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Abstract001

Large language models (LLMs) can solve com-002
plex multi-hop problems, yet they exhibit a003
puzzling failure on seemingly simple two-hop004
queries: although a model may correctly store005
each individual hop, it often fails to combine006
them. In this paper, we study the internal mech-007
anism in two-hop reasoning by training trans-008
formers from scratch in a controlled symbolic009
environment. Our experiments reveal a system-010
atic pattern in two-hop generalization: Models011
generalize reliably when the second hop fol-012
lows the same distributional patterns observed013
during training, but systematically fail when014
the second hop deviates-even though all re-015
quired atomic facts are individually encoded.016
Mechanistic analysis shows that this failure017
arises from a mismatch across layers: lower018
layers correctly construct compact intermedi-019
ate representations, while upper layers are spe-020
cialized to only reason on representations pro-021
duced within multi-hop trajectories seen during022
training. Consequently, correct intermediate023
information is not effectively consumed by up-024
per layers during out-of-distribution two-hop025
inference. Motivated by this mechanistic mis-026
alignment, we use a recurrent-style training027
strategy that applies the same blocks to both in-028
put embeddings and intermediate hidden states,029
implicitly aligning their formats. This train-030
ing strategy enables transformers to reuse their031
reasoning circuitry across input forms and sub-032
stantially improves generalization on out-of-033
distribution two-hop queries.034

1 Introduction035

Large language models (LLMs) have achieved im-036

pressive performance across multiple tasks(Zhao037

et al., 2025a), yet their ability to perform multi-038

hop reasoning remains fragile and poorly under-039

stood(Huang and Chang, 2023). Even in the sim-040

plest case—two-hop reasoning—models exhibit a041

persistent failure: although they can correctly store042

each atomic fact (e.g., A →B and B → C), they043

often struggle to reliably combine them into a com- 044

positional inference (A →C) (Biran et al., 2024; 045

Balesni et al., 2024). 046

Therefore, enhancing the ability of multi-hop 047

reasoning has recently become a research focus (Li 048

et al., 2024; OpenAI, 2024; Petty et al., 2024; Luo 049

et al., 2024). Beyond explicit prompting strategies 050

such as Chain-of-Thought (CoT) (Kojima et al., 051

2022; Wei et al., 2022), A growing line of work sug- 052

gests that LLMs can answer compositional queries 053

without generating intermediate steps, indicating 054

the presence of implicit multi-hop reasoning (Deng 055

et al., 2024; Yang et al., 2024). However, the un- 056

derlying mechanisms governing how transformers 057

internally synthesize stored atomic facts into com- 058

positional inferences remain not well understood, 059

raising questions about the robustness and general- 060

izability of this capability. 061

Prior studies have attempted to probe this phe- 062

nomenon, but they face key limitations. Work an- 063

alyzing pretrained LLMs suffers from limited ex- 064

perimental control, as it is difficult to distinguish 065

between genuine multi-step reasoning and memo- 066

rization, spurious correlations, or dataset artifacts 067

given the opacity of pretraining data (Xu et al., 068

2022; Wang et al., 2023; Ju et al., 2024). As noted 069

by Ye et al. (2025), this uncertainty makes pre- 070

trained models inappropriate for drawing definitive 071

mechanistic conclusions. Although research that 072

trains transformers in synthetic environments has 073

uncovered interesting inductive biases (Wang et al., 074

2024), these studies frequently largely focus on 075

behavioral outcomes, leaving the internal mecha- 076

nisms underlying systematic two-hop generaliza- 077

tion failures insufficiently explored. 078

We study two-hop reasoning in a symbolic set- 079

ting by training transformers from scratch, isolating 080

compositional behavior from prior knowledge. Our 081

experiments reveal a consistent internal pattern: 082

models first learn aligned, compact representations 083

for intermediate “bridge entities”, allowing gen- 084
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eralization when test-time intermediate states re-085

