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Abstract

Despite the great success of Transformer net-
works in various applications such as natural lan-
guage processing and computer vision, their the-
oretical aspects are not well understood. In this
paper, we study the approximation and estimation
ability of Transformers as sequence-to-sequence
functions with infinite dimensional inputs. Al-
though inputs and outputs are both infinite dimen-
sional, we show that when the target function has
anisotropic smoothness, Transformers can avoid
the curse of dimensionality due to their feature
extraction ability and parameter sharing property.
In addition, we show that even if the smoothness
changes depending on each input, Transformers
can estimate the importance of features for each
input and extract important features dynamically.
Then, we proved that Transformers achieve sim-
ilar convergence rate as in the case of the fixed
smoothness. Our theoretical results support the
practical success of Transformers for high dimen-
sional data.

1. Introduction

Transformer networks, first proposed in Vaswani et al.
(2017), empirically show high performance in various fields
including natural language processing (Vaswani et al., 2017),
computer vision (Dosovitskiy et al., 2021) and audio pro-
cessing (Dong et al., 2018), where the dimensionality of
inputs is relatively high. However, despite the growing in-
terest in Transformer models, their theoretical properties are
still unclear.

Aside from the Transformer architecture, there exists a
line of work which studied the approximation and estima-
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tion ability of fully connected neural networks (FNN) for
certain function spaces such as Holder spaces (Schmidt-
Hieber, 2020) and Besov spaces (Suzuki, 2018). For exam-
ple, Schmidt-Hieber (2020) showed that FNNs with ReL.U
activation can achieve the near minimax optimal rate of the
estimation error for composite functions in Holder spaces.
Although deep learning can achieve the near optimal rate
for several function classes, the convergence rate is often
strongly affected by the dimensionality of inputs. Some
researches (Nakada & Imaizumi, 2022; Chen et al., 2022)
considered the settings where the data are distributed on a
low dimensional manifold and showed that deep neural net-
works can avoid the curse of dimensionality. However, this
assumption is relatively strong since the low dimensionality
of the data manifold is easily destroyed by noise injection.
Then, Suzuki (2018) showed that even if the data manifold
is not low dimensional, deep neural networks can avoid the
curse of dimensionality under the assumption that the target
function has anisotropic smoothness. Moreover, Okumoto
& Suzuki (2022) showed that (dilated) convolutional neural
networks (CNN) can avoid the curse of dimensionality even
if inputs are infinite dimensional.

Although the learnability of FNNs and CNNs has been inten-
sively studied, that of Transformer networks is not well un-
derstood. There are some researches (Edelman et al., 2022;
Gurevych et al., 2022) which studied the learning ability of
Transformers. Edelman et al. (2022) evaluated the capacity
of Transformer networks and derived the sample complexity
to learn sparse Boolean functions. Since they investigated
discrete inputs, the smoothness of the target function was
not considered. Gurevych et al. (2022) studied binary clas-
sification tasks and proved that Transformer networks can
avoid the curse of dimensionality when a posteriori proba-
bility is represented by the hierarchical composition model
with Holder smoothness. However, these studies have some
limitations. First, the previous works considered the fixed
length input, although Transformer networks can be applied
to sequences of any length due to the parameter sharing
property, even if the length is infinite. Indeed, Transform-
ers are often applied to very high dimensional data such as
images and languages, and the learnability of Transformers
for such extremely high dimensional data is still unclear.
Second, their analysis is limited to the single output setting.
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In some applications such as question-answering, it is nec-
essary to learn a function that maps an input sequence to an
output sequence. Transformer networks can be applied to
such situations and achieve great practical success as rep-
resented by BERT (Devlin et al., 2019) although output is
also high dimensional. Finally, in these studies, the intrinsic
structure of target functions does not depend on each input
and the pattern of attention weights does not change. This is
in contrast to the dynamic nature of self-attention matrices
observed in practice (Likhosherstov et al., 2021).

In this paper, we consider the non-parametric regression
problems and study the approximation and estimation abil-
ity of Transformers for sequence-to-sequence functions with
infinite dimensional inputs. In the high dimensional setting,
the dependence of the target function on inputs varies de-
pending on the direction. For example, in image classifica-
tion, the target function is more dependent on foreground
features than background features. To deal with such situa-
tions, we consider direction-dependent smoothness. Then,
we derive the convergence rate of errors for mixed and
anisotropic smooth functions and show that Transformer
networks can avoid the curse of dimensionality. In addi-
tion, we consider the setting where the position of important
features changes depending on each input and show that
Transformer networks can avoid the curse of dimensionality,
which reveals the dynamical feature extraction ability of self-
attention mechanism. Our contribution can be summarized
as follows.

* We derive the convergence rate of approximation and
estimation error for shift-equivariant functions with the
mixed or anisotropic smoothness. We show that the
errors are dependent only on the smoothness of the
target function and independent of the input and output
dimension. This means that Transformers can avoid
the curse of dimensionality even if the dimensionality
of inputs and outputs is infinite.

* We consider the situation where the smoothness of each
coordinate, which corresponds to the importance of
each feature, changes depending on inputs and derive
the similar convergence rate to the case of the fixed
smoothness.

1.1. Other Related Works

Yun et al. (2020); Zaheer et al. (2020) proved that Trans-
formers with learnable positional encodings are universal
approximators of continuous sequence-to-sequence func-
tions with compact support, but the results suffer from the
curse of dimensionality. This is unavoidable as mentioned
in Yun et al. (2020). To derive meaningful convergence
results, it is necessary to restrict the function class. From
this perspective, Edelman et al. (2022) investigated sparse

Boolean functions and Gurevych et al. (2022) studied the
hierarchical composition model. However, our analysis im-
poses smoothness structure on target functions more directly
compared to these studies.

The mixed and anisotropic smooth function spaces which
we consider in this study are extensions of the functions
investigated in Okumoto & Suzuki (2022). In addition,
the function spaces can be seen as an infinite dimensional
counterpart of the mixed Besov space (Schmeisser, 1987)
and anisotropic Besov space (Nikol’skii, 1975). From the
deep learning perspective, the approximation and estimation
error of FNNs for the mixed Besov space and anisotropic
Besov space was analyzed in Suzuki (2018) and Suzuki &
Nitanda (2021), respectively. However, it is not trivial to
extend these results to Transformer architecture and multiple
output setting.

In this paper, we also consider the piecewise y-smooth func-
tion class. This function class is inspired by the piecewise
smooth functions, which was investigated in Petersen &
Voigtlaender (2018); Imaizumi & Fukumizu (2019), but
these studies did not consider anisotropic smoothness and
Transformer networks.

There are some studies that investigated the theoretical prop-
erties of Transformer networks from different perspective
than ours. Jelassi et al. (2022) analyzed simplified Vision
transformers and showed that they can learn the spatial
structure via gradient descent. Zhang et al. (2022) studied
the self-attention mechanism from the perspective of ex-
changeability and proved that Transformer networks can
learn desirable representation of input tokens. Pérez et al.
(2019) showed the Turing completeness of Transformers
and Wei et al. (2021) introduced the notion of statistically
meaningful approximation and gave the sample complex-
ity to approximate Boolean circuits and Turing machines.
Likhosherstov et al. (2021) showed that a self-attention mod-
ule with fixed parameters can approximate any sparse matrix
by designing an input appropriately.

1.2. Notations

Here, we prepare the notations. For I € N, let [I] be the
set {1,...,l} andforl,r € Z (I <), let [l : r] be the set
{l,...,r}. ForasetS C Randd € N, let

§dxoo = [, 521,80, 81, S | 8 ESd},

S@* = {s € (SU{0})**> | |supp(s)| < oo},

where supp(s) is defined as {(¢,7) € [d] X Z | s;; # 0}.
Similary, S?*[“"] denotes the set {[s,...s,]|s; € S}.
For X = [..,z0,71,...] € R X[l : 7] de-
notes [zy,...,x,] € R For s € RI*®, Jet
25 = 2Xucljez®ii For X € RI*%, | X, denotes
Sup, (g jez | Xi | and for 2 € RY, ||z, denotes Sl
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For F : Q — R let ||[F|| = supxcq [|[F(X)|
the probability measure Px on 2 and p > 0, the norm
I, py is defined by

1/p
ey = ([ Ir0IEaRE)

For a matrix A, let || A]|, = [{(¢, ) | Ai; # 0}|. For j € Z,
we define the shift operator X; : R4*>® — R4*X> py
(E](X))Z = Tjtj for X = [...,xo,...,l'i,...] € RIx,
For a normed space F, we define U(F) by U(F) :=
{f € F||fllz < 1}, where ||-|| ~ is the norm of F.

2. Problem Settings
2.1. Non-parametric Regression Problems

In this paper, we consider non-parametric regression prob-
lems with infinite dimensional inputs. We regard an in-
put X € [0,1]9%> as a bidirectional sequence of to-
kens {z;};o__ (z; € R%). For example, each token
x; corresponds to a word vector in natural language pro-
cessing and an image patch in image processing (Doso-
vitskiy et al., 2021). Let Px be a probability measure

n ([0, 1]7*°° B([0,1]?%>°)). We write § for the sup-
port of Px. We assume that Px is shift-invariant. That
is, for any i € Z and B € B([0,1]9*>), Px(B) =
Px({Z;(X) | X € B}). In the non-parametric regression,
we observe n i.i.d. pairs of inputs X () ~ Px and outputs
Y@ € R>®. We assume that there exists a true function
F° : Q — R, and outputs YV is given by

v(@® .— FO(X(i)) + £,

where the noise 5](_2) follows the normal distribution

N(0,02) (0 > 0) independently. We also assume that
{¢ (’)} are independent of {X (')}:11. Note that un-
like Okumoto & Suzuki (2022), we do not assume that the

Radon-Nikodym derivative df/\X for the uniform distribution

Aon ([0, 1% B(]0,1]%*>°)) satisfies ||dPX H

Based on the observed data D" := {(X (%), Y(Z))}izl, we
compute an estimator F' which takes its value in the class
of Transformer networks. To evaluate the statistical perfor-
mance of an estimator F', we consider the mean squared

error
2
)
2,Px

where the expectation is taken with respect to the training
data D™. Here, to avoid the convergence argument, we
consider a finite number of outputs (Yl(z), . ,Yr(z)), but we
show later that the convergence rate of estimation error does
not depend on [ and 7.

