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Abstract

Large language models (LLMs) can solve com-
plex multi-hop problems, yet they exhibit a
puzzling failure on seemingly simple two-hop
queries: although a model may correctly store
each individual hop, it often fails to combine
them. In this paper, we study the internal mech-
anism in two-hop reasoning by training trans-
formers from scratch in a controlled symbolic
environment. Our experiments reveal a system-
atic pattern in two-hop generalization: Models
generalize reliably when the second hop fol-
lows the same distributional patterns observed
during training, but systematically fail when
the second hop deviates-even though all re-
quired atomic facts are individually encoded.
Mechanistic analysis shows that this failure
arises from a mismatch across layers: lower
layers correctly construct compact intermedi-
ate representations, while upper layers are spe-
cialized to only reason on representations pro-
duced within multi-hop trajectories seen during
training. Consequently, correct intermediate
information is not effectively consumed by up-
per layers during out-of-distribution two-hop
inference. Motivated by this mechanistic mis-
alignment, we use a recurrent-style training
strategy that applies the same blocks to both in-
put embeddings and intermediate hidden states,
implicitly aligning their formats. This train-
ing strategy enables transformers to reuse their
reasoning circuitry across input forms and sub-
stantially improves generalization on out-of-
distribution two-hop queries.

1 Introduction

Large language models (LLMs) have achieved im-
pressive performance across multiple tasks(Zhao
et al., 2025a), yet their ability to perform multi-
hop reasoning remains fragile and poorly under-
stood(Huang and Chang, 2023). Even in the sim-
plest case—two-hop reasoning—models exhibit a
persistent failure: although they can correctly store
each atomic fact (e.g., A —B and B — C), they

often struggle to reliably combine them into a com-
positional inference (A —C) (Biran et al., 2024;
Balesni et al., 2024).

Therefore, enhancing the ability of multi-hop
reasoning has recently become a research focus (Li
et al., 2024; OpenAl, 2024; Petty et al., 2024; Luo
et al., 2024). Beyond explicit prompting strategies
such as Chain-of-Thought (CoT) (Kojima et al.,
2022; Wei et al., 2022), A growing line of work sug-
gests that LLMs can answer compositional queries
without generating intermediate steps, indicating
the presence of implicit multi-hop reasoning (Deng
et al., 2024; Yang et al., 2024). However, the un-
derlying mechanisms governing how transformers
internally synthesize stored atomic facts into com-
positional inferences remain not well understood,
raising questions about the robustness and general-
izability of this capability.

Prior studies have attempted to probe this phe-
nomenon, but they face key limitations. Work an-
alyzing pretrained LLMs suffers from limited ex-
perimental control, as it is difficult to distinguish
between genuine multi-step reasoning and memo-
rization, spurious correlations, or dataset artifacts
given the opacity of pretraining data (Xu et al.,
2022; Wang et al., 2023; Ju et al., 2024). As noted
by Ye et al. (2025), this uncertainty makes pre-
trained models inappropriate for drawing definitive
mechanistic conclusions. Although research that
trains transformers in synthetic environments has
uncovered interesting inductive biases (Wang et al.,
2024), these studies frequently largely focus on
behavioral outcomes, leaving the internal mecha-
nisms underlying systematic two-hop generaliza-
tion failures insufficiently explored.

We study two-hop reasoning in a symbolic set-
ting by training transformers from scratch, isolating
compositional behavior from prior knowledge. Our
experiments reveal a consistent internal pattern:
models first learn aligned, compact representations
for intermediate “bridge entities”, allowing gen-



eralization when test-time intermediate states re-
semble those seen during training. However, when
the second hop must operate on an intermediate
representation that never appears as part of a multi-
hop trajectory, models fail despite they encode the
correct underlying atomic fact. Mechanistic anal-
ysis shows that upper layers specialize in reason-
ing only over representation formats encountered
during training; for out-of-distribution second-hop
facts, they degenerate into simple mapping. Moti-
vated by this, we introduce a recurrent-style train-
ing strategy that aligns lower-layer inputs and in-
termediate representations via shared transformer
blocks, enabling the reuse of reasoning circuitry
and substantially improving two-hop generaliza-
tion.

2 Experimental Settings

We construct our training data in a symbolic envi-
ronment to ensure that the model’s behavior can be
analyzed under strictly controllable conditions; the
design of this environment follows the setups used
in Wang et al. (2024).

Data Construction: We begin by defining a
finite entity set & = {e1,...,e¢} and a rela-
tion set R = {ry,...,7g|}. We construct the
atomic facts as followings: For each head en-
tity e, € &, we first randomly sample 20 distinct
relations from R. For each selected relation 7,
we then randomly choose a tail entity e; € £ as
the tail entity, yielding an atomic fact (e, 7, e;),
which simulates simple real-world knowledge (e.g.,
(America, capital is, Washington)). All atomic
facts are partitioned according to a proportion ¢
into in-distribution (ID) and out-of-distribution
(OOD) subsets. We then construct two-hop facts
by composing pairs of ID atomic facts (ep, 71, €p)
and (ep, 72, e;) whenever the tail entity of the first
matches the head entity of the second. Each re-
sulting composite takes the form (ep, 1,72, €¢),
where the shared entity e, serves as the bridge en-
tity. The full set of two-hop ID composites is fur-
ther split with ratio ¢ into a training split (Train-
II) and an ID evaluation split (Test-1I). Applying
the same compositional procedure to OOD atomic
facts yields the OOD evaluation split (Test-OO).
Following the setup in Ye et al. (2025), we addi-
tionally generate two cross-distribution evaluation
sets: Test-10, where the first hop originates from
ID atomic facts and the second hop from OOD;
and Test-OI, where the ordering is reversed. We

provide more details in Appendix A.

Training Configuration: Our training split con-
sists of all atomic facts (both ID and OOD) and
the in-distribution two-hop composites in Train-II.
All other two-hop splits (Test-II, Test-10, Test-Ol,
and Test-OQO) are used for evaluation to ensure that
generalization is measured under controlled distri-
butional shifts. We train a GPT2-style decoder-only
transformer(Radford et al.) with 8 layers and a hid-
den dimension of 512. The model is optimized
using AdamW with a learning rate of 1 x 1074,
More detailed training configuration is provided in
appendix B.

