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Abstract
Acceleration for non-convex functions is a fundamental challenge in optimization. We revisit
star-convex functions, which are strictly unimodal on all lines through a minimizer. Hinder et al.
(2020) accelerate unconstrained star-convex minimization of functions that are smooth with respect
to the Euclidean norm. To do so, they add a certain binary search step to gradient descent. In this
paper, we accelerate unconstrained star-convex minimization of functions that are weakly smooth
with respect to an arbitrary norm. We add a binary search step to mirror descent, generalize the
approach and refine its complexity analysis. We prove that our algorithms have sharp convergence
rates for star-convex functions with α-Hölder continuous gradients and demonstrate that our rates
are nearly optimal for p-norms.

1. Introduction

Accelerated gradient descent by Nesterov (1983) has proven to be a powerful tool for first-order
optimization, significantly improving algorithmic performance. Nowadays several extensions of ac-
celerated methods exist including coordinate descent methods (Nesterov, 2012; Fercoq and Richtárik,
2015), distributed gradient descent (Qu and Li, 2020) and proximal methods (Frostig et al., 2015)
with applications across widespread domains such as image deblurring (Beck and Teboulle, 2009),
compressed sensing (Becker et al., 2011) and deep learning (Sutskever et al., 2013).

Theoretical results analyzing accelerated methods mainly focus on smooth convex optimization,
demonstrating optimal convergence and improved performance against traditional gradient methods,
see Nesterov (1983), Bubeck (2015) and d’Aspremont et al. (2018) for further references. However,
these assumptions are violated in modern machine learning applications due to their non-convex
energy landscapes. Attempts to understand acceleration for non-convex functions are made, for
instance, by leveraging the Łojasiewicz inequalities (Bolte et al., 2010). Further classes of non-convex
functions are discussed by Carmon et al. (2017) and Hinder et al. (2020)[Appendix A.1]

In Nesterov and Polyak (2006) the convexity assumption is relaxed to so-called star-convex
functions, a class of structured non-convex functions that are strictly unimodal on all lines through a
minimizer. While convex functions exhibit unimodality along all lines, star-convexity is a strictly
weaker condition. We emphasize that star-convexity differs from quasi-convexity as introduced in
Boyd and Vandenberghe (2004); the two notions are not hierarchically related (Appendix L). Lee and
Valiant (2016) provide examples of functions that are star-convex but not convex. Additionally, Zhou
et al. (2019b) and Kleinberg et al. (2018) present evidence that neural network loss functions often
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are star-convex (but not convex), emphasizing its relevance for modern machine learning applications.
Notably, Zhang et al. (2023) and Zhang et al. (2025) show that convexifying loss functions can
improve the performance of iterative models, with the resulting loss functions exhibiting star-convex
properties.

For star-convex functions, Hinder et al. (2020) present an accelerated framework using binary
search techniques. Their method is nearly optimal for objective functions having a Lipschitz gradient
with respect to the Euclidean norm. However, recent machine learning results such as by Yang
et al. (2015); Adil et al. (2019) minimize the objective functions in non-Euclidean norms, which are
not covered by the findings of Hinder et al. (2020). This gap inspires us to extend and generalize
their algorithm to arbitrary normed spaces. We combine a generalized “line-search” style algorithm
(Hinder et al., 2020, Algorithm 2) with accelerated mirror descent to minimize star-convex functions
with α-Hölder continuous gradients (also known as weakly smooth functions, see Definition 3).
Contrary to common belief, our new framework reveals that acceleration depends on a norm’s
regularity (Fact 12), not the objective function’s convexity.

We demonstrate that in case of p-norms, our algorithm is nearly optimal for p > 1. Our approach
further extends to the L1 norm though with an additional dimensionality-dependent cost tied to
challenges in constructing an appropriate so-called distance generating function. By showing that
non-convex functions can be minimized using accelerated algorithms in non-Euclidean geometry, we
broaden the conventional understanding of which functions admit acceleration. Our findings suggest
that a wider class of non-convex functions can be efficiently minimized, potentially driving further
research in this direction.

Notation. Throughout this paper, we use ∥·∥ to denote an arbitrary norm and write ∥·∥∗ for the
associated dual norm. We denote a minimizer of a function F : Rd → R by x⋆ and we say that a
point is ϵ-optimal if F (x) ≤ F (x⋆) + ϵ. We denote the scalar product by ⟨x, y⟩ =

∑d
i=1 xiyi. We

say that for two functions f and g, f(x) = O(g(x)) if there exist positive real numbers M and x0
such that |f(x)|≤Mg(x) for all x ≥ x0. Further, f(x) = Ω(g(x)) if lim supx→∞

∣∣∣f(x)g(x)

∣∣∣ > 0.

1.1. Literature review

Previous results on star-convex functions primarily focus on non-accelerated algorithms. Gower et al.
(2020) and Hardt et al. (2016) show convergence guarantees for stochastic gradient descent, Nesterov
and Polyak (2006) analyze cubic regularization and Lee and Valiant (2016) investigate a cutting plane
method. Joulani et al. (2017) apply the star-convexity assumption to stochastic and online learning
settings, showing regret bounds for first-order methods, leading to a O(1/T ) convergence rate (with
T being the number of gradient steps) in case that either the objective function or its gradient are
Lipschitz.

Acceleration on star-convex functions has been studied by, e.g., Guminov and Gasnikov (2018)
for low-dimensional subspace optimization and by Zhou et al. (2019a) for an one-dimensional line
search-type of algorithm, both showing convergence rates to an ϵ-optimal point. However, as noted
by Hinder et al. (2020), these algorithms can be limited by their potentially high computational costs
for minimising general star-convex functions.

Hinder et al. (2020) propose an accelerated framework using binary search, showing near-optimal
performance for τ -star-convex functions (see Definition 1) that are L-smooth (see Definition 3) with
respect to the Euclidean norm in a domain bounded by radius R. Similar to Guminov and Gasnikov
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(2018), their algorithm finds an ϵ-optimal solution in O(ϵ−1/2L1/2τR log(LR2/ϵ)) iterations. For
smooth star-convex functions, they also provide a lower bound of Ω(L1/2τRϵ−1/2).

While the accelerated framework of Hinder et al. (2020) is limited to star-convex functions that
are smooth with respect to the Euclidean norm, Nesterov’s accelerated framework (Elster, 1993;
Nemirovski and Nesterov, 1985) for convex functions applies to general normed spaces under a
weaker smoothness assumption (Definition 3 below).

1.2. Our contributions

In this paper, we generalize the accelerated framework introduced by Hinder et al. (2020) to encom-
pass weakly smooth star-convex functions with respect to a general norm. To address the challenges
arising from the non-convexity of the objective function and the non-Euclidean geometry of the
norm, we present a new convergence proof by using a regularity property of norms, involving novel
arguments for bounded iterates to quantify convergence. Our key contributions are summarized as
follows:

Acceleration for arbitrary norms. To extend the acceleration framework of Hinder et al. (2020)
beyond Euclidean norms to general norms, we examine regularity properties of the derivative of
the squared norm ∥·∥2. We show that star-convexity and weak smoothness suffice to apply our
generalized accelerated framework. Our results underscore that the key to acceleration lies in the
convexity and homogeneity of norms, rather than convexity of the objective function.

Extended binary search. We generalize the binary search algorithm introduced by Hinder
et al. (2020), originally designed for functions that are smooth with respect to the Euclidean norms,
to encompass objective functions that are weakly smooth under arbitrary norms. We provide a
streamlined convergence proof (Theorem 7) for our generalized algorithm and show that the number
of oracle calls required for our binary search step is at most logarithmic. A key challenge in this
setting is that our iterates may be unbounded, unlike in the Euclidean case. Additionally, we provide
a lower bound for the binary search step when applied to smooth non-star-convex functions.

Nearly optimal performance for p-norm. For p-norms, we prove the same convergence rates
as shown for convex functions by Nemirovski and Nesterov (1985), extending them to star-convex
functions. According to the lower bounds by Guzmán and Nemirovski (2015), our rates are nearly
optimal, up to a logarithmic factor. Table 1 contextualizes our results in the existing literature.

