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Abstract

Regression models for responses Y taking val-
ues in general metric spaces (M, d), with
Euclidean predictors X ∈ Rp, has attracted
growing interest in recent years. While addi-
tive regression is a powerful tool for enhanc-
ing interpretability and mitigating the curse
of dimensionality in the presence of multivari-
ate predictors, its direct extension is hindered
by the absence of vector space operations in
general metric spaces. We propose a novel
framework for additive optimal transport re-
gression, which incorporates additive struc-
ture through optimal geodesic transports. A
key idea is to extend the notion of opti-
mal transports in Wasserstein spaces to gen-
eral geodesic metric spaces. This unified ap-
proach accommodates a wide range of re-
sponses, including probability distributions,
symmetric positive definite (SPD) matrices
with various metrics and spherical data. The
practical utility of the method is illustrated
with correlation matrices derived from rest-
ing state fMRI brain imaging data.

1 INTRODUCTION

We study regression where the response is a random
object Y in a geodesic space (M, d) with general met-
ric d and the predictor is Euclidean X ∈ Rp. Such
settings arise widely for modern non-Euclidean data
(Petersen and Müller, 2019; Schötz, 2022), including
diffusion tensor imaging in the space of symmetric
positive definite matrices (Lin et al., 2023), mortal-
ity analysis in the space of one-dimensional probabil-
ity distributions with the Wasserstein geometry (Chen
et al., 2023), functional brain networks data (Fornito
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et al., 2016; Zhou and Müller, 2022), corpus linguistics
data on Riemannian manifolds (Severn et al., 2022),
functional data (Wang et al., 2016) and many others
(Marron and Dryden, 2021; Song et al., 2026).

Local Fréchet regression extends kernel-based local lin-
ear regression to metric-valued responses (Petersen
and Müller, 2019; Chen and Müller, 2022; Schötz,
2022). However, like standard nonparametric regres-
sion, it suffers from the curse of dimensionality when
p > 1, which limits its practical use for multivari-
ate predictors. Dimension reduction via single-index
models has been proposed to address this issue (Bhat-
tacharjee et al., 2025; Bhattacharjee and Müller, 2023;
Ghosal et al., 2023; Hong et al., 2025; Zhang et al.,
2024), but compressing predictor information into a
single index may be too restrictive in some cases and
then lead to biases. For the case of Euclidean re-
sponses, additive models have been shown to provide
a competitive alternative that mitigates the curse of
dimensionality while offering interpretability and flex-
ibility (Linton and Nielsen, 1995; Yu et al., 2008).

The generalization of additive models for metric space-
valued responses is challenging because vector space
operations, such as addition or scalar multiplication
are unavailable in general metric spaces. Existing
work covers additive structures for non-Euclidean re-
sponses only in some specialized settings, such as
Hilbert space-valued responses (Jeon and Park, 2020),
distributional responses via extrinsic approaches (Han
et al., 2020) and Lie group–valued data (Lin et al.,
2023). We introduce a novel additive framework based
on geodesic optimal transports that generalize optimal
transports in Wasserstein spaces to scenarios that fea-
ture general geodesic metric spaces. To estimate the
additive transport map, we develop a transport back-
fitting algorithm, which is an extension of the popular
classical backfitting method (Breiman and Friedman,
1985; Hastie and Tibshirani, 1986).

Outline of the paper: In Section 2 and 3 we re-
view related works and preliminaries regarding Fréchet
means, local Fréchet regression and geodesic optimal
transport. Section 4 presents the proposed additive
optimal transport regression (ADOPT) model and as-
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sociated estimation procedure using a transport back-
fitting algorithm and theory on oracle convergence.
Section 5 reports numerical experiments and Section
6 real data illustrations for fMRI correlation matrices.

2 RELATED WORK

Prevalence of non-Euclidean data in recent years has
created demand for principled and interpretable sta-
tistical tools for their analysis. A promising approach
is to treat the sample elements as points in a metric
space (M, d) (Dubey et al., 2024; Wang et al., 2024).
Unlike Euclidean settings, general metric spaces lack
algebraic structure, motivating distance-based statis-
tical methods. The selected metric can greatly af-
fect statistically relevant properties of the metric space
(Song and Müller, 2026). For example for the case of
symmetric positive definite (SPD) matrices the log-
Cholesky metric (Lin, 2019) has desirable properties
such as avoiding the swelling effect and allowing for
closed-form parallel transport along geodesics.

The regression analysis of metric-valued responses has
been studied in specialized scenarios (Yuan et al., 2012;
Cornea et al., 2017). A general approach is Fréchet
regression (Petersen and Müller, 2019), based on the
concept of conditional Fréchet means. Fréchet regres-
sion makes use of the vector space structure of predic-
tors in Rp to find elements in the metric space that
minimize a weighted squared distances, and various
extensions have been developed (Song and Han, 2023).

For distributional responses with the Wasserstein met-
ric, geodesics are represented by optimal transport
maps, enabling rich statistical applications (Chewi
et al., 2024). Transport-based regression models have
been developed for distribution-on-distribution regres-
sion (Ghodrati and Panaretos, 2022) and autoregres-
sive models (Zhu and Müller, 2023). Zhu and Müller
(2025) proposed a geodesic optimal transport (GOT)
regression model, extending a parametric multiple re-
gression framework via transport maps. However, this
model treats the transport maps as fixed covariates
and restricts estimation to finite-dimensional multi-
plicative parameters in Rp. However nonparametric
additive extensions that directly estimate transport
maps considering the intrinsic geometry of the space
have remained unexplored. We address this gap by
proposing an additive optimal transport regression.

3 PRELIMINARIES

3.1 Fréchet mean and Fréchet regression

Let (M, d) be a metric space with distance d : M×
M→ R. Consider random objects (X, Y ) ∼ F , where

F is their joint distribution, X = (X1, . . . , Xp) ∈∏p
j=1 Xj with compact domain Xj ⊂ R, and Y ∈M.

The Fréchet mean (Fréchet, 1948) generalizes the Eu-
clidean expectation to random objects Y situated in
metric spaces, with population and sample versions

E⊕Y = argmin
υ∈M

Ed2(Y, υ), (1)

Ê⊕Y = argmin
υ∈M

1

n

n∑
i=1

d2(Yi, υ). (2)

Since M lacks vector space structure, Euclidean re-
gression models cannot be directly applied. The
Fréchet regression function is an implementation of
conditional Fréchet means, extending conditional ex-
pectation to metric-valued responses:

E⊕[Y | X = x] = argmin
υ∈M

E{d2(Y, υ) | X = x}.

For scalar responses Y ∈ R, Fréchet conditional means
reduce to the standard conditional expectation.

Local Fréchet regression (Petersen and Müller, 2019)
adapts local linear regression by replacing Euclidean
distances with d and using kernel-based weights. We
consider the univariate predictor X ∈ R with kernel
K, bandwidth h > 0, and rescaled kernel Kh(·) =
h−1K(·/h), where the extension to X ∈ Rp with p > 1
is straightforward. This leads to

E⊕L[Y | X = x] = argmin
υ∈M

E{w(x, h)d2(Y, υ)},

with w(x, h) = Kh(X − x){u2 − u1(X − x)}/σ2
0 , uj =

E{Kh(X−x)(X−x)j}, j = 0, 1, 2 and σ2
0 = u0u2−u2

1.

Given random samples (Xi, Yi) ∈ R × M, i =
1, 2, . . . , n, the corresponding sample estimator is

Ê⊕L[Y | X = x] = argmin
υ∈M

1

n

n∑
i=1

ŵi(x, h)d
2(Yi, υ),

where ŵi(x, h) = Kh(Xi − x){û2 − û1(Xi − x)}/σ̂2
0 ,

(3)

with ûj = n−1
∑n

i=1 Kh(Xi−x)(Xi−x)j for j = 0, 1, 2
and σ̂2

0 = û0û2 − û2
1. For various asymptotic results

on the convergence of this estimator see Petersen and
Müller (2019); Chen and Müller (2022).

