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Abstract

Bilevel optimization methods are increasingly relevant within machine learning, especially for tasks
such as hyperparameter optimization and meta-learning. Compared to the offline setting, online
bilevel optimization (OBO) offers a more dynamic framework by accommodating time-varying
functions and sequentially arriving data. This study addresses the online nonconvex-strongly convex
bilevel optimization problem. In deterministic settings, we introduce a novel online Bregman bilevel
optimizer (OBBO) that utilizes adaptive Bregman divergences. We demonstrate that OBBO enhances
the known sublinear rates for bilevel local regret through a novel hypergradient error decomposition
that adapts to the underlying geometry of the problem. In stochastic contexts, we introduce the
first stochastic online bilevel optimizer (SOBBO), which employs a window averaging method
for updating outer-level variables using a weighted average of recent stochastic approximations of
hypergradients. This approach not only achieves sublinear rates of bilevel local regret but also serves
as an effective variance reduction strategy, obviating the need for additional stochastic gradient
samples at each timestep. Experiments on online hyperparameter optimization and online meta-
learning highlight the superior performance, efficiency, and adaptability of our Bregman-based
algorithms compared to established online and offline bilevel benchmarks.

1. Introduction

Online bilevel optimization (OBO) is a recently introduced strategy that complements traditional
offline bilevel optimization approaches. It is tailored for dynamic environments encountered in
machine learning tasks such as online hyperparameter optimization [24], online meta-learning
[34], domain adaptation [13], and dataset augmentation [29]. The deterministic OBO problem, for
parameters A € X C R, B e R%  and the online running index V¢ € [1,T], is defined as:

A € argmin {ft (A,Btw) - h(A)}, By(A) € argmin gi(X, B), (1)
AEXCRY BeR2

where Fy(A) £ f; ()\, Bt()\)) is a nonconvex and smooth outer objective function, h(A) is a convex

and potentially nonsmooth regularization term, and g;(\, 3) is a smooth inner objective function
that is y4-strongly convex in 3. Single-level online optimization problems are often formulated with
time-varying objectives that are only accessible through a stochastic oracle, for example, a stochastic
gradient oracle in the online learning of an LSTM in [1] and in the online learning of a GAN in
[17]. Similarly, many machine learning tasks in offline bilevel optimization are structured using
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stochastic loss functions to capture the inherent randomness and perturbations from using sample
batches. Examples include the meta-learning task of [21] and the data hyper-cleaning task as in [20].
This motivates us to introduce the first stochastic online bilevel optimization problem:

X € argmin {E [fi(AB,(N). 0] +hN}, BN € argminEc [gr(X 8.0 @)
AEXCRM BER2

where Fi(A) £ E, [ fr(, ,@t(}\), e)} is a nonconvex and smooth outer objective function, h(\)

is a convex and potentially nonsmooth regularization term, and E¢ [g;(\, 3, ()] is a smooth inner
objective function that is ji4-strongly convex in 3. Further, € and ¢ are independent and identically
distributed random variables from error distributions D and D’, respectively.

Current methods in OBO of [24, 34] are limited as: (i) they assume smooth outer level objectives,
excluding OBO problems where the outer level objective is separable into a smooth and nonsmooth
term; (ii) they use Euclidean proximal operators, preventing the application of more sophisticated
gradient step techniques of Bregman divergences as explored in the offline bilevel optimization of
[20]; and (iii) they restrict the theoretical discussion to a deterministic setting, whereas stochasticity
is commonly assumed in both online optimization [16] and offline bilevel optimization [21].

Addressing these limitations, our contributions to OBO include introducing a novel family of
online Bregman bilevel optimizers (OBBO) that utilize Bregman divergences to solve a larger class
of OBO problems. These problems include cases where the outer-level objective is a nonconvex
composite function separable into a smooth and potentially nonsmooth term, and the inner-level
objective is strongly convex. Due to the application of Bregman divergences to our novel hyper-
gradient error decomposition, we show that OBBO improves the previously best known sublinear
rate of bilevel local regret. Further, our hypergradient error decomposition can be a theoretical
interest of its own, as we provide a decomposition not expressed in previous works ([24, 34]) which
depend on the variation of outer level variables. Additionally, we formulate the first stochastic
OBO problem and provide an algorithm (SOBBO) that achieves a sublinear rate of bilevel local
regret. We demonstrate the computational efficiency of SOBBO compared to offline stochastic
bilevel algorithms, as it incorporates a variance reduction technique without requiring additional
gradient samples. In Appendix E, empirical results on online hyperparameter optimization and online
meta-learning validate our theoretical contributions and practicality of our improved methods.

2. Preliminaries

Notations and Assumptions Let ||-|| denote the /5 norm for vectors and the spectral norm for
matrices, with (3, 3,) denoting the inner product between 3, and 3,. For a function g;(\, 3) and
its stochastic variation g;(A, 3, ¢) we denote the gradient as Vg,(\, 3) and Vg, (X, B3, () respectively,
with partial derivatives denoted, for example with respect to A, as Vxg:(A, 3) and Vxg:(A, 3, ()
respectively. For the deterministic OBO problem, we make the following assumptions that are
standard in OBO [24, 34], whereas, in the stochastic setting, our assumptions are typical in stochastic
bilevel optimization of [11, 20, 21].

Assumption A Forallt € [1,...,T] and Y\ € X, VB3 € R%, we have the following:

Al fy(X\,B) and NV f(X, B) are respectively £y o-Lipschitz and (s 1 -Lipschitz continuous.
A2. Vg (A, B) is £y 1-Lipschitz continuous.

A3. Viﬁgt()\, B) and V%ﬂgt(}\, B) are both {4 »-Lipschitz continuous.

In the stochastic case Al.-A3. hold for fy(X, B, ¢€) and gi(X, B,C) for any e ~ D and { ~ D'.
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Assumption B ¢;(\, B) and its stochastic variation g¢(X, 3, () are g-strongly convex functions
inBvVt e [1,T)and forall A € X.

Assumption C Forallt € [1,T] and any A € X and 3 € R% the stochastic partial derivative
of Vagi(A, B, Q) satisfies E [Vggi (X, B,()] = Vggi(A, B) with finite variance 036. Further the

estimated stochastic partial derivative of V f¢(\, B3, E) has finite variance 0]20.

Assumption D Set X C R% is closed, convex, and bounded s.t. VA1, Aa € X, | A1 — X2 < S.
Assumption E Forallt € [1,...,T] it holds for finite Q) € R that supycy |Fr(A)] < Q.

Assumption F For all t € [1,T] the distance generating function ¢¢(\) is continuously differen-
tiable and p-strongly convex with respect to ||-||.

Bregman Proximal Gradient Introduced in [4], a Bregman divergence Dg(A2, A1) := ¢(Ag) —
d(A1) — (Vo(A1), A2 — Aq) for a continuously differentiable and p-strongly convex function ¢(A)
offers a generalization to the squared Euclidean distance. Given a Bregman divergence Dy(-, -), our
proximal gradient step is

AT = arg min {(q, A) +h(A) + 1D¢()\,U)} ; 3)
Aex «

where ¢(A) is a continuously differentiable and p-strongly convex function, ~A(A) is a convex and
potentially nonsmooth regularization term, o > 0 is a step size, and g, u € R? are the estimate of
the gradient, and current reference point, respectively. Proximal gradient methods in offline bilevel
optimization have been shown to improve convergence rates as in the Bio-BreD algorithm of [20].
Special cases of the gradient update in (3) include projected gradient descent (¢(X) = % BN
X C R%, and h(X) = 0), as well as proximal gradient descent (¢(X) = 3 ||| and X = R%). The
aforementioned gradient step in (3) can be further extended to a time-varying distance generating
function, e.g., ¢r(A) = %)\THt)\ with an adaptive matrix Hy, resulting in an adaptive proximal
gradient method with similarities to Adagrad from [7] and Super-Adam of [19]. The proximal
gradient step of (3) has led to the introduction of a generalized projection from [12] defined for a
step size a > 0, ¢ € R™, and w € X as Gy (u, q, ) := 1 (u — AT). Here Gy (X, Vf;(X), o) acts
as a generalized gradient that simplifies to V f;(X) if X = R% and h(\) = 0.

Bilevel Local Regret Bilevel local regret is a stationary metric for online bilevel optimization
[24, 34] that extends the single-level local regret measure from [17]. The work of [24] in particular
defines the bilevel local regret for a window length w > 1 and a sequence {A\;}._; as BLR,,(T) :=
Zthl IV E o (Ae) H2 where for simplicity we have defined F} ,,(A¢) := % Z;U:_ol Fi_ij(A—;) as a
time-smoothed outer level objective with F; = 0 V¢ < 0. To incorporate the generalized projection,
we introduce a new bilevel local regret for a window length w > 1 and sequence {)\t}le as

T

BLRy(T) =) _[Gx(At, VFyu(Ae), )] “)
t=1

In the setting where X = R%, () = 0, and ¢¢(A) = p(A) = 3 | A 2. our variation of local regret
simplifies to the regret measure of [24]. However, our definition offers an important generalization of
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bilevel local regret when an adaptive distance generating function ¢;(\) or a non-zero regularization
term h () is present. Proposition 1 in [2] shows that in nonstationary environments, there always
exists a sequence of well-behaved loss functions for which sublinear regret cannot be achieved.
Hence, to derive useful regret bounds of online algorithms, further regularity constraints must be
imposed on the sequence, such as a sublinear path variation [35], function variation [2], or gradient
variation [6]. In nonstationary OBO one proposed regularity constraint is the p-th order inner level
path variation of optimal decisions from [34], and is H,, 7 := Zthg SUpP ey Hﬁtfl(}\) - @t(}\) Hp
A regularity metric on the p-th order variation of the evaluations of the outer level objective function
across time is suggested by [24] and is V}, 7 := Z?zl supxex |Fi+1 (X) = Fr (A)[P.

3. Online Bregman Bilevel Optimizers

Deterministic Algorithm (OBBQO) We begin our section on the deterministic online Bregman
bilevel optimizer OBBO with a useful lemma on the gradient of the outer level objective V F; (),
often referred as the hypergradient [11]. Here we expand the hypergradient with the chain rule
followed by the implicit function theorem.

Lemma 1 (Lemma 2.1 in [11]) Under Assumption A and B, we have YA € X, Vt € [1,T]

VE) = VafiA BN) — V3000 Bi) (Vo0 A BiN))  VafABN). )

Note the computation of V F;(\) requires knowledge of the optimal inner level variables &(z\),
which are typically inaccessible. This has motivated the construction of computationally efficient
gradient estimators for VF;(A) that can provide an approximation to VF;(A) without access to
B:(A). One popular approach is to utilize iterative differentiation techniques for gradient estimation,

~ p K
that is define the estimate V f; (A, wf( )= %, see [21, 26]. Hence, we examine our OBBO
algorithm in this case, although we remark other hypergradient estimates can be used.