3 Training Results

Figure 1 shows the training dynamics across differ-
ent data splits. We observe that:

* The model first achieves near-perfect accu-
racy on the in-distribution two-hop training
set (Train-II) after a relatively small number
of optimization steps, indicating that the com-
positional patterns present in the training data
are quickly memorized.

* After continued training, the accuracy on the
in-distribution two-hop test set (Test-1I) be-
gins to increase steadily, eventually approach-
ing the performance achieved on Train-II.

* At a later stage of training, the model also
exhibits noticeable gains on the Test-Ol split,
where the first hop is out-of-distribution while
the second hop remains in-distribution. This
indicates a limited form of generalization,
in which the model can partially transfer
its learned compositional structure to cases
where only one component deviates from the
training distribution.

* In contrast, performance on the Test-IO
and Test-OO splits remains close to chance
throughout training. Even with extended
optimization, the model fails to generalize
when the second hop originates from out-of-
distribution atomic facts, highlighting a persis-
tent asymmetry in its two-hop generalization
behavior.

Overall, the model exhibits a highly asymmet-
ric generalization pattern: it generalizes reliably
in-distribution, does so only when the first hop is
out-of-distribution (Test-Ol), and consistently fails
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Figure 1: Training dynamics of a transformer trained on all atomic facts and in-distribution two-hop compositions.
Accuracy is shown for atomic facts, the two-hop training set (Train-II), and multiple evaluation splits. The model
rapidly fits the training data, followed by delayed generalization to the in-distribution test set (Test-1I) and partial
improvement on Test-Ol. In contrast, performance on Test-IO and Test-OO remains near chance throughout training,
indicating a failure to generalize when the second hop is out-of-distribution.

when the second hop is out-of-distribution (Test-
10 and Test-OO). In the following section, we in-
vestigate the underlying reasons for this disparity
by analyzing how intermediate representations are
formed and processed during two-hop reasoning.

4 Mechanism of Two-Hop Reasoning

4.1 Identifying the Bridge Entity
Representation in Hidden Space

To explain the asymmetric training dynamics ob-
served above, we begin by identifying where and
how the bridge entity e5 is represented in the model.
To this end, we conduct a logit lens (nostalgebraist,
2020) analysis at both the r; and ro positions. At
the r; position, we track how the probability of
e2 evolves across layers, probing when the model
acquires sufficient information about the interme-
diate entity. At the ry position, we examine the
probabilities of the relation token 7o itself and the
target entity es, which together reflect the onset of
second-hop reasoning.

As shown in Figure 2, Layer 5 emerges as a crit-
ical transition point. By this layer, the model has
already accumulated strong evidence for the bridge
entity es, as indicated by the high probability of
eo at rp position. More importantly, after Layer
5 we observe a qualitative shift in behavior at the
ro position: the probability of the surface token
ro begins to decrease, while the probability of the
final answer es rises. This reversal indicates that
the model transitions from encoding itself to inte-
grating contextual information and performing the
second hop of reasoning.

Taken together, these observations suggest that
the output of Layer 5 at position 1 encodes a stable
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Figure 2: Tracking token probabilities reveals Layer
5 as a transition point: the bridge entity es is already
strongly represented at 1 (left), and after this layer the
model shifts at o from predicting the surface relation
ro (middle) to the target entity es (right), signaling the
onset of second-hop reasoning.

and functional representation of the bridge entity
es, denoted as Z in the following analysis, which
is subsequently consumed by higher layers to com-
plete the second-hop inference. In the remainder
of this section, we adopt the Layer 5 hidden state
as the definition of the bridge entity representa-
tion and use it as a basis for further mechanistic
analysis.

4.2 Probing Bridge Entity Representation
Consistency via Entity Patching

To explain why the model generalizes successfully
on Test-II and Test-OI, we hypothesize that gener-
alization arises from the emergence of consistent
internal representations for the same bridge entity,
even when it appears in different contexts.

To test this hypothesis, we introduce an entity
representation consistency patching experiment,
illustrated in Figure 3. We consider a two-hop
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Figure 3: (Left) A two-hop query composed of two single-hop facts, where the bridge entity es connects (e4,74)
and (eg, r3) to yield the target entity e3. (Right) The entity patching procedure: the hidden representation of the
bridge entity e, at Layer 5 is replaced with an alternative representation of the same entity extracted from a different
single-hop context (e.g., (e1,71)). The model’s ability to recover the original answer after patching tests whether
representations of the same entity are aligned across contexts.

query from the in-distribution training set (Train-
II), where the bridge entity e, appears at position
ro and is represented by the hidden state at Layer 5,
following the definition established in Section 4.1.
In this instance, the single-hop context that gives
rise to ey is (eq,74).

We then select another single-hop atomic fact
with the same tail entity es but a different context,
e.g., (e1,71). The representation of ey extracted
from this context is used to replace the original
bridge entity representation in the two-hop query,
while keeping all other components unchanged'.
After patching, we evaluate whether the model still
produces the correct final answer es.

We perform this replacement using bridge en-
tity representations drawn from two sources: (i)
in-distribution (ID) atomic facts and (ii) out-of-
distribution (OOD) atomic facts, and record the
patching success rate throughout training. Intu-
itively, if the model has learned a context-invariant
representation for ey, substituting its representation
from another context should preserve the correct-
ness of the second-hop inference.

The results, shown in Figure 4, reveal a clear
training-dependent pattern. In the early stages of
training, patching success rates are low for both ID
and OOD replacements, indicating that represen-
tations of the same entity remain highly context-
dependent. During this phase, the model operates

'To exclude the possibility that the final answer is already
encoded at position 73 in early training, we replace r3 with
that from a different two-hop query whose answer is not es,
ensuring that predicting es depends on the patched representa-
tion rather than residual information from earlier layers.
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Figure 4: Patching success rates using ID and OOD
entity representations during training. ID patching im-
proves earlier and aligns with Test-II accuracy, while
OOD patching improves later and tracks Test-OI perfor-
mance, indicating that two-hop generalization emerges
as bridge entity representations become more consistent
across contexts.

in a memorization regime, encoding entity infor-
mation in a fragmented and inefficient manner.