The article is organized as follows. In Section 2, we outline the problem setting and provide
preliminaries. Section 3 presents our generalized accelerated algorithm and discusses its convergence
guarantees for various settings. Section 4 introduces our binary search sub-algorithm and its running
time. In Section 5 we put the two ingredients together and obtain our main bound. A discussion of
future research directions is given in Section 6. All proofs are provided in the Appendix.

2. Problem setting and preliminaries

In this paper we consider the unconstrained minimization problem

min
x∈Rd

F (x)

with the unknown function F ∈ F coming from a given class F ⊂ [Rd → R] of differentiable
functions. We briefly discuss constrained domains in Section 6. We assume a first-order access
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p Bound Convex τ -star-convex

(1, 2]

Upper Oκ

(
(LR

κ

ϵ )
2

3κ−2

)
Oκ

(
(Lτ

2Rκ

ϵ )
2

3κ−2 log2
(
LτR
ϵ

))
Nemirovski and Nesterov (1985) Our work (Corollary 11(i))

Lower Ωκ

(
( LRκ

ϵ[ln d]κ−1 )
2

3κ−2

)
Guzmán and Nemirovski (2015)

[2,∞]

Upper Op,κ

(
(LR

κ

ϵ )
p

κp+κ−p

)
Op,κ

(
(Lτ

pRκ

ϵ )
p

κp+κ−p log2
(
LτR
ϵ

))
Nemirovski and Nesterov (1985) Our work (Corollary 11(ii))

Lower Ωp,κ

(
(LR

κ

ϵ )
p

κp+κ−p

)
Guzmán and Nemirovski (2015)

Table 1: Summary of the relation between existing work and our results for τ -star-convex functions.
R is the radius of the domain of the τ -star-convex objective function, (L, κ) is its smooth-
ness with respect to a p-norm ∥·∥p with p > 1 and ϵ the accuracy of the algorithm. Since
convex functions are 1-star-convex, the lower bounds from Guzmán and Nemirovski (2015)
apply to both.

model, meaning that the algorithm has access to the objective function as well as its gradient. The
performance of the algorithm is measured by comparing (after T iterations) the function value of its
output against minx∈Rd F (x). In the following, we assume that F describes the class of star-convex,
(weakly) smooth functions with respect to a given (not necessarly Euclidean) norm ∥·∥. The formal
definitions for this function class are introduced next.

2.1. Definitions

We consider the class of τ -star-convex functions, as introduced by Hardt et al. (2016), which are
defined as follows.

Definition 1 (τ -star-convexity) A continuously differentiable function F : Rd −→ R is said to be
τ -star-convex for τ > 0 if there exists x⋆ ∈ argminF such that for all x ∈ Rd

τ⟨∇F (x), x− x⋆⟩ ≥ F (x)− F (x⋆). (1)

Note that, all convex functions are 1-star-convex (Joulani et al., 2017). The condition becomes
weaker as τ grows; conversely, if allowed, 0-star convex function would be identically constant.
In our unconstrained optimization setting, we observe that x⋆ must be a global minimizer (as the
gradient vanishes at global minima).

For first-order methods, it is often assumed that the gradient is bounded, Lipschitz or α-Hölder
continuous (see e.g. Nemirovski and Yudin, 1983; Diakonikolas and Guzmán, 2024), implying that
the objective function satisfies certain smoothness conditions. In the following, we introduce the
definition of (weak) smoothness with respect to a norm ∥·∥ using the notion of Bregman divergence,
defined as follows.
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Definition 2 (Bregman divergence) For a continuously differentiable function F : Rd −→ R, the
Bregman divergence from x ∈ Rd to y ∈ Rd is defined by

DF (x, y) := F (x)− F (y)− ⟨∇F (y), x− y⟩.

Note that we do not assume convexity of F , and consequently we may have DF (x, y) < 0.

Definition 3 (Weak smoothness) A continuously differentiable function F : Rd −→ R is said to be
(L, κ)-weakly smooth with respect to norm ∥·∥ for 1 < κ ≤ 2 if for all x, y ∈ Rd

|DF (x, y)|≤
L

κ
∥x− y∥κ.

The special case κ = 2 is simply referred to as smooth.

To develop our mirror descent algorithm, we use a so-called distance-generating function (see
Assumption 1), which fulfils a strong or uniform convexity assumption with respect to an arbitrary
norm, defined as follows.

Definition 4 (Uniform convexity) A continuously differentiable function F : Rd −→ R is said to be
(µ, q)-uniformly convex with respect to norm ∥·∥ for q ≥ 2 if for all x, y ∈ Rd

DF (x, y) ≥
µ

q
∥x− y∥q.

The special case q = 2 is called strongly convex.

The classic acceleration setting considers q = κ = 2. In general, we have q > 2 > κ.

3. Main results

Our accelerated optimization algorithm for weakly smooth, star-convex functions incorporates both a
mirror descent step and a proximal step, similar to d’Aspremont et al. (2018). However, as we will
see in the proof sketch, our analysis exploits the specific structure of unconstrained optimization. We
start by summarizing our assumptions.

Assumption 1 We have a differentiable function F : Rd → R to be optimized, a norm ∥·∥ defined
on Rd, a function ψ : Rd → R customarily called the distance-generating function, an order q ≥ 2
and constants τ, L, κ, µ such that

• F is τ -star-convex (Definition 1).

• F is (L, κ)-weakly smooth w.r.t. ∥·∥ (Definition 3).

• The distance-generating function ψ is (µ, q)-uniformly convex w.r.t. ∥·∥ (Definition 4).

For an arbitrary norm, constructing a distance-generating function that satisfies the uniform
convexity assumption of Definition 4 requires careful consideration. Below we present examples
of distance-generating functions for p-norms and composite norms, each meeting the required
conditions of uniform convexity.
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Example 1 (p-norms) To construct the corresponding distance-generating function, we define
ψ(x) = 1

q∥x∥
q
p, where the appropriate order q depends on p. Specifically, for p ∈ (1, 2], we set

q = 2, ensuring that ψ is (p− 1)-strongly convex with respect to ∥·∥p (see Blair, 1985; Juditsky and

Nemirovski, 2008). For p > 2, we choose q = p, ensuring that ψ is (2−
p(p−2)
p−1 , p)-uniformly convex

with respect to ∥·∥p (see Zalinescu, 1983; d’Aspremont et al., 2024).

For both cases, we will show sharp convergence guarantees of our algorithm, as summarized
in Table 1.

Example 2 (Composite norms and distance generating function) For composite norms, the distance-
generating function is constructed by combining the distance-generating functions associated with
the individual norms, ensuring the desired uniform convexity property. Consider, for instance, the
following composite norm

∥x∥2◦1.5 :=

√
1

2
∥x1:d/2∥22+

1

2
∥x(d/2+1):d∥21.5. (2)

By Example 1, ψ1(x1:d/2) =
1
2

∑d/2
i=1 x

2
i is 1-strongly convex with respect to ∥·∥2 and ψ2(xd/2+1,d) =

1
1.5(
∑d

i=d/2+1|xi|1.5)2/1.5 is 1
2 -strongly convex with respect to ∥·∥1.5. Hence, we define the composite

distance-generating function asψ(x) := 1
2ψ1(x1:d/2)+

1
2ψ2(xd/2+1,d). For any x, y ∈ Rd, we denote

the Bregman divergence by Dψ(x, y) and we note that

Dψ(x, y) =
1

2

(
ψ1(x1:d/2)− ψ1(y1:d/2)− ⟨∇ψ1(y1:d/2), x1:d/2 − y1:d/2⟩

)
+

1

2

(
ψ2(x(d/2+1):d)− ψ2(y(d/2+1):d)− ⟨∇ψ2(y(d/2+1):d), x(d/2+1):d − y(d/2+1):d⟩

)
≥ 1

4
∥x1:d/2 − y1:d/2∥22+

1

8
∥x(d/2+1):d − y(d/2+1):d∥21.5 ≥ ∥x− y∥22◦1.5

4
.

We use the strong convexity of ψ1 and ψ2 in the last line. Thus, ψ is 1
2 -strongly convex with respect

to the composite norm ∥∥2◦1.5. In general, the strong convexity coefficient of the composite norm is
determined by the weaker of the two individual norms.