semble those seen during training. However, when086

the second hop must operate on an intermediate087

representation that never appears as part of a multi-088

hop trajectory, models fail despite they encode the089

correct underlying atomic fact. Mechanistic anal-090

ysis shows that upper layers specialize in reason-091

ing only over representation formats encountered092

during training; for out-of-distribution second-hop093

facts, they degenerate into simple mapping. Moti-094

vated by this, we introduce a recurrent-style train-095

ing strategy that aligns lower-layer inputs and in-096

termediate representations via shared transformer097

blocks, enabling the reuse of reasoning circuitry098

and substantially improving two-hop generaliza-099

tion.100

2 Experimental Settings101

We construct our training data in a symbolic envi-102

ronment to ensure that the model’s behavior can be103

analyzed under strictly controllable conditions; the104

design of this environment follows the setups used105

in Wang et al. (2024).106

Data Construction: We begin by defining a107

finite entity set E = {e1, . . . , e|E|} and a rela-108

tion set R = {r1, . . . , r|R|}. We construct the109

atomic facts as followings: For each head en-110

tity eh ∈ E , we first randomly sample 20 distinct111

relations from R. For each selected relation r,112

we then randomly choose a tail entity et ∈ E as113

the tail entity, yielding an atomic fact (eh, r, et),114

which simulates simple real-world knowledge (e.g.,115

(America, capital is,Washington)). All atomic116

facts are partitioned according to a proportion ϕ1117

into in-distribution (ID) and out-of-distribution118

(OOD) subsets. We then construct two-hop facts119

by composing pairs of ID atomic facts (eh, r1, eb)120

and (eb, r2, et) whenever the tail entity of the first121

matches the head entity of the second. Each re-122

sulting composite takes the form (eh, r1, r2, et),123

where the shared entity eb serves as the bridge en-124

tity. The full set of two-hop ID composites is fur-125

ther split with ratio ϕ2 into a training split (Train-126

II) and an ID evaluation split (Test-II). Applying127

the same compositional procedure to OOD atomic128

facts yields the OOD evaluation split (Test-OO).129

Following the setup in Ye et al. (2025), we addi-130

tionally generate two cross-distribution evaluation131

sets: Test-IO, where the first hop originates from132

ID atomic facts and the second hop from OOD;133

and Test-OI, where the ordering is reversed. We134

provide more details in Appendix A. 135

Training Configuration: Our training split con- 136

sists of all atomic facts (both ID and OOD) and 137

the in-distribution two-hop composites in Train-II. 138

All other two-hop splits (Test-II, Test-IO, Test-OI, 139

and Test-OO) are used for evaluation to ensure that 140

generalization is measured under controlled distri- 141

butional shifts. We train a GPT2-style decoder-only 142

transformer(Radford et al.) with 8 layers and a hid- 143

den dimension of 512. The model is optimized 144

using AdamW with a learning rate of 1 × 10−4. 145

More detailed training configuration is provided in 146

appendix B. 147

3 Training Results 148

Figure 1 shows the training dynamics across differ- 149

ent data splits. We observe that: 150

• The model first achieves near-perfect accu- 151

racy on the in-distribution two-hop training 152

set (Train-II) after a relatively small number 153

of optimization steps, indicating that the com- 154

positional patterns present in the training data 155

are quickly memorized. 156

• After continued training, the accuracy on the 157

in-distribution two-hop test set (Test-II) be- 158

gins to increase steadily, eventually approach- 159

ing the performance achieved on Train-II. 160

• At a later stage of training, the model also 161

exhibits noticeable gains on the Test-OI split, 162

where the first hop is out-of-distribution while 163

the second hop remains in-distribution. This 164

indicates a limited form of generalization, 165

in which the model can partially transfer 166

its learned compositional structure to cases 167

where only one component deviates from the 168

training distribution. 169

• In contrast, performance on the Test-IO 170

and Test-OO splits remains close to chance 171

throughout training. Even with extended 172

optimization, the model fails to generalize 173

when the second hop originates from out-of- 174

distribution atomic facts, highlighting a persis- 175

tent asymmetry in its two-hop generalization 176

behavior. 177

Overall, the model exhibits a highly asymmet- 178

ric generalization pattern: it generalizes reliably 179

in-distribution, does so only when the first hop is 180

out-of-distribution (Test-OI), and consistently fails 181
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Figure 1: Training dynamics of a transformer trained on all atomic facts and in-distribution two-hop compositions.
Accuracy is shown for atomic facts, the two-hop training set (Train-II), and multiple evaluation splits. The model
rapidly fits the training data, followed by delayed generalization to the in-distribution test set (Test-II) and partial
improvement on Test-OI. In contrast, performance on Test-IO and Test-OO remains near chance throughout training,
indicating a failure to generalize when the second hop is out-of-distribution.

when the second hop is out-of-distribution (Test-182

IO and Test-OO). In the following section, we in-183

vestigate the underlying reasons for this disparity184

by analyzing how intermediate representations are185

formed and processed during two-hop reasoning.186

4 Mechanism of Two-Hop Reasoning187

4.1 Identifying the Bridge Entity188

Representation in Hidden Space189

To explain the asymmetric training dynamics ob-190

served above, we begin by identifying where and191

how the bridge entity e2 is represented in the model.192

To this end, we conduct a logit lens (nostalgebraist,193

2020) analysis at both the r1 and r2 positions. At194

the r1 position, we track how the probability of195

e2 evolves across layers, probing when the model196

acquires sufficient information about the interme-197

diate entity. At the r2 position, we examine the198

probabilities of the relation token r2 itself and the199

target entity e3, which together reflect the onset of200

second-hop reasoning.201

As shown in Figure 2, Layer 5 emerges as a crit-202

ical transition point. By this layer, the model has203

already accumulated strong evidence for the bridge204

entity e2, as indicated by the high probability of205

e2 at r1 position. More importantly, after Layer206

5 we observe a qualitative shift in behavior at the207

r2 position: the probability of the surface token208

r2 begins to decrease, while the probability of the209

final answer e3 rises. This reversal indicates that210

the model transitions from encoding itself to inte-211

grating contextual information and performing the212

second hop of reasoning.213

Taken together, these observations suggest that214

the output of Layer 5 at position r1 encodes a stable215

e1 r1 r2

Layer 1

Layer 2

Layer 3

Layer 4

Layer 5

Layer 6

Layer 7

Layer 8

e2 Probability
e1 r1 r2

r2 Probability
e1 r1 r2

e3 Probability
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Figure 2: Tracking token probabilities reveals Layer
5 as a transition point: the bridge entity e2 is already
strongly represented at r1 (left), and after this layer the
model shifts at r2 from predicting the surface relation
r2 (middle) to the target entity e3 (right), signaling the
onset of second-hop reasoning.

and functional representation of the bridge entity 216

e2, denoted as R in the following analysis, which 217

is subsequently consumed by higher layers to com- 218

plete the second-hop inference. In the remainder 219

of this section, we adopt the Layer 5 hidden state 220

as the definition of the bridge entity representa- 221

tion and use it as a basis for further mechanistic 222

analysis. 223

4.2 Probing Bridge Entity Representation 224

Consistency via Entity Patching 225

To explain why the model generalizes successfully 226

on Test-II and Test-OI, we hypothesize that gener- 227

alization arises from the emergence of consistent 228

internal representations for the same bridge entity, 229

even when it appears in different contexts. 230

To test this hypothesis, we introduce an entity 231

representation consistency patching experiment, 232

illustrated in Figure 3. We consider a two-hop 233
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Figure 3: (Left) A two-hop query composed of two single-hop facts, where the bridge entity e2 connects (e4, r4)
and (e2, r3) to yield the target entity e3. (Right) The entity patching procedure: the hidden representation of the
bridge entity e2 at Layer 5 is replaced with an alternative representation of the same entity extracted from a different
single-hop context (e.g., (e1, r1)). The model’s ability to recover the original answer after patching tests whether
representations of the same entity are aligned across contexts.

query from the in-distribution training set (Train-234

II), where the bridge entity e2 appears at position235

r2 and is represented by the hidden state at Layer 5,236

following the definition established in Section 4.1.237

In this instance, the single-hop context that gives238

rise to e2 is (e4, r4).239

We then select another single-hop atomic fact240

with the same tail entity e2 but a different context,241

e.g., (e1, r1). The representation of e2 extracted242

from this context is used to replace the original243

bridge entity representation in the two-hop query,244

while keeping all other components unchanged1.245

After patching, we evaluate whether the model still246

produces the correct final answer e3.247

We perform this replacement using bridge en-248

tity representations drawn from two sources: (i)249

in-distribution (ID) atomic facts and (ii) out-of-250

distribution (OOD) atomic facts, and record the251

patching success rate throughout training. Intu-252

itively, if the model has learned a context-invariant253

representation for e2, substituting its representation254

from another context should preserve the correct-255

ness of the second-hop inference.256

The results, shown in Figure 4, reveal a clear257

training-dependent pattern. In the early stages of258

training, patching success rates are low for both ID259

and OOD replacements, indicating that represen-260

tations of the same entity remain highly context-261

dependent. During this phase, the model operates262

1To exclude the possibility that the final answer is already
encoded at position r3 in early training, we replace r3 with
that from a different two-hop query whose answer is not e3,
ensuring that predicting e3 depends on the patched representa-
tion rather than residual information from earlier layers.
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Figure 4: Patching success rates using ID and OOD
entity representations during training. ID patching im-
proves earlier and aligns with Test-II accuracy, while
OOD patching improves later and tracks Test-OI perfor-
mance, indicating that two-hop generalization emerges
as bridge entity representations become more consistent
across contexts.

