; Cutkosky & Mehta, 2021; Sadiev et al., 2023;
Nguyen et al., 2023b; Liu & Zhou, 2023; Liu et al., 2023),
several important directions remain unexplored. In par-
ticular, all mentioned works either consider unconstrained
problems or consider general composite/constrained min-
imization/variational inequality problems but have some
noticeable limitations, such as bounded domain assumption,
extra logarithmic factors in the complexity bounds, not op-
timal (not accelerated) convergence rates, or no analysis
of (quasi-) strongly convex (monotone) case. The impor-
tance of composite/constrained formulations for the ma-
chine learning community can be justified in many ways.
For example, composite optimization and distributed op-
timization have a lot of similarities, i.e., one can view a
distributed optimization problem as a special composite
optimization problem (Parikh & Boyd, 2014). Due to the
large sizes of modern machine learning models and datasets,
many important problems can be solved in a reasonable
time only via distributed methods. Moreover, some prob-
lems have a distributed nature, e.g., data determining the
problem can be (privately) stored on multiple devices con-
nected with a central server, which is a classical setup for
Federated Learning (Konečnỳ et al., 2016; Kairouz et al.,
2021). Next, composite formulations are very useful for han-
dling different regularizations popular in machine learning
and statistics (Zou & Hastie, 2005; Shalev-Shwartz & Ben-
David, 2014; Beck, 2017). Finally, variational inequalities
are usually considered with constraints as well.
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The discrepancy between the importance of compos-
ite/constrained and distributed formulations and the lack
of high-probability convergence results in this setup can
be partially explained as follows. SOTA high-probability
convergence results are derived for the algorithms that use
gradient clipping (Pascanu et al., 2013), i.e., the clipping op-
erator defined as clip(x, λ) = min{1, λ/∥x∥}x for x ̸= 0
and clip(0, λ) = 0 with some clipping level λ > 0 is ap-
plied to the stochastic gradients. If λ is too small, then naı̈ve
Proximal Gradient Descent with gradient clipping is not a
fixed point method, i.e., the method escapes the solution
even if it is initialized there (see a technical explanation in
Section 2). This fact implies that one has either to increase
the clipping level or to decrease the stepsize to converge to
the exact solution asymptotically; the latter approach leads
to a slower convergence rate. On the other hand, even in
the unconstrained case, the existing results with accelera-
tion/linear convergence are derived for the methods using
decreasing clipping level (Gorbunov et al., 2020a; Sadiev
et al., 2023). Therefore, new algorithms and analyses are
required to handle this issue.

In this work, we close this gap by proposing new stochastic
methods for composite and distributed problems via the
clipping of gradient differences that converge to zero with
high probability. This allows us to achieve the desirable
acceleration and linear convergence. Before we move on
to the presentation of the main contributions, we need to
introduce the problem settings formally.

1.1. Setup

Notation. The standard Euclidean norm of vector x ∈ Rd

is denoted as ∥x∥ =
√
⟨x, x⟩. BR(x) = {y ∈ Rd |

∥y − x∥ ≤ R} is the ball centered at x with radius
R. Bregman divergence w.r.t. function f is denoted as
Df (x, y)

def
= f(x)−f(y)−⟨∇f(y), x−y⟩. In O(·), we omit

the numerical factors, and in Õ(·), we omit numerical and
logarithmic factors. For natural n ≥ 1 the set {1, 2, . . . , n}
is denoted as [n]. We use Eξ[·] to denote the expectation
w.r.t. the randomness coming from ξ.

Considered problems. In this work, we focus on stochas-
tic composite minimization problems:

min
x∈Rd

{Φ(x) = f(x) + Ψ(x)} , (1)

where f(x) = Eξ∼D[fξ(x)] is a differentiable function sat-
isfying some properties to be defined later and Ψ(x) is a
proper, closed, convex function (composite/regularization
term). The examples of problem (1) arise in various applica-
tions, e.g., machine learning (Shalev-Shwartz & Ben-David,
2014), signal processing (Combettes & Pesquet, 2011), im-
age processing (Luke, 2020). We also consider variational
inequality problems, see Appendix C.

The distributed version of (1) has the following structure:

f(x) =
1

n

n∑
i=1

{fi(x) = Eξi∼Di [fξi(x)]} . (2)

In this case, there are n workers connected in a centralized
way with some parameter server; worker i can query some
noisy information (stochastic gradients/estimates) about fi.

In-expectation and high-probability convergence. In-
expectation convergence guarantees provide the upper
bounds on the number of iterations/oracle calls K̂ = K̂(ε)

for a method needed to find point xK̂ such that E[C(xK̂)] ≤
ε for given convergence criterion C(x) (e.g., C(x) can be
f(x) − f(x∗), ∥x − x∗∥2, ∥∇f(x)∥2) and given accu-
racy ε > 0. High-probability convergence guarantees give
the upper bounds on the number of iterations/oracle calls
K = K(ε, β) for a method needed to find point x such that
P{C(xK) ≤ ε} ≥ 1− β, where β ∈ (0, 1) is a confidence
level. It is worth noting that Markov’s inequality implies
P{C(xK) > ε} < E[C(xK)]/ε, meaning that it is sufficient to
take K = K̂(βε) = K̂: P{C(xK̂) > ε} < E[C(xK̂)]/ε ≤ β.
However, this typically leads to the polynomial depen-
dence on 1/β that significantly spoils the complexity of the
method when β is small. Therefore, we focus on the high-
probability convergence guarantees that depend on 1/β poly-
logarithmically. Moreover, such high-probability results are
more sensitive to the noise distribution (and, thus, more
accurate) than in-expectation ones (Gorbunov et al., 2020a;
Sadiev et al., 2023).

Proximal operator. We assume that function Ψ(x)
has a relatively simple structure such that one can ef-
ficiently compute proximal operator: proxγΨ(x) =

argminy∈Rd{γΨ(y) + 1
2∥y − x∥2}. For the properties of

the proximal operator and examples of functions Ψ(x) such
that proxγΨ(x) can be easily computed, we refer the reader
to (Beck, 2017).

Bounded central α-th moment. We consider the situa-
tion when fi and Fi are accessible through the stochastic
oracle calls. The stochastic estimates satisfy the following
assumption.1

Assumption 1.1. There exist some set Q ⊆ Rd and val-
ues σ ≥ 0, α ∈ (1, 2] such that for all x ∈ Q we have

1Following (Sadiev et al., 2023), we consider all assumptions
only on some bounded set Q ⊆ Rd; the diameter of Q depends on
the starting point. We emphasize that we do not assume bounded-
ness of the domain of the original problem. Instead, we prove via
induction that the iterates of the considered methods stay in some
ball around the solution with high probability (see the details in
Section 3). Thus, it is sufficient for us to assume everything just on
this ball, though our analysis remains unchanged if we introduce
all assumptions on the whole domain.
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Eξi∼Di
[∇fξi(x)] = ∇fi(x) and

Eξi∼Di [∥∇fξi(x)−∇fi(x)∥α] ≤ σα. (3)

For α = 2, Assumption 1.1 reduces to the bounded variance
assumption, and for α ∈ (1, 2) variance of the stochastic
estimator can be unbounded, e.g., the noise can have Lévy
α-stable distribution (Zhang et al., 2020b), which is heavy-
tailed.

Assumptions on fi. We assume that functions {fi}i∈[n]

are L-smooth.

Assumption 1.2. We assume that there exist some set Q ⊆
Rd and constant L > 0 such that for all x, y ∈ Q, i ∈ [n]
and for all x∗ ∈ argminx∈Rd Φ(x)

∥∇fi(x)−∇fi(y)∥ ≤ L∥x− y∥, (4)
∥∇fi(x)−∇fi(x

∗)∥2 ≤ 2LDfi(x, x
∗). (5)

As noted in (Sadiev et al., 2023, Appendix B), (5) is satisfied
on the set Q ̸= Rd if (4) holds on a slightly larger set in
the case of Ψ ≡ 0, n = 1 (unconstrained single-node case).
For simplicity, we assume that both (4) and (5) hold on Q.
This is always the case for L-smooth functions on Q = Rd

when Ψ ≡ 0, n = 1. In a more general situation, condition
(5) can be viewed as an assumption on the structured non-
convexity of {fi}i∈[n]. Finally, if {fi}i∈[n] are convex and
L-smooth on the whole domain of the problem (1), then
Assumption 1.2 holds.

Next, for each particular result about the convergence of
methods for (1), we make one of the following assumptions.

Assumption 1.3. There exist some set Q ⊆ Rd and constant
µ ≥ 0 such that f is µ-strongly convex: ∀x, y ∈ Q

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ µ

2
∥y − x∥2. (6)

When µ = 0, function f is called convex on Q.

This is a standard assumption for optimization literature
(Nesterov et al., 2018). We also consider a relaxation of
strong convexity.

Assumption 1.4. There exist some set Q ⊆ Rd and con-
stant µ ≥ 0 such that f1, . . . , fn are (µ, x∗)-quasi-strongly
convex for all x∗ ∈ argminx∈Rd Φ(x): ∀x ∈ Q, i ∈ [n]

fi(x
∗) ≥ fi(x) + ⟨∇fi(x), x

∗ − x⟩+ µ

2
∥x− x∗∥2. (7)

Condition (7) is weaker than (6) and holds even for some
non-convex functions (Necoara et al., 2019).

1.2. Our Contributions

• Methods with clipping of gradient differences for
distributed composite minimization. We develop two
stochastic methods for composite minimization problems
– Proximal Clipped SGD with shifts (Prox-clipped-SGD-
shift) and Proximal Clipped Similar Triangles Method with
shifts (Prox-clipped-SSTM-shift). Instead of clipping
stochastic gradients, these methods clip the difference be-
tween the stochastic gradients and the shifts that are updated
on the fly. This trick allows us to use decreasing clipping
levels, and, as a result, we derive the first accelerated high-
probability convergence rates and tight high-probability con-
vergence rates for the non-accelerated method in the quasi-
strongly convex case. We also generalize the proposed
methods to the distributed case (DProx-clipped-SGD-shift
and DProx-clipped-SSTM-shift) and prove that they bene-
fit from parallelization. To the best of our knowledge, our
results are the first showing linear speed-up under Assump-
tion 1.1.

• Methods with clipping of gradient differences for dis-
tributed composite VIPs. We also apply the proposed trick
to the methods for variational inequalities. In particular, we
propose DProx-clipped-SGDA-shifts and DProx-clipped-
SEG-shifts and rigorously analyze their high-probability
convergence. As in the minimization case, the proposed
methods have provable benefits from parallelization.

• Tight convergence rates. As a separate contribution, we
highlight the tightness of our analysis: in the known special
cases (Ψ ≡ 0 and/or n = 1), the derived complexity bounds
either recover or outperform previously known ones (see
Table 1 and also Table 2 in the appendix). Moreover, in
certain regimes, the results have optimal (up to logarithms)
dependencies on ε. This is achieved under quite general
assumptions.

1.3. Closely Related Work

We discuss closely related work here and defer additional
discussion to Appendix A.

High-probability bounds for unconstrained convex prob-
lems. Standard high-probability convergence results are
obtained under the so-called light-tails assumption (sub-
Gaussian noise) (Nemirovski et al., 2009; Juditsky et al.,
2011; Ghadimi & Lan, 2012). The first work addressing this
limitation is (Nazin et al., 2019), where the authors derive
the first high-probability complexity bounds for the case
of minimization on a bounded set under bounded variance
assumption. In the unconstrained case, these results are
extended and accelerated by Gorbunov et al. (2020a) for
smooth convex and strongly convex minimization problems.
Gorbunov et al. (2021) tightens them and generalizes to the
case of problems with Hölder-continuous gradients and Gor-
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Table 1: Summary of known and new high-probability complexity results for solving (non-) composite (non-) distributed smooth optimization problem (1). Column “Setup”
indicates the assumptions made in addition to Assumptions 1.1 and 1.2. All assumptions are made only on some ball around the solution with radius ∼ R ≥ ∥x0 − x∗∥.
Complexity is the number of stochastic oracle calls (per worker) needed for a method to guarantee that P{Metric ≤ ε} ≥ 1 − β for some ε > 0, β ∈ (0, 1] and “Metric”
is taken from the corresponding column. Numerical and logarithmic factors are omitted for simplicity. Column “C?” shows whether the problem (1) is composite, “D?”
indicates whether the problem (1) is distributed. Notation: L = Lipschitz constant; σ = parameter from Assumption 1.1; R = any upper bound on ∥x0 − x∗∥; ζ∗ = any

upper bound on
√

1
n

∑n
i=1 ∥∇fi(x∗)∥2; R̂2 = R

(
3R + L−1(2ησ + ∥∇f(x0)∥)

)
for some η > 0 (for the result from (Nguyen et al., 2023a); one can show that

R̂2 = Θ(R2 + Rζ∗/L) when n = 1, see the discussion after Theorem 2.5); µ = (quasi-)strong convexity parameter. The results of this paper are highlighted in blue.

Setup Method Metric Complexity C? D?

As. 1.3
(µ = 0)

clipped-SGD
(Sadiev et al., 2023) f(xK) − f(x∗) max

{
LR2

ε ,
(
σR
ε

) α
α−1

}
✗ ✗

clipped-SSTM
(Sadiev et al., 2023) f(yK) − f(x∗) max

{√
LR2

ε ,
(
σR
ε

) α
α−1

}
✗ ✗

Clipped-SMD (1),(2)

(Nguyen et al., 2023a)
Φ(xK) − Φ(x∗) max

{
LR̂2

ε ,
(
σR
ε

) α
α−1

}
✓ ✗

Clipped-ASMD (1)

(Nguyen et al., 2023a)
Φ(yK) − Φ(x∗) max

{√
LR2

ε ,
(
σR
ε

) α
α−1

}
✓✗(3) ✗

DProx-clipped-SGD-shift
Theorem 2.5 Φ(xK) − Φ(x∗) max

{
LR2

ε , Rζ∗√
nε

, 1
n

(
σR
ε

) α
α−1

}
✓ ✓

DProx-clipped-SSTM-shift
Theorem 2.7 Φ(yK) − Φ(x∗) max

{√
LR2

ε ,
√

Rζ∗√
nε

, 1
n

(
σR
ε

) α
α−1

}
✓ ✓

As. 1.4
(µ > 0)

clipped-SGD
(Sadiev et al., 2023) ∥xK − x∗∥2 max

{
L
µ ,

(
σ2

µ2ε

) α
2(α−1)

}
✗ ✗

DProx-clipped-SGD-shift
Theorem 2.4 ∥xK − x∗∥2 max

{
L
µ , 1

n

(
σ2

µ2ε

) α
2(α−1)

}
✓ ✓

(1) All assumptions are made on the whole domain.
(2) The authors additionally assume that for a chosen point x̂ from the domain and for η > 0 one can compute an estimate ĝ such that
P{∥ĝ − ∇f(x̂)∥ > ησ} ≤ ϵ. Such an estimate can be found using geometric median of O(ln ϵ−1) samples (Minsker, 2015).
(3) The authors assume that ∇f(x∗) = 0, which is not true for general composite optimization.

bunov et al. (2022a) derives high-probability convergence
rates in the case of VIPs. Sadiev et al. (2023) relaxes the
assumption of bounded variance to Assumption 1.1 for all
problem classes mentioned above, and the results under the
same assumption are also derived for clipped-SGD (with-
out acceleration) by Nguyen et al. (2023b) in the convex
and non-convex cases.

High-probability bounds for composite convex problems.
Nazin et al. (2019) propose a truncated version of Mirror
Descent for convex and strongly convex composite prob-
lems and prove non-accelerated rates of convergence under
bounded variance and bounded domain assumptions. Ac-
celerated results under bounded variance assumption for
strongly convex composite problems are proven by Davis
et al. (2021), who propose an approach based on robust
distance estimation. Since this approach requires solving
some auxiliary problem at each iteration of the method,
the complexity bound from Davis et al. (2021) contains ex-
tra logarithmic factors independent of the confidence level.
Finally, in their very recent work, Nguyen et al. (2023a)
prove high-probability convergence for Clipped Stochas-
tic Mirror Descent (Clipped-SMD) for convex composite
problems. Moreover, the authors also propose Accelerated
Clipped-SMD (Clipped-ASMD) and show that the algo-
rithm is indeed accelerated but only under the additional
assumption that ∇f(x∗) = 0.

2. Main Results
In this section, we consider problem (1) and methods for it.

Failure of the naı̈ve approach. For simplicity, consider
a non-stochastic case with strongly convex f(x), n = 1.
The standard deterministic first-order method for solving
problems like (1) is Proximal Gradient Descent (Prox-GD)
(Combettes & Pesquet, 2011; Nesterov, 2013): xk+1 =
proxγΨ(x

k−γ∇f(xk)). Due to the good interplay between
the structure of the problem, properties of the proximal
operator, and the structure of the method, Prox-GD has the
same (linear) convergence rate as GD for minimization of
f(x). One of the key reasons for that is that any solution
x∗ of problem (1) satisfies x∗ = proxγΨ(x

∗ − γ∇f(x∗)),
i.e., the solutions of (1) are fixed points of Prox-GD (and
vice versa), which is equivalent to −∇f(x∗) ∈ ∂Ψ(x∗),
where ∂Ψ(x∗) is a subdifferential of Ψ at x∗. However, if
we apply gradient clipping to Prox-GD naı̈vely

xk+1 = proxγΨ
(
xk − γclip(∇f(xk), λ)

)
, (8)

then the method loses a fixed point property if ∥∇f(x∗)∥ >
λ, because in this case, −clip(∇f(x∗), λ) does not
necessarily belongs to ∂Ψ(x∗) and x∗ ̸= proxγΨ(x

∗ −
γclip(∇f(x∗), λ)) in general. Therefore, for such λ, one
has to decrease the stepsize γ to achieve any accuracy of
the solution. This approach slows down the convergence
making it sublinear even without any stochasticity in the
gradients. To avoid this issue, it is necessary to set λ large
enough. This strategy works in the deterministic case but
becomes problematic for a stochastic version of (8):

xk+1 = proxγΨ
(
xk − γclip(∇fξk(x

k), λk)
)
, (9)

where ξk is sampled independently from previous iterations.
The problem comes from the fact the existing analysis in the
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unconstrained case (which is a special case of the composite
case) requires taking decreasing λk (Gorbunov et al., 2021;
Sadiev et al., 2023) that contradicts the requirement that
clipping level has to be large enough. Therefore, more
fundamental algorithmic changes are needed.

Non-implementable solution. Let us reformulate the is-
sue: (i) to handle the heavy-tailed noise, we want to use
decreasing clipping level λk, (ii) but the method should also
converge linearly without the noise, i.e., when ∇fξk(x

k) =
Eξk [∇fξk(x

k)] = ∇f(xk). In other words, the expec-
tation of the vector that is clipped in the method should
converge to zero with the same rate as λk. The method
should converge, i.e., with high probability, we should have
∇f(xk) → ∇f(x∗). These observations lead us to the
following purely theoretical algorithm that we call Prox-
clipped-SGD-star2:

xk+1 = proxγΨ
(
xk − γg̃k

)
, where (10)

g̃k = ∇f(x∗) + clip
(
∇fξk(x

k)−∇f(x∗), λk

)
. (11)

The method is non-implementable since ∇f(x∗) is un-
known in advance. Nevertheless, as we explain in the next
subsection, the method is useful in designing and analyzing
implementable versions. The following theorem gives the
complexity of Prox-clipped-SGD-star.

Theorem 2.1. Let n = 1 and Assumptions 1.1, 1.2, and
1.4 with µ > 0 hold for Q = B2R(x

∗), R ≥ ∥x0 − x∗∥,
for some3 x∗ ∈ argminx∈Rd Φ(x). Assume that K ≥ 1,
β ∈ (0, 1), A = ln 4(K+1)

β ,

0 < γ = O
(
min

{
1

LA
,

ln(BK)

µ(K + 1)

})
,

BK = Θ

(
max

{
2,

(K + 1)2(α−1)/αµ2R2

σ2A2(α−1)/α ln2(BK)

})
,

λk = Θ

(
exp(−γµ(1 + k/2))R

γA

)
.

Then to guarantee ∥xK−x∗∥2 ≤ ε with probability ≥ 1−β
Prox-clipped-SGD-star requires

Õ

(
max

{
L

µ
,

(
σ2

µ2ε

) α
2(α−1)

})
(12)

iterations/oracle calls.

Sketch of the proof. Following Gorbunov et al. (2020a);

2The idea behind and the name of this method is inspired
by SGD-star proposed by Gorbunov et al. (2020b); Hanzely &
Richtárik (2019).

3If all of our results, one can use any solution x∗, e.g., one can
take x∗ being a projection of x∗ on the solution set.

Sadiev et al. (2023), we prove by induction4 that ∥xk −
x∗∥2 ≤ 2 exp(−γµk)R2 with high probability. This
and L-smoothness imply that ∥∇f(xk) − ∇f(x∗)∥ ∼
exp(−γµk/2) and ∥∇f(xk) − ∇f(x∗)∥ ≤ λk/2 with high
probability. These facts allow us to properly clip the heavy-
tailed noise without sacrificing the convergence rate. See
the complete formulation of Theorem 2.1 and the full proof
in Appendix D.

The above complexity bound for Prox-clipped-SGD-star
coincides with the known one for clipped-SGD for the un-
constrained problems under the same assumptions (Sadiev
et al., 2023) – similarly as the complexity of Prox-GD coin-
cides with the complexity of GD for unconstrained smooth
problems.

Remark 2.2 (On the logarithmic factors.). In our results,
we do not focus on the logarithmic factors to keep the proofs
simpler. Therefore, in the main part of the paper, we omit
logarithmic dependencies, but we provide them in the Ap-
pendix. We believe it is possible to improve the logarithmic
factors in our complexity bounds following the proof tech-
nique from (Nguyen et al., 2023a).

Remark 2.3 (Dependence of the parameters on R.). Sim-
ilarly to many previous works (Gorbunov et al., 2020a;
2022a; Sadiev et al., 2023; Nguyen et al., 2023b;a), in all our
results, the choice of the stepsize and clipping level depends
on some upper bound5 R for ∥x0 − x∗∥. Deriving match-
ing high-probability results for parameter-free methods is
an important open problem going beyond the scope of this
paper. In practice, one can run the method with R = R̃ for
a sufficiently large number of steps (prescribed by theory).
If the target accuracy is not achieved, then one needs to
take R = 2R̃ and repeat the procedure. Then, with a high
probability after the logarithmic number of restarts, either
parameter R will be chosen appropriately, or the method
will reach the desired accuracy.

Prox-clipped-SGD-shift. As mentioned before, the key
limitation of Prox-clipped-SGD-star is that it explicitly
uses shift ∇f(x∗), which is not known in advance. There-
fore, guided by the literature on variance reduction and com-
munication compression (Gorbunov et al., 2020b; Gower
et al., 2020; Mishchenko et al., 2019), it is natural to
approximate ∇f(x∗) via shifts hk. This leads us to a
new method called Prox-clipped-SGD-shift: as before

4We use the induction to apply Bernstein’s inequality for the
estimation of the sums appearing due to the stochasticity of the
gradients. We refer to Section 3 for the details.

5One can avoid this via considering problems defined on
bounded domain (Nazin et al., 2019) (then one can take R equal
to the diameter of the domain) or assuming that the gradient is
bounded (Cutkosky & Mehta, 2021) (in this case, one can at least
remove the dependence on R from the clipping level). However,
both options have clear limitations.
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xk+1 = proxγΨ
(
xk − γg̃k

)
but now

g̃k = hk + ∆̂k, hk+1 = hk + ν∆̂k, (13)

∆̂k = clip
(
∇fξk(x

k)− hk, λk

)
, (14)

where ν > 0 is a stepsize for learning shifts. Similar shifts
are proposed by Mishchenko et al. (2019) in the context of
distributed optimization with communication compression.
Despite the similarities between compression operators and
clipping, the latter does not have a constant contraction
factor, making it non-trivial to extend the techniques from
the literature on communication compression to the methods
with clipping, e.g., see (Khirirat et al., 2023, Section 5).
Moreover, the proofs from (Mishchenko et al., 2019) rely on
the unbiasedness of the compression operator. In contrast,
gradient clipping introduces bias, and we consider high-
proabbility analysis that differs significantly from the in-
expectation one considered by Mishchenko et al. (2019).

Since Prox-clipped-SGD-shift is a special case of its dis-
tributed variant, we continue our discussion with the dis-
tributed version of the method.

Distributed Prox-clipped-SGD-shift. We propose a
generalization of Prox-clipped-SGD-shift to the dis-
tributed case (2) called Distributed Prox-clipped-SGD-
shift (DProx-clipped-SGD-shift):

xk+1 = proxγΨ
(
xk − γg̃k

)
, where (15)

g̃k =
1

n

n∑
i=1

g̃ki , g̃ki = hk
i + ∆̂k

i , hk+1
i = hk

i + ν∆̂k
i ,

∆̂k
i = clip

(
∇fξki (x

k)− hk
i , λk

)
, (16)

where ξk1 , . . . , ξ
k
n are sampled independently from each

other and previous steps. In this method, worker i updates
the shift hk

i and sends clipped vector ∆̂k
i to the server. Since

g̃k = hk + 1
n

∑n
i=1 ∆̂

k
i and hk+1 = hk + ν

n

∑n
i=1 ∆̂

k
i ,

where hk = 1
n

∑n
i=1 h

k
i , workers do not need to send

hk
i to the server for k > 0. We notice that even when

Ψ ≡ 0, i.e., the problem is unconstrained, individual
gradients {∇fi(x

∗)}i∈[n] of the clients’ function at the
solution of problem (1) are not necessary zero, though
their sum equals to zero. However, if applied without
any shifts to the local (stochastic) gradients, then, simi-
larly to the case of non-distributed Prox-GD (8), the clip-
ping operation also breaks the fixed point property, since
1
n

∑n
i=1 clip(∇fi(x

∗), λ) ̸= 0 for small values of λ. This
highlights the importance of the shifts for distributed uncon-
strained case.

For the proposed method, we derive the following result.

Theorem 2.4 (Convergence of DProx-clipped-SGD-shift:
quasi-strongly convex case). Let K ≥ 1, β ∈ (0, 1), A =

ln 48n(K+1)
β . Let Assumptions 1.1, 1.2, and 1.4 with µ > 0

hold for Q = B3n
√
2R(x

∗), where R ≥ ∥x0−x∗∥2. Assume

that ζ∗ ≥
√

1
n

∑n
i=1 ∥∇fi(x∗)∥2, ν = Θ(1/A),

0 < γ = O
(
min

{
1

LA
,

√
nR

Aζ∗
,

ln(BK)

µ(K + 1)

})
,

BK = Θ

(
max

{
2,

(K + 1)2(α−1)/αµ2n2(α−1)/αR2

σ2A2(α−1)/α ln2(BK)

})
,

λk = Θ

(
n exp(−γµ(1 + k/2))R

γA

)
.

Then to guarantee ∥xK−x∗∥2 ≤ ε with probability ≥ 1−β
DProx-clipped-SGD-shift requires

Õ

(
max

{
L

µ
,

ζ∗√
nµR

,
1

n

(
σ2

µ2ε

) α
2(α−1)

})
(17)

iterations/oracle calls per worker.

Sketch of the proof. The proof follows similar steps to the
proof of Theorem 2.1 up the change of the Lyapunov func-
tion: by induction, we prove that Vk ≤ 2 exp(−γµk)V
with high probability, where Vk = ∥xk − x∗∥2 +
C2γ2A2

n

∑n
i=1 ∥hk

i − ∇fi(x
∗)∥2. The choice of the Lya-

punov function reflects the importance of the “quality” of
shifts {hk

i }i∈[n], i.e., their proximity to {∇fi(x
∗)}i∈[n].

Moreover, we increase the clipping level n times to bal-
ance the bias and variance of g̃k; see Appendix B. This
allows us to reduce the last term in the complexity bound
n times. See the complete formulation of Theorem 2.4 and
the full proof in Appendix E.

The next theorem gives the result in the convex case.

Theorem 2.5 (Convergence of DProx-clipped-SGD-shift:
convex case). Let K ≥ 1, β ∈ (0, 1), A = ln 48n(K+1)

β .
Let Assumptions 1.1, 1.2, and 1.3 with µ = 0 hold for
Q = B√

2R(x
∗), where R ≥ ∥x0 − x∗∥. Assume that

ν = 0, ζ∗ ≥
√

1
n

∑n
i=1 ∥∇fi(x∗)∥2,

0 < γ = O
(
min

{
1

LA
,

√
nR

Aζ∗
,

n(α−1)/αR

σK1/αA(α−1)/α

})
,

λk = λ = Θ

(
nR

γA

)
.

Then to guarantee Φ(x̄K) − Φ(x∗) ≤ ε for x̄K =
1

K+1

∑K
k=0 x

k with probability ≥ 1 − β DProx-clipped-
SGD-shift requires

Õ

(
max

{
LR2

ε
,
Rζ∗√
nε

,
1

n

(
σR

ε

) α
α−1

})
(18)

iterations/oracle calls per worker.
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Discussion of the results for DProx-clipped-SGD-shift. Up
to the difference between V and ∥x0 − x∗∥2, in the single-
node case, the derived results coincide with ones known for
clipped-SGD in the unconstrained case (Sadiev et al., 2023).
In the composite non-distributed case (n = 1), the result of
Theorem 2.4 is the first known of its type, and Theorem 2.5
recovers (up to logarithmic factors) the result from (Nguyen
et al., 2023a) for a version of Stochastic Mirror Descent
with gradient clipping (Clipped-SMD), see Table 1. In-
deed, parameter R̂2 = R

(
3R+ L−1(2ησ + ∥∇f(x0)∥)

)
for some η > 0 from the result by Nguyen et al. (2023a)
equals Θ(R2 + Rζ∗/L), when η is sufficiently small (oth-
erwise R̂ can be worse than Θ(R2 + Rζ∗/L)), which can
be seen from the following inequalities following smooth-
ness: ∥∇f(x0)∥ ≤ ∥∇f(x∗)∥ + ∥∇f(x0) − ∇f(x∗)∥ ≤
∥∇f(x∗)∥ + L∥x0 − x∗∥ and ∥∇f(x∗)∥ ≤ ∥∇f(x0)∥ +
∥∇f(x0) −∇f(x∗)∥ ≤ ∥∇f(x0)∥ + L∥x0 − x∗∥. Since
in this work we do not focus on the logarithmic factors, we
do not show them in the main text and provide the com-
plete expressions in the appendix. Nguyen et al. (2023a)
has better dependencies on the parameters under logarithms
than our results. In particular, the logarithmic factor in
front of the last term in (18) is ln

(
β−1

(√
2σR/ε

)α/(α−1)
)

(see (88) from Theorem E.2), which matches the loga-
rithmic factors from the result obtained by Sadiev et al.
(2023). In the same setting with n = 1, Nguyen et al.
(2023a) obtained a high-probability complexity result with
ln(β−1) logarithmic factor, which is smaller than the one
we have. However, this discrepancy can be relatively small
in many situations. For example, if σ ∼ 103 (high variance),
R ∼ 103 (starting point is far from the solution), α = 3/2,
ε ∼ 10−6, β ∼ 10−6 (very accurate solution and small fail-
ure probability), then ln

(
β−1

(√
2σR/ε

)α/(α−1)
)
≈ 98 and

ln(β−1) ≈ 14, i.e., our logarithmic factor is just ∼ 7 times
larger in this case. We conjecture that adjusting the proof
technique from (Nguyen et al., 2023a) one can improve the
logarithmic factors in our results as well.

It is worth mentioning that shifts are not needed in the
convex case because the method does not have fast enough
convergence, which makes it work with a constant clipping
level, i.e., the method in the convex case requires less tight
gradient estimates and is more robust to the bias than in
strongly convex. In the quasi-strongly convex case, the
shifts’ stepsize is chosen as ν ∼ Θ(1/A) and it does not
explicitly affect the rate since γµ = Θ(1/A), see the details
in Section 3 and Appendix E. Moreover, as we show later,
shifts are important for achieving acceleration in the convex
case as well. A similar tradeoff between the needed accuracy
of the estimate and the speed of convergence of the method
is observed in the literature on the convergence of methods
with inexact oracle (Devolder, 2013; Devolder et al., 2014).

Next, as expected for a distributed method, the terms in

the complexity bounds related to the noise improve with
the growth of n. More precisely, the terms depending on
the noise level σ are proportional to 1/n, i.e., our results
show so-called linear speed-up in the complexity – a desir-
able feature for a stochastic distributed method. This aspect
highlights the benefits of parallelization. To the best of our
knowledge, the results for the distributed methods proposed
in our work are the only existing ones under Assumption 1.1
(even if we take into account the in-expectation convergence
results). In the special case of α = 2, our results match
(up to logarithmic factors) the SOTA ones from (Gorbunov
et al., 2021) since parallelization with linear speed-up fol-
lows for free under the bounded variance assumption, if the
clipping is applied after averaging as it should be in the par-
allelized version of methods from (Gorbunov et al., 2021) to
keep the analysis from (Gorbunov et al., 2021) unchanged.
Indeed, when {∇fξi(x)}i∈[n] are independent stochastic
gradients satisfying Assumption 1.1 with parameters σ > 0
and α = 2, then 1

n

∑
i∈[n] ∇fξi(x) also satisfies Assump-

tion 1.1 with parameters σ/
√
n and α = 2. However, when

α < 2 achieving linear speed-up is not that straightforward.
If {∇fξi(x)}i∈[n] are independent stochastic gradients sat-
isfying Assumption 1.1 with parameters σ > 0 and α < 2,
then the existing results (Wang et al., 2021, Lemma 7) give
a weaker guarantee: 1

n

∑
i∈[n] ∇fξi(x) satisfies Assump-

tion 1.1 with parameters 22−αd
1
α

− 1
2 σ

n
α−1
α

, which is dimension

dependent, and the same α. Therefore, if one applies this
result to the known ones from (Sadiev et al., 2023; Nguyen
et al., 2023a), then the resulting complexity will have an ex-
tra factor of d

1
α−1−

α
2(α−1) in the term that depends on σ. For

large-scale or even medium-scale heavy-tailed problems,
this factor can be huge, e.g., when d = 1000 and α = 7

6 ,
this factor is 10006−

7
3 > 10003 = 109.

To avoid these issues, we apply gradient clipping on the
workers and then average clipped vectors, not vice versa.
This is also partially motivated by the popularity of gra-
dient clipping for ensuring differential privacy guarantees
(Abadi et al., 2016; Chen et al., 2020) in Federated Learning.
Therefore, the proposed distributed methods can be useful
for differential privacy as well, though we do not study this
aspect in our work.

Remark 2.6 (Dependence of the parameters on ζ∗.). In our
results, γ and {λk}k≥0 depend on ζ∗, which is an upper

bound for
√

1
n

∑n
i=1 ∥∇fi(x∗)∥2. Since fi are L-smooth

for all i ∈ [n], we have
√

1
n

∑n
i=1 ∥∇fi(x∗)∥2 ≤ G0 +√

1
n

∑n
i=1 ∥∇fi(x∗)−∇fi(x0)∥2 ≤ G0 + L∥x0 − x∗∥,

where G0 =
√

1
n

∑n
i=1 ∥∇fi(x0)∥2. As suggested by

Nazin et al. (2019); Nguyen et al. (2023a), one can esti-
mate ∥∇fi(x

0)∥ with probability at least 1 − β using the
procedure from (Minsker, 2015) requiring O(ln(nβ−1))

7
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samples on each client i ∈ [n]. Therefore, to estimate ζ∗, it
is sufficient to know R.

Acceleration. Next, we propose a distributed version of
clipped Stochastic Similar Triangles Method (Gorbunov
et al., 2020a; Gasnikov & Nesterov, 2016) for composite
problems (DProx-clipped-SSTM-shift): x0 = y0 = z0,
A0 = α0 = 0, αk+1 = k+2

2aL , Ak+1 = Ak + αk+1 and

xk+1 =
Aky

k + αk+1z
k

Ak+1
, (19)

zk+1 = proxαk+1Ψ

(
zk − αk+1g̃(x

k+1)
)
, (20)

yk+1 =
Aky

k + αk+1z
k+1

Ak+1
(21)

with

g̃(xk+1) =
1

n

n∑
i=1

g̃i(x
k+1), g̃i(x

k+1) = hk
i + ∆̂k

i , (22)

hk+1
i = hk

i + νk∆̂
k
i , (23)

∆̂k
i = clip

(
∇fξki (x

k+1)− hk
i , λk

)
, (24)

where ξk1 , . . . , ξ
k
n are sampled independently from each

other and previous steps. For the proposed method, we
derive the following result.

Theorem 2.7 (Convergence of DProx-clipped-SST-
M-shift). Let Assumptions 1.1, 1.2, and 1.3 with µ = 0
hold for Q = B5

√
2nR(x

∗), where R ≥ ∥x0 − x∗∥2.

Let ζ∗ ≥
√

1
n

∑n
i=1 ∥∇fi(x∗)∥2, C = Θ(A/

√
n), K0 =

Θ(A2), where K ≥ 1, β ∈ (0, 1), A = ln 10nK
β . Let

νk =

{
2k+5
(k+3)2 , if k > K0,

(k+2)2

C2(K0+2)2n , if k ≤ K0,
, λk = Θ

(
nR

αk+1A

)
,

a = Θ

(
max

{
2,

A4

n
,
A3ζ∗
L
√
nR

,
σK(α+1)/αA(α−1)/α

LRnα−1/α

})
.

Then to guarantee Φ(yK) − Φ(x∗) ≤ ε with probability
≥ 1− β DProx-clipped-SSTM-shift requires

Õ

(
max

{√
LR2

ε
,

√
Rζ∗√
nε

,
1

n

(
σR

ε

) α
α−1

})
(25)

iterations/oracle calls per worker.

Sketch of the proof. The proof resembles the one for
clipped-SSTM from (Sadiev et al., 2023) but has some no-
ticeable differences. In addition to handling the extra techni-
cal challenges appearing due to the composite structure (e.g.,
one cannot apply some useful formulas like zk − zk+1 =
αk+1g̃(x

k+1) that hold in the unconstrained case), we use

a non-standard potential function Mk defined as Mk =

∥zk−x∗∥2+ C2α2
K0+1

n

∑n
i=1 ∥hk

i −∇fi(x
∗)∥2 for k ≤ K0

and Mk = ∥zk − x∗∥2 + C2α2
k+1

n

∑n
i=1 ∥hk

i −∇fi(x
∗)∥2

for k > K0. See more details in Appendix F.

When n = 1, the derived result has optimal dependence
on ε (up to logarithmic factors) (Nemirovskij & Yudin,
1983; Zhang et al., 2020b). In contrast to the result from
(Nguyen et al., 2023a), we do not assume that ∇f(x∗) = 0.
Moreover, as DProx-clipped-SGD-shift, DProx-clipped-
SSTM-shift benefits from parallelization since the second
term in (25) is proportional 1/n. When n is sufficiently large,
the effect of acceleration can become significant even for
large σ. In Appendix F.2, we also provide the convergence
results for the restarted version of DProx-clipped-SSTM-
shift assuming additionally that f is strongly convex and
one can compute starting shifts h0

i as ∇fi(x
0).

3. On the Proofs Structure
In this section, we elaborate on the proofs structure of our
results and highlight additional challenges appearing due to
the presence of the composite term and distributed nature
of the methods. The proof of each result consists of two
parts: optimization/descent lemma and the analysis of the
sums appearing due to the stochasticity and biasedness of
the updates (due to the clipping). In the first part, we usually
follow some standard analysis of corresponding determin-
istic method without clipping and separate the stochastic
part from the deterministic one (though for DProx-clipped-
SSTM-shift we use quite non-standard Lyapunov function,
which can be interesting on its own). For example, in
the analysis6 of DProx-clipped-SGD-shift under Assump-
tion 1.4, we prove the following inequality:

VK+1 ≤ (1− γµ)K+1V0

+
2γ

n

K∑
k=0

n∑
i=1

(1− γµ)K−k⟨sk, ωi,k⟩

+ γ2
K∑

k=0

(1− γµ)K−k

(
∥ωk∥2 +

1

n2

n∑
i=1

∥ωi,k∥2
)
,

where Vk = ∥xk−x∗∥2+ C2γ2A2

n

∑n
i=1 ∥hk

i −∇fi(x
∗)∥2

for some numerical constant C > 0, sk = xk − x∗ −
γ(∇f(xk) − ∇f(x∗)) and vectors ωi,k = ∇fi(x

k) − g̃ki
represent the discrepancy between the full gradients and
their estimates. Moreover, to use this inequality for some
K = T ≥ 0 we need to show that {xk}Tk=0 belong
to the set where the assumptions hold (in this particu-
lar case, to B3n

√
2R(x

∗)) with high probability. We do

6In the appendix, we analyze this case in the generality of
variational inequalities. Here we provide a simplified version for
minimization.
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Table 2: Summary of known and new high-probability complexity results for solving (non-) composite (non-) distributed variational inequality problem (26). Column “Setup”
indicates the assumptions made in addition to Assumptions 1.1. All assumptions are made only on some ball around the solution with radius ∼ R ≥ ∥x0 − x∗∥ (for the
results from (Sadiev et al., 2023)) or radius ∼

√
V (Theorems C.6 and C.7). Complexity is the number of stochastic oracle calls(per worker) needed for a method to guarantee

that P{Metric ≤ ε} ≥ 1 − β for some ε > 0, β ∈ (0, 1] and “Metric” is taken from the corresponding column. Numerical and logarithmic factors are omitted for simplicity.
Column “C?” shows whether the problem (1) is composite, “D?” indicates whether the problem (1) is distributed. Notation: x̃K

avg = 1
K+1

∑K
k=0 x̃k (for SEG-type methods),

xK
avg = 1

K+1

∑K
k=0 xk (for SGDA-type methods); L = Lipschitz constant; σ = parameter from Assumption 1.1; R = any upper bound on ∥x0 − x∗∥ (for the results from

(Sadiev et al., 2023)); V = any upper bound on ∥x0 − x∗∥2 +
409600γ2 ln2

48n(K+1)
β

n2

∑n
i=1 ∥Fi(x

∗)∥2 (for the results of this paper); µ = quasi-strong monotonicity
parameter; ℓ = star-cocoercivity parameter. The results of this paper are highlighted in blue.

Setup Method Metric Complexity C? D?

As. C.1 & C.2

clipped-SEG
(Sadiev et al., 2023) GapR(x̃K

avg) max
{

LR2

ε ,
(
σR
ε

) α
α−1

}
✗ ✗

DProx-clipped-SEG-shift
Theorem H.2 Gap√

V (x̃K
avg) max

{
LV
ε , 1

n

(
σ
√

V
ε

) α
α−1

}
✓ ✓

As. C.1 & C.3

clipped-SEG
(Sadiev et al., 2023) ∥xk − x∗∥2 max

{
L
µ ,

(
σ2

µ2ε

) α
2(α−1

)
}

✗ ✗

DProx-clipped-SEG-shift
Theorem H.4 ∥xk − x∗∥2 max

{
L
µ , 1

n

(
σ2

µ2ε

) α
2(α−1

)
}

✓ ✓

As. C.2 & C.4 & C.5

clipped-SGDA
(Sadiev et al., 2023) GapR(xK

avg) max
{

ℓR2

ε ,
(
σR
ε

) α
α−1

}
✗ ✗

DProx-clipped-SGDA-shift
Theorem G.2 Gap√

V (xK
avg) max

{
ℓV
ε , 1

n

(
σ
√

V
ε

) α
α−1

}
✓ ✓

As. C.3 & C.4

clipped-SGDA
(Sadiev et al., 2023) ∥xK − x∗∥2 max

{
ℓ
µ ,

(
σ2

µ2ε

) α
2(α−1

)
}

✗ ✗

DProx-clipped-SGDA-shift
Theorem G.4 ∥xK − x∗∥2 max

{
ℓ
µ , 1

n

(
σ2

µ2ε

) α
2(α−1

)
}

✓ ✓

it always by induction. More precisely, we prove that
P{Ek} ≥ 1 − kβ/(K+1) for the probability event Ek

defined as follows: inequalities Vt ≤ 4 exp(−γµt)R2

and
∥∥∥ γ
n

∑r−1
i=1 ωu

i,t−1

∥∥∥ ≤ exp(−γµ(t−1)/2)
√

R2
/2 hold for

t = 0, 1, . . . , k and r = 1, 2, . . . , n simultaneously, where
ωu
i,t = Eξti

[g̃ti ]− g̃ti and Eξti
[·] denotes an expectation w.r.t.