Our proposed method, outlined in Algorithm 1, extends the accelerated method of Hinder et al.
(2020), which addresses the case of smoothness (κ = 2) for the Euclidean norm ∥·∥2. This norm is
known to be strongly convex with respect to itself, with q = 2 and ψ(·) = 1

2 ∥·∥
2
2. Similar to their

method, ours maintains an auxiliary sequence (xt)t≥1 of iterates, from which it derives a sequence
(xmdt )t≥1 of gradient query points as well as the output sequence (xagt )t≥1 of approximate minimizers.
In each iteration, the gradient point xmdt is found by binary search, which we extend from Hinder
et al. (2020) to handle weak smoothness in Section 4. While this search is not necessary for convex
F , it appears to be a reasonable trade-off for the relaxation to star-convexity, see also the discussion
in Section 6. Hinder et al. (2020) update the iterates xt and approximate minimizers xagt each using
gradient descent. However, to address a non-Euclidean norm, we instead employ a mirror descent
step with respect to the Bregman divergence Dψ to update xt, and a proximal step with respect to
1
q ∥·∥

q to update xagt . The accelerated order q ≥ 2 depends on the norm ∥·∥ and will asymptotically
determine the convergence speed of our algorithm, with a smaller q leading to faster rates.
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Our algorithm takes as input the parameter schedules (Ct, ϵt, αt, ηt), with (αt, ηt) being the step
sizes and (Ct, ϵt) being the stopping conditions for the binary search. All tuned parameters are
polynomial functions of the horizon T , and are given in Theorem 5 and Appendix C.

Algorithm 1 Accelerated Mirror Descent with Binary Search (for the setting of Assumption 1)
Require: Starting point x1 = xag1 ∈ Rd, iterations T ≥ 0, parameters (Ct, ϵt, αt, ηt)t≥1

1: For 1 ≤ t ≤ T do
2: Binary search (Alg. 2) with endpoints (xt, x

ag
t ) and parameters (Ct, ϵt) to find λt ∈ [0, 1],

xmdt = λtx
ag
t + (1− λt)xt such that ⟨∇F (xmdt ), xmdt − xt⟩+ Ct

(
F (xmdt )− F (xagt )

)
≤ ϵt

3: Compute xt+1 = argminx∈Rd{ηt⟨∇F (xmdt ), x⟩+Dψ(x, xt)}
4: Compute xagt+1 = argminx∈Rd{αt⟨∇F (xmdt ), x⟩+ µ

q ∥x− xmdt ∥q}
5: EndFor
6: Return xagT+1

As we will see in Theorem 7, the total number of values and gradients queried in each binary
search step is O(log T ). In turn, the total number of gradients queried in T rounds is O(T log T ).
We note that the optimal tuning of step sizes will depend on the number of iterations T .

3.1. Convergence result

In this section, we present the convergence result of our algorithm. The full proof is provided in
Appendix C, with a proof sketch given in Section 3.2.

Theorem 5 In the setting of Assumption 1 with κ < q, Algorithm 1 with the tuning below returns
xagT+1 after T iterations with precision

F (xagT+1)− F⋆ = Oq,κ

(
Lτ q

T
κq+κ−q

q

(
Dψ(x⋆, x1)

αL
+
(αL
µ

) κ
q−κ

log(T )

))
where Oq,κ omits constants depending only on (q, κ). This is achieved for any α > 0 by

αt :=
(
τ(q − β)

)q−κ α
tβ
, ηt := αt

( t

τ(q − β)

)q−1
.

Ct :=
( ηt
αt

)q∗−1
− 1

τ
=

1

τ

(
(q − β)t− 1

)
ϵt :=

α
q

q−κ

tηt

M1/r

µ1/r
L1+1/r.

where


r := q−κ

κ > 0

M := ( rq )
r ≥ 0

β = q − κ+ q−κ
q

If q and κ are close to 2, our rate is close to the classic T−2 accelerated rate by Nemirovski and
Nesterov (1985). The case q = κ = 2 requires special handling, as the above rate would yield an
infinite exponent in the last term. We introduce a refined tuning for this case along with a tighter
analysis in Appendix J.

Tuning the parameters. The general step sizes αt and ηt are polynomial in the iteration number
t with the main constraint being that their exponent must remain bounded. Specifically, we set
αt ∼ αt−β , where α > 0 is a coefficient determined based on the Bregman divergence Dψ(x⋆, x1).

Additionally, ηt is chosen as ηt ∼ t
1− 3q−κ(1+q)

q , which recovers the classic Lipschitz convex setting
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ηt ∼ 1/
√
t for q = 2, κ = 1 and the Nesterov step size of ηt ∼ t for q = κ = 2. The choice of

Ct ∼ t follows from the mirror descent analysis, while ϵt is chosen to decrease sufficiently fast such
that ηtϵt ≲ 1/t sums to O(log T ). Full details are provided in Appendix C.

Tuning the parameter α. The optimal tuning for α in the preceding result depends on the radius
Dψ(x⋆, x1), which is unknown a priori. It also depends on log T , while we prefer tuning independent
of the time horizon T . To avoid both issues, we suggest the following practical tuning.

Corollary 6 If a bound 1
µDψ(x⋆, x1) ≤ Bq is available, then the tuning of Theorem 5 with

α = µ
L

(
(q−κ)Bq

κ

) q−κ
q guarantees F (xagT+1)− F⋆ = Oq,κ

(
Lτ qBκ log(T )

T
κq+κ−q

q

)
.

If a bound on 1
µDψ(x⋆, x1) is not available, it is possible to instead fix B = 1 and tune α accordingly.

The convergence remains similar with max{Dψ(x⋆, x1), 1} replacing B. In the next sections, we
will sketch the proof of Theorem 5 and examine the complexity of binary search in Section 4. After
that, we will finish the complexity analysis of our algorithm in Section 5.

3.2. Proof Sketch of Theorem 5 (Convergence rate of Algorithm 1)

The proof can be decomposed into three steps. As the first step of the proof, we use star-convexity
of the objective F to linearize it around the gradient point xmdt . Together with the mirror descent
iterates xt+1 from line 3 of Algorithm 1, we obtain the upper bound

ηt
τ

(
F (xmdt )− F⋆

)
≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+ ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

q
∥xt+1 − xt∥q.

(3)

Next, we consider the unconstrained proximal step in line 4 of Algorithm 1, i.e.,

xagt+1 = arg min
x∈Rd

{
αt⟨∇F (xmdt ), x⟩+ µ

q
∥x− xmdt ∥q

}
.

This step leads to the following gap between consecutive accelerated potentials
(
F (xmdt ), F (xagt+1)

)
ηt⟨∇F (xmdt ), xt − xt+1⟩ −

µ

q
∥xt+1 − xt∥q≤ At

(
F (xmdt )− F (xagt+1)

)
+Bt

with parameters At, Bt specified in (15). The term Bt is the classical residual after combining the
weak smoothness assumption of F with the inexact gradient-trick (see Chen and Teboulle, 1993;
d’Aspremont et al., 2018; d’Aspremont et al., 2024). This step was previously known to hold in the
convex case (d’Aspremont et al., 2018) or in the unconstrained Euclidean case (Hinder et al., 2020)
for different reasons. For the non-convex non-Euclidean unconstrained case, one needs to examine
carefully the regularity of the norm square (see Appendix A).

After computing the new accelerated point xagt+1 from the middle point xt, the previous objective
bound (3) can be manipulated to bound the potential gap between two iterations

(
F (xagt ), F (xagt+1)

)
.

At

(
F (xagt+1)− F⋆

)
≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+
(
At −

ηt
τ

)(
F (xmdt )− F (xagt )

)
+
(
At −

ηt
τ

)(
F (xagt )− F⋆

)
+Bt.

(4)
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As the last step, the choice of λt in line 2 of Algorithm 1 ensures that

ηt⟨∇F (xmdt ), xmdt − xt⟩+
(
At −

ηt
τ

)(
F (xmdt )− F (xagt )

)
≤ ηtϵt.