Algorithm 1 OBBO Deterministic Online Bregman Bilevel Optimizer
T, K; stepsizes o, ) > 0; distance generating functions ¢¢(A) : X — R; window w > 1.
Initialize 3, € R and \; € X
fort=1,...,7T do
Retrieve information about f; and g;
wy B
fork=1,...,Kdo
‘ wwlff — wfil - vagt(ku wzlfcil)
end
Get %ft()\t, wf) = %&’w?) from (18) and store in memory
Compute V f; 1, (At, Byy1) from (6) for B, 1 = wi

At+1 < argminy ey {<%ft,w()\ta Bis1) >\> +h(X) + 2D, (A, )\t)}

end
return A7 1, By
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In Theorem 2.7 of [17], time smoothing is shown to be necessary in the gradient step of an online
algorithm to achieve a sublinear rate of local regret. Following such, we introduce time-smoothing
into our OBBO algorithm by defining and utilizing the gradient estimator for w > 1 of

V frav(Ar, Beg) - Zwt iA—is Briai), fr=0Vt<0. (6)

Stochastic Algorithm (SOBBO) We choose to analyze our stochastic online Bregman bilevel
optimizer SOBBO with a stochastic gradient estimator common in offline bilevel optimization,
see [11] and [20]. In particular, the stochastic gradient of v ft(A¢, ByL1, &) provides an estimate
of Vfi( A, By +1) and is constructed V¢ € [1,7] via Lemma 13. As in (6), we introduce time-

smoothing with the estimator V Jtw(At, By i1, Zt.w) defined for all ¢ € [1, T, window size w > 1,
and independent samples Z; ,, = {Et_i}z”:_ol as

~ 1 Y= -
V fiw(Ne, Bii1s Ztw) = " Z Vfi—iXi—is Bip1-i-E—i),  fr =0Vt <0 @)

Algorithm 2 SOBBO Stochastic Online Bregman Bilevel Optimizer
T, K,m,s; a,n > 0; distance generating function ¢4(A) : X — R; window w > 1.
Initialize 3, € R?2 and \; € X

fort=1,...,7T do
Retrieve information about f; and g;

wy « B,
fork=1,...,Kdo
— S
Draw s independent samples of ¢, Set (; j := { k.’l}' )
1=

t,%
Wk — W — Vg (A, WY Gr)

end

Bri1 it
Draw m independent samples of , Set & = {et, Q... Ctm_l}

Get V£ (A, By +1, &) from (20) and store in memory
Compute ﬁft,w()\t, Bii1, Zt.w) from (7)
Moot e argminyey { (VoM Brins B, A) + V) + 1D, (A ) }

end
return A1, B,

4. Bilevel Local Regret Minimization

OBBO Regret Our objective is to show the deterministic OBBO algorithm of Algorithm 1
achieves a sublinear rate of bilevel local regret. We first rely on a novel decomposition of the

hypergradient error incurred by OBBO at time ¢ presented in Lemma 17. The hypergradient error

2
decomposition of H w VFi(A\) H introduced with OBBO is novel, as the upper bound is

5
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expressed in terms of the previous bilevel local regret and time-smoothed hypergradient error up to
time ¢t — 1, demonstrating how errors propagate over time. In contrast, the expansion in SOBOW, see
Theorem 5.6 of [24], is limited to the cumulative difference of outer-level variables. This result, from
Bregman divergences, is essential for the improved sublinear rate (see Table 1) discussed next.

Theorem 2 Suppose Assumptions A, B, D, E, and F. Let inner step size of n < min ( 1 1 )

lg1 g
3p py/ (1-v)

. . . . . o log (T')
outer step size of & < min { Tr1 g /1050, L5 }, and inner iteration count K = Tog ((oni) D T 1.
Then the bilevel local regret of our OBBO algorithm satisfies
d T
BLRy(T) := Y _ (|G (A, VFw(Ae), @) < O (w +Vir+ »e;Hz,T> ®)

t=1

Analogously to OBO ([24]), we are interested in sublinear comparator sequences, e.g., Vi 7 = o(T)
and Ho 7 = o(T'). It is a weak assumption that still allows for the amount of nonstationarity to grow
up to a rate of time itself. Using the above assumption with a properly selected sublinear window
size w = o(T) results in the sublinear rate of bilevel local regret presented in Theorem 2.

SOBBO Regret To study the bilevel local regret in the stochastic framework, we rely on a novel

decomposition of the expected hypergradient error of SOBBO algorithm in Lemma 22. We show
~ 2

that the expected hypergradient error E¢, | [HV Jt( A, Bii1) — VF (M) H ] at time ¢ is upper

bounded by terms from the deterministic setting and a variance term 02 50 motivating use of variance
reduction techniques. Using this, the next theorem shows a sublinear rate of bilevel local regret.

Theorem 3 Suppose Assumptions A, B, C, D, E, and F. Let the inner step size of n < eg%, inner

+hg

3p YA (1-v)
4lp > ngm
and m = log (w)/ log ( — ﬁ) + 1. Then the bilevel local regret of SOBBO satisfies

iteration count of K > 1, outer step size of &« < min{ }, and batch sizes of s = w

T
BLR,(T) <O <w (1 + Ky + 07+ ngagﬁ) +Vir+ K§H2,T> ©)

As in the deterministic setting, we consider sublinear V; 7 = o(T") and Ha 7 = o(T"). For a properly
chosen window and batch size of w = o(T') and s = o(T'), (9) results in a sublinear rate of bilevel
local regret. Note our deterministic rate is a special case of (9) when UJ% =0, O‘S 5 = 0.

Algorithm BLR,(T)
OAGD O(T/w+ Hir + k3 Har)
SOBOW O(T/w+Vir + k3 Ha 1)
OBBO OT/w+Vir+ KJ;HQ,T)
SOBBO | O (T/w (1 + K2+ 05+ ngagﬁ) +Vir+ néﬂz,T)

Table 1: Bilevel local regret, BLR,,(T), of OBBO and SOBBO vs. online bilevel benchmarks SOBOW from
[24] and OAGD from [34]. Full derivation of benchmarks can be found in Appendix D
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Appendix A. Overview
A.1. Related Work

Online optimization is a well-developed area of research that extends the offline optimization
problem to an objective function that can change over time. For a convex time-varying objective,
gradient-based methods were proposed within [37] and achieved a sublinear rate of static regret.
Improved rates of static regret are provided in [28] through utilizing a strongly-convex adaptive
regularization function and are further generalized to a nonsmooth regularization term within [27]. In
non-stationary and convex environments as in [15], [36], and [2], the static regret performance metric
is too optimistic, and instead, a dynamic regret measure should be used to capture the changing
comparator sequence. For a time-varying and nonconvex objective function, there has been recent
interest in online optimization algorithms that achieve sublinear local regret, a stationary measure
introduced within [17]. Recent work extends local regret to non-stationary environments, as in [1]
and stochastic gradient oracles in [16]. The use of Bregman divergences has notably improved rates
of regret in online optimization, as demonstrated by the seminal Adagrad algorithm [7], and further
developed in implicit online learning algorithms in [23].

Offline bilevel optimization has a rich history with its introduction in constrained optimization
of [3]. For applications in modern-day machine learning, gradient-based optimization methods are
often preferred due to their ease of implementation and scalability. One class of methods is approxi-
mate implicit differentiation techniques, detailed in [32] and [25], which construct a hypergradient
approximation through a conjugate gradient or fixed point approach. Another common method is to
use iterative differentiation techniques and their efficient computational implementations to form
an approximate hypergradient (see e.g., [26] and [10]). Convergence improvements are achieved
in the Bio-BreD algorithm of [20] through incorporating Bregman divergences in the outer level
gradient step. Moreover, implications of the Bregman-based optimizers of [20] allow for integration
of adaptive learning rates and momentum in offline bilevel optimization, such as in the BiAdam
framework of [18]. Due to the inherent uncertainty of utilizing sample batches, stochastic formula-
tions of offline bilevel optimization are of recent interest. A stochastic approximation algorithm is
introduced in [11] that utilizes a single stochastic gradient sample at each iteration. Convergence
rates are improved in Stoc-BiO within [21] through an improved stochastic hypergradient estimator.
Sample-efficient stochastic algorithms of SUSTAIN and STABLE are discussed in [22] and [5] by
employing momentum-based variance reduction recurrences.

OBO is underdeveloped relative to single-level online optimization and offline bilevel optimiza-
tion. The online alternating gradient descent algorithm (OAGD) of [34] is shown to achieve sublinear
bilevel local regret for a nonconvex time-varying objective. The single-loop online bilevel optimizer
with window averaging (SOBOW) of [24] offers a computational improvement while maintaining a
sublinear rate. The general problem formulation of an OBO framework fits time-varying machine
learning tasks not within the constraints of offline bilevel optimization, such as learning optimal
dataset augmentations in [29] and online adaptation of pre-trained distributions of [13].

A.2. Concluding Remarks

In this work, we develop a novel family of algorithms parameterized by Bregman divergences. We
prove that in addition to achieving sublinear bilevel local regret, our algorithms offer improvements
in convergence rates by adapting to the underlying geometry of the problem. Furthermore, we

10
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introduce the first stochastic online bilevel optimizer and show that by utilizing a weighted average
of recent stochastic approximated hypergradients, our algorithm achieves a sublinear rate of bilevel
local regret in a sample efficient manner. Empirical results on machine learning tasks such as online
hyperparameter optimization and online meta-learning validate our theoretical contributions and the
practicality of our proposed methods.

Appendix B. Notation and Preliminaries

The next two lemmas introduce known results for smooth and strongly convex functions.

Lemma 4 Suppose a function g(3) : R — R is {-Lipschitz continuous with respect to ||-||. Then
the following inequality holds V3, B, € R%

19(B2) — 9(B1)] < £]|B2 — B4l (10)

Lemma 5 A function g(3) that is 14 strongly convex with respect to ||-|| satisfies the inequality
V81,8, € R® of

9(82) = 9(81) > (By = B, Vg(B1) + E2 18, — By an
Lemma 6 (Lemma 12 in [34]) For any set of vectors {[3;};~,, it holds that
m 2 m
> Bl <m > 118 (12)
i=1 i=1

The following lemma provides progress bounds for gradient descent applied to a y4-strongly
convex and twice differentiable function g(3).

Lemma 7 Let g(w) be a twice differentiable and fi4-strongly convex function with V g(w) satisfying
{4 1-Lipschitz continuity. Further assume g(w) has a global minimizer @ over the domain R%. Then
under the gradient descent method of

wh = W - pVg(whh),

the following satisfies for n < Zgll

2 2
o =@ < (=g ot =5

The following two lemmas characterize useful properties of the generalized projection Gy (u, g, «).

Lemma 8 (Lemma I in [12]) Let X be from (3). ThenYu € X, q € R% and o« > 0 we have

(a,Gx(w.0.0)) > p|Gau,a,0) [ + - (h(AT) ~ h(w)) (13)

such that p > 0 is the strong convexity parameter of the distance generating function ¢(\).

