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Abstract

Vector quantization is a compression technique for vector data. It creates a collec-
tion of codewords to represent the entire vector space. Each vector data is then
represented by its nearest neighbor codeword, where the distance between them
is the compression error. To improve nearest neighbor representation for vector
quantization, we propose to apply sorting transformation to vector data such that
members within each vector are sorted. It can be shown that among all permutation
transformations, the sorting transformation minimizes L2 distance and maximizes
similarity measures such as cosine similarity and Pearson correlation for vector
data. Through experimental validation, we show that sorting transformation based
vector quantization prominently reduces compression errors and improves nearest
neighbor retrieval performance.

1 Introduction

Nearest neighbor methods are widely used on vector data in search, retrieval [RKH+21], classification
[CH67, Pet09], compression [Gra84] etc. Vector quantization is a commonly used compression
method based on nearest neighbor representation. This technique divides a space into clusters and the
centroid of each cluster is used to represent every sample within that cluster. Each centroid is called a
codeword and the collection of codewords is called a codebook. Given a sample to be compressed,
its nearest neighbor codeword is chosen to represent the sample. Since the size of a codebook is
typically smaller than the size of the represented data space, the encoding cost by vector quantization
can be greatly reduced.

The compression error produced by vector quantization can be quantified as the distance between
the original sample and its nearest neighbor codeword. To reduce compression errors, a commonly
used strategy is to increase codebook size, with the downside of increased nearest neighbor searching
costs as well as increased storage costs.

To reduce compression errors by vector quantization, we propose to minimize the distance between
vectors via applying permutation transformations to vector data. It can be proven that among all per-
mutation transformations the sorting transformation, which sorts members within a vector, optimizes
several distance and similarity measures for vector data, including L2 norm, cosine similarity and
Pearson correlation. When comparable compression errors are produced, the proposed method can
achieve substantial compression speed improvement while maintaining fast decompression comparing
to standard vector quantization, at the cost of mild storage overhead for storing sorting permutations
for compressed data. For experimental validation, we applied sorting transformation to product
quantization [JDS10] and showed improvement in compression and nearest neighbor retrieval.

1.1 Related work

Codebook generation and nearest neighbor search is the two key components of vector quantization.
Previous methods have made progress on improving both fronts through optimizing codebook
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generation [Qia06, GHKS13, KJ16] and reducing the searching cost by employing approximate
nearest neighbor searching [AM93] or faster searching algorithms [LS95]. Our method complements
these methods and can be applied jointly with them.

2 Improving Nearest Neighbor Representation via Sorting Transformation

Nearest neighbor representation represents a data with its nearest neighbor. The quality of the repre-
sentation depends on how close the nearest neighbors are. In this section, we introduce permutation
transformation to improve nearest neighbor representation for vector data.

Let Xi = {x1
i , ..., x

n
i } be a vector of size n. The L2 norm between two vectors is:
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To reduce the distance between two vectors, we consider applying a permutation transformation to
both vectors. Let (xπi(1)

i , ..., x
πi(n)
i ) and (x

πj(1)
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j ) be a permuted version of Xi and Xj ,

respectively. Under this consideration, (1) is a special case with identity permutation. Our goal is to
find the permutation transformation that minimizes the distance, i.e.
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Minimizing L2 norm in (2) is equivalent to maximizing the dot product of the permuted vectors
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∗
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It can be shown that sorting permutations maximize the above dot product, where a sorting permutation
for a vector sorts the members of the vector. Furthermore, sorting permutations also maximize cosine
similarity and Pearson correlation, as both measures are also based on vector dot product,

Figure 1: Illustrations of the space of sorted vectors in 2D (a) and 3D (b). For variables in [0, 1],
unsorted vectors are distributed in a square and a cube for 2D and 3D, respectively. In contrast,
sorted vectors are distributed in the shaded triangle and pyramid for 2D and 3D, respectively; (c) The
average L2 norm for random vectors of various sizes.

2.1 Properties of sorted vectors

Sorting transformation reduces vector distance by projecting vectors from a space of unsorted vectors
into a smaller space of sorted vectors. For a n-dimensional vector with no duplicated values, a sorted
vector can be produced from sorting n! unique vectors. Hence, the space of sorted vectors is 1

n! of the
space of unsorted vectors. Fig. 1.(a-b) illustrate the space of sorted vectors for 2D and 3D data.

To demonstrate the effect of sorting transformation on reducing the distance between vectors, we
generated 100 vectors of size 1, 2, 4, 8, 16, 32, 64, 128, 256, respectively. Each vectors contains
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randomly generated real valued numbers in [0, 1]. Fig. 1.(c) shows the average pairwise distances for
unsorted and sorted vectors, respectively. The L2 norm consistently increases for unsorted random
vectors as dimension increases but stays little changed for sorted vectors.