in a memorization regime, encoding entity infor- 263

mation in a fragmented and inefficient manner. 264

As training progresses, the success rate of ID- 265

based patching increases first. Notably, this rise 266

coincides with the improvement of performance on 267

Test-II, suggesting that generalization within the in- 268

distribution setting emerges once representations 269

of the same entity become aligned across different 270

ID contexts. With further training, the success rate 271

of OOD-based patching also begins to increase, 272

accompanied by a corresponding improvement on 273

Test-OI. 274

These results support the assumption that gener- 275

alization in two-hop reasoning is driven by the grad- 276

ual alignment and unification of entity representa- 277
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tions across contexts. Moreover, representations278

derived from in-distribution atomic facts converge279

more rapidly than those from out-of-distribution280

facts, explaining why generalization to Test-II pre-281

cedes that to Test-OI.282

4.3 Why Second-Hop OOD Fails: Reasoning283

vs. Mapping in Upper Layers284

We next investigate why generalization emerges285

on Test-II and Test-OI, but consistently fails on286

Test-IO and Test-OO. An observation is that287

the essential difference between these test sets288

lies in whether the second hop corresponds to289

in-distribution or out-of-distribution knowledge.290

Given that the first-hop representation has already291

been shown to be well-formed and robust (Section292

4.2), the remaining bottleneck must reside in the293

second-hop computation, namely how the model294

operates on intermediate representations.295

In a two-hop query of the form (e1, r1, r2) →296

e3, during the second-hop inference, the model is297

required to use the representation of the bridge298

entity e2 formed at position r1, and then reason299

through relation r2 to infer the target entity e3. As300

shown in the left side of Figure 5, this requires301

the upper layers to implement a computation that302

implements R(e2)
r2−→ E(e3), where the input is303

an intermediate entity representation rather than a304

surface token.305

In contrast, during single-hop training on atomic306

facts (e2, r2, e3), the situation is fundamentally dif-307

ferent. At position r2, the upper layers already has308

direct access to the representation of e3. Conse-309

quently, the upper layers are not required to per-310

form relational reasoning; instead, they can learn311

a much simpler transformation: R(e3) −→ E(e3),312

namely a mapping from an already-formed repre-313

sentation to the final output embedding space, as314

shown in the right side of Figure 5.315

This distinction leads to a crucial hypothesis:316

Single-hop training primarily teaches the upper lay-317

ers to perform representation mapping rather than318

representation-based reasoning. Under this view,319

the observed generalization behavior follows natu-320

rally. For Test-II and Test-OI, the second hop has321

appeared during training in the form of an inter-322

mediate representation (i.e., within Train-II). Con-323

sequently, the model learns to consume the repre-324

sentation of e2 and reason through r2, enabling it325

to transfer this representation-based reasoning ca-326

pability to these test subsets. In contrast, for Test-327

IO and Test-OO, the second hop has never been328

trained in a representational form—it has only been 329

encountered as a single-hop atomic fact. The upper 330

layers therefore attempt to apply a learned mapping 331

where reasoning is required, leading to systematic 332

failure. 333

To validate this hypothesis, we design a linear 334

probing experiment2. Specifically, for atomic train- 335

ing examples, we collect: the hidden state at the ⟨r⟩ 336

position from an intermediate layer ℓ as input, de- 337

noted hℓ(r); and the hidden state at the same posi- 338

tion from the final layer L as output, denoted hL(r). 339

We then fit a linear model hL(r) ≈ Whℓ(r) using 340

least squares on a subset of these (hℓ,hL) pairs, 341

and evaluate its performance on held-out data, sim- 342

ilar idea as Khandelwal and Pavlick (2025). 343

The evaluation results in Figure 6 reveal a clear 344

layer-wise pattern: For lower layers, linear predic- 345

tion performance is poor, indicating that the hidden 346

state at ⟨r⟩ alone is insufficient and that the model 347

still depends on information from entity positions. 348

However, for upper layers (above layer 4), the lin- 349

ear fit becomes remarkably accurate. This suggests 350

that, at these layers, the transformation from inter- 351

mediate to final is well-approximated by a linear 352

map, and no additional relational computation is 353

required. 354

Taken together, these findings provide strong 355

evidence that the upper layers of the model, as 356

trained on atomic facts, specialize in representa- 357

tion mapping rather than relational reasoning. This 358

specialization explains why second-hop general- 359

ization succeeds only when the second hop has 360

been trained in a representational form, and fails 361

otherwise. 362

5 Bridging the Representation-Reasoning 363

Gap for Robust Two-Hop 364

Generalization 365

Our analysis so far reveals that the failure of two- 366

hop generalization does not stem from missing 367

knowledge, but from a structural mismatch be- 368

tween how different layers of the model operate. 369

Under standard training, the model naturally devel- 370

ops a functional separation: lower layers are respon- 371

sible for constructing intermediate entity represen- 372

tations, while upper layers consume these represen- 373

tations to perform relational reasoning. However, 374

the reasoning capability of the upper layers is only 375

2Besides, we also conduct an attention blocking experi-
ment (Geva et al., 2023) in Appendix D, which yields the same
conclusion.
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Figure 5: (Left): In a two-hop query (e1, r1, r2) → e3, lower layers first construct a representation of the bridge
entity e2 at the r1 position. The upper layers must then reason over this representation by combining R(e2)
with relation r2 to infer the target entity e3. (Right): In contrast, for a single-hop atomic fact (e2, r2, e3), the
representation of e3 is already formed at the r2 position in lower layers. The upper layers therefore only need to
map this representation to the final output embedding E(e3), without performing relational reasoning.
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Figure 6: A linear probe predicts final-layer hidden
states from intermediate layers, with MSE, R2, and
cosine similarity showing poor performance in lower
layers but high accuracy in upper layers, which indi-
cates that the upper layers mainly perform representa-
tion mapping rather than relational reasoning during
atmotic-facts training.

reliable within the distribution of representational376

forms observed during training. When faced with377

out-of-distribution (OOD) knowledge at the second378

hop, the upper layers no longer perform reasoning;379

instead, they fall back to a simpler representation380

mapping behavior, leading to systematic failure.381

This diagnosis suggests a natural direction for382

achieving robust generalization: explicitly bridging383

the gap between lower-layer representations and384

upper-layer reasoning. In the following, we explore385

two strategies to achieve this goal.386

5.1 Explicitly training upper layers for387

representation-based reasoning388

A direct approach is to equip the upper layers with389

the ability to reason over representations. Con-390

cretely, after standard training, we introduce an 391

continual training process applied only to the up- 392

per layers (Layer 5 and above). In this auxiliary 393

phase, the model is trained on OOD atomic facts, 394

but presented purely in a representational form: the 395

inputs to the upper layers are pairs of hidden states 396

(he, hr), rather than surface tokens3. We provide 397

more details about the continual training procss in 398

Appendix E 399

The results4 are shown in Figure 7a. We ob- 400

serve that this additional process substantially im- 401

proves generalization on previously failing settings, 402

particularly Test-IO and Test-OO, indicating that 403

the upper layers have indeed acquired the ability 404

to perform reasoning over representations rather 405

than relying on token-level shortcuts. However, 406

this approach comes with notable drawbacks: it 407

introduces additional training stages and increases 408

computational cost. 409

5.2 Eliminating layer-wise mismatch via 410

parameter sharing 411

An alternative and more principled solution is to 412

remove the structural mismatch altogether. Instead 413

of explicitly training the upper layers on representa- 414

tional inputs, we enforce alignment between repre- 415

sentations and lower-layer inputs by sharing param- 416

3This continual training only exposes the model to atomic
facts and does not leak any two-hop supervision.