As training progresses, the success rate of ID-
based patching increases first. Notably, this rise
coincides with the improvement of performance on
Test-11, suggesting that generalization within the in-
distribution setting emerges once representations
of the same entity become aligned across different
ID contexts. With further training, the success rate
of OOD-based patching also begins to increase,
accompanied by a corresponding improvement on
Test-OL.

These results support the assumption that gener-
alization in two-hop reasoning is driven by the grad-
ual alignment and unification of entity representa-



tions across contexts. Moreover, representations
derived from in-distribution atomic facts converge
more rapidly than those from out-of-distribution
facts, explaining why generalization to Test-1I pre-
cedes that to Test-OI.

4.3 Why Second-Hop OOD Fails: Reasoning
vs. Mapping in Upper Layers

We next investigate why generalization emerges
on Test-II and Test-OlI, but consistently fails on
Test-I0 and Test-OO. An observation is that
the essential difference between these test sets
lies in whether the second hop corresponds to
in-distribution or out-of-distribution knowledge.
Given that the first-hop representation has already
been shown to be well-formed and robust (Section
4.2), the remaining bottleneck must reside in the
second-hop computation, namely how the model
operates on intermediate representations.

In a two-hop query of the form (e, r1,72) —
e3, during the second-hop inference, the model is
required to use the representation of the bridge
entity eo formed at position 71, and then reason
through relation 7 to infer the target entity es. As
shown in the left side of Figure 5, this requires
the upper layers to implement a computation that
implements Z(es) —» E(e3), where the input is
an intermediate entity representation rather than a
surface token.

In contrast, during single-hop training on atomic
facts (eg, r2, €3), the situation is fundamentally dif-
ferent. At position o, the upper layers already has
direct access to the representation of e3. Conse-
quently, the upper layers are not required to per-
form relational reasoning; instead, they can learn
a much simpler transformation: Z(e3) — E(es),
namely a mapping from an already-formed repre-
sentation to the final output embedding space, as
shown in the right side of Figure 5.

This distinction leads to a crucial hypothesis:
Single-hop training primarily teaches the upper lay-
ers to perform representation mapping rather than
representation-based reasoning. Under this view,
the observed generalization behavior follows natu-
rally. For Test-II and Test-OlI, the second hop has
appeared during training in the form of an inter-
mediate representation (i.e., within Train-II). Con-
sequently, the model learns to consume the repre-
sentation of e and reason through 73, enabling it
to transfer this representation-based reasoning ca-
pability to these test subsets. In contrast, for Test-
10 and Test-OO, the second hop has never been

trained in a representational form—it has only been
encountered as a single-hop atomic fact. The upper
layers therefore attempt to apply a learned mapping
where reasoning is required, leading to systematic
failure.

To validate this hypothesis, we design a linear
probing experiment?. Specifically, for atomic train-
ing examples, we collect: the hidden state at the (r)
position from an intermediate layer £ as input, de-
noted hy(r); and the hidden state at the same posi-
tion from the final layer L as output, denoted h,(r).
We then fit a linear model hy, () ~ Why(r) using
least squares on a subset of these (hy, hy) pairs,
and evaluate its performance on held-out data, sim-
ilar idea as Khandelwal and Pavlick (2025).

The evaluation results in Figure 6 reveal a clear
layer-wise pattern: For lower layers, linear predic-
tion performance is poor, indicating that the hidden
state at (r) alone is insufficient and that the model
still depends on information from entity positions.
However, for upper layers (above layer 4), the lin-
ear fit becomes remarkably accurate. This suggests
that, at these layers, the transformation from inter-
mediate to final is well-approximated by a linear
map, and no additional relational computation is
required.

Taken together, these findings provide strong
evidence that the upper layers of the model, as
trained on atomic facts, specialize in representa-
tion mapping rather than relational reasoning. This
specialization explains why second-hop general-
ization succeeds only when the second hop has
been trained in a representational form, and fails
otherwise.

S Bridging the Representation-Reasoning
Gap for Robust Two-Hop
Generalization

Our analysis so far reveals that the failure of two-
hop generalization does not stem from missing
knowledge, but from a structural mismatch be-
tween how different layers of the model operate.
Under standard training, the model naturally devel-
ops a functional separation: lower layers are respon-
sible for constructing intermediate entity represen-
tations, while upper layers consume these represen-
tations to perform relational reasoning. However,
the reasoning capability of the upper layers is only

Besides, we also conduct an attention blocking experi-
ment (Geva et al., 2023) in Appendix D, which yields the same
conclusion.
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Figure 5: (Left): In a two-hop query (e1,71,72) — e3, lower layers first construct a representation of the bridge
entity ey at the r1 position. The upper layers must then reason over this representation by combining % (e2)
with relation 7o to infer the target entity es. (Right): In contrast, for a single-hop atomic fact (es, 72, e3), the
representation of eg is already formed at the r5 position in lower layers. The upper layers therefore only need to
map this representation to the final output embedding E(e3), without performing relational reasoning.
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Figure 6: A linear probe predicts final-layer hidden
states from intermediate layers, with MSE, R?, and
cosine similarity showing poor performance in lower
layers but high accuracy in upper layers, which indi-
cates that the upper layers mainly perform representa-
tion mapping rather than relational reasoning during
atmotic-facts training.

reliable within the distribution of representational
forms observed during training. When faced with
out-of-distribution (OOD) knowledge at the second
hop, the upper layers no longer perform reasoning;
instead, they fall back to a simpler representation
mapping behavior, leading to systematic failure.

This diagnosis suggests a natural direction for
achieving robust generalization: explicitly bridging
the gap between lower-layer representations and
upper-layer reasoning. In the following, we explore
two strategies to achieve this goal.

5.1 Explicitly training upper layers for
representation-based reasoning

A direct approach is to equip the upper layers with
the ability to reason over representations. Con-

cretely, after standard training, we introduce an
continual training process applied only to the up-
per layers (Layer 5 and above). In this auxiliary
phase, the model is trained on OOD atomic facts,
but presented purely in a representational form: the
inputs to the upper layers are pairs of hidden states
(he, hy.), rather than surface tokens®>. We provide
more details about the continual training procss in
Appendix E

The results* are shown in Figure 7a. We ob-
serve that this additional process substantially im-
proves generalization on previously failing settings,
particularly Test-10 and Test-OO, indicating that
the upper layers have indeed acquired the ability
to perform reasoning over representations rather
than relying on token-level shortcuts. However,
this approach comes with notable drawbacks: it
introduces additional training stages and increases
computational cost.