By showing that our tuning satisfies At −At−1 ≤ ηt
τ , ηtϵt = µ

t and Bt ≈ 1
t , we get

At

(
F (xagt+1)− F⋆

)
≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) +At−1

(
F (xagt )− F⋆

)
+O(1/t), (5)

which telescopes to our result. To obtain the desired accelerated convergence rate in Table 1, we
still need to account for the complexity of finding λt. In Section 4, we show that this additional cost
remains only a logarithmic factor, even in the non-Euclidean case.

4. Binary search for Hölder smooth functions

In each round t, Algorithm 1 performs binary search to find the momentum parameter λt that satisfies

λtg
′(λt) + Ctg(λt) ≤ ϵt, (6)

where we use the abbreviation g(λ) ≜ F (λxagt +(1−λ)xt)−F (xagt ) so that in particular g(1) = 0.
The condition (6) is crucial for the convergence proof of Theorem 5. The core idea behind our
Algorithm 2 is inspired by Algorithm 2 of Hinder et al. (2020). We aim to efficiently find a λt
that satisfies (6) in the more general setting where F is weakly smooth with respect to a possibly
non-Euclidean norm.

Note that if g(0) ≤ 0 or g is decreasing at λ = 1, then (6) is immediately satisfied. If neither
of these conditions hold, then g(0) > g(1) and g′(1) > 0, indicating that g must switch at least
once from decreasing to increasing. For the largest λ∗ fulfilling g′(λ∗) = 0 it holds that g(λ∗) < 0.
We further show in the proof of Theorem 7 that all λ ∈ [λ∗ − δ, λ∗], with a properly chosen δ,
must satisfy condition (6). Next we quantify the efficiency of our algorithm in finding any λ in that
interval.

Algorithm 2 Generalized binary search
Require: Objective function F , endpoints (xt, x

ag
t ), parameters (Ct, ϵt) ≥ 0

Define g(λ) ≜ F (λxagt + (1− λ)xt)− F (xagt )
if g′(1) ≤ ϵt then return (λt = 1, xmdt = xagt )
if Ctg(0) ≤ ϵt then return (λt = 0, xmdt = xt)
Initialize [a, b] = [0, 1]
loop

Set λt = a+b
2

if g′(λt) + Ctg(λt) ≤ ϵt then return (λt, x
md
t = λtx

ag
t + (1− λt)xt)

if g(λt) > 0 then a = λt else b = λt ▷ iterate with [a, λt] or [λt, b]
end loop

Theorem 7 Under Assumption 1 (in particular F is (L, κ)-weakly smooth), and for fixed stopping
parameters (Ct, ϵt) and endpoints (xt, x

ag
t ), Algorithm 2 finds λ, satisfying

xmdt = λxagt + (1− λ)xt

⟨∇F (xmdt ), xmdt − xt⟩+ Ct

(
F (xmdt )− F (xagt )

)
≤ ϵt

9
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in Oκ

(
max{log(Ct), log

(
L∥xt−xagt ∥κ

ϵt

)
}+ 1

)
iterations.

Hinder et al. (2020) analyze their binary search algorithm for smooth functions, i.e., specifically
with κ = 2 in Definition 3. Our algorithm accommodates a general κ, addressing the broader class of
weakly smooth functions. While the running time depends on κ, it appears only as an exponent in the
logarithm. Consequently, this introduces only a constant multiplicative factor, thereby generalizing
the algorithm of Hinder et al. (2020).

Proof Sketch. The proof can be roughly divided into three parts. We first show that there ex-
ists a λ∗ satisfying the strengthening of condition (6) with ϵt = 0. Next, we show that this implies
that condition (6) holds for all λ ∈ [λ∗ − δ, λ∗], where δ is properly chosen depending on the weak
smoothness parameters (L, κ) of F and the parameters (Ct, ϵt, xt, x

ag
t ) of the algorithm. Finally

we prove that our algorithm finds a λ within that interval after at most O
(
log
(
LCt∥xt−xagt ∥κ

ϵt

))
iterations (details in Appendix E).

4.1. Polynomial growth of our iterates

To complete our analysis, we bound the iterates (xt, x
ag
t ) generated by Algorithm 1. In fact, our

Theorem 7 shows that the number of iterations is bounded by a term logarithmic in t provided the
distance ∥xt − xagt ∥ grows at most polynomially in t. This insight is formalized next.

Theorem 8 Let Dψ(x⋆, x1) ≤ B. Under Assumption 1, suppose we run Algorithm 1 such that

for all t ≥ 1 max

((qLηt
κ

) 1
q−1

,
(Lαt
κ

) 1
q−1

)
≤ Kn1tn2 ,

where n1, n2 ≥ 0, and Kn1 > B with Kn1 potentially depending on (L, τ, µ). Define the iterate
radius by Rt = max{∥xt − x⋆∥, ∥xagt − x⋆∥, ∥xmdt − x⋆∥}. Then, for all t ≥ 1, we have

Rt = O
(
K

n1(q−1)
q−κ t

(q−1)(n2+1)
q−κ

)
.

4.2. Lower bound for Binary search

Although the following theorem does not contribute to our upper bounds, we analyze the binary
search algorithm without assuming star-convexity to highlight the efficiency of Algorithm 2 under
weak smoothness. This section shows that the number of iterations needed in Theorem 7 to find a
suitable λ satisfying condition (6) is both sufficient and necessary - fewer itations could yield in a λ
that does not satisfy condition (6). To show this lower bound, we determine the minimum number of
iteration steps required to find a suitable λ for a univariate smooth target function.

Theorem 9 Let C, ϵ, L⋆ > 0. Consider a sequence of N points (λ1, . . . , λN ) evaluated at each
iteration (g(λi), g

′(λi)). If the number of iterations is insufficient meaning

N < log(5)
(
log

L⋆
ϵ

+ log
C

(C + 1)2
− log(88)

)
,

no algorithm can find λ fulfilling condition (6).

The theorem shows that if N ≲ log(L⋆/ϵ), it becomes impossible to determine λ with precision ϵ.
The full version of this lower bound is given in Theorem 25.

10
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5. Summary

By combining the convergence results from Corollary 6 with the complexity analysis presented in
Theorem 7, we establish a bound on the precision error of Algorithm 1 in terms of the number of
first-order oracle calls.

Corollary 10 Let T > 0 be the number of iterations and 1
µDψ(x⋆, x1) ≤ B. The tuning of

Theorem 5 with α = µ
L

(
(q−κ)B

κ

) q−κ
q guarantees F (xagT+1) − F⋆ = Oq,κ

(
Lτ qB

κ
q

log(T )

T
κq+κ−q

q

)
.

The algorithm’s oracle usage over T iterations is upper bounded by O(T log(LBτT )), which
represents the maximum number of times the oracle is called during the entire execution process.

To apply Corollary 10 to the p-norms in Example 1, we consider a problem where both the
initial points x1 and minimizer x⋆ lie within a p-norm ball of radius R, i.e., ∥x1∥p , ∥x⋆∥p ≤ R,
which implies that ∥x1 − x⋆∥p ≤ 2R by the triangle inequality. For p-norms, recall that we use the
distance-generating function ψ(·) = 1

q ∥·∥
q
p with q = max{2, p}. In Appendix H, we show that the

Bregman divergence also satisfies Dψ(x⋆, x1) ≤ 2Rq. Combining Theorems 5 and 8, we obtain the
following convergence guarantees.

Corollary 11 Consider the setting of Assumption 1 and let ∥·∥p denote the p-norm.

(i) For 1 < p ≤ 2 and κ < 2, Algorithm 1 with q = 2 returns an ϵ-optimal solution within

Oκ

((
Lτ2Rκ

ϵ

) 2
3κ−2

log2
(LτR

ϵ

))
evaluations of the function value and gradient.

(ii) For p > 2, Algorithm 1 with q = p returns an ϵ-optimal solution within

Op,κ

((LτpRκ
ϵ

) p
κp+κ−p

log2
(LτR

ϵ

))
evaluations of the function values and the gradients.