3 Application to Vector Quantization

3.1 Vector Quantization

Vector quantization is a compression technique based on nearest neighbor representation. To encode
for a data set, vector quantization divides the data into clusters, e.g. by K-means clustering. For each
cluster, the centroid is defined as the center of all samples assigned to the cluster. Each centroid is a
codeword and the collection of codewords is a codebook.

For compression, a vector is represented by its nearest neighbor codeword. The compression error
is the difference between them. The storage cost for compressing a vector is the cost to encode its
representing codeword. For instance, if 256 codewords are used, 8 bits storage is needed.

The codebook size is a key parameter for vector quantization. Employing more codewords reduces
compression error, at the price of increased storage and computational cost. Vector dimension is
another influencing factor, as the number of codewords needed for reaching certain compression
accuracy grows exponentially with respect to the vector dimension. To address this problem, product
quantization divides high dimensional vectors into low-dimensional segments and applies vector
quantization to compress each vector segment independently [JDS10].

3.2 Vector Quantization with Sorting Transformation

Since sorting transformation can greatly reduce vector distance, we propose to apply sorting transfor-
mation to achieve better nearest neighbor representation for vector quantization.

Algorithms for vector quantization with sorting transformation are similar to standard vector quanti-
zation algorithms with the following modifications. 1) Codebook generation: data needs to be sorted
before being used for codebook generation; 2) Compression: a vector needs to be sorted prior to
compression and its sorting permutation needs to be stored as part of its compression encoding; 3)
Decompression: to reconstruct a compressed vector, its representing codeword needs to be unsorted
based on its sorting permutation.

The encoding cost for the sorting permutation of a vector of size n is log2 (n!), which is an extra
storage cost over standard vector quantization. Hence, the proposed method works best for low-
dimensional vectors. Since vector quantization is also mostly applied for low dimensional vectors,
as shown in the experiments, the overhead for storing sorting permutations is well compensated by
performance improvement.

Product Quantization Search with Sorting Transformation An important feature of product
quantization is that it supports efficient nearest neighbor search for query/retrieval applications
[JDS10]. For sorting transformation based product quantization, the nearest neighbors in sorted
format may not be the nearest neighbors in the unsorted format. However, top nearest neighbors of a
query sample usually are still among top nearest neighbors after applying sorting transformations.
Hence, efficient nearest neighbor search with sorting transformation based product quantization can
be achieved with a two stage search. Given a query sample, first a set of l nearest neighbors are
retrieved for the sorted query sample. Then, the retrieved neighbors are unsorted and re-ranked based
on their distances to the original query sample. Lastly, the query sample’s nearest neighbor among
the l retrieved samples is returned.

4 Experiments

4.1 Data

We tested our method using the SIFT and GIST descriptor data [JDS10]. Both data sets were
derived from natural images. Each SIFT sample has dimension of 128, while each GIST sample has
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dimension of 960. Both data sets have one million vectors for training. SIFT and GIST have 10000
and 1000 samples for query testing, respectively,

4.2 Compression

We tested our method based on product quantization implemented by faiss [DGD+24]. Product
quantization has two parameters: 1) segment size which is used to divide the original vector into
multiple segments; and 2) vector quantization codebook size for each segment. To obtain a complete
performance profile for product quantization (PQ) and sorting-based product quantization (sorted-PQ),
combinations of various segment sizes and codebook sizes were tested. Since large segment sizes
usually lead to large compression errors, and poor nearest neighbor retrieval performance, we focused
our test on small segment sizes. For GIST data, we tested with segment sizes {2, 3}. Since the feature
dimension of SIFT descriptors can not be fully divided by 3, we tested with segment sizes {2, 4}
for the SIFT data set. For codebook size, we tested {128, 256, 512, 1024, 2048}, which correspond
to {7, 8, 9, 10, 11} bits encoding cost for each segment, respectively. PQ training is the process of
building codebooks for each segment, which was done using the training data. After training, the one
million training samples from each data set were compressed by the corresponding trained model.
The compression performance was quantified by compression errors, storage cost (bits/sample) and
computational cost. The compression test was conducted on a single Intel(R) Xeon(R) Gold 6140
CPU @ 2.30GHz. The computation time was reported as a measure of the computational cost.

Figure 2: Compression accuracy (L2 error) produced by PQ and sorted-PQ. The x-axis shows the
codebook size for each segment in bit/segment.

Fig. 2 shows the compression error produced by each method at various parameter settings. When
the same segment size and codebook size were applied, sorted-PQ consistently produced smaller
compression errors than PQ. The advantage is more prominent for larger segment sizes, which
is expected as sorting transformation produces larger distance reduction for vectors with higher
dimensions (see Fig. 1.(c)).