3.2 Geodesic optimal transport

For a metric space (M, d), the length of a path γ :
[0, 1]→M is defined as

l(γ) = sup
0=t0<t1<...<tn=T,n∈N

n∑
i=1

d(γ (ti−1), γ(ti)) .
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A path γυ1,υ2 is a geodesic from υ1 to υ2 if γυ1,υ2(0) =
υ1, γυ1,υ2(1) = υ2 and d (γυ1,υ2(t), γυ1,υ2(t

′)) ∝ |t− t′|
for all t, t′ ∈ [0, 1]. A metric space (M, d) is called a
geodesic space if every pair of points υ1, υ2 ∈ M can
be joined by a geodesic, and a unique geodesic space
if this geodesic is unique (Burago et al., 2022; Lang,
2012). In Euclidean space, geodesics are straight lines
that connect two points. Throughout we assume that
(M, d) is a bounded, separable, and uniquely geodesic
space. For geodesic optimal transports, we require the
following ubiquity assumption (Zhu and Müller, 2025):

Assumption 1 For any random objects υ1, υ2, υ3 ∈
M, where υ1 ̸= υ2, there exists a map Γ :M×M×
M→M and a unique element υ4 ∈M such that

Γ(υ1, γυ1,υ2
(r), υ3) = γυ3,υ4

(r),

for any r ∈ [0, 1] .

This ubiquity assumption ensures that for any geodesic
γυ1,υ2

and any point υ3 ∈ M, there exists a unique
geodesic starting from υ3 whose direction matches that
of γυ1,υ2 . In other words, any geodesic segment can be
attached at any point inM, producing a new geodesic
with endpoint υ4 ∈ M. In Euclidean space Rp, the
map is given by Γ(υ1, γυ1,υ2

(r), υ3) = υ3 + r(υ2 − υ1),
for r ∈ [0, 1] , and υ4 = υ3 + (υ2 − υ1).

Definition 1 (Geodesic optimal transport) Under
Assumption 1, for any random objects υ1, υ2 ∈M, the
geodesic transport and inverse geodesic transport from
υ1 to υ2, denoted as Tυ1,υ2 :M →M, T−1

υ1,υ2
:M →

M, respectively, are defined as

Tυ1,υ2(υ) = Γ(υ1, υ2, υ), T−1
υ1,υ2

(υ) = Γ(υ2, υ1, υ),

for all υ ∈ M. Furthermore, the set of all geodesic
transports maps is T = {Tυ1,υ2

: υ1, υ2 ∈M} .

We introduce an addition operation in the transport
space T as function composition:

Tυ1,υ2
⊕ Tυ3,υ4

= Tυ3,υ4
◦ Tυ1,υ2

,

for any Tυ1,υ2
, Tυ3,υ4

∈ T (Zhu and Müller, 2023). For
intuition, consider the Euclidean case M = Rp. For
any υ ∈ Rp,

[Tυ1,υ2 ⊕ Tυ3,υ4 ] (υ) = Tυ3,υ4(Tυ1,υ2(υ))

= Tυ3,υ4 (υ + (υ2 − υ1)) = υ + (υ2 − υ1) + (υ4 − υ3),

so composing transports with different start and end
points simply adds the corresponding displacement
vectors. An analogous principle holds in Hilbert spaces
and Riemannian manifoldsM through parallel trans-
port along geodesics.

Example 1 (Space of distributional data with
the Wasserstein metric)

Let (W2(D), d) be the space of one-dimensional prob-
ability distributions on a compact domain D ⊂ R with
finite second moments with 2-Wasserstein metric d,

d2(υ1, υ2) =

∫ 1

0

{
F−1
1 (s)− F−1

2 (s)
}2

ds,

where F−1
1 (·) and F−1

2 (·) are the quantile functions of
υ1 and υ2, respectively.

Let υ ∈ W2(D) be a random element of (W2(D), d) For
any measurable function l : D → D and υ ∈ W2(D),
let l#υ denote the push-forward measure of υ, satis-
fying l#υ(A) = υ ({x : l(x) ∈ A}) for all A ∈ B(D),
the Borel σ-algebra on D. For any two distributions
υ1, υ2 ∈ W2(D), the optimal transport map is

OTυ1,υ2 = F−1
2 ◦ F1.

The geodesic γυ1,υ2 is given by McCann’s interpolant
(McCann, 1997),

γυ1,υ2(r) = (id + r(OTυ1,υ2 − id))#υ1, r ∈ [0, 1] ,

where id : D → D is the identity map. For notational
convenience, we simply write W2(D) as W2.

For any random objects, υ1, υ2, υ3 ∈ W2, where υ1 ̸=
υ2, assumption 1 is satisfied with

Γ(υ1, γυ1,υ2
(r), υ3) = (id + r(OTυ1,υ2

− id))#υ3

= γυ3,υ4
(r), r ∈ [0, 1] ,

where υ4 = Tυ1,υ2
(υ3) = OTυ1,υ2

#υ3.

Example 2 (SPD matrices with the log-
Cholesky metric)

Let S+m be the collection of m ×m SPD matrics. For
any S ∈ S+m, there exists a unique lower triangular
matrix L from the Cholesky decomposition, such that
S = LLT, where L is composed of ⌊L⌋, the strictly
lower triangular part, and D(L), the diagonal part.
The log-Cholesky metric is defined as

d2(S1, S2)

= ∥⌊L1⌋ − ⌊L2⌋∥2 + ∥log(D(L1))− log(D(L2))∥2,

where S1 = L1L
T
1 , S2 = L2L

T
2 , and ∥·∥ is the Frobe-

nius norm. The geodesic γS1,S2
is given by

γS1,S2(r) = L(r)L(r)T,

L(r) = ⌊L1⌋+ r(⌊L2⌋ − ⌊L1⌋)
+ exp [log(D(L1)) + r(log(D(L2))− log(D(L1)))] ,

for any r ∈ [0, 1] . For any random objects, S1, S2, S3 ∈
S+m, where S1 ̸= S2 and S3 = L3L

T
3 , Assumption 1 is
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satisfied for all r ∈ [0, 1] with

Γ(S1, γS1,S2
(r), S3) = LΓ(r)LΓ(r)

T = γS3,S4
(r),

LΓ(r) = ⌊L3⌋+ r(⌊L2⌋ − ⌊L1⌋)
+ exp [log(D(L3)) + r(log(D(L2))− log(D(L1)))] ,

S3 = L3L
T
3 , S4 = LΓ(1)LΓ(1)

T.

Geodesic transports satisfying Assumption 1 can be
constructed for several metrics on S+m including the
Frobenius and power Frobenius metric and also for the
space of graph Laplacians representing networks (Zhu
and Müller, 2025).

4 ADDITIVE OPTIMAL
TRANSPORT REGRESSION

4.1 Population Model

We propose an additive optimal transport regression
model that allows to regress Y on the high dimensional
predictors X. We first consider a scalar response Y ∈
R with predictors X = (X1, . . . , Xp) . The classical
additive regression model is the conditional mean of
response Y given X = x, defined as

m(x) = E[Y | X = x] = β0 + g1(x1) + · · ·+ gp(xp),
(4)

with the assumptions that EY = β0, and Egj(Xj) = 0,
j = 1, . . . , p, for identifiability. Then, the classical
additive regression model (4) is equivalent to

m(x) = (g1(x1)− Eg1(X1)) + · · ·
+ (gp(xp)− Egp(Xp)) + EY.

(5)

In the case of scalar response Y ∈ R in (4), the jth
additive term gj(Xj) is defined through conditional
expectation of Y given Xj = xj is as follows:

mj(xj) = E [Y | Xj = xj ] = E [E [Y | X] |Xj = xj ]

= EY + gj(xj) + E

∑
k ̸=j

gk(Xk)

∣∣∣∣ Xj = xj

 .