Note that the convergence guarantees of Corollary 11 for star-convex functions match the lower
bounds proved for convex functions, completing Table 1. For p = 1, our analysis applies with a
dimension factor, detailed in Appendix I. For the smooth case κ = 2 with 1 < p < 2, where iterates
may grow exponentially, we extend our algorithm while maintaining similar complexity; further
details are provided in Appendix J.

6. Conclusion and future research

In this work, we introduce a novel class of structured non-convex functions, namely τ -star-convex
functions that are weakly smooth with respect to an arbitrarily norm. Our framework applies to a
broad subclass of star-convex functions and generalizes the setting analyzed in Hinder et al. (2020)
which focuses on smooth star-convex functions with respect to the Euclidean norm.

We develop the accelerated Algorithm 1 to efficiently minimize any weakly smooth function
within this broad class, building on and extending the binary search technique from Hinder et al.

11
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(2020). Our analysis shows that the algorithm achieves a near-optimal accelerated convergence rate
for all p-norms with p > 1. Additionally, our algorithm has a runtime dependence on τmax{2,p} for
p ≥ 1, shown to be optimal in the Euclidean case when p = 2, see Hinder et al. (2020).

While our work focuses on unconstrained minimization problems, future research could extend
our approach to constrained settings. Currently, the proximal step for calculating xagt+1 in Algorithm 1
is shown to be effective only for unconstrained problems. For the constrained non-convex case,
since evaluating the direction of the constrained proximal step becomes a challenge, it is unknown if
accelerated convergence rates are possible. A more detailed elaboration on this is given in Appendix
K.

Finally, our method operates within a first-order access model, meaning that the algorithm has
access to both the objective function value and gradient at the evaluation points. It remains an open
problem whether this can be extended to “pure” first-order access models, that rely solely on gradient
evaluations. While this extension is feasible in the convex case, it is unclear whether it can be
achieved for star-convex functions. Another promising direction is to explore the applicability of our
method in a stochastic model. Although stochastic accelerated mirror descent has been previously
analyzed in the literature (Hu et al., 2009), the main challenge lies in adapting the binary search
algorithm to the noisy setting.
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Appendix A. A regularity property of norms

In this section, we will discuss about the regularity property for norms which is core for our
acceleration scheme. For a norm ∥·∥ with associated dual norm ∥·∥∗, we define the gradient (or any
sub-gradient) of the squared norm ∥·∥2 by

ϕ(x) := ∇
(
∥x∥2

2

)
= argmax

y:∥y∥∗=∥x∥
y⊺x.

Wherever the norm is not differentiable, we may pick ϕ(x) to be any sub-gradient or maximizer. To
see the equality, recall that ∥x∥= maxz:∥z∥∗=1 z

⊺x and let z attain that maximum. Then differentia-
tion1 gives ϕ(x) = ∥x∥z. Reparametrising by y = ∥x∥z gives the right hand side.

Fact 12 (Regularity of a norm) For all x ∈ Rd

⟨ϕ(x), x⟩ = ∥x∥2,
∥ϕ(x)∥∗ = ∥x∥.

These two properties are crucial in our accelerated framework (Algorithm 1), especially for weakly
smooth objective functions. In particular, they allow for the choice of aggressive step-sizes and the
derivation of accelerated convergence rates.

Lemma 13 For s ≥ 1, we define ϕs(x) := ∇
(
∥x∥s
s

)
. For all α ≥ 0

{
⟨ϕs(x), x⟩ = ∥x∥s

∥ϕs(x)∥α∗ = ∥x∥α(s−1).

Proof Recall that ϕ(x) = ∇(∥x∥
2

2 ). Then

ϕs(x) = ∇
((∥x∥2)s/2

s

)
=

1

s
· s
2
(∥x∥2)

s
2
−1 · ∇

(
∥x∥2

)
= (∥x∥2)

s
2
−1 · 1

2
∇
(
∥x∥2

)
=

ϕ(x)

∥x∥2−s
.

As

⟨ϕs(x), x⟩ =
⟨ϕ(x), x⟩
∥x∥2−s

=
∥x∥2

∥x∥2−s
= ∥x∥s,

∥ϕs(x)∥α∗ =
∥ϕ(x)∥α∗
∥x∥α(2−s)

=
∥x∥α

∥x∥α(2−s)
= ∥x∥α(s−1),

the assertion follows.

1. Recall that a sub-gradient of a maximum x 7→ maxy f(x, y) is the derivative of the objective ∇xf(x, y∗) with a
maximizer y∗ held fixed.
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Appendix B. Useful lemma for convergence proof

Lemma 14 (Young’s inequality, (Young, 1912)) Let a, b ≥ 0 and p, q ≥ 1 such that 1
p +

1
q = 1.

Then it holds, that

ab ≤ ap

p
+
bq

q
.

Lemma 15 Let f , ν be convex functions and let ν be continuously differentiable. For

u⋆ = argmin
u∈X

{f(u) +Dν(u, y)},

and all u, it holds

f(u⋆) +Dν(u⋆, y) +Df (u, u⋆) ≤ f(u) +Dν(u, y)−Dν(u, u⋆).

Proof As u⋆ is a minimizer, it fulfills for all u ∈ X the first-order optimality condition

⟨∇f(u⋆) +∇Dν(u⋆, y), u− u⋆⟩ ≥ 0, (7)

with the gradient of the divergence Dν taken with respect to the first argument. Applying the
three-points identity Chen and Teboulle (1993), yields

⟨∇Dν(u⋆, y), u− u⋆⟩ = Dν(u, y)−Dν(u, u⋆)−Dν(u⋆, y),

leading to

f(u)− f(u⋆)−Df (u, u⋆) = ⟨∇f(u⋆), u− u⋆⟩ ≥ Dν(u, u⋆)−Dν(u, y) +Dν(u⋆, y).

Lemma 16 Set {
r := q−κ

κ > 0

M := ( rq )
r ≥ 0.

(8)

Then for all δ > 0, x, y ∈ Rd
∥x− y∥κ

κ
≤ M

qδr
∥x− y∥q+δ. (9)

Proof Using Young’s inequality 14 with 1
a + 1

b = 1, leads to t ≤ 1
az t

a + 1
bz
b−1. By choosing

t := ∥x−y∥κ
κ , a = q

κ , b = q
q−κ , z = (bδ)

1
b−1 = (bδ)r, it follows that

∥x− y∥κ

κ
≤ M

qδr
∥x− y∥q+δ,

where we use that
κ

q

(
q − κ

qδ

)r (1

κ

)q/κ
=

1

qδr

(
q − κ

qκ

)r
=

M

qδr
.
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Appendix C. Convergence proof of Theorem 5

Our proof can be decomposed in three major steps. We first derive a bound for F (xmdt ) − F⋆ by
analyzing our mirror descent step, then we proceed with an acceleration step comparing F (xagt+1)
and F (xmdt ) and finally we tune the parameters to satisfy the required conditions.

C.1. Mirror descent analysis

We apply Lemma 15 to the linear function f(x) = ηt⟨∇F (xmdt ), x⟩ and set ν = ψ, u⋆ = xt+1,
y = xt, u = x. For all x ∈ Rd, this yields

ηt⟨∇F (xmdt ), xt+1⟩+Dψ(xt+1, xt) ≤ ηt⟨∇F (xmdt ), x⟩+Dψ(x, xt)−Dψ(x, xt+1).

By setting x = x⋆ and subtracting ηt⟨∇F (xmdt ), x⋆⟩ on both sides, we obtain

ηt⟨∇F (xmdt ), xt+1 − x⋆⟩+Dψ(xt+1, xt) ≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1).

We split

ηt⟨∇F (xmdt ), xt+1 − x⋆⟩ = ηt⟨∇F (xmdt ), xmdt − x⋆⟩+ ηt⟨∇F (xmdt ), xt+1 − xmdt ⟩,

and use star-convexity of F

ηt
τ

(
F (xmdt )− F⋆

)
≤ ηt⟨∇F (xmdt ), xmdt − x⋆⟩

to find
ηt
τ

(
F (xmdt )− F⋆

)
+ ηt⟨∇F (xmdt ), xt+1 − xmdt ⟩+Dψ(xt+1, xt) ≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1).