5.2 Eliminating layer-wise mismatch via
parameter sharing

An alternative and more principled solution is to
remove the structural mismatch altogether. Instead
of explicitly training the upper layers on representa-
tional inputs, we enforce alignment between repre-
sentations and lower-layer inputs by sharing param-

3This continual training only exposes the model to atomic
facts and does not leak any two-hop supervision.

“We only depicte the process of continual training in Figure
7; the standard training process is the same as in Figure 1.
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Figure 7: (a) Continual training of upper layers on
atomic facts presented in a representational form im-
proves two-hop generalization on previously failing
OOQOD settings. (b) Looped training with shared parame-
ters yields consistently strong generalization across all
test splits by aligning intermediate representations with
lower-layer inputs.

eters across layers®, forming a looped architecture
(Yang et al., 2023; Fan et al., 2024). In this design,
the model’s first forward pass produces an inter-
mediate representation, which is then fed back as
input to a second forward pass using the same set
of parameters. Because both passes share weights,
the model is forced to process surface tokens and
intermediate representations in a unified format.

As a result, even when the model has never en-
countered OOD atomic knowledge in a representa-
tional form, the alignment between representations
and lower-layer inputs allows it to reuse the same
reasoning circuit. Figure 7b demonstrates that this
looped training strategy yields strong and stable
generalization across all evaluation settings, with-
out requiring any additional supervision on OOD
representations.

SHere, we share the parameters of the top four layers and
the bottom four layers.

Training Compared Represen- € ro
tations
(ha(r1), ha(r2))  vs.  0.6796 03141
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(
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Table 1: Cosine similarity between intermediate rep-
resentations and lower-layer inputs under looped and
standard training. Looped training induces strong cross-
layer alignment.

5.3 Evidence of Representation-Input
Alignment under Looped Training

The hypothesis behind looped training is that ro-
bust two-hop generalization emerges from an ex-
plicit alignment between intermediate representa-
tions and lower-layer inputs. In this subsection, we
provide direct empirical evidence for this claim by
quantitatively measuring representational similarity
across layers.

We analyze the cosine similarity between the
representations involved in the second-hop com-
putation and the corresponding lower-layer in-
puts. Specifically, we consider the query of
the second hop in two forms: (i) its representa-
tion at intermediate layers, and (ii) its form as a
lower-layer input. We measure the cosine simi-
larity between representations at the end of the
loop (the fourth layer) and the input embeddings,
as well as between higher-layer representations
(hs(r1), hs(r2)) and the corresponding first-layer
hidden states (h(e2), h1(r2)). All similarities are
averaged across evaluation examples. We compare
these quantities under looped training and standard
(non-looped) training.

The results in Table 1 reveal a striking con-
trast between the two training regimes. Under
looped training, intermediate representations ex-
hibit strong alignment with both input embeddings
and lower-layer hidden states. In particular, the
representation of the bridge entity eo shows con-
sistently high cosine similarity across layers, and
the representation of relation ro becomes highly
aligned when comparing higher-layer outputs to
lower-layer inputs. In contrast, under standard
training, this alignment is weak or entirely absent:
the similarity between higher-layer representations



and lower-layer inputs collapses, especially for the
bridge entity representation.

These findings provide direct mechanistic evi-
dence that looped training achieves robust two-hop
generalization by aligning the representational for-
mats of intermediate states with lower-layer inputs.
By forcing surface tokens and intermediate repre-
sentations to be processed through the same param-
eters, the model can reuse its existing reasoning
machinery when encountering OOD facts, explain-
ing the strong and stable generalization observed
in Section 5.3.

6 Related Works

6.1 Mechanistic Interpretability

Mechanistic interpretability aims to reverse engi-
neer how LL.Ms implement specific computations
internally (Olah, 2022). A line of work studies
hidden states across layers, including logit lens
methods that project intermediate states through
the unembedding matrix to examine token-level
predictions (nostalgebraist, 2020; Dar et al., 2023;
Yu and Ananiadou, 2024; Katz and Belinkov, 2023).
Other approaches rely on causal interventions on
hidden states to assess their impact on model out-
puts, enabling more direct localization of function-
ally relevant components (Stolfo et al., 2023; Meng
etal., 2022; Vig et al., 2020). In addition, the super-
position hypothesis motivates sparse autoencoders
for extracting more interpretable features from ac-
tivations (Scherlis et al., 2022; Elhage et al., 2022;
Balcells et al., 2024; Zhao et al., 2025b). Together,
these studies provide a toolkit for dissecting how
complex behaviors emerge from layered computa-
tions.

6.2 Implict Reasoning

Recent studies show that LLMs can perform multi-
step or compositional reasoning without explic-
itly generating intermediate chains, known as im-
plicit reasoning (Kojima et al., 2022; Wei et al.,
2022). Prior work provides evidence that trans-
formers encode latent reasoning states internally
(Deng et al., 2024), and pretrained models can an-
swer multi-hop queries without exposing interme-
diate steps (Yang et al., 2024; Balesni et al., 2024).
Mechanistic analyses further link the emergence
of implicit reasoning to representation structure
and grokking-like dynamics (Wang et al., 2024; Ye
et al., 2025). Based on this line of research, we
identify a layer-wise representation-reasoning mis-

match as the cause of second-hop OOD failure, and
show that aligning representational formats enables
the two-hop generalization.

6.3 Two-Hop Reasoning

Two-hop reasoning is a canonical setting in multi-
hop question answering, requiring the retrieval
and composition of multiple atomic facts into a
single inference (Yang et al., 2018). Prior work
identifies a persistent gap between factual recall
and compositional reasoning in LLMs: Press et al.
(2023) formalize this issue as the compositionality
gap, where models fail on two-hop queries despite
succeeding on the corresponding single-hop facts.
Subsequent studies show that such failures are un-
stable across domains and settings, questioning
whether LLMs robustly perform genuine multi-hop
reasoning (Berglund et al., 2023; Yang et al., 2024).
Mechanistic analyses further reveal that even when
the bridge entity is correctly retrieved at the first
hop, it is often not utilized by higher layers, indicat-
ing a disconnect between representation formation
and reasoning (Biran et al., 2024; Yu et al., 2025).
Related work also investigates two-hop reasoning
circuits from theoretical, controlled finetuning, and
in-context learning perspectives (Feng et al., 2024;
Guo et al., 2025).