Then, the additive term gj(Xj) are given by

gj(xj) = E [Pj |Xj = xj ] ,

where for j = 1, . . . , p the jth partial residual is

Pj = (Y − EY )−
∑
k ̸=j

(gk(Xk)− Egk(Xk)) . (6)

A direct extension of model (5) may not be feasible for
responses situated in general metric spaces M, since

basic vector space operations, such as addition, scalar
multiplication and expectation may not exist. We gen-
eralize the expectation E to the Fréchet mean E⊕ in
(1). For convenience we reuse the notation for the jth
additive term gj ,

gj(xj) ∈M, xj ∈ Xj , j = 1, . . . , p.

The difference between the jth additive term and its
Fréchet mean is replaced by the geodesic transport
pushing E⊕gj(Xj) to gj(xj), denoted as Tj(xj) :=
TE⊕gj(Xj),gj(xj) ∈ T . Analogously, we introduce

the jth inverse geodesic transport T−1
j (xj) :=

T−1
E⊕gj(Xj),gj(xj)

∈ T .

We further note that the actual responses in standard
models (4) are Y = m(x)+ε, however in metric spaces
additive errors ε are not feasible. Contamination of re-
sponses by errors instead can be obtained through a
random perturbation map M → M defined as v′ =
ε(v), such that E⊕(v

′) = v and σ2 = Ed2(v, v′) > 0
(Chen and Müller, 2022). Assuming that the pertur-
bation map is independent of predictors X, this leads
to the proposed ADOPT model

Y = ε(m⊕(x)) =

 p⊕
j=1

Tj(xj)⊕ ε

 (µ⊕), (7)

where µ⊕ = E⊕Y and
⊕p

j=1 Tj = T1 ⊕ T2 ⊕ · · ·Tp.

Generalizing partial residuals in the conditional ex-
pectation, the jth partial transport residual P⊕j ∈ T ,
j = 1, . . . , p, in the ADOPT model (7) is defined as

P⊕j =
[
T−1
j−1(Xj−1)⊕ · · · ⊕ T−1

1 (X1)
]
⊕ Tµ⊕,Y

⊕
[
T−1
p (Xp) · · · ⊕ T−1

j+1(Xj+1)
]
.

(8)

The left panel of Figure 1 shows the framework of the
additive optimal transport regression and the right
panel the partial transport residual P⊕2 for a 3-
dimensional predictor X ∈ R3.

4.2 Estimation

Given i.i.d. pairs (Xi, Yi) ∈ Πp
j=1Xj ×M, where Xi =

(Xi,1, . . . , Xi,p) , the sample ADOPT model is

Yi =

 p⊕
j=1

Tj(Xi,j)⊕ εi

 (µ⊕), i = 1, . . . , n, (9)

where we substitute the sample Fréchet mean (2) for
the Fréchet mean µ⊕, To fit model (9), we apply
standard backfitting (Breiman and Friedman, 1985;
Hastie and Tibshirani, 1986), an iterative algorithm
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Figure 1: (Left panel) Additive optimal transport regression (ADOPT) framework with 3-dimensional predictors
X ∈ R3 in (7). (Right panel) Population partial transport residual P⊕j in (8) and its estimator P̂⊕j in (10) with
j = 2.

with steps t = 1, 2, . . . , alternating between 1) a back-
fitting step, where the partial residual Pj in (6) is
smoothed with respect to Xj , i.e., gj(xj) ← E(Pj |
X = xj), and 2) mean centering for identifiability, i.e.,
gj(xj) ← gj(xj) − Egj(xj), for all j = 1, . . . , p, un-
til convergence. This alternating procedure is applied
separately for each predictor, cycling through the pre-
dictor set. We initialize with the Fréchet mean esti-
mate µ̂⊕ and the identity maps T̂

(0)
j (·) = id(·) ∈ T ,

for j = 1, 2, . . . , p.

At each iteration t = 1, 2, . . ., we construct partial
transport residuals

P̂
(t)
⊕j =

[(
T̂

(t)
j−1

)−1

(Xj−1)⊕ · · · ⊕
(
T̂

(t)
1

)−1

(X1)

]
⊕

Tµ̂⊕,Y ⊕
[(

T̂ (t−1)
p

)−1

(Xp) · · · ⊕
(
T̂

(t−1)
j+1

)−1

(Xj+1)

]
,

(10)

with sample observations P̂
(t)
⊕i,j obtained by replac-

ing (X1, X2, . . . , Xp) with (Xi,1, Xi,2, . . . , Xi,p), i =
1, 2, . . . , n. The right panel of Figure 1 illustrates the
estimated partial transport residuals.

The transport backfitting step utilizes local Fréchet re-
gression where the responses are the partial transport
residuals, given each univariate predictor Xj = xj ,

g
(t)
j (xj) = Ê⊕L

[
P̂

(t)
⊕j (µ̂⊕) | Xj = xj

]
= argmin

υ∈M

1

n

n∑
i=1

ŵi(xj , h)d
2
(
P̂

(t)
⊕i,j(µ̂⊕), υ

)
.

The weights ŵi are defined in (3) and the bandwidth
h is selected by using 5-fold cross validation.

The mean centering step is generalized to a transport
centering step,

T̂
(t)
j (·) = TÊ⊕g

(t)
j (Xj), g

(t)
j (·) ∈ T ,

with sample Fréchet mean

Ê⊕g
(t)
j (Xj) = argmin

υ∈M

1

n

n∑
i=1

d2(g
(t)
j (Xi,j), υ). (11)

At iteration t, we apply the alternating steps cycling
through predictors Xj = xj , j = 1, . . . , p and subse-
quently update the fitted responses

Ŷ
(t)
i =

[ p⊕
j=1

T̂
(t)
j (Xi,j)

]
(µ̂⊕), i = 1, 2, . . . , n,

iterating until convergence when

1

n

n∑
i=1

d2(Ŷ
(t)
i , Ŷ

(t−1)
i ) < ϵ,

for prespecified tolerance ϵ > 0. The workflow is sum-
marized in Algorithm 1.

Denote by T̂j(·) the estimates from Algorithm
1 when the other transports T1(·), . . . , Tj−1(·),
Tj+1(·), . . . , Tp(·) are assumed to be known. Then
one can obtain the following oracle convergence under
mild assumptions (see the Supplement Section A for
the proof and detailed assumptions).

Theorem 1 Under Assumption 1 and the assumptions
in Supplement Section A, if the bandwidth h→ 0 and
nh→∞ as n→∞, it holds that

d
(
Tj(xj)(ν), T̂j(xj)(ν)

)
= oP (1),

for any xj ∈ Xj , and ν ∈M.

5 SIMULATIONS

5.1 Distribution-valued responses with
Wasserstein metric

We consider univariate distributional responses Y sit-
uated in the 2-Wasserstein space W2 with Euclidean
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Algorithm 1 Transport Backfitting Algorithm

Require: (Xi, Yi) ∈ Rp×M, i = 1, 2, . . . , n, and con-
vergence tolerance ϵ > 0.

Ensure: T̂j(·) ∈ T , j = 1, 2, . . . , p.

1: Initialize T̂
(0)
j (·) = id, j = 1, . . . , p, and Ŷ

(0)
i =[ p⊕

j=1

T̂
(0)
j (Xi,j)

]
(µ̂⊕), i = 1, 2, . . . , n, with sample

Fréchet mean µ̂⊕.
2: for t = 1, 2, . . . until convergence do
3: for j = 1, . . . , p do
4: Transport backfitting via local Fréchet regres-

sion Ê⊕L in (3),

g
(t)
j (xj) = Ê⊕L

[
P̂

(t)
⊕j (µ̂⊕) | Xj = xj

]
,

with partial transport residual observations

P̂
(t)
⊕j in (10).