11
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Notation Description

t Time index

w Window size

gt Inner level objective at ¢

ft Outer level objective at ¢

Fy Reparameterized outer level objective at ¢

h Convex and potentially nonsmooth regularization term
By Inner level variable at time ¢

At Outer level variable at time ¢

€ Error random variable for f;

¢ Error random variable for g,

IRl The /5 norm for vectors (spectral norm for matrices)
X Decision set for outer level variable

S Diameter of X: S = maxy ycy || A — XN/

Q Upper bound on Fy: supycy [Ft(A)| < Q

VF;(A) Gradient of F; w.r.t. A, i.e., the hypergradient

V(A B) Gradient estimate for VF;(\) given any A € X and 3 € R®%

V fraw( A, Beg1)

S
m
(6]

n
K
Lro
lra

Time-smoothed V f; (¢, 3, 1) across a window of size w
Batch size for Vgg:(-, -, ), that is m =s

Batch size for V f;(-, -, £), that is || = m

Outer step size

Inner step size

Inner iteration count

Lipschitz constant for f;

Lipschitz constant for V f;

Lipschitz constant for V F

Lipschitz constant for V gg;

Lipschitz constant for V%i 39t

Strong convexity parameter of g

Condition number of g;: kg = €41/ 114

Continuously differentiable and strongly-convex distance generating function
Bregman Divergence defined by ¢;(\)

Strong convexity parameter of ¢¢(\)

First hypergradient error constant: Ly := kg ({g1 + fig)

Second hypergradient error constant: Ly := %(1 + Rg)

Third hypergradient error constant: L3 := £k,

Hypergradient constant w.r.t. By: Lg := L}(1 — nug)™ + L3(1 — nug)X—1
Finite variance of Vgg;(A, 8, ()

Finite variance of V fy(X, 3, )

Generalized projection Yu € X, q € R%, and o > 0

Table 2: Summary of Notation

12
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Lemma 9 (Proposition 1 in [12]) Let Gy (u, q, @) be the generalized projection. Then Vq,,q, €
R4, Vu € X, Ya > 0, we have

1
|G, 41, 0) = Gx(w, g2, @)l < Zllar = @l (14)

The next Lemma provides useful bounds on the hypergradient VFy(A), gradient estimate
V f+(X, 8), and optimal inner level variables 3,(A) in the deterministic online bilevel optimiza-
tion problem.

Lemma 10 (Lemma 3 in [34]) Under assumptions A and B, it holds for all t € [1,T], A1, A2 € X,
and B € R% that

B = Bixa)|| < g 2 = Aol (s)

where kg := eﬁ; = O(Kyg), the gradient estimator \% fit(X\, B) satisfies

IV5AB) = VEN)| < My 8= B,(N) (16)
where My := U1 + Ly 1kg + % (1+kg) = O(k2), and
IVE(A) = VE (X[l < Cra[[A = Aol (17)

Lol
where lp1 = ls1(1 + Kg) + fzigﬂ(l +Rg) + Mk = O(mg).

Lemma 11 provides an analytical form to compute the hypergradient via iterative differentiation.

Lemma 11 (Proposition 2 in [21]) The partial %&’w” takes an analytical form of aﬁ)‘i&’wt) =
K-1

Vadi s wl) =1 VRt (A wF) HowVafi (A, wf) (1)
k=0

where H, ., 1= H]K:_le (Id2 — nvawgt ()\t, wi)) the da-identity matrix is denoted 14,, with
n > 0 and K as the step size and number of iterations for the inner loop.

Lemma 12 provides an upper bound on the hypergradient error when utilizing an iterative
differentiation approach for estimation.

Lemma 12 (Lemma 6 in [21]) Suppose Assumptions A and B are satisfied withn < 5— - and K> 1
Then we have ¥Vt € [1,T)

|5 WH

+ Lo(1 =) T ) Hﬁt Bi(A H + Ly(1 —npg) ™, (19)
where L1 = rkg(lg1 + ftg), Lo = 2éfo&(l + Ky), and Ly = ¢ okg.

Hg

13
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Lemma 13 provides a analytical formula to compute a stochastic hypergradient estimator.

Lemma 13 (Algorithm 3 in [11]) For a sample upper bound of m and independent & = {¢, oL,
the stochastic gradient of V fi (A, Byy 1, Et) provides an estimate of V fi(A¢, By, 1) and is constructed
vVt € [1,T] as

VG B &) = Vafih, By &) — Vag9t(Ae Bii1, ()
I

1 )
X |7 H (Id2 - Eglvégt(&,ﬂtﬂ,@])) vﬂft(AtaBtJrlaet)v (20)

9,1 j=1
where m ~U(0,1,...,m — 1) and H;":lo() = Ig,.

The next Lemma characterizes the bias of the stochastic hypergradient estimate \Y ft( e, Biy1s &)

Lemma 14 (Lemma 2.1 in [22]) Suppose Assumptions A,B, and E. For any m > 1 the gradient
estimator of (20) satisfies

9500 Bec1) ~ B [T B 0] | < tramg (1= 22 ) e

Appendix C. Proof of Main Results

C.1. Deterministic Setting

First, we introduce some required lemmas. The following Lemma provides an upper bound on
the cumulative difference between the time-smoothed outer level objective F; ,,(\) evaluated at A
and A4 1 in terms of the outer level objective upper bound (), window size w, and the comparator
sequence on subsequent function evaluations V7 .

Lemma 15 Suppose Assumption E. If our OBBO algorithm in Algorithm 1 is applied with window
size w > 1 to generate the sequence {\;}1_,, then we have

T
2T
Z (Frw(Ae) = Fraw(Aeg1)) < TQ +Vir.

t=1
where Vi p i= 3[_ ) supae [Fir1 (A) — Fy (A)]

Proof By definition, in the deterministic setting, we have F;(X\) £ f; ()\, Bt()\)> Then it holds

T
Z (Frw(Ae) = Fraw(Ait1))
=1

S
L

(ftfz' (Atfiw@t—i(ktfi)> — fi—i ()\t+1fi’Bt—i()‘t+17i))>

gl

-y

t=1 7

I
=)

14
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Which is equivalent to

For (22), we can write

w—1

% Z (ft—i (At—iw/B\t—i(At—i)) — ft41-i (At+1—i,//6\t+1—i(>\t+1—i))

1=0

= % [ft (AtaBt()‘t)> +oot ftr1-w ()\t+17wa/@t+17w(>‘t+17w))
—i [ft+1 ()‘t+1n@t+1(>\t+1)> + oot frr2-w ()‘t+2—w73t+27w()‘t+2—w))

— % [ft+1_w (At+1_w,Bt+1_w(>\t+1_w)> — frm1 ()\t—&-laBt—i—l()‘t-i-l))

1

= (Fir1—w(Mg1—w) — Fir1(Ai41))

where the last inequality comes from Assumption E. Note (23) can be bounded through

) ;wil (ftﬂfi ()‘t+1*i>Bt+17i()‘t+17i)> — fi—i (At+17i73t7¢()\t+1,i)>)
t=1 1=0
= i ;wo sup, i (A Biami) = fis (A BN | < Vi

Combining (24) and (25) results in the upper bound of

T
2T
S (FrawA) ~ Frwlhen) < 22 4 v

t=1

(22)

(23)

(24)

(25)

~ 2
The next Lemma provides an upper bound on the error of H,Bt —By(Ay) H forallt € [1,7] in

terms of an initial error, the cumulative differences of the outer level variable, and the cumulative

differences of the optimal inner level variables.

Lemma 16 Suppose Assumptions A and B. Choose the inner step size of n and inner iteration count

of K to satisfy

1 1
7 < min <,>, and K > 1,
g1 g

15
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and define the decay parameter v, inner level variable error constant C,,,, and initial error Ag
respectively as

. 77“9) K-1 . 2
y.—( 1—nu ,and C, = <1+ ),
9 ( g) g Nitg

—~ 2
and Ag:=||8, - Bin)|

Then our OBBO algorithm in Algorithm 1 guarantees ¥t € [1,T]

H:@t - Et(/\t)HZ < Vt_lAB
t—2 i—2

. PN ~ 2
+2CH9’%§ Z v/ H}\tflfj — At,jHQ + 20#9 Z v Hﬁt,j(}\t—lfj) - ﬁtflfj(}\t—lfj)H . (26)
j=0 Jj=0

~ 2
Proof By definition for ¢ = 1, we have H,@l — ,61()\1)H = Ag. Then Vt € [2,T]

2

|8~ B =8~ B ) + B ) - B @)

which can be expanded based on the Young’s Inequality for any § > 0 as
~ ~ - 2
18 = Beor ) + Bios (1) = B
—~ 2
< (1+9) 8= B ()|
1 ~ ~ 2
(14 5) B - B
Now it holds that
~ ~ 2 ~ ~ 2 ~ ~ 2
B ) = B | < 2[Bia1) = B[ +2[BiAn) = Bia(he)|
which through Lemma 10 can be further upper bounded with the Lipschitz constant of «,, as
~ ~ 2 ~ ~ 2
[Bios ) = B | < 262181 = Al 2 |[B(Aet) = By (Aea)|
Combining above, we see that V§ > 0, (27) is upper bounded as
~ 2 ~ 2
18~ B.|| <+ 0) |8 = B ()

1 2 2 1 2 2 2
+2 11+ 5 Kqg H)\t—1 - >\tH +2(1+ g H/Bt()\t—l) - ,Bt_1()\t—1)H : (28)

Asn < ﬁ, we apply Lemma 7 to see
~ 2 ~ 2
(1+0) 8 =B < @400 = mug) |81 = Brs i)

16
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Now setting § = 252 > 0 implies that

(1+0) (1 =mag)™ = (1 4+ T2 (1 = mug)* < (1= T02) (1 = mpg) < 1

Using v := (1 — 2) (1 — nug)™ ' in (28), we get
|8~ B <02 ||Bics — Broah)|

~ ~ 2
+2C,, 2 | At = Al +2C,v [Bi 1) = Bry ()|

where C),, = (1 + &) Starting at ¢ = 7" and unrolling backward to ¢ = 1, results in the upper
bound of

.- B <v-tas

t—2 t—2
A~ ~ 2
Cug2 3017 IAeas = M2+ 2C, 307 By he15) = Broay uma)|| -
7=0 Jj=0

The next Lemma utilizes Lemma 12 and Lemma 16 to derive an upper bound on the hypergradient
error V¢t € [1,T] in terms of discounted variations of the (i) cumulative time-smoothed hypergradient
error; (ii) bilevel local regret; and (iii) cumulative difference between optimal inner-level variables.
A final term is included, composed of a discounted initial error and smoothness term of the inner
objective.

Lemma 17 Suppose Assumptions A, B, D, and F. Choose the inner step size of n and inner iteration

count of K to satisfy
) 1 1
n<min | —,— ), and K >1.
g1 g

Using the definitions of v, C,,,, and Ag from Lemma 16 as well as the further definition of

Lg:= L%(l - nﬂg)K + L%(l - UNQ)KA’

then the hypergradient error from our OBBO algorithm in Algorithm 1 is bounded V't € [1,T) as

2 =2 K
Oft—1— (N1, Wi
Haft A wi) — VE( ) <5t+A§ 7z i (;)\1 pwim1) ~VF 1 jw(X-1-5)
j=0

12
. A 2
+B Z V|G Ne—1—4, V- 1—jw(N—1—5), @) I + CZ v H;Bt—j(At—l—j) - ,3t_1—j(>\t—1—j)H .
=0 =0
(29)

12a20#gL5/£!27

where & = 3L3(1 — nug)?® + 3Lgv' 1 Ag and A = g

C =6L3C,,.

, B = 120420“ng/€3, and

17
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Proof Note that Lemma 12 implies V¢ € [1, 7]
Ofr( A, wk
| - vmo

A < 3L |8, - Btw)(f +3L2(1 — npg)?