7 Conclusion

In this work, we present a controlled mechanis-
tic study of two-hop reasoning by training trans-
formers from scratch in a symbolic environment.
We show that successful two-hop generalization
depends on learning compressed and aligned rep-
resentations of intermediate bridge entities. We
further find that upper layers mainly perform rep-
resentation mapping from atomic facts, rather than
representation-based reasoning, explaining failures
when the second hop is out-of-distribution. Mo-
tivated by this insight, we explore two strategies
to improve two-hop reasoning generalization: ex-
plicitly training upper layers on representational
inputs, and a simpler looped architecture that aligns
intermediate representations with lower-layer in-
puts. Both approaches substantially improve out-
of-distribution two-hop generalization, with the
looped design offering a principled and efficient
solution. Overall, our results offer a mechanistic
explanation for asymmetric two-hop generalization
and highlight representation alignment across lay-
ers as key to robust multi-hop reasoning.



Limitations

While our results demonstrate that improved two-
hop generalization is closely tied to more compact
and aligned intermediate representations, the under-
lying drivers of this representational compression
remain partially understood. In particular, although
in Appendix C, we show that representation com-
pression emerges gradually during training and is
strongly correlated with the structural properties of
the training data, we do not fully characterize why
models are incentivized to compress intermediate
representations in this manner.

In addition, while our looped architecture ef-
fectively enables representation reuse and substan-
tially improves generalization, our training proce-
dure remains relatively simple: we adopt a standard
training strategy and apply only a single loop. It
is possible that alternative training schedules, mul-
tiple looping iterations, or more adaptive mecha-
nisms could further enhance efficiency or perfor-
mance (Zhu et al., 2025). Exploring these direc-
tions may lead to more effective architectures, but
falls outside the scope of the present study.
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A Dataset Details

Our training set is constructed following the ap-
proach of Wang et al. (2024), while the test set is
built following the methodology of Ye et al. (2025).
Specifically, we first construct 2,000 distinct enti-
ties (<e_id>) and 200 distinct relations (<r_id>).

For atomic knowledge construction, each entity
is randomly assigned 20 distinct outgoing relations,
where each relation points to another entity—for
example, ({eg), (ro)) — (e1). This results in a to-
tal of 40,000 atomic facts. To create in-distribution
(ID) and out-of-distribution (OOD) facts, 95% of
the atomic facts are assigned to the in-distribution
set (ID_atomic), and the remaining 5% are assigned
to the out-of-distribution set (OOD_atomic).

Two atomic facts can be combined into a two-
hop fact if the tail entity of one fact matches the
head entity of the other. In a two-hop fact, the first-
hop and second-hop can each come from either
the ID or the OOD atomic set. We first consider
two-hop facts where both the first and second hops
are drawn from the ID atomic set. These two-hop
facts are further divided: one portion is included in
the test set as Test-II, and from the remaining por-
tion, a number of two-hop facts corresponding to ¢
times the number of ID atomic facts are randomly
selected and included in the training set.

Additionally, we construct Test-10, Test-OI, and
Test-OO to more comprehensively evaluate the
model’s generalization ability. Specifically, Test-10
contains two-hop facts where the first hop comes
from ID atomic facts and the second hop comes
from OOD atomic facts; Test-OI and Test-OO are
defined analogously.

In this paper, we set ¢ = 7.2 because, according
to Wang et al. (2024), 7.2 represents a relatively
intermediate value. This corresponds to a training
set size that allows the model to generalize on Test-
II while avoiding an excessively large dataset that
would significantly increase training cost. Choos-
ing ¢ = 7.2 is appropriate for our study of why the
model fails to generalize on Test-IO and Test-OO.

More detailed information about the dataset is
provided in Table 2 and Table 3. Table 2 shows
the formats of atomic and two-hop facts. Table 3
presents the number of facts in each data split.
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Example
<e_0><r_0><e_1>
<e_0><r_o><r_1><e_2>

Fact Type
Atomic Fact
Two-hop Fact

Table 2: Example formats of facts in the dataset.

Source Data Type  Quantity
ID_atomic 38000
Training Set OOD_atomic 2000
Train-1I 273600
ID_atomic 3000
OOD_atomic 2000
Train-11 3000
Test Set Test-11 3000
Test-10 3000
Test-Ol 3000
Test-O0 1987

Table 3: Detailed statistics of the dataset.

B Training Details

All experiments are conducted on Tesla V100-
PCIE-32GB GPUs. Training is performed using
four Tesla V100-PCIE-32GB GPUs, with a batch
size of 1024 per GPU. We use a learning rate of
1x10~* and a weight decay of 0.1 for optimization.
Inference on the test set is conducted using greedy
decoding. The number of optimization steps and
corresponding training time for the main training
experiments reported in this paper are summarized
in Table 4.

Experiment Steps Training Time (h)
Standard Training 3,500,000 263.05
Rep.-Based Training 7,750 0.88
Looped Training 1,212,500 86.80

Table 4: Optimization steps and training time for the
main training experiments in this paper. Standard Train-
ing corresponds to Section 3, Rep.-Based Training (de-
noting representation-based training) corresponds to
Section 5.1, and Looped Training corresponds to Sec-
tion 5.3.

C Intermediate Representations of Bridge
Entities Reflect Graph Structure

In this section, we explore the formation of entity
representations in relation to the graph structure
within the dataset. We first analyze the structure of
the graph composed of all atomic facts, and then
examine how this graph structure influences the
formation of entity representations.
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Figure 8: Histograms of the set size distributions for the e, e3, 1, and 75 sets across all entities.

Figure 9: Illustration of the local graph structure cen-
tered at entity es, where r1 and ro denote the sets of
incoming and outgoing relations, respectively, connect-
ing source entities e; and target entities e3.

C.1 Graph Structure in the Dataset

The 40,000 atomic facts constructed in the dataset
jointly form a graph structure. The resulting graph
contains 2,000 nodes, where each node corresponds
to an entity. The graph includes 200 edge types,
with each edge type representing a distinct relation.
Each node emits 20 outgoing edges connecting to
other nodes, and every node is also the target of
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incoming edges from other nodes.