5: Transport Centering,

T̂
(t)
j (·) = TÊ⊕g

(t)
j (Xj), g

(t)
j (·) ∈ T ,

with Fréchet mean Ê⊕g
(t)
j (Xj) in (11).

6: end for

7: Ŷ
(t)
i =

[ p⊕
j=1

T̂
(t)
j (Xi,j)

]
(µ̂⊕), i = 1, 2, . . . , n.

8: Stopping rule: Stop if

1

n

n∑
i=1

d2(Ŷ
(t)
i , Ŷ

(t−1)
i ) < ϵ.

9: end for

predictor vectors X ∈ [0, 1]
3
, introduced in Example

1. In a slight abuse of notation, we use Y to denote
the quantile function corresponding to a distribution.
We generate distributional responses from the additive
transport regression model in (9),

Yi =

 3⊕
j=1

Tj(Xi,j)⊕ εi

 (U) ,

where U = Unif(0, 1), Tj(xj) = TE⊕gj(Xj),gj(xj),
xj ∈ [0, 1], j = 1, 2, 3, and εi(f)(u) = f(u) +
1
2π ξi sin (2πf(u)) , for all quantile functions f ∈ W2,
and u ∈ [0, 1] , ξi ∼ Unif(−1, 1). We consider the fol-
lowing two cases:

• Case I (Beta distributions): Here g1(x1) =
Beta(1 + 2x1, 1), g2(x2) = Beta(1, 2 + 3x2), and
g3(x3) = Beta(12 + 1

2x3,
1
2 + 1

2x3).

• Case II (Normal distributions): Here g1(x1) =
N(x1, 1), g2(x2) = N(x2

2, 1), and g3(x3) =
N(e−x3 , 1).

We generate 3-dimensional Euclidean predictors Xi =
(Xi,1, Xi,2, Xi,3) = (Φ(Vi,1),Φ(Vi,2),Φ(Vi,3))

T
, i =

1, . . . , n, where Φ is the standard normal CDF
and Vi = (Vi,1, Vi,2, Vi,3)

T ∼ N3(0,Σ), Σ = 1 0.5 0.3
0.5 1 0.5
0.3 0.5 1

 . For each case, we generate n = 100,

and 300 pairs of (Xi,Yi), i = 1, 2, . . . , n. We com-
pare the finite-sample performance of the proposed
ADOPT model with global Fréchet regression (GF)
(Petersen and Müller, 2019), additive functional re-
gression (Han et al., 2020) (ADR) and simply taking
the constant Fréchet mean (FM), in terms of the ap-
porximated mean integrated squared error (MISE),

MISE ≈ B−1
B∑

b=1

∫
[0,1]3

d2(Ŷ (b)
x , Yx)dx, (12)

where d is 2-Wasserstein distance, Ŷ
(b)
x with x =

(x1, x2, x3) are estimates from the bth Monte Carlo

(MC) samples
{
(X

(b)
i ,Y

(b)
i ) : 1 ≤ i ≤ n

}
, and Yx are

the true distributional data without noise, Yx =[⊕p
j=1 Tj(xj)

]
(U) . The results are in Table 1 and

demonstrate that ADOPT has the smallest MISE
among the comparison methods and as n increases the
MISE of ADOPT decreases, while this is not the case
for the competing methods.

Table 1: Mean integrated squared error (MISE) results
(×10−3) with standard errors in parentheses under dis-
tributional responses in the Wasserstein space for two
cases with different sample sizes n = 100, and 300.
We compare four methods: additive optimal trans-
port regression (ADOPT), global Fréchet regression
(Petersen and Müller, 2019) (GF), additive functional
regression (Han et al., 2020) (ADR), and Fréchet mean
(Fréchet, 1948) (FM) without predictor effect.

Method

Case n ADOPT GF ADR FM

I
100

0.317 0.591 0.761 11.019
(0.010) (0.008) (0.008) (0.068)

300
0.181 0.499 0.586 11.119
(0.004) (0.003) (0.004) (0.040)

II
100

1.685 6.636 80.411 207.205
(0.057) (0.057) (0.702) (1.681)

300
1.121 6.701 81.951 211.297
(0.041) (0.037) (0.455) (1.080)
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5.2 SPD matrices-valued response with
log-Cholesky metric

We consider m × m SPD matrix valued responses
Y ∈ S+m equipped with the log-Cholesky metric (Lin,
2019) introduced in Example 2, and Euclidean predic-
tors X ∈ [0, 1]3 and generate SPD responses from the
additive transport regression model in (9),

Yi =

 3⊕
j=1

Tj(Xi,j)⊕ εi

 (Im) ∈ S+m,

where Im is m × m identity matrix, Tj(xj) =
TE⊕gj(Xj),gj(xj), j = 1, . . . , 3, and for S = LLT ∈ S+m
with Cholesky decomposition, the perturbation error
map εi(S) = εi(LL

T) = ei(L)ei(L)
T, where ei(L)k,l =

Lk,l + ξk,l, and ξk,l ∼ N(0, σ2), k > l, ei(L)k,l = Lk,l,
when k = l, and ei(L)k,l = 0 if k < l.

We generate the transport map Tj(xj) based on

gj(xj) = Lj(xj)Lj(xj)
T, xj ∈ [0, 1], j = 1, 2, 3,

with random Cholesky factors Lj(xj) which are lower
triangular matrices as follows:

• Case I (Linear in x):

(L1(x1))k,l = exp−|k−l|/2 (x1 + 1) /2,

(L2(x2))k,l = exp−|k−l|/3 (x2 + 1) /4,

(L3(x3))k,l = exp−|k−l|/4 (x3 + 1) /8.

• Case II (Non-linear in x):

(L1(x1))k,l = exp−|k−l|/2 sin ((x1 + 1)π/4) ,

(L2(x2))k,l = exp−|k−l|/4 (x2
2 + 1

)
/2,

(L3(x3))k,l = exp−|k−l|/4 exp−x3 ,

for k ≥ l, and all other elements are 0 if k < l.

We then generate random covariates Xi =
(Xi,1, Xi,2, Xi,3), i = 1, . . . , n, following the same
procedure as in the distribution-valued simulations
of Section 5.1. The responses are generated under
each scenario with perturbations εi having standard
deviation σ = 0.01. We sample n = 100 and 300
i.i.d. pairs of (Xi, Yi) ∈ R3 × S+m, with matrix sizes
m = 10 and m = 20 ands compare the finite sample
performance of the proposed ADOPT with the global
Fréchet regression (GF) and the constant Fréchet
mean (FM) in terms of mean integrated squared
error (MISE), analogously defined as in (12). Table 2
displays the MISEs for B = 200 with standard error
in parentheses. ADOPT has the lowest MISE and
its MISE decreases as the sample size n increases,

while this is not the case for the competing methods.
As the size of SPD matrices increases, the MISE
increases, but ADOPT always has substantially
better performance.

Table 2: Mean integrated squared error (MISE) re-
sults (×10−2) with standard errors in parentheses for
m×m SPD matrices as responses in S+m with the log-
Cholesky metric for two simulation cases with different
sample sizes n = 100, and 300 and matrix dimensions
m = 10, and 20, comparing three methods: additive
optimal transport regression (ADOPT), global Fréchet
regression (GF) and Fréchet mean (FM).