This leads to
ηt
τ

(
F (xmdt )− F⋆

)
+Dψ(xt+1, xt)

≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt+1⟩
= Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩+ ηt⟨∇F (xmdt ), xt − xt+1⟩.

(10)

By using that the distance-generating function ψ is (µ, q)-uniformly convex with respect to the norm
∥·∥, i.e., that it fulfills

Dψ(xt+1, xt) ≥
µ

q
∥xt+1 − xt∥q,

our equation becomes

ηt
τ

(
F (xmdt )− F⋆

)
≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+ ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

q
∥xt+1 − xt∥q.

(11)

The goal of the next step is to find an upper bound for

ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

q
∥xt+1 − xt∥q.
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C.2. Choice of aggregated point

Recall from Algorithm 1 that

xagt+1 = arg min
x∈Rd

{αt⟨∇F (xmdt ), x⟩+ µ

q
∥x− xmdt ∥q}

and define ϕq(x) := ∇
(
∥x∥q
q

)
. For all u ∈ Rd, it holds

⟨αt∇F (xmdt ) + µϕq(x
ag
t+1 − xmdt ), u− xagt+1⟩ ≥ 0.

Choosing u = xagt+1 + λ(xt+1 − xt) for any λ > 0, leads to

λαt⟨∇F (xmdt ), xt − xt+1⟩ ≤ λµ⟨ϕq(xagt+1 − xmdt ), xt+1 − xt⟩.

Subtracting µ
q ∥xt+1 − xt∥q on both sides, yields

ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

q
∥xt+1 − xt∥q

≤ µηt
αt

⟨ϕq(xagt+1 − xmdt ), xt+1 − xt⟩ −
µ

q
∥xt+1 − xt∥q

= µ
〈 ηt
αt
ϕq(x

ag
t+1 − xmdt ), xt+1 − xt

〉
− µ

q
∥xt+1 − xt∥q (12)

Let q∗ be the convex conjugate of q, i.e., 1
q +

1
q∗

= 1. A reformulation of Young’s inequality in
Lemma 14 gives

⟨a, b⟩ ≤ |⟨a, b⟩|≤ ∥a∥∗·∥b∥ ≤ ∥a∥q∗∗
q∗

+
∥b∥q

q
,

leading to

⟨a, b⟩ − ∥b∥q

q
≤ ∥a∥q∗∗

q∗
.

Therefore (12) can be upper bounded by

µ
〈 ηt
αt
ϕq(x

ag
t+1 − xmdt ), xt+1 − xt

〉
− µ

q
∥xt+1 − xt∥q ≤

µ

q∗

∥∥∥ ηt
αt
ϕq(x

ag
t+1 − xmdt )

∥∥∥q∗
∗

=
µηq∗t
q∗α

q∗
t

∥ϕq(xagt+1 − xmdt )∥q∗∗

=
µηq∗t
q∗α

q∗
t

∥xagt+1 − xmdt ∥(q−1)q∗

=
µηq∗t
q∗α

q∗
t

∥xagt+1 − xmdt ∥q,

(13)

where the penultimate equality follows from Lemma 13. By setting u = xmdt , we obtain from
first-order optimality, that

αt⟨∇F (xmdt ), xmdt − xagt+1⟩ ≥ µ⟨ϕq(xagt+1 − xmdt ), xagt+1 − xmdt ⟩,
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leading to

αt

(
F (xmdt )− F (xagt+1)

)
≥ µ∥xmdt − xagt+1∥

q−αtDF (x
ag
t+1, x

md
t )

≥ µ∥xmdt − xagt+1∥
q−Lαt

κ
∥xmdt − xagt+1∥

κ,

where we use that F is weakly smooth for the last inequality. By choosing

r :=
q − κ

κ
> 0

M :=
(r
q

)r
≥ 0,

in Lemma 16, it follows for all δt > 0

Lαt
∥xmdt − xagt+1∥κ

κ
≤ LMαt

qδrt
∥xmdt − xagt+1∥

q+Lαtδt.

This leads to

αt

(
F (xmdt )− F (xagt+1)

)
≥
(
µ− LMαt

qδrt

)
∥xmdt − xagt+1∥

q−Lαtδt.

For convenience, we set LMαt
qδrt

= µ
q by choosing δt =

(
L
µMαt

)1/r
and then get

αt

(
F (xmdt )− F (xagt+1)

)
≥ µ

q∗
∥xmdt − xagt+1∥

q−M
1/r

µ1/r

(
Lαt

)(r+1)/r
.

Combining the previous equation with (12) and (13), yields

ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

q
∥xt+1 − xt∥q

≤µη
q∗
t

αq∗t

∥xagt+1 − xmdt ∥q

q∗

≤ ηq∗t
αq∗t

(
αt

(
F (xmdt )− F (xagt+1)

)
+
M1/r

µ1/r

(
Lαt

)(r+1)/r
)

=
ηq∗t

αq∗−1
t

(
F (xmdt )− F (xagt+1)

)
+
ηq∗t
αq∗t

M1/r

µ1/r

(
Lαt

)(r+1)/r

(14)

C.3. Simplified equation

To simplify notation, we will abbreviate

At :=
ηq∗t

αq∗−1
t

Bt :=
ηq∗t
αq∗t

M1/r

µ1/r

(
Lαt

)1+1/r
=

ηq∗t

α
q∗−1−1/r
t

M1/r

µ1/r
L1+1/r.

(15)
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Rearranging (11) and combining it with equation (14) leads to

At

(
F (xagt+1)− F⋆

)
≤Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+
(
At −

ηt
τ

)(
F (xmdt )− F (xagt )

)
+
(
At −

ηt
τ

)(
F (xagt )− F⋆

)
+Bt.

(16)

With the binary search for λt, Algorithm 1 achieves

ηt⟨∇F (xmdt ), xmdt − xt⟩+
(
At −

ηt
τ

)(
F (xmdt )− F (xagt )

)
≤ ηtϵt

within O(log(Lϵt )) iterations of function values and gradients. Thus, (16) becomes

At

(
F (xagt+1)− F⋆

)
≤Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηtϵt

+
(
At −

ηt
τ

)(
F (xagt )− F⋆

)
+Bt.

(17)

To derive the optimal convergence rate, we need the following conditions to be fulfilled for a fixed
α > 0: {

At − ηt
τ ≤ At−1

Bt ≤ α
q

q−κ 1
t
M1/r

µ1/r
L1+1/r.

If the previous conditions hold, we can compute the telescopic sum in (17) and get

AT

(
F (xagT+1)− F⋆

)
≤ Dψ(x⋆, x1) +O

(
α

q
q−κ

L1+1/r

µ1/r
log(T )

)
. (18)

To find the optimal step-size, we choose

β = q − κ+
q − κ

q
, γ ≥ 0,

( ηt
αt

)q⋆−1
=

1

τ(q − β)
tγ(q⋆−1)

and recall that q − β = qκ+κ−q
q > 0, 1 + 1

r = 1 + κ
q−κ = q

q−κ and q∗
q = 1

q−1 . Then it follows

Bt ≤ α
q

q−κ
1

t

M1/r

µ1/r
L1+1/r,

leading to

ηq∗t

α
q∗−1−1/r
t

M1/r

µ1/r
L1+1/r ≤ α

q
q−κ

1

t

M1/r

µ1/r
L1+1/r

and thus

α
1+1/r
t ≤

(
τ(q − β)

) q⋆
q⋆−1 α

q
q−κ

tγq∗+1
⇔ αt ≤

(
τ(q − β)

)q−κ α

t
γ(q−κ)
q−1

+ q−κ
q

.
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We further note that

At −At−1 =
( ηq∗t

αq∗−1
t

−
ηq∗t−1

αq∗−1
t−1

)
=

(
ηt

( ηt
αt

)q⋆−1
− ηt−1

( ηt−1

αt−1

)q⋆−1
)

≤ ηt
τ

is equialent to

At −At−1

ηt
=

1

τ(q − β)

(
tγ(q∗−1) − ηt−1

ηt
(t− 1)γ(q∗−1)

)
≤ 1

τ
.