4We only depicte the process of continual training in Figure
7; the standard training process is the same as in Figure 1.
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Figure 7: (a) Continual training of upper layers on
atomic facts presented in a representational form im-
proves two-hop generalization on previously failing
OOD settings. (b) Looped training with shared parame-
ters yields consistently strong generalization across all
test splits by aligning intermediate representations with
lower-layer inputs.

eters across layers5, forming a looped architecture417

(Yang et al., 2023; Fan et al., 2024). In this design,418

the model’s first forward pass produces an inter-419

mediate representation, which is then fed back as420

input to a second forward pass using the same set421

of parameters. Because both passes share weights,422

the model is forced to process surface tokens and423

intermediate representations in a unified format.424

As a result, even when the model has never en-425

countered OOD atomic knowledge in a representa-426

tional form, the alignment between representations427

and lower-layer inputs allows it to reuse the same428

reasoning circuit. Figure 7b demonstrates that this429

looped training strategy yields strong and stable430

generalization across all evaluation settings, with-431

out requiring any additional supervision on OOD432

representations.433

5Here, we share the parameters of the top four layers and
the bottom four layers.

Training Compared Represen-
tations

e2 r2

Looped
(h4(r1), h4(r2)) vs.
(Ee2 , Er2)

0.6796 0.3141

(h5(r1), h5(r2)) vs.
(h1(e2), h1(r2))

0.8132 0.8487

Standard
(h4(r1), h4(r2)) vs.
(Ee2 , Er2)

0.3528 0.4121

(h5(r1), h5(r2)) vs.
(h1(e2), h1(r2))

−0.0028 0.3052

Table 1: Cosine similarity between intermediate rep-
resentations and lower-layer inputs under looped and
standard training. Looped training induces strong cross-
layer alignment.

5.3 Evidence of Representation-Input 434

Alignment under Looped Training 435

The hypothesis behind looped training is that ro- 436

bust two-hop generalization emerges from an ex- 437

plicit alignment between intermediate representa- 438

tions and lower-layer inputs. In this subsection, we 439

provide direct empirical evidence for this claim by 440

quantitatively measuring representational similarity 441

across layers. 442

We analyze the cosine similarity between the 443

representations involved in the second-hop com- 444

putation and the corresponding lower-layer in- 445

puts. Specifically, we consider the query of 446

the second hop in two forms: (i) its representa- 447

tion at intermediate layers, and (ii) its form as a 448

lower-layer input. We measure the cosine simi- 449

larity between representations at the end of the 450

loop (the fourth layer) and the input embeddings, 451

as well as between higher-layer representations 452

(h5(r1), h5(r2)) and the corresponding first-layer 453

hidden states (h1(e2), h1(r2)). All similarities are 454

averaged across evaluation examples. We compare 455

these quantities under looped training and standard 456

(non-looped) training. 457

The results in Table 1 reveal a striking con- 458

trast between the two training regimes. Under 459

looped training, intermediate representations ex- 460

hibit strong alignment with both input embeddings 461

and lower-layer hidden states. In particular, the 462

representation of the bridge entity e2 shows con- 463

sistently high cosine similarity across layers, and 464

the representation of relation r2 becomes highly 465

aligned when comparing higher-layer outputs to 466

lower-layer inputs. In contrast, under standard 467

training, this alignment is weak or entirely absent: 468

the similarity between higher-layer representations 469
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and lower-layer inputs collapses, especially for the470