For ease of presentation, we consider an entity
e2. The edges emitted by eo define a set of outgoing
relations 72, and the target entities of 7, form a set
denoted as e3. The edges pointing to es define a
set of incoming relations r1, and the source entities
of 1 form a set denoted as e;. Consequently, each
entity is associated with four sets: a set of target
entities e3, a set of outgoing relations s, a set of
source entities e, and a set of incoming relations
r1, as illustrated in Figure 9.

For all entities, we collect statistics on the sizes
of the ey, 71, e3, and 7y sets, and plot histograms
of the size distributions for each of the four sets, as
shown in Figure 8. As can be clearly observed, the
sizes of the e; and r; sets approximately follow a
Gaussian-like distribution centered around 20. In
contrast, the size of the ro set is exactly 20 for all
entities, which is consistent with our atomic fact
construction procedure. The size of the e3 set is
20 for the majority of entities, with a small frac-
tion having size 19. This deviation arises because,
among the 20 outgoing edges of an entity, multiple
edges may point to the same target entity, resulting
in a reduced number of unique entities in es.
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Figure 10: Relationship between pairwise set overlap and representation similarity for the four attribute sets e1, es,
r1, and 9. The x-axis denotes the intersection-over-union (IoU) between the corresponding sets of two entities.
The left y-axis (blue curves) shows the kernel density estimation (KDE) of entity pairs at each IoU value. The right
y-axis (orange curves) reports the average cosine similarity of the intermediate representations for entity pairs with
IoU greater than or equal to the corresponding threshold.

C.2 How Does Graph Structure Shape the
Formation of Entity Representations?

In this paper, we identify and define the output
hidden state at r; in Layer 5 as the intermediate
representation of the bridge entity. We further ob-
serve that, as training progresses, the intermediate
representations of the same bridge entity in differ-
ent contexts gradually converge. A natural question
arises: what does this aggregated entity representa-
tion reflect, or what determines its position in the
representation space?

An intuitive hypothesis is that the formation of
entity representations is related to the graph struc-
ture within the dataset. Specifically, if two enti-
ties have similar surrounding attributes—i.e., high
overlap in their ey, 71, e3, and 73 sets—then their
representations in the representation space should
also be close.

Based on this hypothesis, we design the follow-
ing experiment to empirically examine the rela-
tionship between local graph structure and entity
representation similarity:

1. For each entity, extract its surrounding at-
tribute set, consisting of ey, r1, e3, and ro.

2. Collect the intermediate hidden state represen-
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tations of all entities using ID atomic facts,
and compute the mean representation for each
entity.

. Pair all entities and compute the overlap be-
tween their corresponding attribute sets, and
plot kernel density estimation (KDE) curves
for the resulting overlap distributions.

For multiple overlap thresholds, calculate the
average cosine similarity between the repre-
sentations of all entity pairs exceeding each
threshold.

. Plot the average cosine similarity as a function
of the overlap threshold.

This experiment enables us to investigate how
local graph structure influences the formation of
entity representations. The results are shown in Fig-
ure 10. The following provides a detailed analysis
of these results:

KDE distributions. We first examine the KDE
curves. Most entity pairs concentrate at low set
overlap values, indicating that only a small fraction
of entity pairs share highly similar surrounding
attribute sets.



Cosine similarity trends. Next, we consider the
cosine similarity curves. For the e;, e3, and 77 sets,
the cosine similarity consistently increases as the
overlap threshold grows, consistent with the expec-
tation that greater structural overlap corresponds
to more similar representations. In contrast, the ro
set shows decreasing cosine similarity as the over-
lap threshold increases, appearing to contradict this
expectation.

Magnitude and stability of effects. A closer in-
spection reveals an important difference. The co-
sine similarity curves for e, e3, and r; remain
above zero and exhibit relatively large variations,
whereas the 7 curve is roughly centered around
zero, with both positive and negative effects and
a much smaller range of variation. This suggests
that the overlap of the 73 set has only a negligible
influence on the cosine similarity between entity
representations.

Overall, higher overlap in the e;, e3, and 7 at-
tribute sets corresponds to greater similarity be-
tween the representations of two entities. This in-
dicates that the intermediate entity representations
capture implicit graph structures within the dataset,
and that, as training progresses, the model tends
to organize its hidden representations in a more
structured and efficient manner.

D Layer-wise Attention Disabling
Experiments

In Section 4.3, we design a controlled linear prob-
ing experiment and verify the following hypothesis:
when trained on atomic facts, the upper layers of
the model mainly learn a linear mapping from inter-
nal representations to the final output, rather than
performing genuine reasoning.

To further support this hypothesis from a comple-
mentary perspective, we conduct an additional ex-
periment based on an attention intervention. Specif-
ically, we require the model to answer atomic fact
queries while progressively disabling the attention
from the relation token (r) to the entity token (e) in
the top [ layers during inference. We vary [ from 1
to 8 and report the resulting accuracy as a function
of [, as shown in Figure 11.

As can be clearly observed from Figure 11, ac-
curacy on both in-distribution (ID) and out-of-
distribution (OOD) atomic facts decreases as more
top layers are disabled, which is consistent with
intuition. Notably, masking the top three layers has
only a marginal impact: the model still achieves
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Figure 11: Accuracy variation when disabling attention
layers from top to bottom.

over 80% accuracy. In contrast, disabling the top
four layers leads to a sharp performance drop of
approximately 40%.

This result indicates that, during atomic fact
training, the top three layers do not substantially
integrate information from the entity position to
perform reasoning. Instead, they primarily learn a
simple mapping from the representation at the rela-
tion token to the output space, further corroborating
our findings in Section 4.3.

E Details of Representation-based
Training Experiments

This section provides additional details on the
training procedure described in Section 5.1. The
representation-based training procedure is illus-
trated in Figure 12. In this experiment, besides
the standard training procedure, we additionally
train Layers 6-8 to learn OOD atomic facts (ez, 72)
in a representation-based form (he,, hr, ). The pro-
cedure is as follows:

1. Standard training: We first train the model
normally until it achieves high generalization
performance on Test-1I and Test-OlI, as only
when the model generalizes well on these
benchmarks do the intermediate representa-
tions of the same entity become consistent and
stable, which in turn provides a reliable foun-
dation for subsequent representation-based
training. For this experiment, we directly use
the model after 3,500,000 optimization steps
of standard training.
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Figure 12: Illustration of the representation-based train-
ing process, where intermediate representations of en-
tities and relations for OOD atomic facts are extracted
from Train-II (Layer 5) and used to train Layers 6-8.