Table 1 compares computational and storage cost by PQ and sorted-PQ when they produced similar
compression errors. Since sorted-PQ can achieve similar compression accuracy as PQ with smaller
codebook sizes, sorted-PQ greatly reduced compression computational cost than PQ. For segment
size 3 and 4, sorted-PQ is 3 to 4 times faster than PQ, with ∼ 10% additional storage cost. For
segment size 2, sorted-PQ reduced computational cost by ∼ 20 % to 40% with no additional storage
cost. Overall, the storage overhead of sorted-PQ for storing sorting permutations is well compensated.
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method compression error CPU time(second) bits/sample
sift PQ (4,10) 44.31 71.36 32×10
sift sorted-PQ (4,7) 43.12 20.54 32×12
sift PQ (4,11) 37.63 130.51 32×11
sift sorted-PQ (4,8) 35.61 28.20 32×13
sift PQ (2,8) 22.71 29.64 64×8
sift sorted-PQ (2,7) 23.69 22.79 64×8
sift PQ (2,9) 16.10 51.35 64×9
sift sorted-PQ (2,8) 16.63 33.26 64×9
sift PQ (2,10) 11.24 83.41 64×10
sift sorted-PQ (2,9) 11.50 53.46 64×10
sift PQ (2,11) 7.68 151.45 64×11
sift sorted-PQ (2,10) 7.86 86.26 64×11
gist PQ (3,9) 0.206 2564.5 320×9
gist sorted-PQ (3,7) 0.195 775.7 320×10
gist PQ (3,10) 0.170 5327.1 320×10
gist sorted-PQ (3,8) 0.160 1197.3 320×11
gist PQ (3,11) 0.141 11029.1.5 320×11
gist sorted-PQ (3,9) 0.128 2659.5 320×12
gist PQ (2,8) 0.133 157.7 480×8
gist sorted-PQ (2,7) 0.133 116.1 480×8
gist PQ (2,9) 0.098 278.9 480×9
gist sorted-PQ (2,8) 0.103 183.2 480×9
gist PQ (2,10) 0.075 532.3 480×10
gist sorted-PQ (2,9) 0.075 303.6 480×10
gist PQ (2,11) 0.058 987.8 480×11
gist sorted-PQ (2,10) 0.057 555.7 480×11

Table 1: Compression performance by PQ and sorted-PQ. The table only includes computational
and storage cost for parameter settings where PQ and sorted-PQ produced comparable compression
errors. Parameters used by each method are shown in parenthesis as (segment size, codebook size
in bit/segment). Note that the encoding costs of sorting permutation for segment size 4, 3, 2 are
⌈log24!⌉ = 5, ⌈log23!⌉ = 3, ⌈log22!⌉ = 1, respectively.

4.3 Retrieval

To get insights on how sorting transformation may affect nearest neighbor retrieval, we conducted
experimental studies using the SIFT data set to evaluate how sorting transformation affects the nearest
neighbor rankings. To this end, 1000 SIFT training samples were randomly selected. For each of
them, its true nearest neighbor (excluding itself) based on sorted-PQ compression was retrieved.
This was done by first compressing and then decompressing all training samples using sorted-PQ.
The nearest neighbor of a query sample among all decompressed training samples is its true nearest
neighbor based on sorted-PQ compression. Its ranking position as produced by comparing the sorted
query sample and all sorted decompressed training samples shows how many samples need to be
retrieved for re-ranking to recover the true nearest neighbor based on sorted-PQ compression. Fig.
3 shows the accumulative distribution of how many samples need to be retrieved for sorted-PQ
re-ranking to recover the nearest neighbor for the 1000 randomly selected training samples. For most
samples, their nearest neighbors are still top ranked after applying sorting transformations.

For retrieval test, for each testing query data, its nearest neighbor among the training data set was
retrieved using the following three methods: 1) original values used for both query and training
samples; 2)-3) original values used for query samples, while the training samples are compressed
using PQ and sorted-PQ, respectively. For evaluation, the retrieval results produced by the two PQ
methods were respectively compared with the retrieval results produced using original data, under the
assumption that retrievals produced based on better compression should produce higher overlaps with
retrievals produced on original data. For this test, the same segment size and bits/segment parameters
were applied. For sorted-PQ, we applied l = 128 for re-ranking. Fig. 4 shows retrieval results. As
expected, employing larger codebooks resulted in better search performance for both methods. When
the same segment and codebook sizes were applied, sorted-PQ consistently outperformed PQ.
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Figure 3: The plot shows the accumulative distribution of how many samples need to be retrieved for
sorted-PQ re-ranking to recover the nearest neighbor after unsorting. The distribution was computed
across 1000 randomly selected SIFT training samples. The results were based on sorted-PQ with
segment size 4 and codebook size 8 bits/segment.

Figure 4: Nearest neighbor retrieval overlaps between retrieval on original data and retrieval on PQ
and sorted-PQ, respectively.

5 Conclusions

We showed that sorting transformation minimizes L2 norm and maximizes cosine similarity and
Pearson correlation for vector data. We proposed to apply sorting transformation to improve nearest
neighbor representation and applied this idea to vector quantization compression. In our experimental
validation, we showed that the proposed method prominently improved compression and nearest
neighbor retrieval performance for product quantization.
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