~ 2
Substituting the upper bound on H B — B:(Ar) H from Lemma 16, we have

2
(A
Haft t?wt VFt(At) SSL%(]._T]/«LQ)QK
t—2 '
+3Lg [ V' Ag + 20,50 Y 7 A1 — Al
§=0
t—2 9

)

+6LgC,, Z v HBt_j(At—l—j) - Bt—l—j()‘t—l—j)’
=0

» FY RIS VI S
By definition, we have Gy (At_l_j, S (;»\1 i J),a> é(}\t 1—j — Ai—j)

t—2 K 2

Oft—1—jw(Ae—1—j, Wit _)
EVjHAzrla—)\ty|’—a2§V] gx<)‘t1w : c‘))\j —.a
j=0 7=0

tf
<2a*Yy I (HQX(At—l—j, VF_1_jwXi—1—j), )|
J

[\

2

N—

Il
o

2

X ,04> —Gx AN—1—5, VF 1 w(X—1—5), @)

( Ofr-1-juwAi1-j,wf )
At 1—3>

t—2
+202 Z 7
=0

tf

< 20?37 (19315 V1 (Aeery). @)

J

aftqu,w (Atflfj’ w{il*j)
oA

N

N—

Il
=)

2
= VE 1 jw(Ai—1—j)

N——

t—2 1
202y v |
=0

B

(30)

18
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such that the last inequality comes from Lemma 9. Rearranging terms, we have decomposed the

hypergradient error term at ¢ in terms of the cumulative hypergradient error from j =1,...,t —1
2
Oft( A,
H fil “’t — VE(Ay)|| <BL3(1—npug)*  +3Lgr" 'Ag
=2
#120°Cp, Lo Y07 |G (M1 VEroa-jas (i), o)
j=0
12ozCLﬁ — Oft1-juwN1—j,wf ) ’
Ug s ) J X .
Do " - VE )
t—2

2

)

+6L,30#g Z v H,@tfj()\tflfj) - Etflfj()‘tflfj)‘
=0

The next Lemma provides an upper bound on the cumulative time-smoothed hypergradient error
using the result of Lemma 17.

Lemma 18 Suppose Assumptions A, B, D, and F. Choose the inner step size of n < min < 1 )

L1’ pg
the outer step size o < ey and inner iteration count K = ——80) 1 Then the
= kgy/108C,,Lg’ log ((1-npg) 1) :

cumulative time-smoothed hypergradient error from our OBBO algorithm in Algorithm 1 satisfies
T 2
< = L
2 <5 (725
p? 27LBC "

T
+8; HgX(At—l—jyVFt—l—j,w(At—l—j),(X)HQ + 201 — —19 Z H,Bt At—1) ,Bt 1 (A 1)’

8ftw At?“ut )

— VFw(Ar)

Y

19
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Proof Note by definition of the time-smoothed outer level objective and application of Young’s
inequality we have

2

0 w A K — |0 z A )
[Pttt _gr o) - Z[ Jeies o) or
0
w—1 w—1 K
1521 [/ 0fiihmiywk) Oft—j(Ar—js wit )
= E EE w< X — VFi_i(Ai—i), IX _th—j(At—j)
=0 7=0
w—1 w—1 2
1 1,1 ||0fimi( Ny w0k )
< E 72 —(Z _ ) )
= w 4 w(2 oA Vi)
=0 7=0
2
1|[Of—j(Ae—j,wit )
! ) R )| )
2
1 - aft z()\t mwt z)
wzizo oA VEi-i(Ae-i)
(31)

22N
bilevel local regret and the cumulative time-smoothed hypergradient error, we construct the upper

bound of

2
Substituting the upper bound on H OfeQdewf) _ VE(A\) H from Lemma 17 and re-indexing the

2

aftw Atﬂwt ) th (At)

T 1 w—1
ZE [Z 3L3(1 — npg)*™ +3Lgr' 1 Ap)
=0

T w—1 t—i—2
1 .
20 (12‘“2%%“5 S UGN Vs g)s )2
2
g

t=1 =0 j=0 J
T w—1 2 t—i—2 K 2\ ]
1 12a%C, Lgk Oft—i—jaw(Ne—i—j, Wity ;)

DI M e Do ) i)
= Y | =0 P j=0 i
T 1 w—1 t—i—2 R . 2 ]

+Z - 6LgCy, Z v’ Hﬁt_i_]‘()\t—i—l—j) - ﬁt—i—l—j()\t—z’—l—j)H

t=2 i=0 Jj=0

(32)
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Given v < 1, it holds that Z;;% vl < 352 g v = 11, which lets us upper bound (32) as

T
t=1

2

aft,w (Ah wtK)

X — VF ()

T w—1 }
1 .
<> - [Z (BLE(L — nug)*™ + 3L "1 Ap)
t=1 i=0 _
12a2C'Mngf<;§ Toq e 2-
- — A zaVF 7,0 A i
=) ;w ;ng( ¢ t—iw(Ae—i) )||_
12020, L2 I 1 |2 0fi—iwXeei, w ) d
g 7,W (2 t—12
— vF—iw A —1
p2(1 o V) tz:; w =0 a)\ o ( t )
6LﬁC T 1 _
LS BB
+ (1 _ I/) ; w [Z H:@t i\\t 1) ﬁt i— 1 t 1 ]
and further
T 2
aftw()‘tawtK)
o VLV (X
g E5Y taw(Ae)
T
12020, Lgk?
Z 3L3(1 — npuy)* + 3Lgr' 1 Ag) + #ZHQ;« At VEw(A), @)
t=1
1202C),, Lk Ofr.0(Ar, wk) > 6LgC 2
e L R Y = IR
(1_V o VE ,(A)|| + 1—v Z/Bt 1) IBt 1( A1)
which implies that
| 1202 cungm Ny AN At,wt ) _om ?
1 _ y Z; -V t,w( t)

30pLg 1202C,,, Lgk? ,
S 1— Vi + Z (3[%(1 — nﬂg)2K) + (1—gg Z Hg){ >‘t7 VFt w(>\t) )H

t=1
6LgC’u
(1 —v)

gzuﬁt A1) = B (A 1)” ;

. _ (1-v)
Setting K = log (T)/log ((1 —nug) ™) + 1and 0 < & < —A5mer

- 12042Cung/£?] S §
pPl=v) ]9
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implies the upper bound of

8ft,'w (Ata Ld{()
oA

2
27 [ AgL
- VFt,w()‘t) < § < BB +L§>

T
t; 1-v)
p? 27LQCM

+§Z G (A, VErw(Ae), 0)[” + 2(1 - CTER, Z H/Bt (A—1) = By (A 1)’
t=1

I

The next theorem presents the theoretical contribution for our OBBO algorithm in Algorithm 1. For
suitably chosen step sizes, the sequence of iterates {)‘t}thl achieves sublinear bilevel local regret.

Theorem 19 Suppose Assumptions A, B, D, E, F. Choose the inner step size of n < min < L1 )

L1’ pg
. . 3p o/ (1—v) . . , log (T")
< —
the outer step size of a < min i g /105G, T [ and inner iteration count K Tog ((L—nrig) 1) +

1. Then the bilevel local regret of our OBBO algorithm in Algorithm 1 satisfies the bound of

T
BLR,, Z 1Gx (A, VFiw(A), )| < O (w +Vir+ /‘GSHQ,T> , (33)
=1

Proof Note, with Assumption A we have the upper bound of

Frw (Ae41) = Frow (M) = ZFt i (Atg1— —*ZFt i (A=)
1 w—1
=% [Fi—i (Aeg1—i) — Fi—i (A=)
i—0
1 w—1 €F
< — [<VFt_i (Ae—i) s At — Ag) + —= /\tﬂ
WD
E
= (VFiuw (M), A1 — ) + —Xd?-

Substituting in G (Ar, 222G ) im L (A = Arpa),

14
Fiaw (A1) = Frw () <V Ew (X)), Adpr1 — >\t>+%\\)\t+1—)\t”2

2 K
0 (Vh (0 G (3, LeBeD) )y o g (3, 2eleet) )

awA, O fraw(Ae, wf
— Ji twt gX( OftwAe,w0y) (a;wt)7a>>

+a<8ft“’()‘t’ i) — VFw (M), Gx (At,aft’wo‘t’“g() a >

2

)

o\ o ’
a?lp; OfrwAe, @) V|
"‘ 2 gX <>\t7 Ta a)
(34)
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Using Lemma 8 with ¢ = %W, note that
aft,w(Atvwf) aft7w(>\t7wf()
o <a)\a Gx | A, — o ¢
Ofrw(Ag, wk 2
> ap ‘gx <)\t, ft’(a;;t), Oé) + h(Ai1) — h(Xy)

and further we get the following based on a variation of Young’s Inequality

a w A) K 8 w A? K
<f’“ (a; ) VF. (M) Gx (At, OhtulBeeor) (8; = ),a>

B wA, 2 O frw( N, wkK 2
< 1] 2nluet) 8 o (o M )

— VF (M) X

Using (35) and (36) in (34) we get

2 3 O frw( A, wit
Fiw (At41) = Frw (A¢) < (aRl - Z'O> HQX (Au M, Oé>

2

5 o
O fra(Ar, wf i
» ft(a)\tt) = VEw M)+ h(Xe) = h(Au)

whichas 0 < a < ; é results in the further upper bound of

2

3a O frw(Ag, wk
Fiw (Ai41) = Frw (A¢) < —J Hg)( <)\t, Wﬂ)

2

OfewXe, i) + h(M) = h(Aes1)

X — VFti ()\t)

P
Further note we can upper bound the local regret as

2

K
G300 T )l <2 g (A et o )

2

O fr (A, wK
+2HQX <At7ft7(aAtu}t)7a> _gX(At7VFt,w(At)7a)
O w(Ar, wk ? O w(Ar, wk 2
§2‘gx<>\t,w,a) % ﬁ’(a}iwt)vpt’w()\t) ,

where the last inequality comes from Lemma 9. This then implies that

2

1
< 5 19 (A TFr (M), o)

K
gy <At7ww,a>

oA

2

Ofrw(Ae, wk
| - v )

23
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Substituting (39) into (38) gives us

3
Fraw Arp1) — Ftww)<—ﬂugx<xt,vmw<xt> )|

2
a Oftwl )\ ,w
< ) H fewAe, 0y — Vi A)|| +h(A) = B(Ap).
Rearranging we see

3a
p 1Gx (A, VELw(A), )| < Frw () = Frw (Aes1)

1o || 0 feaw(Ae, w i
= I, (8; ) + h(A) = h(Aey1).

Summing from 1, ..., T and telescoping h(A;)

— VFw(Ar)

T
s Zugx A TE ), )2 < 3 (Fraw (M) — Fiw (A1)

2
oo

llo 6ftw(>‘t7 g()
E —— =~ —VFisA
R 8[) t=1 <H aA v i ( t)

where Ay, := h(A1) — h(Ar41) Then we can substitute Lemma 18 to get

T
3a
=op ZHQX (A, VE (X)), 0 Z Frw (M) = Frw (Aci1))
1o (27 ABLB i v
— = +L £ (At, VFiw(A 2
+8p<8( )+8;ng V(). >||>

Ha (27LgC, - . 2
. (2(1 e [y - B ) +

Rearranging we have

N

12apz G At V), )P <Y (Frw (M) = Frow (A1)

t=1

11ap 2 Ma (27 ( Aplp | 1o
ZHQX At, VEw(Ae), ) ||” + P (8 <(1_V)+L3

27LgC,,
i1 85 (2(1_1/92”@: A1) = Bio1 (A1) H ) + Ap,

or more succinctly

t=1

88 (27 ( AgL 8827LgC
ungisﬁ@%WQﬂ%zw~~ Bt

24

T 64 T
D Gx A, VEw(An), )12 < — > (Frw (M) = Frw (Aer1))
ap t:l

(40)

4D

(42)
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Applying Lemma 15 we see

T
2T

S (Fiaw (M) = Fo (i) < —WQ Vi, 43)

t=1

which by using (43) in (42) we get for Lg = O(x2)

T
64 (21 297 [ AgL
S 16w VEwA )l < 2 (B2 vig) + 2 (22504 12)
P ap \ w 0 (1-v)

L 648, | 1188LgCy,
ap  p*(1-v)

“Hor, (44)

which dividing by T" and recalling we imposed regularity constraints of Hy 7 = o(T'), as well as
Vi,r = o(T'), implies the bilevel local regret of our OBBO algorithm is sublinear on the order of

T
T
PLRT) = 3633 TFiu(3)- ) <0 (w Vit K;;HQ,T) o 4s)

C.2. Stochastic Setting

The next Lemma upper bounds the expected cumulative difference between the time-smoothed outer
level objective F; ,,(A) evaluated at A¢ and A4 in terms of the outer level objective upper bound m,
window size w, and a comparator sequence on subsequent function evaluations Vi 7.