A 1 " .
R (B F7) = ey S
i=l

In this paper, we consider an empirical risk minimization
(ERM) estimator, which is defined as a minimizer of the
following minimization problem:

pin > (FOX0),

=1 j=I

Yj(z'))ﬂ

where T is supposed to be the set of Transformer networks
defined in Eq. (1). Note that an ERM estimator Fisa
random variable which depends on the training dataset D™.
In practice, it is difficult to solve the problem due to the non-
convexity of the objective function. Some studies (Huang
etal., 2020; Jelassi et al., 2022) investigated the optimization
aspect of Transformers, but we do not pursue this direction
in this study.

2.2. Transformer Architecture

Transformer architecture has three main components:
(i) (position-wise) FNN layer.
(i1) Self-attention layer.

(iii) Embedding layer.

(i) First, we introduce FNN layers. An FNN with depth L
and width W is defined as

f(zx) =

where A; € R%+1xd b ¢ R%*+1 max;d; < W, and
ReLU activation function 7(x) = max {x, 0} is operated in
an element-wise manner. Then, we define the class of FNN
with depth L, width W, norm bound B and sparsity S by

(ALU(')‘i‘bL)O O(A1$+b1)7

U(LW, S, B) = {f | max{|Aill.. |bill .} < B,
L
> il + leillo < S}-
i=1

(ii) Next, we define the self-attention layer. In this paper,
we consider the sliding window attention, which is used in
some practical architectures such as Longformer (Beltagy
et al., 2020) and Big Bird (Zaheer et al., 2020). To focus
on local context, the sliding window attention restricts the
receptive field to the input around each token. Let D be the
embedding dimension, H be the number of head, and U be
the window size. Then, self-attention layer g with param-
eters K, € RP'*D Q) e RP'*P y, e RPXP (D' <
D,h=1,...,H)is defined by

H
g(X)i =i+ Y ViX[i— Ui+ UlAp,
h=1
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where

A, = Softmax(KWX[i — U : i + U]) T (QWx,)),
c Rli-U:+U]

Here, Softmax : R — R! is defined by

.
er1 el
Softmax(z) = yeees
> e > et
Jell] JEll]

Then, we define the class of self-attention layers with the
window size U € N, the embedding dimension D, the
number of head H, and the norm bound B by

A(U,D, H, B)

= {1 (U Qo IV ) < B

(iii) Finally, we define the embedding layer. For embedding
dimension D, an embedding layer is defined as
Encp(X)=EX + P,

where E € RP*d P = [p;]2 € RP*>®, Here, P
is called a positional encoding. Since position-wise FNN
and self-attention layers are permutation equivariant, a po-
sitional encoding is often added to break the equivariance
when positional information is important. Sometimes, a
learnable positional encoding is used, but we consider that
P is fixed since P is infinite dimensional in our setting. Rel-
ative positional encoding (Shaw et al., 2018) is another way
to encode the positional information, but it requires extra
trainable parameters. Therefore, we consider the absolute
positional encoding in this paper.

We define the class of transformers by

T(M,U,D,H,L,W,S,B)
={fmogumo---ofiogioEncp||E| < B,
fi € \I/(L,WS7B),QZ € A(UuDaHaB)}v

where FNN is applied column-wise. Thanks to the parame-
ter sharing property, F' € 7 can represent a function from
[0, 1]4%°° to R> even though it has a finite number of pa-
rameters. In order to derive the estimation error for a model
class 7T, it is convenient to assume that there exists a con-
stant R > 0 such that || f|| ., < R for any f € F since
this assumption ensure the sub-Gaussianity of f(X®)). To
ensure this property, we define the class of (clipped) Trans-
former networks by

TR := {F:clipRoF|F€T}, )]

where clipp(z) := R A (x V —R) is applied element-wise.
Note that clipp can be realized by ReLU units.

For simplicity, we consider a modified version of the original
architecture in Vaswani et al. (2017). That is, we consider
the multilayer FNNs without skip connection instead of
the single layer FNNs with skip connection. However, our
argument can be applied to the original architecture with a
slight modification. See Appendix B for details.

3. Function Spaces

In this paper, we assume the true function F° is shift-
equivariant. A function F :  — R% X is called shift-
equivariant if I satisfies

F(35;(X)) = 5;(F(X)),

for any j € Z and X € . Such equivariance appears in
various applications such as natural language processing,
audio processing, and time-series analysis. We also assume
that F;(X) := (F (X)), is included in a certain function
class which is defined in this section.

3.1. Anisotropic and Mixed Smoothness

First, we introduce the y-smooth function class. This is an
extension of the function class in Okumoto & Suzuki (2022)
to the situation where the inputs are bidirectional sequences
of tokens. For r € Z§**°, we define v),.,, : [0,1] — R by

V2 cos(2r|ri;|x) (rij <0),
/(/}Tij (x) =41 (rij = 0)’
V2sin(27|r;;|7) (rij > 0),

and v, : [0,1]9%* = R by ¢.(X) =
Hi:1Hj:1¢mj(Xij)- Since {wT}TEZgXW is a
complete  orthonormal system of  L2([0, 1]4%>°),
any f € L?([0,1]9%*®) can be expanded as
f = Zrezgxoo (f,0r)r. For s € NI*¥*® define
58

(f) as

~—

3s(f) = >

reZd* 2% T | <y <2

(f ) tr.

This quantity represents the frequency component of f with
frequency |r;;| ~ 2% for each coordinate. Then, we define
the y-smooth function class as follows.

Definition 3.1 (y-smooth function class). For a given v :
Ng”" — R which is monotonically non-decreasing with
respect to each coordinate and p > 2,60 > 1, we define the
~-smooth function space as follows:

Fa(0.117) = {1 € L2(0, 1) 1] 57, < oo},
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where the norm || f|| z+ , s defined as
D,

1/6

ST 296, (HIL by

SENGX®

1y, =

We also define the finite dimensional version of y-smooth
function space F) ([0, 1]%%%) for | € N in the same way.

Since d5(f) represents the frequency component of f with
frequency |r;;| ~ 2% and weight 27() is imposed on
[65(f)Il,,» v controls the amplitude of each frequency com-
ponent.

As a special case of v, we consider the mixed and
anisotropic smoothness.

Definition 3.2 (Mixed and anisotropic smoothness). For
a € R‘%oo, mixed smoothness and anisotropic smoothness
is defined as follows:
¢ mixed smoothness:

V(s) = (a,s) .
* anisotropic smoothness:
v(s) = max{a;js;; | ¢ € [d],j € Z}.

The parameter a represents the smoothness for the coordi-
nate X; ;. Thatis, if a;; is large, the function is smooth with
respect to the variable X; ;. In other words, small a;; im-
plies that the function is not smooth towards the coordinate
(4,4) and X;; is an important feature.

When d = 1, p = 6 = 2, and Px is

the uniform distribution on [0,1]!, as shown in Oku-

moto & Suzuki (2022), the anisotropic smooth func-

tion space J ,([0, 1)) includes the anisotropic Sobolev
o%i

2
space: W¢ = {f e L2([0,1]) | 30, ’ Mg,’; , < oo}.
Isotropic Sobolev spaces are a special case of anisotropic
Sobolev spaces with a; = a1 (Vi € [I]). In that sense,
Fo ([0, 1]9%°°) is an extension of the finite dimensional
Sobolev space.

Here, we define some quantities regarding the smoothness
parameter a. Leta = {a;},-, be the sorted sequence in
the ascending order. That is, @ = [a;, j,,- -, @iy jps-- -]
satisfies a;, j, < @i, j.,, for any k € N. Then, weak [“-

norm for o > 0 is defined by ||al|,,;« := sup; ja&j_l,and a

. N T .
is defined by a := (3°;2, @; ") .To simplify the notation,
we define af = @; for the mixed smoothness and ' = &
for the anisotropic smoothness.

3.2. Piecewise Anisotropic and Mixed Smoothness

The mixed and anisotropic smooth functions represent the
situations where the smoothness depends on the direction.

However, the smoothness does not depend on each input.
That is, the position of important tokens is fixed for any in-
put. This is not the case in practical situations. For example,
in natural language processing, the positions of important
words should change if a meaningless word is inserted in
the input sequence. Therefore, it is natural to assume that
the smoothness for each coordinate changes depending on
each input. To consider such situations, we define a novel
function class called piecewise ~v-smooth function class.

Definition 3.3 (Piecewise y-smooth function class). For an
index set A, let {Q2x}, ., be a disjoint partition of 2. That
is, {Qx},c, satisfies

O=J o wny =0 (A#N).
AEA

For V' € Nand a set of bijections {7}, . between [2V +1]
and [-V : V], define IT : R4*[=V:V] 5 REX(VHD and
IT: Q — RIX(RVHD) py

H)\([.r_v, e ,xv]) = [Z‘ﬂ/\(l), AN ,xm(zv+1)],

(X) :=I0,(X[-V : V])if X € Q,.

Then, forp > 2,0 > 1 and 7 : Ngxoo — R, the function
class with piecewise y-smoothness is defined as follows:

7);,9(9) ={g=[foll|
f € Fo10, V), gl < oo},
where the norm ||g||p;.9 is defined by
1/6

S 2O s omf)

SeNgx[—v:V]

lgllpy , =

On each domain 2, a piecewise y-smooth function g can be
seen as the restriction of a certain y-smooth function gy. In
addition, considering the mixed or anisotropic smoothness,
the smoothness parameter of g, is a permutation of the
original smoothness parameter a. Therefore, the relatively
smooth directions of g change depending on each input.
This situation is shown in Fig. 2.