Method

Case m n ADOPT GF FM

I

10
100

2.769 9.495 135.344
(0.025) (0.060) (0.647)

300
1.655 9.714 136.122
(0.012) (0.037) (0.366)

20
100

5.712 14.110 192.688
(0.070) (0.102) (0.92)

300
3.788 14.254 193.796
(0.048) (0.063) (0.521)

II

10
100

4.146 18.507 96.562
(0.088) (0.090) (0.490)

300
2.702 18.808 97.047
(0.036) (0.052) (0.303)

20
100

8.921 28.237 143.382
(0.167) (0.14) (0.706)

300
6.435 28.512 144.088
(0.100) (0.078) (0.437)

6 BRAIN CONNECTIVITY
ANALYSIS

We use resting state functional Magnetic Resonance
Imaging (rs-fMRI) data obtained from the Alzheimer’s
Disease Neuroimaging Initiative (ADNI) database
(adni.loni.usc.edu). Brain signal analysis at the
subject level relies on time series of Blood Oxygen
Level Dependent (BOLD) signals, obtained for a set
of regions of interest (ROIs). The coherence between
pairwise ROIs is customarily quantified by Pearson
correlation coefficients of the rs-fMRI time series, lead-
ing to a l × l correlation matrix for l ROIs (Badhwar
et al., 2017; Perovnik et al., 2023). The BOLD sig-
nals for each subject were collected over a time interval
from 0 to 270 seconds with K = 136 equispaced mea-
surements taken every 2 seconds. We have 136 × 11
signal matrix S, and skl is the (k, l)th element of the

adni.loni.usc.edu
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signal matrix S and an 11 × 11 connectivity matrix
response Y was obtained using Pearson correlation,

(Y )l1,l2 =

∑K
k=1(skl1 − s̄l1)(skl2 − s̄l2)√∑K

k=1(skl1 − s̄l1)
2

√∑K
k=1(skl2 − s̄l2)

2

,

with s̄l = 1
K

∑K
k=1 skl, l1, l2 = 1, 2, . . . , 11. For

Alzheimer’s disease (AD) studies, the CSF phosphory-
lated tau (p-Tau) concentration is another established
biomarker, where elevated pTau levels are strongly as-
sociated with AD pathology (Karikari et al., 2022),
with higher p-Tau typically indicating greater AD
risk. Also, cerebrospinal fluid (CSF) amyloid-beta
(Aβ) concentration is a widely used marker of amy-
loid pathology (Murphy and LeVine III, 2010; Ham-
pel et al., 2021). Further details about ADNI data
preprocessing, and the list of l = 11 ROIs used in the
analysis (Andrews-Hanna et al., 2010) are described in
Supplement Section B.1.

We analyze the 11× 11 correlation matrices equipped
with the log-Cholesky metric as responses using the
ADOPT model in (9), based on n = 929 ADNI partic-
ipants classified into six diagnostic stages: 248 cogni-
tively normal (CN), 110 subjective memory complaint
(SMC), 316 early mild cognitive impairment (EMCI),
12 mild cognitive impairment (MCI), and 171 late mild
cognitive impairment (LMCI), and 72 Alzheimer’s dis-
ease (AD).

We consider p = 3 predictors: X1 is Aβ concentration
ranging from 203 to 1700, with lower amyloid-beta
signaling amyloid-burden; X2 is the diagnostic stage
coded ordinally from 0 to 5 in the order CN, SMC,
EMCI, MCI, LMCI, AD; X3 is the p-Tau concentra-
tion ranging from 8.00 to 92.08, with higher p-Tau
typically indicating worse prognosis.

To compare brain coherence patterns across distinct
risk profiles, we construct three covariate settings rep-
resenting low, intermediate, and high risk groups. The
low risk group corresponds to the upper 10% of Aβ val-
ues (1700), the lower 10% disease stage (CN = 0), and
p-Tau values (12.8). The intermediate risk group is
defined by median values of Aβ (995.8), disease stage
(EMCI = 2), and p-Tau (21.94). The high risk group
corresponds to the lower 10% of Aβ values (535), the
upper 90% disease stage (LMCI = 4), and p-Tau val-
ues (42.01).

Figure 2 displays each transport map Tj(xj) =
TE⊕g(Xj),g(xj) as the difference of the Cholesky factors
of the two correlation matrices, i.e., Lg(xj)−LE⊕g(Xj),
where LS is a lower triangular Cholesky factor of
SPD matrices S ∈ S+l , with ROIs labeling rows and
columns of each Cholesky factor. The estimated trans-
port maps T1(x1) (first column), T2(x2) (second col-

umn), T3(x3) (third column), and their combined ef-
fect [T1(x1)⊕T2(x2)⊕T3(x3)] (fourth column) are ob-
tained from ADOPT. The rows correspond to the low,
intermediate, and high risk groups, with covariates
x = (x1, x2, x3) defined in the previous paragraph. For
the low risk group (first row), the transport maps gen-
erally indicate increasing correlations between ROIs,
with the largest increase of 0.10 observed between
pIPL and MPFC. For the intermediate group (second
row), the transport maps are close to zero, implying
that the Fréchet mean µ̂⊕ is similar to the estimated
response [T1⊕T2⊕T3](µ̂⊕). In contrast, the high risk
group (third row) shows decreasing correlations, with
the strongest decline of 0.11 between pIPL and MPFC.

The additive structure of the model leads to enhanced
interpretability, providing predictor-specific transport
maps T1, T2, and T3 corresponding to the individual
effects of x1 (Aβ), x2 (disease stage), and x3 (p-
Tau), respectively. For the disease-stage transport
map T2, the strongest effect appears in the connec-
tion between the posterior cingulate cortex (PCC) and
the posterior inferior parietal lobule (pIPL): approxi-
mately +0.04 in the low disease stage group versus
−0.04 in the high disease stage group, consistent with
well-known findings of reduced PCC–medial tempo-
ral lobe region (MTL, including pIPL) connectivity in
Andrews-Hanna et al. (2010). For the p-tau transport
map T3, we find an overall decrease in connectivity in
the high-risk group, consistent with literature showing
that elevated p-tau is associated with broad reductions
in functional connectivity (Luan et al., 2024).

We evaluate out-of-sample prediction performance us-
ing 5-fold cross-validation. Specifically, we partition
the index set 1, . . . , n into disjoint folds Iq (q =
1, . . . , 5) with nq = |Iq|. For each fold, we define the
Mean Prediction Error Reduction (MPER) as

MPER =
1

5

5∑
q=1

MPERq,

MPERq =
1

nq

∑
i∈Iq

{
d(µ̂

(−q)
⊕ , Yi)− d(Ŷ

(−q)
i , Yi)

}
,

where Ŷ
(−q)
i is the predicted response from the regres-

sion model trained on the remaining folds, µ̂
(−q)
⊕ is

the Fréchet mean of the training responses (baseline
without predictors) and d is the log-Cholesky metric.
MPER measures the reduction in prediction error rel-
ative to the baseline; larger values indicate better pre-
dictive performance. We compare our method with
global Fréchet regression (GF) (Petersen and Müller,
2019). Table 3 reports the average of MPER (×10−4)
for B = 200 Monte Carlo simulations for ADOPT and
global Fréchet regression, demonstrating that ADOPT
improves out-of-sample performance substantially in
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Figure 2: Estimated transport maps T1(x1) (first column), T2(x2) (second column), T3(x3) (third column),
and their combined map [T1(x1) ⊕ T2(x2) ⊕ T3(x3)] (fourth column) represented as the difference of the lower
triangular Cholesky factors, with regions of interest (ROIs) labeling rows and columns of each Cholesky factor.
Rows correspond to low, intermediate, and high risk groups, with covariates x = (x1, x2, x3) defined as follows:
the low risk group corresponds to the upper 10% of Aβ values (1700), the lower 10% disease stage (CN = 0),
and p-Tau values (12.8); the intermediate group is defined by the median Aβ value (995.8), median disease stage
(EMCI = 2), and median p-Tau value (21.94); and the high risk group corresponds to the upper 90% of Aβ
values (535), the lower 90% disease stage (LMCI = 4), and p-Tau values (42.01).

terms of MPER. Additional simulation results are pro-
vided in Supplement Section B.2.