Lemma 20 Suppose Assumption E. If our SOBBO algorithm in Algorithm 2 is applied with window
size w > 1 to generate the sequence {)\t}le, then we have the upper bound in expectation of

d 27TQ

Z (Frw(Ae) = Fruw(Aegr)) < o +Vir.
t=1
where Vi p i= 3[_  supae [Frr1 (A) — Fr (A)].
Proof By definition in the stochastic setting, we have Fy(\) £ [ fr(X ,Et()\), €)|. Then it holds,
with the linearity of expectation that
T T o -l
> (Frw(A) = Fruw(Ae)) ZEZ (Fr—i(Xe—i) = Fr—i(Aeg1-4))
t=1 t=1  i=0
T 1 w—1 R R
=y — (Ee [ft—i ()\t—iaﬁtfi(At—i% 6)] — Ee [ft—i ()\t-l-l—ia/@tfi()‘t—i-l—i), 6)})
t=1 w 1=0
T 1 w—1 R R
=> -2 B [ft—i <)\t—ia/6t—i(>‘t—i)7 6) — fi—i ()\t+1—i718t—i()‘t+1—i)7 6)]
t=1 " =0
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Which with the linearity of expectation is equivalent to

T 1 w—1 N =N .
Z — Z Ec [ft—i (At—z‘,ﬁt—z‘()\t—z‘), 6> — ft—i (At-f—l—iy/Bt—i()‘t-i-l—i)a 6)
=1 ¥ o )
T

= Z % wz_:lEe |:ft—i (At—iaat—z’()\t—i)a 6) — fey1-i (At+1—i,3t+1_i()\t+1—1), 6) (46)
t=1  i=0

T

w—1 1
+z; % Z; E, [ft+1fi <>\t+14,Bt+14(>‘t+1*i)’ e) — fi (At+17iﬁt4()\t+14),e)_ 47)
=1 e

For (46), with linearity of expectation, we have

;gEe |:ftfi (AtfiaBtfi(}‘t*i) ) Jt+1—i ()\t+1 z,,Bt+1 ((Aig1-4), €

= %Ee {ft (At>/@t(}\t)76) ot frri—w (At"'l wsBrirowAer-u) ’6):

_%]Ee [ft-i—l (At+1ﬁt+1(>\t+1)> + .o F frro—w (At+2 0 BriowNer2—w) 76):

1 —~ -
= EEG |:ft+1—w </\t+1—w,/3t+1_w(/\t+1—w) ) Jt4+1 </\t+1,,3t+1 Avs1) 76)
1 2
= — (Fit1-w(At41-w) = Frr1(Ae1)) < £7 (48)
w w
where the last inequality comes from Assumption E. Note (47) can be bounded through
T ol ~ R
> - Y E [ft—i—l—i (>\t+1—i7/8t+1—i(At+1—z‘)7 6) = Jfi—i (At+1—z‘,5t—i()\t+1_i), 6)}
t=1  i=0
T 1 w—1 R R
< _ Ee[ —i<>\7 —')‘7>_ —i<)\7 —'>‘7>}
= ;w ;Sg‘p ft+1 /3t+1 i(A) € ft Bi_i( ), €
T
Z p[Fii V) = BN :=Tir  (49)
Combining (47) and (49) results in the upper bound of
T
2T
Z (Frw(Ae) = Fraw(Aig1)) < e +Vir.
t=1 w
|

~ 2
The next Lemma provides an upper bound on the expected error of E U — B (Ap) H } for all

t € [1,T] in terms of an expected initial error, the expected cumulative differences of the outer level
variable, the expected cumulative differences of the optimal inner level variables, and a variance term
arising from the stochasticity of g:(A, 3, ().
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Lemma 21 Suppose Assumptions A, B, and C. Choose the inner step size of ) and the inner iteration
count K as

2
0<n< —= and K>1,
lg1 + pyg

and define the decay parameter v, the inner level variable error constant C,, > the initial error Ag,
and the inner level variable error variance C'i respectively as

K-1

Eg,l + Mg gg,l + Mg ngg,lug
~ 2 K 20lg.1 g K
Api= 8= BN, and Ci= (1 - ) . (50
1 g1 + g

Then we have ¥t € [1,T],

- 2 =2
Ec_t,K-H |:H’8t+l - IBt(}‘t)H :| < VtilAB + 20/19/{63 Z 2 |:HAt—1—j - )‘t—j“z}
7=0

=2 s - 2 CK’I72U§B =2
+2C,, jz:%yﬁ {Hﬁt_j()\t_l_j) _ ﬁt_l_j(At_l_j)H ] +—" ]Z:;Vj'

Proof Note Vi € [1, K| the following expansion holds
E 5 2
|k = B
2 ~ ~ 2
ot 2kt ot B0 - B
2 _ ~
=’ vagt(}\u wp™!, Ct,k:)H —2n <Vw9t()\t, Wi ) wi T - ﬂt()\t)>
~ 2
ot =B
Using the definition of variance of
VAR, [||Vonn w1, )|
k-1 7 AP k-1 = 2
- }Egt,k vagt()‘tawt aCt,k)H 7E<_t,k [“vwgt(Atth 7Ct7k)H:| )

and conditioning on wf ~1, we take expectation to provide the upper bound of

k 2 2 2 O-.gﬁ k—1 2
B¢, H‘*’t _IBt(At)H <n ?‘i‘vagt(Atth )H

—2n <ngt()\t,wf_1),wf_1 — Bt()\t)> + wa_l - Bt()\t)H2 . (51)
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The above upper bound is deterministic, and as such we can utilize the j14-strong convexity of g; to
bound

~

20 (Vog ).l = Bi(n))

E 14 _ -~ 2 1 _ 2
<o (gt et B e g [Raned ).
< -2 (ot okt - B+ et )

which we can substitute in (51) to get

2 2
—~ 2 n°o 2 L2
e ot =B = T 0 (5 ) [Fanest |
g, g
2nlg 114 > -1 7 2
(1= et k=t - B )|
(1 7ot ) ok~ B
Asn <y thlS provides the upper bound to (51) of
3 2 2nlgp k-1 _ 73 2.0
e |k =Bl | < (1= g ) ot =B
o [ ot =B ] = (1= 2o ) ot - B+
This can be unrolled, through iterative conditioning, from k = K, ..., 1
~ 2 ol K CKn 0
_ K _ 4Mtg,1Hg _
S [ A0l < (- 2t 5ot

k
for Ck := Zszl (1 - Zi"i’iﬁ;) . By definition of 3, ; = w{* and w = B, gives us

E; 3,007 < (1- 2nteans\" 5
Ct,K+1 H’BH‘l _’Bt( t)H — - Ct—1,K+1

C'Kn O'
lga + g '

BB +
Note we can decompose

~ 2 ~ ~ ~ 2
Bt - /6t<)‘t)H = E@_LKH :Bt - Bt—l()‘t—l) + Bt—l(At—l) - Bt()‘t)H )

Ct—1,K+1

which can be expanded based on Young’s Inequality and the linearity of expectation for any 6 > 0 as

Ct—1,K+1

~ ~ ~ 2
B, = By i) + By (aea) = By |

~ 2
B = Bia(h)|

<A+ 0B, .o,

1
+ (1 + 5> Ec_tfl,Kle

Now it holds through linearity of expectation that

B - B (52

Bt—l(kt—l) - BtO‘t>H2 < 2E@—1,K+1 Bt()\t_l) N Bto‘t)‘f

B -Ba)| 6y

Ct—1,K+1

+2E§t71,K+1
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which through Lemma 10 can be further upper bounded with the Lipschitz constant of x, as

e [Pt et = B
Bii-1) = B )|

—~ —~ 2
=262 A1 = Ml 2 [BoA-1) = Bret ()|

2 2 B
< 2H9E@71,K+1 H)‘t_l B )‘tH + 2E<t—1,K+1

(54

~ ~ 2
where the last line comes from the non-randomness of | A;_1 — A;||* and H,Bt()\t_l) — Bi_1(Ne21) H

with respect to C_th- Combining (53) and (52), we have V§ > 0

e [[Bs - B[] = (1= 222 1o [ B ]

6971_‘_/1/9
+2 1—2"69’1“9)K(1+1> g [ Ae-1 = A
Ly1+ pig §) et A
2 2
20l 11ty K 1 HA ~ 2 Cgn T9s
91— ZMalla ) (44 2 A,—,A,H i
r2 (1= 720 ) (14 ) B = B+

; _ nlgakg sl
Now setting § = m > ( implies the upper bound of

K K—1
<1+5>(1_2%w> <<1_m><1_2n€g,w9> -
g1+ pg loa + Hyg by + pg ’

K-1
: : — (1 _ nwglgn _ 2nfganyg sl
which defining v := (1 Ton +ug> <1 e and 6 > 0 implies

ol K
<1 _ Mglkg g’l'ug> <v,
by + g

Using the definition of v, we get

~ 2 ~ 2
VEG, 1 [Hﬂm -Bi(x)| } < VB, o) [Hﬂt = Biar)| ]

- ~ 2 I/CKT]20'2
+2C, 12 [Ae-1 = Ml|* + 26,02 Hﬁt()\t—l) - 5t—1()‘t—1>H + fgﬁ,
where C,, = (1 + %) Starting at ¢ = 7', and unrolling to ¢ = 1, we can write

N 2 =2
E@,KJA [Hﬂt—o—l - IBt(At)H :| < Vt_lA,B + 20#9’%3 Z Zan |:||>‘t*1*j - At*jH2:|
=0

t—2 CK772(7§B t—2

+2C,, Z Za |:H1/8\tj()‘t1j) - atlj()‘tlj)HZ] + s Z v
=0 '
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The next Lemma utilizes Lemma 10 and Lemma 21 to derive an upper bound on the expected
hypergradient error V¢ € [1,T] with respect to gtt,k in terms of discounted variations of the (i)
cumulative time-smoothed hypergradient error; (ii) bilevel local regret; and (iii) cumulative difference
between optimal inner-level variables. There is a term composed of a discounted initial error and
smoothness term of the inner objective, as well as an additional term arising from the variance of the
stochastic gradients of g;(\, 3, ().