bridge entity representation.471

These findings provide direct mechanistic evi-472

dence that looped training achieves robust two-hop473

generalization by aligning the representational for-474

mats of intermediate states with lower-layer inputs.475

By forcing surface tokens and intermediate repre-476

sentations to be processed through the same param-477

eters, the model can reuse its existing reasoning478

machinery when encountering OOD facts, explain-479

ing the strong and stable generalization observed480

in Section 5.3.481

6 Related Works482

6.1 Mechanistic Interpretability483

Mechanistic interpretability aims to reverse engi-484

neer how LLMs implement specific computations485

internally (Olah, 2022). A line of work studies486

hidden states across layers, including logit lens487

methods that project intermediate states through488

the unembedding matrix to examine token-level489

predictions (nostalgebraist, 2020; Dar et al., 2023;490

Yu and Ananiadou, 2024; Katz and Belinkov, 2023).491

Other approaches rely on causal interventions on492

hidden states to assess their impact on model out-493

puts, enabling more direct localization of function-494

ally relevant components (Stolfo et al., 2023; Meng495

et al., 2022; Vig et al., 2020). In addition, the super-496

position hypothesis motivates sparse autoencoders497

for extracting more interpretable features from ac-498

tivations (Scherlis et al., 2022; Elhage et al., 2022;499

Balcells et al., 2024; Zhao et al., 2025b). Together,500

these studies provide a toolkit for dissecting how501

complex behaviors emerge from layered computa-502

tions.503

6.2 Implict Reasoning504

Recent studies show that LLMs can perform multi-505

step or compositional reasoning without explic-506

itly generating intermediate chains, known as im-507

plicit reasoning (Kojima et al., 2022; Wei et al.,508

2022). Prior work provides evidence that trans-509

formers encode latent reasoning states internally510

(Deng et al., 2024), and pretrained models can an-511

swer multi-hop queries without exposing interme-512

diate steps (Yang et al., 2024; Balesni et al., 2024).513

Mechanistic analyses further link the emergence514

of implicit reasoning to representation structure515

and grokking-like dynamics (Wang et al., 2024; Ye516

et al., 2025). Based on this line of research, we517

identify a layer-wise representation-reasoning mis-518

match as the cause of second-hop OOD failure, and 519

show that aligning representational formats enables 520

the two-hop generalization. 521

6.3 Two-Hop Reasoning 522

Two-hop reasoning is a canonical setting in multi- 523

hop question answering, requiring the retrieval 524

and composition of multiple atomic facts into a 525

single inference (Yang et al., 2018). Prior work 526

identifies a persistent gap between factual recall 527

and compositional reasoning in LLMs: Press et al. 528

(2023) formalize this issue as the compositionality 529

gap, where models fail on two-hop queries despite 530

succeeding on the corresponding single-hop facts. 531

Subsequent studies show that such failures are un- 532

stable across domains and settings, questioning 533

whether LLMs robustly perform genuine multi-hop 534

reasoning (Berglund et al., 2023; Yang et al., 2024). 535

Mechanistic analyses further reveal that even when 536

the bridge entity is correctly retrieved at the first 537

hop, it is often not utilized by higher layers, indicat- 538

ing a disconnect between representation formation 539

and reasoning (Biran et al., 2024; Yu et al., 2025). 540

Related work also investigates two-hop reasoning 541

circuits from theoretical, controlled finetuning, and 542

in-context learning perspectives (Feng et al., 2024; 543

Guo et al., 2025). 544

7 Conclusion 545

In this work, we present a controlled mechanis- 546

tic study of two-hop reasoning by training trans- 547

formers from scratch in a symbolic environment. 548

We show that successful two-hop generalization 549

depends on learning compressed and aligned rep- 550

resentations of intermediate bridge entities. We 551

further find that upper layers mainly perform rep- 552

resentation mapping from atomic facts, rather than 553

representation-based reasoning, explaining failures 554

when the second hop is out-of-distribution. Mo- 555

tivated by this insight, we explore two strategies 556

to improve two-hop reasoning generalization: ex- 557

plicitly training upper layers on representational 558

inputs, and a simpler looped architecture that aligns 559

intermediate representations with lower-layer in- 560

puts. Both approaches substantially improve out- 561

of-distribution two-hop generalization, with the 562

looped design offering a principled and efficient 563

solution. Overall, our results offer a mechanistic 564

explanation for asymmetric two-hop generalization 565

and highlight representation alignment across lay- 566

ers as key to robust multi-hop reasoning. 567
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Limitations568

While our results demonstrate that improved two-569

hop generalization is closely tied to more compact570

and aligned intermediate representations, the under-571

lying drivers of this representational compression572

remain partially understood. In particular, although573

in Appendix C, we show that representation com-574

pression emerges gradually during training and is575

strongly correlated with the structural properties of576

the training data, we do not fully characterize why577

models are incentivized to compress intermediate578

representations in this manner.579

In addition, while our looped architecture ef-580

fectively enables representation reuse and substan-581

tially improves generalization, our training proce-582

dure remains relatively simple: we adopt a standard583

training strategy and apply only a single loop. It584

is possible that alternative training schedules, mul-585

tiple looping iterations, or more adaptive mecha-586

nisms could further enhance efficiency or perfor-587

mance (Zhu et al., 2025). Exploring these direc-588

tions may lead to more effective architectures, but589

falls outside the scope of the present study.590
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A Dataset Details800

Our training set is constructed following the ap-801

proach of Wang et al. (2024), while the test set is802

built following the methodology of Ye et al. (2025).803

Specifically, we first construct 2,000 distinct enti-804

ties (<e_id>) and 200 distinct relations (<r_id>).805

For atomic knowledge construction, each entity806

is randomly assigned 20 distinct outgoing relations,807

where each relation points to another entity—for808

example, (⟨e0⟩, ⟨r0⟩) → ⟨e1⟩. This results in a to-809

tal of 40,000 atomic facts. To create in-distribution810

(ID) and out-of-distribution (OOD) facts, 95% of811

the atomic facts are assigned to the in-distribution812

set (ID_atomic), and the remaining 5% are assigned813

to the out-of-distribution set (OOD_atomic).814

Two atomic facts can be combined into a two-815

hop fact if the tail entity of one fact matches the816

head entity of the other. In a two-hop fact, the first-817

hop and second-hop can each come from either818

the ID or the OOD atomic set. We first consider819

two-hop facts where both the first and second hops820

are drawn from the ID atomic set. These two-hop821

facts are further divided: one portion is included in822

the test set as Test-II, and from the remaining por-823

tion, a number of two-hop facts corresponding to ϕ824

times the number of ID atomic facts are randomly825

selected and included in the training set.826

Additionally, we construct Test-IO, Test-OI, and827

Test-OO to more comprehensively evaluate the828

model’s generalization ability. Specifically, Test-IO829

contains two-hop facts where the first hop comes830

from ID atomic facts and the second hop comes831

from OOD atomic facts; Test-OI and Test-OO are832

defined analogously.833

In this paper, we set ϕ = 7.2 because, according834

to Wang et al. (2024), 7.2 represents a relatively835

intermediate value. This corresponds to a training836

set size that allows the model to generalize on Test-837

II while avoiding an excessively large dataset that838

would significantly increase training cost. Choos-839

ing ϕ = 7.2 is appropriate for our study of why the840

model fails to generalize on Test-IO and Test-OO.841

More detailed information about the dataset is842

provided in Table 2 and Table 3. Table 2 shows843

the formats of atomic and two-hop facts. Table 3844

presents the number of facts in each data split.845

Fact Type Example
Atomic Fact <e_0><r_0><e_1>

Two-hop Fact <e_0><r_0><r_1><e_2>

Table 2: Example formats of facts in the dataset.

Source Data Type Quantity

Training Set
ID_atomic 38000

OOD_atomic 2000
Train-II 273600

Test Set

ID_atomic 3000
OOD_atomic 2000

Train-II 3000
Test-II 3000
Test-IO 3000
Test-OI 3000
Test-OO 1987

Table 3: Detailed statistics of the dataset.

B Training Details 846

All experiments are conducted on Tesla V100- 847

PCIE-32GB GPUs. Training is performed using 848

four Tesla V100-PCIE-32GB GPUs, with a batch 849

size of 1024 per GPU. We use a learning rate of 850

1×10−4 and a weight decay of 0.1 for optimization. 851

Inference on the test set is conducted using greedy 852

decoding. The number of optimization steps and 853

corresponding training time for the main training 854

experiments reported in this paper are summarized 855

in Table 4. 856

Experiment Steps Training Time (h)

Standard Training 3,500,000 263.05
Rep.-Based Training 7,750 0.88

Looped Training 1,212,500 86.80

Table 4: Optimization steps and training time for the
main training experiments in this paper. Standard Train-
ing corresponds to Section 3, Rep.-Based Training (de-
noting representation-based training) corresponds to
Section 5.1, and Looped Training corresponds to Sec-
tion 5.3.

C Intermediate Representations of Bridge 857

Entities Reflect Graph Structure 858

In this section, we explore the formation of entity 859

representations in relation to the graph structure 860

within the dataset. We first analyze the structure of 861

the graph composed of all atomic facts, and then 862

examine how this graph structure influences the 863

formation of entity representations. 864
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Figure 8: Histograms of the set size distributions for the e1, e3, r1, and r2 sets across all entities.

e2

: e3 : e1 : r2 : r1

Figure 9: Illustration of the local graph structure cen-
tered at entity e2, where r1 and r2 denote the sets of
incoming and outgoing relations, respectively, connect-
ing source entities e1 and target entities e3.