Table 3: Mean Prediction Error Reduction (MPER,
×10−4) with standard errors in parentheses, based on
ADNI brain correlation regression analysis with log-
Cholesky metric. Higher MPER values indicate better
out-of-sample prediction. We compare two methods:
additive optimal transport regression (ADOPT), and
global Fréchet regression (Petersen and Müller, 2019)
(GF)

ADOPT GF

MPER 2.625 (0.0554) 1.713 (0.0518)

7 DISCUSSION

We develop ADOPT, an additive optimal transport
regression approach for random object responses with
multivariate continuous Euclidean predictors, thereby
providing a flexible regression model for metric space-
valued responses that addresses the curse of dimen-
sionality and enhancing interpretability in real data
analysis. The method is built on an extension of opti-
mal transport ideas to general metric spaces and uti-
lizes a transport map for each predictor.

We illustrate the proposed ADOPT with brain con-
nectivity for resting state fMRI brain imaging data.
Numerical experiments with distributional responses
in Wasserstein space and SPD matrices with the log-
Cholesky metric also demonstrate strong performance.
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l’Institut Henri Poincaré, 10(4):215–310.
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A Technical Details

A.1 Assumptions

In this section, we state the assumptions required for Theorem 1 and introduce the necessary notation. For all
ν ∈ M and Tj ∈ T , j = 1, . . . , p, define Zj(xj) = [ε ◦ Tj(xj)] (ν) ∈ M, xj ∈ Xj , where ε ∈ T is a random
perturbation map (Chen and Müller, 2022). We define Tj(xj) = TE⊕gj(Xj),gj(xj) ∈ T , and

M⊕j(ω, xj ; ν) = E
[
d2 (Zj(Xj)(ν), ω) | Xj = xj

]
,

ML
⊕j(ω, xj ; ν) = E

[
w(xj , h)d

2 (Zj(Xj)(ν), ω)
]
,

M̂L
⊕j(ω, xj ; ν) =

1

n

n∑
i=1

ŵi(xj , h)d
2 (Zi,j(Xi,j)(ν), ω) ,

where Zi,j(Xi,j)(ν) = [εi ◦ Tj(Xi,j)] (ν) ∈M.

By definition we have

Tj(xj)(ν) = argmin
ω∈M

M⊕j(ω, xj ; ν),

TL
j (xj)(ν) = argmin

ω∈M
ML

⊕j(ω, xj ; ν),

T̂L
j (xj)(ν) = argmin

ω∈M
M̂L

⊕j(ω, xj ; ν).

We need the following assumptions:

(A1) The kernel function K is a symmetric probability density function centered at zero. Furthermore, define
Kkl =

∫
R Kk(u)ujdu, where |K14| and |K26| are both finite.

(A2) For all j = 1, . . . , p, the marginal density fj of Xj as well as the conditional densities f|zj (xj) of Xj |
Zj(xj)(ν) = zj and f|xj

(zj) of Zj | Xj = xj exist. The conditional densities f|zj (xj) are twice continuously
differentiable for all zj ∈M and supxj ,zj |f

′′
|zj (xj)| <∞. For any open set U ⊂M,

∫
U
dF|xj

(zj) is continuous
in xj ∈ Xj , where F|xj

(zj) is the cumulative distribution function corresponding to f|xj
(zj).

(A3) For all ν ∈M, and xj ∈ Xj , j = 1, . . . , p, objects Tj(xj)(ν), T
L
j (xj)(ν), and T̂L

j (xj)(ν) exist and are unique,
the latter almost surely. For all δ > 0,

inf
d(ω,Tj(xj)(ν))<δ

[M⊕j(ω, xj ; ν)−M⊕j(Tj(xj)(ν), xj ; ν)] > 0,

lim inf
h→0

inf
d(ω,TL

j (xj)(ν))<δ

[
ML

⊕j(ω, xj ; ν)−ML
⊕j(T

L
j (xj)(ν), xj ; ν)

]
> 0.

Condition (A1) is standard kernel requirements typically assumed in local regression estimation. Condition (A2)
is distributional assumptions on the predictors and responses for the convergence of Fréchet regression estimators
(Petersen and Müller, 2019). Condition (A3) is a regularity condition commonly used to establish the consistency
of M-estimators (van der Vaart and Wellner, 2023).

We need the following assumption on the geodesic optimal transport:
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(A4) (Small Error Assumption) For perturbation maps {εi,n}ni=1 with sample size n, there exists a sequence
δn > 0 with δn → 0 as n→∞, such that

E [d(ε1,n(ν), ν)] ≤ δn,

for all ν ∈M.

(A5) There exists a constant C > 0 such that

d(Γ(υ1, υ2, υ3),Γ(υ
′
1, υ

′
2, υ

′
3)) ≤ C {d(υ1, υ′

1) + d(υ2, υ
′
2) + d(υ3, υ

′
3)}

(A6) The transport maps Tj(·) ∈ T are perturbation maps, i.e., for all ν ∈M,

ν = argmin
ω∈M

E
{
d2(Tj(Xj)(ν), ω)

}
,

and

inf
d(ω,ν)>δ

[
Ed2(Tj(Xj)(ν), w)− Ed2(Tj(Xj)(ν), ν)

]
> 0,

for any δ > 0.

The small error assumption (A4) appears at various instances in the classical nonparametric regression literature,
including generalized regression models for longitudinal data (Hall et al., 2008), errors-in-variables regression
(Lee and Sul, 2023), and Tikhonov/RKHS-regularized regression (Lang and Lu, 2023). (A4) is only required for
Lemma 3, where we need the quantity d(T ⊕ ε, ε ⊕ T ) to be small, because the composition of the transport
map with the error-perturbation map is not commutative and our transport backfitting algorithm iteratively
applies partial transport maps. Controlling this non-commutativity error is therefore essential for establishing
the theoretical guarantees. We note that (A4) is not needed in metric spaces where the ⊕ operations are
commutative (e.g., SPD matrices under the log–Cholesky metric).

Condition (A5) holds for random objects in complete, non-positively curved metric spaces (Hadamard spaces)
(Zhu and Müller, 2025). Examples include the space of univariate distributions with the Wasserstein metric and
the space of symmetric positive definite (SPD) matrices under the log-Cholesky, log-Euclidean, Frobenius, or
power-Frobenius metrics, all of which are Hadamard spaces. Condition (A6) is also satisfied in these settings.
For distributional-valued response in Wasserstein space, let FXj , F⊕j , and Fν be distribution functions, and F−1

Xj
,

F−1
⊕j , and F−1

ν their corresponding quantile functions of gj(xj), E⊕gj(Xj), and ν ∈M. Then the transport map

is represented as a quantile function Tj(Xj)(ν) = F−1
Xj
◦F⊕j ◦F−1

ν , and its Fréchet mean F−1
⊕j ◦F⊕j ◦F−1

ν = F−1
ν ,

so (A6) is satisfied. For SPD matrices with the log-Cholesky metric, the Cholesky decomposition yields a
vector representation in Euclidean space, which directly implies that Condition (A6) holds. The same argument
extends to other metrics on SPD matrices, including the Frobenius, and power-Frobenius metrics. The inequality
in Condition (A6) serves as a regularity condition analogous to (A3), ensuring the consistency of M-estimators
and the uniqueness of the population Fréchet mean.

A.2 Proof of Theorem 1

We need to show that for any ν ∈M and xj ∈ Xj , if the bandwidth h→ 0 and nh→∞, it holds that

d(Tj(xj)(ν), T̂j(xj)(ν)) = op(1),

where T̂j(ν) is the estimates for the proposed transport backfitting algorithm.