Lemma 22 Suppose Assumptions A, B, C, D, and F. Choose the inner step size of  and inner
iteration count K as

2
0<n<——— and K >1.
lg1 + pg

With the definitions of v, Cy,,, Ag, and C from Lemma 21, the expected hypergradient error can
be bounded as

. 2 =2
E, xin |:vat(>\tvﬁt+1) - VE ()\t)H } <6+ AZV]H 1Gx(Ni—1—j, VF_1—juw(Ae—1—5), @) ||
=0

12
= 2
+BY vt vat—l—j,w()\t—l—jnat—ja Zt1—jw) — th—l—j,w<)\t—1—j)H
=0
=2 ~ ~ 2 Do?
+CZV]+1 |:H/6t—j()\t—1—j) _:Bt—l—j()\t—l—j)H ] +—=2.

S

J=0

4,2
4C, g kga
’

where §; = mgyt_lAﬁ and A = 4Cug/<a§a2, B = C =2C, k2 and D = C’K/ignQ z;;% 7

Kg'vg

Proof First, from Lemma 10 we have that YA € X and 3 € R%

_ P N
fih i) — <281~ B (55)
H (At, Brr1) — VI, ()\t)H <K Hﬁ Bi(A )H

Taking expectation of (55) with respect to Et, K+1 and substituting the upper bound of Lemma 21,
note

B¢, i [H%ft(kt,ﬂtﬂ) - VE (M)HT

t—2
< g [ V7 A+ 20, mg D T A1y — A (56)
=0

t—2

t—2
+ry | 20y, Z Zan HBt—j()‘tflfj) - Bt—l—j()‘tflfj)HQ + Z Za (57)

J=0 Jj=0

2 2
Crn g,
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Focusing on the second term of (56) we see by definition

t—2
DR ZAnl PVESTFED VI &
7=0
t—2 9
= > 02| G (15, Vet jaw A-1-5, Bre s Zo1an)s )| - (58)
7=0

Using Lemma 9 we have Vj € [0,¢ — 2]
Hg)(()\t—l—ja ﬁft—l—j,w()\t—l—jaﬁt_ja Zi1—jw), Oé)H2 <2[1Gx N1, VE 1 jw(Ai_1-4), )|
+2 ng(Atqu, VF i—jwXe—1—5), ) — Gx(Ai—1—j, ﬁftflfj,w()\tflfja Bi—j» Zt—1—jw); OZ)H2
< 2(|Ga (A1, Vo1 jw(Aem1-5), @)
+§2 Hﬁft—l—j,w(kt—l—jugt_jy Zi—jw) — VFt—1—j,w()\t—1—j)H2~

We can write an upper bound to (58) as

t—2 t—2
S I = Al €202 TG (A1, VE 1 jw(Aee15), @)1
j=0 j=0

202 2% ~ 2
+7 Z it <vat1j,w(>\t1j,ﬁt_j, Zi—jw) — Vthlfj,w()\tflfj)H ) . (59
=0

Using (59), we get

- 2 =
B, oo [vat, Bi) ~ VE (M) } <0+ AN PGy V1 (Ara), )
j=0

-2
i~ 2
+B Z pIt vat—l—j,w()\t—l—j,,@t_j, Zi—jw) — th—l—j,w<)\t—1—j)H

=0
-2 2
) ~ ~ 2 Do
+C Y v [ngt—j()‘t—l—j) —ﬁt_1—j(>\t—1—j)H ] + Tgﬁ
=0
4 2
where §; = kv ' Agand A = 4Cuqnga2 B= 40”;759 C=2Cy,k;,and D = CKKJ2’I72Z

Lemma 23 provides an upper bound on the expected cumulative time-smoothed hypergradient error
in terms of an initial error, expected bilevel local regret, expected cumulative differences of optimal
inner level variables, as well as variance terms from the stochastic approximated gradients.

Lemma 23 Suppose Assumptions A, B, C, D, and F. Choose the inner step size of 1, the inner
iteration count K, and the outer step size o respectively as

py(1—v)

K2 720, .

2
O<77_€7, K>1,and a<
g7 g
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Then V't € [1,T) the expected cumulative time-smoothed hypergradient error with respect to inde-
pendent samples Z; ., from SOBBO satisfies

9T0’ 9T¢2 | K2 2m,

Eth Z vatw Atmgt-}—l?th) VFt'w At H wf + ;’1 9 <1 _ ;gl)

g7
9/4/ Aﬁ p

9P L ]E A Fw A 2

o T ; G (A, VEw(Ae), @)l

QCMQKJ?] ) 2 9TCK/<;£277720§
E |[B.(x T |

+2(1 ) tz: |::Bt 1-1) = B (A1) 1s(1— )

Proof With the linearity of expectation and by definition of (7) we have

= 2
Ez, . Z vat,w<)\ta:6t+lv Ztw) — VEw (At)H
=1

= ZT:EZt,” |:H6ft,w(>\tv Bit1s Ztw) = VEw ()\t)‘ﬂ
=1

2

T w—1
1 -
=2 Z Ez,, [vftfi()\t—ia Bii1_irEt—i) — VE_; ()\tfiﬂ (60)
t=1 i=0
Note that we can upper bound (60) as
1 I - 2
— > Ez, [Vft it By €)= VFi ()|
t=1 =0
9 T w—1 _ 2:
< EZEZWU Z [Vft i(Xe—is Bry1—i> Et—i) — Eg,_, [vft—i(At—z’aBt-ﬁ-l—z’vgt—i)}_
t=1 i=0
(61)
5 T w—1 N 2
Y Bz || [Bes [Vimihis B s &) = VEi (M)
t=1 i=0
(62)

The linearity of expectation, definition of variance, and independence of Z; ,, := {Et,i};”;()l Vit €
[1,T] implies for y; = V fi—i(Ai—i, By 1_s, Et—s) With finite variance a]%, we have

w—1
Z V fi—i(Ne—i, Bep1—i» Et—i) — Ee,_,

EZt,w

w—1
Z V feei(Ni—i Bep1—is 5t—i)]

=0

S
L

<) of=woi  (63)

<.
i
o
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Expanding (62) we have
T w—1 2]
5 N _
= Zl Ez,, }% [Ees [Viimi-is Brr—is &) | = VF—s ()]
t= 1=
T w—1 2]
4 B B _
< 2 Z Ziw Z [Eet_i [vft—i()\t—ivﬁt-i-l—iagt—z‘)} — Vfi—i(Xi—is Bey1-4) (64)
t=1 i=0 i
4 T w—1 _ 2
52 |2 [V i Bra) = VR )| | 69)
t=1 | Ili=o

Utilizing Lemmas 6 and 14for (64) gives us the expected stochastic gradient bias

T
4 Z
72 Ezt,w
w
t=1

w— 2]
Z:l [Egt,i [ﬁft—i(xt—ingt-ﬁ-l—ivSt—i)} - 6ft—z‘()\t—z'75t+1—i)} H

=0

T w—1
4 _ _ 2
< e E Ez, ., [w HE(SH- [vft—i(At—hﬁt—i—l—ivgt—i)} =V fimiXe—is Bry1-4)
t=1 i=0

4 T 1 2m [ 2m
< — - 9 = 4T0% —9> 66
T w? Z( Gty ( Egl) ) 715 ( by (66)

) )

Applying Lemma 6 with linearity of expectation to (65) results in

T w—1 27
4 r~
w? Z Z Vfi—i(—is Bpy1—i) — VFi—i (>‘t—i):|
=1 ||li=0 -
4 T w—1 r _ 2__
= w2 Z w vat—i(kt—ia /Bt-i-l—i) —VFi_i (A=)
=1 =0 L
4 T w—1 ¢ _ .
= 3 S | Bri) — VR () (67)

i
I
.
I

o

Combining (61), (62), (63), and (67), we have the upper bound of

2
4T o 7

w

L. 2
Ez,.. Z)(Vft,w(xt,ﬂm,zt,w)—VFt,w ] <

2m T w—1
4 2
AT ( _g“gl> E}j [Hwt iAvmis Brs1—i) = VEii (M) ] (68)
g, t=1 i=0

Taking expectation with respect to Q K+1, we utilize the upper bound from Lemma 22. By iterative
conditioning and re-indexing the expected cumulative hypergradient error as well as dropping
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expectation for non-random quantities, we derive an upper bound on (68) as

T
~ 2
t=1
4To? 2 g T wd
,U/g 2 t—i—1
< — 4T€ - —
()" 25 e
=1 =0
9 T w—1 t i—2
+= 33 4G, rg0? 30 TGNy Vi Aeig), @)
Wia oo J=0
2 vl (40, rkia? TE22
S (S
Wis oo
T w1 t—i—2 w—1 2,2 2 t—i—2
9 9 , 2 Ckryn“o
< j+1 “ _ 9" "9
o303 | 2CumG X P B ) o> Z . (69)
t=2 =0 Jj=0 t=1 =0

where
_ 2
Arj =B i |:Eztj,w [vat—j,w(&—jaﬁmijt—j,w) - VFt—j,w(At—j)H ”
~ . 2
By j:= Hﬁt—j()\tflfj) - 3t—1—j(>\t717j)H .

Given v < 1, it holds that Zé I < Z 0 vl = iy, which lets us upper bound (69) as

T ~ AT 2
S| ¥ frnre B Zt) = Vi (MHZH < TU + AT 2 ( _ Na)
t=1

Ly
"“”1( ) 4C Kia?

EC_t,K+1 [Eztvw

1-—
t=1 1=0

2 4C, Koo _ ,

+E Z Z ( (1 “_9 Ij;pQ Eft_l K+1 I:Ezti,w [vat—i,w(kt—ia Bii1—is Zt—i,w) —VFiiw(Ae—i) :|:|)
t=1 i=0

— w—1 2,2 2

2 20,k 9 5 Crerln’o
+EZ ( Hg g”,@tz)\tlz) IBtlz(Atlz >+wzz< ljygﬁ>

=2 =0 t=1 i=0
(70)
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Next we derive the upper bound of (70) as

4T 2m
0 AT 2 ( —“9)
w g

XT: Hﬁft,w()\t,ﬁtﬂ,zt’w) V. ()‘t)Hz
=1

EEt,KJrl [Ezt,w

26205 8C,, ki &

K
ot Ay s anx A VE (), o)
8Cuglig L. 2
+ﬂE§t,K+1 Ez Z vat,w (A, Bri1s Ziw) — VFiw(Ar) H
40 K2 L 2T Cyr2n?c?
Hg QZHIBt i 1 ﬁt 1>\t 1” #

which implies through linearity of expectation that

-0 2 S0—)
8C, Ko
(1 p2(1g_g )) ECz K+1

2m 9.2 8C, xta2 L
ug> 92 3" legx At VELw(A), o)

Ezt w

ZHV.ftw At Bii1 Ziw) — VEw (Ar) H

AT o2

f 2 2
< — L 4410 1—
< — + f1g<

i) TU-v -
40, K2 L 2TC’K/£770
G o . O

we have the upper bound of

T
~ 2
Etcr |Ezon ZHVft,ww,ﬂtH,zt,w)—VFW ol ]
9To3 9T m o 9k2A 2 L
f f1k 9 Hg B P
< 1—-— — (A, VE (A
< R (1) e 5+ 19O X))l
9Cug/<cg 2 9TCK/£§7720§
a0 2 | B> I —masn”
21— ) 4 |:H/8t 1) = Bio1(A) ]4' 1s(1 =)

The following theorem presents the proof of SOBBO achieving a sublinear rate of bilevel local regret.
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Theorem 24 Suppose Assumptions A, B, C, D, E, and F. Choose the inner step size of 0, the inner
iteration count of K, the outer step size of o, and the batch sizes of s and m to respectively satisfy

2 ) 3p p/(1—v)
<—, K2>1, a<min , ,
=1+ g {4@,1 w2,/72C,,
s=w, and m =log(w)/log < - éug> + 1. (71)
g:1

Then the expected bilevel local regret of our SOBBO Algorithm 2 satisfies

T
BLR,, Z 1Gx (A, VFiw(A), @) ||
<O<w (1—|—Jf—|—lig gﬂ)+V1T—|—H H2T> (72)

which is a sublinear rate of bilevel local regret when the regularity constraints of Vi = o(T') and
Hy 1 = o(T) are imposed.