ξti . To prove this, we use Bernstein inequality for mar-
tingale difference (see Lemma B.1). However, to apply
Bernstein inequality we need to circumvent multiple techni-
cal difficulties related to the estimation of the norm of the
clipped vector (that involves derivations related to the shifts
{hk

i }i∈[n]), proper choice of the clipping level to control the
bias and variance and achieve desired linear speed-up (see
Lemma B.3 and the following discussion). Moreover, when
n > 1 (distributed case), we also need to apply additional
induction over clients to estimate sums like ⑥ from (269).

4. Extensions for Variational Inequalities
In addition to the minimization problems, we also consider
stochastic composite variational inequality problems (VIPs):

find x∗ ∈ Rd such that
⟨F (x∗), x− x∗⟩+Ψ(x)−Ψ(x∗) ≥ 0, (26)

where the assumptions on operator F (x) = Eξ∼D[Fξ(x)] :
Rd → Rd will be specified later and, as in the case of
minimization, Ψ(x) is a proper, closed, convex function.
When f(x) is convex problem (1) is a special case of (26)
with F (x) = ∇f(x). For the examples of problems of type
(26), we refer to (Alacaoglu & Malitsky, 2022; Beznosikov
et al., 2023).

The distributed version of (26) has the following structure:

F (x) =
1

n

n∑
i=1

{Fi(x) = Eξi∼Di
[Fξi(x)]} . (27)

In this case, there are n workers connected in a centralized
way with some parameter server; worker i can query some
noisy information (stochastic gradients/estimates) about Fi.

Similarly to the minimization case, we consider the situation
when Fi is accessible through the stochastic oracle calls.
The stochastic estimates satisfy the following assumption.

Assumption 4.1. There exist some set Q ⊆ Rd and val-
ues σ ≥ 0, α ∈ (1, 2] such that for all x ∈ Q we have
Eξi∼Di [Fξi(x)] = Fi(x) and

Eξi∼Di
[∥Fξi(x)− Fi(x)∥α] ≤ σα. (28)

Under this and additional assumptions on {Fi}ni=1, we ob-
tain several convergence results for the distributed versions7

of clipped-SGDA and clipped-SEG from (Gorbunov et al.,
2022a). The results are summarized in Table 2. As one
can see from the table, our results generalize the ones from
(Sadiev et al., 2023) to the composite distributed case and
achieve linear speedup. Further details on the assumptions
and our main results for distributed composite variational
inequalities are deferred to Appendix C.

7GDA-type methods are analogs of GD iteration xk+1 = xk −
γF (xk). Such methods converge under (star-)cocoercivity but fail
for general monotone problems. To address this issue, versions
of Extragradient-type iteration (Korpelevich, 1976) xk+1 = xk −
γF (xk − γF (xk)) are used; see further details in Appendix C.
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F., and Richtárik, P. Clip21: Error feedback for gradient
clipping. arXiv preprint arXiv:2305.18929, 2023.
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A. Extra Related Work
Non-convex case. Li & Orabona (2020) analyze the high-probability convergence rate of SGD for finding first-order
stationary points for smooth non-convex unconstrained problems. The first high-probability result under Assumption 1.1 for
the same class of functions is derived by Cutkosky & Mehta (2021). However, the result of Cutkosky & Mehta (2021) relies
on the additional assumption that the gradients are bounded. Sadiev et al. (2023) remove the bounded gradient assumption
but derive a slightly worse rate. Nguyen et al. (2023b) improve the result and achieve the same rate as in (Cutkosky &
Mehta, 2021) without assuming boundedness of the gradients. It is worth mentioning that Cutkosky & Mehta (2021); Sadiev
et al. (2023); Nguyen et al. (2023b) derive their main results for the methods that use gradient clipping.

Gradient clipping is a very useful algorithmic tool in the training of deep neural networks (Pascanu et al., 2013;
Goodfellow et al., 2016). Gradient clipping also has some good theoretical properties, e.g., it can be useful for minimization
of (L0, L1)-smooth functions (Zhang et al., 2020a), in differential privacy (Abadi et al., 2016), Byzantine-robustness
(Karimireddy et al., 2021). Moreover, as we already mentioned, almost all existing high-probability results that do not rely
on the light-tailed noise assumption are derived for the methods with clipping. Recently, Sadiev et al. (2023) theoretically
showed that SGD has worse high-probability convergence than clipped-SGD even when the noise in the gradient has
bounded variance.

13
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B. Auxiliary and Technical Results
Bernstein inequality. In the final stages of our proofs, we need to estimate certain sums of random variables. The main
tool that we use to handle such sums is Bernstein inequality for martingale differences (Bennett, 1962; Dzhaparidze &
Van Zanten, 2001; Freedman et al., 1975).
Lemma B.1. Let the sequence of random variables {Xi}i≥1 form a martingale difference sequence, i.e.

E [Xi | Xi−1, . . . , X1] = 0 for all i ≥ 1. Assume that conditional variances σ2
i

def
= E

[
X2

i | Xi−1, . . . , X1

]
exist and

are bounded and also assume that there exists deterministic constant c > 0 such that |Xi| ≤ c almost surely for all i ≥ 1.
Then for all b > 0, G > 0 and n ≥ 1

P

{∣∣∣ n∑
i=1

Xi

∣∣∣ > b and
n∑

i=1

σ2
i ≤ G

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
. (29)

Impact of clipping on the bias and variance. The following lemma also helps to handle the aforementioned sums of
random variables.
Lemma B.2 (Lemma 5.1 from (Sadiev et al., 2023)). Let X be a random vector in Rd and X̃ = clip(X,λ). Then,
∥X̃ − E[X̃]∥ ≤ 2λ. Moreover, if for some σ ≥ 0 and α ∈ (1, 2] we have E[X] = x ∈ Rd, E[∥X − x∥α] ≤ σα, and
∥x∥ ≤ λ/2, then ∥∥∥E[X̃]− x

∥∥∥ ≤ 2ασα

λα−1
, (30)

E
[∥∥∥X̃ − E[X̃]

∥∥∥2] ≤ 18λ2−ασα. (31)

Intuition behind the choice of clipping level in the distributed case. To better illustrate why we increase clipping level
n times, we prove the following lemma.
Lemma B.3. Let X1, X2, . . . , Xn be independent random vectors in Rd and X̃i = clip(Xi, λ) for all i ∈ [n]. Then, for
X̃ = 1

n

∑n
i=1 X̃i we have ∥X̃ − E[X̃]∥ ≤ 2λ. Moreover, if for some σ ≥ 0 and α ∈ (1, 2] we have E[Xi] = xi ∈ Rd,

E[∥Xi − xi∥α] ≤ σα, and ∥xi∥ ≤ λ/2 for all i ∈ [n], then for x = 1
n

∑n
i=1 xi the following inequalities hold∥∥∥E[X̃]− x

∥∥∥ ≤ 2ασα

λα−1
, (32)

E
[∥∥∥X̃ − E[X̃]

∥∥∥2] ≤ 18λ2−ασα

n
. (33)

Proof. From Lemma B.2 we have for all i ∈ [n] that ∥X̃i − E[X̃i]∥ ≤ 2λ and∥∥∥E[X̃i]− xi

∥∥∥ ≤ 2ασα

λα−1
, (34)

E
[∥∥∥X̃i − E[X̃i]

∥∥∥2] ≤ 18λ2−ασα. (35)

Jensen’s inequality implies∥∥∥X̃ − E[X̃]
∥∥∥ =

∥∥∥∥∥ 1n
n∑

i=1

(
X̃i − E[X̃i]

)∥∥∥∥∥ ≤ 1

n

n∑
i=1

∥∥∥X̃i − E[X̃i]
∥∥∥ ≤ 2λ,

∥∥∥E[X̃]− x
∥∥∥ =

∥∥∥∥∥ 1n
n∑

i=1

(
E[X̃i]− xi

)∥∥∥∥∥ ≤ 1

n

n∑
i=1

∥∥∥E[X̃i]− xi

∥∥∥ (34)
≤ 2ασα

λα−1
.

Finally, using the independence of X̃1, . . . , X̃n, we derive

E
[∥∥∥X̃ − E[X̃]

∥∥∥2] = E

∥∥∥∥∥ 1n
n∑

i=1

(
X̃i − E[X̃i]

)∥∥∥∥∥
2
 =

1

n2

n∑
i=1

E
[∥∥∥X̃i − E[X̃i]

∥∥∥2]
(35)
≤ 18λ2−ασα

n

14



High-Probability Convergence for Composite and Distributed Optimization with Heavy-Tailed Noise

that concludes the proof.

From (32)-(33), we see that number of workers n appears differently in the bound on bias and variance. However, if we
replace λ with nλ, then both bounds will transform to (30)-(31) respectively with σα = σα

/nα−1 (in other words, bias and
variance will have the same dependence on n). These observations hint that the complexity bounds for distributed methods
should be similar to the ones proven for non-distributed methods (in the unconstrained case) by Sadiev et al. (2023) up to
the replacement of σα with σα

/nα−1. Nevertheless, our analysis of the distributed case does not rely on Lemma B.3 and has
some important differences with the single-node case (even when Ψ ≡ 0).

Useful inequality related to prox-operator. In the analysis of DProx-clipped-SGDA-shift, we use the following standard
result.

Lemma B.4 (Theorem 6.39 (iii) from (Beck, 2017)). Let Ψ be a proper lower semicontinuous convex function and
x+ = proxγΨ(x). Then for all y ∈ Rd the following inequality holds:

⟨x+ − x, y − x+⟩ ≥ γ
(
Ψ(x+)−Ψ(y)

)
.
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C. Composite Distributed Variational Inequalities
In this section, we provide further details on the results we obtained for variational inequalities.

C.1. Assumptions

In addition to Assumption 4.1, we consider the following assumptions in the case of variational inequalities.

Assumptions on Fi. We make standard assumptions on {Fi}i∈[n]. The first one is Lipschitzness.

Assumption C.1. There exist some set Q ⊆ Rd such that operators Fi are L-Lipschitz:

∥Fi(x)− Fi(y)∥ ≤ L∥x− y∥ ∀x, y ∈ Q, i ∈ [n]. (36)

Next, for each particular result, we make one or two of the following assumptions.

Assumption C.2. There exist some set Q ⊆ Rd such that F is monotone on Q:

⟨F (x)− F (y), x− y⟩ ≥ 0 ∀x, y ∈ Q. (37)

Assumption C.3. There exist some set Q ⊆ Rd such that F is (µ, x∗)-quasi strongly monotone on Q for some µ ≥ 0 and
any solution x∗ of (26):

⟨F (x)− F (x∗), x− x∗⟩ ≥ µ∥x− x∗∥2, ∀x ∈ Q. (38)

Assumption C.4. There exist some set Q ⊆ Rd such that {Fi}i∈[n] are (ℓ, x∗)-star-cocoercive on Q for some ℓ > 0 and
any solution x∗ of (26):

∥Fi(x)− Fi(x
∗)∥2 ≤ ℓ⟨Fi(x)− Fi(x

∗), x− x∗⟩, ∀x ∈ Q, i ∈ [n]. (39)

Assumption C.5. There exist some set Q ⊆ Rd such that F is ℓ-cocoercive on Q for some ℓ > 0:

∥F (x)− F (y)∥2 ≤ ℓ⟨F (x)− F (y), x− y⟩, ∀x, y ∈ Q. (40)

Assumption C.2 is a standard assumption for the literature on VIPs. Quasi-strong monotonicity (Mertikopoulos & Zhou,
2019; Song et al., 2020; Loizou et al., 2021) is weaker than standard strong monotonicity8 and star-cocoercivity is weaker
than standard cocoercivity (Assumption C.5), which implies monotonicity and Lipschitzness but not vice versa. Both
conditions (38) and (39) imply neither monotonicity nor Lipschitzness (Loizou et al., 2021).

C.2. DProx-clipped-SGDA-shift

For composite variational inequalities, we start with Distributed Prox-clipped-SGDA-shift (DProx-clipped-SGDA-shift)
that is defined in (15)-(16) with the following change: ∆̂k

i = clip
(
Fξki

(xk)− hk
i , λk

)
, where ξk1 , . . . , ξ

k
n are sampled

independently from each other and previous steps. For the proposed method, we derive the following result.

Theorem C.6 (Convergence of DProx-clipped-SGDA-shift). Let K ≥ 1, β ∈ (0, 1), A = ln 48n(K+1)
β ,

V ≥ ∥x0 − x∗∥2 + 25600γ2A2

n2

∑n
i=1 ∥Fi(x

∗)∥2.
Case 1. Let Assumptions 1.1, C.3 with µ > 0, and C.4 hold for Q = B3

√
V (x

∗). Assume that 0 < ν = O(1/
√
nA),

0 < γ = O (min{1/√nAµ, 1/ℓA, ln(BK)/µ(K+1)}), BK = Θ
(
max{2, (K+1)

2(α−1)/αµ2n
2(α−1)/αV/σ2A

2(α−1)/α ln2(BK)}
)

,

λk = Θ(n exp(−γµ(1+k/2))
√
V/γA).

Case 2. Let Assumptions 1.1, C.2, and C.4 hold for Q = B3
√
V (x

∗). Assume that ν = 0, 0 < γ =

O(min{1/ℓA, n(α−1)/α
√
V/σK1/αA

(α−1)/α}), λk = λ = Θ(n
√
V/γA).

Then to guarantee ∥xK − x∗∥2 ≤ ε in Case 1 and Gap√
V (x

K
avg) =

8Operator F is called µ-strongly monotone on Q if ⟨F (x)− F (y), x− y⟩ ≥ µ∥x− y∥2.
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maxy∈B√
V (x∗)

{
⟨F (y), xK

avg − y⟩+Ψ(xK
avg)−Ψ(y)

}
≤ ε in Case 2 with xK

avg = 1
K+1

∑K
k=0 x

k with probability
≥ 1− β DProx-clipped-SGDA-shift requires

Case 1: Õ

(
max

{
ℓ

µ
,
1

n

(
σ2

µ2ε

) α
2(α−1)

})
iterations/oracle calls per worker, (41)

Case 2: Õ

max

ℓV

ε
,
1

n

(
σ
√
V

ε

) α
α−1


 iterations/oracle calls per worker. (42)

As in the case of minimization, in the single-node case, the derived results coincide with ones known for clipped-SGD in
the unconstrained case (Sadiev et al., 2023) Up to the difference between V and ∥x0 − x∗∥2. In the distributed case, we also
observe the benefits of parallelization.

C.3. DProx-clipped-SEG-shift

Finally, we propose a distributed version of clipped-SEG for composite VIPs (DProx-clipped-SEG-shift):

x̃k = proxγΨ
(
xk − γg̃k

)
, g̃k =

1

n

n∑
i=1

g̃ki , g̃ki = h̃k
i + ∆̃k

i , h̃k+1
i = h̃k

i + ν∆̃k
i (43)

xk+1 = proxγΨ
(
xk − γĝk

)
, ĝk =

1

n

n∑
i=1

ĝki , ĝki = ĥk
i + ∆̂k

i , ĥk+1
i = ĥk

i + ν∆̂k
i (44)

where ∆̃k
i = clip(Fξk1,i

(xk) − h̃k
i , λk), ∆̂k

i = clip(Fξk2,i
(x̃k) − ĥk

i , λk) and ξk1,1, . . . , ξ
k
1,n, ξ

k
2,1, . . . , ξ

k
2,n are sampled

independently from each other and previous steps. For the proposed method, we derive the following result.

Theorem C.7 (Convergence of DProx-clipped-SEG-shift). Let K ≥ 1, β ∈ (0, 1), A = ln 48n(K+1)
β ,

V ≥ ∥x0 − x∗∥2 + 409600γ2A2

n2

∑n
i=1 ∥Fi(x

∗)∥2.
Case 1. Let Assumptions 1.1, C.1, and C.3 with µ > 0 hold for Q = B3

√
V (x

∗). Assume that ν = γµ, 0 <

γ = O (min{1/µA2, 1/L,
√
n/LA, ln(BK)/µ(K+1)}), BK = Θ

(
max{2, (K+1)

2(α−1)/αµ2n
2(α−1)/αV/σ2A

2(α−1)/α ln2(BK)}
)

,

λk = Θ(n exp(−γµ(1+k/4))
√
V/γA).

Case 2. Let Assumptions 1.1, C.1, and C.2 hold for Q = B4n
√
V (x

∗). Assume that ν = 0, 0 < γ =

O(min{1/LA, n
(α−1)/α

√
V/σK1/αA

(α−1)/α}), λk = λ = Θ(n
√
V/γA).

Then to guarantee ∥xK − x∗∥2 ≤ ε in Case 1 and Gap√
V (x̃

K
avg) =

maxy∈B√
V (x∗)

{
⟨F (y), x̃K

avg − y⟩+Ψ(x̃K
avg)−Ψ(y)

}
≤ ε in Case 2 with x̃K

avg = 1
K+1

∑K
k=0 x̃

k with probability
≥ 1− β DProx-clipped-SEG-shift requires

Case 1: Õ

(
max

{
L

µ
,
1

n

(
σ2

µ2ε

) α
2(α−1)

})
iterations/oracle calls per worker, (45)

Case 2: Õ

max

LV

ε
,
1

n

(
σ
√
V

ε

) α
α−1


 iterations/oracle calls per worker. (46)

The main properties of the above result are similar to the ones of the result for DProx-clipped-SGDA-shift. The only
difference is that the methods (DProx-clipped-SGDA/SEG-shift) are analyzed for different classes of problems and, thus,
complement each other. According to the known lower bounds, our upper bound (45) has optimal dependence on ε up to
logarithmic factors.
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D. Missing Proofs for Prox-clipped-SGD-star

This section provides the complete formulations of our results for Prox-clipped-SGD-star and rigorous proofs. We start
with the following result – a generalization of Lemma E.7 from (Sadiev et al., 2023) to the composite distributed problems.

Lemma D.1. Consider differentiable function f : Rd → R having a finite-sum structure (2). If f satisfies Assumption 1.4 on
some set Q with parameter µ and Df (x, x

∗) ≥ 0 for all9 x ∈ Q, then operator F (x) = ∇f(x) satisfies Assumption C.3 on
Q with parameter µ/2. If f1, . . . , fn satisfy Assumption 1.2 and 1.4 with µ = 0 on some set Q, then operator F (x) = ∇f(x)
satisfies Assumption C.4 on Q with ℓ = 2L.

Proof. Let Assumption 1.4 hold on some set Q and Df (x, x
∗) ≥ 0 for all x ∈ Q. Then, averaging inequalities (7), we get

that for all x ∈ Q

f(x∗) ≥ f(x) + ⟨∇f(x), x∗ − x⟩+ µ

2
∥x− x∗∥2,

implying for F (x) = ∇f(x) that

⟨F (x)− F (x∗), x− x∗⟩ ≥ Df (x, x
∗) +

µ

2
∥x− x∗∥2 ≥ µ

2
∥x− x∗∥2,

meaning that Assumption C.3 is satisfied with parameter µ/2.

It remains to show the second part of the lemma. Let Assumptions 1.2 and 1.4 with µ = 0 hold on some set Q. We need to
show that operators Fi(x) = ∇fi(x), i = 1, . . . , n satisfy Assumption C.4 on Q with ℓ = 2L. Guided by (Gorbunov et al.,
2022b, Lemma C.6) and (Sadiev et al., 2023, Lemma E.7), we derive∥∥∥∥x− x∗ − 1

L
(Fi(x)− Fi(x

∗))

∥∥∥∥2 = ∥x− x∗∥2 − 2

L
⟨x− x∗, Fi(x)− Fi(x

∗)⟩

+
1

L2
∥Fi(x)− Fi(x

∗)∥2 (47)

= ∥x− x∗∥2 − 2

L
⟨x− x∗,∇fi(x)−∇fi(x

∗)⟩

+
1

L2
∥∇fi(x)−∇fi(x

∗)∥2

(5)
≤ ∥x− x∗∥2 − 2

L
⟨x− x∗,∇fi(x)⟩

+
2

L
(fi(x)− fi(x

∗))

(7)
≤ ∥x− x∗∥2. (48)

From (47) and (48) we get

∥x− x∗∥2 − 2

L
⟨x− x∗, Fi(x)− Fi(x

∗)⟩+ 1

L2
∥Fi(x)− Fi(x

∗)∥2 ≤ ∥x− x∗∥2

that is equivalent to (39) with ℓ = 2L.

Therefore, for smooth quasi-strongly convex f such that Df (x, x
∗) ≥ 0 (n = 1) we can consider operator F (x) = ∇f(x)

and VI formulation instead. In this case, the method is equivalent to Prox-clipped-SGDA-star:

xk+1 = proxγΨ
(
xk − γg̃k

)
, g̃k = F (x∗) + clip

(
Fξk(x

k)− F (x∗), λk

)
ĝk = clip

(
Fξk(x

k)− F (x∗), λk

)
.

The following lemma is the main “optimization” part of the analysis of Prox-clipped-SGDA-star.
9For example Df (x, x

∗) ≥ 0 when f is convex or when Ψ(x) = 0. We notice that Assumption 1.2 implies Df (x, x
∗) ≥ 0 since the

right-hand side of (5) equals Df (x, x
∗) after averaging.
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Lemma D.2. Let n = 1, Assumptions C.3, C.4 hold for Q = B2R(x
∗), where R ≥ R0

def
= ∥x0 − x∗∥, and 0 < γ ≤ 1/ℓ. If

xk lies in B2R(x
∗) for all k = 0, 1, . . . ,K for some K ≥ 0, then the iterates produced by Prox-clipped-SGDA-star satisfy

∥xK+1 − x∗∥2 ≤ (1− γµ)K+1∥x0 − x∗∥2 + γ2
K∑

k=0

(1− γµ)K−k∥ωk∥2

+2γ

K∑
k=0

(1− γµ)K−k⟨xk − x∗ − γ(F (xk)− F (x∗)), ωk⟩, (49)

ωk
def
= F (xk)− F (x∗)− ĝk. (50)

Proof. Using the update rule of Prox-clipped-SGDA-star, we obtain

∥xk+1 − x∗∥2 = ∥ proxγΨ
(
xk − γg̃k

)
− proxγΨ (x∗ − γF (x∗)) ∥2

≤ ∥xk − x∗ − γ(g̃k − F (x∗))∥2

= ∥xk − x∗∥2 − 2γ⟨xk − x∗, ĝk⟩+ γ2∥ĝk∥2
(50)
= ∥xk − x∗∥2 − 2γ⟨xk − x∗, F (xk)− F (x∗)⟩ − 2γ2⟨F (xk)− F (x∗), ωk⟩

+2γ⟨xk − x∗, ωk⟩+ γ2∥F (xk)− F (x∗)∥2 + γ2∥ωk∥2
(39)
≤ ∥xk − x∗∥2 + 2γ⟨xk − x∗, ωk⟩ − 2γ2⟨F (xk)− F (x∗), ωk⟩

−2γ

(
1− γℓ

2

)
⟨xk − x∗, F (xk)− F (x∗)⟩+ γ2∥ωk∥2

(38),γ≤ 1
ℓ

≤ ∥xk − x∗∥2 + 2γ⟨xk − x∗ − γ(F (xk)− F (x∗)), ωk⟩

−2γµ

(
1− γℓ

2

)
∥xk − x∗∥2 + γ2∥ωk∥2

γ≤ 1
ℓ

≤ (1− γµ)∥xk − x∗∥2 + 2γ⟨xk − x∗ − γ(F (xk)− F (x∗)), ωk⟩+ γ2∥ωk∥2.

Unrolling the recurrence, we obtain (49).

Theorem D.3. Let n = 1, Assumptions C.3, C.4, hold for Q = B2R(x
∗) = {x ∈ Rd | ∥x − x∗∥ ≤ 2R} for any

x ∈ B2R(x
∗), where R ≥ ∥x0 − x∗∥, and

0 < γ ≤ min

{
1

400ℓ ln 4(K+1)
β

,
ln(BK)

µ(K + 1)

}
, (51)

BK = max

2,
(K + 1)

2α−1
α µ2R2

4 · 10 1
α 120

2(α−1)
α σ2 ln

2(α−1)
α

(
4(K+1)

β

)
ln2(BK)

 (52)

= O

max

2,
K

2α−1
α µ2R2

σ2 ln
2(α−1)

α

(
K
β

)
ln2

(
max

{
2, K

2α−1
α µ2R2

σ2 ln
2(α−1)

α (K
β )

})


 , (53)

λk =
exp(−γµ(1 + k/2))R

120γ ln 4(K+1)
β

, (54)

for some K ≥ 0 and β ∈ (0, 1] such that ln 4(K+1)
β ≥ 1. Then, after K iterations the iterates produced by Prox-clipped-

SGDA-star with probability at least 1− β satisfy

∥xK+1 − x∗∥2 ≤ 2 exp(−γµ(K + 1))R2. (55)
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In particular, when γ equals the minimum from (51), then the iterates produced by Prox-clipped-SGDA-star after K
iterations with probability at least 1− β satisfy

R2
K = O

max

R2 exp

(
− µK

ℓ ln K
β

)
,

σ2 ln
2(α−1)

α

(
K
β

)
ln2

(
max

{
2, K

2α−1
α µ2R2

σ2 ln
2(α−1)

α (K
β )

})
K

2α−1
α µ2



 , (56)

meaning that to achieve R2
K = ∥xK − x∗∥2 ≤ ε with probability at least 1− β Prox-clipped-SGDA-star requires

K = O

(
ℓ

µ
ln

(
R2

ε

)
ln

(
ℓ

µβ
ln

R2

ε

)
,

(
σ2

µ2ε

) α
2α−1

ln

(
1

β

(
σ2

µ2ε

) α
2α−1

)
ln

α
α−1 (Bε)

)
(57)

iterations/oracle calls, where

Bε = max

2,
R2

ε ln

(
1
β

(
σ2

µ2ε

) α
2α−1

)
 .

Proof. Let Rk = ∥xk − x∗∥ for all k ≥ 0. Our proof is induction-based: by induction, we show that the iterates of the
method stay in some ball around the solution with high probability. To formulate the statement rigorously, we introduce
probability event Ek for each k = 0, 1, . . . ,K + 1 as follows: inequalities

R2
t ≤ 2 exp(−γµt)R2 (58)

hold for t = 0, 1, . . . , k simultaneously. We will prove by induction that P{Ek} ≥ 1− kβ/(K+1) for all k = 0, 1, . . . ,K+1.
The base of the induction follows immediately by the definition of R. Next, assume that for k = T − 1 ≤ K the
statement holds: P{ET−1} ≥ 1 − (T−1)β/(K+1). Given this, we need to prove P{ET } ≥ 1 − Tβ/(K+1). Since R2

t ≤
2 exp(−γµt)R2 ≤ 2R2, we have xt ∈ B2R(x

∗) for t = 0, 1, . . . , T − 1, where operator F is ℓ-star-cocoercive. Thus,
ET−1 implies

∥F (xt)− F (x∗)∥ ≤ ℓ∥xt − x∗∥
(58)
≤

√
2ℓ exp(−γµt/2)R

(51),(54)
≤ λt

2
(59)

and

∥ωt∥2 ≤ 2∥F (xt)− F (x∗)∥2 + 2∥ĝt∥2
(59)
≤ 5

2
λ2
t

(54)
≤ exp(−γµt)R2

4γ2
(60)

for all t = 0, 1, . . . , T − 1, where we use that ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2 holding for all a, b ∈ Rd. This means that we can
apply Lemma D.2 and (1− γµ)T ≤ exp(−γµT ): ET−1 implies

R2
T ≤ exp(−γµT )R2 + 2γ

T−1∑
t=0

(1− γµ)T−1−t⟨xt − x∗ − γ(F (xt)− F (x∗)), ωt⟩

+γ2
T−1∑
t=0

(1− γµ)T−1−t∥ωt∥2.

Before we proceed, we introduce a new notation:

ηt =


xt − x∗ − γ(F (xt)− F (x∗))︸ ︷︷ ︸

η̂t

, if ∥η̂t∥ ≤
√
2(1 + γℓ) exp(−γµt/2)R,

0, otherwise,
(61)
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for t = 0, 1, . . . , T − 1. Random vectors {ηt}Tt=0 are bounded almost surely:

∥ηt∥ ≤
√
2(1 + γℓ) exp(−γµt/2)R (62)

for all t = 0, 1, . . . , T − 1. We also notice that ET−1 implies ∥F (xt)− F (x∗)∥ ≤
√
2ℓ exp(−γµt/2)R (due to (59)) and

∥xt − x∗ − γ(F (xt)− F (x∗))∥ ≤ ∥xt − x∗∥+ γ∥F (xt)− F (x∗)∥
(59)
≤

√
2(1 + γℓ) exp(−γµt/2)R

for t = 0, 1, . . . , T − 1. Therefore, ET−1 implies ηt = xt − x∗ − γ(F (xt)− F (x∗)) for all t = 0, 1, . . . , T − 1 and from
ET−1 it follows that

R2
T ≤ exp(−γµT )R2 + 2γ

T−1∑
t=0

(1− γµ)T−1−t⟨ηt, ωt⟩

+γ2
T−1∑
t=0

(1− γµ)T−1−t∥ωt∥2.

For convenience, we define unbiased and biased parts of ωt:

ωu
t

def
= Eξt

[
ĝt
]
− ĝt, ωb

t
def
= F (xt)− F (x∗)− Eξt

[
ĝt
]
, (63)

for all t = 0, . . . , T − 1. By definition we have ωt = ωu
t + ωb

t for all t = 0, . . . , T − 1. Therefore, ET−1 implies

R2
T ≤ exp(−γµT )R2 + 2γ

T−1∑
t=0

(1− γµ)T−1−t⟨ηt, ωu
t ⟩︸ ︷︷ ︸

①

+2γ

T−1∑
t=0

(1− γµ)T−1−t⟨ηt, ωb
t ⟩︸ ︷︷ ︸

②

+2γ2
T−1∑
t=0

(1− γµ)T−1−tEξt
[
∥ωu

t ∥2
]

︸ ︷︷ ︸
③

+2γ2
T−1∑
t=0

(1− γµ)T−1−t
(
∥ωu

t ∥2 − Eξt
[
∥ωu

t ∥2
])

︸ ︷︷ ︸
④

+2γ2
T−1∑
t=0

(1− γµ)T−1−t∥ωb
t∥2︸ ︷︷ ︸

⑤

. (64)

where we also use inequality ∥a + b∥2 ≤ 2∥a∥2 + 2∥b∥2 holding for all a, b ∈ Rd to upper bound ∥ωt∥2. To derive
high-probability bounds for ①,②,③,④,⑤ we need to establish several useful inequalities related to ωu

i,t, ω
b
i,t. First, by

definition of clipping
∥ωu

t ∥ ≤ 2λt. (65)

Next, ET−1 implies that ∥F (xt)− F (x∗)∥ ≤ λt/2 for all t = 0, 1, . . . , T − 1 (see (59)). Therefore, from Lemma B.2 we
also have that ET−1 implies ∥∥ωb

t

∥∥ ≤ 2ασα

λα−1
t

, (66)

Eξt

[∥∥ωb
t

∥∥2] ≤ 18λ2−α
t σα, (67)

Eξt

[
∥ωu

t ∥
2
]
≤ 18λ2−α

t σα, (68)

for all t = 0, 1, . . . , T − 1.
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Upper bound for ①. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξt
[
2γ(1− γµ)T−1−t⟨ηt, ωu

t ⟩
]
= 0.

Next, the summands are bounded:

|2γ(1− γµ)T−1−t⟨ηt, ωu
t ⟩| ≤ 2γ exp(−γµ(T − 1− t))∥ηt∥ · ∥ωu

t ∥
(62),(65)
≤ 4

√
2γ(1 + γℓ) exp(−γµ(T − 1− t/2))Rλt

(51),(54)
≤ exp(−γµT )R2

5 ln 4(K+1)
β

def
= c. (69)

Finally, conditional variances σ2
t

def
= Eξt

[
4γ2(1− γµ)2T−2−2t⟨ηt, ωu

t ⟩2
]

of the summands are bounded:

σ2
t ≤ Eξt

[
4γ2 exp(−γµ(2T − 2− 2t))∥ηt∥2 · ∥ωu

t ∥2
]

(62)
≤ 8γ2(1 + γℓ)2 exp(−γµ(2T − 2− t))R2Eξt

[
∥ωu

t ∥2
]

(51)
≤ 10γ2 exp(−γµ(2T − t))R2Eξt

[
∥ωu

t ∥2
]
. (70)

Applying Bernstein’s inequality (Lemma B.1) with Xt = 2γ(1 − γµ)T−1−t⟨ηt, ωu
t ⟩, constant c defined in (69), b =

1
5 exp(−γµT )R2, G = exp(−2γµT )R4

150 ln
4(K+1)

β

, we get

P

{
|①| > 1

5
exp(−γµT )R2 and

T−1∑
t=0

σ2
t ≤ exp(−2γµT )R4

150 ln 4(K+1)
β

}
≤ 2 exp

(
− b2

2F + 2cb/3

)
=

β

2(K + 1)
.

The above is equivalent to P{E①} ≥ 1− β
2(K+1) for

E① =

{
either

T−1∑
t=0

σ2
t >

exp(−2γµT )R4

150 ln 4(K+1)
β

or |①| ≤ 1

5
exp(−γµT )R2

}
. (71)

Moreover, ET−1 implies

T−1∑
t=0

σ2
t

(70)
≤ 10γ2 exp(−2γµT )R2

T−1∑
t=0

Eξt
[
∥ωu

t ∥2
]

exp(−γµt)

(68),T≤K+1

≤ 180γ2 exp(−2γµT )R2σ2
K∑
t=0

λ2−α
t

exp(−γµt)

(54)
≤

180γα exp(−2γµT )R4−ασα(K + 1) exp(γµαK2 )

1202−α ln2−α 4(K+1)
β

(51)
≤ exp(−2γµT )R4

150 ln 4(K+1)
β

. (72)
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Upper bound for ②. Probability event ET−1 implies

② ≤ 2γ exp(−γµ(T − 1))

T−1∑
t=0

∥ηt∥ · ∥ωb
t∥

exp(−γµt)

(62),(66)
≤ 21+α

√
2γ(1 + γℓ) exp(−γµ(T − 1))Rσα

T−1∑
t=0

1

λα−1
t exp(−γµt/2)

(54),T≤K+1

≤
21+α120α−1

√
2γασαR2−α(1 + γℓ) exp(−γµ(T − 1))(K + 1) exp

(
γµαK

2

)
ln1−α 4(K+1)

β

(51)
≤ 1

5
exp(−γµT )R2. (73)

Upper bound for ③. Probability event ET−1 implies

③ = 2γ2 exp(−γµ(T − 1))

T−1∑
t=0

Eξt
[
∥ωu

t ∥2
]

exp(−γµt)

(68)
≤ 36γ2 exp(−γµ(T − 1))σα

T−1∑
t=0

λ2−α
t

exp(−γµt)

(54),T≤K+1

≤
36γαR2−α exp(−γµ(T − 1))σα(K + 1) exp(γµαK2 )

1202−α ln2−α 4(K+1)
β

(51)
≤ 1

5
exp(−γµT )R2. (74)

Upper bound for ④. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

2γ2(1− γµ)T−1−tEξt
[
∥ωu

t ∥2 − Eξt
[
∥ωu

t ∥2
]]

= 0.

Next, the summands are bounded:

2γ2(1− γµ)T−1−t
∣∣∥ωu

t ∥2 − Eξt
[
∥ωu

t ∥2
]∣∣ (65)

≤ 16γ2 exp(−γµT )λ2
t

exp(−γµ(t+ 1))

(54)
≤ exp(−γµT )R2

5 ln 4(K+1)
β

def
= c. (75)

Finally, conditional variances

σ̃2
t

def
= Eξt

[
4γ4(1− γµ)2T−2−2t

∣∣∥ωu
t ∥2 − Eξt

[
∥ωu

t ∥2
]∣∣2]

of the summands are bounded:

σ̃2
t

(75)
≤ 2γ2 exp(−2γµT )R2

5 exp(−γµ(1 + t)) ln 4(K+1)
β

Eξt
[∣∣∥ωu

t ∥2 − Eξt
[
∥ωu

t ∥2
]∣∣]

≤ 4γ2 exp(−2γµT )R2

5 exp(−γµ(1 + t)) ln 4(K+1)
β

Eξt
[
∥ωu

t ∥2
]
. (76)

23



High-Probability Convergence for Composite and Distributed Optimization with Heavy-Tailed Noise

Applying Bernstein’s inequality (Lemma B.1) with Xt = 2γ2(1− γµ)T−1−t
(
∥ωu

t ∥2 − Eξt
[
∥ωu

t ∥2
])

, constant c defined

in (75), b = 1
5 exp(−γµT )R2, G = exp(−2γµT )R4

150 ln
4(K+1)

β

, we get:

P

{
|④| > 1

5
exp(−γµT )R2 and

T−1∑
l=0

σ̃2
t ≤ exp(−2γµT )R4

150 ln 4(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

2(K + 1)
.

The above is equivalent to P{E④} ≥ 1− β
2(K+1) for

E④ =

{
either

T−1∑
t=0

σ̃2
t >

exp(−2γµT )R4

150 ln 4(K+1)
β

or |④| ≤ 1

5
exp(−γµT )R2

}
. (77)

Moreover, ET−1 implies

T−1∑
l=0

σ̃2
t

(76)
≤ 4γ2 exp(−γµ(2T − 1))R2

5 ln 4(K+1)
β

T−1∑
t=0

Eξt
[
∥ωu

l ∥2
]

exp(−γµt)

(68),T≤K+1

≤ 72γ2 exp(−γµ(2T − 1))R2σα

5 ln 4(K+1)
β

K∑
t=0

λ2−α
t

exp(−γµt)

(54)
≤

72γα exp(−γµ(2T − 1))R4−ασα(K + 1) exp(γµαK2 )

5 · 1202−α ln3−α 4(K+1)
β

(51)
≤ exp(−2γµT )R4

150 ln 4(K+1)
β

. (78)

Upper bound for ⑤. Probability event ET−1 implies

⑤ = 2γ2
T−1∑
t=0

exp(−γµ(T − 1− t))∥ωb
t∥2

(66)
≤ 2 · 22αγ2σ2α exp(−γµ(T − 1))

T−1∑
t=0

1

λ2α−2
t exp(−γµt)

(54),T≤K+1

≤
2 · 22α1202α−2γ2ασ2α exp(−γµ(T − 3)) ln2α−2 4(K+1)

β

R2α−2

K∑
t=0

exp (γµαt)

≤
2 · 22α1202α−2γ2ασ2α exp(−γµ(T − 3)) ln2α−2 4(K+1)

β (K + 1) exp(γµαK)

R2α−2

(51)
≤ 1

5
exp(−γµT )R2. (79)

That is, we derive the upper bounds for ①,②,③,④,⑤. More precisely, ET−1 implies

R2
T

(64)
≤ exp(−γµT )R2 + ① + ② + ③ + ④ + ⑤,

②
(73)
≤ 1

5
exp(−γµT )R2, ③

(74)
≤ 1

5
exp(−γµT )R2, ⑤

(79)
≤ 1

5
exp(−γµT )R2,

T−1∑
t=0

σ2
t

(72)
≤ exp(−2γµT )R4

150 ln 4(K+1)
β

,

T−1∑
t=0

σ̃2
t

(78)
≤ exp(−2γµT )R4

150 ln 4(K+1)
β

.
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In addition, we also establish (see (71), (77) and our induction assumption)

P{ET−1} ≥ 1− (T − 1)β

K + 1
,

P{E①} ≥ 1− β

2(K + 1)
, P{E④} ≥ 1− β

2(K + 1)
.

where

E① =

{
either

T−1∑
t=0

σ2
t >

exp(−2γµT )R4

150 ln 4(K+1)
β

or |①| ≤ 1

5
exp(−γµT )R2

}
,

E④ =

{
either

T−1∑
t=0

σ̃2
t >

exp(−2γµT )R4

150 ln 4(K+1)
β

or |④| ≤ 1

5
exp(−γµT )R2

}
.

Therefore, probability event ET−1 ∩ E① ∩ E④ implies

R2
T

(64)
≤ exp(−γµT )R2 + ① + ② + ③ + ④ + ⑤

≤ 2 exp(−γµT )R2,

which is equivalent to (58) for t = T . Moreover,

P{ET } ≥ P{ET−1 ∩ E① ∩ E④} = 1− P{ET−1 ∪ E① ∪ E④} ≥ 1− Tβ

K + 1
.

In other words, we showed that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. For k = K + 1 we have that with
probability at least 1− β

∥xK+1 − x∗∥2 ≤ 2 exp(−γµ(K + 1))R2.

Finally, if

γ = min

{
1

400ℓ ln 4(K+1)
β

,
ln(BK)

µ(K + 1)

}
,

BK = max

2,
(K + 1)

2α−1
α µ2R2

4 · 10 1
α 120

2(α−1)
α σ2 ln

2(α−1)
α

(
4(K+1)

β

)
ln2(BK)



= O

max

2,
K

2α−1
α µ2R2

σ2 ln
2(α−1)

α

(
K
β

)
ln2

(
max

{
2, K

2α−1
α µ2R2

σ2 ln
2(α−1)

α (K
β )

})



then with probability at least 1− β

∥xK+1 − x∗∥2 ≤ 2 exp(−γµ(K + 1))R2

= 2R2 max

{
exp

(
− µ(K + 1)

400ℓ ln 4(K+1)
β

)
,

1

BK

}

= O

max

R2 exp

(
− µK

ℓ ln K
β

)
,

σ2
(

K
β

)
ln2

(
max

{
2, K

2α−1
α µ2R2

σ2 ln
2(α−1)

α (K
β )

})
ln

2(1−α)
α K

2α−1
α µ2



 .
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To get ∥xK+1 − x∗∥2 ≤ ε with probability at least 1− β, K should be

K = O

(
ℓ

µ
ln

(
R2

ε

)
ln

(
ℓ

µβ
ln

R2

ε

)
,

(
σ2

µ2ε

) α
2α−1

ln

(
1

β

(
σ2

µ2ε

) α
2α−1

)
ln

α
α−1 (Bε)

)
,

where

Bε = max

2,
R2

ε ln

(
1
β

(
σ2

µ2ε

) α
2α−1

)
 .
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E. Missing Proofs for DProx-clipped-SGD-shift

In this section, we give the complete formulations of our results for DProx-clipped-SGD-shift and rigorous proofs. For the
readers’ convenience, the method’s update rule is repeated below:

xk+1 = proxγΨ
(
xk − γg̃k

)
, where g̃k =

1

n

n∑
i=1

g̃ki , g̃ki = hk
i + ∆̂k

i ,

hk+1
i = hk

i + ν∆̂k
i , ∆̂k

i = clip
(
∇fξki (x

k)− hk
i , λk

)
.