Intuitively, choosing ηt as a polynomial will ensure that ηt−1

ηt
tends to 1. Fixing the parameters in the

following way satisfies our condition

γ := q − 1

αt :=
(
τ(q − β)

)q−κ α
tβ

ηt := αt

( 1

τ(q − β)
tγ(q⋆−1)

) 1
q⋆−1

= αt

( t

τ(q − β)

)q−1
.

Note that γ(q∗ − 1) = 1. We verify that

ηt−1

ηt
=
αt−1

αt

(
1− 1

t

)q−1
=
(
1− 1

t

)q−1−β
=
( t− 1

t

)q−1−β

and

At −At−1

ηt
=

1

τ(q − β)

(
t− ηt−1

ηt
(t− 1)

)
=

1

τ(q − β)

1

tq−1−β

(
tq−β − (t− 1)q−β

)
=

1

τ(q − β)

1

tq−1−β

(∫ t

t−1
(q − β)sq−β−1ds

)
≤1

τ

1

tq−β−1
· tq−1−β =

1

τ

By choosing ϵt := Bt
ηt

such that ηtϵt ≤ Bt, this leads to

At =
ηq∗t

αq∗−1
t

=
( ηt
αt

)q∗
αt =

( t

τ(q − β)

) q⋆
q⋆−1

αt

∝
( t
τ

)q
· α
tβ

= αtq−β · 1

τ q

At ∝
α

τ q
t
κq+κ−q

q

and finally shows

F (xagT+1)− F⋆ = Oq,κ

(τ qDψ(x⋆, x1)

αT
κq+κ−q

q

+
α

κ
q−κL

q
q−κ

µ
κ

q−κ

τ q log(T )

T
κq+κ−q

q

)
,

which proves Theorem 5.
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Appendix D. Proof for bounded iterate

Theorem 17 Let’s assume that Dψ(x⋆, x1) ≤ B. Under assumption 1, we also suppose that we are
running Algorithm 1 with parameters tuned such that there are base K and exponents n1, n2 ≥ 0
(possibly depending on (L, τ, µ)) ensuring Kn1 > B and for all t ≥ 1

max

((qLηt
κ

) 1
q−1

,
(Lαt
κ

) 1
q−1

)
≤ Kn1tn2 .

If we write Rt = max{∥xt − x⋆∥, ∥xagt − x⋆∥, ∥xmdt − x⋆∥}, then for all t ≥ 1

Rt = O
(
K

n1(q−1)
q−κ t

(q−1)(n2+1)
q−κ

)
Proof We recall from our Algorithm 1 that

xt+1 = arg min
x∈Rd

{ηt⟨∇F (xmdt ), x⟩+Dψ(x, xt)}

xagt+1 = arg min
x∈Rd

{αt⟨∇F (xmdt ), x⟩+ ∥x− xmdt ∥q

q
}

Since our setting is unconstrained, the (sub-)gradients have to cancel :

ηt∇F (xmdt ) +∇ψ(xt+1)−∇ψ(xt) = 0

αt∇F (xmdt ) + ϕq(x
ag
t+1 − xmdt ) = 0

with ψ(x) ∝ ∥x∥q
q and ϕq(x) = ∇

(
∥x∥q
q

)
. By the weak smoothness property of F :

∥∇F (xmdt )∥∗≤
L

κ
∥xmdt − x⋆∥κ−1.

Additionally, from the uniform convexity of ψ and regularity of ∥·∥, it follows that:

∥xt+1 − xt∥q

q
≤ Dψ(xt, xt+1) +Dψ(xt+1, xt) = ⟨∇ψ(xt+1)−∇ψ(xt), xt+1 − xt⟩.

Applying the optimality condition for xt+1, this becomes

∥xt+1 − xt∥q

q
≤ ηt⟨∇F (xmdt ), xt − xt+1⟩

and by applying Cauchy-Schwartz, we obtain:

∥xt+1 − xt∥q

q
≤ ηt∥∇F (xmdt )∥∗×∥xt − xt+1∥,

where ∥·∥∗ is the dual norm associated with ∥·∥. Similarly for xagt+1 − xmdt , we use the definition of
ϕq and obtain from Lemma 13 that

∥xagt+1 − xmdt ∥q = ⟨ϕq(xagt+1 − xmdt ), xagt+1 − xmdt ⟩
≤ αt∥∇F (xmdt )∥∗×∥xagt+1 − xmdt ∥.
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By plugging in these results in the previous conditions, we derive the following bounds:

∥xt+1 − xt∥q−1≤ qLηt
κ

∥xmdt − x⋆∥κ−1

∥xagt+1 − xmdt ∥q−1≤ Lαt
κ

∥xmdt − x⋆∥κ−1.

From the triangle inequality, we then obtain :

∥xt+1 − x⋆∥ ≤ ∥xt − x⋆∥+∥xt+1 − xt∥

≤ ∥xt − x⋆∥+
(qLηt

κ

) 1
q−1 ∥xmdt − x⋆∥

κ−1
q−1

and

∥xagt+1 − x⋆∥ ≤ ∥xmdt − x⋆∥+
(Lαt
κ

) 1
q−1 ∥xmdt − x⋆∥

κ−1
q−1 .

Since xmdt+1 is a middle point, we can also deduce that

∥xmdt+1 − x⋆∥ = ∥λt+1(x
ag
t+1 − x⋆) + (1− λt+1)(xt+1 − x⋆)∥

≤ λt+1∥xagt+1 − x⋆∥+(1− λt+1)∥xt+1 − x⋆∥

≤ max
(
∥xagt+1 − x⋆∥, ∥xt+1 − x⋆∥

)
From the above inequality and using the assumption on (αt, ηt) it follows that:

Rt+1 ≤ Rt +Kn1tn2R
κ−1
q−1

t .

This recursive inequality shows that the growth is at most polynomial, implying that the sequence Rt
cannot grow faster than a polynomial rate.

We will show by induction that Rt ≤ KSttM2 , where M2 := max
{

(q−1)(n2+1)
q−κ , 1

}
and St :=

n1
∑t−1

i=0

(
κ−1
q−1

)i
is a geometric sum. First, we notice that

n2 + 1 ≤ q − κ

q − 1
M2

=⇒ n2 +M2
κ− 1

q − 1
≤M2 − 1

=⇒ t
n2+M2

κ−1
q−1 ≤ tM2−1 ≤ (t+ 1)M2 − tM2 .

Then, by induction it then follows that

Rt+1 ≤ Rt +Kn1tn2R
κ−1
q−1

t ≤ KSttM2 +K
n1+St×κ−1

q−1 t
n2+M2

κ−1
q−1

≤ KSt+1

(
tM2 + t

n1+M2
κ−1
q−1

)
≤ KSt+1(t+ 1)M2

Since St < n1

1−κ−1
q−1

= n1(q−1)
q−κ , we can simplify Rt = O

(
K

n1(q−1)
q−κ t

(q−1)(n2+1)
q−κ

)
.
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Appendix E. Proof for binary search

Before proving Theorem 7, we make two quick observations.

Lemma 18 Let F : Rd −→ R be a (L, κ)-weakly smooth function. Define g : R → R for a, b ∈ Rd
by

g(λ) = F (a+ λb).

Then for any λ1, λ2, we have

|g′(λ1)− g′(λ2)|≤
2L

κ
∥b∥κ|λ1 − λ2|κ.

Proof We recall that :
g′(λ) = ⟨∇F (a+ λb), b⟩

and for any λ1, λ2, by weak smoothness:

−2L

κ
∥λ1b− λ2b∥κ≤ DF (a+ λ1b, a+ λ2b) +DF (a+ λ2b, a+ λ1b)) ≤

2L

κ
∥λ1b− λ2b∥κ

−2L

κ
∥λ1b− λ2b∥κ≤ ⟨∇F (a+ λ1b)−∇F (a+ λ2b), b⟩ ≤

2L

κ
∥λ1b− λ2b∥κ

By taking the absolute value :

|g′(λ1)− g′(λ2)|≤
2L

κ
∥λ1b− λ2b∥κ=

2L

κ
∥b∥κ|λ1 − λ2|κ.

We notice that, since we use the binary search in the segment [0, 1] (i.e. g : [0, 1] −→ R), F being
(L, κ)-weakly smooth implies that g′ is 2L

κ ∥xt − xagt ∥κ-Lipschitz.