Proof Note, with Assumption A we have the upper bound of

Ft,w(At+1) Ftw At ZthAt—i—lz _*Zth)\tz
1 w—1
= D [Fi Avr1-i) = Froi (Aa))]
=0
1 w—1 -
< — |:<VFt—i (At=i) s Adip1 — Ag) + - At”ﬂ
w =0
4
= (VEFrw (M), Aver = M) + =50 [ A = Al
Substituting in Gy (Atﬁ Frw(An By +1,Zt7w),a> =1 (A= A),
Frw (A1) = Fraw (M) < (VFrw (Ae), A1 — Ag) + ;’1 - >\tH2
~a(VFw (), Gx (A Vi Brars Zi) ) )

2

Y

Lol 25F1 ‘

G (A Ve B B )|
= —a <€ft,w()\t,,@t+1, Ziw),Gx (At, V fiw( At Bei1s Ztw)s 0‘>>
e’ <€ft,w()\t; Bii1s Ztw) — VFiw (X)), Gx (Am 6ft,w()\t, Bii1: Ztw), 04>>

2€F1 ’

G (MY fow O B, 2o [ a3
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With Lemma 8, note for ¢ = V f;..,(As, Bii1: Ztw)

o (Ve Byt Zr), G (M Vs N B, 21 )
> ap |G (A Vfiw(As Brars o), ) H +h(Ar1) — h(A) (74)
and further we get the following based on a variation of Young’s Inequality
<6ft,w()\t7 /3t+17 Zt,w) - VFt,w (At) ,Gx ()\u 6J"},w(/\t, 16t+17 Zt,w)7 04>>
< T Bir 2 — T )|
p HQX (At7vftw(>\t75t+17ztw )H (75)

Combining (74) and (75) in (73) we get

042£F,1

Fiw (Atr1) = Frw (M) < < 5

=2 Jor (3T i B 2o |
2| a0 B Z1) = VFis 0|+ 1) = B,
whichas 0 < a < ; p results in the further upper bound of
Fo 1) = Fiaw ) < “22|Ge (3 ¥ frans Brgr, Za), )|
+% Hﬁft,w()\b/@t—i-la Zt,w) — VF (At)H +h(A) = h(Aet1). (76)

Further, we have

1Gx (At VE (), )|* < 2 ng (Ata6ft,w()\taﬁt+172t,w)’a) H2
12|02 (A ¥ foaw O Brirs Zea). @) — G, VFLu(A), “)H2

<20 (M T B 20 0) |+ 25 [T B Z10) = Vs (3|

)

where the last inequality comes from through Lemma 9. Then we have

"6 (o P o )| < -L1gx e VR0
+ﬁ vatﬂu(Atvﬁt—i-l)Zt,w) —VFw ()\t)H . (77)

Substituting (77) in (76)
3ap

Frw Meg1) = Frw (A) < — 1Gx (Ae; VE;w(Ae), )||

3 ~
# (24 2) [ oA B Z20) - T <At>H +h(A) ~ h(Aci)
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Telescoping t = 1,...,7T and taking expectation with respect to Et,k and Z; ,, gives us

T

3

= Z 1G2 (At T F (M), )2 < D7 (Fraw (M) = Fraw (Ars1))
t=1

t=1

T
1llo ~ 2
0 B [Ez [Z ¥ frw e Brs Zew) = VEw Q)| | | + 20, (78)
t=1
where Ay, := h(A1) — h(Ary1) . Substituting the result of Lemma 23 in (78)
3a,0 d
Z 1Gx (Ae, VEFLw(Ar), <Y (Fraw (M) = Fro (A1) + Ay,
t—=1
11a 9Taf 9T€f 1/@ ) Ly 2m 9,%2A3 9TCK/<;§7720§B
8 \ 20 T 2 < _£> +4(1_V)+ 4S(1 —v)
T T
lla (p° 2, 90k
87[) <8;HQX(AMVFt,w()‘t)va)” + o (1 R ; HIBt At 1 Bt 1 At 1 H (79)

we have to rearrange

T T
S 12 VF ) )2 < 37 (Fiaw (M) = Fig (1)) + Ay
t=1 t

=1
99a [ 2T0% o W2As TCgk2n0?
42 (w + 2703 K2 < —“9> +(~" by 98

32p ly1 1-v) s(1—v)
99aC,,, k2 |4 2
905 5 3,1 o @
+16p(1_y);\)ﬁt< 1) = Bia(A) (80)
or more succinctly with the choice of s = w and m = log (w)/ log ( o ) -+ 1, we have
T 61 (I
Z G (Ae, VFw(Ae), a)|I” < ap (Z (Frw (M) = Frw (A1) + Ah)
t=1 t=1
198 T Crrgnog,\ 198 K2Ag
— 2 202 —_— — -
+p2w<"f+ L 2 (1—v)
| 396G, K2 & 2
21 _gy‘;] > H,@t (A1) = Bra (Aee 1)H (81)
t=2
Using the result of Lemma 20, we have
T
2T
Z (Frw(Ae) = Frw(Aeg1)) < TQ +Vir (82)
t=1
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or all together

2TQ

T
Z|’gx(>\t7VFt,w(>\t)va)H2 < ( +V1T+Ah>
— ap \ w

198 T Crrgn*og,\ 198 k2Ag
202 42 9T e ) 2R
—|—p2w<af+ Eflfﬁ—i— ) 2 (1—v)
396C,, k
MO o -pooe]

which dividing by 7" and recalling we imposed regularity constraints of Hy 7 = o(T’), as well as
Vi,r = o(T'), implies the bilevel local regret of our SOBBO algorithm is sublinear on the order of

BLR,, ZHQ;{ At, VE,w(Ae),a)? <
t=1
T
" /£ af /@'g gﬁ 1,T T Rglta2T
o L+ Ky +0f + + Vi + ko H, 84)

Appendix D. Bilevel Local Regret Comparison

In this section, we provide a detailed comparison of the bilevel local regret achieved by OBBO
relative to online bilevel benchmarks of OAGD ([34]) and SOBOW ([24]).

D.1. OAGD

We provide a restatement of the bilevel local regret presented in Theorem 9 of [34] using our notation.

Theorem 25 (Theorem 9 in [34]) Suppose Assumptions A, B, D, and E. Then the OAGD algorithm

of [34] for an inner step size of n = ﬁ, inner iteration count of K = 1, and outer step size of
g, g
< . 1 1 .
o < min { Sr1 2VALp M, (1)1 } satisfies

T
2T
Z IV Ew(X)|]” < o <wQ +2Q + Ly oHy T>

R nen

10M3?(k, — 1)?
+10Mj (kg = 1) 2(kg + 1)

+2Hy 1 —O< +Hir+ kK H2T> (85)

Following the literature on dynamic regret, [34] considers the setting where the inner level path
variation of Hy r and Hy 7 are sublinear (i.e., Hy 7 = o(T'), Hor = o(T)) which enforces that
the amount of nonstationarity cannot grow faster than or equal to time itself. In such a setting, the
rate of bilevel local regret achieved by OAGD is sublinear when properly selecting the window size
such that w = o(T"). Note as the constant M in [34] has a quadratic dependency on kg, that is
My = O(ng), the total dependency of the condition number 4 in the sublinear rate of bilevel local
regret of OAGD is fourth order.
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D.2. SOBOW

We restate the bilevel local regret of Theorem 5.7 from [24] with our notation.

Theorem 26 (Theorem 5.7 in [24]) Suppose Assumptions A, B, D, E and furthermore Assumption

5.4 of [24]. Let the inner step size of n < Zg%’ decay parameter of v € ( — %) and outer step
. . 1 p2paW(—v)(v—14opg/2
size of < min { T g 2408, Gov } Then we have
T
2T
S IVFLOIE < ¢ (22 1)
t=1
1 GG T
+Co ( 5+ Blpy | 2 Hayr +C3 =0 ( = + Vir + k3Hor (86)
2 G3 w

where G = O(n?]),Gg = O(KS),G;), = 0(1),Gs = O(ky),Blr1 = O(1) and constants
C1,C9,Cs € R are from Theorem 5.7 in [24].

The work of [24], similarly inspired by the dynamic regret literature, considers the setting of
sublinear H> 7 and Vi 7— where the former term is second order inner level path variation and the
latter term measures the variation in evaluations of the outer level objective function. In such a setting,
the rate of bilevel local regret achieved by SOBOW is sublinear when the window size is properly
selected such that w = o(T’). Recalling the dependencies of x4 in the terms of G1, G2, G3, G4, flF 1
in [24], we remark the total dependency of the condition number k4 in the sublinear rate of bilevel
local regret of SOBOW is third order.

D.3. OBBO

We restate the sublinear rate of bilevel local regret achieved by OBBO in Theorem 2 below.

Theorem 27 Suppose Assumptions A, B, D, E, and F. Let the inner step size of n < min (eg%, #—lg),
3p py/ (1-v) log (T) +1

outer step size of o < min { } and inner iteration count K =

Alr17 kgy/108C,, Lp log (1=npg)~1)
For simplicity, assume ¢y(A) = p(X) = % | A 2 and h(\) = 0. Then the bilevel local regret of our
OBBO algorithm satisfies

w

T
64 /2T
> IV < (Q n m,T)
t=1

207 [ AgLs 5\ . 1188L3C,, T )
OOTP R L bl o 7
p? ((1 —v) i p1—v) 2 © w T Vur t RgHar 87)

As in the work of [24], we consider the setting of sublinear H> 7 and V7 7. In such a setting, the
rate of bilevel local regret achieved by OBBO is sublinear when properly selecting the window size
such that w = o(T'). Further, we remark that as Lg = O(«), the total dependency of the condition
number k4 in the sublinear rate of bilevel local regret of OBBO is second order. Compared to the
regret achieved by OAGD and SOBOW in Theorem 25 and 26 this is a second-order and first-order
improvement respectively.
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D.4. SOBBO

We restate the sublinear rate of bilevel local regret achieved by SOBBO in Theorem 3 below.