Lemma E.1. Let Assumptions 1.2 and 1.3 with µ = 0 hold on Q = B3n
√
V (x

∗), where V ≥ ∥x0 − x∗∥2 +
36864γ2 ln2 48n(K+1)

β

n2

n∑
i=1

∥∇fi(x
∗)∥2, and let stepsize γ satisfy γ ≤ 1

L . If xk ∈ Q for all k = 0, 1, . . . ,K + 1, K ≥ 0, then

after K iterations of DProx-clipped-SGD-shift we have

2γ
(
Φ(xK+1)− Φ(x∗)

)
≤ ∥x0 − x∗∥2 − ∥xK+1 − x∗∥2

K + 1

− 2γ

K + 1

K∑
k=0

⟨ωk, x̂
k − x∗⟩+ 2γ2

K + 1

K∑
k=0

∥ωk∥2, (80)

xK+1 def
=

1

K + 1

K∑
k=0

xk+1, (81)

x̂k def
= proxγΨ

(
xk − γ∇f(xk)

)
, (82)

ωk
def
= ∇f(xk)− g̃k. (83)

Proof. Using Lemma C.2 from (Khaled et al., 2020) with p = xk+1, y = xk − γg̃k, x = xk, we derive for all
k = 0, 1, . . . ,K that

2γ
(
Φ(xk+1)− Φ(x∗)

)
≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥2 − 2γ⟨g̃k −∇f(xk), xk+1 − x∗⟩.

Next, we obtain the following inequality

−2γ⟨g̃k −∇f(xk), xk+1 − x∗⟩ = −2γ⟨g̃k −∇f(xk), x̂k − x∗⟩+ 2γ⟨g̃k −∇f(xk), x̂k − xk+1⟩
(83)
≤ −2γ⟨ωk, x̂

k − x∗⟩+ 2γ∥g̃k −∇f(xk)∥ · ∥x̂k − xk+1∥
(82)
= −2γ⟨ωk, x̂

k − x∗⟩+ 2γ∥g̃k −∇f(xk)∥
·∥proxγΨ

(
xk − γ∇f(xk)

)
− proxγΨ

(
xk − γg̃k

)
∥

(83)
≤ −2γ⟨ωk, x̂

k − x∗⟩+ 2γ2∥ωk∥2.

Putting all together we get

2γ
(
Φ(xk+1)− Φ(x∗)

)
≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥2 − 2γ⟨ωk, x̂

k − x∗⟩+ 2γ2∥ωk∥2.

Summing up the above inequalities for k = 0, 1, . . . ,K, we get

2γ

K + 1

K∑
k=0

(
Φ(xk+1)− Φ(x∗)

)
≤ 1

K + 1

K∑
k=0

(
∥xk − x∗∥2 − ∥xk+1 − x∗∥2

)
− 2γ

K + 1

K∑
k=0

⟨ωk, x̂
k − x∗⟩+ 2γ2

K + 1

K∑
k=0

∥ωk∥2

=
∥x0 − x∗∥2 − ∥xK+1 − x∗∥2

K + 1
− 2γ

K + 1

K∑
k=0

⟨ωk, x̂
k − x∗⟩

+
2γ2

K + 1

K∑
k=0

∥ωk∥2.
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Finally, we use the definition of xK and Jensen’s inequality and get the result.

Theorem E.2. Let Assumptions 1.2 and 1.3 with µ = 0 hold on Q = B3n
√
V (x

∗), where V ≥ ∥x0 − x∗∥2 +
36864γ2 ln2 48n(K+1)

β

n2

n∑
i=1

∥∇fi(x
∗)∥2, and ν = 0, h0

1 = . . . = h0
n = 0,

γ ≤ min


1

360L ln 48n(K+1)
β

,
R
√
n

192Aζ∗
,

√
V n

α−1
α

27
1
α · 48σK 1

α

(
ln 48n(K+1)

β

)α−1
α

 , (84)

λk = λ =
n
√
V

48γ ln 48n(K+1)
β

, (85)

for some ζ∗ ≥
√

1
n

∑n
i=1 ∥∇fi(x∗)∥2, K+1 > 0 and β ∈ (0, 1]. Then, after K+1 iterations of DProx-clipped-SGD-shift

the iterates with probability at least 1− β satisfy

Φ(xK+1)− Φ(x∗) ≤ V

γ(K + 1)
and {xk}K+1

k=0 ⊆ B3n
√
V (x

∗). (86)

In particular, we have V ≤ 2R2, and when γ equals the minimum from (84), then the iterates produced by DProx-clipped-
SGD-shift after K + 1 iterations with probability at least 1− β satisfy

Φ(xK+1)− Φ(x∗) = O

max

LR2 ln nK
β

K
,
Rζ∗ ln

nK
β√

nK
,
σR ln

α−1
α nK

β

n
α−1
α K

α−1
α


 , (87)

meaning that to achieve Φ(xK+1)− Φ(x∗) ≤ ε with probability at least 1− β DProx-clipped-SGD-shift requires

K = O

max

LR2

ε
ln

nLR2

βε
,
Rζ∗√
nε

ln

√
nRζ∗
βε

,

(
σ
√
V

εn
α−1
α

) α
α−1

ln

 1

β

(
σ
√
V

ε

) α
α−1


 (88)

iterations/oracle calls.

Proof. The key idea behind the proof is similar to the one used in (Gorbunov et al., 2022a; Sadiev et al., 2023): we prove by
induction that the iterates do not leave some ball and the sums decrease as 1/K+1. To formulate the statement rigorously, we
introduce probability event Ek for each k = 0, 1, . . . ,K + 1 as follows: inequalities

∥x0 − x∗∥2 − 2γ

t−1∑
l=0

⟨ωl, x̂
l − x∗⟩+ 2γ2

t−1∑
l=0

∥ωl∥2︸ ︷︷ ︸
At

≤ 2V, (89)

∥∥∥∥∥γn
r−1∑
i=1

ωu
i,t−1

∥∥∥∥∥ ≤
√
V

2
(90)

hold for t = 0, 1, . . . , k and r = 1, 2, . . . , n simultaneously, where

ωl = ωu
l + ωb

l , (91)

ωu
l

def
=

1

n

n∑
i=1

ωu
i,l, ωb

l
def
=

1

n

n∑
i=1

ωb
i,l, (92)

ωu
i,l

def
= Eξli

[
g̃li
]
− g̃li, ωb

i,l
def
= ∇f(xl)− Eξli

[
g̃li
]

∀ i ∈ [n]. (93)
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We will prove by induction that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. The base of induction follows
immediately: ∥x0 − x∗∥2 ≤ V < 2V and for k = 0 we have ∥ γ

n

∑r−1
i=1 ωu

i,k−1∥ = 0 since ωu
i,−1 = 0. Next, we assume that

the statement holds for k = T − 1 ≤ K, i.e., P{ET−1} ≥ 1− (T−1)β/(K+1). Let us show that it also holds for k = T , i.e.,
P{ET } ≥ 1− Tβ/(K+1).

To proceed, we need to show that ET−1 implies ∥xt − x∗∥ ≤ 3n
√
V for all t = 0, 1, . . . , T . First, for t = 0, 1, . . . , T − 1

probability event ET−1 implies (in view of, Φ(xt)− Φ(x∗) ≥ 0)

∥xt − x∗∥2
(80)
≤ At

(89)
≤ 2V. (94)

Next, by definition of V we have

∥∇f(x∗)∥ =
√
∥∇f(x∗)∥2 ≤

√√√√ n∑
i=1

∥∇fi(x∗)∥2 ≤ n
√
V

192γ ln 48n(K+1)
β

. (95)

Then, for t = T we have that ET−1 implies

∥xT − x∗∥ = ∥ proxγΨ(xk − γg̃k)− proxγΨ(x
∗ − γ∇f(x∗))∥

≤ ∥xk − γg̃k − x∗ + γ∇f(x∗)∥ ≤ ∥xk − x∗∥+ γ∥g̃k∥+ γ∥∇f(x∗)∥
(94),(95)
≤

(
√
2 +

n

192 ln 48n(K+1)
β

)
√
V + γλ

(85)
≤ 3n

√
V .

This means that ET−1 implies xt ∈ B3n
√
V (x

∗) for t = 0, 1, . . . , T and we can apply Lemma E.1: ET−1 implies

2γ
(
Φ(xT )− Φ(x∗)

)
≤ ∥x0 − x∗∥2 − ∥xT − x∗∥2

T

−2γ

T

T−1∑
l=0

⟨ωl, x̂
l − x∗⟩+ 2γ2

T

T−1∑
l=0

∥ωl∥2

≤ AT

T
. (96)

Before we proceed, we introduce a new notation:

ηt =

{
x̂t − x∗, if ∥x̂t − x∗∥ ≤ 2

√
V ,

0, otherwise,

for all t = 0, 1, . . . , T − 1. Random vectors {ηt}Tt=0 are bounded almost surely:

∥ηt∥ ≤ 2
√
V . (97)

for all t = 0, 1, . . . , T − 1. In addition, ET−1 implies for all t = 0, 1, . . . , T − 1 that

∥x̂t − x∗∥ = ∥ proxγΨ
(
xt − γ∇f(xt)

)
− proxγΨ (x∗ − γ∇f(x∗)) ∥

≤ ∥xt − x∗ − γ(∇f(xt)−∇f(x∗))∥
≤ ∥xt − x∗∥+ γ∥∇f(xt)−∇f(x∗)∥
(4)
≤ (1 + Lγ)∥xt − x∗∥

(84)
≤ 361

360
∥xt − x∗∥

(94)
≤ 2

√
V .

meaning that ηt = x̂t − x∗ follows from ET−1 for all t = 0, 1, . . . , T − 1. Thus, ET−1 implies

AT
(89)
= ∥x0 − x∗∥2 − 2γ

T−1∑
l=0

⟨ωl, x̂
l − x∗⟩+ 2γ2

T−1∑
l=0

∥ωl∥2

≤ V − 2γ

T−1∑
l=0

⟨ωl, ηl⟩+ 2γ2
T−1∑
l=0

∥ωl∥2. (98)
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Using the notation from (91)-(93), we can rewrite ∥ωl∥2 as

∥ωl∥2 ≤ 2∥ωu
l ∥2 + 2∥ωb

l ∥2 =
2

n2

∥∥∥∥∥
n∑

i=1

ωu
i,l

∥∥∥∥∥
2

+ 2∥ωb
l ∥2

=
2

n2

n∑
i=1

∥ωu
i,l∥2 +

4

n2

n∑
j=2

〈
j−1∑
i=1

ωu
i,l, ω

u
j,l

〉
+ 2∥ωb

l ∥2. (99)

Putting all together, we obtain that ET−1 implies

AT ≤ V −2γ

n

T−1∑
l=0

n∑
i=1

⟨ωu
i,l, ηl⟩︸ ︷︷ ︸

①

−2γ

T−1∑
l=0

⟨ωb
l , ηl⟩︸ ︷︷ ︸

②

+
4γ2

n2

T−1∑
l=0

n∑
i=1

(∥∥ωu
i,l

∥∥2 − Eξli

[∥∥ωu
i,l

∥∥2])
︸ ︷︷ ︸

③

+
4γ2

n2

T−1∑
l=0

n∑
i=1

Eξli

[∥∥ωu
i,l

∥∥2]
︸ ︷︷ ︸

④

+4γ2
T−1∑
l=0

∥ωb
l ∥2︸ ︷︷ ︸

⑤

+
8γ2

n2

T−1∑
l=0

n∑
j=2

〈
j−1∑
i=1

ωu
i,l, ω

u
j,l

〉
︸ ︷︷ ︸

⑥

. (100)

To finish the proof, it remains to estimate ①,②,③,④,⑤,⑥ with high probability. More precisely, the goal is to prove that
① + ② + ③ + ④ + ⑤ + ⑥ ≤ V with high probability. Before we proceed, we need to derive several useful inequalities
related to ωu

i,l, ω
b
l . First of all, we have

∥ωu
i,l∥ ≤ 2λ (101)

by definition of the clipping operator. Next, probability event ET−1 implies

∥∇fi(x
t)∥ ≤ ∥∇fi(x

t)−∇fi(x
∗)∥+ ∥∇fi(x

∗)∥
(4)
≤ L∥xt − x∗∥+

√√√√ n∑
i=1

∥∇fi(x∗)∥2

≤
√
2L

√
V +

n
√
V

192γ ln 48n(K+1)
β

≤ n
√
V

96γ ln 48n(K+1)
β

≤ λ

2
. (102)

for t = 0, 1, . . . , T − 1 and i ∈ [n]. Therefore, Lemma B.2 and ET−1 imply

∥∥ωb
l

∥∥ ≤ 1

n

n∑
i=1

∥ωb
i,l∥ ≤ 2ασα

λα−1
, (103)

Eξli

[∥∥ωu
i,l

∥∥2] ≤ 18λ2−ασα, (104)

for all l = 0, 1, . . . , T − 1 and i ∈ [n].

Upper bound for ①. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξli

[
−2γ

n
⟨ωu

i,l, ηl⟩
]
= −2γ

n

〈
ηl,Eξli

[ωu
i,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence

{
− 2γ

n ⟨ηl, ωu
i,l⟩
}T−1,n

l,i=0,1
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣2γn 〈
ωu
i,l, ηl

〉∣∣∣∣ ≤ 2γ

n
∥ωu

i,l∥ · ∥ηl∥
(97),(101)

≤ 8γλ
√
V

n

(85)
=

V

6 ln 48n(K+1)
β

def
= c. (105)

Finally, conditional variances σ2
i,l

def
= Eξli

[ 4γ
2

n2 ⟨ωu
i,l, ηl⟩2] of the summands are bounded:

σ2
i,t ≤ Eξti

[
4γ2

n2
∥ωu

i,t∥2 · ∥ηt∥2
]

(97)
≤ 16γ2V

n2
Eξti

[
∥ωu

i,t∥2
]
. (106)
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Applying Bernstein’s inequality (Lemma B.1) with Xi,l = − 2γ
n ⟨ηl, ωu

i,l⟩, constant c defined in (105), b = V
6 , G =

V 2

216 ln
48n(K+1)

β

, we get

P

{
|①| > V

6
and

T−1∑
l=0

n∑
i=1

σ2
i,l ≤

V 2

216 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/24n

)
=

β

24n(K + 1)
.

The above is equivalent to

P {E①} ≥ 1− β

24n(K + 1)
, for E① =

{
either

T−1∑
l=0

n∑
i=1

σ2
i,l >

V 2

216 ln 48n(K+1)
β

or |①| ≤ V

6

}
. (107)

Moreover, ET−1 implies

T−1∑
l=0

n∑
i=1

σ2
i,l

(106)
≤ 16γ2V

n2

T−1∑
l=0

n∑
i=1

Eξli

[
∥ωu

i,l∥2
] (104)

≤ 288γ2V σαTλ2−α

n

(85)
=

48α
√
V

4−α
σαTγα

8nα−1 ln2−α 48n(K+1)
β

(84)
≤ V 2

216 ln 48n(K+1)
β

. (108)

Upper bound for ②. Probability event ET−1 implies

② = −2γ

T−1∑
l=0

⟨ωb
l , ηl⟩ ≤ 2γ

T−1∑
l=0

∥ωb
l ∥ · ∥ηl∥

(97),(103)
≤ 4 · 2αγσαT

√
V

λα−1

(85)
=

96α

12
· σαT

√
V

2−α
γα

nα−1 ln1−α 48n(K+1)
β

(84)
≤ V

6
. (109)

Upper bound for ③. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξli

[
4γ2

n2

(∥∥ωu
i,l

∥∥2 − Eξli

[∥∥ωu
i,l

∥∥2])] = 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence{

4γ2

n2

(
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
])}T−1,n

l,i=0,1
is a martingale difference sequence. Next, the summands are bounded:∣∣∣∣4γ2

n2

(∥∥ωu
i,l

∥∥2 − Eξli

[∥∥ωu
i,l

∥∥2])∣∣∣∣ ≤ 4γ2

n2

(
∥ωu

i,l∥2 + Eξli

[∥∥ωu
i,l

∥∥2])
(101)
≤ 32γ2λ2

n2

(85)
=

V

72 ln2 48n(K+1)
β

≤ V

12 ln 48n(K+1)
β

def
= c. (110)

Finally, conditional variances

σ̃2
i,t

def
= Eξti

[
16γ4

n4

(∥∥ωu
i,t

∥∥2 − Eξti

[∥∥ωu
i,t

∥∥2])2]
of the summands are bounded:

σ̃2
i,t

(110)
≤ V

12 ln 48n(K+1)
β

Eξti

[
4γ2

n2

∣∣∣∥∥ωu
i,t

∥∥2 − Eξti

[∥∥ωu
i,t

∥∥2]∣∣∣]

≤ γ2V

3n2 ln 48n(K+1)
β

Eξti

[
∥ωu

i,t∥2
]
. (111)
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Applying Bernstein’s inequality (Lemma B.1) with Xi,l =
4γ2

n2

(
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
])

, constant c defined in (110),

b = V
12 , G = V 2

864 ln
48n(K+1)

β

, we get

P

{
|③| > V

12
and

T−1∑
l=0

n∑
i=1

σ̃2
i,l ≤

V 2

864 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P {E③} ≥ 1− β

24n(K + 1)
, for E③ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

864 ln 48n(K+1)
β

or |③| ≤ V

12

}
. (112)

Moreover, ET−1 implies

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(111)
≤ γ2V

3n2 ln 48n(K+1)
β

T−1∑
l=0

n∑
i=1

Eξli

[
∥ωu

i,l∥2
] (104)

≤ 18γ2V λ2−ασαT

3n ln 48n(K+1)
β

(85)
=

48α · 6
482

· σαT
√
V

4−α
γα

nα−1 ln3−α 48n(K+1)
β

(84)
≤ V 2

864 ln 48n(K+1)
β

. (113)

Upper bound for ④. Probability event ET−1 implies

④ =
4γ2

n2

T−1∑
l=0

n∑
i=1

Eξli

[∥∥ωu
i,l

∥∥2] (104)
≤ 72γ2λ2−ασαT

n

(85)
=

48αγασαT
√
V

2−α

32nα−1 ln2−α 48n(K+1)
β

(84)
≤ V

12
. (114)

Upper bound for ⑤. Probability event ET−1 implies

⑤ = 4γ2
T−1∑
l=0

∥∥ωb
l

∥∥2 (103)
≤ 4(α+1)σ2αTγ2

λ2(α−1)

(85)
=

9216α

576
· σ2αTγ2α

√
V

2(1−α)

n2(1−α) ln2(1−α) 48n(K+1)
β

(84)
≤ V

6
. (115)

Upper bounds for ⑥. This sum requires a more refined analysis. We introduce new vectors:

δlj =

 γ
n

j−1∑
i=1

ωu
i,l, if

∥∥∥∥ γ
n

j−1∑
i=1

ωu
i,l

∥∥∥∥ ≤
√
V
2 ,

0, otherwise,
(116)

for all j ∈ [n] and l = 0, . . . , T − 1. Then, by definition

∥δlj∥ ≤
√
V

2
(117)

and

⑥ =
8γ

n

T−1∑
l=0

n∑
j=2

〈
δlj , ω

u
j,l

〉
︸ ︷︷ ︸

⑥′

+
8γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
. (118)

We also note here that ET−1 implies

8γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
=

8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
. (119)
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Upper bound for ⑥′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξlj

[
8γ

n

〈
δlj , ω

u
j,l

〉]
=

8γ

n

〈
δlj ,Eξlj

[ωu
j,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence

{
8γ
n

〈
δlj , ω

u
j,l

〉}T−1,n

l,j=0,2
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣8γn 〈
δlj , ω

u
j,l

〉∣∣∣∣ ≤ 8γ

n

∥∥δlj∥∥ · ∥ωu
j,l∥

(117),(101)
≤ 8γ

n
·
√
V

2
· 2λ =

V

6 ln 48n(K+1)
β

def
= c. (120)

Finally, conditional variances (σ′
j,l)

2 def
= Eξlj

[
64γ2

n2 ⟨δlj , ωu
j,l⟩2

]
of the summands are bounded:

(σ′
j,l)

2 ≤ Eξlj

[
64γ2

n2
∥δlj∥2 · ∥ωu

j,l∥2
]

(117)
≤ 16γ2V

n2
Eξlj

[
∥ωu

j,l∥2
]
. (121)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 8γ
n

〈
δlj , ω

u
j,l

〉
, constant c defined in (120), b = V

6 , G =

V 2

216 ln
48n(K+1)

β

, we get

P

|⑥′| > V

6
and

T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 ≤ V 2

216 ln 48n(K+1)
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑥′} ≥ 1− β

24n(K + 1)
, for E⑥′ =

either
T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 >
V 2

216 ln 48n(K+1)
β

or |⑥′| ≤ V

6

 . (122)

Moreover, ET−1 implies

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(121)
≤ 16γ2V

n2

T−1∑
l=0

n∑
j=2

Eξlj

[
∥ωu

j,l∥2
] (104),T≤K+1

≤ 288(K + 1)γ2V λ2−ασα

n

(85)
≤ 288(K + 1)γασαV 2−α

2

482−αnα−1 ln2−α 48n(K+1)
β

(84)
≤ V 2

216 ln 48n(K+1)
β

. (123)

That is, we derive the upper bounds for ①,②,③,④,⑤,⑥. More precisely, ET−1 implies

AT

(100)
≤ V + ① + ② + ③ + ④ + ⑤ + ⑥,

⑥
(118)
= ⑥′ +

8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
,

②
(109)
≤ V

6
, ④

(114)
≤ V

12
, ⑤

(115)
≤ V

6
,

T−1∑
t=0

σ2
t

(108)
≤ V 2

216 ln 48n(K+1)
β

,

T−1∑
t=0

σ̃2
t

(113)
≤ V 2

864 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(123)
≤ V 2

216 ln 48n(K+1)
β

.
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In addition, we also establish (see (107), (112), (122) and our induction assumption)

P{ET−1} ≥ 1− (T − 1)β

K + 1
,

P{E①} ≥ 1− β

24n(K + 1)
, P{E③} ≥ 1− β

24n(K + 1)
, P{E⑥′} ≥ 1− β

24n(K + 1)
,

where

E① =

{
either

T−1∑
l=0

σ2
l >

V 2

216 ln 48n(K+1)
β

or |①| ≤ V

6

}
,

E③ =

{
either

T−1∑
l=0

σ̃2
l >

V 2

864 ln 48n(K+1)
β

or |③| ≤ V

12

}
,

E⑥′ =

either
T−1∑
t=0

n∑
j=2

(σ′
j,l)

2 >
V 2

216 ln 48n(K+1)
β

or |⑥′| ≤ V

6

 .

Therefore, probability event ET−1 ∩ E① ∩ E③ ∩ E⑥′ implies

AT ≤ V +
V

6
+

V

6
+

V

12
+

V

12
+

V

6
+

V

6

+
8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉

≤ 2V +
8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
(124)

for t = T .

In the final part of the proof, we will show that γ
n

j−1∑
i=1

ωu
i,T−1 = δT−1

j with high probability. In particular, we consider

probability event ẼT−1,j defined as follows: inequalities∥∥∥∥∥γn
r−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√
V

2

hold for r = 2, . . . , j simultaneously. We want to show that P{ET−1 ∩ ẼT−1,j} ≥ 1 − (T−1)β
K+1 − jβ

8n(K+1) for all
j = 2, . . . , n. For j = 2 the statement is trivial since∥∥∥γ

n
ωu
1,T−1

∥∥∥ (101)
≤ 2γλ

n
≤

√
V

2
.

Next, we assume that the statement holds for some j = m− 1 < n, i.e., P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T−1)β
K+1 − (m−1)β

8n(K+1) .

Our goal is to prove that P{ET−1 ∩ ẼT−1,m} ≥ 1− (T−1)β
K+1 − mβ

8n(K+1) . We have∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ =

√√√√γ2

n2

∥∥∥∥∥
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥
2

=

√√√√γ2

n2

m−1∑
i=1

∥ωu
i,T−1∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉

≤

√√√√γ2

n2

T−1∑
l=0

m−1∑
i=1

∥ωu
i,l∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉
.
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Next, we introduce a new notation:

ρ′i,T−1 =

 γ
n

i−1∑
r=1

ωu
r,T−1, if

∥∥∥∥ γ
n

i−1∑
r=1

ωu
r,T−1

∥∥∥∥ ≤
√
V
2 ,

0, otherwise

for i = 1, . . . ,m− 1. By definition, we have

∥ρ′i,T−1∥ ≤
√
V

2
(125)

for i = 1, . . . ,m− 1. Moreover, ẼT−1,m−1 implies ρ′i,T−1 = γ
n

i−1∑
r=1

ωu
r,T−1 for i = 1, . . . ,m− 1 and

∥∥∥∥∥γn
m−1∑
i=1

ωu
i,l

∥∥∥∥∥ ≤
√

③ + ④ + ⑦,

where

⑦ =
2γ

n

m−1∑
i=1

〈
ρ′i,T−1, ω

u
i,T−1

〉
.

It remains to estimate ⑦.

Upper bound for ⑦. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

EξT−1
i

[
2γ

n
⟨ρ′i,T−1, ω

u
i,T−1⟩

]
=

2γ

n

〈
ρ′i,T−1,EξT−1

i
[ωu

i,T−1]
〉
= 0,

since random vectors {ωu
i,T−1}ni=1 are independent. Thus, sequence

{
2γ
n ⟨ρ′i,T−1, ω

u
i,T−1⟩

}m−1

i=1
is a martingale difference

sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ρ′i,T−1, ω
u
i,T−1⟩

∣∣∣∣ ≤ 2γ

n
∥ρ′i,T−1∥ · ∥ωu

i,T−1∥
(125),(101)

≤ γ

n

√
V λ

(85)
=

V

24 ln 48n(K+1)
β

def
= c. (126)

Finally, conditional variances (σ̃′
i,T−1)

2 def
= EξT−1

i

[
4γ2

n2 ⟨ρ′i,T−1, ω
u
i,T−1⟩2

]
of the summands are bounded:

(σ̃′
i,T−1)

2 ≤ EξT−1
i

[
4γ2

n2
∥ρ′i,T−1∥2 · ∥ωu

i,T−1∥2
]

(125)
≤ γ2V

n2
EξT−1

i

[
∥ωu

i,T−1∥2
]
. (127)

Applying Bernstein’s inequality (Lemma B.1) with Xi = 2γ
n ⟨ρ′i,T−1, ω

u
i,T−1⟩, constant c defined in (126), b = V

24 ,

G = V 2

3456 ln
48n(K+1)

β

, we get

P

{
|⑦| > V

24
and

m−1∑
i=1

(σ̃′
i,T−1)

2 ≤ V 2

3456 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑦} ≥ 1− β

24n(K + 1)
, for E⑦ =

{
either

m−1∑
i=1

(σ̃′
i,T−1)

2 >
V 2

3456 ln 48n(K+1)
β

or |⑦| ≤ V

24

}
. (128)

Moreover, ET−1 implies

m−1∑
i=1

(σ̃′
i,T−1)

2
(127)
≤ γ2V

n2

n∑
i=1

EξT−1
i

[
∥ωu

i,T−1∥2
] (104)

≤ 18γ2V λ2−ασα

n

(85)
≤ 18γασαV 2−α

2

482−αnα−1 ln2−α 48n(K+1)
β

(84)
≤ V 2

3456 ln 48n(K+1)
β

. (129)
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Putting all together we get that ET−1 ∩ ẼT−1,m−1 implies∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√

③ + ④ + ⑦, ④
(114)
≤ V

6
,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(113)
≤ V 2

216 ln 48n(K+1)
β

,

m−1∑
i=1

(σ̃′
i,T−1)

2 ≤ V 2

3456 ln 48n(K+1)
β

.

In addition, we also establish (see (112), (128) and our induction assumption)

P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T − 1)β

K + 1
− (m− 1)β

8n(K + 1)
,

P{E③} ≥ 1− β

24n(K + 1)
, P{E⑦} ≥ 1− β

24n(K + 1)

where

E③ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

864 ln 48n(K+1)
β

or |③| ≤ V

12

}
,

E⑦ =

{
either

m−1∑
i=1

(σ̃′
i,T−1)

2 >
V 2

3456 ln 48n(K+1)
β

or |⑦| ≤ V

24

}

Therefore, probability event ET−1 ∩ ẼT−1,m−1 ∩ E③ ∩ E⑦ implies∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√

V

12
+

V

12
+

V

24
≤

√
V

2
.

This implies ẼT−1,m and

P{ET−1 ∩ ẼT−1,m} ≥ P{ET−1 ∩ ẼT−1,m−1 ∩ E③ ∩ E⑦}

= 1− P
{
ET−1 ∩ ẼT−1,m−1 ∪ E③ ∪ E⑦

}
≥ 1− (T − 1)β

K + 1
− mβ

8n(K + 1)
.

Therefore, for all m = 2, . . . , n the statement holds and, in particular, P{ET−1∩ ẼT−1,n} ≥ 1− (T−1)β
K+1 − β

8(K+1) . Taking

into account (124), we conclude that ET−1 ∩ ẼT−1,n ∩ E① ∩ E③ ∩ E⑥′ implies

AT ≤ 2V

that is equivalent to (89) for t = T . Moreover,

P {ET } ≥ P
{
ET−1 ∩ ẼT−1,n ∩ E① ∩ E③ ∩ E⑥′

}
= 1− P

{
ET−1 ∩ Ẽn ∪ E① ∪ E③ ∪ E⑥′

}
= 1− (T − 1)β

K + 1
− β

8(K + 1)
− 3 · β

24n(K + 1)
= 1− Tβ

K + 1
.

In other words, we showed that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. For k = K + 1 we have that with
probability at least 1− β

Φ(xK+1)− Φ(x∗)
(96),(89)
≤ V

γ(K + 1)
.
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Finally, if

γ ≤ min


1

360L ln 48n(K+1)
β

,
n

α−1
α

√
V

27
1
α · 48σK 1

α

(
ln 48n(K+1)

β

)α−1
α

 ,

then with probability at least 1− β

Φ(xK+1)− Φ(x∗) ≤ V

γ(K + 1)

= max


360LV ln 48n(K+1)

β

K + 1
,
48 · 27 1

ασ
√
V K

1
α

(
ln 48n(K+1)

β

)α−1
α

n
α−1
α (K + 1)


= O

max

LV ln nK
β

K
,
σ
√
V ln

α−1
α nK

β

n
α−1
α K

α−1
α


 .

To get Φ(xK+1)−Φ(x∗) ≤ ε with probability at least 1−β it is sufficient to choose K such that both terms in the maximum
above are O(ε). This leads to

K = O

max

LV

ε
ln

LV

εβ
,

(
σ
√
V

εn
α−1
α

) α
α−1

ln

 1

β

(
σ
√
V

ε

) α
α−1


 ,

which concludes the proof.

In view of Lemma D.1, the result in the quasi-strongly convex case for DProx-clipped-SGD-shift follows from our result
for DProx-clipped-SGDA-shift.
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F. Missing Proofs for DProx-clipped-SSTM-shift

In this section, we provide the complete formulations of our results for DProx-clipped-SSTM-shift and proofs. For
the readers’ convenience, the method’s update rule is repeated below: x0 = y0 = z0, A0 = α0 = 0, αk+1 = k+2

2aL ,
Ak+1 = Ak + αk+1 and

xk+1 =
Aky

k + αk+1z
k

Ak+1
, zk+1 = proxαk+1Ψ

(
zk − αk+1g̃(x

k+1)
)
,

g̃(xk+1) =
1

n

n∑
i=1

g̃i(x
k+1), g̃i(x

k+1) = hk
i + ∆̂k

i ,

hk+1
i = hk

i + νk∆̂
k
i , ∆̂k

i = clip
(
∇fξki (x

k+1)− hk
i , λk

)
,

yk+1 =
Aky

k + αk+1z
k+1

Ak+1

where ξk1 , . . . , ξ
k
n are sampled independently from each other and previous steps.

F.1. Convex case

The following lemma is the main “optimization” part of the analysis of DProx-clipped-SSTM-shift.

Lemma F.1. Let Assumptions 1.1, 1.2 and 1.3(µ = 0) hold on Q = B5n
√
M (x∗), where M ≥ ∥x0 − x∗∥2 +

C2α2
K0+1

1
n

∑n
i=1 ∥∇fi(x

∗)∥2, where C > 0, and a ≥ 0. Let xk, yk, zk lie in B5n
√
M (x∗) for all k = 0, 1, . . . ,K

for some K ≥ 0. Additionally, let parameters of DProx-clipped-SSTM-shift satisfy

a ≥ max

{
2,

7

6
C2

}
, K0 =

⌈
3

2
C2n

⌉
; (130)

νk =

{
(k+2)2

C2(K0+2)2n , if k < K0;
2k+5
(k+3)2 , if k ≥ K0;

, (131)

then the iterates produced by DProx-clipped-SSTM-shift satisfy

AK(Φ(yK)− Φ(x∗)) ≤ 1

2
M0 −

1

2
MK +

K−1∑
k=0

αk+1⟨ωk+1, x
∗ − zk⟩+

K−1∑
k=0

α2
k+1∥ωk+1∥2

+

K−1∑
k=0

n∑
i=1

α2
k+1

n2
∥ωi,k+1∥2, (132)

where Lyapunov function Mk is defined as follows

Mk = ∥zk − x∗∥2 + C2α̃2
k+1

1

n

n∑
i=1

∥hk
i − h∗

i ∥2, (133)

where

α̃k+1 =

{
αK0+1 if k < K0;

αk+1 if k ≥ K0;
, (134)

and ωk+1 is defined as follows

ωi,k+1
def
= g̃i(x

k+1)−∇fi(x
k+1), ωk+1

def
=

1

n

n∑
i=1

ωi,k+1. (135)
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Proof. By optimality condition for the problem (20), we have for any z ∈ B3
√
M (x∗)

αk+1

〈
g̃(xk+1), zk − z

〉
≤ αk+1(Ψ(z)−Ψ(zk+1)) + αk+1

〈
g̃(xk+1), zk − zk+1

〉
+
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 − 1

2
∥zk+1 − zk∥2

(135)
≤ αk+1(Ψ(z)−Ψ(zk+1)) + αk+1

〈
ωk+1, z

k − zk+1
〉

+αk+1

〈
∇f(xk+1), zk − zk+1

〉
+
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 − 1

2
∥zk+1 − zk∥2

Using Ak+1(y
k+1 − xk+1) = αk+1(z

k+1 − zk), we get

αk+1

〈
g̃(xk+1), zk − z

〉
≤ αk+1(Ψ(z)−Ψ(zk+1)) + αk+1

〈
ωk+1, z

k − zk+1
〉

+Ak+1

〈
∇f(xk+1), xk+1 − yk+1

〉
+
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 − 1

2
∥zk+1 − zk∥2

(∗)
≤ αk+1(Ψ(z)−Ψ(zk+1)) + αk+1

〈
ωk+1, z

k − zk+1
〉

+Ak+1

(
f(xk+1)− f(yk+1) +

L

2
∥yk+1 − xk+1∥2

)
+
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 − 1

2
∥zk+1 − zk∥2

= αk+1(Ψ(z)−Ψ(zk+1)) + αk+1

〈
ωk+1, z

k − zk+1
〉

+Ak+1

(
f(xk+1)− f(yk+1)

)
+

α2
k+1L

2Ak+1
∥zk+1 − zk∥2

+
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 − 1

2
∥zk+1 − zk∥2

= αk+1(Ψ(z)−Ψ(zk+1)) + αk+1

〈
ωk+1, z

k − zk+1
〉

+Ak+1

(
f(xk+1)− f(yk+1)

)
+

1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2

−1

2

(
1−

α2
k+1L

Ak+1

)
∥zk+1 − zk∥2

where in (∗) L-smoothness of f was used. Using Young’s inequality, we have

αk+1

〈
g̃(xk+1), zk − z

〉
≤ αk+1(Ψ(z)−Ψ(zk+1)) + αk+1

D

2
∥ωk+1∥2 +

αk+1

2D
∥zk − zk+1∥2

+Ak+1

(
f(xk+1)− f(yk+1)

)
+

1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2

−1

2

(
1−

α2
k+1L

Ak+1

)
∥zk+1 − zk∥2

D=2αk+1
= αk+1(Ψ(z)−Ψ(zk+1)) + α2

k+1∥ωk+1∥2 +
1

4
∥zk − zk+1∥2

+Ak+1

(
f(xk+1)− f(yk+1)

)
+

1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2

−1

2

(
1−

α2
k+1L

Ak+1

)
∥zk+1 − zk∥2
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Now, by a ≥ 2, we have 1
2 − α2

k+1L

Ak+1
≥ 0 and

αk+1

〈
g̃(xk+1), zk − z

〉
≤ αk+1(Ψ(z)−Ψ(zk+1)) + α2

k+1∥ωk+1∥2

+Ak+1

(
f(xk+1)− f(yk+1)

)
+

1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 (136)

−1

2

(
1

2
−

α2
k+1L

Ak+1

)
∥zk+1 − zk∥2

≤ αk+1(Ψ(z)−Ψ(zk+1)) + α2
k+1∥ωk+1∥2 +Ak+1

(
f(xk+1)− f(yk+1)

)
+
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2. (137)

To continue the proof, we have to mention that

〈
g̃(xk+1), yk − xk+1

〉 (135)
=

〈
∇f(xk+1), yk − xk+1

〉
+
〈
ωk+1, y

k − xk+1
〉

≤ f(yk)− f(xk+1) +
〈
ωk+1, y

k − xk+1
〉
, (138)

where in the last inequality we used convexity of f . Also, by convexity of Ψ and definition of yk+1, we have

Ψ(yk+1) = Ψ

(
Ak

Ak+1
yk +

αk+1

Ak+1
zk+1

)
≤ Ak

Ak+1
Ψ(yk) +

αk+1

Ak+1
Ψ(zk+1);

−αk+1Ψ(zk+1) ≤ −Ak+1Ψ(yk+1) +AkΨ(yk). (139)

Thus, we acquire

αk+1

〈
g̃(xk+1), xk+1 − z

〉
= αk+1

〈
g̃(xk+1), xk+1 − zk

〉
+ αk+1

〈
g̃(xk+1), zk − z

〉
= Ak

〈
g̃(xk+1), yk − xk+1

〉
+ αk+1

〈
g̃(xk+1), zk − z

〉
where the last equation is true due to that αk+1(x

k+1 − zk) = Ak(y
k − xk+1). By (136), (138), we get

αk+1

〈
g̃(xk+1), xk+1 − z

〉
≤ Ak(f(y

k)− f(xk+1)) +Ak

〈
ωk+1, y

k − xk+1
〉

+αk+1(Ψ(z)−Ψ(zk+1)) +Ak+1

(
f(xk+1)− f(yk+1)

)
+α2

k+1∥ωk+1∥2 +
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2

(139)
≤ Ak(f(y

k)− f(xk+1)) +Ak

〈
ωk+1, y

k − xk+1
〉

+αk+1Ψ(z)−Ak+1Ψ(yk+1) +AkΨ(yk) +Ak+1

(
f(xk+1)− f(yk+1)

)
+α2

k+1∥ωk+1∥2 +
1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2.

By definition of function Φ(·) (1), we have

αk+1

〈
g̃(xk+1), xk+1 − z

〉
≤ AkΦ(y

k)−Ak+1Φ(y
k+1) +Ak

〈
ωk+1, y

k − xk+1
〉

+αk+1Ψ(z) + (Ak+1 −Ak)f(x
k+1)

+α2
k+1∥ωk+1∥2 +

1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2

(∗∗)
= AkΦ(y

k)−Ak+1Φ(y
k+1) + αk+1

〈
ωk+1, x

k+1 − zk
〉

+αk+1Ψ(z) + αk+1f(x
k+1)

+α2
k+1∥ωk+1∥2 +

1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2
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where in (∗∗) we used αk+1(x
k+1 − zk) = Ak(y

k − xk+1) and Ak+1 = Ak + αk+1. Making a small rearrangement, we
derive

Ak+1Φ(y
k+1)−AkΦ(y

k) ≤ 1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 + αk+1Ψ(z)

+αk+1f(x
k+1) + αk+1

〈
g̃(xk+1), z − xk+1

〉
+αk+1

〈
ωk+1, x

k+1 − zk
〉
+ α2

k+1∥ωk+1∥2

(135)
=

1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 + αk+1Ψ(z)

+αk+1
1

n

n∑
i=1

fi(x
k+1) + αk+1

〈
1

n

n∑
i=1

∇fi(x
k+1), z − xk+1

〉
+αk+1

〈
ωk+1, z − xk+1

〉
+ αk+1

〈
ωk+1, x

k+1 − zk
〉
+ α2

k+1∥ωk+1∥2

≤ 1

2
∥zk − z∥2 − 1

2
∥zk+1 − z∥2 + αk+1Ψ(z) + αk+1f(z)

+αk+1

〈
ωk+1, z − zk

〉
+ α2

k+1∥ωk+1∥2

−αk+1

2Ln

n∑
i=1

∥∇fi(x
k+1)−∇fi(z)∥2, (140)

where in the last inequality we used L-smoothness and convexity of each fi. Now we consider the sequences of hk
i , produced

by the method, for any i ∈ [n]. Denoting h∗
i = ∇fi(x

∗) and , we have

∥hk+1
i − h∗

i ∥2
(24)
= ∥hk

i − h∗
i ∥2 + 2νk

〈
∆̂k

i , h
k
i − h∗

i

〉
+ ν2k∥∆̂k

i ∥2

= ∥hk
i − h∗

i ∥2 + 2νk
〈
g̃i(x

k+1)− hk
i , h

k
i − h∗

i

〉
+ ν2k∥g̃i(xk+1)− hk

i ∥2

νk≤1

≤ ∥hk
i − h∗

i ∥2 + 2νk
〈
g̃i(x

k+1)− hk
i , h

k
i − h∗

i

〉
+ νk∥g̃i(xk+1)− hk

i ∥2

= ∥hk
i − h∗

i ∥2 + νk
〈
g̃i(x

k+1)− hk
i , g̃i(x

k+1) + hk
i − 2h∗

i

〉
≤ (1− νk)∥hk

i − h∗
i ∥2 + νk∥g̃i(xk+1)− h∗

i ∥2

≤ (1− νk)∥hk
i − h∗

i ∥2 + 2νk∥g̃i(xk+1)−∇fi(x
k+1)∥2 + 2νk∥∇fi(x

k+1)− h∗
i ∥2

(135)
= (1− νk)∥hk

i − h∗
i ∥2 + 2νk∥ωi,k+1∥2 + 2νk∥∇fi(x

k+1)−∇fi(x
⋆)∥2. (141)

Summing up (141) by i from 1 to n, we obtain

1

n

n∑
i=1

∥hk+1
i − h∗

i ∥2 ≤ (1− νk)
1

n

n∑
i=1

∥hk
i − h∗

i ∥2 +
2νk
n

n∑
i=1

∥ωi,k+1∥2

+
2νk
n

n∑
i=1

∥∇fi(x
k+1)−∇fi(x

⋆)∥2. (142)
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Combining inequality (140), where we take z = x∗, and inequality (142) multiplied by 1
2C

2α̃2
k+2, we get

Ak+1

(
Φ(yk+1)− Φ(x∗)

)
≤ Ak

(
Φ(yk)− Φ(x∗)

)
+

1

2
∥zk − x∗∥2 + 1

2
C2α̃2

k+1

1

n

n∑
i=1

∥hk
i − h∗

i ∥2

−1

2
∥zk+1 − x∗∥2 − 1

2
C2α̃2

k+2

1

n

n∑
i=1

∥hk+1
i − h∗

i ∥2

+
1

2
(1− νk)C

2α̃2
k+2

1

n

n∑
i=1

∥hk
i − h∗

i ∥2 −
1

2
C2α̃2

k+1

1

n

n∑
i=1

∥hk
i − h∗

i ∥2

+αk+1

〈
ωk+1, x

∗ − zk
〉
+ α2

k+1∥ωk+1∥2 +
1

2
C2α̃2

k+2

2νk
n

n∑
i=1

∥ωi,k+1∥2

−
(
αk+1

2Ln
− 1

n
νkC

2α̃2
k+2

) n∑
i=1

∥∇fi(x
k+1)−∇fi(z)∥2.