For fixed ν ∈M and xj ∈ Xj for fixed j, we have

d
(
Tj(xj)(ν), T̂j(xj)(ν)

)
≤ d

(
Tj(xj)(ν), T̂

L
j (xj)(ν)

)
+ d

(
T̂L
j (xj)(ν), T̂j(xj)(ν)

)
(S.1)

By Lemma 1 and the proof Theorem 3 in the Supplement of Petersen and Müller (2019), under conditions
(A1)-(A3), we observe the bias term

d
(
Tj(xj)(ν), T

L
j (xj)(ν)

)
= o(1), (S.2)
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as the bandwidth h→ 0. Also, by Lemma 2 in the Supplement of Petersen and Müller (2019), under conditions
(A1) and (A3), we observe the stochastic term

d
(
TL
j (xj)(ν), T̂

L
j (xj)(ν)

)
= op(1) (S.3)

as h→ 0 and nh→∞. Combining (S.2) and (S.3), we have the first term of (S.1)

d
(
Tj(xj)(ν), T̂

L
j (xj)(ν)

)
= op(1) (S.4)

Thus, it is enough to show that the second term of (S.1)

d
(
T̂L
j (xj)(ν), T̂j(xj)(ν)

)
= op(1). (S.5)

By the transport backfitting algorithm we can represent,

T̂j(xj)(ν) = TÊ⊕ĝj(Xj),ĝj(xj)
(ν),

where

ĝj(xj) = argmin
ω∈M

1

n

n∑
i=1

ŵi(xj , h)d
2(P⊕i,j(ν), ω),

Ê⊕ĝj(Xj) = argmin
ω∈M

1

n

n∑
i=1

d2(ĝj(Xi,j), ω).

By condition (A6) and the property of transport map, we have T̂L
j (xj)(ν) = Tν,T̂L

j (xj)(ν)
(ν) =

TE⊕Tj(Xj)(ν),T̂L
j (xj)(ν)

(ν). The equation (S.5) is

d
(
T̂L
j (xj)(ν), T̂j(xj)(ν)

)
= d

(
TE⊕Tj(Xj)(ν),T̂L

j (xj)(ν)
(ν), TÊ⊕ĝj(Xj),ĝj(xj)

(ν)
)

≤ C
{
d
(
E⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
+ d

(
T̂L
j (xj)(ν), ĝj(xj)

)}
,

for some constant C > 0, and the last inequality came from condition (A5).

Lemma 1 Under (A1), (A3), (A4), and (A5), if the bandwidth h→ 0 and nh→∞ as n→∞, it holds that

d
(
T̂L
j (xj)(ν), ĝj(xj)

)
= oP (1),

for any xj ∈ Xj , and ν ∈M.

Lemma 2 Under (A1)-(A6), if the bandwidth h→ 0 and nh→∞ as n→∞, it holds that

d
(
E⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
= oP (1),

for any xj ∈ Xj , and ν ∈M.

Combining Lemma 1 and Lemma 2, we have d
(
T̂L
j (xj)(ν), ĝj(xj)

)
= op(1) and d

(
E⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
=

op(1), leading to the desired results in (S.5),

d
(
T̂L
j (xj)(ν), T̂j(xj)(ν)

)
= op(1).

Then, the equation (S.4) and (S.5) verifies our goal of (S.1),

d
(
Tj(xj)(ν), T̂j(xj)(ν)

)
= op(1).
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A.3 Proof of Lemmas

A.3.1 Proof of Lemma 1

By Corollary 3.2.3 in van der Vaart and Wellner (2023), for the proof of the consistency of M-estimators

d
(
T̂L
j (xj)(ν), ĝj(xj)

)
= op(1), it is sufficient to show that the uniform consistency of loss functions,

sup
ω∈M

∣∣∣∣ 1n
n∑

i=1

ŵi(xj , h)d
2 (Zi,j(Xi,j)(ν), ω)−

1

n

n∑
i=1

ŵi(xj , h)d
2(P⊕i,j(ν), ω)

∣∣∣∣ = op(1).

Combining Theorem 1.3.6 and 1.5.4 of van der Vaart and Wellner (2023), we need to show that

(1) (Pointwise consistency) 1
n

∑n
i=1 ŵi(xj , h)d

2 (Zi,j(Xi,j)(ν), ω) − 1
n

∑n
i=1 ŵi(xj , h)d

2(P⊕i,j(ν), ω) = op(1) for
all ω ∈M, and

(2) (Asmptotically equicontinuous in probability) For all ϵ, η > 0, there exists δ > 0 such that

lim sup
n

P

(
sup

d(ω1,ω2)<δ

|An(ω1)−An(ω2)| > ϵ

)
< η,

where An(ω) =
1
n

∑n
i=1 ŵi(xj , h)d

2 (Zi,j(Xi,j)(ν), ω)− 1
n

∑n
i=1 ŵi(xj , h)d

2(P⊕i,j(ν), ω).

Begin with (1),∣∣∣∣ 1n
n∑

i=1

ŵi(xj , h)
{
d2 (Zi,j(Xi,j)(ν), ω)− d2(P⊕i,j(ν), ω)

} ∣∣∣∣
=

∣∣∣∣ 1n
n∑

i=1

ŵi(xj , h)

{
d2 ([εi,n ◦ Tj(Xi,j)] (ν), ω)

− d2([T−1
j+1(Xi,j+1) ◦ · · · ◦ T−1

p (Xi,p) ◦ εi,n ◦ Tp(Xi,p) ◦ · · · ◦ Tj+1(Xi,j+1) ◦ Tj(Xi,j)](ν), ω)

}∣∣∣∣
≤ 2diam(M)

× 1

n

n∑
i=1

ŵi(xj , h)d
(
[εi,n ◦ Tj(Xi,j)] (ν), [T

−1
j+1(Xi,j+1) ◦ · · · ◦ T−1

p (Xi,p) ◦ εi,n ◦ Tp(Xi,p) ◦ · · · ◦ Tj(Xi,j)](ν)
)
,

where the last inequality is from d2(a, ω) − d2(b, w) ≤ |d(a,w) − d(b, w)|(d(a,w) + d(b, w)| ≤ 2diam(M)d(a, b),
for any a, b ∈M, and fixed ω ∈M.

Lemma 3 Under conditions (A4) and (A5), it holds that

1

n

n∑
i=1

d ([T ◦ εi,n](ξ), [εi,n ◦ T ](ξ)) = op(1),

for any T ∈ T , and ξ ∈M.

By Lemma 3 with T = T−1
j+1(Xi,j+1) ◦ · · · ◦ T−1

p (Xi,p) ∈ T and ξ = [Tp(Xi,p) ◦ · · · ◦ Tj(Xi,j)](ν) ∈M, we observe
that

1

n

n∑
i=1

d
(
[εi,n ◦ Tj(Xi,j)] (ν), [T

−1
j+1(Xi,j+1) ◦ · · · ◦ T−1

p (Xi,p) ◦ εi,n ◦ Tp(Xi,p) ◦ · · · ◦ Tj(Xi,j)](ν)
)
= op(1).

Also, by Lemma 2 in Supplement of Petersen and Müller (2019), 1
n

∑n
i=1 ŵi(xj , h) = Op(1), with ŵi(x, h) > 0

for all x. SinceM is bounded, we have∣∣∣∣ 1n
n∑

i=1

ŵ(xj , h)
{
d2 (Zi,j(Xi,j)(ν), ω)− d2(P⊕i,j(ν), ω)

} ∣∣∣∣ = op(1),
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which is the pointwise consistency in (1).

Moving on to (2),

|An(ω1)−An(ω2)| =
1

n

n∑
i=1

ŵi(xj , h)
{
d2(Zi,j(Xi,j)(ν), ω1)− d2(Zi,j(Xi,j)(ν), ω2)

}
+

1

n

n∑
i=1

ŵi(xj , h)
{
d2(P⊕i,j(ν), ω1)− d2(P⊕i,j(ν), ω2)

}
≤ 4diam(M)d(ω1, ω2)

1

n

n∑
i=1

|ŵi(xj , h)|.

Then, 1
n

∑n
i=1|ŵi(xj , h)| = Op(1) leads to |An(ω1)−An(ω2)| = Op(d(ω1, ω2)), which verifies (2).