Theorem 28 Suppose Assumptions A, B, C, D, E, and F. Let the inner step size 1) < 5 +#g the

. . . . . £ (1 .
inner iteration count K > 1, the outer step size o < min { 3p Py (1Y) } and inner and outer

4r 17 k2, /720,

level batch sizes of s = w and m = log (w)/ log < ) + 1 respectively. For simplicity, assume
B (A) = d(A) = || A% and h(X) = 0. Then the bllevel local regret of SOBBO satisfies

T

2T
S IV <( 9
— ap

+V1T+Ah)

198 T cKﬁgn%; 198 K2Ag  396C, K2
2 26 9 9 9 9 °g H
T (”ﬁ R I R e e DO

_0< (14 2+ 03 + K202,) + Vi + H27T> (88)

Following the setup for the deterministic case, we consider the setting of sublinear Ho 7 and Vi 1.
In such a setting, the rate of bilevel local regret achieved by SOBBO is sublinear when properly
selecting the window and batch sizes such that w = o(T") and s = o(T"). Due to SOBBO only
having access to noisy gradient samples, a sublinear rate of gradient samples is required. Assuming
the above conditions are satisfied, SOBBO achieves a sublinear rate of bilevel local regret with the
sublinear rate further generalizing the deterministic result to finite outer and inner variances afc, 03 5

Algorithm BLR,(T)
OAGD O(T/w+ Hyr +K,Hor)
SOBOW OT/w+Vir+ HSH2,T)
OBBO O(T/w+Vir +KZHyr)
SOBBO | O (T/w ( +rg+0F+ ngagﬁ) +Vir+ FuﬁHz,T)

Table 3: Bilevel local regret, BLR,,(T'), of OBBO vs. online bilevel benchmarks SOBOW from [24] and
OAGD from [34]. Note the first and second order-wise improvement OBBO offers in terms of the condition
number &, dependency. Bilevel local regret for SOBBO is also included, generalizing the deterministic case.
The BLR,,(T') is reported in online rounds 7", window parameter w, comparator sequences V1 1, Hy 7, Ha 1,
condition number k4, and finite outer and inner variances O’J%, 03 50 respectively.

Appendix E. Experimental Results

We provide two experiments to demonstrate the superior performance and efficiency of our algorithms
relative to the online bilevel benchmarks of OAGD ([34]) and SOBOW ([24]). For our algorithms, we
choose the reference function of ¢;(A) = %)\TH,:)\ such that H; is an adaptive matrix of averaged
gradient squares with coefficient 0.9, commonly applied in prior works ([20],[19]).
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Median Median
Median Cumulative Local Regret across U.S. Markets Gradient Norm of OBBO (w=25) vs. Algorithms at t=T LOSS DeVia_
tion

OBBO 0.205 0.150

OAGD 0.265 0.209

SOBOW 0.273  0.215

Table 4: Median test loss statis-
tics for U.S. markets (w=25).

Mean  Standard
Loss Error

OBBO 0.661 0.055

Figure 1: Left Panel: Median cumulative local regret of OBBO vs. OAGD 0.707 0.053

benchmark algorithms and median deviation bars plotted every 100 SOBOW 0.689  0.053

rounds. Right Panel: Gradient norm of OBBO (w=25) vs. benchmark
algorithms at ¢t = T with y = z line plotted to visualize the improvement
OBBO offers in achieving a solution with smaller gradient norm.

Table 5: Mean test loss statistics
for U.S. markets (w=25).

E.1. Online Hyperparameter Optimization

Hyperparameter optimization has often been formulated as a bilevel optimization as in [32] and [25].
In hyperparameter optimization, the goal is to find optimal hyperparameter values on a validation
dataset for optimal parameter values on a training dataset. Specifically, we consider an online
hyperparameter optimization where the underlying data distribution can vary across time. Compared
to the offline case, an online framework captures a larger class of hyperparameter optimization
problems (e.g., nonstationarity in optimal hyperparameters).

In online hyperparameter optimization, at each time ¢, new data samples split into a training
and validation set, that is D; := {D!", DY}, arrive from a potentially new distribution. The inner
objective is a regularized training loss on D!" of the form Z%Dzr L(B,x) + Q(X\, B) for a loss

function L(/3, ) evaluated across samples € D!" for parameters (3 and the regularization function
of Q(A, 3). Given the optimal parameters 3,(\) from the inner optimization, the outer objective is
the validation loss on Dy of the form Y, _ yval L(,@t(k), x).

We consider a Market Impact dataset consisting of equity price time series. In particular, this
dataset contains time series corresponding to 440 significant market impact events annotated by
experts from the components of the S&P 500 index between January 2021 and December 2022. For
each annotated event, there is a corresponding sequence of 600 training-validation subsets with equal
length of 700 observations constructed on a rolling basis, see a sample of this time series split in
Figure 2. Additionally, for each annotated event, there is a test set of 120 observations held out for
evaluation such that the last corresponding training subset goes up to the annotation. We consider the
task of time series forecasting on the post-annotation test set given the available training-validation
subsets, and quantify performance by the mean-squared error.
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mpact Example for AMD US Equit
Series

mpact Example for AMD US Equit mpact Example for AMD US Equit
Series Series

Figure 2: Sample training-validation subsets for AMD U.S. Equity with market event on 11-08-2021.

We consider a smoothing spline model of linear order where the inner level variables are B-spline
coefficients and the outer level variable is a positive regularization hyperparameter, respectively fitted
on the train and validation datasets. The simplicity of such a model allows us to use closed-form
hypergradients, instead of an inner gradient descent loop. All algorithms and window configurations
have the outer learning rate set at & = 0.001. For OBBO we use the reference function of ¢;(A) =
%)\THM such that H; is an adaptive matrix of averaged gradient squares with coefficient 0.9,
previously applied in prior works ([20],[19]). Default coefficients from PyTorch [31] are used for
ADAM (51 = 0.9, 52 = 0.999) as well as SGDM (51 = 0.9) with gradient clipping applied to all
algorithms using the threshold on the gradient norm of ||V f; ,,||* < 1000.

In the left panel of Figure 3, note the significant improvement in the median cumulative local
regret achieved by OBBO relative to online bilevel (OAGD, SOBOW) and offline general purpose
(ADAM, SGDM) benchmark algorithms across 440 U.S. markets. This empirical improvement in
cumulative local regret further justifies our theoretical results provided in Theorem 2 and Theorem
(3). Further in the middle and right panels of Figure 3 we visualize stability metrics across algorithms
of (i) the gradient norm at ¢ = 7, and (ii) the forecasting mean-squared error on a test set. Specifically
we see OBBO often achieves a smaller gradient norm at £ = 7" and a smaller forecasting loss relative
to online and offline benchmarks.

In Figure 4, we include forecasts generated from OBBO vs. benchmarks algorithms across a
sample of training-validation subsets for the AMD U.S. equity time series. Note how OBBO is quicker
to adapt to the annotated market impact event and achieves a better fit (i.e., smaller forecasting loss)
relative to the benchmarks on the post-annotation test set. Both of the aforementioned improvements
are exhibited across the Market Impact dataset and are not particularly sensitive to experiment design
(e.g., number of subsets) or hyperparameters (e.g., window size). Descriptive statistics of forecasting
loss aggregated across samples from the Market Impact dataset are in Table 6.
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Median Cumulative Local Regret across U.S. Markets Gradient Norm of OBBO (w=25) vs. Benchmark Algorithms at t=T ing MSE of OBBO (w=25) vs. Benchmark Algorithms

Figure 3: Left Panel: Median cumulative local regret of OBBO vs. online and offline benchmark algorithms
across 440 U.S. markets with window size parameter w = 1, 25 and median deviation bars plotted every 100
rounds. Middle Panel: Gradient norm of OBBO (w=25) vs. online and offline benchmark algorithms at
t = T with y = x line plotted to visualize the improvement OBBO offers in achieving a smaller gradient norm.
Right Panel: Forecasting mean-squared error of OBBO (w=25) vs. online and offline benchmark algorithms
with y = z line plotted to visualize the improvement OBBO offers in forecasting loss on a test set.

arket Impact Example for AMD US Equit

arket Impact Example for AMD US Equit Market Impact Example for AMD US Equity
e Series

W\

Figure 4: Example forecasts generated with OBBO vs. online (w=25) and offline benchmark algorithms.
Note how OBBO achieves a better fit (i.e., smaller loss) relative to benchmarks on the post-annotation test set.

Forecasting Loss across U.S. Markets

Algorithm Mean Loss Standard Error Median Loss Median Absolute Deviation

OBBO 0.661 0.055 0.205 0.150
OAGD 0.707 0.053 0.265 0.209
SOBOW 0.689 0.053 0.273 0.215
Adam 1.265 0.176 0.267 0.230
SGDM 0.872 0.078 0.401 0.286

Table 6: Statistics of forecasting mean-squared error across U.S. markets for window parameter w = 25.

E.2. Online Meta-Learning

Meta-learning is frequently formulated as a bilevel optimization problem, see, e.g., [8] and [33].
The objective is to learn optimal meta-parameters in the outer optimization, which, after adapta-
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tion—typically via a gradient descent step—yield optimal parameters for the inner optimization. We
consider the online meta-learning framework proposed in [9], which extends the traditional offline
formulation to accommodate non-stationary task distributions in the online setting.

The online meta-learning problem is setup where at each time ¢, a new task D; composed of
training and validation samples, that is D, : {D}", DY%}, arrives from a potentially nonstationary
distribution. The goal of the learner in the inner objective is to learn task specific parameters 3,(\)
for task D; through the minimization of ) _ pr L(B,z) + 3 [|A— B||? for 3. Note the learner
requires a loss function L(3, x), fixed meta-learned parameters A, and regularization constant ~y that
can also be learned. The meta-learner aims to learn optimal meta-parameters in the outer objective,
thatis ) pyat L(B,(\), x), such that after task adaptation task-specific parameters are optimal.

We consider the FC100 dataset from the CIFAR100 dataset for few-shot learning tasks. Originally
introduced within [30], this dataset has been previously utilized in online meta-learning experiments
such as in the OBO work of [34]. The dataset contains 100 classes, split into 60:20:20 classes for
meta-training, meta-validation and meta-testing respectively. Samples are transformed into tasks via
the procedure of [34] resulting in 20,000, 600, and 600 training-validation-test tasks.

As in the setup of [34], we consider a 4-layer convolutional neural network with each layer
containing 64 filters. The CNN utilized has 4 convolutional blocks such that there is 3 x 3 convolution,
batch normalization, ReLU activation, and 2 X 2 max pooling. Inner and outer learning rates are
setas 7 = 0.1 and @ = le — 4. Following [34], we use the hypergradient estimate of V f;(\, 3)
computed via a fixed point approach as in [14]. For OBBO we use the function of ¢;(\) = %)\THt)\
such that H; is an adaptive matrix of averaged gradient squares with coefficient 0.9.

In the left panel of Figure 5, OBBO achieves a significant improvement in cumulative bilevel
local regret relative to benchmarks OAGD and SOBOW across samples from the FC100 dataset. In
the right panel of Figure 5, the histogram displays how OBBO achieves smaller evaluated gradient
norms across iterations vs. the benchmark algorithms of OAGD and SOBOW. In the left panel of
Figure 6, we report higher training accuracy achieved with OBBO. In the right panel of Figure 6,
OBBO outperforms test accuracy relative to SOBOW while achieving OAGD performance with a
10x (w = 10) computationally cheaper update. All results are averaged across 5 random seeds.

Cumulative Bilevel Local Regret Histogram of Gradient Norms for Online Bilevel Algorithms across It

J

Bilevel Local Regret

Figure 5: Left Panel: Significant improvement with OBBO on in cumulative bilevel local regret.
Right Panel: Gradient norms across iterations are smaller for OBBO than benchmarks with same initialization.
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Training Accuracy of Online Bilevel Algorithms

Test Accuracy of Online Bilevel Algorithms
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Figure 6: Left Panel: Higher training accuracy achieved with OBBO. Right Panel: Test accuracy: OBBO
outperforms SOBOW while achieving OAGD performance with 10x (w = 10) computationally cheaper

update.
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