By the selection of parameters (130), (131) and definition of Lyapunov function Mk (133), we have

Ak+1

(
Φ(yk+1)− Φ(x∗)

)
≤ Ak

(
Φ(yk)− Φ(x∗)

)
+

1

2
Mk − 1

2
Mk+1

+αk+1

〈
ωk+1, x

∗ − zk
〉
+ α2

k+1∥ωk+1∥2 +
α2
k+1

n2

n∑
i=1

∥ωi,k+1∥2.

Summing up the previous inequality by k from 0 to K − 1, we finish the proof.

Theorem F.2. Let Assumptions 1.1, 1.2 and 1.3(µ = 0) hold on Q = B5n
√
M (x∗), where M ≥ ∥x0 − x∗∥2 +

C2α2
K0+1

1
n

∑n
i=1 ∥∇fi(x

∗)∥2, where C = 864
n ln 10nK

β , and a ≥ 0, and

a ≥ max

{
2,

8 · 35 · 724

n
ln4

10nK

β
,
18 · 65σK 1

α (K + 1)
√
MLn

α−1
α

ln
α−1
α

10nK

β

}
, (143)

λk =
n
√
M

72α̃k+1 ln
10nK

β

, (144)

for some K ≥ K0 =
⌈
3
2C

2n
⌉
> 0 and β ∈ (0, 1] such that ln 10nK

β ≥ 1. Then, after K iterations of DProx-clipped-
SSTM-shift the following inequality holds with probability at least 1− β

Φ(yK)− Φ(x∗) ≤ 6aLM

K(K + 3)
and {xk}K+1

k=0 , {zk}Kk=0, {yk}Kk=0 ⊆ B2
√
M (x∗). (145)

In particular, when parameter a equals the maximum from (143), then after K iterations of DProx-clipped-SSTM-shift,
we have with probability at least 1− β

Φ(yK)− Φ(x∗) = O

max

LM

K2
,
LM ln4 nK

β

nK2
,
σ
√
M ln

α−1
α nK

β

n
α−1
α K

α−1
α


 , (146)

i.e. achieve Φ(yK)− Φ(x∗) ≤ ε with probability at least 1− β DProx-clipped-SSTM-shift requires

K = O

max


√

LM

ε
,

√
LM

εn
ln2

nLM

εβ
,
1

n

(
σ
√
M

ε

) α
α−1

ln
σ
√
M

εβ


 (147)

iterations/oracle calls per worker.
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Proof. The key idea behind the proof is similar to the one used in (Gorbunov et al., 2021; Sadiev et al., 2023). We prove by
induction that the iterates do not leave some ball and Φ(yK)− Φ(y∗) decreases as ∼ 1/K(K+3)

Firstly, we denote Rk = ∥zk − x∗∥, R̃0 = R0, R̃k+1 = max{R̃k, Rk+1} for all k ≥ 0, and now we show by induction
that for all k ≥ 0 the iterates xk+1, zk, yk lie in BR̃k

(x∗). The induction base is trivial since y0 = z0, R̃0 = R0,

and x1 = A0y
0+α1z

0

A1
= z0. Next, we assume this statement is true for some l ≥ 1: xl, zl−1, yl−1 ∈ BR̃l−1

(x∗).

According to definitions of Rl and R̃l, we obtain zl ∈ BRl
(x∗) ⊆ BR̃l

(x∗). Due to that yl is a convex combination of
yl−1 ∈ BR̃l−1

(x∗) ⊆ BR̃l
(x∗), zl ∈ BR̃l

(x∗) and BR̃l
(x∗) is a convex set, we have that yl ∈ BR̃l

(x∗). Finally, since xl+1

is a convex combination of yl and zl, we conclude xl+1 lies in BR̃l
(x∗) as well.

Now to formulate the statement rigorously, we introduce probability event Ek for each for each k = 0, . . . ,K as follows:
inequalities

2

t−1∑
l=0

αl+1⟨ωl+1, x
∗ − zl⟩+ 2

t−1∑
l=0

α2
l+1∥ωl+1∥2 + 2

t−1∑
l=0

n∑
i=1

α2
l+1

n2
∥ωi,l+1∥2︸ ︷︷ ︸

Bt

≤ M, (148)

Rt ≤
√
Mt ≤ 2

√
M, (149)∥∥∥∥∥αt

n

r∑
i=1

ωu
i,t

∥∥∥∥∥ ≤ M

2
(150)

hold for t = 0, 1, . . . , k and r = 1, 2 . . . , n simultaneously, where

ωl+1 = ωu
l+1 + ωb

l+1, (151)

ωu
l+1

def
=

1

n

n∑
i=1

ωu
i,l+1, ωb

l+1
def
=

1

n

n∑
i=1

ωb
i,l+1, (152)

ωu
i,l+1

def
= g̃i(x

l+1)− Eξli

[
g̃i(x

l+1)
]
, ωb

i,k+1
def
= Eξki

[
g̃i(x

k+1)
]
−∇fi(x

k+1), ∀i ∈ [n]. (153)

We want to show via induction R̃l ≤ 5n
√
M with high probability, which allows us to apply the result of Lemma F.1

and Bernstein’s inequality to estimate the stochastic part of the upper-bound. After that, we will prove by induction that
P{Ek} ≥ 1− kβ/K for all k = 0, 1, . . . ,K. The base induction follows immediately: the left-hand side of (148) equals zero

and M ≥ M0 by definition, and for k = 0 we have
∥∥∥∥α0

n

r∑
i=1

ωu
i,0

∥∥∥∥ = 0, since α0 = 0. Next we assume that the statement

holds for some k = T − 1 ≤ K − 1: P{ET−1} ≥ 1− (T−1)β/K. Let us show that P{ET } ≥ 1− Tβ/K.

To proceed, we need to show that probability event ET−1 implies that R̃t ≤ 2
√
M for all t = 0, 1, . . . , T . The base is

already proven. Next we assume that R̃t ≤ 2
√
M for all t = 0, 1, . . . , t′ for some t′ < T . Then for all t = 0, 1, . . . , t′

∥zt − x⋆∥ = ∥ proxαtΨ

(
zt−1 − αtg̃(x

t)
)
− proxαtΨ (x⋆ − αt∇f(x⋆)) ∥

≤ ∥zt−1 − x∗ − αt

(
g̃(xt)−∇f(x⋆)

)
∥

≤ ∥zt−1 − x∗∥+ αt∥g̃(xt)− ht−1∥+ αt∥ht−1 − h∗∥

≤
(
1 +

1

C

)√√√√∥zt−1 − x∗∥2 + C2α̃2
t

1

n

n∑
i=1

∥ht−1
i − h∗

i ∥2 + αtλt−1

≤ 2
√
Mt−1 + αtλt−1

(144),(149)
≤ 4

√
M + n

√
M ≤ 5n

√
M.
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This means that xt, zt, yt ∈ B5n
√
M (x∗) for t = 0, 1, . . . , t′and we can apply Lemma F.1: ET−1 implies

At′

(
Φ(yt

′
)− Φ(x∗)

)
≤ 1

2
M0 −

1

2
Mt′ +

t′−1∑
l=0

αl+1⟨ωl+1, x
∗ − zl⟩+

t′−1∑
l=0

α2
l+1∥ωl+1∥2

+

t′−1∑
k=0

n∑
i=1

α2
l+1

n2
∥ωi,k+1∥2

≤ 1

2
M0 −

1

2
Mt′ +Bt′ ≤

3

2
M (154)

that gives
Mt′ ≤ M0 +M ≤ 2M.

That is, we showed that ET−1 implies xt, zt, yt ∈ B2
√
M (x∗) and

Φ(yt)− Φ(x∗)
(148),(154)

≤
1
2M0 − 1

2Mt +M

At
≤ 3M

2At
=

6aLM

t(t+ 3)
. (155)

for all t = 0, 1, . . . , T . Before we proceed, we introduce a new notation:

ηt =

{
x∗ − zt, if ∥x∗ − zt∥ ≤ 2

√
M,

0, otherwise,

for all t = 0, 1, . . . , T . Random vectors {ηt}Tt=0 are bounded almost surely:

∥ηt∥ ≤ 2
√
M (156)

for all t = 0, 1, . . . , T . In addition, ηt = x∗ − zt follows from ET−1 for all t = 0, 1, . . . , T and, thus, ET−1 implies

BT = 2

T−1∑
k=0

αk+1⟨ωk+1, x
∗ − zk⟩+ 2

T−1∑
k=0

α2
k+1∥ωk+1∥2 + 2

T−1∑
k=0

n∑
i=1

α2
k+1

n2
∥ωi,k+1∥2

= 2

T−1∑
k=0

αk+1⟨ωk+1, ηk⟩+ 2

T−1∑
k=0

α2
k+1∥ωk+1∥2 + 2

T−1∑
k=0

n∑
i=1

α2
k+1

n2
∥ωi,k+1∥2. (157)

Using the notation from (151)-(153), we can rewrite ∥ωk+1∥2 and ∥ωi,k+1∥2 as

∥ωk+1∥2 ≤ 2

n2

n∑
i=1

∥ωu
i,k+1∥2 +

4

n2

n∑
j=2

〈
j−1∑
i=1

ωu
i,k+1, ω

u
j,k+1

〉
+ 2∥ωb

k+1∥2. (158)

Putting all together, we obtain that ET−1 implies

BT ≤ 2

T−1∑
k=0

n∑
i=1

αk+1

n

〈
ωu
i,k+1, ηk

〉
︸ ︷︷ ︸

①

+2

T−1∑
k=0

n∑
i=1

αk+1

n

〈
ωb
i,k+1, ηk

〉
︸ ︷︷ ︸

②

+8

T−1∑
k=0

n∑
i=1

α2
k+1

n2

(∥∥ωu
i,k+1

∥∥2 − Eξki

[∥∥ωu
i,k+1

∥∥2])
︸ ︷︷ ︸

③

+8

T−1∑
k=0

n∑
i=1

α2
k+1

n2
Eξk

[∥∥ωu
i,k+1

∥∥2]
︸ ︷︷ ︸

④

+8

T−1∑
k=0

n∑
i=1

α2
k+1

n

∥∥ωb
i,k+1

∥∥2
︸ ︷︷ ︸

⑤

+8

T−1∑
k=0

n∑
j=2

α2
k+1

n2

〈
j−1∑
i=1

ωu
i,k+1, ω

u
j,k+1

〉
︸ ︷︷ ︸

⑥

. (159)
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To finish the proof, it remains to estimate ①,②,③,④,⑤,⑥ with high probability. More precisely, the goal to prove that
① + ② + ③ + ④ + ⑤ + ⑥ ≤ M with high probability. Before we proceed, we need to derive several useful inequalities
related to ωu

i,k+1, ω
b
i,k+1. First of all, we have

∥ωu
i,k+1∥ ≤ 2λk. (160)

by definition of the clipping operator. Next, probability event ET−1 implies that for t = 0 we have x1 = x0 and

∥∇fi(x
1)− h0

i ∥ ≤ ∥∇fi(x
0)−∇fi(x

⋆)∥+ ∥h0
i − h∗

i ∥

smooth
≤ L∥x0 − x∗∥+

√
n

Cα̃1

√√√√C2α̃2
1

1

n

n∑
i=1

∥h0
i − h∗

i ∥2

≤
(
2(K0 + 2)

aα̃1
+

√
n

Cα̃1

)√
M

(143),(144)
≤ λ0

2
. (161)

Next, for t = 1, . . . , T − 1 event ET−1 implies

∥∇fi(x
t+1)− ht

i∥ ≤ ∥∇fi(x
t+1)−∇fi(y

t)∥+ ∥∇fi(y
t)−∇fi(x

⋆)∥+ ∥ht
i − h∗

i ∥
≤ L∥xt+1 − yt∥+

√
2L (fi(yt)− fi(x∗)− ⟨∇fi(x⋆), yt − x⋆⟩)

(∗)
≤ L∥xt+1 − yt∥+

√
2nL (Φ(yt)− Φ(x∗)) +

√√√√ n∑
i=1

∥ht
i − h∗

i ∥2 (162)

(155)
≤ Lαt+1

At
∥xt+1 − zt∥+

√
12anL2M

t(t+ 3)
+

√
n

Cα̃t+1

√√√√ 1

n

n∑
i=1

∥ht
i − h∗

i ∥2

≤ 4L
√
Mαt+1

At
+

√
12anL2M

t(t+ 3)
+

√
n

Cα̃t+1

√
Mt

(144)
≤ λt

2

8 · 72Lαt+1α̃t+1 ln
10nK

β

nAt
+ 2

√
12 · 722aL2α̃2

t+1 ln
2 10nK

β

nt(t+ 3)


+
λt

2
· 288

C
√
n
ln

10nK

β

≤ λt

2
·
576aL2 max {K0 + 2, t+ 2} (t+ 2) ln 10nK

β

a2L2t(t+ 3)n

+
λt

2
·

√
12aL2 max {(K0 + 2)2, (t+ 2)2} 722 ln2 10nK

β

na2L2t(t+ 3)

+
λt

2
· 288

C
√
n
ln

10nK

β

≤ λt

2
· 9
a
max {(K0 + 2), 2} 72

n
ln

10nK

β

+
λt

2

√
3

a
max {(K0 + 2)2, 9} 722

n
ln2

10nK

β

+
λt

2
· 288

C
√
n
ln

10nK

β

(143)
≤ λt

2
, (163)

where in (∗) we use −⟨ 1n
n∑

i=1

∇fi(x
⋆), yt − x⋆⟩ ≤ Ψ(yt)−Ψ(x⋆), and in the last row we use (t+2)2

t(t+3) ≤ 9
4 for all t ≥ 1 and

C ≥ 12 · 72 ln 10nK
β .
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Therefore, Lemma B.2 and ET−1 imply

∥ωb
i,k+1∥ ≤ 2ασα

λα−1
k

, (164)

Eξki

[
∥ωu

i,k+1∥2
]

≤ 18λ2−α
k σα. (165)

Upper bound for ①. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional equal to
zero, since Eξki

[ωu
i,k+1] = 0:

Eξki

[αk+1

n

〈
ωu
i,k+1, ηk

〉]
= 0.

Moreover, for all k = 0, . . . , T − 1 random vectors
{
ωu
i,k+1⟩

}T−1

k=0
are independent. Thus, sequence{

2αk+1

n

〈
ωu
i,k+1, ηk

〉}T−1

k=0
is a martingale difference sequence. Next, the summands are bounded:

∣∣∣2αk+1

n

〈
ωu
i,k+1, ηk

〉∣∣∣ ≤ 2
αk+1

n
∥ωu

i,k+1∥ · ∥ηk∥
(160)
≤ 4

αk+1

n
λk

√
M

(144)
=

4nαk+1

√
M

72nα̃k+1 ln
10nK

β

≤
√
M

6 ln 10nK
β

def
= c. (166)

Finally, conditional variances σ2
i,k

def
= Eξki

[
4
α2

k+1

n2

〈
ωu
i,k+1, ηk

〉2]
of the summands are bounded::

σ2
i,k ≤ Eξki

[
4
α2
k+1

n2
∥ωu

i,k+1∥2 · ∥ηk∥2
]
≤ 16

α2
k+1

n2
MEξt

[
∥ωu

i,k+1∥2
]
. (167)

Applying Bernstein’s inequality (Lemma B.1) with Xi,k = 2αk+1

n

〈
ωu
i,k+1, ηk

〉
, parameter c as in (166), b = M

6 , G =

M2

63 ln 10nK
β

:

P

{
|①| > M

6
and

T−1∑
k=0

n∑
i=1

σ2
i,k ≤ M2

63 ln 10nK
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

5nK
.

The above is equivalent to

P {E①} ≥ 1− β

5nK
, for E① =

{
either

T−1∑
k=0

n∑
i=1

σ2
i,k >

M2

63 ln 10nK
β

or |①| ≤ M

6

}
. (168)

Moreover, ET−1 implies that

T−1∑
k=0

n∑
i=1

σ2
i,k

(167)
≤ 16M

T−1∑
k=0

n∑
i=1

α2
k+1

n2
Eξt

[
∥ωu

i,k+1∥2
] (165)

≤ 288σαM

T−1∑
k=0

n∑
i=1

α2
k+1

n2
λ2−α
k

(144)
≤ 288σαM2−α/2

722−α ln2−α 10nK
β

T−1∑
k=0

α2
k+1

nα−1α̃2−α
k+1

≤ 288σαM2−α/2

722−α ln2−α 10nK
β

T−1∑
k=0

αα
k+1

nα−1

≤ 288σαM2−α/2

nα−1722−α · 2αaαLα ln2−α 10nK
β

T−1∑
k=0

(k + 2)α

≤ 1

aα
· 144σ

αM2−α/2T (T + 1)α

nα−1Lα ln2−α 10nK
β

(143)
≤ M2

63 ln 10nK
β

. (169)
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Upper bound for ②. Probability event ET−1 implies

② ≤ 2

T−1∑
k=0

n∑
i=1

αk+1

n
∥ωb

i,k+1∥ · ∥ηk∥
(164)
≤ 4

√
M · 2ασα

T−1∑
k=0

αk+1

λα−1
k

(144)
≤ 16 · 72α−1M1−α/2σα

nα−1
lnα−1 10nK

β

T−1∑
k=0

max
{
αk+1α̃

α−1
k+1 , α

α
k+1

}
≤ 16 · 72α−1σαM1−α/2

2αaαLα
lnα−1 10nK

β

T−1∑
t=0

max
{
(K0 + 2)(k + 2)α−1, (k + 2)α

}
T,K0≤K

≤ 1

aα
· 12 · 16 · 72

α−1σαM1−α/2K(K + 1)α

4αLα
lnα−1 10nK

β
(143)
≤ M

6
. (170)

Upper bound for ③. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

8α2
k+1

n2
Eξki

[∥∥ωu
i,k+1

∥∥2 − Eξki

[∥∥ωu
i,k+1

∥∥2]] = 0.

Moreover, for all k = 0, . . . , T − 1 random vectors
{
ωu
i,k+1

}n

i=1
are independent. Thus, sequence{

8α2
k+1

n2

(∥∥∥ωu
i,k+1

∥∥∥2 − Eξki

[∥∥∥ωu
i,k+1

∥∥∥2])}T−1,n

k,i=0,1

is a martingale difference sequence. Next, the summands are bounded:

∣∣∣∣8α2
k+1

n2

(∥∥ωu
i,k+1

∥∥2 − Eξki

[∥∥ωu
i,k+1

∥∥2])∣∣∣∣ ≤
8α2

k+1

n2

(
∥ωu

i,k+1∥2 + Eξki

[∥∥ωu
i,k+1

∥∥2])
(160)
≤

64α2
k+1λ

2
k

n2

(144)
≤ M

9 ln 10nK
β

def
= c. (171)

Finally, conditional variances

σ̃2
i,k

def
= Eξki

[
64α4

k+1

n4

(∥∥θut+1

∥∥2 − Eξki

[∥∥ωu
k+1

∥∥2])2]
of the summands are bounded:

σ̃2
i,k

(171)
≤

8α2
k+1M

9n2 ln 10nK
β

Eξki

[∣∣∣∥∥ωu
i,k+1

∥∥2 − Eξki

[∥∥ωu
i,k+1

∥∥2]∣∣∣]
≤

16α2
k+1M

9n2
Eξki

[
∥ωu

i,k+1∥2
]
. (172)

Applying Bernstein’s inequality (Lemma B.1) with X̃i,k =
8α2

k+1

n2

(∥∥ωu
k+1

∥∥2 − Eξki

[∥∥∥ωu
i,k+1

∥∥∥2]), parameter c defined in

(171), b = M
9 , G = M2

6·92 ln 10nK
β

:

P

{
|③| > M

9
and

T−1∑
k=0

n∑
i=1

σ̃2
i,k ≤ M2

6 · 92 ln 10nK
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

5nK
.

The above is equivalent to

P {E③} ≥ 1− β

5nK
, for E③ =

{
either

T−1∑
k=0

n∑
i=1

σ̃2
i,k >

M2

6 · 92 ln 10nK
β

or |③| ≤ M

9

}
. (173)
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Moreover, ET−1 implies

T−1∑
k=0

n∑
i=1

σ̃2
i,k

(172)
≤ 16

9
M

T−1∑
k=0

n∑
i=1

α2
k+1

n2
Eξki

[
∥ωu

k+1∥2
] (169)

≤ M2

6 · 92 ln 10nK
β

. (174)

Upper bound for ④. Probability event ET−1 implies

④ = 8

T−1∑
k=0

n∑
i=1

α2
k+1

n2
Eξki

[∥∥ωu
i,k+1

∥∥2] ≤ 1

M
· 8M

T−1∑
k=0

n∑
i=1

α2
k+1

n2
Eξt

[∥∥ωu
i,k+1

∥∥2]
(169)
≤ M

63 ln 10nK
β

≤ M

9
. (175)

Upper bound for ⑤. Probability event ET−1 implies

⑤ = 8

T−1∑
k=0

n∑
i=1

α2
k+1

n

∥∥ωb
i,k+1

∥∥2 ≤ 22α+3σ2α
T−1∑
k=0

α2
k+1

λ2α−2
k

(144)
=

22α+3 · 722α−2σ2α ln2α−2 10nK
β

n2α−2Mα−1

T−1∑
k=0

max
{
α2
k+1α̃

2α−2
k+1 , α2

k+1

}
=

22α+3 · 722α−2σ2α ln2α−2 10nK
β

22αa2αn2α−2L2αMα−1

T−1∑
k=0

max
{
(k + 2)2, (K0 + 2)2α−2(k + 2)2

}
≤ 1

a2α
·
8 · 722α−2σ2αK(K + 1)2α ln2α−2 10nK

β

n2α−2L2αMα−1

(143)
≤ M

6
. (176)

Upper bound for ⑥. This sum requires more refined analysis. We introduce a new vector:

χk
j =

αk+1

n

j−1∑
i=1

ωu
i,k+1, if

∥∥∥∥αk+1

n

j−1∑
i=1

ωu
i,k+1

∥∥∥∥ ≤
√
M
2 ,

0, otherwise,
(177)

Then, by definition

∥χk
j ∥ ≤

√
V

2
(178)

and

⑥ = 8

T−1∑
k=0

n∑
j=2

αk+1

n

〈
χk
j , ω

u
j,k+1

〉
︸ ︷︷ ︸

⑥′

+8

T−1∑
k=0

n∑
j=2

〈
αk+1

n

j−1∑
i=1

ωu
i,k+1 − χk

j , ω
u
j,k+1

〉
. (179)

We also note here that ET−1 implies

8

T−1∑
k=0

n∑
j=2

〈
αk+1

n

j−1∑
i=1

ωu
i,k+1 − χk

j , ω
u
j,k+1

〉
= 8

n∑
j=2

〈
αT

n

j−1∑
i=1

ωu
i,T − χT−1

j , ωu
j,T

〉
. (180)

Upper bound for ⑥′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξkj

[
8αk+1

n
⟨χk

j , ω
u
j,k+1⟩

]
=

8αk+1

n
⟨χk

j ,Eξkj

[
ωu
j,k+1

]
⟩ = 0.
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Moreover, for all k = 0, . . . , T −1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence

{
8αk+1

n ⟨χk
j , ω

u
j,k+1⟩

}T−1,n

k,j=0,2

is a martingale difference sequence. Next, the summands are bounded:∣∣∣∣8αk+1

n
⟨χk

j , ω
u
j,k+1⟩

∣∣∣∣ ≤ 8αk+1

n
∥χk

j ∥∥ωu
j,k+1∥

(160),(178)
≤ 8αk+1

n
·
√
M

2
· 2λk ≤ M

6 ln 10nK
β

def
= c. (181)

Finally, conditional variances

σ̂2
j,k

def
= Eξkj

[
64α2

k+1

n2
⟨χj

k, ω
u
j,k+1⟩2

]
of summands are bounded:

σ̂2
j,k ≤

64α2
k+1

n2
Eξkj

[
∥χk

j ∥2∥ωu
k+1∥2

]
≤

16α2
k+1M

n2
Eξkj

[
∥ωu

j,k+1∥2
]
. (182)

Applying Bernstein’s inequality (Lemma B.1) with Xj,k = 8αk+1

n

〈
χk
j , ω

u
j,k+1

〉
, constant c defined in (181), b = M

6 ,

G = M2

63 ln 10nK
β

, we get

P

|⑥′| > M

6
and

T−1∑
k=0

n∑
j=2

σ̂2
i,k ≤ M2

63 ln 10nK
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

5nK
.

The above is equivalent to

P{E⑥′} ≥ 1− β

5nK
, for E⑥′ =

either
T−1∑
k=0

n∑
j=2

σ̂2
i,l >

M2

63 ln 10nK
β

or |⑥′| M

6

 . (183)

Moreover, ET−1 implies

T−1∑
k=0

n∑
j=2

σ̂2
i,k

(182)
≤ 16M

T−1∑
k=0

n∑
j=1

α2
k+1

n2
Eξkj

[
∥ωu

j,k+1∥2
] (169)

≤ M2

63 ln 10nK
β

(184)

That is, we derive the upper bounds for ①,②,③,④,⑤,⑥. More precisely, ET−1 implies

BT

(159)
≤ ① + ② + ③ + ④ + ⑤ + ⑥,

⑥
(179),(180)

= ⑥′ + 8

n∑
j=2

〈
αT

n

j−1∑
i=1

ωu
i,T − χT−1

j , ωu
j,T

〉
,

②
(170)
≤ M

6
, ④

(175)
≤ M

9
, ⑤

(176)
≤ M

6
,

T−1∑
k=0

n∑
i=1

σ2
i,k

(169)
≤ M2

63 ln 10nK
β

,

T−1∑
k=0

n∑
i=1

σ̃2
i,k

(174)
≤ M2

6 · 92 ln 10nK
β

,

T−1∑
k=0

n∑
j=2

σ̂2
i,k

(184)
≤ M2

63 ln 10nK
β

.

In addition, we also establish (see (168), (173), (183) and our induction assumption):

P{ET−1} ≥ 1− (T − 1)β

K
,

P{E①} ≥ 1− β

5nK
, P{E③} ≥ 1− β

5nK
, P{E⑥′} ≥ 1− β

5nK
,
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where

E① =

{
either

T−1∑
k=0

n∑
i=1

σ2
i,k >

M2

63 ln 10nK
β

or |①| ≤ M

6

}
.

E③ =

{
either

T−1∑
k=0

n∑
i=1

σ̃2
i,k >

M2

6 · 92 ln 10nK
β

or |③| ≤ M

9

}
,

E⑥′ =

either
T−1∑
k=0

n∑
j=2

σ̂2
i,l >

M2

63 ln 10nK
β

or |⑥′| ≤ M

6

 .

Therefore, probability event ET−1 ∩ E① ∩ E③ ∩ E⑥′ implies

BT ≤ M

6
+

M

6
+

M

9
+

M

9
+

M

6
+

M

6

+8

T−1∑
k=0

n∑
j=2

〈
αk+1

n

j−1∑
i=1

ωu
i,k+1 − χk

j , ω
u
j,k+1

〉

≤ M + 8

n∑
j=2

〈
αT

n

j−1∑
i=1

ωu
i,T − χT−1

j , ωu
j,T

〉
. (185)

In the final part of the proof, we will show that αk+1

n

j−1∑
i=1

ωu
i,k+1 = χk

j with high probability. In particular, we consider

probability event ẼT−1,j defined as follows: inequalities∥∥∥∥∥αT

n

r−1∑
i=1

ωu
i,T

∥∥∥∥∥ ≤
√
M

2
(186)

hold for r = 2, . . . , j simultaneously. We want to show that P{ET−1 ∩ ẼT−1,j} ≥ 1− (T−1)β
K − 2jβ

5nK for all j = 2, . . . , n.
For j = 2 the statement is trivial since ∥∥∥αT

n
ωu
1,T

∥∥∥ (160)
≤ 2αTλT−1

n
≤

√
M

2
.

Next, we assume that the statement holds for some j = m− 1 < n, i.e., P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T−1)β
K+1 − 2(m−1)β

5n(K+1) .

Our goal is to prove that P{ET−1 ∩ ẼT−1,m} ≥ 1− (T−1)β
K − 2mβ

5nK . First, we consider
∥∥∥∥αT

n

m−1∑
i=1

ωu
i,T

∥∥∥∥:

∥∥∥∥∥αT

n

m−1∑
i=1

ωu
i,T

∥∥∥∥∥ =

√√√√α2
T

n2

∥∥∥∥∥
m−1∑
i=1

ωu
i,T

∥∥∥∥∥
2

=

√√√√α2
T

n2

m−1∑
i=1

∥ωu
i,T ∥2 +

2αT

n

m−1∑
i=1

〈
αT

n

i−1∑
r=1

ωu
r,T , ω

u
i,T

〉

≤

√√√√T−1∑
k=0

m−1∑
i=1

α2
k+1

n2
∥ωu

i,k+1∥2 +
2αT

n

m−1∑
i=1

〈
αT

n

i−1∑
r=1

ωu
r,T , ω

u
i,T

〉
.

Next, we introduce a new notation:

ρi,T−1 =

αT

n

i−1∑
r=1

ωu
r,T , if

∥∥∥∥αT

n

i−1∑
r=1

ωu
r,T

∥∥∥∥ ≤
√
M
2 ,

0, otherwise
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for i = 1, . . . ,m− 1 a. By definition, we have

∥ρi,T−1∥ ≤
√
M

2
(187)

for i = 1, . . . ,m− 1. Moreover, Ẽm−1 implies ρi,T−1 = αT

n

i−1∑
r=1

ωu
r,T for i = 1, . . . ,m− 1 and

∥∥∥∥∥αT

n

m−1∑
i=1

ωu
i,T

∥∥∥∥∥ ≤
√

③ + ④ + ⑦,

where

⑦ =
2αT

n

m−1∑
i=1

〈
ρi,T−1, ω

u
i,T

〉
.

It remains to estimate ⑦.

Upper bound for ⑦ . To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

EξT−1
i

[
2αT

n
⟨ρi,T−1, ω

u
i,T ⟩
]
=

2αT

n

〈
ρi,T−1,EξT−1

i
[ωu

i,T ]
〉
= 0,

since random vectors {ωu
i,T }ni=1 are independent. Thus, sequence

{
2αT

n ⟨ρi,T−1, ω
u
i,T ⟩
}m−1

i=1
is a martingale difference

sequence. Next, the summands are bounded:

∣∣∣∣2αT

n
⟨ρi,T−1, ω

u
i,T ⟩
∣∣∣∣ ≤ 2αT

n
∥ρi,T−1∥ · ∥ωu

i,T ∥
(160),(187)

≤ 2αT

n

√
MλT−1

(144)
=

M

36 ln 10nK
β

def
= c. (188)

Finally, conditional variances σ̄2
i,T−1

def
= EξT−1

i

[
4α2

T

n2 ⟨ρi,T−1, ω
u
i,T ⟩2

]
of the summands are bounded:

σ̄2
i,T−1 ≤ EξT−1

i

[
4α2

T

n2
∥ρi,T−1∥2 · ∥ωu

i,T ∥2
]

(187)
≤ α2

TM

n2
EξT−1

i

[
∥ωu

i,T ∥2
]
. (189)

Applying Bernstein’s inequality (Lemma B.1) with Xi =
2αT

n ⟨ρi,T−1, ω
u
i,T ⟩, constant c defined in (188), b = V

36 , G =
M2

65 ln 10nK
β

, we get

P

{
|⑦| > M

36
and

m−1∑
i=1

σ̄2
i,T−1 ≤ M2

65 ln 10nK
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

5nK
.

The above is equivalent to

P{E⑦} ≥ 1− β

5nK
, for E⑦ =

{
either

m−1∑
i=1

σ̄2
i,T−1 >

M2

65 ln 10nK
β

or |⑦| ≤ M

36

}
. (190)
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Moreover, ET−1 implies

m−1∑
i=1

σ̄2
i,T−1

(189)
≤

m−1∑
i=1

α2
TM

n2
EξT−1

i

[
∥ωu

i,T ∥2
] (165)

≤ 18(m− 1)
α2
T

n2
Mσαλ2−α

T−1

(144)
≤ 18(m− 1)

α2
T

n2
· n

2−αM2−α/2

722−αα̃2−α
T

lnα−2 10nK

β

m≤n,T≤K

≤ 18 · 65 α2
K

nα−1

(
σ√
M

)α

lnα−1 10nK

β
· M2

65 ln 10nK
β

≤ 1

aα
18 · 65

2α
1

nα−1

(
σ

L
√
M

)α

(K + 1)α lnα−1 10nK

β
· M2

65 ln 10nK
β

(143)
≤ M2

65 ln 10nK
β

. (191)

Putting all together we get that ET−1 ∩ ẼT−1,m−1 implies∥∥∥∥∥αT

n

m−1∑
i=1

ωu
i,T

∥∥∥∥∥ ≤
√

③ + ④ + ⑦, ④
(175)
≤ M

9
,

T−1∑
k=0

n∑
i=1

σ̃2
i,k

(174)
≤ M2

6 · 92 ln 10nK
β

,

m−1∑
i=1

σ̄2
i,T−1

(191)
≤ M2

65 ln 10nK
β

In addition, we also establish (see and our induction assumption):

P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T − 1)β

K + 1
− 2(m− 1)β

5nK
,

P{E③} ≥ 1− β

5nK
, P{E⑦} ≥ 1− β

5nK
,

where

E③ =

{
either

T−1∑
k=0

n∑
i=1

σ̃2
i,k >

M2

6 · 92 ln 10nK
β

or |④| ≤ M

9

}
,

E⑦ =

{
either

m−1∑
i=1

σ̄2
i,k >

M2

65 ln 10nK
β

or |⑦| ≤ M

36

}

Therefore, probability event ET−1 ∩ ẼT−1,m−1 ∩ E③ ∩ E⑦ implies∥∥∥∥∥αT

n

m−1∑
i=1

ωu
i,T

∥∥∥∥∥ ≤
√

M

9
+

M

9
+

M

36
≤

√
M

2
.

This implies ẼT−1,m and

P{ET−1 ∩ ẼT−1,m} ≥ P{ET−1 ∩ ẼT−1,m−1 ∩ E③ ∩ E⑦}

= 1− P
{
ET−1 ∩ ẼT−1,m−1 ∪ E③ ∪ E⑦

}
≥ 1− (T − 1)β

K
− 2mβ

5nK
.

Therefore, for all m = 2, . . . , n the statement holds and, in particular, P{ET−1 ∩ ẼT−1,n} ≥ 1− (T−1)β
K − 2β

5K . Taking
into account (185), we conclude that ET−1 ∩ ẼT−1,n ∩ E① ∩ E③ ∩ E⑥′ ∩ E⑦ implies

BT ≤ M

52



High-Probability Convergence for Composite and Distributed Optimization with Heavy-Tailed Noise

that is equivalent to (148) for t = T . Moreover,

P {ET } ≥ P
{
ET−1 ∩ ẼT−1,n ∩ E① ∩ E③ ∩ E⑥′ ∩ E⑦

}
= 1− P

{
ET−1 ∩ Ẽn ∪ E① ∪ E③ ∪ E⑥′ ∪ E⑦

}
= 1− (T − 1)β

K
− 2β

5K
− 3 · β

5nK
≥ 1− Tβ

K
.

Finally, if

a = max

{
2,

8 · 35 · 724

n
ln4

10nK

β
,
18 · 65σK 1

α (K + 1)
√
MLn

α−1
α

ln
α−1
α

10nK

β

}
,

then with probability at least 1− β

Φ(yK)− Φ(x∗) ≤ 6aLM

K(K + 3)

= max

{
12LM

K(K + 3)
,
162 · 725LM
nK(K + 3)

ln4
10nK

β
,

3 · 67σK+1
K+3√

M(Kn)
α−1
α

ln
α−1
α

10nK

β

}

= O

max

LM

K2
,
LM ln4 nK

β

nK2
,
σ
√
M ln

α−1
α nK

β

n
α−1
α K

α−1
α


 .

To get Φ(yK)− Φ(x∗) ≤ ε wit probability 1− β, K should be

O

max


√

LM

ε
,

√
LM

εn
ln2

nLM

εβ
,
1

n

(
σ
√
M

ε

) α
α−1

ln
σ
√
M

εβ




that concludes the proof.

F.2. Strongly Convex case

In this section, we provide the complete formulation of our result for R-DProx-clipped-SSTM-shift (a restarted ver-
sion for DProx-clipped-SSTM-shift) and proofs. We should mention that the results for DProx-clipped-SSTM-
shift), Theorem F.2 and Lemma F.1, can be proven in the same way if we assume that h0

i = ∇fi(x
0) and M ≥

∥x0 − x∗∥2 + C2α2
K0+1

1
n

∑n
i=1 ∥h0

i −∇fi(x
∗)∥2.

For the readers’ convenience, the method’s update rule is repeated below:

Algorithm 1 Restarted DProx-clipped-SSTM-shift (R-DProx-clipped-SSTM-shift)

Input: starting point x0, number of restarts τ , number of steps of DProx-clipped-SSTM-shift between restarts {Kt}τt=1,
stepsize parameters {at}τt=1, clipping levels {λ1

k}
K1−1
k=0 , {λ2

k}
K2−1
k=0 , . . . , {λτ

k}
Kτ−1
k=0 , smoothness constant L, the constant

{Nt}τt=1.
1: x̂0 = x0

2: for t = 1, . . . , τ do
3: Run DProx-clipped-SSTM-shift for Kt iterations with stepsize parameter at, clipping levels {λt

k}
Kt−1
k=0 , and starting

point x̂t−1. Define the output of DProx-clipped-SSTM-shift by x̂t.
4: end for

Output: x̂τ

Theorem F.3. Let Assumptions 1.1, 1.2, 1.3 with µ > 0 hold for Q = B5n
√
M (x∗), where M ≥ ∥x0 − x∗∥2 +
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C2
t α

2
N1+1

1
n

∑n
i=1 ∥h0

i −∇fi(x
∗)∥2 and R-DProx-clipped-SSTM-shift runs DProx-clipped-SSTM-shift τ times. Let

Kt =

⌈
max

{√
24LMt−1

εt
, 2 · 1015

√
LMt−1

nεt
ln

2 · 1016n
√
LMt−1τ√

εtβ
,

1

n

(
68σ
√

Mt−1

εt

) α
α−1

ln

10τ

β

(
68σ
√
Mt−1

εt

) α
α−1


1

n
5α−1
α−1

(
16 · 1024σ

√
Mt−1

εt

) α
α−1

ln
7α−1
α−1

10τ

β

(
16 · 1024σ

√
Mt−1

εt

) α
α−1

}⌉, (192)

εt =
µMt−1

4
, Mt−1 =

M

2(t−1)
, τ =

⌈
log2

µM

2ε

⌉
, ln

10nKtτ

β
≥ 1, (193)

a ≥ max

{
2,

8 · 35 · 724

n
ln4

10nKt

β
,
18 · 65σK

1
α
t (Kt + 1)

√
MtLn

α−1
α

ln
α−1
α

10nKt

β

}
, (194)

λt
k =

n
√
Mt

72α̃t
k+1 ln

10nKt

β

, (195)

for t = 1, . . . , τ , where Ct =
864
n ln 10nKt

β , Nt =
⌈
3
2C

2
t n
⌉
> 0. Then to achieve Φ(x̂τ )− Φ(x∗) ≤ ε with probability at

least 1− β R-DProx-clipped-SSTM-shift requires

O

(
max

{√
L

µ
ln

(
µM

ε

)
,

√
L

nµ
ln

(
µM

ε

)
ln5

( √
L

√
µβ
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(
µM

ε
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,

1

n

(
σ2

µε

) α
2(α−1)

ln

(
1

β

(
σ2

µε

) α
2(α−1)

ln

(
µM

ε

))
,

1

n
5α−1
α−1

(
σ2

µε

) α
2(α−1)

ln
7α−1
α−1

(
1

β

(
σ2

µε

) α
2(α−1)

ln

(
µM

ε

))})
(196)

iterations/oracle calls per worker. Moreover, with probability ≥ 1− β the iterates of R-DProx-clipped-SSTM-shift at
stage t stay in the ball B

2
√

Mt−1
(x∗).

Proof. The key idea behind the proof is similar to the one used in (Gorbunov et al., 2021; Sadiev et al., 2023). We prove by
induction that for any t = 1, . . . , τ with probability at least 1− tβ/τ inequalities

Φ(x̂l)− Φ(x∗) ≤ εl, M̂l ≤ Ml =
M

2l
(197)

hold for l = 1, . . . , t simultaneously. We recall the Lyapunov function is determined as

M̂l = ∥x̂l − x∗∥2 + C2
l (α

l
Nl+1)

2 1

n

n∑
i=1

∥∇fi(x̂
l)−∇fi(x

∗)∥2
(4)
≤ (1 + C2

l (α
l
Nl+1)

2L2)︸ ︷︷ ︸
def
=Gl

∥x̂l − x∗∥2,

where by definition of Cl, αl
Nl+1, we can estimate Gl

Gl ≤ 2max

{
1,

9 · 8646

4n4
ln6

10nKl+1τ

β

}
(198)
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Now, we prove the base of the induction. Theorem F.2 implies that with probability at least 1− β/τ

G1(Φ(x̂
1)− Φ(x∗)) ≤ G1

6a1LR
2

K1(K1 + 3)

(194)
= 2max

{
1,

9 · 8646

4n4
ln6

10nK1τ

β

}
× max

{
12LM

K1(K1 + 3)
,
162 · 725LM
nK1(K1 + 3)

ln4
10nK1τ

β
,

3 · 67σK1+1
K1+3√

M(K1n)
α−1
α

ln
α−1
α

10nK1τ

β

}

≤ max

{
24LM

K2
1

,
162 · 725 · 9 · 8646LM

nK2
1

ln10
10nK1τ

β
,

68σ
√
M ln

α−1
α 10nK1τ

β

(nK1)
α−1
α

,
81 · 51846 · σ

√
M ln

7α−1
α 10nK1τ

β

n
5α−1

α K
α−1
α

1

}
(192)
≤ ε1 =

µM

4

and, due to the strong convexity,

M̂1 ≤ G1∥x̂1 − x∗∥2 ≤ 2G1(Φ(x̂
1)− Φ(x∗))

µ
≤ M

2
= M1.

The base of the induction is proven. Now, assume that the statement holds for some t = T < τ , i.e., with probability at least
1− Tβ/τ inequalities

Φ(x̂l)− Φ(x∗) ≤ εl, M̂l ≤ Ml =
M

2l
(199)

hold for l = 1, . . . , T simultaneously. In particular, with probability at least 1 − Tβ/τ we have M̂T ≤ MT . Applying
Theorem F.2 and using union bound for probability events, we get that with probability at least 1− (T+1)β/τ

GT+1(Φ(x̂
T+1)− Φ(x∗)) ≤ GT+1

6aT+1LM
2
T

KT+1(KT+1 + 3)

(194)
= 2max

{
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9 · 8646
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ln6
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81 · 51846 · σ

√
MT ln
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α 10nKT τ
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α K
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}
(192)
≤ εT+1 =

µMT

4

and, due to the strong convexity,

M̂T+1 ≤ GT+1∥x̂T+1 − x∗∥2 ≤ 2GT+1(Φ(x̂
T+1)− Φ(x∗))

µ
≤ MT

2
= MT+1.