2. Multi-round training with representation-
based reasoning: The following procedure is
repeated for multiple rounds. In each round,
we first perform standard training to maintain
the model’s generalization performance and
prevent the additional representation-based
reasoning training from degrading it. After
this, we collect the intermediate represen-
tations from Train-1I: h, = hs(ry) for all
entities and h, = hs(ry) for all relations.
These representations are then used to con-
struct representation-based forms (he,, hr,)
for all OOD atomic facts (e2,72). The pair
(hey, hyy) is fed into Layer 6 of the model
and propagated through the subsequent layers,
with supervision applied to guide the model
to output the correct answers.

Test accuracy is evaluated throughout this pro-
cess.

F Logit Lens Analysis of Looped Training
Models

Figure 13 shows the logit lens results of the fi-
nal model trained under the recurrent architecture
when answering two-hop questions. For a token
at position ¢ in layer [, we extract its hidden state
hi(t), apply a LayerNorm, and project it through
the model’s embedding transpose £ ' to obtain the
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Figure 13: Logit lens of the final model trained under the
looped architecture, showing hidden state predictions
for ey, e3, and 5. Layer 6 marks the start of second-hop
reasoning.

probability of each target entity or relation:

pi(x | t) = softmax (ET LayerNorm(hy (t))),

x € {ea,e3,12}.
ey
This allows us to inspect how the model’s predic-
tions for e9, e3 and 73 evolve across layers.

From Figure 13, we observe that Layer 6 marks
the onset of the second-hop reasoning: at the posi-
tion of 79, the probability of 2 begins to decrease
while the probability of ej starts to increase. This
indicates that Layer 6 is the first layer where the
model initiates second-hop inference. Following
the approach in Section 4.1, we define the hidden
state at Layer 5 corresponding to the r; position,
denoted as hs(r1), as the intermediate representa-
tion of the bridge entity eo, and the hidden state at
Layer 5 corresponding to the ro position, denoted
as hs(r2), as the intermediate representation of re-
lation 75. During the second-hop reasoning, the
model performs inference based on these interme-
diate representations hs(r1) and hs(rs).

G Exploring Equivalent Alternatives to
the Shared-Parameter Model

In Section 5.3, we empirically demonstrate that
the shared-parameter model generalizes well on
both Test-IO and Test-OO. We further explain its
effectiveness: sharing the parameters of the lower
and upper four layers forces the model to align
the embedding-level representations and hidden-
state representations of atomic facts, while natu-
rally transferring the reasoning capability learned
in the lower layers to the upper layers. As a result,
even when the model is only exposed to embedding-
based reasoning patterns of out-of-distribution
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Figure 14: Comparison of two training strategies described in Appendix G. Left: the training strategy described in
Appendix G.1, where in each training round, embeddings of atomic facts are additionally used to train the upper
four layers. Right: the training strategy described in Appendix G.2, where atomic facts are removed from the
original training set, and in each training round, embeddings of atomic facts are additionally used to train both the

upper four layers and the lower four layers.

atomic facts during training, it can still perform
reasoning over the hidden representations of out-
of-distribution atomic facts at test time.

As a complement to Section 5.3, in this section
we explore alternative mechanisms that can serve
as equivalent substitutes for the shared-parameter
model, with the aim of gaining a deeper understand-
ing of the fundamental sources of its effectiveness.
Specifically, we investigate two alternative training
strategies that aim to replicate the key effects of pa-
rameter sharing without explicitly tying parameters
across layers, as illustrated in Figure 14. The left
panel of the figure corresponds to a strategy that
trains only the upper layers using embedded atomic
facts, while the right panel illustrates a strategy that
trains both the upper and lower layers separately
under the same embedded-atomic-fact supervision.

G.1 Training Upper Layers with Embedded
Atomic Facts

In this section, we augment the standard training
pipeline with an additional procedure. After each
training epoch, we further train the upper four lay-
ers of the model using all atomic facts, including
both in-distribution (ID) and out-of-distribution
(OOD) atomic facts. Specifically, we directly feed
the embeddings of atomic facts (E., E,) into the
fifth layer of the model, and supervise the model
outputs using the target entities of these atomic
facts. This procedure is designed to simulate a key
property of the shared-parameter model, namely,
enabling the upper layers to perform embedding-
based reasoning.
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The training results are shown in Figure 15a.
Compared with the standard training setting, the
results differ in the following aspects:

* Test-10 and Test-OO. The augmented train-
ing procedure enables strong generalization
on Test-10, achieving nearly 100% accuracy,
and weak but non-zero generalization on Test-
OO, with around 4% accuracy. In contrast,
under the standard training setting, the model
achieves almost zero accuracy on both Test-10
and Test-OO0.

* Test-OlI. Despite the improvements on Test-
IO and Test-OO, the model only achieves lim-
ited generalization on Test-OI, with around
6% accuracy. By comparison, the standard
training procedure yields over 80% accuracy
on Test-Ol.

We interpret these results as follows. Train-
ing the upper layers with embedding-based atomic
facts reshapes their parameters and forces the inter-
mediate representations of entities and relations to
align with their corresponding embeddings. More-
over, since the upper layers are explicitly trained on
OOD atomic facts, the model is able to generalize
to Test-IO. However, introducing this additional
training procedure also alters the parameters of the
upper layers, which interferes with the model’s
ability to generalize on Test-Ol.

Despite this limitation, the experiment remains
informative. The fact that this training strategy
enables generalization on Test-IO supports our
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Figure 15: Training results for the two training strategies described in Appendix G: (a) the strategy corresponding to
the left panel in Figure 14, where embeddings of atomic facts are additionally used to train the upper layers; (b) the
strategy corresponding to the right panel in Figure 14, where embeddings of atomic facts are used to train both the
upper and lower layers. Note that the accuracy on atomic facts is not shown in (b) because this training set does not
include supervision that uses all layers to answer atomic facts.

hypothesis that the effectiveness of the shared-
parameter model stems from endowing the upper
layers with embedding-based reasoning capability.