In this paper, we assume that there exists an importance
function, defined as follows.

Definition 3.4 (importance function). A function p : Q —
R is called an importance function for {5}, if p
satisfies

D ={X € Q| pu(X)r,qa) > > p(X)r v}

Here, we briefly explain the intuition behind the definition.
For X € Q, let X’ = II(X). Assume that x} is more
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important than 2}, ;. From the definition of II, we have 2} =
T, (i) When X € Q. Therefore, the token x, ;) is more
important than @, (;41). The definition of the importance
function reflects this relationship. We also assume that an
importance function y is well-separated. That is, p satisfies

(X ) mn () = (X )y (i) + i, 2

for any X € Q,, where ¢, 8 > 0 is a constant. This implies
that the probability that X satisfies p(X); ~ p(X); (¢ # j)
is zero. Similar assumption can be found in the analysis of
infinite dimensional PCA (Hall & Horowitz, 2007). We will
assume later that 4 has mixed or anisotropic smoothness.

4. Approximation Error Analysis

In this section, we study the approximation ability of Trans-
formers in the case that the target function has (piecewise)
anisotropic or mixed smoothness. Our analysis shows that
Transformer networks can approximate shift-equivariant
functions under appropriate assumptions even if inputs and
outputs are infinite dimensional. This is in contrast to the
analysis for any continuous functions (Yun et al., 2020),
where the number of parameters increases exponentially
with respect to the input dimensionality.

4.1. Mixed and Anisotropic Smoothness

First, we derive the approximation error of Transformer
networks for the mixed and anisotropic smoothness. In our

analysis, we assume the following. Similar assumption can
be found in Okumoto & Suzuki (2022).

Assumption 4.1. The true function F° is shift-equivariant
and satisfies

Fy € U(F,0), IFollo < R,

where R > 0 is a constant and < is mixed or anisotropic
smoothness. In addition, the smoothness parameter a sat-
isfies |la||, ;o < 1 for some 0 < o < oo and a;; =
Q(log(|j] +1)). For the mixed smoothness, we also as-
sume a; < G2.

Note that the assumption implies that F (i # 0) also
have mixed or anisotropic smoothness due to the shift-
equivariance. The weak [“ norm condition implies the
sparsity. Since the smoothness should increase in poly-
nomial order if ||al| ;. < 1, most of a;;s should be large,
which means there exist few important features in an in-
put. This assumption is partially supported by the fact
that attention weights are often sparse in practice (Likhosh-
erstov et al., 2021). On the other hand, the condition
a;; = Qlog(|j| + 1)) implies the locality. That is, a;;
should be large if |j| > 1, and thus z; is not important.
This is introduced due to the importance of local context in
some applications such as natural language processing.

Under this assumption, the approximation error of Trans-
former networks is evaluated as follows.

Theorem 4.2. Suppose that the target function F° satis-
fies Assumption 4.1. AThen, for any T > 0, there exists a
transformer network F' € T(M,U,D,H, L, W, S, B) such
that

F,— Ff <277
2,Px
for any i € Z, where ¢ = Wlﬂ and

M =1, logUy ~T, D ~T"Y* H~TY
L ~ max {Tz/a,Tz}, W~ TY/agT/a’

log B ~ max {Tl/o‘,T}, 3)
S ~ T?/® max {T2/C“,T2}2T/uT

pi =10,...,0,cos(i¢), sin(i¢)] .

The proof can be found in Appendix E. The results show
that even though inputs and outputs are infinite dimensional,
the approximation error can be bounded by N —a' ignoring
poly-log factor, where N denotes the number of parame-
ters, since the total number of parameters is bounded by
N <M(S+HD?) ~ 2T/a' ignoring poly-log factor. This
is in contrast to FNNs, where the number of parameters
should increase at least linearly with the input and output
length. The parameter sharing property and feature extrac-
tion ability of Transformers play an essential role in the
proof. For anisotropic smoothnesss, the result can be seen
as an extention of the result of FNN for anisotropic Besov
space (Suzuki & Nitanda, 2021) to infinite dimensional in-
put and sequence-to-sequence setting.

In addition, positional encoding is an important factor in ex-
tracting local context with limited interaction among tokens
compared to FNN and CNN. Due to the shift-equivariance,
Transformer networks should extract important tokens for
each output by relative position. Since we use absolute po-
sitional encoding, it is not trivial to show that Transformers
have such capability. Indeed, existing works (Edelman et al.,
2022; Gurevych et al., 2022) used absolute position to focus
tokens and their analysis cannot be applied to multiple out-
put setting with shift-equivariance. To overcome this issue,
we adopt the sinusoidal positional encoding since the shift
operation p; — p;4; can be represented by linear transfor-
mation, as mentioned in Vaswani et al. (2017). This allows
the self-attention mechanism to attend by relative position
as shown in Fig. 1. In addition, the size of the positional
encoding in (Edelman et al., 2022; Gurevych et al., 2022)
depends on the size of the receptive field. For example,
Gurevych et al. (2022) used the standard basis as positional
encoding and the size of the positoinal encoding grows lin-
early with respect to the input length. On the other hand,



Approximation and Estimation Ability of Transformers for Sequence-to-Sequence Functions with Infinite Dimensional Input

Ul Y2

................

""" Ti-1 T Ti+1 Tit2 Ti+3

Figure 1. The self-attention mechanism can attend by relative posi-
tion. In this diagram, each token attend to the previous token and
itself.

we show that fixed length positional encoding is enough for
feature extraction by adjusting the scale appropriately inside
the self-attention mechanism.

Remark 4.3. The results in Theorem 4.2 can be ex-
tended to the 2D input setting like image process-
ing by modifying the positional encoding as p;; =
[0,...,0,cos(ig),sin(ip), cos(j@),sin(j¢)], where i, j
represent the row index and column index of the token x;;,
respectively. That is, Transformer can approximate both
vertically and horizontally shift-equivariant functions with
2D inputs under appropriate assumptions. Similarly, the
other results in this paper can be extended to the 2D input
setting. Therefore, to some extent, our analysis explains
the practical success of Transformers in the field of image
processing (Dosovitskiy et al., 2021).

4.2. Piecewise Smoothness

Next, we derive the approximation error for the piecewise
mixed and anisotropic smoothness, where the smoothness
depends on each input. For the piecewise smoothness, we
assume the following.

Assumption 4.4. The true function F° is shift-equivariant
and satisfies

F5 € UPyg)s IFGllo < R,

where R is a constant, -y is mixed or anisotropic smoothness,
and the smoothness parameters a satisfies a;; = Q(j)
and ||a||,;« < 1 for some 0 < a < oo. For the mixed
smoothness, we also assume a; < as. In addition, we
assume the importance function p satisfies Assumption 4.1
withp =00, R = 1.

For piecewise y-smooth functions, it is necessary to extract
important features depending on each input as shown in
Fig. 2. Since II is not a linear operator, linear dimension
reduction methods such as PCA and linear convolutional
layers cannot approximate II. However, due to the dynam-
ical feature extraction ability of self-attention mechanism,
Transformers can approximate II and achieve similar ap-
proximation error results as in the fixed smoothness setting.

Theorem 4.5. For d = O(T?*P+tD/%logV), let
{u; 12;/1+ L ¢ RY be approximately orthonormal vectors

which satisfies
|<ui7uj>| <g, <uiaui> =1

In addition, We define u; for i ¢ 2V + 1] by u; =
Ui mod (2V+1)- Suppose that the target function F° sat-
isfies Assumption 4.4.

Then, for any T > 0, there exists a transformer F €
T(M,U,D,H,L,W,S, B) such that

for any i € Z, where

M ~ TV D~ 7?80/ 0g Y,
logUy ~logT, Ui =V (i > 2), H ~ (logT)"/*,

L ~ max {T2/Q,T2}, W ~ TV agT/a"

“)
log B ~ max {Tl/a, T,loglog V}

S ~ T?/* max {TQ/(’,TQ}QT/‘ZT7

pi=0,...,0,1,cos(i¢), sin(i¢), u; |

See Appendix F for the proof. This theorem implies that
multilayer Transformer networks can approximate mixed
and anisotropic smooth functions even if inputs and out-
puts are infinite dimensional, and the smoothness structure
depends on each input. In addition, the convergence rate
is N‘“T, which is the same as in Theorem 4.2. This can
be realized by the dynamical feature extraction ability of
the self-attention mechanism. See Fig. 2 for an illustra-
tion of the feature extraction mechanism. The construction
consists of two phases. First, the first layer of the Trans-
former network approximates the importance function .
Next, the Transformer network selects important tokens by
the self-attention mechanism based on the estimated impor-
tance. Thanks to the softmax operation in the self-attention
mechanism, Transformers can extract the most important
token. However, it is difficult to extract the second (and
subsequent) most important tokens. To overcome this is-
sue, we developed a novel approximately orthonormal basis
coding technique for the positional encoding to memorize
already extracted tokens. Approximately orthonormal vec-
tors can be constructed via random sampling, as shown in
Lemma C.3.

In this setting, the attention weights dynamically change
depending on each input. This is in contrast to the existing
works (Edelman et al., 2022; Okumoto & Suzuki, 2022),
which studied the feature extraction ability of Transformer
networks and CNNgs, respectively. Our result matches the
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; | ; |
..... i

NXeQ; 2) X € Q

Figure 2. For piecewise «y-smoothness, the position of important
tokens depends on each input. We show important tokens in darker
color. In the case of X € 2;, the most important token to y; is
x;—2 and in the case of X € Q, x;42 is the most important. The
self-attention mechanism can switch its attention (represented by
black lines) depending on the importance of tokens.

empirical findings (Likhosherstov et al., 2021) and Theo-
rem 4.5 theoretically supports the dynamical feature extrac-
tion ability of the self-attention mechanism by considering
the novel function class.