A.3.2 Proof of Lemma 2

We observe

d
(
E⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
≤ d

(
E⊕Tj(Xj)(ν), Ê⊕Tj(Xj)(ν)

)
+ d

(
Ê⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
.

By Dubey and Müller (2019), under condition (A6), the consistency of sample Fréchet mean holds, i.e.,

d
(
E⊕Tj(Xj)(ν), Ê⊕Tj(Xj)(ν)

)
= op(1). (S.6)

Following proof of Lemma 1, for the proof of d
(
Ê⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
= op(1), it is sufficient to show that

sup
ω∈M

∣∣∣∣ 1n
n∑

i=1

d2(ĝj(Xi,j), ω)−
1

n

n∑
i=1

d2(Tj(Xi,j), ω)

∣∣∣∣ = op(1).

We observe

sup
ω∈M

∣∣∣∣ 1n
n∑

i=1

d2(ĝj(Xi,j), ω)−
1

n

n∑
i=1

d2(Tj(Xi,j), ω)

∣∣∣∣ ≤ 2diam(M)
1

n

n∑
i=1

d(ĝj(Xi,j), Tj(Xi,j))

≤ 2diam(M)
1

n

n∑
i=1

{
d(ĝj(Xi,j), T̂

L
j (Xi,j)) + d(T̂L

j (Xi,j), Tj(Xi,j))
}
.

By Lemma 1, the first term 1
n

∑n
i=1 d(ĝj(Xi,j), T̂

L
j (Xi,j)) = op(1) and by equation (S.4), the second term

1
n

∑n
i=1 d(T̂

L
j (Xi,j), Tj(Xi,j)) = op(1). Thus, we have

d
(
Ê⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
= op(1). (S.7)

Combining (S.6) and (S.7), we verify

d
(
E⊕Tj(Xj)(ν), Ê⊕ĝj(Xj)

)
= op(1).

A.3.3 Proof of Lemma 3

For fixed T ∈ T , and ξ ∈M, we observe

d ([T ◦ εi,n](ξ), [εi,n ◦ T ](ξ)) ≤ d ([T ◦ εi,n](ξ), T (ξ)) + d (T (ξ), [εi,n ◦ T ](ξ))
≤ Cd (εi,n(ξ), ξ) + d (T (ξ), [εi,n ◦ T ](ξ)) ,

for constant C > 0. The first inequality is from triangle inequality, and second inequality is from condition (A5).
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Then,

1

n

n∑
i=1

d ([T ◦ εi,n](ξ), [εi,n ◦ T ](ξ)) ≤ C
1

n

n∑
i=1

d (εi,n(ξ), ξ) +
1

n

n∑
i=1

d (T (ξ), [εi,n ◦ T ](ξ))

→ CE[d(ε1,n(ξ), ξ)] + E[d(ε1,n(T (ξ)), T (ξ))] by WLLN.

By condition (A4), we have

1

n

n∑
i=1

d ([T ◦ εi,n](ξ), [εi,n ◦ T ](ξ)) = op(1),

which is the desired results.

B Further details on Brain connectivity for fMRI data analysis

B.1 Data Preprocessing

Brain signal analysis at the subject level relies on time series of Blood Oxygen Level Dependent (BOLD) signals,
into a set of regions of interest (ROI). The coherence between pairwise ROIs is usually measured by Pearson
correlation coefficients of the fMRI time series, leading to l× l correlation matrix for l ROIs. Alzheimer’s disease
has been found to be associated with anomalies in the functional integration of ROIs (Badhwar et al., 2017;
Perovnik et al., 2023). The list of l = 11 ROIs used in the analysis is provided in Table S.1. Preprocessing was
conducted in MATLAB using the Statistical Parametric Mapping (SPM12, www.fil.ion.ucl.ac.uk/spm) and
the rs-fMRI Data Analysis Toolkit V1.8 (REST1.8, https://rfmri.org/REST); further details are available in
Zhou and Müller (2022).

Table S.1: Brain region of interest (ROI) used in the analysis along with its ROI label (Andrews-Hanna et al.,
2010).

Region Full Name ROI Label

Anterior medial prefrontal cortex MPFC

Posterior cingulate cortex PCC

Dorsal medial prefrontal cortex dMFPC

Temporal parietal junction TPJ

Lateral temporal cortex LTC

Temporal pole TempP

Ventral medial prefrontal cortex vMFPC

Posterior inferior parietal lobule pIPL

Retrosplenial cortex Rsp

Parahippocampal cortex PHC

Hippocampal formation HF+

B.2 Additional Simulations

In this subsection, we provide out-of-sample prediction performance comparison results for a stratified analysis
where we use stage-specific Fréchet means. Subjects were grouped into three diagnostic stages:

• Group 1 (358 subjects): Cognitively Normal (CN), Subjective Memory Complaint (SMC),

• Group 2 (499 subjects): Early Mild, Mild, and Late Mild Cognitive Impairment (EMCI, MCI, LMCI),

www.fil.ion.ucl.ac.uk/spm
https://rfmri.org/REST
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• Group 3 (72 subjects): Alzheimer’s Disease (AD).

We evaluate out-of-sample prediction performance using 5-fold cross-validation and partition the index set
1, . . . , n into disjoint folds Iq (q = 1, . . . , 5) with nq = |Iq|. For each fold, we define the refined Mean Pre-
diction Error Reduction (rMPER) as

rMPER =
1

5

5∑
q=1

rMPERq,

rMPERq =
1

nq

∑
i∈Iq

{
d(µ̂

(−q)
i,⊕ , Yi)− d(Ŷ

(−q)
i , Yi)

}
,

where Ŷ
(−q)
i is the predicted response from the regression model trained on the remaining folds, µ̂

(−q)
i,⊕ is the

disease-profile Fréchet mean corresponding to the ith subject’s group (Group 1, 2, or 3) in the training set
of fold q, and d is the log-Cholesky metric. rMPER measures the reduction in prediction error relative to
the disease-profile baseline; positive rMPER values indicate improved prediction relative to the disease-profile
baseline. We compare our method against global Fréchet regression (GF) (Petersen and Müller, 2019). Table S.2
reports the average of rMPER (×10−4) obtained for B = 200 Monte Carlo simulations for ADOPT and global
Fréchet regression. ADOPT achieves a larger rMPER, indicating better out-of-sample predictive performance
than global Fréchet regression.

Table S.2: Mean Prediction Error Reduction (MPER ×10−4) with standard errors in parentheses, based on
ADNI brain correlation regression analysis with log-Cholesky metric. Higher MPER values indicate better out-
of-sample prediction. We compare two methods: additive optimal transport regression (ADOPT), and global
Fréchet regression (Petersen and Müller, 2019) (GF)

ADOPT GF

MPER 3.020 (0.0526) 2.108 (0.0518)

To check the robustness of the ADOPT model, we repeat the following procedure 1000 times: Each time 1) fitting
the ADOPT model on a random 80% subsample and 2) identifying the strongest signal among 55 ROI-to-ROI
correlations. The PIPL–MPFC connection appears the strongest signal in 545 of 1000 runs, consistent with the
full-data result.

C Computational Complexity Analysis

The computational complexity of ADOPT depends on the underlying metric space (M, d). Let n be the number
of observations, and p be the dimension of predictors. For each cycle of transport backfitting iteration, roughly
speaking, the overall complexity is O(n2p+np2), which simplifies to O(n2p) in the common setting where p << n.
For specific object spaces (M, d):

• Univariate distributions with 2-Wasserstein metric: When probability distributions are represented by quan-
tile functions with q discretization points, the complexity becomes O(n2pq).

• Symmetric positive definite (SPD) matrices with Log-Cholesky metric: For m×m SPD matrices, operations
scale with the number of lower-triangular components. In this case, the complexity is O(n2pm2).