Thus, we finished the inductive part of the proof. In particular, with probability at least 1− β inequalities

Φ(x̂l)− Φ(x∗) ≤ εl, M̂l ≤ Ml =
M

2l

hold for l = 1, . . . , τ simultaneously, which gives for l = τ that with probability at least 1− β

Φ(x̂l)− Φ(x∗) ≤ ετ =
µMτ−1

4
=

µM

2τ+1

(193)
≤ ε.
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It remains to calculate the overall number of oracle calls during all runs of clipped-SSTM. We have

τ∑
t=1

Kt = O

(
τ∑

t=1

max

{√
LMt−1

εt
,

√
LM2

t−1

nεt
ln5

n
√
LM2

t−1τ
√
εtβ

 ,

1

n

(
σ
√
Mt−1

εt

) α
α−1

ln

 τ

β

(
σ
√
Mt−1

εt

) α
α−1

 ,

1

n
7α−1
α−1

(
σ
√
Mt−1

εt

) α
α−1

ln
5α−1
α−1

 τ

β

(
σ
√

Mt−1

εt

) α
α−1

})

= O

(
τ∑

t=1

max

{√
L

µ
,

√
L

nµ
ln

(
n
√
Lτ

√
µβ

)
,
1

n

(
σ

µ
√
Mt−1

) α
α−1

ln

 τ

β

(
σ

µ
√

Mt−1

) α
α−1

 ,

1

n
5α−1
α−1

(
σ

µ
√
Mt−1

) α
α−1

ln
7α−1
α−1

 τ

β

(
σ

µ
√

Mt−1

) α
α−1

})

= O

(
max

{
{τ

√
L

µ
, τ

√
L

nµ
ln

(
n
√
Lτ

√
µβ

)
,
1

n

τ∑
t=1

(
σ · 2t/2

µ
√
M

) α
α−1

ln

(
τ

β

(
σ · 2t/2

µ
√
M

) α
α−1

)
,

1

n
5α−1
α−1

τ∑
t=1

(
σ · 2t/2

µR

) α
α−1

ln
7α−1
α−1

(
τ

β

(
σ · 2t/2

µ
√
M

) α
α−1

)})

= O

(
max

{√
L

µ
ln

(
µM

ε

)
,

√
L

nµ
ln

(
µM

ε

)
ln5

(
n
√
L

√
µβ

ln

(
µM

ε

))
,

1

n

(
σ

µ
√
M

) α
α−1

ln

(
τ

β

(
σ · 2τ/2

µ
√
M

) α
α−1

)
τ∑

t=1

2
αt

2(α−1) ,

1

n
5α−1
α−1

(
σ

µ
√
M

) α
α−1

ln
7α−1
α−1

(
τ

β

(
σ · 2τ/2

µ
√
M

) α
α−1

)
τ∑

t=1

2
αt

2(α−1)

})

= O

(
max

{√
L

µ
ln

(
µM

ε

)
,

√
L

nµ
ln

(
µM

ε

)
ln

( √
L

√
µβ

ln

(
µR2

ε

))
,

1

n

(
σ

µ
√
M

) α
α−1

ln

(
τ

β

(
σ

µ
√
M

) α
α−1

· 2
α

2(α−1)

)
2

ατ
2(α−1) ,

1

n
5α−1
α−1

(
σ

µ
√
M

) α
α−1

ln
7α−1
α−1

(
τ

β

(
σ

µ
√
M

) α
α−1

· 2
α

2(α−1)

)
2

ατ
2(α−1)

})
.

Thus, we have

τ∑
t=1

Kt = O

(
max

{√
L

µ
ln

(
µM

ε

)
,

√
L

nµ
ln

(
µM

ε

)
ln5

( √
L

√
µβ

ln

(
µM

ε

))
,

1

n

(
σ2

µε

) α
2(α−1)

ln

(
1

β

(
σ2

µε

) α
2(α−1)

ln

(
µM

ε

))
,

1

n
5α−1
α−1

(
σ2

µε

) α
2(α−1)

ln
7α−1
α−1

(
1

β

(
σ2

µε

) α
2(α−1)

ln

(
µM

ε

))})
,

which concludes the proof.
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G. Missing Proofs for DProx-clipped-SGDA-shift

G.1. Cocoercive case

In this section, we give the complete formulations of our results for DProx-clipped-SGDA-shift and rigorous proofs. For
the readers’ convenience, the method’s update rule is repeated below:

xk+1 = proxγΨ
(
xk − γg̃k

)
, where g̃k =

1

n

n∑
i=1

g̃ki , g̃ki = hk
i + ∆̂k

i ,

hk+1
i = hk

i + ν∆̂k
i , ∆̂k

i = clip
(
Fξki

(xk)− hk
i , λk

)
.

Lemma G.1. Let Assumptions C.2, C.4 and C.5 hold for Q = B3
√
V (x

∗), where V ≥ ∥x0 − x∗∥2 +
25600γ2 ln2 48n(K+1)

β

n2

∑n
i=1 ∥Fi(x

∗)∥2 and 0 < γ ≤ 1/ℓ. If xk lies in B3
√
V (x

∗) for all k = 0, 1, . . . ,K − 1 for some
K ≥ 0, then for all u ∈ B3

√
V (x

∗) the iterates produced by DProx-clipped-SGDA-shift satisfy

⟨F (u), xK
avg − u⟩+Ψ(xK

avg)−Ψ(u) ≤ ∥x0 − u∥2 − ∥xK − u∥2

2γK
+

γ

K

K−1∑
k=0

∥ωk∥2

+
1

K

K−1∑
k=0

⟨xk − u, ωk⟩, (200)

xK
avg

def
=

1

K

K−1∑
k=0

xk+1, (201)

ωk
def
= F (xk)− g̃k. (202)

Proof. The proof of this lemma follows the proof of Theorem D.3 from (Beznosikov et al., 2023). For completeness, we
provide here the full proof. We start with the application of Lemma B.4 with x+ = xk+1, x = xk − γgk, and y = u for
arbitrary u ∈ B3

√
V (x

∗):

⟨xk+1 − xk + γg̃k, u− xk+1⟩ ≥ γ
(
Ψ(xk+1)−Ψ(u)

)
.

Rearranging the terms, we get

2γ
(
Ψ(xk+1)−Ψ(u)

)
≤ 2γ⟨g̃k, u− xk⟩+ 2⟨xk+1 − xk, u− xk⟩

+2⟨xk+1 − xk + γg̃k, xk − xk+1⟩

implying

2γ
(
⟨F (xk), xk − u⟩+Ψ(xk+1)−Ψ(u)

)
≤ 2⟨xk+1 − xk, u− xk⟩+ 2γ⟨F (xk)− g̃k, xk − u⟩

+2⟨xk+1 − xk + γg̃k, xk − xk+1⟩
= ∥xk+1 − xk∥2 + ∥xk − u∥2 − ∥xk+1 − u∥2

+2γ⟨F (xk)− g̃k, xk − u⟩
−2∥xk+1 − xk∥2 + 2γ⟨g̃k, xk − xk+1⟩

= ∥xk − u∥2 − ∥xk+1 − u∥2 − ∥xk+1 − xk∥2

+2γ⟨F (xk)− g̃k, xk − u⟩
+2γ⟨F (u), xk − xk+1⟩
+2γ⟨g̃k − F (u), xk − xk+1⟩

≤ ∥xk − u∥2 − ∥xk+1 − u∥2

+2γ⟨F (xk)− g̃k, xk − u⟩
+2γ⟨F (u), xk − xk+1⟩+ γ2∥g̃k − F (u)∥2,
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where in the last step we apply 2γ⟨g̃k −F (u), xk − xk+1⟩ ≤ γ2∥g̃k −F (u)∥2 + ∥xk − xk+1∥2. Adding 2γ⟨F (u), xk+1 −
u⟩ − 2γ⟨F (xk), xk − u⟩ to the both sides, we derive

2γ
(
⟨F (u), xk+1 − u⟩+Ψ(xk+1)−Ψ(u)

)
≤ ∥xk − u∥2 − ∥xk+1 − u∥2

+2γ⟨F (u)− g̃k, xk − u⟩+ γ2∥g̃k − F (u)∥2

= ∥xk − u∥2 − ∥xk+1 − u∥2

−2γ⟨F (xk)− F (u), xk − u⟩+ γ2∥g̃k − F (u)∥2

+2γ⟨F (xk)− g̃k, xk − u⟩
(40)
≤ ∥xk − u∥2 − ∥xk+1 − u∥2

−2γ

ℓ
∥F (xk)− F (u)∥2 + 2γ2∥F (xk)− F (u)∥2

+2γ⟨F (xk)− g̃k, xk − u⟩+ 2γ2∥F (xk)− g̃k∥2

≤ ∥xk − u∥2 − ∥xk+1 − u∥2

+2γ⟨ωk, x
k − u⟩+ 2γ2∥ωk∥2.

Next, we sum up the above inequality for k = 0, 1, . . . ,K − 1 and divide both sides by 2γK:

1

K

K−1∑
k=0

(
⟨F (u), xk+1 − u⟩+Ψ(xk+1)−Ψ(u)

)
≤ ∥x0 − u∥2 − ∥xK − u∥2

2γK
+

γ

K

K−1∑
k=0

∥ωk∥2

+
1

K

K−1∑
k=0

⟨xk − u, ωk⟩,

To finish the proof, we need to use Jensen’s inequality Ψ

(
1
K

K−1∑
k=0

xk+1

)
≤ 1

K

K−1∑
k=0

Ψ(xk+1):

⟨F (u), xK
avg − u⟩+Ψ(xK

avg)−Ψ(u) ≤ ∥x0 − u∥2 − ∥xK − u∥2

2γK
+

γ

K

K−1∑
k=0

∥ωk∥2

+
1

K

K−1∑
k=0

⟨xk − u, ωk⟩,

where xK
avg = 1

K

K−1∑
k=0

xk+1.

Theorem G.2. Let Assumptions C.2, C.4, and C.5 hold for Q = B3
√
V (x

∗), where V ≥ ∥x0 − x∗∥2 +
25600γ2 ln2 48n(K+1)

β

n2

∑n
i=1 ∥Fi(x

∗)∥2, and

0 < γ ≤ min

 1

480ℓ ln 48n(K+1)
β

,

√
V n

α−1
α

(86400)
1
α (K + 1)

1
ασ ln

α−1
α

48n(K+1)
β

 , (203)

λk ≡ λ =
n
√
V

40γ ln 48n(K+1)
β

, (204)

for some K ≥ 0 and β ∈ (0, 1]. Then, after K iterations the iterates produced by DProx-clipped-SGDA-shift with
probability at least 1− β satisfy

Gap√
V (x

K+1
avg ) ≤ 4V

γ(K + 1)
and {xk}K+1

k=0 ⊆ B3
√
V (x

∗), (205)
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where xK+1
avg is defined in (201). In particular, when γ equals the minimum from (203), then the iterates produced by

DProx-clipped-SGDA-shift after K iterations with probability at least 1− β satisfy

Gap√
V (x

K+1
avg ) = O

max

ℓV ln nK
β

K
,
σ
√
V ln

α−1
α nK

β

n
α−1
α K

α−1
α


 , (206)

meaning that to achieve Gap√
V (x

K+1
avg ) ≤ ε with probability at least 1− β DProx-clipped-SGDA-shift requires

K = O

ℓV

ε
ln

nℓV

εβ
,
1

n

(
σ
√
V

ε

) α
α−1

ln

 1

β

(
σ
√
V

ε

) α
α−1

 iterations/oracle calls. (207)

Proof. The key idea behind the proof is similar to the one used in (Gorbunov et al., 2022a; Sadiev et al., 2023): we prove by
induction that the iterates do not leave some ball and the sums decrease as 1/K+1. To formulate the statement rigorously, we
introduce probability event Ek for each k = 0, 1, . . . ,K + 1 as follows: inequalities

max
u∈B√

V (x∗)

{
∥x0 − u∥2 + 2γ

t−1∑
l=0

⟨xl − u, ωl⟩+ 2γ2
t−1∑
l=0

∥ωl∥2
}

︸ ︷︷ ︸
At

≤ 8V, (208)

∥∥∥∥∥γ
t−1∑
l=0

ωl

∥∥∥∥∥ ≤
√
V , (209)∥∥∥∥∥γ

r−1∑
i=1

ωu
i,t−1

∥∥∥∥∥ ≤
√
V

2
(210)

hold for t = 0, 1, . . . , k and r = 1, 2, . . . , n simultaneously, where

ωl = ωu
l + ωb

l , (211)

ωu
l

def
=

1

n

n∑
i=1

ωu
i,l, ωb

l
def
=

1

n

n∑
i=1

ωb
i,l, (212)

ωu
i,l

def
= Eξli

[
g̃li
]
− g̃li, ωb

i,l
def
= Fi(x

l)− Eξli

[
g̃li
]

∀ i ∈ [n]. (213)

We will prove by induction that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. The base of induction follows
immediately: for all u ∈ B√

V (x
∗) we have ∥x0 − u∥2 ≤ 2∥x0 − x∗∥2 + 2∥x∗ − u∥2 ≤ 4V < 8V and for k = 0 we have

∥γ
∑k−1

l=0 ωl∥ = 0. Next, we assume that the statement holds for k = T − 1 ≤ K, i.e., P{ET−1} ≥ 1− (T−1)β/(K+1). Let
us show that it also holds for k = T , i.e., P{ET } ≥ 1− Tβ/(K+1).

To proceed, we need to show that ET−1 implies ∥xt − x∗∥ ≤ 3
√
V for all t = 0, 1, . . . , T − 1. We will use the induction

argument as well. The base is already proven. Next, we assume that ∥xt − x∗∥ ≤ 3
√
V for all t = 0, 1, . . . , t′ for some

t′ < T − 1. This means that xt ∈ B3
√
V (x

∗) for t = 0, 1, . . . , t′ and we can apply Lemma G.1: ET−1 implies

max
u∈B√

V (x∗)

{
2γ(t′ + 1)

(
⟨F (u), xt′+1

avg − u⟩+Ψ(xt′+1
avg )−Ψ(u)

)
+ ∥xt′+1 − u∥2

}
≤ max

u∈B√
V (x∗)

{
∥x0 − u∥2 + 2γ

t∑
l=0

⟨xl − u, ωl⟩

}

+ 2γ2
t∑

l=0

∥ωl∥2

(208)
≤ 8V.

59



High-Probability Convergence for Composite and Distributed Optimization with Heavy-Tailed Noise

that gives

∥xt′+1 − x∗∥2 ≤ max
u∈B√

V (x∗)

{
2γ(t′ + 1)

(
⟨F (u), xt′

avg − u⟩+Ψ(xt′

avg)−Ψ(u)
)
+ ∥xt′+1 − u∥2

}
≤ 8V.

That is, we showed that ET−1 implies ∥xt − x∗∥ ≤ 3
√
V and

max
u∈B√

V (x∗)

{
2γt

(
⟨F (u), x̃t

avg − u⟩+Ψ(x̃t
avg)−Ψ(u)

)
+ ∥xt+1 − u∥2

}
≤ 8V (214)

for all t = 0, 1, . . . , T − 1. Before we proceed, we introduce a new notation:

ηt =

{
xt − x∗, if ∥xt − x∗∥ ≤ 3

√
V ,

0, otherwise,

for all t = 0, 1, . . . , T − 1. Random vectors {ηt}Tt=0 are bounded almost surely:

∥ηt∥ ≤ 3
√
V (215)

for all t = 0, 1, . . . , T . In addition, ηt = xt − x∗ follows from ET−1 for all t = 0, 1, . . . , T and, thus, ET−1 implies

AT
(208)
= max

u∈B√
V (x∗)

{
∥x0 − u∥2 + 2γ

T−1∑
l=0

⟨x∗ − u, ωl⟩

}
+ 2γ

T−1∑
l=0

⟨xl − x∗, ωl⟩+ 2γ2
T−1∑
l=0

∥ωl∥2

≤ 4V + 2γ max
u∈B√

V (x∗)

{〈
x∗ − u,

T−1∑
l=0

ωl

〉}
+ 2γ

T−1∑
l=0

⟨ηl, ωl⟩+ 2γ2
T−1∑
l=0

∥ωl∥2

= 4V + 2γ
√
V

∥∥∥∥∥
T−1∑
l=0

ωl

∥∥∥∥∥+ 2γ

T−1∑
l=0

⟨ηl, ωl⟩+ 2γ2
T−1∑
l=0

∥ωl∥2.

Using the notation from (211)-(213), we can rewrite ∥ωl∥2 as

∥ωl∥2 ≤ 2∥ωu
l ∥2 + 2∥ωb

l ∥2 =
2

n

∥∥∥∥∥
n∑

i=1

ωu
i,l

∥∥∥∥∥
2

+ 2∥ωb
l ∥2

=
2

n2

n∑
i=1

∥ωu
i,l∥2 +

4

n2

n∑
j=2

〈
j−1∑
i=1

ωu
i,l, ω

u
j,l

〉
+ 2∥ωb

l ∥2. (216)

Putting all together, we obtain that ET−1 implies

AT ≤ 4V + 2γ
√
V

∥∥∥∥∥
T−1∑
l=0

ωl

∥∥∥∥∥+ 2γ

n

T−1∑
l=0

n∑
i=1

⟨ηl, ωu
i,l⟩︸ ︷︷ ︸

①

+2γ

T−1∑
l=0

⟨ηl, ωb
l ⟩︸ ︷︷ ︸

②

+
4γ2

n2

T−1∑
l=0

n∑
i=1

Eξli

[
∥ωu

i,l∥2
]

︸ ︷︷ ︸
③

+
4γ2

n2

T−1∑
l=0

n∑
i=1

(
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
])

︸ ︷︷ ︸
④

+4γ2
T−1∑
l=0

∥ωb
l ∥2︸ ︷︷ ︸

⑤

+
8γ2

n2

T−1∑
l=0

n∑
j=2

〈
j−1∑
i=1

ωu
i,l, ω

u
j,l

〉
︸ ︷︷ ︸

⑥

. (217)

To finish the proof, it remains to estimate 2γ
√
V
∥∥∥∑T−1

l=0 ωl

∥∥∥ ,①,②,③,④,⑤,⑥ with high probability. More precisely, the

goal is to prove that 2γ
√
V
∥∥∥∑T−1

l=0 ωl

∥∥∥+ ① + ② + ③ + ④ + ⑤ + ⑥ ≤ 4V with high probability. Before we proceed, we

need to derive several useful inequalities related to ωu
i,l, ω

b
l . First of all, we have

∥ωu
i,l∥ ≤ 2λ (218)
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by definition of the clipping operator. Next, probability event ET−1 implies

∥Fi(x
l)∥ ≤ ∥Fi(x

l)− Fi(x
∗)∥+ ∥Fi(x

∗)∥ ≤ ℓ∥xl − x∗∥+

√√√√ n∑
i=1

∥Fi(x∗)∥2

≤ 3ℓ
√
V +

n
√
V

160γ ln 48n(K+1)
β

(203)
≤ n

√
V

80γ ln 48n(K+1)
β

(204)
=

λ

2
(219)

for l = 0, 1, . . . , T − 1 and i ∈ [n]. Therefore, Lemma B.2 and ET−1 imply∥∥ωb
l

∥∥ ≤ 1

n

n∑
i=1

∥ωb
i,l∥ ≤ 2ασα

λα−1
, (220)

Eξli

[∥∥ωu
i,l

∥∥2] ≤ 18λ2−ασα, (221)

for all l = 0, 1, . . . , T − 1 and i ∈ [n].

Upper bound for ①. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξli

[
2γ

n
⟨ηl, ωu

i,l⟩
]
=

2γ

n

〈
ηl,Eξli

[ωu
i,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence

{
2γ
n ⟨ηl, ωu

i,l⟩
}T−1,n

l,i=0,1
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ηl, ωu
i,l⟩
∣∣∣∣ ≤ 2γ

n
∥ηl∥ · ∥ωu

i,l∥
(215),(218)

≤ 12γ
√
V λ

n

(204)
≤ 3V

10 ln 48n(K+1)
β

def
= c. (222)

Finally, conditional variances σ2
i,l

def
= Eξli

[
4γ2

n2 ⟨ηl, ωu
i,l⟩2

]
of the summands are bounded:

σ2
i,l ≤ Eξli

[
4γ2

n2
∥ηl∥2 · ∥ωu

i,l∥2
]

(215)
≤ 36γ2V

n2
Eξli

[
∥ωu

i,l∥2
]
. (223)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 2γ
n ⟨ηl, ωu

i,l⟩, constant c defined in (222), b = 3V
10 , G =

3V 2

200 ln
48n(K+1)

β

, we get

P

{
|①| > 3V

10
and

T∑
l=0

n∑
i=1

σ2
i,l ≤

3V 2

200 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E①} ≥ 1− β
24n(K+1) , for E① =

{
either

T∑
l=0

n∑
i=1

σ2
i,l >

3V 2

200 ln 48n(K+1)
β

or |①| ≤ 3V

10

}
. (224)

Moreover, ET−1 implies

T∑
l=0

n∑
i=1

σ2
i,l

(223)
≤ 36γ2V

n2

T∑
l=0

n∑
i=1

Eξli

[
∥ωu

i,l∥2
]

(221),T≤K+1

≤ 648γ2V σα(K + 1)λ2−α

n

(204)
≤

648γα
√
V

4−α
σα(K + 1) lnα−2 48n(K+1)

β

402−αnα−1

(203)
≤ 3V 2

200 ln 48n(K+1)
β

. (225)
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Upper bound for ②. Probability event ET−1 implies

② ≤ 2γ

T∑
l=0

∥ηl∥ · ∥ωb
l ∥

(215),(220),T≤K+1

≤ 6 · 2αγ
√
V (K + 1)

σα

λα−1

(204)
=

6 · 40α−1 · 2α

nα−1
γασα

√
V

2−α
(K + 1) lnα−1

(
48n(K + 1)

β

)
(203)
≤ 3V

100
. (226)

Upper bound for ③. Probability event ET−1 implies

③ =
4γ2

n2

T∑
l=0

n∑
i=1

Eξli

[
∥ωu

i,l∥2
] (221),T≤K+1

≤ 72γ2λ2−ασα(K + 1)

n

(204)
≤ 72

402−αnα−1
γα

√
V

2−α
σα(K + 1) lnα−2

(
48n(K + 1)

β

)
(203)
≤ 3V

100
. (227)

Upper bound for ④. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

4γ2

n2
Eξli

[
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
]]

= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence{

4γ2

n2

(
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
])}T−1,n

l,i=0,1
is a martingale difference sequence. Next, the summands are bounded:

4γ2

n2

∣∣∣∥ωu
i,l∥2 − Eξli

[
∥ωu

i,l∥2
]∣∣∣ ≤ 4γ2

n2

(
∥ωu

i,l∥2 + Eξli

[
∥ωu

i,l∥2
]) (218)

≤ 32γ2λ2

n2

(204)
≤ V

20 ln2 48n(K+1)
β

≤ V

10 ln 48n(K+1)
β

def
= c. (228)

Finally, conditional variances

σ̃2
i,l

def
=

16γ4

n2
Eξli

[(
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
])2]

of the summands are bounded:

σ̃2
i,l

(228)
≤ γ2V

5n2 ln2 48n(K+1)
β

Eξli

[∣∣∣∥ωu
i,l∥2 − Eξli

[
∥ωu

i,l∥2
]∣∣∣] ≤ 2γ2V

5n2 ln2 48n(K+1)
β

Eξli

[
∥ωu

i,l∥2
]
. (229)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 4γ2

n2

(
∥ωu

i,l∥2 − Eξli
[∥ωu

i,l∥2]
)

, constant c defined in (228),

b = V
10 , G = V 2

600 ln
48n(K+1)

β

, we get

P

{
|④| > V

10
and

T∑
t=0

n∑
i=1

σ̃2
i,t ≤

V 2

600 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E④} ≥ 1− β
24n(K+1) , for E④ =

{
either

T∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

600 ln 48n(K+1)
β

or |④| ≤ V

10

}
. (230)
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Moreover, ET−1 implies

T∑
l=0

n∑
i=1

σ̃2
i,l

(229)
≤ 2γ2V

5n2 ln2 48n(K+1)
β

T∑
l=0

n∑
i=1

Eξli

[
∥ωu

i,l∥2
] (221),T≤K+1

≤ 36γ2V (K + 1)

5n ln 48n(K+1)
β

λ2−ασα

(204)
≤ 9 · 40α

√
2
α

2000nα−1
γα

√
V

4−α
(K + 1)σα lnα−4 48n(K + 1)

β
(203)
≤ V 2

600 ln 48n(K+1)
β

. (231)

Upper bound for ⑤. Probability event ET−1 implies

⑤ = 4γ2
T∑
l=0

∥ωb
l ∥2

(220),T≤K+1

≤ 22α+2γ2(K + 1)
σ2α

λ2α−2

(204)
=

12800α

800
γ2α(K + 1)

σ2α

n2α−2
√
V

2α−2 ln2α−2 48n(K + 1)

β

(203)
≤ V

10
. (232)

Upper bound for ⑥. This sum requires more refined analysis. We introduce new vectors:

δlj =

 γ
n

j−1∑
i=1

ωu
i,l, if

∥∥∥∥ γ
n

j−1∑
i=1

ωu
i,l

∥∥∥∥ ≤
√
V
2 ,

0, otherwise,
(233)

for all j ∈ [n] and l = 0, . . . , T − 1. Then, by definition

∥δlj∥ ≤
√
V

2
(234)

and

⑥ =
8γ

n

T−1∑
l=0

n∑
j=2

〈
δlj , ω

u
j,l

〉
︸ ︷︷ ︸

⑥′

+
8γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
. (235)

We also note here that ET−1 implies

8γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
=

8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
. (236)

Upper bound for ⑥′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξlj

[
8γ

n

〈
δlj , ω

u
j,l

〉]
=

8γ

n

〈
δlj ,Eξlj

[ωu
j,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence

{
8γ
n

〈
δlj , ω

u
j,l

〉}T−1,n

l,j=0,2
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣8γn 〈
δlj , ω

u
j,l

〉∣∣∣∣ ≤ 8γ

n

∥∥δlj∥∥ · ∥ωu
j,l∥

(234),(218)
≤ 8γ

n
·
√
V

2
· 2λ ≤ V

5 ln 48n(K+1)
β

def
= c. (237)
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Finally, conditional variances (σ′
j,l)

2 def
= Eξlj

[
64γ2

n2 ⟨δlj , ωu
j,l⟩2

]
of the summands are bounded:

(σ′
j,l)

2 ≤ Eξlj

[
64γ2

n2
∥δlj∥2 · ∥ωu

j,l∥2
]

(234)
≤ 16γ2V

n2
Eξlj

[
∥ωu

j,l∥2
]
. (238)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 8γ
n

〈
δlj , ω

u
j,l

〉
, constant c defined in (237), b = V

5 , G =

V 2

150 ln
48n(K+1)

β

, we get

P

|⑥′| > V

5
and

T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 ≤ V 2

150 ln 48n(K+1)
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑥′} ≥ 1− β

24n(K + 1)
, for E⑥′ =

either
T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 >
V 2

150 ln 48n(K+1)
β

or |⑥′| ≤ V

5

 . (239)

Moreover, ET−1 implies

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(238)
≤ 16γ2V

n2

T−1∑
l=0

n∑
j=2

Eξlj

[
∥ωu

j,l∥2
] (221),T≤K+1

≤ 288(K + 1)γ2V λ2−ασα

n

(204)
≤ 288(K + 1)γασαV 2−α

2

402−α
√
2
2−α

nα−1 ln2−α 48n(K+1)
β

(203)
≤ V 2

150 ln 48n(K+1)
β

. (240)

Upper bound for 2γ
√
V
∥∥∥∑T−1

l=0 ωt

∥∥∥. We introduce new random vectors:

ζl =

γ
l−1∑
r=0

ωr, if
∥∥∥∥γ l−1∑

r=0
ωr

∥∥∥∥ ≤
√
V ,

0, otherwise

for l = 1, 2, . . . , T − 1. With probability 1 we have

∥ζl∥ ≤
√
V . (241)

Using this and (209), we obtain that ET−1 implies

γ

∥∥∥∥∥
T−1∑
l=0

ωl

∥∥∥∥∥ =

√√√√γ2

∥∥∥∥∥
T−1∑
l=0

ωl

∥∥∥∥∥
2

=

√√√√γ2

T−1∑
l=0

∥ωl∥2 + 2γ

T−1∑
l=0

〈
γ

l−1∑
r=0

ωr, ωl

〉

=

√√√√γ2

T−1∑
l=0

∥ωl∥2 + 2γ

T−1∑
l=0

⟨ζl, ωl⟩

(217)
≤

√√√√√√1

4
(③ + ④ + ⑤ + ⑥) +

2γ

n

T−1∑
l=0

n∑
i=1

⟨ζl, ωu
i,l⟩︸ ︷︷ ︸

⑦

+2γ

T−1∑
l=0

⟨ζl, ωb
l︸ ︷︷ ︸

⑧

⟩. (242)
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Upper bound for ⑦. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξli

[
2γ

n
⟨ζl, ωu

i,l⟩
]
=

2γ

n

〈
ζl,Eξli

[ωu
i,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence

{
2γ
n ⟨ζl, ωu

i,l⟩
}T−1,n

l,i=0,1
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ζl, ωu
i,l⟩
∣∣∣∣ ≤ 2γ

n
∥ζl∥ · ∥ωu

i,l∥
(241),(218)

≤ 4γ

n
Rλ

(204)
≤ V

5 ln 48n(K+1)
β

def
= c. (243)

Finally, conditional variances σ̂2
i,l

def
= Eξli

[
4γ2

n2 ⟨ζl, ωu
i,l⟩2

]
of the summands are bounded:

σ̂2
i,l ≤ Eξli

[
4γ2

n2
∥ζl∥2 · ∥ωu

i,l∥2
]

(241)
≤ 4γ2

n2
V Eξli

[
∥ωu

i,l∥2
]
. (244)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 2γ
n ⟨ζl, ωu

i,l⟩, constant c defined in (243), b = V
5 , G =

V 2

150 ln
48n(K+1)

β

, we get

P

{
|⑦| > V

5
and

T∑
l=0

n∑
i=1

σ̂2
i,l ≤

V 2

150 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑦} ≥ 1− β
24n(K+1) for E⑦ =

{
either

T∑
l=0

n∑
i=1

σ̂2
i,l >

V 2

150 ln 48n(K+1)
β

or |⑦| ≤ V

5

}
. (245)

Moreover, ET−1 implies

T∑
l=0

n∑
i=1

σ̂2
i,l

(244)
≤ 4γ2

n2
V

T∑
l=0

Eξl
[
∥ωu

l ∥2
]

(221),T≤K+1

≤ 72γ2V σα(K + 1)λ2−α

n
(204)
≤ 9 · 20α

√
2
α

100 · nα−1
γαR4−ασα(K + 1) lnα−2 48n(K + 1)

β
(203)
≤ V 2

150 ln 48n(K+1)
β

. (246)

Upper bound for ⑧. Probability event ET−1 implies

⑧ ≤ 2γ

T∑
l=0

∥ζl∥ · ∥ωb
l ∥

(215),(220),T≤K+1

≤ 2 · 2αγR(K + 1)
σα

λα−1

(204)
=

40α
√
2
α

nα−110
√
2
γασαR2−α(K + 1) lnα−1 48n(K + 1)

β

(203)
≤ V

5
. (247)

That is, we derive the upper bounds for 2γ
√
V
∥∥∥∑T−1

l=0 ωl

∥∥∥ ,①,②,③,④,⑤,⑥. More precisely, ET−1 implies
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AT

(217)
≤ 4V + 2γ

√
V

∥∥∥∥∥
T−1∑
l=0

ωl

∥∥∥∥∥+ ① + ② + ③ + ④ + ⑤ + ⑥,

⑥
(235)
= ⑥′ +

8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
,

2γ
√
V

∥∥∥∥∥
T−1∑
l=0

ωl

∥∥∥∥∥ (242)
≤ 2

√
V

√
1

4
(③ + ④ + ⑤ + ⑥) + ⑦ + ⑧,

②
(226)
≤ 3V

100
, ③

(227)
≤ 3V

100
, ⑤

(232)
≤ V

10
, ⑧

(247)
≤ V

5
,

T−1∑
l=0

n∑
i=1

σ2
i,l

(225)
≤ 3V 2

200 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(231)
≤ V 2

600 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
i=1

σ̂2
i,l

(246)
≤ V 2

150 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
i=1

(σ′
j,l)

2
(240)
≤ V 2

150 ln 48n(K+1)
β

.

In addition, we also establish (see (224), (230), (247), (239) and our induction assumption)

P{ET−1} ≥ 1− (T − 1)β

K + 1
,

P{E①} ≥ 1− β

24n(K + 1)
, P{E④} ≥ 1− β

24n(K + 1)
,

P{E⑥′} ≥ 1− β

24n(K + 1)
, P{E⑦} ≥ 1− β

24n(K + 1)
,

where

E① =

{
either

T−1∑
l=0

n∑
i=1

σ2
i,l >

3V 2

200 ln 48n(K+1)
β

or |①| ≤ 3V

10

}
,

E④ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

600 ln 48n(K+1)
β

or |④| ≤ V

10

}
,

E⑥′ =

either
T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 >
V 2

150 ln 48n(K+1)
β

or |⑥′| ≤ V

5

 ,

E⑦ =

{
either

T−1∑
l=0

n∑
i=1

σ̂2
i,l >

V 2

150 ln 48n(K+1)
β

or |⑦| ≤ V

5

}
.

Therefore, probability event ET−1 ∩ E① ∩ E④ ∩ E⑥′ ∩ E⑦ implies
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∥∥∥∥∥γ
T−1∑
l=0

ωl

∥∥∥∥∥ ≤

√√√√1

4

(
3V

10
+

V

10
+

V

10
+

V

5

)
+

V

5
+

V

5
+

2γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉

≤
√
V +

√√√√2γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
, (248)

AT ≤ 4V + 2V + 2
√
V

√√√√2γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉

+
3V

10
+

3V

100
+

3V

100
+

V

10
+

V

5
+

V

5

+
8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉

≤ 8V + 2
√
V

√√√√2γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉

+
8γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
. (249)

In the final part of the proof, we will show that γ
n

j−1∑
i=1

ωu
i,T−1 = δT−1

j with high probability. In particular, we consider

probability event ẼT−1,j defined as follows: inequalities∥∥∥∥∥γn
r−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√
V

2
(250)

hold for r = 2, . . . , j simultaneously. We want to show that P{ET−1 ∩ ẼT−1,j} ≥ 1 − (T−1)β
K+1 − jβ

8n(K+1) for all
j = 2, . . . , n. For j = 2 the statement is trivial since∥∥∥γ

n
ωu
1,T−1

∥∥∥ (218)
≤ 2γλ

n
≤

√
V

2
.

Next, we assume that the statement holds for some j = m− 1 < n, i.e., P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T−1)β
K+1 − (m−1)β

8n(K+1) .

Our goal is to prove that P{ET−1 ∩ ẼT−1,m} ≥ 1− (T−1)β
K+1 − mβ

8n(K+1) . First, we consider
∥∥∥∥ γ
n

m−1∑
i=1

ωu
i,T−1

∥∥∥∥:

∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ =

√√√√γ2

n2

∥∥∥∥∥
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥
2

=

√√√√γ2

n2

m−1∑
i=1

∥ωu
i,T−1∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉

≤

√√√√γ2

n2

T−1∑
l=0

m−1∑
i=1

∥ωu
i,l∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉
.

Next, we introduce a new notation:

ρi,T−1 =

 γ
n

i−1∑
r=1

ωu
r,T−1, if

∥∥∥∥ γ
n

i−1∑
r=1

ωu
r,T−1

∥∥∥∥ ≤
√
V
2 ,

0, otherwise
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for i = 1, . . . ,m− 1. By definition, we have

∥ρi,T−1∥ ≤
√
V

2
(251)

for i = 1, . . . ,m− 1. Moreover, ẼT−1,m−1 implies ρi,T−1 = γ
n

i−1∑
r=1

ωu
r,T−1 for i = 1, . . . ,m− 1 and

∥∥∥∥∥γn
m−1∑
i=1

ωu
i,l

∥∥∥∥∥ ≤
√

③ + ④ + ⑨,

where

⑨ =
2γ

n

m−1∑
i=1

〈
ρi,T−1, ω

u
i,T−1

〉
.

It remains to estimate ⑨.

Upper bound for ⑨. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

EξT−1
i

[
2γ

n
⟨ρi,T−1, ω

u
i,T−1⟩

]
=

2γ

n

〈
ρi,T−1,EξTi −1[ω

u
i,T−1]

〉
= 0

since random vectors {ωu
i,T−1}ni=1 are independent. Thus, sequence

{
2γ
n ⟨ρi,T−1, ω

u
i,T−1⟩

}m−1

i=1
is a martingale difference

sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ρi,T−1, ω
u
i,T−1⟩

∣∣∣∣ ≤ 2γ

n
∥ρi,T−1∥ · ∥ωu

i,T−1∥
(251),(218)

≤ γ

n

√
V λ

(204)
≤ V

20 ln 48n(K+1)
β

def
= c. (252)

Finally, conditional variances (σ̂′
i,T−1)

2 def
= EξT−1

i

[
4γ2

n2 ⟨ρi,T−1, ω
u
i,T−1⟩2

]
of the summands are bounded:

(σ̂′
i,T−1)

2 ≤ EξT−1
i

[
4γ2

n2
∥ρi,T−1∥2 · ∥ωu

i,T−1∥2
]

(251)
≤ γ2V

n2
EξT−1

i

[
∥ωu

i,T−1∥2
]
. (253)

Applying Bernstein’s inequality (Lemma B.1) with XT−1,i =
2γ
n ⟨ρi,T−1, ω

u
i,T−1⟩, constant c defined in (252), b = V

20 ,

G = V 2

2400 ln
48n(K+1)

β

, we get

P

{
|⑨| > V

20
and

m−1∑
i=1

(σ̂′
i,T−1)

2 ≤ V 2

2400 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑨} ≥ 1− β

24n(K + 1)
, for E⑨ =

{
either

m−1∑
i=1

(σ̂′
i,T−1)

2 >
V 2

2400 ln 48n(K+1)
β

or |⑨| ≤ V

20

}
. (254)

Moreover, ET−1 implies

m−1∑
i=1

(σ̂′
i,T−1)

2
(253)
≤ γ2V

n2

n∑
i=1

Eξli

[
∥ωu

i,l∥2
] (221)

≤ 18γ2V λ2−ασα

n

(204)
≤ 18γασαV 2−α

2

402−αnα−1 ln2−α 48n(K+1)
β

(203)
≤ V 2

2400 ln 48n(K+1)
β

. (255)
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Putting all together we get that ET−1 ∩ ẼT−1,m−1 implies∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√

③ + ④ + ⑨, ③
(227)
≤ V

10
,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(231)
≤ V 2

600 ln 48n(K+1)
β

,

m−1∑
i=1

(σ̂′
i,T−1)

2 ≤ V 2

2400 ln 48n(K+1)
β

In addition, we also establish (see (230), (254) and our induction assumption)

P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T − 1)β

K + 1
− (m− 1)β

8n(K + 1)
,

P{E④} ≥ 1− β

24n(K + 1)
, P{E⑨} ≥ 1− β

24n(K + 1)
,

where

E④ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

600 ln 48n(K+1)
β

or |④| ≤ V

10

}
,

E⑨ =

{
either

m−1∑
i=1

(σ̂′
i,T−1)

2 >
V 2

2400 ln 48n(K+1)
β

or |⑩| ≤ V

20

}
.

Therefore, probability event ET−1 ∩ ẼT−1,m−1 ∩ E④ ∩ E⑨ implies∥∥∥∥∥γn
m−1∑
i=1

ωu
i,l

∥∥∥∥∥ ≤
√

V

10
+

V

10
+

V

20
=

√
V

2
.

This implies ẼT−1,m and

P{ET−1 ∩ ẼT−1,m} ≥ P{ET−1 ∩ ẼT−1,m−1 ∩ E④ ∩ E⑨}

= 1− P
{
ET−1 ∩ ẼT−1,m−1 ∪ E④ ∪ E⑨

}
≥ 1− (T − 1)β

K + 1
− mβ

8n(K + 1)
.

Therefore, for all m = 2, . . . , n the statement holds and, in particular, P{ET−1∩ ẼT−1,n} ≥ 1− (T−1)β
K+1 − β

8(K+1) . Taking

into account (248) and (249), we conclude that ET−1 ∩ ẼT−1,n implies∥∥∥∥∥γ
T−1∑
l=0

ωl

∥∥∥∥∥ ≤
√
V , AT ≤ 8V,

which is equivalent to (208) and (209) for t = T . Moreover,

P {ET } ≥ P
{
ET−1 ∩ ẼT−1,n ∩ E① ∩ E④ ∩ E⑥′ ∩ E⑦ ∩ E⑨

}
= 1− P

{
ET−1 ∩ ẼT−1,n ∪ E① ∪ E④ ∪ E⑥′ ∪ E⑦ ∪ E⑨

}
= 1− (T − 1)β

K + 1
− β

8(K + 1)
− 5 · β

8(K + 1)
≥ 1− Tβ

K + 1
.

In other words, we showed that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. For k = K + 1 we have that with
probability at least 1− β
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Gap√
V (x

K+1
avg )

(214)
≤ 4V

γ(K + 1)
.

Finally, if

γ = min

 1

480ℓ ln 48n(K+1)
β

,

(
1

86400

) 1
α

·
√
V n

α−1
α

(K + 1)
1
ασ ln

α−1
α

48n(K+1)
β


then with probability at least 1− β

Gap√
V (x

K+1
avg ) ≤ 4V

γ(K + 1)
= max

480ℓV ln 48n(K+1)
β

K + 1
,

(
86400

1

) 1
α

·
4σ

√
V ln

α−1
α

48n(K+1)
β

n
α−1
α (K + 1)

α−1
α


= O

max

ℓ
√
V ln nK

β

K
,
σ
√
V ln

α−1
α K

β

n
α−1
α K

α−1
α


 .

To get GapR(x
K+1
avg ) ≤ ε with probability at least 1− β it is sufficient to choose K such that both terms in the maximum

above are O(ε). This leads to

K = O

ℓV

ε
ln

nℓV

εβ
,
1

n

(
σ
√
V

ε

) α
α−1

ln

 1

β

(
σ
√
V

ε

) α
α−1


that concludes the proof.

G.2. Quasi-Strongly Monotone case

Lemma G.3. Let Assumptions C.3, C.4 hold for Q = B√
2V (x

∗), where V ≥ ∥x0 − x∗∥ +
9000000γ2 ln2( 48n(K+1)

β )
n2

n∑
i=1

∥Fi(x
∗)∥2, and 0 < γ ≤ 1

ℓ+18000000ν ln2( 48n(K+1)
β )ℓ/n

, ν ≤ 1

18000000 ln2( 48n(K+1)
β )

. If xk lies

in B√
2V (x

∗) for all k = 0, 1, . . . ,K for some K ≥ 0, then the iterates produced by DProx-clipped-SGDA-shift satisfy

VK+1 ≤ (1− γµ)K+1V0 +
2γ

n

K∑
k=0

n∑
i=1

(1− γµ)K−k⟨xk − x∗ − γ(F (xk)− h∗), ωi,k⟩

+
γ2

n2

K∑
k=0

n∑
i=1

(1− γµ)K−k∥ωi,k∥2 + γ2
K∑

k=0

(1− γµ)K−k∥ωk∥2, (256)

where Vk = ∥xk − x∗∥2 + 9000000γ2 ln2( 48n(K+1)
β )

n2

n∑
i=1

∥hk
i − h∗

i ∥2, h∗
i = Fi(x

∗), and ωk, ω
u
k , ω

b
k, ω

u
k,i, ω

b
k,i are defined in

(211)-(213).