5. Estimation Error Analysis

In this section, we show that Transformer networks can
achieve polynomial estimation error rate and avoid the curse
of dimensionality.

To evaluate the variance of estimators, the covering number
is often used to capture the complexity of model classes.

Definition 5.1 (Covering Number). For a normed space F
with a norm ||-||, the J-covering number is defined as

N(F, 6, |-) =inf{n € N[ 3(f1,..., fn) € F,
vfeF,3ieq|fi—fll <o}

For non-parametric regression problems with infite dimen-
sional inputs and outputs, the estimation error of an ERM
estimator is evaluated as follows.

Theorem 5.2. For a given class F of functions from
[0,1]%% 10 R*®, let F' € F be an ERM estimator which
minimizes the empirical cost. Suppose that there exists a
constant R > 0 such that |F°|| _ < R, ||F||,, < R forany
F e F, and N(F,6,|||l) = 3. Then, forany 0 < § < 1,
it holds that

. . 1 . 2
o < - . — O
R (F,F?) < 4 jnf —— T1 Zi:l 15 = 712, py

log N'(F, 8, ||
og N (F, 4, || Hoo)jL

+C((R? +07) "

(R+0)d),
where C' > 0 is a global constant.

This theorem is a direct extension of Lemma 4 in Schmidt-
Hieber (2020) and Theorem 2.6 in Hayakawa & Suzuki
(2020) to the multiple output setting. The proof can be
found in Appendix G.

By carefully evaluating the complexity of the class of Trans-
former networks, we have the following bound on the log
covering number of Transformer networks.

Theorem 53. For given hyperparameters
M,UD,H,L,W,S B, assume that B > 1 and
|P||,, < B. Then, we have the following log covering
number bound:

logN(T(M,U,D,H,L,W,S,B),0, |||.)

< MPL(S + HD?)log (DH{;’WB)
See Appendix H for the proof. Interestingly, the covering
number bound does not depend on the dimensionality of
inputs and outpus, and the width of the sliding window. This
is because the number of parameters does not depend on
these quantities due to the parameter sharing property and
the magnitude of the hidden states are independent of the
window size since the attention weights A are normalized
as ||A||; = 1. The parameter sharing property, on the other
hand, leads to the limited interaction among tokens. This
makes approximation analysis difficult, and thus it is neces-
sary to design positional encoding carefully as mentioned
in Section 4.

Combining above results, we have the following estimation
error bound for the mixed and anisotropic smoothness.

Theorem 5.4. Suppose that Assumption 4.1 holds. Let
F be an ERM estimator in Tpr(M,U,D,H,L,W, S, B),
where M,U, D, H, L,W,S, B is defined as (3) and T =

_al

5ot 71 logn. Then, for any l,r € Z, we have

2af

Rl,T(F7F) g n*m(logn)Z/a+2+max {4/04,4}-

This can be shown by letting § = 1/n in Theorem 5.2. See
Appendix I for the proof. The results show that the con-
vergence rate of the estimation error does not depend on
the input dimensionality and the output size if the smooth-
ness of the target function has sparse structure. This im-
plies that Transformers can avoid the curse of dimension-
ality. When d = 1, this convergence rate matches that for
CNNs (Okumoto & Suzuki, 2022) for single output setting.
For anisotropic smoothness, this rate also matches, up to
poly-log order, that of FNNss in the finite dimensional setting,
which is known to be minimax optimal (Suzuki & Nitanda,
2021). That is, Transformers can achieve near-optimal rate
in a minimax sense.

In addition, the Transformer architecture including the posi-
tional encoding P does not depend directly on the smooth-
ness structure a. This implies that Transformer networks
can find important features and select them adaptively to the
smoothness of the target function by learning the intrinsic
structure of the target function.
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Figure 3. Two zebra images (left) and the corresponding images
with 180/ 196 patches masked (right).

For the piecewise smoothness, we have the following esti-
mation error bound.

Theorem 5.5. Suppose that Assumption 4.4 holds. Let
F be an ERM estimator in Tr(M,U,D,H,L,W, S, B),
where M,U, D, H, L,W, S, B is defined as (4) and T =

_a'

5ar71 l0g n. Then, for any l,r € Z, we have

~ _ al
Rlﬂ-(F,F) 5 n 72:14_1 (log n)5/a+2+max{4/a,4}(log V)B.

See Appendix J for the proof. This convergence rate is the
same as in Theorem 5.4 up to poly-log order if V' = poly(n).
This means that Transformers can avoid the curse of dimen-
sionality even if the smoothness architecture depends on
each input.

In addition, the Transformer architecture does not depend on
the partition {€2)},., and the importance function /. This
means that Transformers can adapt to the intrinsic structure
of the target function and realize the dynamical feature
extraction according to the importance of tokens. This fact
supports the practical success of Transformer networks in a
wide range of applications with various structures.

6. Numerical Experiments

The assumptions in this paper essentially impose the spar-
sity of important features. To verify this, we conducted
some numerical experiments using masked images as in-
puts. In this experiment, we prepared a pre-trained model
(ViT-Base model (Dosovitskiy et al., 2021)) and two images
of zebras in Fig. 3 from the validation set of ImageNet-
1k (Russakovsky et al., 2015). We divided each image into

o o e Iy
= (=2} oo o
1 1 1 1

predicted probability

e
)
1

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

mask ratio

Figure 4. The predicted probability of the correct class for the top
left image in Fig. 3. The predicted probability remains high even
when most of the images are masked.

14 x 14 tokens and masked each token in turn. At each step,
a token to be masked is selected using a greedy algorithm to
maximize the predicted probability of the correct class by
the pre-trained model. Since masking informative features
strongly affects the predicted probability, important features
will remain unmasked near the end of the procedure.

As shown in Fig. 4, the predicted probability remains high
and the model can classify the image correctly even if about
90% of the input is masked. This means that a small frag-
ment of the image is important for prediction. In addition,
Fig. 3 demonstrates that the patterns of unmasked, i.e., im-
portant features in the two images differ significantly. This
implies important features change depending on each in-
put and the piecewise smoothness describes more practical
situations than the fixed smoothness.

7. Conclusion

In this study, we have investigated the learnability of Trans-
former networks for sequence-to-sequence functions with
infinite dimensional inputs. We have shown that Trans-
former networks can achieve a polynomial order conver-
gence rate of estimation error when the smoothness of the
target function has sparse structure. In addition, we have
considered the situations where the smoothness depends
on each input. Then, we have shown that Transformer net-
works can avoid the curse of dimensionality by switching
the focus of attention based on input. We believe that our
theoretical analysis provides a new insight into the nature
of Transformer architecture.
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A. Notation List
Table 1. Notation list
| Notation Definition
n sample size
d token dimension
(X @) () i-th observation
D= {(X@,y@D)}" training data
Px data distribution
Q support of Px
{0} en disjoint partition of €
Foo ~-smooth function class
0.0 piecewise y-smooth function class
o noise variance
F° true function
a smoothness parameter
= [Qiy jrs- e Gig gy smoothness parameter sorted in the ascending order
- oo ——1\—1
a (Xia;)
al a, for the mixed smoothness and a for the anisotropic smoothness
" importance function
n ReLU activation function
I(T, ) {(1,7) | 35 € N&X 555 £ 0,9(s) < T}
Ij(Tv’Y) {Z | (Z’]) € I(T7’Y)}
e; € RETT (G e [l:7)) standard basis of R[]
5771 c R[lliTl]X[l2lT2] (7, = [1177‘1], j S [lg : ’I"Q]) 51',]' = 6,;6;
x~y(z,yeRY) lz —yll, Se
1a 1if Ais true and O if A is false

B. Extension to the Original Architecture

In this paper, we consider the multilayer FNN without skip connection while the FNN in the original architecture (Vaswani
et al., 2017) uses single hidden layer with skip connection. However, our argument can be applied to the original structure
with slight modifications as follows.

» (Skip connection) Since there exists an FNN f : R¢ — R with one hidden layer of width 2d which works as an identity
map, we can cancel out the skip connection using f. This modification does not change the order of hyperparameters,
and we can obtain the same convergence rate as the original one.

* (One hidden layer) By letting V;, = O in a self-attention layer, the self-attention layer behaves as an identity map due
to the skip connection in the self-attention layer. Therefore, L-layer Transformer blocks (one block consists of an FNN
layer with one hidden layer and a self-attention layer) can represent an L-layer FNN. Then, we can obtain the same
convergence rate as the original one up to poly-log order.

C. Auxiliary Lemmas

Lemma C.1. For § € RY, assume that there exist an index i* € [d) and § > 0 such that 0;« > 0; + 6 for any i # i*. Then,
we have

[|[Softmax(8) — e ||, < 2de™°.

12
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Pl OOf: FOl’i % Z N the aSSllmp'[iOl’l 61* > 61 + 5 ylelds that
0;
e’
< eei ei < € 5.

Z?: 1 69_7’ B B

0 < Softmax(); =

For i*, we have

0 < 1 — Softmax();- = »_ Softmax(f); < (d — 1)e™".
iF#i*

Therefore,

||Softmax(6) — e;~

1 = |1 — Softmax(6);+| + Z |Softmax(6);| < 2de™?,
i

which completes the proof. O

Lemma C.2. Forany 0,0’ € R?, we have

[|Softmax(0) — Softmax(6")||;, < 2|6 — ¢'| ..

Proof. See Corollary A.7 in Edelman et al. (2022). O

Lemma C.3. Foranyl € N and € > 0, there exists c-approximately orthonormal vectors {ui}izl CR?(d= O(lz—%l))
which satisfies

(i, uj)] <,

&)

<ui7ui> = ]-7
forany i # j.