C.1 Graph Structure in the Dataset865

The 40,000 atomic facts constructed in the dataset866

jointly form a graph structure. The resulting graph867

contains 2,000 nodes, where each node corresponds868

to an entity. The graph includes 200 edge types,869

with each edge type representing a distinct relation.870

Each node emits 20 outgoing edges connecting to871

other nodes, and every node is also the target of872

incoming edges from other nodes. 873

For ease of presentation, we consider an entity 874

e2. The edges emitted by e2 define a set of outgoing 875

relations r2, and the target entities of r2 form a set 876

denoted as e3. The edges pointing to e2 define a 877

set of incoming relations r1, and the source entities 878

of r1 form a set denoted as e1. Consequently, each 879

entity is associated with four sets: a set of target 880

entities e3, a set of outgoing relations r2, a set of 881

source entities e1, and a set of incoming relations 882

r1, as illustrated in Figure 9. 883

For all entities, we collect statistics on the sizes 884

of the e1, r1, e3, and r2 sets, and plot histograms 885

of the size distributions for each of the four sets, as 886

shown in Figure 8. As can be clearly observed, the 887

sizes of the e1 and r1 sets approximately follow a 888

Gaussian-like distribution centered around 20. In 889

contrast, the size of the r2 set is exactly 20 for all 890

entities, which is consistent with our atomic fact 891

construction procedure. The size of the e3 set is 892

20 for the majority of entities, with a small frac- 893

tion having size 19. This deviation arises because, 894

among the 20 outgoing edges of an entity, multiple 895

edges may point to the same target entity, resulting 896

in a reduced number of unique entities in e3. 897
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Figure 10: Relationship between pairwise set overlap and representation similarity for the four attribute sets e1, e3,
r1, and r2. The x-axis denotes the intersection-over-union (IoU) between the corresponding sets of two entities.
The left y-axis (blue curves) shows the kernel density estimation (KDE) of entity pairs at each IoU value. The right
y-axis (orange curves) reports the average cosine similarity of the intermediate representations for entity pairs with
IoU greater than or equal to the corresponding threshold.

C.2 How Does Graph Structure Shape the898

Formation of Entity Representations?899

In this paper, we identify and define the output900

hidden state at r1 in Layer 5 as the intermediate901

representation of the bridge entity. We further ob-902

serve that, as training progresses, the intermediate903

representations of the same bridge entity in differ-904

ent contexts gradually converge. A natural question905

arises: what does this aggregated entity representa-906

tion reflect, or what determines its position in the907

representation space?908

An intuitive hypothesis is that the formation of909

entity representations is related to the graph struc-910

ture within the dataset. Specifically, if two enti-911

ties have similar surrounding attributes—i.e., high912

overlap in their e1, r1, e3, and r2 sets—then their913

representations in the representation space should914

also be close.915

Based on this hypothesis, we design the follow-916

ing experiment to empirically examine the rela-917

tionship between local graph structure and entity918

representation similarity:919

1. For each entity, extract its surrounding at-920

tribute set, consisting of e1, r1, e3, and r2.921

2. Collect the intermediate hidden state represen-922

tations of all entities using ID atomic facts, 923

and compute the mean representation for each 924

entity. 925

3. Pair all entities and compute the overlap be- 926

tween their corresponding attribute sets, and 927

plot kernel density estimation (KDE) curves 928

for the resulting overlap distributions. 929

4. For multiple overlap thresholds, calculate the 930

average cosine similarity between the repre- 931

sentations of all entity pairs exceeding each 932

threshold. 933

5. Plot the average cosine similarity as a function 934

of the overlap threshold. 935

This experiment enables us to investigate how 936

local graph structure influences the formation of 937

entity representations. The results are shown in Fig- 938

ure 10. The following provides a detailed analysis 939

of these results: 940

KDE distributions. We first examine the KDE 941

curves. Most entity pairs concentrate at low set 942

overlap values, indicating that only a small fraction 943

of entity pairs share highly similar surrounding 944

attribute sets. 945
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Cosine similarity trends. Next, we consider the946

cosine similarity curves. For the e1, e3, and r1 sets,947

the cosine similarity consistently increases as the948

overlap threshold grows, consistent with the expec-949

tation that greater structural overlap corresponds950

to more similar representations. In contrast, the r2951

set shows decreasing cosine similarity as the over-952

lap threshold increases, appearing to contradict this953

expectation.954

Magnitude and stability of effects. A closer in-955

spection reveals an important difference. The co-956

sine similarity curves for e1, e3, and r1 remain957

above zero and exhibit relatively large variations,958

whereas the r2 curve is roughly centered around959

zero, with both positive and negative effects and960

a much smaller range of variation. This suggests961

that the overlap of the r2 set has only a negligible962

influence on the cosine similarity between entity963

representations.964

Overall, higher overlap in the e1, e3, and r1 at-965

tribute sets corresponds to greater similarity be-966

tween the representations of two entities. This in-967

dicates that the intermediate entity representations968

capture implicit graph structures within the dataset,969

and that, as training progresses, the model tends970

to organize its hidden representations in a more971

structured and efficient manner.972

D Layer-wise Attention Disabling973

Experiments974

In Section 4.3, we design a controlled linear prob-975

ing experiment and verify the following hypothesis:976

when trained on atomic facts, the upper layers of977

the model mainly learn a linear mapping from inter-978

nal representations to the final output, rather than979

performing genuine reasoning.980

To further support this hypothesis from a comple-981

mentary perspective, we conduct an additional ex-982

periment based on an attention intervention. Specif-983

ically, we require the model to answer atomic fact984

queries while progressively disabling the attention985

from the relation token ⟨r⟩ to the entity token ⟨e⟩ in986

the top l layers during inference. We vary l from 1987

to 8 and report the resulting accuracy as a function988

of l, as shown in Figure 11.989

As can be clearly observed from Figure 11, ac-990

curacy on both in-distribution (ID) and out-of-991

distribution (OOD) atomic facts decreases as more992

top layers are disabled, which is consistent with993

intuition. Notably, masking the top three layers has994

only a marginal impact: the model still achieves995
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Figure 11: Accuracy variation when disabling attention
layers from top to bottom.

over 80% accuracy. In contrast, disabling the top 996

four layers leads to a sharp performance drop of 997

approximately 40%. 998

This result indicates that, during atomic fact 999

training, the top three layers do not substantially 1000

integrate information from the entity position to 1001

perform reasoning. Instead, they primarily learn a 1002

simple mapping from the representation at the rela- 1003

tion token to the output space, further corroborating 1004

our findings in Section 4.3. 1005

E Details of Representation-based 1006

Training Experiments 1007

This section provides additional details on the 1008

training procedure described in Section 5.1. The 1009

representation-based training procedure is illus- 1010

trated in Figure 12. In this experiment, besides 1011

the standard training procedure, we additionally 1012

train Layers 6–8 to learn OOD atomic facts (e2, r2) 1013

in a representation-based form (he2 , hr2). The pro- 1014

cedure is as follows: 1015

1. Standard training: We first train the model 1016

normally until it achieves high generalization 1017

performance on Test-II and Test-OI, as only 1018

when the model generalizes well on these 1019

benchmarks do the intermediate representa- 1020

tions of the same entity become consistent and 1021

stable, which in turn provides a reliable foun- 1022

dation for subsequent representation-based 1023

training. For this experiment, we directly use 1024

the model after 3,500,000 optimization steps 1025

of standard training. 1026
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Figure 12: Illustration of the representation-based train-
ing process, where intermediate representations of en-
tities and relations for OOD atomic facts are extracted
from Train-II (Layer 5) and used to train Layers 6–8.