Proof. Using the update rule of DProx-clipped-SGDA-shift and ωk = F (xk)− g̃k we obtain

∥xk+1 − x∗∥2 = ∥proxγΨ
(
xk − γg̃k

)
− proxγΨ (x∗ − γh∗) ∥2

≤ ∥xk − x∗ − γ(g̃k − h∗)∥2

= ∥xk − x∗∥2 − 2γ⟨xk − x∗, g̃k − h∗⟩+ γ2∥g̃k − h∗∥2

= ∥xk − x∗∥2 − 2γ⟨xk − x∗, F (xk)− h∗⟩ − 2γ2⟨F (xk)− h∗, ωk⟩
+2γ⟨xk − x∗, ωk⟩+ γ2∥F (xk)− h∗∥2 + γ2∥ωk∥2,

Next, let us recall that

hk+1
i = hk

i + ν∆̂k
i , ∆̂k

i = clip
(
Fξki

(xk)− hk
i , λk

)
, g̃ki = hk

i + ∆̂k
i , ωi,k = Fi(x

k)− g̃ki .
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Then, ∀i ∈ [n] we have

∥hk+1
i − h∗

i ∥2 = ∥hk
i − h∗

i + ν∆̂k
i ∥2 = ∥hk

i − h∗
i ∥2 + 2ν⟨hk

i − h∗
i , ∆̂

k
i ⟩+ ν2∥∆̂k

i ∥2

= ∥hk
i − h∗

i ∥2 + 2ν⟨hk
i − h∗

i , g̃
k
i − hk

i ⟩+ ν2∥g̃ki − hk
i ∥2

ν≤ 1
2

≤ ∥hk
i − h∗

i ∥2 + 2ν⟨hk
i − h∗

i , g̃
k
i − hk

i ⟩+ ν∥g̃ki − hk
i ∥2

= ∥hk
i − h∗

i ∥2 + ν⟨g̃ki − hk
i , g̃

k
i + hk

i − 2h∗
i ⟩

= (1− ν)∥hk
i − h∗

i ∥2 + ν∥g̃ki − h∗
i ∥2

≤ (1− ν)∥hk
i − h∗

i ∥2 + 2ν∥g̃ki − Fi(x
k)∥2 + 2ν∥Fi(x

k)− h∗
i ∥2

= (1− ν)∥hk
i − h∗

i ∥2 + 2ν∥ωi,k∥2 + 2ν∥Fi(x
k)− h∗

i ∥2.

Let us consider the following stepsize condition

0 < γ ≤ 1

ℓ+
18000000ν ln2( 48n(K+1)

β )ℓ
n

. (257)

Lyapunov function

Vk = ∥xk − x∗∥2 +
9000000γ2 ln2

(
48n(K+1)

β

)
n2

n∑
i=1

∥hk
i − h∗

i ∥2.

Vk+1 ≤ ∥xk − x∗∥2 − 2γ⟨xk − x∗, F (xk)− h∗⟩ − 2γ2⟨F (xk)− h∗, ωk⟩
+2γ⟨xk − x∗, ωk⟩+ γ2∥F (xk)− h∗∥2 + γ2∥ωk∥2

+
9 · 106γ2 ln2

(
48n(K+1)

β

)
n2

n∑
i=1

[
(1− ν)∥hk

i − h∗
i ∥2 + 2ν∥ωi,k∥2 + 2ν∥Fi(x

k)− h∗
i ∥2
]

(39)
≤ ∥xk − x∗∥2 + (1− ν)

9 · 106γ2 ln2
(

48n(K+1)
β

)
n2

n∑
i=1

∥hk
i − h∗

i ∥2

−2γ

1− γℓ

2
− νn

γ
·
9 · 106γ2 ln2

(
48n(K+1)

β

)
n2

ℓmax

 ⟨xk − x∗, F (xk)− h∗⟩

+
2γ

n

n∑
i=1

⟨xk − x∗ − γ(F (xk)− h∗), ωi,k⟩+ γ2∥ωk∥2 +
γ2

n2

n∑
i=1

∥ωi,k∥2

(257)
≤ ∥xk − x∗∥2 + (1− ν)

9 · 106γ2 ln2
(

48n(K+1)
β

)
n2

n∑
i=1

∥hk
i − h∗

i ∥2

−γ⟨xk − x∗, F (xk)− h∗⟩

+
2γ

n

n∑
i=1

⟨xk − x∗ − γ(F (xk)− h∗), ωi,k⟩+ γ2∥ωk∥2 +
γ2

n2

n∑
i=1

∥ωi,k∥2

(38)
≤ (1− γµ)∥xk − x∗∥2 + (1− ν)

9 · 106γ2 ln2
(

48n(K+1)
β

)
n2

n∑
i=1

∥hk
i − h∗

i ∥2

+
2γ

n

n∑
i=1

⟨xk − x∗ − γ(F (xk)− h∗), ωi,k⟩+ γ2∥ωk∥2 +
γ2

n2

n∑
i=1

∥ωi,k∥2

γ≤ ν
µ

≤ (1− γµ)Vk +
2γ

n

n∑
i=1

⟨xk − x∗ − γ(F (xk)− h∗), ωi,k⟩

+γ2∥ωk∥2 +
γ2

n2

n∑
i=1

∥ωi,k∥2.
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Unrolling the recurrence, we obtain (49).

Theorem G.4. Let Assumptions C.3, C.4, hold for Q = B√
2V (x

∗), where V ≥ ∥x0 − x∗∥ +
9000000γ2 ln2( 48n(K+1)

β )
n2

n∑
i=1

∥Fi(x
∗)∥2, and R ≥ ∥x0 − x∗∥,

0 < γ ≤ min

{
1

4096ℓ ln 48n(K+1)
β

,

√
nR

3000ζ∗ ln
48n(K+1)

β

,
ln(BK)

µ(K + 1)

}
, (258)

BK = max

2,

( √
2

3456

) 2
α

· (K + 1)
2(α−1)

α µ2V n
2(α−1)

α

σ2 ln
2(α−1)

α

(
48n(K+1)

β

)
ln2(BK)

 (259)

= O

max

2,
K

2(α−1)
α µ2V n

2(α−1)
α

σ2 ln
2(α−1)

α

(
nK
β

)
ln2

(
max

{
2, K

2(α−1)
α µ2V n

2(α−1)
α

σ2 ln
2(α−1)

α (nK
β )

})


 , (260)

λk =
n · exp(−γµ(1 + k/2))

√
V

256
√
2γ ln 48n(K+1)

β

, (261)

for some K ≥ 0 and β ∈ (0, 1]. Then, after K iterations the iterates produced by DProx-clipped-SGDA-shift with
probability at least 1− β satisfy

VK+1 ≤ 2 exp(−γµ(K + 1))V, (262)

where Vk = ∥xk − x∗∥2 +
9000000γ2 ln2( 48n(K+1)

β )
n2

n∑
i=1

∥hk
i − h∗

i ∥2, h∗
i = Fi(x

∗). In particular, V ≤ 2R2, and when

γ equals the minimum from (258), then the iterates produced by Dprox-clipped-SGDA-shift after K iterations with
probability at least 1− β satisfy

VK = O

max

R2 exp

(
− µK

ℓ ln nK
β

)
, R2 exp

(
−µ

√
nRK

ζ∗ ln
nK
β

)
,
σ2 ln

2(α−1)
α

(
nK
β

)
ln2 BK

K
2(α−1)

α µ2n
2(α−1)

α


 , (263)

meaning that to achieve VK ≤ ε with probability at least 1− β DProx-clipped-SGDA-shift requires

K = O

(
max

{
ℓ

µ
ln

(
R2

ε

)
ln

(
nℓ

µβ
ln

R2

ε

)
,

ζ∗√
nRµ

ln

(
R2

ε

)
ln

(√
nζ∗

Rµβ
ln

R2

ε

)
,

1

n

(
σ2

µ2ε

) α
2(α−1)

ln

(
1

β

(
σ2

µ2ε

) α
2(α−1)

)
ln

α
α−1 (Bε)

})
(264)

iterations/oracle calls, where

Bε = max

2,
2R2

ε ln

(
1
β

(
σ2

µ2ε

) α
2(α−1)

)
 .

Proof. The Lyapunov function has the following form

Vk = ∥xk − x∗∥2 +
9000000γ2 ln2

(
48n(K+1)

β

)
n2

n∑
i=1

∥hk
i − h∗

i ∥2.

Similar to previous results, our proof is induction-based. To formulate the statement rigorously, we introduce probability
event Ek for each k = 0, 1, . . . ,K + 1 as follows: inequalities

Vt ≤ 2 exp(−γµt)V (265)
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r−1∑
i=1

ωu
i,t−1

∥∥∥∥∥ ≤ exp

(
−γµ(t− 1)

2

) √
V

2
(266)

hold for t = 0, 1, . . . , k and r = 1, 2, . . . , n simultaneously. We will prove by induction that P{Ek} ≥ 1− kβ/(K+1) for
all k = 0, 1, . . . ,K + 1. The base of induction follows immediately by the definition of V . Next, we assume that the
statement holds for k = T − 1 ≤ K, i.e., P{ET−1} ≥ 1 − (T−1)β/(K+1). Let us show that it also holds for k = T , i.e.,
P{ET } ≥ 1− Tβ/(K+1).

Similarly to the monotone case, one can show that due to our choice of the clipping level, we have that ET−1 implies
xt ∈ B√

2n
√
V (x

∗) for t = 0, . . . , T − 1. Indeed, for t = 0, 1, . . . , T − 1 inequality (265) gives xt ∈ B√
2V (x

∗). This
means that we can apply Lemma G.3: ET−1 implies

VT ≤ (1− γµ)TV +
2γ

n

T−1∑
t=0

n∑
i=1

(1− γµ)T−1−t⟨xt − x∗ − γ(F (xt)− h∗), ωi,t⟩

+
γ2

n2

T−1∑
t=0

n∑
i=1

(1− γµ)T−1−t∥ωi,t∥2 + γ2
T−1∑
t=0

(1− γµ)T−1−t∥ωt∥2.

Before we proceed, we introduce a new notation:

ξt =

{
xt − x∗ − γ(F (xt)− h∗), if ∥xt − x∗ − γ(F (xt)− h∗)∥ ≤ 2

√
2 exp(−γµt/2)

√
V ,

0, otherwise,
(267)

for t = 0, 1, . . . , T . Random vectors {ξt}Tt=0 are bounded almost surely:

∥ξt∥ ≤ 2
√
2 exp(−γµt/2)

√
V (268)

for all t = 0, 1, . . . , T . In addition, ξt = xt − x∗ − γ(F (xt) − h∗) follows from ET−1 for all t = 0, 1, . . . , T and, thus,
ET−1 implies

VT ≤ exp(−γµT )V +
2γ

n

T−1∑
t=0

n∑
i=1

(1− γµ)T−1−t⟨ξt, ωu
i,t⟩︸ ︷︷ ︸

①

+
2γ

n

T−1∑
t=0

n∑
i=1

(1− γµ)T−1−t⟨ξt, ωb
i,t⟩︸ ︷︷ ︸

②

+
4γ2

n2

T−1∑
t=0

n∑
i=1

(1− γµ)T−1−t
[
∥ωu

i,t∥2 − Eξt [∥ωu
i,t∥2]

]
︸ ︷︷ ︸

③

+
4γ2

n2

T−1∑
t=0

n∑
i=1

(1− γµ)T−1−tEξt [∥ωu
i,t∥2]︸ ︷︷ ︸

④

+
4γ2

n

T−1∑
t=0

n∑
i=1

(1− γµ)T−1−t∥ωb
i,t∥2︸ ︷︷ ︸

⑤

+
4γ2

n2

T−1∑
t=0

n∑
j=1

(1− γµ)T−1−t

〈
j−1∑
i=1

ωu
i,t, ω

u
j,t

〉
︸ ︷︷ ︸

⑥

. (269)

To derive high-probability bounds for ①,②,③,④,⑤,⑥ we need to establish several useful inequalities related to ωu
i,t, ω

b
i,t.

First, by definition of clipping
∥ωu

i,t∥ ≤ 2λt. (270)
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Next, we notice that ET−1 implies

∥Fi(x
t)− ht

i∥ ≤ ∥Fi(x
t)− h∗

i ∥+ ∥ht
i − h∗

i ∥
(39)
≤ ℓ∥xt − x∗∥+

√√√√ n∑
i=1

∥ht
i − h∗

i ∥2

≤

ℓ+
n

3000γ ln
(

48n(K+1)
β

)
√Vt

(265)
≤

√
2

ℓ+
n

3000γ ln
(

48n(K+1)
β

)
 exp(−γµt/2)

√
V

(258),(261)
≤ λt

2
. (271)

for t = 0, 1, . . . , T − 1 and i ∈ [n]. Therefore, one can apply Lemma B.2 and get

∥∥ωb
t

∥∥ ≤ 1

n

n∑
i=1

∥ωb
i,t∥ ≤ 2ασα

λα−1
t

, (272)

Eξti

[∥∥ωu
i,t

∥∥2] ≤ 18λ2−α
t σα, (273)

for all t = 0, 1, . . . , T − 1 and i ∈ [n]. In addition, we require the following condition

ν ≤ 1

18000000 ln2
(

48n(K+1)
β

) . (274)

Upper bound for ①. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξli

[
2γ

n
(1− γµ)T−1−l⟨ξt, ωu

i,l⟩
]
=

2γ

n
exp (−γµ(T − 1− l))

〈
ξl,Eξli

[ωu
i,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence{

2γ
n exp (−γµ(T − 1− l)) ⟨ξl, ωu

i,l⟩
}T−1,n

l,i=0,1
is a martingale difference sequence. Next, the summands are bounded:∣∣∣∣2γn exp(−γµ(T − 1− l))⟨ξl, ωu

i,l⟩
∣∣∣∣ ≤ 2γ

n
exp(−γµ(T − 1− l))∥ξl∥ · ∥ωu

i,l∥

(268),(270)
≤ 8

√
2

n
γ exp(−γµ(T − 1− l/2))

√
V λl

(261)
≤ exp(−γµT )V

8 ln 48n(K+1)
β

def
= c. (275)

Finally, conditional variances σ2
i,l

def
= Eξli

[
4γ2

n2 exp (−2γµ(T − 1− l)) ⟨ξl, ωu
i,l⟩2

]
of the summands are bounded:

σ2
i,l ≤ Eξli

[
4γ2

n2
exp(−2γµ(T − 1− l))∥ξl∥2 · ∥ωu

i,l∥2
]

(268)
≤ 32γ2

n2
exp(−γµ(2T − 2− l))V Eξli

[
∥ωu

i,l∥2
]
. (276)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l =
2γ
n exp (−γµ(T − 1− l)) ⟨ξl, ωu

i,l⟩, constant c defined in (275),

b = exp(−γµT )V
8 , G = exp(−2γµT )V 2

384 ln
48n(K+1)

β

, we get

P

{
|①| > exp(−γµT )V

8
and

T−1∑
l=0

n∑
i=1

σ2
i,l ≤

exp(−2γµT )V 2

384 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.
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The above is equivalent to P{E①} ≥ 1− β
24n(K+1) for

E① =

{
either

T−1∑
l=0

n∑
i=1

σ2
i,l >

exp(−2γµT )V 2

384 ln 48n(K+1)
β

or |①| ≤ exp(−γµT )V

8

}
. (277)

Moreover, ET−1 implies

T−1∑
l=0

n∑
i=1

σ2
i,l

(276)
≤ 32γ2

n
exp(−2γµ(T − 1))V

T−1∑
l=0

Eξli

[
∥ωu

i,l∥2
]

exp(−γµl)

(273),T≤K+1

≤ 576γ2

n
exp(−2γµ(T − 1)V σα

K∑
l=0

λ2−α
l

exp(−γµl)

(261)
≤ 9(64

√
2)α√
2

γα exp(−2γµ(T − 1)
√
V

4−α
σα(K + 1) exp(γµαK2 )

nα−1 ln2−α 48n(K+1)
β

(258)
≤ exp(−2γµT )V 2

384 ln 48n(K+1)
β

. (278)

Upper bound for ②. Probability event ET−1 implies

② ≤ 2γ

n
exp(−γµ(T − 1))

T−1∑
l=0

n∑
i=1

∥ξl∥ · ∥ωb
i,l∥

exp(−γµl)

(268),(272)
≤ 22+α

√
2γ exp(−γµ(T − 1))

√
V σα

T−1∑
l=0

1

λα−1
l exp(−γµl/2)

(261),T≤K+1

≤ (128
√
2)α

16
·
γασα exp(−γµ(T − 1))(K + 1) exp

(
γµαK

2

)
exp(γµα) lnα−1 48n(K+1)

β

nα−1
√
V

α−2

(258)
≤ exp(−γµT )V

8
. (279)

Upper bound for ③. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξli

[
4γ2

n2
(1− γµ)T−1−l

[
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
]]]

= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence{

4γ2

n2 exp (−γµ(T − 1− l))
(
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
])}T−1,n

l,i=0,1
is a martingale difference sequence. Next, the summands

are bounded:

4γ2

n2
(1− γµ)T−1−l

∣∣∣∥ωu
i,l∥2 − Eξli

[
∥ωu

i,l∥2
]∣∣∣ (270)

≤ 32γ2λ2
l

n2

exp(−γµT )

exp(−γµ(1 + l))
(261)
≤ exp(−γµ(T + 1))V

256 ln2 48n(K+1)
β

≤ exp(−γµT )V

8 ln 48n(K+1)
β

def
= c. (280)

Finally, conditional variances

σ̃2
i,l

def
= Eξli

[
16γ4

n4
(1− γµ)2T−2−2l

∣∣∣∥ωu
i,l∥2 − Eξli

[
∥ωu

i,l∥2
]∣∣∣2]
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of the summands are bounded:

σ̃2
i,l

(280)
≤ 4γ2 exp(−2γµT )V

8n2 exp(−γµ(1 + l)) ln 48n(K+1)
β

Eξli

[∣∣∣∥ωu
i,l∥2 − Eξli

[
∥ωu

i,l∥2
]∣∣∣]

≤ γ2 exp(−2γµT )V

n2 exp(−γµ(1 + l)) ln 48n(K+1)
β

Eξli

[
∥ωu

i,l∥2
]
. (281)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l =
4γ2

n2 (1−γµ)T−1−l
[
∥ωu

i,l∥2 − Eξli

[
∥ωu

i,l∥2
]]

, constant c defined

in (280), b = exp(−γµT )V
8 , G = exp(−2γµT )V 2

384 ln
48n(K+1)

β

, we get

P

{
|③| > exp(−γµT )V

8
and

T−1∑
l=0

n∑
i=1

σ̃2
i,l ≤

exp(−2γµT )V 2

384 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to P{E③} ≥ 1− β
24n(K+1) for

E③ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

exp(−2γµT )V 2

384 ln 48n(K+1)
β

or |③| ≤ exp(−γµT )V

8

}
. (282)

Moreover, ET−1 implies

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(281)
≤ γ2 exp(−γµ(2T − 1))V

n2 ln 48n(K+1)
β

T−1∑
l=0

n∑
i=1

Eξli

[
∥ωu

i,l∥2
]

exp(−γµl)

(273),T≤K+1

≤ 18γ2 exp(−γµ(2T − 1))V σα

n ln 48n(K+1)
β

K∑
l=0

λ2−α
l

exp(−γµl)

(261)
≤ 9(64

√
2)α

4096
·
γα exp(−γµ(2T − 1))

√
V

4−α
σα(K + 1) exp(γµαK2 )

nα−1 ln3−α 48n(K+1)
β

(258)
≤ exp(−2γµT )V 2

384 ln 48n(K+1)
β

. (283)

Upper bound for ④. Probability event ET−1 implies

④ =
4γ2

n2

T−1∑
l=0

n∑
i=1

(1− γµ)T−1−lEξli
[∥ωu

i,l∥2]

(273)
≤ 72γ2 exp(−γµ(T − 1))σα

n

T−1∑
l=0

λ2−α
l

exp(−γµl)

(261),T≤K+1

≤ 9(64
√
2)α

1024
·
γα

√
V

2−α
exp(−γµ(T − 1))σα(K + 1) exp(γµαK2 )

nα−1 ln2−α 48n(K+1)
β

(258)
≤ exp(−γµT )V

8
. (284)
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Upper bound for ⑤. Probability event ET−1 implies

⑤ =
4γ2

n

T−1∑
l=0

n∑
i=1

(1− γµ)T−1−l∥ωb
i,l∥2

(272)
≤ 4 · 22αγ2 exp(−γµ(T − 1))σ2α

T−1∑
l=0

1

λ2α−2
l exp(−γµl)

(261),T≤K+1

≤ (128
√
2)α

2048
·
γ2α exp(−γµ(T − 3))σ2α ln2(α−1) 48n(K+1)

β (K + 1) exp(γµαK)

n2(α−1)V α−1

(258)
≤ exp(−γµT )V

8
. (285)

Upper bounds for ⑥. This sum requires more refined analysis. We introduce new vectors:

δlj =

 γ
n

j−1∑
i=1

ωu
i,l, if

∥∥∥∥ γ
n

j−1∑
i=1

ωu
i,l

∥∥∥∥ ≤ exp
(
−γµl

2

) √
V
2 ,

0, otherwise,
(286)

for all j ∈ [n] and l = 0, . . . , T − 1. Then, by definition

∥δlj∥ ≤ exp

(
−γµl

2

) √
V

2
(287)

and

⑥ =
4γ

n

T−1∑
l=0

n∑
j=2

exp (−γµ(T − 1− t))
〈
δlj , ω

u
j,l

〉
︸ ︷︷ ︸

⑥′

+
4γ

n

T−1∑
l=0

n∑
j=2

exp (−γµ(T − 1− t))

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
. (288)

We also note here that ET−1 implies

4γ

n

T−1∑
l=0

n∑
j=2

exp (−γµ(T − 1− t))

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉

=
4γ

n

n∑
j=2

exp (−γµ(T − 1− t))

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
. (289)

Upper bound for ⑥′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξlj

[
4γ

n
exp (−γµ(T − 1− l)) ⟨δlj , ωu

j,l⟩
]
=

4γ

n
exp (−γµ(T − 1− l))

〈
δlj ,Eξlj

[ωu
j,l]
〉
= 0.
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Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
j,l}nj=1 are independent. Thus, sequence{

4γ
n exp (−γµ(T − 1− l)) ⟨δlj , ωu

j,l⟩
}T−1,n

l,j=0,1
is a martingale difference sequence. Next, the summands are bounded:

∣∣∣∣4γn exp (−γµ(T − 1− l)) ⟨δlj , ωu
j,l⟩
∣∣∣∣ ≤ 4γ

n
exp (−γµ(T − 1− l)) ∥δlj∥ · ∥ωu

j,l∥

(287),(270)
≤ 4

√
V γ exp (−γµ(T − 1))

n
exp

(
γµl

2

)
λl

(261)
=

exp (−γµT )V

16
√
2 ln 48n(K+1)

β

≤ exp (−γµT )V

8 ln 48n(K+1)
β

def
= c. (290)

Finally, conditional variances (σ′
j,l)

2 def
= Eξlj

[
16γ2

n2 exp (−γµ(2T − 2− 2l)) ⟨δlj , ωu
j,l⟩2

]
of the summands are bounded:

(σ′
j,l)

2 ≤ Eξlj

[
16γ2

n2
exp (−γµ(2T − 2− 2l)) ∥δlj∥2 · ∥ωu

j,l∥2
]

(287)
≤ 4γ2V exp (−γµ (2T − 2− l))

n2
Eξlj

[
∥ωu

j,l∥2
]
. (291)

Applying Bernstein’s inequality (Lemma B.1) with Xj,l =
4γ
n exp (−γµ(T − 1− l)) ⟨δlj , ωu

j,l⟩, constant c defined in (291),

b = exp(−γµT )V
8 , G = exp(−2γµT )V 2

384 ln
48n(K+1)

β

, we get

P

|⑥′| > exp (−γµT )V

8
and

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2 ≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)

=
β

24n(K + 1)
.

The above is equivalent to P{E⑥′} ≥ 1− β
24n(K+1) for

E⑥′ =

either
T−1∑
l=0

n∑
j=2

(σ′
j,l)

2 >
exp (−2γµT )V 2

384 ln 48n(K+1)
β

or |⑥′| ≤ exp (−γµT )V

8

 . (292)

Moreover, ET−1 implies

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(291)
≤ 4γ2V exp (−γµ (2T − 2))

n2

T−1∑
l=0

exp (γµl)

n∑
i=1

Eξli

[
∥ωu

i,l∥2
]

(273),T≤K+1

≤ 72γ2V exp (−γµ (2T − 2))σα

n

T−1∑
l=0

exp (γµl)λ2−α
l

(261)
≤ 72γαV 2−α

2 exp (−2γµT )σα

(64
√
2)2−αnα−1 ln2−α 48n(K+1)

β

T−1∑
l=0

exp

(
γµlα

2

)

≤
72γαV 2−α

2 exp (−2γµT )σα(K + 1) exp
(

γµKα
2

)
(64

√
2)2−αnα−1 ln2−α 48n(K+1)

β

(258)
≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

. (293)
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That is, we derive the upper bounds for ①,②,③,④,⑤,⑥. More precisely, ET−1 implies

VT

(269)
≤ exp (γµT )V + ① + ② + ③ + ④ + ⑤ + ⑥,

⑥
(288)
= ⑥′ +

4γ

n

n∑
j=2

exp (−γµ(T − 1− t))

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
,

②
(279)
≤ exp (−γµT )V

8
, ④

(284)
≤ exp (−γµT )V

8
,

⑤
(285)
≤ exp (−γµT )V

8
,

T−1∑
l=0

n∑
i=1

σ2
i,l

(278)
≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
j=2

σ̃2
j,l

(283)
≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(293)
≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

.

In addition, we also establish (see (277), (282), (292), and our induction assumption)

P{ET−1} ≥ 1− (T − 1)β

K + 1
,

P{E①} ≥ 1− β

24n(K + 1)
, P{E③} ≥ 1− β

24n(K + 1)
, P{E⑥′} ≥ 1− β

24n(K + 1)
,

where

E① =

{
either

T−1∑
l=0

n∑
i=1

σ2
i,l >

exp (−2γµT )V 2

384 ln 48n(K+1)
β

or |①| ≤ exp (−γµT )V

8

}
,

E③ =

either
T−1∑
l=0

n∑
j=2

σ̃2
j,l >

exp (−2γµT )V 2

384 ln 48n(K+1)
β

or |③| ≤ exp (−γµT )V

8

 ,

E⑥′ =

either
T−1∑
l=0

n∑
j=2

(σ′
j,l)

2 >
exp (−2γµT )V 2

384 ln 48n(K+1)
β

or |⑥′| ≤ exp (−γµT )V

8

 .

Therefore, probability event ET−1 ∩ E① ∩ E③ ∩ E⑥′ implies

VT ≤ exp (−γµT )V

(
1 +

1

8
+

1

8
+

1

8
+

1

8
+

1

8
+

1

8

)
︸ ︷︷ ︸

<2

+
4γ

n

n∑
j=2

exp (−γµ(T − 1− t))

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
. (294)

To finish the proof, we need to show that γ
n

j−1∑
i=1

ωu
i,T−1 = δT−1

j with high probability. In particular, we consider probability

event ẼT−1,j defined as follows: inequalities∥∥∥∥∥γn
r−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤ exp

(
−γµ(T − 1)

2

) √
V

2

hold for r = 2, . . . , j simultaneously. We want to show that P{ET−1 ∩ ẼT−1,j} ≥ 1 − (T−1)β
K+1 − jβ

8n(K+1) for all
j = 2, . . . , n. For j = 2 the statement is trivial since∥∥∥γ

n
ωu
1,T−1

∥∥∥ (270)
≤ 2γλT−1

n
≤ exp

(
−γµ(T − 1)

2

) √
V

2
.
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Next, we assume that the statement holds for some j = m− 1 < n, i.e., P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T−1)β
K+1 − (m−1)β

8n(K+1) .

Our goal is to prove that P{ET−1 ∩ ẼT−1,m} ≥ 1− (T−1)β
K+1 − mβ

8n(K+1) . First, we consider
∥∥∥∥ γ
n
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∥∥∥∥∥γn
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∥∥∥∥∥ =
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n2

∥∥∥∥∥
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥
2

=

√√√√γ2

n2

m−1∑
i=1

∥ωu
i,T−1∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉

≤

√√√√γ2

n2

T−1∑
t=0

exp (−γµ(T − 1− t))

m−1∑
i=1

∥ωu
i,t∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉
.

Next, we introduce a new notation:

ρ′i,T−1 =

 γ
n

i−1∑
r=1

ωu
r,T−1, if

∥∥∥∥ γ
n

i−1∑
r=1

ωu
r,T−1

∥∥∥∥ ≤ exp
(
−γµ(T−1)

2

) √
V
2 ,

0, otherwise

for i = 1, . . . ,m− 1. By definition, we have

∥ρ′i,T−1∥ ≤ exp

(
−γµ(T − 1)

2

) √
V

2
(295)

for i = 1, . . . ,m− 1. Moreover, ẼT−1,m−1 implies ρ′i,T−1 = γ
n

i−1∑
r=1

ωu
r,T−1 for i = 1, . . . ,m− 1 and

∥∥∥∥∥γn
m−1∑
i=1

ωu
i,l

∥∥∥∥∥ ≤
√

③ + ④ + ⑦,

where

⑦ =
2γ

n

m−1∑
i=1

〈
ρ′i,T−1, ω

u
i,T−1

〉
.

It remains to estimate ⑨.

Upper bound for ⑦. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

EξT−1
i

[
2γ

n
⟨ρ′i,T−1, ω

u
i,T−1⟩

]
=

2γ

n

〈
ρ′i,T−1,EξT−1

i
[ωu

i,T−1]
〉
= 0.

Thus, sequence
{

2γ
n ⟨ρ′i,T−1, ω

u
i,T−1⟩

}n
i=1

is a martingale difference sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ρ′i,T−1, ω
u
i,T−1⟩

∣∣∣∣ ≤ 2γ

n
∥ρ′i,T−1∥ · ∥ωu

i,T−1∥

(295),(270)
≤

2
√
V γ exp

(
−γµ(T−1)

2

)
n

λT−1

(261)
=

exp (−γµT )V

32
√
2 ln 48n(K+1)

β

≤ exp (−γµT )V

8 ln 48n(K+1)
β

def
= c. (296)
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Finally, conditional variances (σ̃′
i,T−1)

2 def
= EξT−1

i

[
4γ2

n2 ⟨ρ′i,T−1, ω
u
i,T−1⟩2

]
of the summands are bounded:

(σ̃′
i,T−1)

2 ≤ EξT−1
i

[
4γ2

n2
∥ρ′i,T−1∥2 · ∥ωu

i,T−1∥2
]

(295)
≤ γ2V exp (−γµ(T − 1))

n2
EξT−1

i

[
∥ωu

i,T−1∥2
]
. (297)

Applying Bernstein’s inequality (Lemma B.1) with Xi =
2γ
n ⟨ρ′i,T−1, ω

u
i,T−1⟩, constant c defined in (296), b = exp(−γµT )V

8 ,

G = exp(−2γµT )V 2

384 ln
48n(K+1)

β

, we get

P

{
|⑦| > exp (−γµT )V

8
and

n∑
i=1

(σ̃′
i,T−1)

2 ≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to P{E⑦} ≥ 1− β
24n(K+1) for

E⑦ =

{
either

n∑
i=1

(σ̃′
i,T−1)

2 >
exp (−2γµT )V 2

384 ln 48n(K+1)
β

or |⑦| > exp (−γµT )V

8

}
. (298)

Moreover, ET−1 implies

n∑
i=1

(σ̃′
i,T−1)

2
(297)
≤ γ2V exp (−γµ (T − 1))

n2

n∑
i=1

EξTi −1

[
∥ωu

i,T−1∥2
]

(273)
≤ 18γ2V exp (−γµ (T − 1))σα

n
λ2−α
T−1

(261)
≤ 18γαV 2−α

2 exp (−γµ(T − 1))σα

(64
√
2)2−αnα−1 ln2−α 48n(K+1)

β

exp

(
γµ(T − 1)α

4

)
T−1≤K

≤
18γαV 2−α

2 exp (−γµ(T − 1))σα exp
(

γµKα
2

)
(64

√
2)2−αnα−1 ln2−α 48n(K+1)

β

(258)
≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

. (299)

Putting all together we get that ET−1 ∩ ẼT−1,m−1 implies∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√

③ + ④ + ⑦,

④
(284)
≤ exp (−γµT )V

8
,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(283)
≤ exp (−2γµT )V

384 ln 48n(K+1)
β

,

m−1∑
i=1

(σ̃′
i,T−1)

2 ≤ exp (−2γµT )V 2

384 ln 48n(K+1)
β

.

In addition, we also establish (see (282), (298) and our induction assumption)

P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T − 1)β

K + 1
− (m− 1)β

8n(K + 1)
,

P{E③} ≥ 1− β

24n(K + 1)
, P{E⑦} ≥ 1− β

24n(K + 1)

81



High-Probability Convergence for Composite and Distributed Optimization with Heavy-Tailed Noise

where

E③ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

exp (−2γµT )V 2

384 ln 48n(K+1)
β

or |③| ≤ exp (−γµT )V

8

}
,

E⑦ =

{
either

n∑
i=1

(σ̃′
i,T−1)

2 >
exp (−2γµT )V 2

384 ln 48n(K+1)
β

or |⑦| > exp (−γµT )V

8

}
.

Therefore, probability event ET−1 ∩ Ẽm−1 ∩ E③ ∩ E⑦ implies

∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤ exp

(
−γµ(T − 1)

2

)√
V

√
1

8
+

1

8
≤

exp
(
−γµ(T−1)

2

)√
V

2
.

This implies ẼT−1,m and

P{ET−1 ∩ ẼT−1,m} ≥ P{ET−1 ∩ ẼT−1,m−1 ∩ E⑥ ∩ E⑥′}

= 1− P
{
ET−1 ∩ ẼT−1,m−1 ∪ E⑥ ∪ E⑥′

}
≥ 1− (T − 1)β

K + 1
− mβ

8n(K + 1)
.

Therefore, for all m = 2, . . . , n the statement holds and, in particular, P{ET−1 ∩ ẼT−1,n} ≥ 1− (T−1)β
K+1 − β

8(K+1) , i.e.,

(266) holds. Taking into account (294), we conclude that ET−1 ∩ ẼT−1,n ∩ E① ∩ E③ ∩ E⑤ ∩ E⑧′ implies

VT ≤ 2 exp (−γµT )V

that is equivalent to (265) for t = T . Moreover,

P {ET } ≥ P
{
ET−1 ∩ ẼT−1,n ∩ E① ∩ E③ ∩ E⑥′

}
= 1− P

{
ET−1 ∩ Ẽn ∪ E① ∪ E③ ∪ E⑥′

}
= 1− (T − 1)β

K + 1
− β

8(K + 1)
− 3 · β

24n(K + 1)
≥ 1− Tβ

K + 1
.

In other words, we showed that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. For k = K + 1 we have that with
probability at least 1− β

∥xK+1 − x∗∥2 ≤ 2 exp(−γµ(K + 1))V.

Finally, if

γ = min

{
1

4096ℓ ln 48n(K+1)
β

,

√
nR

3000ζ∗ ln
48n(K+1)

β

,
ln(BK)

µ(K + 1)

}
,

BK = max

2,

( √
2

3456

) 2
α

· (K + 1)
2(α−1)

α µ2V n
2(α−1)

α

σ2 ln
2(α−1)

α

(
48n(K+1)

β

)
ln2(BK)



= O

max

2,
K

2(α−1)
α µ2V n

2(α−1)
α

σ2 ln
2(α−1)

α

(
nK
β

)
ln2

(
max

{
2, K

2(α−1)
α µ2V n

2(α−1)
α

σ2 ln
2(α−1)

α (nK
β )

})



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then with probability at least 1− β

∥xK+1 − x∗∥2 ≤ 2 exp(−γµ(K + 1))V

= 2V max

{
exp

(
− µ(K + 1)

4096ℓ ln 48n(K+1)
β

)
, exp

(
− µ

√
nRK

3000ζ∗ ln
48nK

β

)
,
1

BK

}

= O

max

R2 exp

(
− µK

ℓ ln nK
β

)
, R2 exp

(
−µ

√
nRK

ζ∗ ln
nK
β

)
,

σ2 ln2 BK

ln
2(1−α)

α

(
nK
β

)
K

2(α−1)
α µ2n

2(α−1)
α


 .

To get ∥xK+1 − x∗∥2 ≤ ε with probability ≥ 1− β, K should be

K = O

(
max

{
ℓ

µ
ln

(
R2

ε

)
ln

(
nℓ

µβ
ln

R2

ε

)
,

ζ∗√
nRµ

ln

(
R2

ε

)
ln

(√
nζ∗

Rµβ
ln

R2

ε

)
,

1

n

(
σ2

µ2ε

) α
2(α−1)

ln

(
1

β

(
σ2

µ2ε

) α
2(α−1)

)
ln

α
α−1 (Bε)

})
,

where

Bε = max

2,
2R2

ε ln

(
1
β

(
σ2

µ2ε

) α
2(α−1)

)
 .

This concludes the proof.
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H. Missing Proofs for DProx-clipped-SEG-shift

In this section, we give the complete formulations of our results for DProx-clipped-SEG-shift and rigorous proofs. For the
readers’ convenience, the method’s update rule is repeated below:

x̃k = proxγΨ
(
xk − γg̃k

)
, g̃k =

1

n

n∑
i=1

g̃ki , g̃ki = h̃k
i + ∆̃k

i , h̃k+1
i = h̃k

i + ν∆̃k
i ,

xk+1 = proxγΨ
(
xk − γĝk

)
, ĝk =

1

n

n∑
i=1

ĝki , ĝki = ĥk
i + ∆̂k

i , ĥk+1
i = ĥk

i + ν∆̂k
i ,

∆̃k
i = clip(Fξk1,i

(xk)− h̃k
i , λk), ∆̂k

i = clip(Fξk2,i
(x̃k)− ĥk

i , λk).

H.1. Monotone Case

The following lemma is the main “optimization” part of the analysis of DProx-clipped-SEG-shift.

Lemma H.1. Let Assumptions C.1 and C.2 hold for Q = B4n
√
V (x

∗), where V ≥ ∥x0 − x∗∥2 +
409600γ2 ln2 48n(K+1)

β

n2

∑n
i=1 ∥Fi(x

∗)∥2, and 0 < γ ≤ 1/
√
12L. If xk and x̃k lie in B4n

√
V (x

∗) for all k = 0, 1, . . . ,K
for some K ≥ 0, then for all u ∈ B4n

√
V (x

∗) the iterates produced by DProx-clipped-SEG-shift satisfy

⟨F (u), x̃K
avg − u⟩+Ψ(x̃K

avg)−Ψ(u) ≤ ∥x0 − u∥2 − ∥xK+1 − u∥2

2γ(K + 1)

+
γ

K + 1

K∑
k=0

(3∥ωk∥2 + 4∥θk∥2)

+
1

K + 1

K∑
k=0

⟨θk, xk − u⟩, (300)

x̃K
avg

def
=

1

K + 1

K∑
k=0

x̃k, (301)

θk
def
= F (x̃k)− ĝk, (302)

ωk
def
= F (xk)− g̃k. (303)

Proof. Since x̃k = proxγΨ
(
xk − γg̃k

)
and xk+1 = proxγΨ

(
xk − γĝk

)
, we have xk − γg̃k − x̃k ∈ γ∂Ψ(x̃k) and

xk − γĝk − xk+1 ∈ γ∂Ψ(xk+1). By definition of the subgradient, we have ∀u ∈ Rd

γ
(
Ψ(x̃k)−Ψ(xk+1)

)
≤ ⟨x̃k − xk + γg̃k, xk+1 − x̃k⟩,

γ
(
Ψ(xk+1)−Ψ(u)

)
≤ ⟨xk+1 − xk + γĝk, u− xk+1⟩.

Summing up the above inequalities, we get

γ
(
Ψ(x̃k)−Ψ(u)

)
≤ ⟨x̃k − xk, xk+1 − x̃k⟩+ ⟨xk+1 − xk, u− xk+1⟩

+γ⟨g̃k − ĝk, xk+1 − x̃k⟩+ γ⟨ĝk, u− x̃k⟩. (304)

Since

⟨x̃k − xk, xk+1 − x̃k⟩ =
1

2
∥xk+1 − xk∥2 − 1

2
∥x̃k − xk∥2 − 1

2
∥xk+1 − x̃k∥2,

⟨xk+1 − xk, u− xk+1⟩ =
1

2
∥xk − u∥2 − 1

2
∥xk+1 − xk∥2 − 1

2
∥xk+1 − u∥2,
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we can rewrite (304) as follows

γ
(
⟨F (x̃k), x̃k − u⟩+Ψ(x̃k)−Ψ(u)

)
≤ 1

2
∥xk − u∥2 − 1

2
∥xk+1 − u∥2 − 1

2
∥x̃k − xk∥2

−1

2
∥xk+1 − x̃k∥2 + γ⟨g̃k − ĝk, xk+1 − x̃k⟩

+γ⟨θk, x̃k − u⟩. (305)

Next, we upper-bound γ⟨g̃k − ĝk, xk+1 − x̃k⟩ using Young’s inequality, stating that ⟨a, b⟩ ≤ 1
2η∥a∥

2 + η
2∥b∥

2 for all
a, b ∈ Rd and η > 0, and Jensen’s inequality for the squared norm:

γ⟨g̃k − ĝk, xk+1 − x̃k⟩ ≤ γ2∥g̃k − ĝk∥2 + 1

4
∥xk+1 − x̃k∥2

= γ2∥F (xk)− F (x̃k)− ωk + θk∥2 +
1

4
∥xk+1 − x̃k∥2

≤ 3γ2∥F (xk)− F (x̃k)∥2 + 3γ2∥ωk∥2 + 3γ2∥θk∥2 +
1

4
∥xk+1 − x̃k∥2

(36)
≤ 3γ2L2∥xk − x̃k∥2 + 3γ2∥ωk∥2 + 3γ2∥θk∥2 +

1

4
∥xk+1 − x̃k∥2. (306)

Plugging (306) in (305), we derive for all u ∈ Rd

γ
(
⟨F (x̃k), x̃k − u⟩+Ψ(x̃k)−Ψ(u)

)
≤ 1

2
∥xk − u∥2 − 1

2
∥xk+1 − u∥2

−1

2

(
1− 6γ2L2

)
∥x̃k − xk∥2 − 1

4
∥xk+1 − x̃k∥2

+3γ2∥ωk∥2 + 3γ2∥θk∥2 + γ⟨θk, x̃k − u⟩. (307)

We notice that the above inequality does not rely on monotonicity. Next, we apply monotonicity and get that for all
u ∈ B4n

√
V (x

∗):

γ
(
⟨F (u), x̃k − u⟩+Ψ(x̃k)−Ψ(u)

)
≤ 1

2
∥xk − u∥2 − 1

2
∥xk+1 − u∥2

−1

2

(
1− 6γ2L2

)
∥x̃k − xk∥2 + γ⟨θk, x̃k − xk⟩

+3γ2∥ωk∥2 + 3γ2∥θk∥2 + γ⟨θk, xk − u⟩

≤ 1

2
∥xk − u∥2 − 1

2
∥xk+1 − u∥2

−1

2

(
1

2
− 6γ2L2

)
∥x̃k − xk∥2

+3γ2∥ωk∥2 + 4γ2∥θk∥2 + γ⟨θk, xk − u⟩,

where in the last step we apply γ⟨θk, x̃k − xk⟩ ≤ γ2∥θk∥2 + 1
4∥x̃

k − xk∥2. Since γ ≤ 1/
√
12L, we have

γ
(
⟨F (u), x̃k − u⟩+Ψ(x̃k)−Ψ(u)

)
≤ 1

2
∥xk − u∥2 − 1

2
∥xk+1 − u∥2

+3γ2∥ωk∥2 + 4γ2∥θk∥2 + γ⟨θk, xk − u⟩,

Summing up the above inequalities for k = 0, 1, . . . ,K and dividing both sides by γ(K + 1), we obtain

1

K + 1

K+1∑
k=0

(
⟨F (u), x̃k − u⟩+Ψ(x̃k)−Ψ(u)

)
≤ ∥x0 − u∥2 − ∥xK+1 − u∥2

2γ(K + 1)

+
γ

K + 1

K+1∑
k=0

(3∥ωk∥2 + 4∥θk∥2)

+
1

K + 1

K+1∑
k=0

⟨θk, xk − u⟩.
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Applying 1
K+1

n∑
i=1

⟨F (u), x̃k − u⟩ = ⟨F (u), x̃K
avg − u⟩ and Ψ(x̃K

avg)−Ψ(x∗) ≤ 1
K+1

n∑
i=1

Ψ(x̃k), we get the result.