Proof. Let each component of u; € R? independently follows Bernoulli distribution Pr((u;); = £1/v/d) = 1/2. Then, we
have ||u;|| = 1. Since (u;, u;) can be seen as the sum of independent Bernoulli random variables, a Chernoff bound implies

2
Pr(|(us, uj)| > ¢) < Qexp<52d>_

By letting d = %, we have

1
Pr([{u;, u;)| > ¢e) < 2exp(—2log2l) = ek

Since there exists at most [? /2 pairs (i, j), from the union bound, the probability that |(u;, u;)| < e for all (4, j) such that

i # j is greater than 1 — g . % = 3/4. This means there exist approximately orthonormal vectors which satisfy Eq. (5). O

Lemma Cd4. For B > 1, let f € U(L,W,B,S), and g € A(U,D, H,B). Then, for any r > 1, z,2' € R? and
X, X" € [—r,7]?%>°, we have

£ (@) = f(@) o < (BW) |z = 2’|l < (6HDBW)*r?||z — ||, ©)
lg(X) = g(X")| o < 6HB D*?||X — X', < (6HDBW)* || X — X'|| ..

Proof. Since the ReLU activation function 7 is 1-Lipschitz continuous and ||W;z + b — (W;z' + b)|| < BW|jz — 2’| ..
f is (BW)%-Lipschitz continuous. This implies Eq. (6).

13
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Let X := X[-U : U] and A, := Softmax((K,X)" (Qn)). We define X', A} in the same way as X, Aj,. Then, we have

H

9(X)s = 9(X")illoo < lls = @l + D Vi X A — VX'A]
h=1
H

< g — 37;”@ + Z HVhXAh — VXA;L

h=1

7«||oo

e + VXA, = VX ALl

From Lemma C.2, we have

[An = Ajlly < 2[[(KnX) T (Qnai) — (KX') T (Qna})]|
< 2||(KnX) T (Qnai) — (KX) T (Qna})|| . + 2[|(KnX) T (Qnaf) — (KnX) T (Qnal)||
<4rB?D?*||X; — X{| .-

Here, we used the fact that || Kp ||, [|Qrll o, IVallo < Band || X|, <. Then, it holds that

< BDr| A — Ayl
<AB*DY%?||X; — X! .o

VXA, — Vi XA

I

[VaX A}, — Vi X' A} ||

Since B > 1,r > 1, we have

lg(X)i = g(X")illo < (1+4B°D*?* + BD)|IX — X||
<6HB*D*r?*||X — X'|| .,

which completes the proof. ]

Lemma C.5. Ler f € W(L,W,S,B) and g € A(U,D,H,B) for B > 1. Foranyr > 1, X (| X| . < r), and
z (||z] o, < 7). we have

[f(@)] < (2BW) r < (6HDBW)*r,
19(X)|l, <2HBDr < (6HDBW)"r.
Proof. For the FNN layer f, since ||n(2)|, < 2], and

[Wz+b|,, <BWr' +B
< 2BW7y’

for [|z|| ., <7’ (r' > 1), we have
1F(X)]lo < (2BW)Er

by induction.

For attention layer g, define X and Ay, as in the proof of Lemma C.4. Then, we have

H
19 (X) oo < llzilloo + D [[VX AR
=1
< || Xl + HBD|IX || I Arll
<2HBDr,

since || Ap||; = 1. This completes the proof. O
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Lemma C.6. Define f, f € U(L,W, B, S) by

f(@):= (AL - +br)o - o (A1z +b1)
f(z) = (/IL . —|—l~)L) 0---0 (fllx + l~)1),
where ||A; — A; <6, ||b; — b; < foragiven§ > 0. Foranyr > 1 and x (||z||,, <), we have

H fla) - f(x)Hoo < 2(2BW)E6r < (6HDBW)*- 513

In addition, define g,§ € A(U, D, H, B, S) by
H
9(X)i ==+ Y _ViX[-U : U] Softmax((K, X[~U : U]) " (Qnz:))
i=1
H
J(X)i=a + Z Vi X[-U : U] Softmax((K, X[~U : U]) " (Qnzx:)),

i=1

where ‘Kh — Kh)‘ <4, ||Qn — QhH < 4, and HVh - f/hH < ¢ fora given § > 0. Foranyr > 1and X (|| X||,, <

), we have

19(X) = §(X)||, <5HB*D"?5 < (6HDBW)**6r°.
Proof. By the same argument as Lemma 3 in Suzuki (2018), we have
|f@) = F@)|_ < 208wt
Define X, A, Ay, as in Lemma C.4. From Lemma C.2, we have
HAh - Ahul < QH(KhX)T(thi) — (KnX) " (Qnas)
< 2H(KhX)T(Qh33i) — (KnX) T (Qna:)
< 4(BD?r?5).

[ee]

2| D) T Q) — (K %) (Qua)|

Therefore, it holds that

1900, — 30Xl <3 VKA — G|
=1
< 3 ik, — A+ |- x|
=1

H
<> [VaX]|||4n - An
i=1

o =]

< H(4(B*D*36) + Dér)
< 5HB2D*r36,
which completes the proof. O

Lemma C.7. Assume that positive and monotonically non-decreasing sequences @ = {a; }.-, and @' = {a}};- | satisfies
a, > 1=a) and
- 1
H 1 —o—(@-an =
i=2
o0

1
== <>
=2
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for a positive constant 5. Then, we have

_ 1
>, i< (H 12—a<a~—a<>>25T’

seNg:(a’,s)>T

S - 1
o< 8<H 1_2_(%_111))2?

seENge:(a,s)<T

Proof. See Lemma 18 in Okumoto & Suzuki (2022). O

D. Approximation ability of FNN

In this section, we show that an FNN can approximate (piecewise) y-smooth function if important features are extracted
properly. For a general y-smooth function class, we have the following approximation error bound.

Lemma D.1. Fory : NZ*> — R, let

G(T,v) = > 2°,

SENgxw:v(s)<T

Sonax(T,7y) :== , nax S max S,
SENIX .y (s)<T t€[d],FEL

I(T,~) := {(Lj) |3s € Ngxoo,sij #0,7(s) < T},
dmax (T, ) = [I(T,7)|-

Assume that ' satisfies 7' (s) < ~(s) and the target function f € F) ,((0, 1]4%2°)(p > 2,0 > 1) satisfies || f| ., < Rfora
constant R > 0.

For given T > 0, let

(dmax(Ta '7)7fmax(T7’Y)vG(T7 7))a (9 - 1)7

dmax; maxyG =
(s s G) {(dmaX<T,w'>,fmax<T,w'>,G<T,v'>>, (0>1).

and

L :=2K max {d2 ., T?, (log G)?,10g fmax }

max’

W = 21dmax G,
7
S = 1764Kd2 ,, max {dZ .. T?, (log G)?,10g fumax } G, ™
B = 2dmax/2 7
for positive constants K, K’ which depend on only R. Then, there exists an FNN fT € (L, W, B, S) such that
Hf f I < 27T||f||]—';’9, (9: 1)a
— fro H S ’L,Sis 1-1/6
2,Px (ZTg»y(s) 951 (7 (s)=( ))) 9 T”fH]-';gv 0> 1),
where T : R4X%° — Rémax js q feature extractor defined by
F(X) = I:Xilmj‘l’..-’Xidmax)jdmax] (8)

for X € R¥**® and I(T,~) = {(i1,51),- - (id,..» Jd... ) }-

Proof. Define fr by fr = >_ <7 0s(f) for & = 1and fr = >, 7 0s(f) for @ > 1. Then, for a given f €
U(L,W,S, B), we have

|£=7or|, . <if=trllppy + |fr - For|

2,Pyx 2,Px

16
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First, we evaluate || f — fr|l, p, - By the Cauchy-Schwartz inequality, we have, for p > 2,

16,02 5 = / 5.(f)2 Py

< ( / (i5.(p2)" dPX>2/p ( / 1dPX>12/p

2
= [16s(H)I;, py -
Therefore, for any p > 2, it holds that

165 (N2, pye < 105Nl py-

In the case of 6 = 1, we have

If = Frllope =1 D 0(f)

v(s)>T

2,Px
< 3 10y
v(8)2T
< D 18Dy oy
¥(s)=T
= > 2277 5,(f)]l,, py
v(s)=2T
<277 3 25 (Nl py
()T
<27 fll .
In the case of & > 1, we have
1f = Frllapy < D0 16Dl py
v (8)2T
- Z Q—W’(S)Qw’(S)—w(S)gv(S)H(;S(f)HEPX
v (s)2T
<9 T Z 27/(3)_7(8)27(3)|\5s(f)|p,pX
v (s)2T
1-1/6 1/6
_ _0 _(~(s)—~(s s
<o T Z 9527 (V' (5)=7(5)) Z 207( )Hés(f)”z,PX
v (8)>T v (8)2T
1-1/6
<277 Y 9721 (7 (9)=(5)) [Fi=.
,60
7/ ($)2T ’

For the third inequality, we used Holder inequality. Combining these two cases, we obtain

27T £I1 0 0=1),

_ < , 1-1/6 ©)]
7= el (S (or 27T OO o g, (0> 1),
From Lemma 17 in (Okumoto & Suzuki, 2022), there exists an FNN fT € U(L,W, S, B) such that
|fr = froT|_ <277, (10)

17



Approximation and Estimation Ability of Transformers for Sequence-to-Sequence Functions with Infinite Dimensional Input

Combining Eq. (9) and (10), we have

Hf f FH < 27T||f||;,9 /o (0=1),
— fro , 1-1
r 2,Px ™ <27,(S)ZT 9521 (v (S)—’Y(S))) 2_T||f\|;’9 0> 1).

This completes the proof. O

In addition, for a general piecewise y-smooth function class, we have the following approximation error bound.

Lemma D.2. For~y: Ngx(z\/H) — Ry, let

G(T, ’y) = Z 2S7

SGNgX(2V+1):'y(S)<T

fmax(Ty7) = max ~ max s
SENTX@VHD (o)< i€[d],FE[2V +1]

I(T,7) = {(0,9) | s € NGBV 55 £ 0,9(5) < T,
dmax (T, ) = [I(T,7)|-

AR

Assume that ' satisfies »'(s) < ~(s) and the target function f € P) 4(p > 2,0 > 1) satisfies | f||, < R for a constant
R>0.