G.2 Training Upper and Lower Layers
Separately with Embedded Atomic Facts

In this section, we attempt to address the issue of
disrupted generalization on Test-OI observed in
Appendix G.1. According to our analysis in Sec-
tion 4.2, the model’s ability to generalize on Test-
Ol arises from the consistency of representations
for the same entity across different contexts. Fur-
thermore, as analyzed by Ye et al. (2025), the aggre-
gation and alignment of representations generated
from out-of-distribution atomic facts are enabled
by the presence of in-distribution atomic facts that
share the same target entity. In the training strategy
adopted in Appendix G.1, the upper layers of the
model are trained on atomic facts in two different
phases: once through the standard dataset training
and once through the additional embedding-based
training. We hypothesize that this repeated training
of atomic facts in different forms interferes with
the model’s ability to generalize on Test-OlI.
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To test this hypothesis, we decouple the standard
atomic-fact training from the additional embedding-
based training. Specifically, in each training epoch,
we train the lower four layers and the upper four
layers separately using all atomic facts, while re-
moving all atomic facts from the original training
set and retaining only Train-II. The training re-
sults are shown in Figure 15b. Compared with
Appendix G.1, we observe that, while maintaining
high accuracy on Test-IO, the model achieves 25%
accuracy on Test-OI and 15% accuracy on Test-OO.
Both results are approximately four times higher
than those reported in Appendix G.1. These results
support our hypothesis that the degradation in Test-
OI generalization is indeed caused by interference
introduced by the additional training procedure.

Although the proposed training strategy does
not reach the accuracy achieved by the shared-
parameter model on Test-OI and Test-OO (80%
and 60%, respectively), it nonetheless attains a sub-
stantial level of performance and provides a closer
functional approximation to shared-parameter train-
ing. Compared with the setting in Appendix G.1,
this experiment more strongly suggests that the



| 0 T :
1 1
1 — — — - 'y !
! ) : ] : Transformer :
: €2 M e e B e e ; : block(upper)
1 — — - — I 1 !
1 () () (] () I 1 !
I A T e e T e B e I e SR : : :
' 1 : Transformer
1 —J — — S 1 1
: L block(lower) 1
1 1
: — = —  — . : ;
1 : [
: el—> — > — — > > > | : — - hidden |
1 - - - o - - - - ' state !
1 1 I 1
Tl = > > > > > > > el : : :
1 1 e
" ¢ 1 I:b: ability 1
1 : 1 transfer :
I 12— 3 > B B P > > el ;! .
1
1 1 : 1
1 1 I 1

Figure 16: Visualization of how a model trained with a looped architecture transfers embedding-based atomic fact
reasoning learned in lower layers to higher layers. The bottom part illustrates the reasoning process for a two-hop
instance, while the top part shows the embedding-based reasoning process corresponding to the second hop of the

same instance.

success of shared-parameter training stems from
enabling both the upper and lower layers of the
model to perform embedding-based reasoning over
atomic facts.

H Detailed Evidence on Alignment under
Looped Training

This section supplements Section 5.3. We pro-
vide a detailed description of how the results in
Section 5.3 are computed and present additional
evidence for Representation—Input Alignment un-
der Looped Training. In Section 5.3, we only re-
port the alignment results for (i) (h4(r1), ha(r2))
VS. (Ee2, 7’2)9 and (ii) (h5(’l“1), h5(7“2)) VS.
(h1(e2), h1(r2)). Here, we extend this analysis by
reporting cosine similarities between hidden states
across a broader range of layer pairs.

We first describe how the results in Section 5.3
are computed. For each two-hop instance from
the training set (Train-II), we identify the atomic
fact corresponding to its second hop, which is
in-distribution (ID). For each two-hop instance
from the test set (Test-10), we identify the atomic
fact corresponding to its second hop, which is
out-of-distribution (OOD). This matching strategy
allows us to examine whether the model reuses
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embedding-level representations of atomic facts
when performing the second hop of reasoning, as
illustrated in Figure 16.

Specifically, for a two-hop query (e1,71,72), we
extract the hidden states at the position of r; from
all Transformer layers, and compare them with
the hidden states at the position of es from the
corresponding second-hop atomic fact (es, r2). We
compute a layer-wise cosine similarity matrix of
size (L+1) x (L+1), where L denotes the number
of Transformer layers®. Similarly, we extract the
hidden states at the position of 73 in {e;, 71, r2) and
compare them with the hidden states at the position
of 9 in the atomic fact (ea, r2), again computing a
(L+1) x (L + 1) cosine similarity matrix.

Finally, we average the cosine similarity ma-
trices over all matched two-hop instances to ob-
tain the final mean cosine similarity matrices. We
present the averaged similarity matrices separately
for Train-II and Test-IO, and compare models
trained with the looped architecture against nor-
mally trained models. Figure 17 visualizes the
resulting mean cosine similarity matrices.

From Figure 17, it is clear that for models trained

®Layer 0 corresponds to the input embedding without po-
sitional encoding.



under the looped architecture (left column), the co-
sine similarity matrices at positions r; and 9 for
both Train-II and Test-1O ((a), (c), (e), and (g))
show significantly higher values along the diago-
nal directions within the red-square-highlighted
regions. Notably, the entries at position (1,5)
(row, column) exhibit particularly strong similarity
across all subfigures. In contrast, models trained
in the standard manner do not display this pat-
tern. This indicates that for models trained un-
der the looped architecture, the implicit second-
hop reasoning in the two-hop queries is aligned
with the reasoning over the corresponding single-
hop atomic facts (based on embeddings), achieving
strong alignment at the fifth layer. Under this input
alignment condition, the model can naturally trans-
fer the reasoning ability over out-of-distribution
atomic facts learned in lower layers to higher layers,
enabling effective generalization to both Test-1IO
and Test-OO0.
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Figure 17: Layerwise cosine similarity heatmaps comparing models trained under a recurrent architecture (left
column) and models trained in the standard manner (right column). For each two-hop query (e, 71,2}, hidden
states at the position of r; are compared with the corresponding hidden states at e in the atomic fact {ez, r2), and
hidden states at the position of r5 are compared with the hidden states at 5 in the atomic fact. Subfigures (a) and (b)
show Train-II at position 1, (c) and (d) show Train-II at position 72, (e) and (f) show Test-IO at position 1, and (g)
and (h) show Test-10 at position 7.
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