Next, we proceed with the full statement of our main result for DProx-clipped-SEG-shift in the monotone case.

Theorem H.2 (Case 2 from Theorem C.7). Let Assumptions 1.1, C.1 and C.2 hold for Q = B4n
√
V (x

∗), where V ≥

∥x0 − x∗∥2 + 409600γ2 ln2 48n(K+1)
β

n2

∑n
i=1 ∥Fi(x

∗)∥2 and

γ ≤ min

 1

1920L ln 48n(K+1)
β

,
60

2−α
α

√
V n

α−1
α

97200
1
α (K + 1)

1
ασ ln

α−1
α

48n(K+1)
β

 , (308)

λk ≡ λ =
n
√
V

60γ ln 48n(K+1)
β

, (309)

ν = 0 (310)

for some K ≥ 1 and β ∈ (0, 1]. Then, after K iterations of DProx-clipped-SEG-shift, the following inequality holds with
probability at least 1− β:

Gap√
V (x̃

K
avg) ≤

9V

2γ(K + 1)
and {xk}K+1

k=0 ⊆ B3
√
V (x

∗), {x̃k}K+1
k=0 ⊆ B4n

√
V (x

∗), (311)

where x̃K
avg is defined in (301). In particular, when γ equals the minimum from (308), then after K iterations of DProx-

clipped-SEG-shift, we have with probability at least 1− β

Gap√
V (x̃

K
avg) = O

max

LV ln nK
β

K
,
σ
√
V ln

α−1
α nK

β

n
α−1
α K

α−1
α


 , (312)

i.e., to achieve Gap√
V (x̃

K
avg) ≤ ε with probability at least 1− β DProx-clipped-SEG-shift needs

K = O

max

LV

ε
ln

nLV

εβ
,
1

n

(
σ
√
V

ε

) α
α−1

ln
σ
√
V

εβ


 (313)

iterations/oracle calls per worker.

Proof. The key idea behind the proof is similar to the one used in (Gorbunov et al., 2022a; Sadiev et al., 2023): we prove by
induction that the iterates do not leave some ball and the sums decrease as 1/K+1. To formulate the statement rigorously, we
introduce probability event Ek for each k = 0, 1, . . . ,K + 1 as follows: inequalities

max
u∈B√

V (x∗)

{
∥x0 − u∥2 + 2γ

t−1∑
l=0

⟨xl − u, θl⟩+ γ2
t−1∑
l=0

(
8∥θl∥2 + 6∥ωl∥2

)}
︸ ︷︷ ︸

At

≤ 9V, (314)

∥∥∥∥∥γ
t−1∑
l=0

θl

∥∥∥∥∥ ≤
√
V , (315)∥∥∥∥∥γn

r−1∑
i=1

θui,t−1

∥∥∥∥∥ ≤
√
V

2
,

∥∥∥∥∥γn
r−1∑
i=1

ωu
i,t−1

∥∥∥∥∥ ≤
√
V

2
(316)
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hold for t = 0, 1, . . . , k and r = 1, 2, . . . , n simultaneously, where

θl = θul + θbl , ωl = ωu
l + ωb

l , (317)

θul
def
=

1

n

n∑
i=1

θui,l, θbl
def
=

1

n

n∑
i=1

θbi,l, ωu
l

def
=

1

n

n∑
i=1

ωu
i,l, ωb

l
def
=

1

n

n∑
i=1

ωb
i,l, (318)

θui,l
def
= Eξl2,i

[
ĝli
]
− ĝli, θbi,l

def
= Fi(x̃

l)− Eξl2,i

[
ĝli
]

∀ i ∈ [n], (319)

ωu
i,l

def
= Eξl1,i

[
g̃li
]
− g̃li, ωb

i,l
def
= Fi(x

l)− Eξl1,i

[
ĝli
]

∀ i ∈ [n]. (320)

We will prove by induction that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. The base of induction follows
immediately: for all u ∈ B√

V (x
∗) we have ∥x0 − u∥2 ≤ 2∥x0 − x∗∥2 + 2∥x∗ − u∥2 ≤ 4V < 9V and for k = 0 we

have ∥γ
∑k−1

l=0 θl∥ = 0, ∥ γ
n

∑r−1
i=1 θui,k−1∥ = ∥ γ

n

∑r−1
i=1 ωu

i,k−1∥ = 0 since θui,−1 = ωu
i,−1 = 0. Next, we assume that the

statement holds for k = T − 1 ≤ K, i.e., P{ET−1} ≥ 1 − (T−1)β/(K+1). Let us show that it also holds for k = T , i.e.,
P{ET } ≥ 1− Tβ/(K+1).

To proceed, we need to show that ET−1 implies ∥xt − x∗∥ ≤ 3
√
V for all t = 0, 1, . . . , T . We will use the induction

argument as well. The base is already proven. Next, we assume that ∥xt − x∗∥ ≤ 3
√
V for all t = 0, 1, . . . , t′ for some

t′ < T . Then

∥F (x∗)∥ =
√
∥F (x∗)∥2 ≤

√√√√ n∑
i=1

∥Fi(x∗)∥2 ≤ n
√
V

160γ ln 48n(K+1)
β

< λ (321)

and for t = 0, 1, . . . , t′

∥x̃t − x∗∥ = ∥ proxγΨ(xt − γg̃t)− proxγΨ(x
∗ − γF (x∗))∥

≤ ∥xt − x∗ − γ(g̃t − F (x∗))∥ ≤ ∥xt − x∗∥+ γ∥g̃t − F (x∗)∥

≤ ∥xt − x∗∥+ γ(∥g̃k∥+ ∥F (x∗)∥)
(309),(321)

≤ 3
√
V + 2γλ ≤ 3

√
V +

n
√
V

30 ln 48(K+1)
β

≤ 4n
√
V . (322)

This means that xt, x̃t ∈ B4n
√
V (x

∗) for t = 0, 1, . . . , t′ and we can apply Lemma H.1: ET−1 implies

max
B√

V (x∗)

{
2γ(t′ + 1)

(
⟨F (u), x̃t′

avg − u⟩+Ψ(x̃t′

avg)−Ψ(u)
)
+ ∥xt′+1 − u∥2

}
≤ max

B√
V (x∗)

{
∥x0 − u∥2 + 2γ

t−1∑
l=0

⟨xl − u, θl⟩

}

+ γ2
t−1∑
l=0

(
8∥θl∥2 + 6∥ωl∥2

)
(314)
≤ 9V

that gives

∥xt′+1 − x∗∥2 ≤ max
B√

V (x∗)

{
2γ(t′ + 1)

(
⟨F (u), x̃t′

avg − u⟩+Ψ(x̃t′

avg)−Ψ(u)
)
+ ∥xt′+1 − u∥2

}
≤ 9V.

That is, we showed that ET−1 implies ∥xt − x∗∥ ≤ 3
√
V , ∥x̃t − x∗∥ ≤ 4n

√
V and

max
B√

V (x∗)

{
2γ(t+ 1)

(
⟨F (u), x̃t

avg − u⟩+Ψ(x̃t
avg)−Ψ(u)

)
+ ∥xt+1 − u∥2

}
≤ 9V (323)
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for all t = 0, 1, . . . , T . Before we proceed, we introduce a new notation:

ηt =

{
xt − x∗, if ∥xt − x∗∥ ≤ 3

√
V ,

0, otherwise,

for all t = 0, 1, . . . , T . Random vectors {ηt}Tt=0 are bounded almost surely:

∥ηt∥ ≤ 3
√
V (324)

for all t = 0, 1, . . . , T . In addition, ηt = xt − x∗ follows from ET−1 for all t = 0, 1, . . . , T and, thus, ET−1 implies

AT
(314)
= max

u∈B√
V (x∗)

{
∥x0 − u∥2 + 2γ

T−1∑
l=0

⟨x∗ − u, θl⟩

}
+ 2γ

T−1∑
l=0

⟨xl − x∗, θl⟩

+γ2
T−1∑
l=0

(
8∥θl∥2 + 6∥ωl∥2

)
≤ 4V + 2γ max

u∈B√
V (x∗)

{〈
x∗ − u,

T−1∑
l=0

θl

〉}
+ 2γ

T−1∑
l=0

⟨ηl, θl⟩+ γ2
T−1∑
l=0

(
8∥θl∥2 + 6∥ωl∥2

)
= 4V + 2γ

√
V

∥∥∥∥∥
T−1∑
l=0

θl

∥∥∥∥∥+ 2γ

T−1∑
l=0

⟨ηl, θl⟩+ γ2
T−1∑
l=0

(
8∥θl∥2 + 6∥ωl∥2

)
.

Using the notation from (317)-(320), we can rewrite ∥θl∥2 as

∥θl∥2 ≤ 2∥θul ∥2 + 2∥θbl ∥2 =
2

n2

∥∥∥∥∥
n∑

i=1

θui,l

∥∥∥∥∥
2

+ 2∥θbl ∥2

=
2

n2

n∑
i=1

∥θui,l∥2 +
4

n2

n∑
j=2

〈
j−1∑
i=1

θui,l, θ
u
j,l

〉
+ 2∥θbl ∥2 (325)

and, similarly, it holds for ∥ωl∥2. Putting all together, we obtain that ET−1 implies

AT ≤ 4V + 2γ
√
V

∥∥∥∥∥
T−1∑
l=0

θl

∥∥∥∥∥+ 2γ

n

T−1∑
l=0

n∑
i=1

⟨ηl, θui,l⟩︸ ︷︷ ︸
①

+2γ

T−1∑
l=0

⟨ηl, θbl ⟩︸ ︷︷ ︸
②

+
2γ2

n2

T−1∑
l=0

n∑
i=1

(
8Eξl2,i

[
∥θui,l∥2

]
+ 6Eξl1,i

[
∥ωu

i,l∥2
])

︸ ︷︷ ︸
③

+
2γ2

n2

T−1∑
l=0

n∑
i=1

(
8∥θui,l∥2 + 6∥ωu

i,l∥2 − 8Eξl2,i

[
∥θui,l∥2

]
− 6Eξl1,i

[
∥ωu

i,l∥2
])

︸ ︷︷ ︸
④

+2γ2
T−1∑
l=0

(
8∥θbl ∥2 + 6∥ωb

l ∥2
)

︸ ︷︷ ︸
⑤

+
32γ2

n2

T−1∑
l=0

n∑
j=2

〈
j−1∑
i=1

θui,l, θ
u
j,l

〉
︸ ︷︷ ︸

⑥

+
24γ2

n2

T−1∑
l=0

n∑
j=2

〈
j−1∑
i=1

ωu
i,l, ω

u
j,l

〉
︸ ︷︷ ︸

⑦

. (326)
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To finish the proof, it remains to estimate 2γ
√
V
∥∥∥∑T−1

l=0 θl

∥∥∥ ,①,②,③,④,⑤,⑥,⑦ with high probability. More precisely,

the goal is to prove that 2γ
√
V
∥∥∥∑T−1

l=0 θl

∥∥∥ + ① + ② + ③ + ④ + ⑤ + ⑥ + ⑦ ≤ 5V with high probability. Before we

proceed, we need to derive several useful inequalities related to θui,l, ω
u
i,l, θ

b
l , ω

b
l . First of all, we have

∥θui,l∥ ≤ 2λ, ∥ωu
i,l∥ ≤ 2λ (327)

by definition of the clipping operator. Next, probability event ET−1 implies

∥Fi(x
l)∥ ≤ ∥Fi(x

l)− Fi(x
∗)∥+ ∥Fi(x

∗)∥
(36)
≤ L∥xl − x∗∥+

√√√√ n∑
i=1

∥Fi(x∗)∥2

≤ 3L
√
V +

n
√
V

160γ ln 48n(K+1)
β

(308)
≤ n

√
V

120γ ln 48n(K+1)
β

(309)
=

λ

2
,

∥Fi(x̃
l)∥ ≤ ∥Fi(x̃

l)− Fi(x
∗)∥+ ∥Fi(x

∗)∥
(36)
≤ L∥x̃l − x∗∥+

√√√√ n∑
i=1

∥Fi(x∗)∥2

≤ 4Ln
√
V +

n
√
V

160γ ln 48n(K+1)
β

(308)
≤ n

√
V

120γ ln 48n(K+1)
β

(309)
=

λ

2

for l = 0, 1, . . . , T − 1 and i ∈ [n]. Therefore, Lemma B.2 and ET−1 imply

∥∥θbl ∥∥ ≤ 1

n

n∑
i=1

∥θbi,l∥ ≤ 2ασα

λα−1
,
∥∥ωb

l

∥∥ ≤ 1

n

n∑
i=1

∥ωb
i,l∥ ≤ 2ασα

λα−1
, (328)

Eξl2,i

[∥∥θui,l∥∥2] ≤ 18λ2−ασα, Eξl1,i

[∥∥ωu
i,l

∥∥2] ≤ 18λ2−ασα, (329)

for all l = 0, 1, . . . , T − 1 and i ∈ [n].

Upper bound for ①. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξl2,i

[
2γ

n
⟨ηl, θui,l⟩

]
=

2γ

n

〈
ηl,Eξl2,i

[θui,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {θui,l}ni=1 are independent. Thus, sequence
{

2γ
n ⟨ηl, θui,l⟩

}T−1,n

l,i=0,1
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ηl, θui,l⟩
∣∣∣∣ ≤ 2γ

n
∥ηl∥ · ∥θui,l∥

(324),(327)
≤ 12γ

n

√
V λ

(309)
≤ 3V

10 ln 48n(K+1)
β

def
= c. (330)

Finally, conditional variances σ2
i,l

def
= Eξl2,i

[
4γ2

n2 ⟨ηl, θui,l⟩2
]

of the summands are bounded:

σ2
i,l ≤ Eξl2,i

[
4γ2

n2
∥ηl∥2 · ∥θui,l∥2

]
(324)
≤ 36γ2V

n2
Eξl2,i

[
∥θui,l∥2

]
. (331)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 2γ
n ⟨ηl, θui,l⟩, constant c defined in (330), b = 3V

10 , G =
3V 2

200 ln
48n(K+1)

β

, we get

P

{
|①| > 3V

10
and

T−1∑
l=0

n∑
i=1

σ2
i,l ≤

3V 2

200 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.
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The above is equivalent to

P{E①} ≥ 1− β

24n(K + 1)
, for E① =

{
either

T−1∑
l=0

n∑
i=1

σ2
i,l >

3V 2

200 ln 48n(K+1)
β

or |①| ≤ 3V

10

}
. (332)

Moreover, ET−1 implies

T−1∑
l=0

n∑
i=1

σ2
i,l

(331)
≤ 36γ2V

n2

T−1∑
l=0

n∑
i=1

Eξl2,i

[
∥θui,l∥2

] (329),T≤K+1

≤ 648(K + 1)γ2V λ2−ασα

n

(309)
≤ 648(K + 1)γασαV 2−α

2

602−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ 3V 2

200 ln 48n(K+1)
β

. (333)

Upper bound for ②. Probability event ET−1 implies

② ≤ 2γ

T−1∑
l=0

∥ηl∥ · ∥θbl ∥
(324),(328),T≤K+1

≤ 6 · 2α(K + 1)γ
√
V σα

λα−1

(309)
=

6 · 2α · 60α−1(K + 1)γασα lnα−1 48n(K+1)
β

nα−1V
α
2 −1

(308)
≤ 3V

100
. (334)

Upper bound for ③. Probability event ET−1 implies

16γ2

n2

T−1∑
l=0

n∑
i=1

Eξl2,i
[∥θui,l∥2]

(329),T≤K+1

≤ 288γ2(K + 1)λ2−ασα

n

(309)
=

288γα(K + 1)σαV 1−α
2

602−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ 3

100
V, (335)

12γ2

n2

T−1∑
l=0

n∑
i=1

Eξl1,i
[∥ωu

i,l∥2]
(329),T≤K+1

≤ 216γ2(K + 1)λ2−ασα

n

(309)
=

216γα(K + 1)σαV 1−α
2

602−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ 1

50
V, (336)

③
(335),(336)

≤ 1

20
V. (337)

Upper bound for ④. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

2γ2

n2
Eξl1,i,ξ

l
2,i

[
8∥θui,l∥2 + 6∥ωu

i,l∥2 − 8Eξl2,i

[
∥θui,l∥2

]
− 6Eξl1,i

[
∥ωu

i,l∥2
]]

= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {θui,l}ni=1, {ωu
i,l}ni=1 are independent. Thus, sequence{

2γ2

n2

(
8∥θui,l∥2 + 6∥ωu

i,l∥2 − 8Eξl2,i

[
∥θui,l∥2

]
− 6Eξl1,i

[
∥ωu

i,l∥2
])}T−1,n

l,i=0,1
is a martingale difference sequence. Next, the

summands are bounded:

2γ2

n2

∣∣∣8∥θui,l∥2 + 6∥ωu
i,l∥2 − 8Eξl2,i

[
∥θui,l∥2

]
− 6Eξl1,i

[
∥ωu

i,l∥2
] ∣∣∣

≤ 16γ2

n2

(
∥θui,l∥2 + Eξl2,i

[
∥θui,l∥2

])
+

12γ2

n2

(
∥ωu

i,l∥2 + Eξl1,i

[
∥ωu

i,l∥2
])

(327)
≤ 224γ2λ2

n2

(309)
≤ V

6 ln 48n(K+1)
β

def
= c. (338)
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Finally, conditional variances

σ̃2
i,l

def
=

4γ4

n4
Eξl1,i,ξ

l
2,i

[∣∣∣8∥θui,l∥2 + 6∥ωu
i,l∥2 − 8Eξl2,i

[
∥θui,l∥2

]
− 6Eξl1,i

[
∥ωu

i,l∥2
]∣∣∣2]

of the summands are bounded:

σ̃2
i,l

(338)
≤ γ2V

3n2 ln 48n(K+1)
β

Eξl1,i,ξ
l
2,i

[∣∣∣8∥θui,l∥2 + 6∥ωu
i,l∥2 − 8Eξl2,i

[
∥θui,l∥2

]
− 6Eξl1,i

[
∥ωu

i,l∥2
]∣∣∣]

≤ 4γ2V

3n2 ln 48n(K+1)
β

Eξl1,i,ξ
l
2,i

[
4∥θui,l∥2 + 3∥ωu

i,l∥2
]
. (339)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l =
2γ2

n2

(
8∥θui,l∥2 + 6∥ωu

i,l∥2 − 8Eξl2,i

[
∥θui,l∥2

]
− 6Eξl1,i

[
∥ωu

i,l∥2
])

,

constant c defined in (338), b = V
6 , G = V 2

216 ln
48n(K+1)

β

, we get

P

{
|④| > V

6
and

T−1∑
l=0

n∑
i=1

σ̃2
i,l ≤

V 2

216 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E④} ≥ 1− β

24n(K + 1)
, for E④ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

216 ln 48n(K+1)
β

or |④| ≤ V

6

}
. (340)

Moreover, ET−1 implies

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(339)
≤ 4γ2V

3n2 ln 48n(K+1)
β

T−1∑
l=0

n∑
i=1

Eξl1,i,ξ
l
2,i

[
4∥θui,l∥2 + 3∥ωu

i,l∥2
]

(329),T≤K+1

≤ 168(K + 1)γ2V λ2−ασα

n ln 48n(K+1)
β

(309)
≤ 168(K + 1)γαV 2−α

2 σα

602−αnα−1 ln3−α 48n(K+1)
β

(308)
≤ V 2

216 ln 48n(K+1)
β

. (341)

Upper bound for ⑤. Probability event ET−1 implies

⑤ = 2γ2
T−1∑
l=0

(
8∥θbl ∥2 + 6∥ωb

l ∥2
) (328),T≤K+1

≤ 28 · 22αγ2σ2α(K + 1)

λ2α−2

(309)
=

28 · 22α · 602α−2γ2ασ2α(K + 1) ln2α−2 48n(K+1)
β

n2α−2V α−1

(308)
≤ V

6
. (342)

Upper bounds for ⑥ and ⑦. These sums require more refined analysis. We introduce new vectors:

ζlj =

 γ
n

j−1∑
i=1

θui,l, if
∥∥∥∥ γ
n

j−1∑
i=1

θui,l

∥∥∥∥ ≤
√
V
2 ,

0, otherwise,
, δlj =

 γ
n

j−1∑
i=1

ωu
i,l, if

∥∥∥∥ γ
n

j−1∑
i=1

ωu
i,l

∥∥∥∥ ≤
√
V
2 ,

0, otherwise,
(343)

for all j ∈ [n] and l = 0, . . . , T − 1. Then, by definition

∥ζlj∥ ≤
√
V

2
, ∥δlj∥ ≤

√
V

2
(344)
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and

⑥ =
32γ

n

T−1∑
l=0

n∑
j=2

〈
ζlj , θ

u
j,l

〉
︸ ︷︷ ︸

⑥′

+
32γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,l − ζlj , θ
u
j,l

〉
, (345)

⑦ =
24γ

n

T−1∑
l=0

n∑
j=2

〈
δlj , ω

u
j,l

〉
︸ ︷︷ ︸

⑦′

+
24γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
. (346)

We also note here that ET−1 implies

32γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,l − ζlj , θ
u
j,l

〉
=

32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉
, (347)

24γ

n

T−1∑
l=0

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
=

24γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
. (348)

Upper bound for ⑥′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξl2,j

[
32γ

n

〈
ζlj , θ

u
j,l

〉]
=

32γ

n

〈
ζlj ,Eξl2,j

[θuj,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {θui,l}ni=1 are independent. Thus, sequence
{

32γ
n

〈
ζlj , θ

u
j,l

〉}T−1,n

l,j=0,2
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣32γn 〈
ζlj , θ

u
j,l

〉∣∣∣∣ ≤ 32γ

n

∥∥ζlj∥∥ · ∥θuj,l∥ (344),(327)
≤ 32γ

n
·
√
V

2
· 2λ

(309)
≤ 4V

5 ln 48n(K+1)
β

def
= c. (349)

Finally, conditional variances σ̂2
j,l

def
= Eξl2,j

[
1024γ2

n2 ⟨ζlj , θuj,l⟩2
]

of the summands are bounded:

σ̂2
j,l ≤ Eξl2,j

[
1024γ2

n2
∥ζlj∥2 · ∥θuj,l∥2

]
(344)
≤ 256γ2V

n2
Eξl2,j

[
∥θuj,l∥2

]
. (350)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 32γ
n

〈
ζlj , θ

u
j,l

〉
, constant c defined in (349), b = 4V

5 , G =

8V 2

75 ln
48n(K+1)

β

, we get

P

|⑥′| > 4V

5
and

T−1∑
l=0

n∑
j=2

σ̂2
i,l ≤

8V 2

75 ln 48n(K+1)
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑥′} ≥ 1− β

24n(K + 1)
, for E⑥′ =

either
T−1∑
l=0

n∑
j=2

σ̂2
i,l >

8V 2

75 ln 48n(K+1)
β

or |⑥′| ≤ 4V

5

 . (351)

Moreover, ET−1 implies

T−1∑
l=0

n∑
j=2

σ̂2
j,l

(350)
≤ 256γ2V

n2

T−1∑
l=0

n∑
j=2

Eξl2,j

[
∥θuj,l∥2

] (329),T≤K+1

≤ 4608(K + 1)γ2V λ2−ασα

n

(309)
≤ 4608(K + 1)γασαV 2−α

2

402−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ 8V 2

75 ln 48n(K+1)
β

. (352)
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Upper bound for ⑦′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξl1,j

[
24γ

n

〈
δlj , ω

u
j,l

〉]
=

24γ

n

〈
δlj ,Eξl1,j

[ωu
j,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
i,l}ni=1 are independent. Thus, sequence

{
24γ
n

〈
δlj , ω

u
j,l

〉}T−1,n

l,j=0,2
is a

martingale difference sequence. Next, the summands are bounded:

∣∣∣∣24γn 〈
δlj , ω

u
j,l

〉∣∣∣∣ ≤ 24γ

n

∥∥δlj∥∥ · ∥ωu
j,l∥

(344),(327)
≤ 24γ

n
·
√
V

2
· 2λ

(309)
≤ 3V

5 ln 48n(K+1)
β

def
= c. (353)

Finally, conditional variances (σ′
j,l)

2 def
= Eξl1,j

[
576γ2

n2 ⟨δlj , ωu
j,l⟩2

]
of the summands are bounded:

(σ′
j,l)

2 ≤ Eξl1,j

[
576γ2

n2
∥δlj∥2 · ∥ωu

j,l∥2
]

(344)
≤ 144γ2V

n2
Eξl1,j

[
∥ωu

j,l∥2
]
. (354)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 24γ
n

〈
δlj , ω

u
j,l

〉
, constant c defined in (353), b = 3V

5 , G =

3V 2

50 ln
48n(K+1)

β

, we get

P

|⑦′| > 3V

5
and

T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 ≤ 3V 2

50 ln 48n(K+1)
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑦′} ≥ 1− β

24n(K + 1)
, for E⑦′ =

either
T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 >
3V 2

50 ln 48n(K+1)
β

or |⑦′| ≤ 3V

5

 . (355)

Moreover, ET−1 implies

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(354)
≤ 144γ2V

n2

T−1∑
l=0

n∑
j=2

Eξl1,j

[
∥ωu

j,l∥2
] (329),T≤K+1

≤ 2592(K + 1)γ2V λ2−ασα

n

(309)
≤ 2592(K + 1)γασαV 2−α

2

602−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ 3V 2

50 ln 48n(K+1)
β

. (356)

Upper bound for 2γ
√
V
∥∥∥∑T−1

l=0 θl

∥∥∥. We introduce new random vectors:

η′l =

γ
l−1∑
r=0

θr, if
∥∥∥∥γ l−1∑

r=0
θr

∥∥∥∥ ≤
√
V ,

0, otherwise

for l = 1, 2, . . . , T − 1. With probability 1 we have

∥ζ ′l∥ ≤
√
V . (357)
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Using this and (315), we obtain that ET−1 implies

2γ
√
V

∥∥∥∥∥
T−1∑
l=0

θl

∥∥∥∥∥ = 2
√
V

√√√√γ2

∥∥∥∥∥
T−1∑
l=0

θl

∥∥∥∥∥
2

= 2
√
V

√√√√γ2

T−1∑
l=0

∥θl∥2 + 2γ

T−1∑
l=0

〈
γ

l−1∑
r=0

θr, θl

〉

= 2
√
V

√√√√γ2

T−1∑
l=0

∥θl∥2 + 2γ

T−1∑
l=0

⟨ζ ′l , θl⟩

(319)
≤ 2

√
V

√√√√√√③ + ④ + ⑤ + ⑥

8
+

2γ

n

T−1∑
l=0

n∑
i=1

⟨ζ ′l , θui,l⟩︸ ︷︷ ︸
⑧

+2γ

T−1∑
l=0

⟨ζ ′l , θbl︸ ︷︷ ︸
⑨

⟩. (358)

Upper bound for ⑧. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξl2,i

[
2γ

n
⟨ζ ′l , θui,l⟩

]
=

2γ

n

〈
ζ ′l ,Eξl2,i

[θui,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {θui,l}ni=1 are independent. Thus, sequence
{

2γ
n ⟨ζ ′l , θui,l⟩

}T−1,n

l,i=0,1
is a

martingale difference sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ζ ′l , θui,l⟩
∣∣∣∣ ≤ 2γ

n
∥ζ ′l∥ · ∥θui,l∥

(357),(327)
≤ 4γ

n

√
V λ

(309)
≤ V

10 ln 48n(K+1)
β

def
= c. (359)

Finally, conditional variances (σ̃′
i,l)

2 def
= Eξl2,i

[
4γ2

n2 ⟨ζ ′l , θui,l⟩2
]

of the summands are bounded:

(σ̃′
i,l)

2 ≤ Eξl2,i

[
4γ2

n2
∥ζ ′l∥2 · ∥θui,l∥2

]
(357)
≤ 4γ2V

n2
Eξl2,i

[
∥θui,l∥2

]
. (360)

Applying Bernstein’s inequality (Lemma B.1) with Xi,l = 2γ
n ⟨ζ ′l , θui,l⟩, constant c defined in (359), b = V

10 , G =
V 2

600 ln
48n(K+1)

β

, we get

P

{
|⑧| > V

10
and

T−1∑
l=0

n∑
i=1

(σ̃′
i,l)

2 ≤ V 2

600 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑧} ≥ 1− β

24n(K + 1)
, for E⑧ =

{
either

T−1∑
l=0

n∑
i=1

(σ̃′
i,l)

2 >
V 2

600 ln 48n(K+1)
β

or |⑧| ≤ V

10

}
. (361)

Moreover, ET−1 implies

T−1∑
l=0

n∑
i=1

(σ̃′
i,l)

2
(360)
≤ 4γ2V

n2

T−1∑
l=0

n∑
i=1

Eξl2,i

[
∥θui,l∥2

] (329),T≤K+1

≤ 72(K + 1)γ2V λ2−ασα

n

(309)
≤ 72(K + 1)γασαV 2−α

2

602−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ V 2

600 ln 48n(K+1)
β

. (362)
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Upper bound for ⑨. Probability event ET−1 implies

⑨ ≤ 2γ

T−1∑
l=0

∥ζ ′l∥ · ∥θbl ∥
(357),(328),T≤K+1

≤ 2 · 2α(K + 1)γ
√
V σα

λα−1

(309)
=

2 · 2α · 60α−1(K + 1)γασα lnα−1 48n(K+1)
β

V
α
2 −1

(308)
≤ V

100
. (363)

That is, we derive the upper bounds for 2γ
√
V
∥∥∥∑T−1

l=0 θl

∥∥∥ ,①,②,③,④,⑤,⑥,⑦. More precisely, ET−1 implies

AT

(326)
≤ 4V + 2γ

√
V

∥∥∥∥∥
T−1∑
l=0

θl

∥∥∥∥∥+ ① + ② + ③ + ④ + ⑤ + ⑥ + ⑦,

⑥
(345)
= ⑥′ +

32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉
,

⑦
(346)
= ⑦′ +

24γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
,

2γ
√
V

∥∥∥∥∥
T−1∑
l=0

θl

∥∥∥∥∥ (358)
≤ 2

√
V

√
③ + ④ + ⑤ + ⑥

8
+ ⑧ + ⑨,

②
(334)
≤ 3V

100
, ③

(337)
≤ V

20
, ⑤

(342)
≤ V

6
, ⑨

(363)
≤ V

100
,

T−1∑
l=0

n∑
i=1

σ2
i,l

(333)
≤ 3V 2

200 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(341)
≤ V 2

216 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
j=2

σ̂2
j,l

(352)
≤ 8V 2

75 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(356)
≤ 3V 2

50 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
i=1

(σ̃′
i,l)

2 ≤ V 2

600 ln 48n(K+1)
β

.

In addition, we also establish (see (332), (340), (351), (355), (361) and our induction assumption)

P{ET−1} ≥ 1− (T − 1)β

K + 1
,

P{E①} ≥ 1− β

24n(K + 1)
, P{E④} ≥ 1− β

24n(K + 1)
, P{E⑥′} ≥ 1− β

24n(K + 1)
,

P{E⑦′} ≥ 1− β

24n(K + 1)
, P{E⑧} ≥ 1− β

24n(K + 1)
,

where

E① =

{
either

T−1∑
l=0

n∑
i=1

σ2
i,l >

3V 2

200 ln 48n(K+1)
β

or |①| ≤ 3V

10

}
,

E④ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

216 ln 48n(K+1)
β

or |④| ≤ V

6

}
,

E⑥′ =

either
T−1∑
l=0

n∑
j=2

σ̂2
i,l >

8V 2

75 ln 48n(K+1)
β

or |⑥′| ≤ 4V

5

 ,

E⑦′ =

either
T−1∑
l=0

n∑
j=2

(σ′
i,l)

2 >
3V 2

50 ln 48n(K+1)
β

or |⑦′| ≤ 3V

5


E⑧ =

{
either

T−1∑
l=0

n∑
i=1

(σ̃′
i,l)

2 >
V 2

600 ln 48n(K+1)
β

or |⑧| ≤ V

10

}

95



High-Probability Convergence for Composite and Distributed Optimization with Heavy-Tailed Noise

Therefore, probability event ET−1 ∩ E① ∩ E④ ∩ E⑥′ ∩ E⑦′ ∩ E⑧ implies

∥∥∥∥∥γ
T−1∑
l=0

θl

∥∥∥∥∥ ≤

√
1

8

(
V

20
+

V

6
+

V

6
+

4V

5

)
+

V

10
+

V

100

+

√√√√32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉

≤
√
V +

√√√√32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉
, (364)

and

AT ≤ 4V + 2V + 2
√
V

√√√√32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉

+
3V

10
+

3V

100
+

V

20
+

V

6
+

V

6
+

4V

5
+

3V

5

+
32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉

+
24γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉

≤ 9V + 2
√
V

√√√√32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉

+
32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉

+
24γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
, (365)

In the final part of the proof, we will show that γ
n

j−1∑
i=1

θui,T−1 = ζT−1
j and γ

n

j−1∑
i=1

ωu
i,T−1 = δT−1

j with high probability. In

particular, we consider probability event ẼT−1,j defined as follows: inequalities

∥∥∥∥∥γn
r−1∑
i=1

θui,T−1

∥∥∥∥∥ ≤
√
V

2
,

∥∥∥∥∥γn
r−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√
V

2

hold for r = 2, . . . , j simultaneously. We want to show that P{ET−1 ∩ ẼT−1,j} ≥ 1 − (T−1)β
K+1 − jβ

8n(K+1) for all
j = 2, . . . , n. For j = 2 the statement is trivial since

∥∥∥γ
n
θu1,T−1

∥∥∥ (327)
≤ 2γλ

n
≤

√
V

2
,
∥∥∥γ
n
ωu
1,T−1

∥∥∥ (327)
≤ 2γλ

n
≤

√
V

2
.

Next, we assume that the statement holds for some j = m− 1 < n, i.e., P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T−1)β
K+1 − (m−1)β

8n(K+1) .
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Our goal is to prove that P{ET−1 ∩ ẼT−1,m} ≥ 1− (T−1)β
K+1 − mβ

8n(K+1) . First, we consider
∥∥∥∥ γ
n

m−1∑
i=1

θui,T−1

∥∥∥∥:

∥∥∥∥∥γn
m−1∑
i=1

θui,T−1

∥∥∥∥∥ =

√√√√γ2

n2

∥∥∥∥∥
m−1∑
i=1

θui,T−1

∥∥∥∥∥
2

=

√√√√γ2

n2

m−1∑
i=1

∥θui,T−1∥2 +
2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

θur,T−1, θ
u
i,T−1

〉

≤

√√√√γ2

n2

T−1∑
l=0

m−1∑
i=1

∥θui,l∥2 +
2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

θur,T−1, θ
u
i,T−1

〉
.

Similarly, we have∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ =

√√√√γ2

n2

∥∥∥∥∥
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥
2

=

√√√√γ2

n2

m−1∑
i=1

∥ωu
i,T−1∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉

≤

√√√√γ2

n2

T−1∑
l=0

m−1∑
i=1

∥ωu
i,l∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉
.

Next, we introduce a new notation:

ρi,T−1 =

 γ
n

i−1∑
r=1

θur,T−1, if
∥∥∥∥ γ
n

i−1∑
r=1

θur,T−1

∥∥∥∥ ≤
√
V
2 ,

0, otherwise
,

ρ′i,T−1 =

 γ
n

i−1∑
r=1

ωu
r,T−1, if

∥∥∥∥ γ
n

i−1∑
r=1

ωu
r,T−1

∥∥∥∥ ≤
√
V
2 ,

0, otherwise

for i = 1, . . . ,m− 1. By definition, we have

∥ρi,T−1∥ ≤
√
V

2
, ∥ρ′i,T−1∥ ≤

√
V

2
(366)

for i = 1, . . . ,m− 1. Moreover, ẼT−1,m−1 implies ρi,T−1 = γ
n

i−1∑
r=1

θur,T−1, ρ′i,T−1 = γ
n

i−1∑
r=1

ωu
r,T−1 for i = 1, . . . ,m− 1

and ∥∥∥∥∥γn
m−1∑
i=1

θui,l

∥∥∥∥∥ ≤
√

③ + ④ + ⑩,∥∥∥∥∥γn
m−1∑
i=1

ωu
i,l

∥∥∥∥∥ ≤
√

③ + ④ + ⑩′,

where

⑩ =
2γ

n

m−1∑
i=1

〈
ρi,T−1, θ

u
i,T−1

〉
, ⑩′ =

2γ

n

m−1∑
i=1

〈
ρ′i,T−1, ω

u
i,T−1

〉
.
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It remains to estimate ⑩ and ⑩′.

Upper bound for ⑩. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

EξT−1
2,i

[
2γ

n
⟨ρi,T−1, θ

u
i,T−1⟩

]
=

2γ

n

〈
ρi,T−1,EξT−1

2,i
[θui,T−1]

〉
= 0,

since random vectors {θui,T−1}ni=1 are independent. Thus, sequence
{

2γ
n ⟨ρi,T−1, θ

u
i,T−1⟩

}m−1

i=1
is a martingale difference

sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ρi,T−1, θ
u
i,T−1⟩

∣∣∣∣ ≤ 2γ

n
∥ρi,T−1∥ · ∥θui,T−1∥

(366),(327)
≤ 2γ

n

√
V λ

(309)
=

V

30 ln 48n(K+1)
β

def
= c. (367)

Finally, conditional variances (σ̂′
i,T−1)

2 def
= EξT−1

2,i

[
4γ2

n2 ⟨ρi,T−1, θ
u
i,T−1⟩2

]
of the summands are bounded:

(σ̂′
i,T−1)

2 ≤ EξT−1
2,i

[
4γ2

n2
∥ρi,T−1∥2 · ∥θui,T−1∥2

]
(364)
≤ γ2V

n2
EξT−1

2,i

[
∥θui,T−1∥2

]
. (368)

Applying Bernstein’s inequality (Lemma B.1) with Xi = 2γ
n ⟨ρi,T−1, θ

u
i,T−1⟩, constant c defined in (367), b = V

30 ,

G = V 2

5400 ln
48n(K+1)

β

, we get

P

{
|⑩| > V

30
and

m−1∑
i=1

(σ̂′
i,T−1)

2 ≤ V 2

5400 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑩} ≥ 1− β

24n(K + 1)
, for E⑩ =

{
either

m−1∑
i=1

(σ̂′
i,T−1)

2 >
V 2

5400 ln 48n(K+1)
β

or |⑩| ≤ V

30

}
. (369)

Moreover, ET−1 implies

m−1∑
i=1

(σ̂′
i,T−1)

2
(368)
≤ γ2V

n2

n∑
i=1

EξT−1
2,i

[
∥θui,T−1∥2

] (329)
≤ 18γ2V λ2−ασα

n

(309)
≤ 18γασαV 2−α

2

602−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ V 2

5400 ln 48n(K+1)
β

. (370)

Upper bound for ⑩′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

EξT−1
1,i

[
2γ

n
⟨ρ′i,T−1, ω

u
i,T−1⟩

]
=

2γ

n

〈
ρ′i,T−1,EξT−1

1,i
[ωu

i,T−1]
〉
= 0,

since random vectors {ωu
i,T−1}ni=1 are independent. Thus, sequence

{
2γ
n ⟨ρ′i,T−1, ω

u
i,T−1⟩

}m−1

i=1
is a martingale difference

sequence. Next, the summands are bounded:∣∣∣∣2γn ⟨ρ′i,T−1, ω
u
i,T−1⟩

∣∣∣∣ ≤ 2γ

n
∥ρ′i,T−1∥ · ∥ωu

i,T−1∥
(366),(327)

≤ 2γ

n

√
V λ

(309)
=

V

30 ln 48n(K+1)
β

def
= c. (371)

Finally, conditional variances (σ̃′
i,T−1)

2 def
= EξT−1

1,i

[
4γ2

n2 ⟨ρ′i,T−1, ω
u
i,T−1⟩2

]
of the summands are bounded:

(σ̃′
i,T−1)

2 ≤ EξT−1
1,i

[
4γ2

n2
∥ρ′i,T−1∥2 · ∥ωu

i,T−1∥2
]

(364)
≤ γ2V

n2
EξT−1

1,i

[
∥ωu

i,T−1∥2
]
. (372)
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Applying Bernstein’s inequality (Lemma B.1) with Xi = 2γ
n ⟨ρ′i,T−1, ω

u
i,T−1⟩, constant c defined in (371), b = V

30 ,

G = V 2

5400 ln
48n(K+1)

β

, we get

P

{
|⑩′| > V

30
and

m−1∑
i=1

(σ̃′
i,T−1)

2 ≤ V 2

5400 ln 48n(K+1)
β

}
≤ 2 exp

(
− b2

2G+ 2cb/3

)
=

β

24n(K + 1)
.

The above is equivalent to

P{E⑩′} ≥ 1− β

24n(K + 1)
, for E⑩′ =

{
either

m−1∑
i=1

(σ̃′
i,T−1)

2 >
V 2

5400 ln 48n(K+1)
β

or |⑩′| ≤ V

30

}
. (373)

Moreover, ET−1 implies
m−1∑
i=1

(σ̃′
i,T−1)

2
(372)
≤ γ2V

n2

n∑
i=1

EξT−1
1,i

[
∥ωu

i,T−1∥2
] (329)

≤ 18γ2V λ2−ασα

n

(309)
≤ 18γασαV 2−α

2

602−αnα−1 ln2−α 48n(K+1)
β

(308)
≤ V 2

5400 ln 48n(K+1)
β

. (374)

Putting all together we get that ET−1 ∩ ẼT−1,m−1 implies

∥∥∥∥∥γn
m−1∑
i=1

θui,T−1

∥∥∥∥∥ ≤
√

③ + ④ + ⑩,

∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√

③ + ④ + ⑩′, ③
(337)
≤ V

20
,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(341)
≤ V 2

216 ln 48n(K+1)
β

,

m−1∑
i=1

(σ̂′
i,T−1)

2 ≤ V 2

5400 ln 48n(K+1)
β

,

m−1∑
i=1

(σ̃′
i,T−1)

2 ≤ V 2

5400 ln 48n(K+1)
β

.