For given T > 0, let

o (dmax(T,7), fmax(T,7), G(T, 7)), (¢
(s fnass G) = {(dmaxmv'),fmax<T,v'>,G<T,v'>>, (0>1).

and define L,W, S, B by Eq. (7). Then, there exists an FNN fT € U(L,W, B, S) such that

s droron], <2 Mme - v
9.py ™ (ZTﬁ’y(s) 2%<w’<s>w<s>>) 2N iy, (0> 1),

where T : RIX(2V+1) _y Rémax js q feature extractor defined by
D(X) =X s Xia, o i) (11)

Jor X € Rdx(2V+1)’ and I(T7 '7) = {(ilajl)v s (idn\ax7jdmax)}'

Proof. From the definition of P ,, there exist f € F ([0, 1]9¥12V+1) such that f = f’ o II. Define fr by fr :=

Z'y(s)<T ds(f') for & = 1 and fr = Ew’(S)<T ds(f") for § > 1. By the same argument as in the case of y-smoothness,
we have

1 = froTlypy <277 flpy,
for 8 = 1, and

1-1/6

_ 0 (~(s)—~(s
If = frodlyp, <277( 37 270D Iflpr,
V' ()2T

for # > 1. By the same argument as in Lemma 17 in (Okumoto & Suzuki, 2022), there exists an FNN fT € U(L,W,S,B)
such that

HfT — fro FHOO <27 T

18
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This implies
HfToH—fToFoHH <27
o0
Therefore, we have

Hf_fTOFOHng < ||f_fT°HH2,PX + HfToH—fToFoHH
T X oo
27" fllpr 6=1),

0 i\ 1O
(ZTS,Y(S)29—1('Y( )—( ))) 9 T||fH7>;97 0> 1),

~

which completes the proof. O

Next, we evaluate the approximation ability of FNN for the (piecewise) mixed and anisotropic smoothness when the
smoothness parameter a satisfies ||al[ ;. < 1.

Theorem D.3. Suppose that the target functions [ € }-;9 and g € 73;9 satisfy || f|| . < Rand | gl < R, where R > 0
and 7 is the mixed or anisotropic smoothness and the smoothness parameter a satisfies ||a| < 1. Forany T > 0, there

exist FNNs fr,gr € W(L, W, S, B) such that

wl™

liror-4],,. 2.
2,Px
lgroT ol —glyp, <277,
where
I ~ max {TQ/a’T2}7 W~ Tl/a2T/aT7

S ~ T max {T2/Q,T2}2T/a*,1og3 ~ TV,

The result for the fixed smoothness case is similar to Theorem 7 in Okumoto & Suzuki (2022), but we omit the case

1 < p < 2 since we relax the assumption H % Hoo < 00, which is imposed in the previous work.

Proof. We show the result for the mixed smoothness and anisotropic smoothness separately.

Mixed smoothness Let us consider the case § = 1. Since ||a,,;o
diax ~ T/ and fmax ~ T'. In addition, from Lemma C.7, we have

GTy)= Y  2ng2lm
(a/@1,8)<T /a1

<1,a; > j* forany j € N. Therefore, we see that

Therefore, from Lemmas D.1 and D.2, there exists f;m gr € V(L,W, S, B) such that
Jirer -], 527
2,PX
lgroT ol —gllyp, S27°

where L, W, S, B is defined in Eq. (7).

In the case of @ > 1,leta} = a1/2and a; = a;/u (i > 2) for2 <u <2+ ?T(f’ where § = @3 — @z > 0. Then, @ is a
positive monotonically increasing sequence. Since a; > %, we have, for any ¢ > 0,

o0

1
< 00.
i:HQ 1 _ 276(1_17;/(_1172(_1;/1_11)
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Therefore, by adjusting the scale of a,a’, Lemma C.7 yields that
Z 2%1(7’(5)—7(8)) < 2—%7“7
(a’,8)2T

G(T, 71) 5 2T/t_z,1 _ 22T/51.
Therefore, from Lemma D.1, there exists fr, jr € (L, W, S, B) such that

~ 1-1/60
Pror-il, , 5 (xesm) e

2,Px

1-1/6
lgroT ot =gl p, 5 (27777) 27T =272,

By replacing 27" < T, we obtain the result.

Anisotropic smoothness For s € N§°, define § as the sequence rearranged in the same way as a. Since v(s) < T is
equivalent to 5; < T'/a; for any i € N, we have

oo [T/a;]
Z 2° < Z 98 | < 9XZulT/ail  9T/a
v(s)<T i=1 \ 5=0
Then, by the same argument as in the case of mixed smoothness, we obtain the result. O

E. Proof of Theorem 4.2

First, we construct the embedding layer Encp. Let D be d + dynax + 2 and the embedding matrix F € RP*d be the matrix
such that Ex = [21,...,74,0,...,0]" € RP forany x € R?. Note that | E||_ = 1. Define Z(™ by

70 — {Z](O)}%o := Encp(X),

j==o0 (12)
Z(m):{zj(m)} ::g'rnof'm—logm—lO-~'flog10EnCP(X) (.7217’M)

j=—o0

Then, the embedded token zj(o) is given by [X1 j,..., Xa;,0,...,0,cos(jp),sin(j¢)] .

Next, we construct the attention layer g;. Here, for each self-attention head, define the parameters Qp,, Kp, Vi (h =
1,...,dmax) by

O = 0 ... 0 cos(jnp) —sin(jno)
REXN0 L0 sin(ag)  cos(ing) |’

0
1 )

where ¥ is a constant and (T, v) = {(ip, jh,)}Z‘;“f. Then, the key, query, and value vectors for a given head h are given by

0 ... 0
Kn = [0 o0

Vi = ddsn,ins

O =

g = thl(o) = x[cos((Z + jn)¢), sin(( +jh)¢)]—r’
ki o= Kp2") = [cos(ig), sin(ig)] ",
v; 1= thlgo) = X, i€d+h-

From the assumption a;; = Q(log(|j| + 1)), there exists a window size U such thatlogU ~ T and j < U if a;; < T'. That

is, j € [-U,U]if (i,5) € I(T,~). Define Z = [..., 29, ...,Z,...] by

" H
5 =204 Y ViZO — U+ Uley, =20 + 3 Vael).

h=1 h=1
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. ~ (1)
Intuitively, Z; corresponds to z;

operation. Then, we have

2= X1y Xag, Xivjtins s Xiay g C08(j @), sin(jp)] "

in the situation where the softmax operation in the attention layer is replaced by hardmax

Note that Z; contains important features (Xl1 G471 , oy Xiy jtija,... ) for j-th output. For a little while, we focus on the
0-th token. Let s") := (K, ZO[-U : U] T (th ) Then, we have

Sl(-h) = k:;rqo = x(cos(ig) cos((jnp)) + sin(i¢) sin(jne)) = x cos((jn — 1)),

which implies sgz) > sg.h) + x/U?(Vj # jn). From Lemma C.1, we have

HZO —zO] HZth@ -U: U](ej, Softmax(s(h)))

oo

1

< hz_:l HVhZ(O)[—U : U]HOOH (ejh _ Softmax(s(h))) H

< 2HUe XU’
where the last inequality holds because HV(h)z(O)H ’ Zl(} )Je(H_h . < 1lforany j € [-U : UJ]. Similarly, we
have H ]( ) _ ZJH < 2HUe™ X/U? for any j € Z. Let C € Rmax*D pe the matrix such that for any r € RP,
Cx = [Tgs1,---,7arn] . Then, we have CZ; = [Xi, j1jrs-- > Xigjrju) =L 0 %;(X), where I is defined in Eq. (8).

Next, we construct the FNN layer f;. From Theorem D.3, there exists an FNN fe U (L, W, S, B’) such that

fol —Fy <27

X
where log B ~ T 1/« From the shift-equivariance of F'°, we have

F(X) = F§ (3:(X)), (13)

3

Therefore, we have

R R 2 1/2
Hfol"oEi—Fio - / fol“oEi(X)—F;’(X)H dPx>
2,Px Q 2

(
- (/Q foT(Z:(X)) — FS(Ei(X))HZdPXy/Q
(

5 1/2
For(x) —FS(X)HQdPX>

for any ¢ € Z. For the third equality, we used the shift-invariance of Px. Let f; = f oCand F = f1 091 0Encp. Since
f1 € U(L,W,S,B’) and f; is (B'W)L-Lipschitz continuous with respect to ||-|| ., norm, we have, for X € [0, 1]%X°°,

‘f [o%y(X)— ‘—‘fl %) — f1(2! )‘
< (BW)E . 2HUe /U,

By putting x = U? log(2HU (B'W)% 27, we have

‘fol—‘ozi(X)—
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Therefore, it holds that

|Fe-£|| <|F-foros —+|foromi-F
2,PX 2,PX oo
<o T,
The scaling factor y can be evaluated as follows:
log x = log [U?log(2HU (B'W)*2")]
~T.
Therefore, g1 € A(U, D, H, B) and Fe T(M,U,D,H,L,W,S, B), which completes the proof. O

F. Proof of Theorem 4.5
For T > 0, define

(T = {i | (i) € [T )} = {0l ]
Fmax(T,7) = max {7 | |1;(T, )| # 0}.

Note that 7y ~ T since a; i =Q(j%). Let {ul}f:fr ! be €1-approximately orthonormal vectors such that

[uilly = 1,

(us, uj) =2 li=j,
wheree; > 0and d’ = O(%). In addition, we define u; = 4; mod 2v+1 for i & [2V + 1]. Note that for any 7, j, k € N
such that,j € [k — V : k+ V], (u;, u;) = 1, holds.
Let M = oy + 1, ¢ = 21/ (2Uy + 1), D = d + dpax + 2d' + 4, E = 3% | 6;; € RP*4 and
pi =1[0,...,0,1,cos(ip), sin(i¢),u, | T € R,
Then, Encp is defined as

Encp(X); := Ex; + p; = [xT

7

0,...,0,1,cos(i¢),sin(i¢), u; | .