2. Multi-round training with representation-1027

based reasoning: The following procedure is1028

repeated for multiple rounds. In each round,1029

we first perform standard training to maintain1030

the model’s generalization performance and1031

prevent the additional representation-based1032

reasoning training from degrading it. After1033

this, we collect the intermediate represen-1034

tations from Train-II: he = h5(r1) for all1035

entities and hr = h5(r2) for all relations.1036

These representations are then used to con-1037

struct representation-based forms (he2 , hr2)1038

for all OOD atomic facts (e2, r2). The pair1039

(he2 , hr2) is fed into Layer 6 of the model1040

and propagated through the subsequent layers,1041

with supervision applied to guide the model1042

to output the correct answers.1043

Test accuracy is evaluated throughout this pro-1044

cess.1045

F Logit Lens Analysis of Looped Training1046

Models1047

Figure 13 shows the logit lens results of the fi-1048

nal model trained under the recurrent architecture1049

when answering two-hop questions. For a token1050

at position t in layer l, we extract its hidden state1051

hl(t), apply a LayerNorm, and project it through1052

the model’s embedding transpose E⊤ to obtain the1053

e1 r1 r2

Layer 1

Layer 2

Layer 3

Layer 4

Layer 5

Layer 6

Layer 7

Layer 8

e2 Probability
e1 r1 r2

r2 Probability
e1 r1 r2
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Figure 13: Logit lens of the final model trained under the
looped architecture, showing hidden state predictions
for e2, e3, and r2. Layer 6 marks the start of second-hop
reasoning.

probability of each target entity or relation: 1054

pl(x | t) = softmax
(
E⊤ LayerNorm(hl(t))

)
,

x ∈ {e2, e3, r2}.
(1) 1055

This allows us to inspect how the model’s predic- 1056

tions for e2, e3 and r2 evolve across layers. 1057

From Figure 13, we observe that Layer 6 marks 1058

the onset of the second-hop reasoning: at the posi- 1059

tion of r2, the probability of r2 begins to decrease 1060

while the probability of e3 starts to increase. This 1061

indicates that Layer 6 is the first layer where the 1062

model initiates second-hop inference. Following 1063

the approach in Section 4.1, we define the hidden 1064

state at Layer 5 corresponding to the r1 position, 1065

denoted as h5(r1), as the intermediate representa- 1066

tion of the bridge entity e2, and the hidden state at 1067

Layer 5 corresponding to the r2 position, denoted 1068

as h5(r2), as the intermediate representation of re- 1069

lation r2. During the second-hop reasoning, the 1070

model performs inference based on these interme- 1071

diate representations h5(r1) and h5(r2). 1072

G Exploring Equivalent Alternatives to 1073

the Shared-Parameter Model 1074

In Section 5.3, we empirically demonstrate that 1075

the shared-parameter model generalizes well on 1076

both Test-IO and Test-OO. We further explain its 1077

effectiveness: sharing the parameters of the lower 1078

and upper four layers forces the model to align 1079

the embedding-level representations and hidden- 1080

state representations of atomic facts, while natu- 1081

rally transferring the reasoning capability learned 1082

in the lower layers to the upper layers. As a result, 1083

even when the model is only exposed to embedding- 1084

based reasoning patterns of out-of-distribution 1085
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Figure 14: Comparison of two training strategies described in Appendix G. Left: the training strategy described in
Appendix G.1, where in each training round, embeddings of atomic facts are additionally used to train the upper
four layers. Right: the training strategy described in Appendix G.2, where atomic facts are removed from the
original training set, and in each training round, embeddings of atomic facts are additionally used to train both the
upper four layers and the lower four layers.

atomic facts during training, it can still perform1086

reasoning over the hidden representations of out-1087

of-distribution atomic facts at test time.1088

As a complement to Section 5.3, in this section1089

we explore alternative mechanisms that can serve1090

as equivalent substitutes for the shared-parameter1091

model, with the aim of gaining a deeper understand-1092

ing of the fundamental sources of its effectiveness.1093

Specifically, we investigate two alternative training1094

strategies that aim to replicate the key effects of pa-1095

rameter sharing without explicitly tying parameters1096

across layers, as illustrated in Figure 14. The left1097

panel of the figure corresponds to a strategy that1098

trains only the upper layers using embedded atomic1099

facts, while the right panel illustrates a strategy that1100

trains both the upper and lower layers separately1101

under the same embedded-atomic-fact supervision.1102

G.1 Training Upper Layers with Embedded1103

Atomic Facts1104

In this section, we augment the standard training1105

pipeline with an additional procedure. After each1106

training epoch, we further train the upper four lay-1107

ers of the model using all atomic facts, including1108

both in-distribution (ID) and out-of-distribution1109

(OOD) atomic facts. Specifically, we directly feed1110

the embeddings of atomic facts (Ee, Er) into the1111

fifth layer of the model, and supervise the model1112

outputs using the target entities of these atomic1113

facts. This procedure is designed to simulate a key1114

property of the shared-parameter model, namely,1115

enabling the upper layers to perform embedding-1116

based reasoning.1117

The training results are shown in Figure 15a. 1118

Compared with the standard training setting, the 1119

results differ in the following aspects: 1120

• Test-IO and Test-OO. The augmented train- 1121

ing procedure enables strong generalization 1122

on Test-IO, achieving nearly 100% accuracy, 1123

and weak but non-zero generalization on Test- 1124

OO, with around 4% accuracy. In contrast, 1125

under the standard training setting, the model 1126

achieves almost zero accuracy on both Test-IO 1127

and Test-OO. 1128

• Test-OI. Despite the improvements on Test- 1129

IO and Test-OO, the model only achieves lim- 1130

ited generalization on Test-OI, with around 1131

6% accuracy. By comparison, the standard 1132

training procedure yields over 80% accuracy 1133

on Test-OI. 1134

We interpret these results as follows. Train- 1135

ing the upper layers with embedding-based atomic 1136

facts reshapes their parameters and forces the inter- 1137

mediate representations of entities and relations to 1138

align with their corresponding embeddings. More- 1139

over, since the upper layers are explicitly trained on 1140

OOD atomic facts, the model is able to generalize 1141

to Test-IO. However, introducing this additional 1142

training procedure also alters the parameters of the 1143

upper layers, which interferes with the model’s 1144

ability to generalize on Test-OI. 1145

Despite this limitation, the experiment remains 1146

informative. The fact that this training strategy 1147

enables generalization on Test-IO supports our 1148

17



103 104 105 106

Optimization Steps(Log Scale)

0.0

0.2

0.4

0.6

0.8

1.0
A

cc
ur

ac
y

ID_atomic
OOD_atomic
Train-II
Test-II
Test-OO
Test-IO
Test-OI

(a)

103 104 105

Optimization Steps (Log Scale)

0.0

0.2

0.4

0.6

0.8

1.0

A
cc

ur
ac

y

Train-II
Test-II
Test-OO
Test-IO
Test-OI

(b)