In addition, we also establish (see (340), (369), (373) and our induction assumption)

P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T − 1)β

K + 1
− (m− 1)β

8n(K + 1)
,

P{E④} ≥ 1− β

24n(K + 1)
, P{E⑩} ≥ 1− β

24n(K + 1)
, P{E⑩′} ≥ 1− β

24n(K + 1)

where

E④ =

{
either

T−1∑
l=0

n∑
i=1

σ̃2
i,l >

V 2

216 ln 48n(K+1)
β

or |④| ≤ V

6

}
,

E⑩ =

{
either

m−1∑
i=1

(σ̂′
i,l)

2 >
V 2

5400 ln 48n(K+1)
β

or |⑩| ≤ V

30

}
,

E⑩′ =

{
either

m−1∑
i=1

(σ̃′
i,T−1)

2 >
V 2

5400 ln 48n(K+1)
β

or |⑩′| ≤ V

30

}

Therefore, probability event ET−1 ∩ ẼT−1,m−1 ∩ E④ ∩ E⑩ ∩ E⑩′ implies∥∥∥∥∥γn
m−1∑
i=1

θui,T−1

∥∥∥∥∥ ≤
√

V

20
+

V

6
+

V

30
=

√
V

2
,∥∥∥∥∥γn

m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√

V

20
+

V

6
+

V

30
=

√
V

2
.
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This implies ẼT−1,m and

P{ET−1 ∩ ẼT−1,m} ≥ P{ET−1 ∩ ẼT−1,m−1 ∩ E④ ∩ E⑩ ∩ E⑩′}

= 1− P
{
ET−1 ∩ ẼT−1,m−1 ∪ E④ ∪ E⑩ ∪ E⑩′

}
≥ 1− (T − 1)β

K + 1
− mβ

8n(K + 1)
.

Therefore, for all m = 2, . . . , n the statement holds and, in particular, P{ET−1∩ ẼT−1,n} ≥ 1− (T−1)β
K+1 − β

8(K+1) . Taking

into account (365), we conclude that ET−1 ∩ ẼT−1,n ∩ E① ∩ E④ ∩ E⑥′ ∩ E⑦′ ∩ E⑧ implies∥∥∥∥∥γ
T−1∑
l=0

θl

∥∥∥∥∥ ≤
√
V , AT ≤ 9V

that is equivalent to (314) and (315) for t = T . Moreover,

P {ET } ≥ P
{
ET−1 ∩ ẼT−1,n ∩ E① ∩ E④ ∩ E⑥′ ∩ E⑦′ ∩ E⑧

}
= 1− P

{
ET−1 ∩ Ẽn ∪ E① ∪ E④ ∪ E⑥′ ∪ E⑦′ ∪ E⑧

}
= 1− (T − 1)β

K + 1
− β

8(K + 1)
− 5 · β

24n(K + 1)
= 1− Tβ

K + 1
.

In other words, we showed that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. For k = K + 1 we have that with
probability at least 1− β

Gap√
V (x̃

K
avg) = max

B√
V (x∗)

{
⟨F (u), x̃t′

avg − u⟩+Ψ(x̃t′

avg)−Ψ(u)
}

≤ 1

2γ(K + 1)
max

B√
V (x∗)

{
2γ(t′ + 1)

(
⟨F (u), x̃t′

avg − u⟩+Ψ(x̃t′

avg)−Ψ(u)
)
+ ∥xt′+1 − u∥2

}
(323)
≤ 9V

2γ(K + 1)
.

Finally, if

γ = min

 1

1920L ln 48n(K+1)
β

,
60

2−α
α

√
V n

α−1
α

97200
1
α (K + 1)

1
ασ ln

α−1
α

48n(K+1)
β


then with probability at least 1− β

Gap√
V (x̃

K
avg) ≤ 9V

2γ(K + 1)
= max

8640LV ln 48n(K+1)
β

K + 1
,
9 · 60 2−α

α · σR ln
α−1
α

48n(K+1)
β

2 · 97200 1
αn

α−1
α (K + 1)

α−1
α


= O

max

LV ln nK
β

K
,
σ
√
V ln

α−1
α nK

β

n
α−1
α K

α−1
α


 .

To get GapR(x̃
K
avg) ≤ ε with probability ≥ 1− β, K should be

K = O

LV

ε
ln

nLV

εβ
,
1

n

(
σ
√
V

ε

) α
α−1

ln
σ
√
V

εβ


that concludes the proof.
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H.2. Quasi-Strongly Monotone Case

We start with the following lemma.

Lemma H.3. Let Assumptions C.1 and C.3 hold for Q = B4n
√
V (x

∗), where V ≥ ∥x0 − x∗∥2 +

36000000γ2 ln2 48n(K+1)
β

n2

∑n
i=1 ∥Fi(x

∗)∥2, ν = γµ, and 0 < γ ≤ min

{
1
6L ,

√
n

15000L ln
48n(K+1)

β

, 1

72000000µ ln2 48n(K+1)
β

}
.

If xk and x̃k lie in B4n
√
V (x

∗) for all k = 0, 1, . . . ,K for some K ≥ 0, then the iterates produced by DProx-clipped-
SEG-shift satisfy

VK+1 ≤ exp
(
−γµ

2
(K + 1)

)
V + 2γ

K∑
k=0

exp
(
−γµ

2
(K − k)

)
⟨θk, xk − x∗⟩

+
γ2

n2

K∑
k=0

n∑
i=1

exp
(
−γµ

2
(K − k)

) (
18∥θui,k∥2 + 14∥ωu

i,k∥2
)

+γ2
K∑

k=0

n∑
i=1

exp
(
−γµ

2
(K − k)

) (
18∥θbi,k∥2 + 14∥ωb

i,k∥2
)

+
32γ2

n2

K∑
k=0

n∑
j=2

exp
(
−γµ

2
(K − k)

)〈j−1∑
i=1

θui,k, θ
u
j,k

〉

+
24γ2

n2

K∑
k=0

n∑
j=2

exp
(
−γµ

2
(K − k)

)〈j−1∑
i=1

ωu
i,k, ω

u
j,k

〉
, (375)

where Vk = ∥xk − x∗∥2 + 36000000γ2 ln2 48n(K+1)
β

n2

∑n
i=1

(
∥h̃k

i − Fi(x
∗)∥2 + ∥ĥk

i − Fi(x
∗)∥2

)
and θk, θui,k, θbi,k, ωk, ωu

i,k,

ωb
i,k are defined in (302), (303), and (319)-(320)

Proof. From (307) with u = x∗ we have

γ
(
⟨F (x̃k), x̃k − x∗⟩+Ψ(x̃k)−Ψ(x∗)

)
≤ 1

2
∥xk − x∗∥2 − 1

2
∥xk+1 − x∗∥2

−1

2

(
1− 6γ2L2

)
∥x̃k − xk∥2 − 1

4
∥xk+1 − x̃k∥2

+3γ2∥ωk∥2 + 3γ2∥θk∥2 + γ⟨θk, x̃k − x∗⟩.

Using quasi-strong monotonicity of F , the fact that −F (x∗) ∈ ∂Ψ(x∗), and convexity of Ψ(x∗), we derive

2γµ∥x̃k − x∗∥2 ≤ 2γ⟨F (x̃k)− F (x∗), x̃k − x∗⟩
≤ 2γ

(
⟨F (x̃k), x̃k − x∗⟩+Ψ(x̃k)−Ψ(x∗)

)
≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥2 −

(
1− 6γ2L2

)
∥x̃k − xk∥2

−1

2
∥xk+1 − x̃k∥2 + 6γ2∥ωk∥2 + 6γ2∥θk∥2 + 2γ⟨θk, x̃k − x∗⟩.

Next, we apply ∥x̃k − x∗∥2 ≥ 1
2∥x

k − x∗∥2 − ∥x̃k − xk∥2 and rearrange the terms:

∥xk+1 − x∗∥2 ≤
(
1− γµ

2

)
∥xk − x∗∥2 − γµ∥x̃k − x∗∥2 −

(
1− γµ− 6γ2L2

)
∥x̃k − xk∥2

+6γ2∥ωk∥2 + 6γ2∥θk∥2 + 2γ⟨θk, x̃k − x∗⟩.

Since 2γ⟨θk, x̃k − x∗⟩ = 2γ⟨θk, xk − x∗⟩+ 2γ⟨θk, x̃k − xk⟩ ≤ 2γ2∥θk∥2 + 1
2∥x̃

k − xk∥2, we have

∥xk+1 − x∗∥2 ≤
(
1− γµ

2

)
∥xk − x∗∥2 − γµ∥x̃k − x∗∥2 −

(
1

2
− γµ− 6γ2L2

)
∥x̃k − xk∥2

+6γ2∥ωk∥2 + 8γ2∥θk∥2 + 2γ⟨θk, xk − x∗⟩. (376)
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Now, we move on to the shifts: for all i ∈ [n] (for convenience, we use the new notation: h∗
i = Fi(x

∗) for all i ∈ [n])

∥h̃k+1
i − h∗

i ∥2 = ∥h̃k
i − h∗

i ∥2 + 2ν
〈
∆̃k

i , h̃
k
i − h∗

i

〉
+ ν2∥∆̃k

i ∥2

= ∥h̃k
i − h∗

i ∥2 + 2ν
〈
g̃ki − h̃k

i , h̃
k
i − h∗

i

〉
+ ν2∥g̃ki − h̃k

i ∥2

ν≤1

≤ ∥h̃k
i − h∗

i ∥2 + 2ν
〈
g̃ki − h̃k

i , h̃
k
i − h∗

i

〉
+ ν∥g̃ki − h̃k

i ∥2

= ∥h̃k
i − h∗

i ∥2 + ν
〈
g̃ki − h̃k

i , g̃
k
i + h̃k

i − 2h∗
i

〉
≤ (1− ν)∥h̃k

i − h∗
i ∥2 + ν∥g̃ki − h∗

i ∥2

≤ (1− ν)∥h̃k
i − h∗

i ∥2 + 2ν∥g̃ki − Fi(x
k)∥2 + 2ν∥Fi(x

k)− h∗
i ∥2

≤ (1− ν)∥h̃k
i − h∗

i ∥2 + 2ν∥ωi,k∥2 + 2ν∥Fi(x
k)− h∗

i ∥2

= (1− γµ)∥h̃k
i − h∗

i ∥2 + 2γµ∥ωi,k∥2 + 2γµ∥Fi(x
k)− h∗

i ∥2
(36)
≤ (1− γµ)∥h̃k

i − h∗
i ∥2 + 2γµ∥ωi,k∥2 + 2γµL2∥xk − x∗∥2

≤ (1− γµ)∥h̃k
i − h∗

i ∥2 + 2γµ∥ωi,k∥2 + 4γµL2∥x̃k − x∗∥2

+4γµL2∥x̃k − xk∥2 (377)

and, similarly,

∥ĥk+1
i − h∗

i ∥2 ≤ (1− γµ)∥ĥk
i − h∗

i ∥2 + 2γµ∥θi,k∥2 + 2γµ∥Fi(x̃
k)− h∗

i ∥2
(36)
≤ (1− γµ)∥ĥk

i − h∗
i ∥2 + 2γµ∥θi,k∥2 + 2γµL2∥x̃k − x∗∥2. (378)

Summing up (376), (377), and (378), we derive

Vk+1 ≤
(
1− γµ

2

)
∥xk − x∗∥2

+(1− γµ)
36 · 106γ2 ln2 48n(K+1)

β

n2

n∑
i=1

(
∥h̃k

i − h∗
i ∥2 + ∥ĥk

i − h∗
i ∥2
)

−

(
γµ−

216 · 106γ3µL2 ln2 48n(K+1)
β

n

)
∥x̃k − x∗∥2

−

(
1

2
− γµ− 6γ2L2 −

144 · 106γ3µL2 ln2 48n(K+1)
β

n

)
∥x̃k − xk∥2

+6γ2∥ωk∥2 + 8γ2∥θk∥2 + 2γ⟨θk, xk − x∗⟩

+
72 · 106γ3µ ln2 48n(K+1)

β

n2

n∑
i=1

(
∥θi,k∥2 + ∥ωi,k∥2

)
≤

(
1− γµ

2

)
Vk + 6γ2∥ωk∥2 + 8γ2∥θk∥2 + 2γ⟨θk, xk − x∗⟩

+
γ2

n2

n∑
i=1

(
∥θi,k∥2 + ∥ωi,k∥2

)
(325),(317)

≤ exp
(
−γµ

2

)
Vk + 2γ⟨θk, xk − x∗⟩+ γ2

n2

n∑
i=1

(
18∥θui,k∥2 + 14∥ωu

i,k∥2
)

+γ2
n∑

i=1

(
18∥θbi,k∥2 + 14∥ωb

i,k∥2
)
+

32γ2

n2

n∑
j=2

〈
j−1∑
i=1

θui,k, θ
u
j,k

〉

+
24γ2

n2

n∑
j=2

〈
j−1∑
i=1

ωu
i,k, ω

u
j,k

〉
.
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Unrolling the recurrence, we get the result.

Next, we proceed with the full statement of our main result for DProx-clipped-SEG-shift in the quasi-strongly monotone
case.

Theorem H.4 (Case 1 from Theorem C.7). Let Assumptions 1.1, C.1 and C.3 hold for Q = B3n
√
V (x

∗), where V ≥

∥x0 − x∗∥2 + 36000000γ2 ln2 48n(K+1)
β

n2

∑n
i=1 ∥Fi(x

∗)∥2 and

0 < γ ≤ min

{
1

72 · 106µ ln2 48n(K+1)
β

,
1

6L
,

√
n

15000L ln 48n(K+1)
β

,
2 ln(BK)

µ(K + 1)

}
, (379)

BK = max

2,
n

2(α−1)
α (K + 1)

2(α−1)
α µ2V

3110400
2
ασ2 ln

2(α−1)
α

(
48n(K+1)

β

)
ln2(BK)

 (380)

= O

max

2,
n

2(α−1)
α K

2(α−1)
α µ2V

σ2 ln
2(α−1)

α

(
nK
β

)
ln2

(
max

{
2, n

2(α−1)
α K

2(α−1)
α µ2V

σ2 ln
2(α−1)

α (nK
β )

})


 , (381)

λk =
n exp(−γµ(1 + k/4))

√
V

300γ ln 48n(K+1)
β

, (382)

ν = γµ (383)

for some K ≥ 1 and β ∈ (0, 1]. Then, after K iterations of DProx-clipped-SEG-shift, the following inequality holds with
probability at least 1− β:

∥xK+1 − x∗∥2 ≤ 2 exp

(
−γµ(K + 1)

2

)
V. (384)

In particular, when γ equals the minimum from (308), then after K iterations of DProx-clipped-SEG-shift, we have with
probability at least 1− β that

∥xK+1 − x∗∥2 = O

(
max

{
V exp

(
− K

ln2 nK
β

)
, V exp

(
−µK

L

)
,

V exp

(
− µ

√
nK

L ln nK
β

)
,
σ2 ln

2(α−1)
α

(
nK
β

)
ln2 BK

n
2(α−1)

α K
2(α−1)

α µ2

})
,

i.e., to achieve ∥xK − x∗∥2 ≤ ε with probability at least 1− β DProx-clipped-SEG-shift needs

K = O

(
max

{(
L√
nµ

+ ln

(
nL

µβ
ln

V

ε

))
ln

(
V

ε

)
ln

(
nL

µβ
ln

V

ε

)
,

L

µ
ln

(
V

ε

)
,
1

n

(
σ2

µ2ε

) α
2(α−1)

ln

(
n

β

(
σ2

µ2ε

) α
2(α−1)

)
ln

α
α−1 (Bε)

})
(385)

iterations/oracle calls per worker, where

Bε = max

2,
V

ε ln

(
1
β

(
σ2

µ2ε

) α
2(α−1)

)
 .
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Proof. Similar to previous results, our proof is induction-based. To formulate the statement rigorously, we introduce
probability event Ek for each k = 0, 1, . . . ,K + 1 as follows: inequalities

Vt ≤ 2 exp

(
−γµt

2

)
V (386)∥∥∥∥∥γn

r−1∑
i=1

θui,t−1

∥∥∥∥∥ ≤ exp

(
−γµ(t− 1)

4

) √
V

2
, (387)∥∥∥∥∥γn

r−1∑
i=1

ωu
i,t−1

∥∥∥∥∥ ≤ exp

(
−γµ(t− 1)

4

) √
V

2
(388)

hold for t = 0, 1, . . . , k and r = 1, 2, . . . , n simultaneously. We will prove by induction that P{Ek} ≥ 1− kβ/(K+1) for
all k = 0, 1, . . . ,K + 1. The base of induction follows immediately by the definition of V . Next, we assume that the
statement holds for k = T − 1 ≤ K, i.e., P{ET−1} ≥ 1 − (T−1)β/(K+1). Let us show that it also holds for k = T , i.e.,
P{ET } ≥ 1− Tβ/(K+1).

Similarly to the monotone case, one can show that due to our choice of the clipping level, we have that ET−1 implies
xt, x̃t ∈ B4n

√
V (x

∗) for t = 0, . . . , T − 1. Indeed, for t = 0, 1, . . . , T − 1 inequality (386) gives xt ∈ B2
√
V (x

∗). Next,
for x̃t, t = 0, . . . , T − 1 event ET−1 implies

∥x̃t − x∗∥ = ∥proxγΨ(xt − γg̃t)− proxγΨ(x
∗ − γF (x∗))∥

≤ ∥xt − x∗ − γ(g̃t − F (x∗))∥

≤ ∥xt − x∗∥+ γ

∥∥∥∥∥ 1n
n∑

i=1

(h̃t
i − Fi(x

∗)) +
1

n

n∑
i=1

∆̃t
i

∥∥∥∥∥
≤ 2

√
V + γ

√√√√ 1

n

n∑
i=1

∥h̃t
i − Fi(x∗)∥2 + γ

n

n∑
i=1

∥∆̃t
i∥

≤ 2
√
V +

√
n

6000 ln 48n(K+1)
β

√
Vt + γλt

(386)
≤

(
2 +

20n+
√
2n

6000 ln 48n(K+1)
β

)
√
V ≤ 4n

√
V .

This means that we can apply Lemma H.3: ET−1 implies

VT ≤ exp
(
−γµ

2
T
)
V + 2γ

T−1∑
t=0

exp
(
−γµ

2
(T − 1− t)

)
⟨θt, xt − x∗⟩

+
γ2

n2

T−1∑
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n∑
i=1

exp
(
−γµ

2
(T − 1− t)

) (
18∥θui,t∥2 + 14∥ωu

i,t∥2
)

+γ2
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n∑
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exp
(
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2
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) (
18∥θbi,t∥2 + 14∥ωb

i,t∥2
)

+
32γ2
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n∑
j=2

exp
(
−γµ

2
(T − 1− t)
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i=1

θui,t, θ
u
j,t

〉

+
24γ2

n2

T−1∑
t=0

n∑
j=2

exp
(
−γµ

2
(T − 1− t)
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i,t, ω

u
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〉
.

Before we proceed, we introduce a new notation:

ηt =

{
xt − x∗, if ∥xt − x∗∥ ≤ exp

(
−γµt

4

)√
2V ,

0, otherwise,
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for all t = 0, 1, . . . , T . Random vectors {ηt}Tt=0 are bounded almost surely:

∥ηt∥ ≤ exp

(
−γµt

4

)√
2V (389)

for all t = 0, 1, . . . , T . In addition, ηt = xt − x∗ follows from ET−1 for all t = 0, 1, . . . , T and, thus, ET−1 implies

VT ≤ exp
(
−γµ

2
T
)
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(
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2
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①

+2γ
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2
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]
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[
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③

+
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2
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[
∥ωu
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④

+
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i=1
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(
−γµ

2
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) (
18∥θbi,l∥2 + 14∥ωb
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)
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⑤

+
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⑦

. (390)

To derive high-probability bounds for ①,②,③,④,⑤,⑥,⑦ we need to establish several useful inequalities related to
θui,l, θ

b
i,l, ω

u
i,l, ω

b
i,l. First, by definition of clipping

∥θui,l∥ ≤ 2λl, ∥ωu
i,l∥ ≤ 2λl. (391)

Next, we notice that ET−1 implies

∥Fi(x
l)− h̃l

i∥ ≤ ∥Fi(x
l)− Fi(x

∗)∥+ ∥h̃l
i − Fi(x

∗)∥

(36)
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√√√√ n∑
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√
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n
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√
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β

)
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(
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4
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V

(379),(382)
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2
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and

∥Fi(x̃
l)− ĥl

i∥ ≤ ∥Fi(x̃
l)− Fi(x

∗)∥+ ∥ĥl
i − Fi(x

∗)∥

(36)
≤ L∥x̃l − x∗∥+
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∥ĥl
i − Fi(x∗)∥2
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√
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√
Vl

6000γ ln 48n(K+1)
β

≤

(
L+

n

6000γ ln 48n(K+1)
β

)√
Vl + Lγ
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≤

√
2

(
L+

n+ Lγ
√
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6000γ ln 48n(K+1)
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(
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(379),(382)
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2

for l = 0, 1, . . . , T − 1 and i ∈ [n]. Therefore, one can apply Lemma B.2 and get

∥∥θbl ∥∥ ≤ 1

n

n∑
i=1

∥θbi,l∥ ≤ 2ασα

λα−1
l

,
∥∥ωb

l

∥∥ ≤ 1

n
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∥ωb
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, (392)

Eξl2,i

[∥∥θui,l∥∥2] ≤ 18λ2−α
l σα, Eξl1,i

[∥∥ωu
i,l

∥∥2] ≤ 18λ2−α
l σα, (393)

for all l = 0, 1, . . . , T − 1 and i ∈ [n].

Upper bound for ①. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:

Eξl2,i

[
2γ

n
exp

(
−γµ

2
(T − 1− l)
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⟨ηl, θui,l⟩

]
=
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Finally, conditional variances σ2
i,l

def
= Eξl2,i

[
4γ2

n2 exp (−γµ(T − 1− l)) ⟨ηl, θui,l⟩2
]

of the summands are bounded:
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Applying Bernstein’s inequality (Lemma B.1) with Xi,l =
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n exp
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−γµ

2 (T − 1− l)
)
⟨ηl, θui,l⟩, constant c defined in (394),
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Moreover, ET−1 implies
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Upper bound for ②. Probability event ET−1 implies

② ≤ 2γ

T−1∑
l=0

exp

(
−γµ(T − 1− l)

2

)
∥ηl∥ · ∥θbl ∥

(389),(392)
≤ (398)

≤ 2α+1γσα
√
2V exp

(
−γµ(T − 1)

2

) T−1∑
l=0

exp

(
γµl

4

)
1

λα−1
l

(382)
≤

2α+1 · 120α−1 exp
(
−γµT

2

)
(K + 1) exp

(
γµKα

4

)
γασα lnα−1 48n(K+1)

β

nα−1V
α
2 −1

(379)
≤

3 exp
(
−γµT

2

)
V

100
. (399)

107



High-Probability Convergence for Composite and Distributed Optimization with Heavy-Tailed Noise

Upper bound for ③. Probability event ET−1 implies
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Upper bound for ④. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:
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Finally, conditional variance
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Applying Bernstein’s inequality (Lemma B.1) with
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The above is equivalent to P{E④} ≥ 1− β
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l=0

n∑
i=1

σ̃2
i,l

(402)
≤

4 exp
(
−γµ(T − 1

2 )
)
γ2V

3n2 ln 48n(K+1)
β

T−1∑
l=0

exp

(
γµl

2

) n∑
i=1

Eξl1,i,ξ
l
2,i

[
9∥θui,l∥2 + 7∥ωu

i,l∥2
]

(397)
≤ exp (−γµT )V

216 ln 48n(K+1)
β

. (404)

Upper bound for ⑤. Probability event ET−1 implies

⑤
(392)
≤ 32γ2

T−1∑
l=0

exp
(
−γµ

2
(T − 1− l)

) 22ασ2α

λ2α−2
l

(382),(379)
≤

exp
(
−γµT

2

)
V

6
. (405)

Upper bounds for ⑥ and ⑦. These sums require more refined analysis. We introduce new vectors:

ζlj =

 γ
n

j−1∑
i=1

θui,l, if
∥∥∥∥ γ
n

j−1∑
i=1

θui,l

∥∥∥∥ ≤ exp
(
−γµl

4

) √
V
2 ,

0, otherwise,
, (406)

δlj =

 γ
n

j−1∑
i=1

ωu
i,l, if

∥∥∥∥ γ
n

j−1∑
i=1

ωu
i,l

∥∥∥∥ ≤ exp
(
−γµl

4

) √
V
2 ,

0, otherwise,
(407)

for all j ∈ [n] and l = 0, . . . , T − 1. Then, by definition

∥ζlj∥ ≤ exp

(
−γµl

4

) √
V

2
, ∥δlj∥ ≤ exp

(
−γµl

4

) √
V

2
(408)

and

⑥ =
32γ

n

T−1∑
l=0

n∑
j=2

exp
(
−γµ

2
(T − 1− l)

) 〈
ζlj , θ

u
j,l

〉
︸ ︷︷ ︸

⑥′

+
32γ

n

T−1∑
l=0

n∑
j=2

exp
(
−γµ

2
(T − 1− l)

)〈γ

n

j−1∑
i=1

θui,l − ζlj , θ
u
j,l

〉
, (409)

⑦ =
24γ

n

T−1∑
l=0

n∑
j=2

exp
(
−γµ

2
(T − 1− l)

) 〈
δlj , ω

u
j,l

〉
︸ ︷︷ ︸

⑦′

+
24γ

n

T−1∑
l=0

n∑
j=2

exp
(
−γµ

2
(T − 1− l)

)〈γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉
. (410)
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We also note here that ET−1 implies

32γ

n

T−1∑
l=0

n∑
j=2

exp
(
−γµ

2
(T − 1− l)

)〈γ

n

j−1∑
i=1

θui,l − ζlj , θ
u
j,l

〉

=
32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉
, (411)

24γ

n

T−1∑
l=0

n∑
j=2

exp
(
−γµ

2
(T − 1− l)

)〈γ

n

j−1∑
i=1

ωu
i,l − δlj , ω

u
j,l

〉

=
24γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
. (412)

Upper bound for ⑥′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξl2,j

[
32γ

n
exp

(
−γµ

2
(T − 1− l)

)
⟨ζlj , θuj,l⟩

]
=

32γ

n
exp

(
−γµ

2
(T − 1− l)

)〈
ζlj ,Eξl2,j

[θuj,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {θuj,l}nj=1 are independent. Thus, sequence{
32γ
n exp

(
−γµ

2 (T − 1− l)
)
⟨ζlj , θuj,l⟩

}T−1,n

l,j=0,1
is a martingale difference sequence. Next, the summands are bounded:∣∣∣∣32γn exp

(
−γµ

2
(T − 1− l)

)
⟨ζlj , θuj,l⟩

∣∣∣∣ ≤ 32γ

n
exp

(
−γµ

2
(T − 1− l)

)
∥ζlj∥ · ∥θuj,l∥

(408),(391)
≤

16
√
V γ exp

(
−γµ(T−1)

2

)
n

exp

(
γµl

4

)
λl

(309)
=

exp
(
−γµT

2

)
V

10 ln 48n(K+1)
β

def
= c. (413)

Finally, conditional variances σ̂2
j,l

def
= Eξl2,j

[
1024γ2

n2 exp (−γµ(T − 1− l)) ⟨ζlj , θuj,l⟩2
]

of the summands are bounded:

σ̂2
j,l ≤ Eξl2,j

[
1024γ2

n2
exp (−γµ(T − 1− l)) ∥ζlj∥2 · ∥θuj,l∥2

]
(408)
≤

256γ2V exp
(
−γµ

(
T − 1− l

2

))
n2

Eξl2,j

[
∥θuj,l∥2

]
. (414)

Applying Bernstein’s inequality (Lemma B.1) with Xj,l =
32γ
n exp

(
−γµ

2 (T − 1− l)
)
⟨ζlj , θuj,l⟩, constant c defined in (413),

b =
exp(− γµT

2 )V
10 , G = exp(−γµT )V 2

600 ln
48n(K+1)

β

, we get

P

|⑥′| >
exp

(
−γµT

2

)
V

10
and

T−1∑
l=0

n∑
j=2

σ̂2
j,l ≤

exp (−γµT )V 2

600 ln 48n(K+1)
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)

=
β

24n(K + 1)
.

The above is equivalent to P{E⑥′} ≥ 1− β
24n(K+1) for

E⑥′ =

either
T−1∑
l=0

n∑
j=2

σ̂2
j,l >

exp (−γµT )V 2

600 ln 48n(K+1)
β

or |⑥′| ≤
exp

(
−γµT

2

)
V

10

 . (415)
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Moreover, ET−1 implies

T−1∑
l=0

n∑
j=2

σ̂2
j,l

(414)
≤ 256γ2V exp (−γµ (T − 1))

n2

T−1∑
l=0

exp

(
γµl

2

) n∑
i=1

Eξl2,i

[
∥θui,l∥2

]
(393),T≤K+1

≤ 4608γ2V exp (−γµ (T − 1))σα

n

T−1∑
l=0

exp

(
γµl

2

)
λ2−α
l

(382)
≤ 4608γαV 2−α

2 exp (−γµT )σα

3002−αnα−1 ln2−α 48n(K+1)
β

T−1∑
l=0

exp

(
γµlα

4

)

≤
4608γαV 2−α

2 exp (−γµT )σα(K + 1) exp
(

γµKα
4

)
3002−αnα−1 ln2−α 48n(K+1)

β

(379)
≤ exp (−γµT )V 2

600 ln 48n(K+1)
β

. (416)

Upper bound for ⑦′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:

Eξl1,j

[
24γ

n
exp

(
−γµ

2
(T − 1− l)

)
⟨δlj , ωu

j,l⟩
]
=

24γ

n
exp

(
−γµ

2
(T − 1− l)

)〈
δlj ,Eξl1,j

[ωu
j,l]
〉
= 0.

Moreover, for all l = 0, . . . , T − 1 random vectors {ωu
j,l}nj=1 are independent. Thus, sequence{

24γ
n exp

(
−γµ

2 (T − 1− l)
)
⟨δlj , ωu

j,l⟩
}T−1,n

l,j=0,1
is a martingale difference sequence. Next, the summands are bounded:

∣∣∣∣24γn exp
(
−γµ

2
(T − 1− l)

)
⟨δlj , ωu

j,l⟩
∣∣∣∣ ≤ 24γ

n
exp

(
−γµ

2
(T − 1− l)

)
∥δlj∥ · ∥ωu

j,l∥

(408),(391)
≤

12
√
V γ exp

(
−γµ(T−1)

2

)
n

exp

(
γµl

4

)
λl

(309)
=

exp
(
−γµT

2

)
V

10 ln 48n(K+1)
β

def
= c. (417)

Finally, conditional variances (σ′
j,l)

2 def
= Eξl1,j

[
576γ2

n2 exp (−γµ(T − 1− l)) ⟨δlj , ωu
j,l⟩2

]
of the summands are bounded:

(σ′
j,l)

2 ≤ Eξl1,j

[
576γ2

n2
exp (−γµ(T − 1− l)) ∥δlj∥2 · ∥ωu

j,l∥2
]

(408)
≤

288γ2V exp
(
−γµ

(
T − 1− l

2

))
n2

Eξl1,j

[
∥ωu

j,l∥2
]
. (418)

Applying Bernstein’s inequality (Lemma B.1) with Xj,l = 24γ
n exp

(
−γµ

2 (T − 1− l)
)
⟨δlj , ωu

j,l⟩, constant c defined in

(413), b =
exp(− γµT

2 )V
10 , G = exp(−γµT )V 2

600 ln
48n(K+1)

β

, we get

P

|⑦′| >
exp

(
−γµT

2

)
V

10
and

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2 ≤ exp (−γµT )V 2

600 ln 48n(K+1)
β

 ≤ 2 exp

(
− b2

2G+ 2cb/3

)

=
β

24n(K + 1)
.
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The above is equivalent to P{E⑥′} ≥ 1− β
24n(K+1) for

E⑦′ =

either
T−1∑
l=0

n∑
j=2

(σ′
j,l)

2 >
exp (−γµT )V 2

600 ln 48n(K+1)
β

or |⑦′| ≤
exp

(
−γµT

2

)
V

10

 . (419)

Moreover, ET−1 implies

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(418)
≤ 288γ2V exp (−γµ (T − 1))

n2

T−1∑
l=0

exp

(
γµl

2

) n∑
i=1

Eξl2,i

[
∥θui,l∥2

]
(393),T≤K+1

≤ 5184γ2V exp (−γµ (T − 1))σα

n

T−1∑
l=0

exp

(
γµl

2

)
λ2−α
l

(382)
≤ 5184γαV 2−α

2 exp (−γµT )σα

3002−αnα−1 ln2−α 48n(K+1)
β

T−1∑
l=0

exp

(
γµlα

4

)

≤
5184γαV 2−α

2 exp (−γµT )σα(K + 1) exp
(

γµKα
4

)
3002−αnα−1 ln2−α 48n(K+1)

β

(379)
≤ exp (−γµT )V 2

600 ln 48n(K+1)
β

. (420)

That is, we derive the upper bounds for ①,②,③,④,⑤,⑥,⑦. More precisely, ET−1 implies

VT

(390)
≤ exp

(
−γµ

2
T
)
V + ① + ② + ③ + ④ + ⑤ + ⑥ + ⑦,

⑥
(409)
= ⑥′ +

32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉
,

⑦
(410)
= ⑦′ +

24γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
,

②
(399)
≤

3 exp
(
−γµT

2

)
V

100
, ③

(400)
≤

exp
(
−γµT

2

)
V

50
, ⑤

(405)
≤

exp
(
−γµT

2

)
V

6
,

T−1∑
l=0

n∑
i=1

σ2
i,l

(397)
≤ exp (−γµT )V 2

60000 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(404)
≤ exp (−γµT )V

216 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
j=2

σ̂2
j,l

(416)
≤ exp (−γµT )V 2

600 ln 48n(K+1)
β

,

T−1∑
l=0

n∑
j=2

(σ′
j,l)

2
(420)
≤ exp (−γµT )V 2

600 ln 48n(K+1)
β

.

In addition, we also establish (see (396), (396), (415), (415), and our induction assumption)

P{ET−1} ≥ 1− (T − 1)β

K + 1
, P{E①} ≥ 1− β

24n(K + 1)
,

P{E④} ≥ 1− β

24n(K + 1)
, P{E⑥′} ≥ 1− β

24n(K + 1)
, P{E⑦′} ≥ 1− β

24n(K + 1)
,
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where

E① =

either
T−1∑
l=0

n∑
i=1

σ2
i,l >

exp (−γµT )V 2

60000 ln 48n(K+1)
β

or |①| ≤
exp

(
−γµT

2

)
V

100

 ,

E④ =

either
T−1∑
l=0

n∑
i=1

σ̃2
i,l >

exp (−γµT )V 2

216 ln 48n(K+1)
β

or |④| ≤
exp

(
−γµT

2

)
V

6

 ,

E⑥′ =

either
T−1∑
l=0

n∑
j=2

σ̂2
j,l >

exp (−γµT )V 2

600 ln 48n(K+1)
β

or |⑥′| ≤
exp

(
−γµT

2

)
V

10

 ,

E⑦′ =

either
T−1∑
l=0

n∑
j=2

(σ′
j,l)

2 >
exp (−γµT )V 2

600 ln 48n(K+1)
β

or |⑦′| ≤
exp

(
−γµT

2

)
V

10

 .

Therefore, probability event ET−1 ∩ E① ∩ E④ ∩ E⑥′ ∩ E⑦′ implies

VT ≤ exp
(
−γµ

2
T
)
V

(
1 +

1

100
+

3

100
+

1

50
+

1

6
+

1

6
+

1

10
+

1

10

)
︸ ︷︷ ︸

≤2

+
32γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

θui,T−1 − ζT−1
j , θuj,T−1

〉

+
24γ

n

n∑
j=2

〈
γ

n

j−1∑
i=1

ωu
i,T−1 − δT−1

j , ωu
j,T−1

〉
. (421)

To finish the proof, we need to show that γ
n

j−1∑
i=1

θui,T−1 = ζT−1
j and γ

n

j−1∑
i=1

ωu
i,T−1 = δT−1

j with high probability. In

particular, we consider probability event ẼT−1,j defined as follows: inequalities

∥∥∥∥∥γn
r−1∑
i=1

θui,T−1

∥∥∥∥∥ ≤ exp

(
−γµ(T − 1)

4

) √
V

2
,

∥∥∥∥∥γn
r−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤ exp

(
−γµ(T − 1)

4

) √
V

2

hold for r = 2, . . . , j simultaneously. We want to show that P{ET−1 ∩ ẼT−1,j} ≥ 1 − (T−1)β
K+1 − jβ

8n(K+1) for all
j = 2, . . . , n. For j = 2 the statement is trivial since

∥∥∥γ
n
θu1,T−1

∥∥∥ (391)
≤ 2γλT−1

n
≤ exp

(
−γµ(T − 1)

4

) √
V

2
,∥∥∥γ

n
ωu
1,T−1

∥∥∥ (327)
≤ 2γλT−1

n
≤ exp

(
−γµ(T − 1)

4

) √
V

2
.

Next, we assume that the statement holds for some j = m− 1 < n, i.e., P{ET−1 ∩ ẼT−1,m−1} ≥ 1− (T−1)β
K+1 − (m−1)β

8n(K+1) .
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Our goal is to prove that P{ET−1 ∩ ẼT−1,m} ≥ 1− (T−1)β
K+1 − mβ

8n(K+1) . First, we consider
∥∥∥∥ γ
n

m−1∑
i=1

θui,T−1

∥∥∥∥:

∥∥∥∥∥γn
m−1∑
i=1

θui,T−1

∥∥∥∥∥ =

√√√√γ2

n2

∥∥∥∥∥
m−1∑
i=1

θui,T−1

∥∥∥∥∥
2

=

√√√√γ2

n2

m−1∑
i=1

∥θui,T−1∥2 +
2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

θur,T−1, θ
u
i,T−1

〉

≤

√√√√γ2

n2

T−1∑
l=0

exp

(
−γµ(T − 1− l)

2

)m−1∑
i=1

∥θui,l∥2 +
2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

θur,T−1, θ
u
i,T−1

〉
.

Similarly, we have∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ =

√√√√γ2

n2

∥∥∥∥∥
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥
2

=

√√√√γ2

n2

m−1∑
i=1

∥ωu
i,T−1∥2 +

2γ

n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉

≤

√√√√γ2

n2

T−1∑
l=0

exp

(
−γµ(T − 1− l)

2

)m−1∑
i=1

∥ωu
i,l∥2 +
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n

m−1∑
i=1

〈
γ

n

i−1∑
r=1

ωu
r,T−1, ω

u
i,T−1

〉
.

Next, we introduce a new notation:

ρi,T−1 =

 γ
n

i−1∑
r=1

θur,T−1, if
∥∥∥∥ γ
n

i−1∑
r=1

θur,T−1

∥∥∥∥ ≤ exp
(
−γµ(T−1)

4

) √
V
2 ,

0, otherwise
,

ρ′i,T−1 =

 γ
n

i−1∑
r=1

ωu
r,T−1, if

∥∥∥∥ γ
n

i−1∑
r=1

ωu
r,T−1

∥∥∥∥ ≤ exp
(
−γµ(T−1)

4

) √
V
2 ,

0, otherwise

for i = 1, . . . ,m− 1. By definition, we have

∥ρi,T−1∥ ≤ exp

(
−γµ(T − 1)

4

) √
V

2
, ∥ρ′i,T−1∥ ≤ exp

(
−γµ(T − 1)

4

) √
V

2
(422)

for i = 1, . . . ,m− 1. Moreover, ẼT−1,m−1 implies ρi,T−1 = γ
n

i−1∑
r=1

θur,T−1, ρ′i,T−1 = γ
n

i−1∑
r=1

ωu
r,T−1 for i = 1, . . . ,m− 1

and ∥∥∥∥∥γn
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θui,l

∥∥∥∥∥ ≤
√

③ + ④ + ⑧,∥∥∥∥∥γn
m−1∑
i=1

ωu
i,l

∥∥∥∥∥ ≤
√

③ + ④ + ⑧′,

where

⑧ =
2γ

n

m−1∑
i=1

〈
ρi,T−1, θ

u
i,T−1

〉
, ⑧′ =

2γ

n

m−1∑
i=1

〈
ρ′i,T−1, ω

u
i,T−1

〉
.

It remains to estimate ⑧ and ⑧′.
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Upper bound for ⑧. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional expectations
equal to zero:
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Upper bound for ⑧′. To estimate this sum, we will use Bernstein’s inequality. The summands have conditional
expectations equal to zero:
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Applying Bernstein’s inequality (Lemma B.1) with Xi = 2γ
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Putting all together we get that ET−1 ∩ ẼT−1,m−1 implies

∥∥∥∥∥γn
m−1∑
i=1

θui,T−1

∥∥∥∥∥ ≤
√

③ + ④ + ⑧,

∥∥∥∥∥γn
m−1∑
i=1

ωu
i,T−1

∥∥∥∥∥ ≤
√

③ + ④ + ⑧′, ③
(400)
≤

exp
(
−γµT

2

)
V

50
,

T−1∑
l=0

n∑
i=1

σ̃2
i,l

(404)
≤ exp (−γµT )V

216 ln 48n(K+1)
β

,

m−1∑
i=1

(σ̂′
i,T−1)

2 ≤ exp (−γµ(T − 1))V 2

38400 ln 48n(K+1)
β

,

m−1∑
i=1

(σ̃′
i,T−1)

2 ≤ exp (−γµ(T − 1))V 2

38400 ln 48n(K+1)
β

.

In addition, we also establish (see (403), (425), (429) and our induction assumption)
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Therefore, probability event ET−1 ∩ Ẽm−1 ∩ E④ ∩ E⑧ ∩ E⑧′ implies
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This implies ẼT−1,m and
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that is equivalent to (386) for t = T . Moreover,
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In other words, we showed that P{Ek} ≥ 1 − kβ/(K+1) for all k = 0, 1, . . . ,K + 1. For k = K + 1 we have that with
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I. Numerical Experiments
In this section we provide numerical experiments for the following simple problem:

min
x∈Br(x̂)

f(x), (431)

where a radius r = 1, a central point x̂ = (3, 3, . . . , 3)⊤ ∈ R10, and f(x) = 1
2∥x∥

2, fξ(x) = 1
2∥x∥

2 + ⟨ξ, x⟩, where ξ
comes from the symmetric Levy α-stable distribution α = 3

2 . We use the following parameters: γ = 0.001, x0 = x̂+ r e
∥e∥ ,

where e = (1, 1, . . . , 1)⊤. We tried three values of λ: 0.1, 0.01 and 0.001.
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Figure 1: Comparison between performances of Prox-clipped-SGD, Prox-clipped-SGD-star, Prox-clipped-SGD-shift in
solving problem (431) with fixed clipping level for each of them λ ∈ {0.1, 0.01, 0.001}.

In our numerical experiments (see Figure 1), we observe that the naı̈ve Prox-clipped-SGD converges slower than Prox-
clipped-SGD-star and Prox-clipped-SGD-shift. Moreover, when the clipping level is small Prox-clipped-SGD converges
extremely slow, while Prox-clipped-SGD-shifts takes some time to learn the shift and then converges to much better
accuracy. We also see that the smaller clipping level is, the better accuracy Prox-clipped-SGD-star achieves. For Prox-
clipped-SGD-shift we observe the same phenomenon when we reduce λ from 0.1 to 0.01 . We expect the improvement in
the accuracy even further if we decrease the stepsizes γ and ν .
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