Let Z(9 = Encp(X), Z™ = f, 0 gn(Z™ V) (m = 1,...,M). By the same argument as in Theorem 4.2 with
T ~log1/ey, there exists an FNN f; and an attention layer g; such that

Zz(l) - x(l) + Yis

2D =z =27 0,...,0,4],0,...,0]7,
yi == 1[0,...,0,1;(X),1,0,...,0]T,
Gi:=10,...,0,14(X),1,0,...,0] T,

H[)“ - /’L”oo 5 81'
Note that Theorem 4.2 holds for [|-[|, p.but it can be easily extended to ||-[| , sicne p = oo is assumed. We also define
s = () + ¥i-

In the following, we fix A € A and X € Q,. For fixed A and X, we denote my by 7 and 1(X); by p; for simplicity. Let
ri(m) = m, (m) + i, where ¥;(X) € Q,,. Since n(z) — n(—z) = x, there exists an FNN f € ¥(2,2d, 4d, 1) such that
f(x) = x for any z € R?. We set f,, = f form = 2,..., M — 1. In addition, we set the parameters for i-th heads of
gm (1=2,...H, m=2,..., M) by zero matrix. For the first head of g,,,, we define the parameters U,,, K,,,, Qm, Vi, by
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U,, =V and
d/
Krt1 = 01,dtdpax+d’'+1 + E Oi+1,D—2d' +i>
i=1
d/
Qi1 =X | Otdtdpmetars2 — R+ rnl) D Siyr1p-arti |
=1
[Irm | d’

my + E OD—d/'+i,D—2d'+1-
=1

Vi1 = E 5i+Z L |
i=1

Form=1,...,M — 1, let

i’gm—H) — igm) + Vm+1X(m) [Z — U, i+ Um}e”(m)7
Zi(erl) — ggm) + Vm+12(m) [Z —Up i+ Um}em(m).

(m)

Note that Egm) (m) ~+ ¥; and z; Em) + y; since V119 = Vina1y; = 0 for any m. Since

m™T
Zaoa"'aoaui] ’

Vm—‘—lx( ™ — [07 s 707 X’igm),i X i(m)

Yol
we have

() (] (m+1)
z; = [z, 7Xi§1)’ri(1), . ¢ ‘(Imm?(m),(), 0,0 w; 1,

where w(mH) =Y Uy () Let C = Zf;“;* Si.dti € Rdmax*D Then,

CZ,(CM) =[X.) ]T =TolloXy, (14)
1

Sil’lCC [H o Ek(X)]Z’J = [Ek(X)}i,ﬂ')\k(j) = Xivﬂ.kk(j)_i_k.

Next, we show that for any o = O (3 "mexgq /D), ) iz(-M) H < 3"maxgy by setting x appropriately. For m = 1, we

have ngm) N @5”““ = 0. Assume that |l — 7" H = 3"~y for some m = 1,..., M — 1. The key and query
vectors, o 00
ki = m+1Z( )7 ki = m+15¢(m) = [M,uz‘]T,
= Qui12™, G = Qi 2™ = X[1, -2+ o )uw™]T,
satisfy

= 2| < llgs = Gilly + D2l = 5| S (61 + 30"V Des) ~ e,

lai — d@illy S x|[z™ = 2| < xen,
2
killy S 1, 11dlly S XPmax-

Therefore, for m’ € [2V + 1], we have

X1 . T ~
kr (m?”) Ql ~ kr (m”) qi
XTmmxfl ]~€

Tl(m’)

= X(:un(m N (2 + crmax)u;:(m’)wz(m))

XTmax€1

= X omry — 2 ) e im—1))s
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since Uji(m Zk 1 U (m7)Uri(k) et Ly efm—1]- For m’ < m, we have
XTmax€1 —
kl(m)% - kl(m/)%’ ~ X(Mm(m’) = Hr;(m) +2+ Crmgx)v
> Xcrm§X7

since |u;| < 1. For m’ > m, we have

XTmax€1

-
kri( )i kn(mf) ~ Xy = B (m))
> XCT il

This is because for m’ > m < ryax,
(110 54 (X)), () = (110 B (X)), ) = em ™ = erp R
since p is well-separated, and
Hors(mry = [0 Bi( X))y, (Gur)
which yields
Lhrs(m) — Hors(m?) = .
Therefore, we have, for any m’ # m,

Ky @i = Koy @i = XCT o /2,

by letting 7 ~ 751,

max

Let
si := Softmax([k;_ i, ..., kv ail).

From Lemma C.1, we have

—B
C"’max
2

lsi = erim [l < (4V + 2)e”

S 52/rmax7

by letting x = inax log[(4V + 2)ryax/e2]. Therefore, it holds that

Y
o0

ng"l“) - :zgm“) | = [ = 2|+ ||V K = Vi Vieg o = Vinsa Xl = Vi + Vs,

<87 ey [ RO _fenm — sill, + X = Xl
0o oo

<3M ey 454+ 3m ey < 3Mey,

since ||s;]|, = 1 and Hf((m)

< rmax. By induction, we obtain sz('M) — :%EM) H < 3Mmaxgy,
oo

From Lemma D.3, there exists f7 € U(L, W, S, B') such that log B’ ~ T/* and

HfToroH—Fg <o T,
2,Px
By the same argument as in Theorem 4.2, we have
froTolloX,; — F° :H Toll — FP
HfTo R P Jrole Oll2,px
<27’
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for any 7. Let fi; = froCe U(L,W, S, B’). Then, Eq. (14) yields
FuGM) = froT oo 94(X).
Define F = farogao... fiogroEncp. Since fi is (B'W)L-Lipschitz continuous, we have

‘fT oToTlo%;(X) — E(X)‘ < (B'W)*

-5

< (B'W)E3rmexe,,

for any X € (. Therefore, by letting o = 3~ "max(B'W)~L2=T we have

F? — I

K2

<[P = froromos,

+|froTomon: - A

2,PX 2,PX oo

<o T,
Here, we have
2rr€1ax T / LoT
log x = log [ =22 log ((4V + 2)rmax3"™=(B'W)*2") | ~log T + loglogV,
c

D =d+ dpax + 2d' + 2 ~ T?BHD/ 200V,
H ~ (log1/e1)"/* ~ (log T)"/*,
log Uy ~ log(1/e1) ~ logT.

Thus, g; € A(U;, D, H,B), f; € ¥(L,W, S, B), and Fe T(M,U,D,H,L,W,S, B), which completes the proof.

G. Proof of Theorem 5.2

To simplify the notation, let F°(X) < Fo(X)[l : 7], €& « €00 : 7], Y® « YO : 7,1 < r -1+ 1, and
N «— N(F,6,|||..)- Define

R =E

1 n

R— R(F,F°)

F(XO) - F"(X“’)Hj»

D .=

Then, we have

R(EF,F°) < R+D.

First, we evaluate D. Let G5 be a minimal d-covering of F in L° norm such that |Gs| = N. Then, there exists a random
variable J € [N] such that HF - FJH < 4. Define
oo

03 (X, X') = L IF ()~ FPOI2 — 1 F5(X) — Fo(x)3 ),

and we have

lFeo - Foco; - 1o - ol

- <F(X) — Fy(X), F(X) + Fy(X) — 2F°(X)>

< |[F) - B0 | B + Fa(x) —2P0(x)]|
< 41l Ré6. (15)

For the last inequality, we use
any F' € F.

P(X) = Fy(X)|, < VI F(X) = By (X)|_ < Visand [ F¥||, < R||F)l, < R for
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Let XM ... X be i.i.d. random variables independent of (X (), Y (). Then,

1 n o o 9
AN HF XO) — po(X® H
0 [ (X) — P(X0)]
holds and we have

P - O ]) ‘

))z]

L3 (e flroer - o]

)F(X@) - FO(X@))Hz - HF(XU’)) — Fo(X

IN

+ 8R6.

IN

> 9s(x@,X0)

i=1

Here, we used Eq. (15). Let r; = max { A, I71/2||F; — F°||,} and

o x) F0)
T := max Z 7%( ! )
i "

for A > 0, which is determined later. Then, we have
D < —E[r;T] + 8RS,

< E[r2]E[T?] + 8RS,

W =3I | =3~

1
E[r%] + Q—HQE[Tﬂ + 8Ré. (16)

Here we use Cauchy-Schwarz inequality and the AM-GM inequality. From the definition of r; and Eq. (15), it holds that

1 [e]
E[r3) < 4% + 7E[|F - F°[}]

1 R 2
§A2+ZE[HF—F° 2} + 4RS. (17)

Since XM, x™ X1 X are independent of each other, we have

Zgj X( X()

>

] n, [IEE®) = o)} - |BEo) - FE)|

=1

23l
J i=1

8R2 - 7 o 7 2
< M?ZE[”Fj(X( ) -t ))HQ]
J =1

< 8nR27
g; (X, X)) gj(X(i),j((i))
rj - rj
4R?
< )
T
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where V[-] denotes the variance of a random variable. Using Bernstein’s ineqautlity and the union bound, we have, for any
t>0,