Figure 15: Training results for the two training strategies described in Appendix G: (a) the strategy corresponding to
the left panel in Figure 14, where embeddings of atomic facts are additionally used to train the upper layers; (b) the
strategy corresponding to the right panel in Figure 14, where embeddings of atomic facts are used to train both the
upper and lower layers. Note that the accuracy on atomic facts is not shown in (b) because this training set does not
include supervision that uses all layers to answer atomic facts.

hypothesis that the effectiveness of the shared-1149

parameter model stems from endowing the upper1150

layers with embedding-based reasoning capability.1151

G.2 Training Upper and Lower Layers1152

Separately with Embedded Atomic Facts1153

In this section, we attempt to address the issue of1154

disrupted generalization on Test-OI observed in1155

Appendix G.1. According to our analysis in Sec-1156

tion 4.2, the model’s ability to generalize on Test-1157

OI arises from the consistency of representations1158

for the same entity across different contexts. Fur-1159

thermore, as analyzed by Ye et al. (2025), the aggre-1160

gation and alignment of representations generated1161

from out-of-distribution atomic facts are enabled1162

by the presence of in-distribution atomic facts that1163

share the same target entity. In the training strategy1164

adopted in Appendix G.1, the upper layers of the1165

model are trained on atomic facts in two different1166

phases: once through the standard dataset training1167

and once through the additional embedding-based1168

training. We hypothesize that this repeated training1169

of atomic facts in different forms interferes with1170

the model’s ability to generalize on Test-OI.1171

To test this hypothesis, we decouple the standard 1172

atomic-fact training from the additional embedding- 1173

based training. Specifically, in each training epoch, 1174

we train the lower four layers and the upper four 1175

layers separately using all atomic facts, while re- 1176

moving all atomic facts from the original training 1177

set and retaining only Train-II. The training re- 1178

sults are shown in Figure 15b. Compared with 1179

Appendix G.1, we observe that, while maintaining 1180

high accuracy on Test-IO, the model achieves 25% 1181

accuracy on Test-OI and 15% accuracy on Test-OO. 1182

Both results are approximately four times higher 1183

than those reported in Appendix G.1. These results 1184

support our hypothesis that the degradation in Test- 1185

OI generalization is indeed caused by interference 1186

introduced by the additional training procedure. 1187

Although the proposed training strategy does 1188

not reach the accuracy achieved by the shared- 1189

parameter model on Test-OI and Test-OO (80% 1190

and 60%, respectively), it nonetheless attains a sub- 1191

stantial level of performance and provides a closer 1192

functional approximation to shared-parameter train- 1193

ing. Compared with the setting in Appendix G.1, 1194

this experiment more strongly suggests that the 1195
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Figure 16: Visualization of how a model trained with a looped architecture transfers embedding-based atomic fact
reasoning learned in lower layers to higher layers. The bottom part illustrates the reasoning process for a two-hop
instance, while the top part shows the embedding-based reasoning process corresponding to the second hop of the
same instance.

success of shared-parameter training stems from1196

enabling both the upper and lower layers of the1197

model to perform embedding-based reasoning over1198

atomic facts.1199

H Detailed Evidence on Alignment under1200

Looped Training1201

This section supplements Section 5.3. We pro-1202

vide a detailed description of how the results in1203

Section 5.3 are computed and present additional1204

evidence for Representation–Input Alignment un-1205

der Looped Training. In Section 5.3, we only re-1206

port the alignment results for (i) (h4(r1), h4(r2))1207

vs. (Ee2 , Er2), and (ii) (h5(r1), h5(r2)) vs.1208

(h1(e2), h1(r2)). Here, we extend this analysis by1209

reporting cosine similarities between hidden states1210

across a broader range of layer pairs.1211

We first describe how the results in Section 5.31212

are computed. For each two-hop instance from1213

the training set (Train-II), we identify the atomic1214

fact corresponding to its second hop, which is1215

in-distribution (ID). For each two-hop instance1216

from the test set (Test-IO), we identify the atomic1217

fact corresponding to its second hop, which is1218

out-of-distribution (OOD). This matching strategy1219

allows us to examine whether the model reuses1220

embedding-level representations of atomic facts 1221

when performing the second hop of reasoning, as 1222

illustrated in Figure 16. 1223

Specifically, for a two-hop query ⟨e1, r1, r2⟩, we 1224

extract the hidden states at the position of r1 from 1225

all Transformer layers, and compare them with 1226

the hidden states at the position of e2 from the 1227

corresponding second-hop atomic fact ⟨e2, r2⟩. We 1228

compute a layer-wise cosine similarity matrix of 1229

size (L+1)×(L+1), where L denotes the number 1230

of Transformer layers6. Similarly, we extract the 1231

hidden states at the position of r2 in ⟨e1, r1, r2⟩ and 1232

compare them with the hidden states at the position 1233

of r2 in the atomic fact ⟨e2, r2⟩, again computing a 1234

(L+ 1)× (L+ 1) cosine similarity matrix. 1235

Finally, we average the cosine similarity ma- 1236

trices over all matched two-hop instances to ob- 1237

tain the final mean cosine similarity matrices. We 1238

present the averaged similarity matrices separately 1239

for Train-II and Test-IO, and compare models 1240

trained with the looped architecture against nor- 1241

mally trained models. Figure 17 visualizes the 1242

resulting mean cosine similarity matrices. 1243

From Figure 17, it is clear that for models trained 1244

6Layer 0 corresponds to the input embedding without po-
sitional encoding.
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under the looped architecture (left column), the co-1245

sine similarity matrices at positions r1 and r2 for1246

both Train-II and Test-IO ((a), (c), (e), and (g))1247

show significantly higher values along the diago-1248

nal directions within the red-square-highlighted1249

regions. Notably, the entries at position (1,5)1250

(row, column) exhibit particularly strong similarity1251

across all subfigures. In contrast, models trained1252

in the standard manner do not display this pat-1253

tern. This indicates that for models trained un-1254

der the looped architecture, the implicit second-1255

hop reasoning in the two-hop queries is aligned1256

with the reasoning over the corresponding single-1257

hop atomic facts (based on embeddings), achieving1258

strong alignment at the fifth layer. Under this input1259

alignment condition, the model can naturally trans-1260

fer the reasoning ability over out-of-distribution1261

atomic facts learned in lower layers to higher layers,1262

enabling effective generalization to both Test-IO1263

and Test-OO.1264
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Figure 17: Layerwise cosine similarity heatmaps comparing models trained under a recurrent architecture (left
column) and models trained in the standard manner (right column). For each two-hop query ⟨e1, r1, r2⟩, hidden
states at the position of r1 are compared with the corresponding hidden states at e2 in the atomic fact ⟨e2, r2⟩, and
hidden states at the position of r2 are compared with the hidden states at r2 in the atomic fact. Subfigures (a) and (b)
show Train-II at position r1, (c) and (d) show Train-II at position r2, (e) and (f) show Test-IO at position r1, and (g)
and (h) show Test-IO at position r2.
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