Pr(T? > t) = Pr(T > /)

t
<2Nexpy —————
{ 2R2(8n + A1) }

t 3ry/t
< 2NeXp{_32nR2} +2NeXp{_16R2}’

where r = min;¢ [y {r;}. Then, for any t, > 0, we have

E[T?] = /OOO Pr(T? > t)dt

(oo}
<ty +/ Pr(T? > t)dt

to

e t e 3r/t
<tyg+2N ——— | dt + 2N de. 18
<to+ /to eXp[ 32nR2] + /to exp {4R2] (18)
The integrals in Eq. (18) can be evaluated as follows:
/Ooex __t dt = |—32R?ex __t h
w P\ 320m2 )T P\"3mm? )|,
t,
o 2 0
= 32nR exp<—32nR2>,
*° 3r 2(ay/t+ 1) > 3r
- dt = |- =T exp(—avi) =
/to eXp( 16R2) [ 2 op( eVt N (0= 165
512R*  32R%\/ty 3ryv/to
- < oz T )eXp<_ 16R? )
Let A = Then we have r > A = \F and
2048n2R* to
E[T?] < to + 2N | 32nR? + 64nR* + ————— - :
[T7] < to+ (3 nR* + 64nR” + ' exp 2
Here, we determine to = 32nR>? log N. Then, we have
4
E[T?] < 32nR?*(log N +6 + —— |. (19)
log N
Combining (16), (17), (19), A% = 81%29#, and log N > 1, D can be evaluated as follows:
1 1
D < 515:[7%] + —]E[TQ] + 8R§
< 5A?+ E[ HF Fe ]+2E[T2]+10R5
2 2 4
ngQ HFfF 38 (e N+ 64 —2 ) 1 10Rs
2 n log N
1o o AR?
SQR(F,F)—kT —1gN+40 + 10R0. (20)

Next, we evaluate R. Since F is an empirical risk minimizer, it holds that

LT 1 & .
E|=S HF X0y — E|=S HF X0y —
nl P ( ) nl P ( )
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for any F' € F. Substituting Y ) = F°(X @) + £ we have
FxX®) —yol'| —g| 2 ) - yo
Z | w2 [P =

0<E
2

afroce -] -sfen -] 2 e

LI -+ ;éEKéi%F(W»] R

Therefore, we have

n

R< P - P2+ 2 S B[(e0), Fx )]

i=1

o~

For the second term, we have
E i@“%ﬁ(x%ﬂ = l2< Y R(X®) F°(X<i>>>]
i=1

2
=—FK
nl L

By the Cauchy-Schwartz ineqaulity, we have

253" (e0.rr) - rx) | < 2| (S e

2

nl

(60, F(XD) = Fy(xD)) | +

)

NERD

an@“ Fy(X¥) — F°(X “’)}].

=1

1

1/2
~ . . 2
F(x) - FJ<X“>>H2>

nl

=1

26 - 2\ /2
<—E[[>]||E” )
— 2

(nl)l/ _(i—l H 2

26 M n 9 1/2
< — B2 |

(n)'/* ; ]
= 2/0.

Define random variables €1, ...,en as

TR B(X©) - Fo(x @)
(Z?:l || E5(X @ ~ FO(X(i)))H§>1/2

If the denominator is zero, we define €; = 0. Then, we have

. n 1/2
9 . 2 o
= Elz <5(> XDy —F (X())>] ’ = —|E (Z |Fs(X;) — F (Xi)||§> €y
i=1 =1
. 1/2
2 1 o 2 211/2
< —F EZHFJ(X’) - F°(X3)l5 E[e7]
i=1
) 1/2
A 2
gﬁ R+4R6E[mjaxsj}
1
<

O |

(R + 4R6) + EE {max sﬂ .
n J
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Since each ¢; follows N (0, 02) for given X*, by the same argument as Theorem 7.47 in Lafferty et al. (2008), we have
E[mjaxs?] < 402 log(\/iN) < 40*(log N +1).

Therefore, it holds that

—_

1 8
7HF F°|2 4 200 + = (4F5+R)+ a(logN+1)

and then,
R < 2%||F—F°||§+4(R+a)6+ %02(logN+1) Q1)
holds.
Combining Eq. (20) and (21), we have
R(EF,F)<R+D

1 AR?
7||F F°H2+4(R+o—)6+—60 (log N 4+ 1) + R(F F)+R<lo N+40>+1OR<5,

and thus,
- 4 32 8R? (37
R(F,F) < 7HF - F°||§ +8(R+0)6 + 202(10gN—|— 1) + n(glogN+40) + 20R0.

Since F' is arbitrary, it holds that

R(F,F) <4 inf 1||F — F°|24+8(R+0)d + g02(10 N+1)+ SRZ 30 N +40 ) + 20R§

T T Ferl 2 n & n \9 % ’
which completes the proof. O
H. Proof of Theorem 5.3

For a Transformer F € T(M,U,D,H,L,W, B, S, P), let F be a vector of all the parameters of F. Suppose that
F,F € T(M,U,D,H,L,W,B, S, P) satisfies || — 03|, < ¢ for 6 > 0. That is, for any parameter ¢ in F, the

corresponding parameter 6 in F satisfies ’9 — 5‘ < 4. Transformer networks F and F can be expressed in the form:

F(X):hQMO-"Ohlo(EX+P),

F(X)=hapo---0hyo(EX+ P),

where h;, h; € U(L,W,B,S) ifiis even, and h;, h; € A(U(i41)/2, D, H, B) if i is odd. For fixed X € [0, 1]4>°°, it holds
that

HF(X) _ F(X>Hoo < thM o...hi(EX +P)—hapro... h(EX + P)H

2M
+3 thMo~~ohmoi~Lm_1o~~oi~11(E~'X+P)7h2Mo~~ohm+1oﬁmo~~ool~Ll(EX+P)H 5
m=1 oo

Since || P||, is assumed to be less than B, we have |[EX + P||_, HEX + PH < 2BD. By applying Lemma C.5

repeatedly, we have
Hhm 0 i1 © -0 Ry 0 Encp(X H (6HDBW)?LM .2BD < (6HDBW)3LM,

o+ ohr o Encp(X)|| < (6HDBW)?M -2BD < (6HDBW)*.

o0
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In addition, Lemma C.4 yields that
1 (X) = i (X" o < (BHDMW)HFOEMX — X' < (6HDMW)EM X — X7|| (23)

for || X|| o, | X'l oo < (6HDMW )3EM  Therefore, for the first term in Eq. (22), we have

Hhm o...hi(EX +P)—harro...hi(EX + P)H < (6HDBW)»LM* HEX +P—(EX+ P)H

oo

< (6HDBW)® LM’ D5 < (6HDBW )M’ 5,

For any 1 <m < 2M, we have

thMO"'OhmO--jh OE;ICP—h2M0~-~OiLmO...iL10EhCP" < (6HDMW)2OM2L

oo

hn(2) = hon(2)]| .

o0

where Z = h,,_1 o hy o Encp(X). Since ||Z|| < (6HDBW )3 Lemma C.6 implies that
Hhm(Z) - Bm(Z)H < (6HDBW)*EH9LM s < (6HDBW )'3EM§,
Thus, we have

thM 0 0hmo...hioEncp —hapo---0hmo...hy oE;leH < (GHDMW)ZOMQL(ﬁHDBW)BLM(S

oo

< (6HDMW)33M°Ls,
Then, we have

HF(X) - F(X)H < (6HDBW)2'EM* 5 4 oN[(6HDMW)*3M°L§

oo

< (6BHDMW)*M°Ls

Here, the number of non-zero components in 6 is bounded by M (S + 3H D?) + D?, where M S for FNN layers, 3M H D?
for attention layers, and Dd < D? for an embedding layer. Therefore, if we fix the sparsity pattern, the covering number is
bounded by

( (6HDMW)38M2L > M(S+3HD?)+D?
é

Since the total number of parameters is bounded by M (L(W?2 + W) 4+ 3HD?) + D? < 4AM(LW? + H D?), the number
of configurations of the sparsity pattern is bounded by

( 4M(LW? + HD?) ))M(S+3HD2)+D2

2 2
M(S+3HD2)+D2) < (4MIW*+ HD

Therefore, the covering number of Transformer networks is bounded by

6HDMW )34M*L
5

)

) M(S+3HD?)+D? ) M(S+3HD?)+D?

36M2L
(AM(LW? 4 g D2))M S HHPH DY <( < <<6H DMWL)

)

which completes the proof. O
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I. Proof of Theorem 5.4
From Theorem 4.2, there exists a Transformer Tr(M, U, D, H, L, W, S, B) such that ‘ F, — E? op <2 Tforanyi € Z,
where o
M =1,
logU; ~ T,
D~ Tl/a,
H ~ Tl/a,

L ~ max {TQ/O‘,TQ},
W ~ Tl/azT/aT’
S ~ T max {TZ/“,TQ}QT/“*,

log B ~ max {Tl/o‘, T},
because || F|| . < R. Therefore, the bias of the estimator F' € Tx can be evaluated as follows:
inf - Zr: 1 — onHg py <2727
F'eTr T — 1+ 1 4= X
From Lemma 5.3, the log covering number log N'(7r, 4, ||-|| . ) is evaluated as follows:

T
og N (Ti, 0, -l.) < 1og N (T, .0) S 27/ T+ max {74/, T | 10g =

Therefore, from Lemma 5.4, the ERM estimator F satisfies

2T /el T2/0t 1 max (T T4} log(T/6) .

Ru P F) £ 270 & ;
By letting T' = ﬁ logn and § = 1/n, we have
Ry (F,F°) < n_% (log n)?/**% max {(log n)**, (log n)4}.
O
J. Proof of Theorem 5.5
Let

M =TYe,
log U; < max {logT,logV},
D ~ 726+ /a log V,
H ~ (logT)"/*,
L ~ max {T2/Q,T2},
W~ TV/aoT/a’
S ~ T%% max {TQ/Q, TQ}QT/‘”,

log B ~ max {Tl/o‘7 T,loglog V}.
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Then, by the same argument as in Theorem 5.4, it holds that
T1
log N (Tg, 6, ||-l) < T+ max {T4/°‘, T4}2T/af (log V)? log ((jsgV>

By letting T' = % logn and § = 1/n, we have

R gt 3
R (F,F°)<n P (log n)®/**? max {(log n)**, (log n)4} (logV) .
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