Lemma 19 Consider a < b and let g : R −→ R have a continuous derivative. Then

g(a), g′(b) > 0 ≥ g(b) =⇒ ∃λ⋆ ∈ [a, b], g(λ⋆) ≤ 0, g′(λ⋆) = 0

Proof Let us pick λ⋆ = sup{λ ∈ [a, b] | g′(λ) ≤ 0}. That search set is not empty because due to
Taylor-Lagrange, as g′ is continuous, there exists λ ∈ [a, b] such that g′(λ) = g(b)−g(a)

b−a < 0. By
continuity of g and g′, we conclude that g(λ⋆) ≤ 0, g′(λ⋆) = 0.

Now we are ready to prove Theorem 7 on the complexity of the binary search.

Theorem 20 For fixed (Ct, ϵt, xt, x
ag
t ), the binary search Algorithm 2 finds a λ such that

xmdt = λxagt + (1− λ)xt

⟨∇F (xmdt ), xmdt − xt⟩+ Ct

(
F (xmdt )− F (xagt )

)
≤ ϵt (19)

in Oκ

(
max{log(Ct), log

(
L∥xt−xagt ∥κ

ϵt

)
}+ 1

)
iterations.
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Proof Set
g(λ) := F (xmdt )− F (xagt ) = F (λxagt + (1− λ)xt)− F (xagt ).

We notice that g(1) = 0 and

g′(λ) = ⟨∇F (xmdt ), xagt − xt⟩
⟨∇F (xmdt ), xmdt − xt⟩ = ⟨∇F (xmdt ), λ(xagt − xt)⟩ = λg′(λ).

As a first step in our proof, we show that there indeed exists a λ satisfying (19), i.e., fulfilling

Ctg(λ) + λg′(λ) ≤ ϵt.

If λ = 0 and λ = 1 fail to satisfy the inequality, we know that both :

g′(1) > ϵt

Ctg(0) > ϵt

From now, we will assume g′(1), g(0) > 0 for the rest of the proof. We set an index set Λ⋆ = {λ ∈
[0, 1] | g(λ) ≤ 0, g′(λ) = 0}. We notice that

λ ∈ Λ⋆ =⇒ Ctg(λ) + λg′(λ) ≤ 0.

We show that Λ⋆ is not an empty set. For that we will apply Lemma 19 with g(0), g′(1) > 0 = g(1),
there exists λ0 ∈ [0, 1], g(λ0) ≤ 0, g′(λ0) = 0 and λ0 ∈ Λ⋆.

Now for any λ⋆ ∈ Λ⋆, since g′ is α-Holder-smooth according to Lemma 18, for δ > 0,

∀λ ∈ [λ⋆ − δ, λ⋆] : |g′(λ)− g′(λ⋆)|≤
2L

κ
∥xt − xagt ∥κδκ

∀λ ∈ [λ⋆ − δ, λ⋆] : g(λ)− g(λ⋆) ≤
∫ λ⋆

λ⋆−δ
|g′(t)|dt ≤ 2L

κ
∥xt − xagt ∥κδκ+1

Therefore, for all λ ∈ [λ⋆ − δ, λ⋆],

Ctg(λ) + λg′(λ)

= Ctg(λ⋆) + λ⋆g
′(λ⋆)︸ ︷︷ ︸

≤0

+Ct(g(λ)− g(λ⋆)) + λg′(λ)− λ⋆ g
′(λ⋆)︸ ︷︷ ︸
=0

≤ Ct
2L

κ
∥xt − xagt ∥κδκ+1 + λ

2L

κ
∥xt − xagt ∥κδκ

≤ 2L

κ
∥xt − xagt ∥κδκ(Ctδ + 1).

In order to make the last expression smaller than ϵt, we consider δ = min{ 1
Ct
,
(

κϵt
4L∥xt−xagt ∥κ

)1/κ
}.

The last step is to notice that in Algorithm 2, our stop condition is satisfied when

Λ⋆ ∩ [a, b] ̸= ∅, δ > b− a,

since that implies ∃λ⋆ ∈ Λ⋆, a ∈ [λ⋆ − δ, λ⋆] =⇒ Ctg(a) + ag(a) ≤ ϵt.
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Now we verify that the condition Λ⋆ ∈ [a, b] holds for all the iterates. For that, using the previous
Lemma 19, we only need to verify the conditions at the extremities of the segment. If we initially
have :

g(a), g′(b) > 0 ≥ g(b)

then while iterating with a+b
2 , we know that :

g
(a+ b

2

)
> 0 =⇒ g

(a+ b

2

)
, g′(b) > 0 ≥ g(b) =⇒ Λ⋆ ∩

[a+ b

2
, b
]
̸= ∅

g′
(a+ b

2

)
> 0 ≥ g

(a+ b

2

)
=⇒ g(a), g′

(a+ b

2

)
> 0 ≥ g

(a+ b

2

)
=⇒ Λ⋆ ∩

[
a,
a+ b

2

]
̸= ∅

0 ≥ g
(a+ b

2

)
, g′
(a+ b

2

)
=⇒ a+ b

2
∈ Λ⋆

Once we prove that our iteration is valid, we know the interval starts as [0, 1] and we halve the size in
each iteration until it reaches δ. So the maximum iteration count is :

log(1/δ) + 1 = max

{
log(Ct), log

(
4L∥xt − xagt ∥κ

κϵt

)1/κ
}

+ 1

Appendix F. Lower bounds for binary search

We recall from Section 4 the sub-problem (6) of finding λ ∈ [0, 1] such that

Cg(λ) + λg′(λ) ≤ ϵ (20)

with C, ϵ > 0 two constants and g(1) = 0. In this section, we show a lower bound on the number
of iterations required to solve that problem in a first-order query model. We denote the class of
weakly-smooth functions by

FL⋆,κ := {g ∈ C1([0, 1],R) | g(1) = 0, ∀a, b ∈ [0, 1], |g′(a)− g′(b)|≤ L⋆|a− b|κ−1},

and we denote the class of smooth functions by FL⋆ := FL⋆,2. Since the domain is [0, 1], we know
that FL⋆ ⊂ FL⋆,κ for all 1 < κ ≤ 2. The lower bound consists of building two smooth functions
that agree with the observed function values and derivatives (g(λt), g′(λt)) for every λt evaluated,
but these two functions have distinct intervals where the condition (20) is satisfied on the line. For
simplicity, we refer to the condition (20) as the linear condition.

The following theorem gives the key condition on the interval [a, b] to build counter examples.
More precisely, we build g in the interval [a, b] and we need to satisfy the interpolation condition
(g(a), g′(a)) = (A, 0) and (g(b), g′(b)) = (B,B′). C is the constant given in the problem (20) and
C⋆ is related to C where we need [a, b] ⊂ [1/C⋆, 1] so that our lower bound will work. For the
upcoming theorem, we will consider the following notation

C⋆ = 1 +
1

C

Φ(a, b, A,B,B′) =
56B′

L⋆(b− a)
+

32(A−B)

L⋆(b− a)2
. (21)

Now, we can give the main theorem for lower bound.
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Theorem 21 If the following conditions are satisfied,
[a, b] ⊂ [1/C⋆, 1]

Φ(a, b, A,B,B′) ≤ 1

A ≥ ϵ
C , CB + B′

C⋆
≥ ϵ

B′ ≥ 0 ≥ B

(22)

then there exists two functions g1, g2 ∈ FL⋆ such that :

g1(a) = g2(a) = A

g1(b) = g2(b) = B

g′1(a) = g′2(a) = 0

g′1(b) = g′2(b) = B′

∀λ ∈
[
a,
a+ b

2

]
, Cg1(λ) + λg′1(λ) ≥ ϵ

∀λ ∈
[a+ b

2
, b
]
, Cg2(λ) + λg′2(λ) ≥ ϵ

We also notice that if the conditions are satisfied with 2ϵ instead of ϵ, we can have a strict
guarantee on the last lines on ϵ, therefore the strictness of inequality is not important here. Theorem 21
claims that if the condition evaluation parameter Φ is smaller than 1, it is impossible to determine
the location of the correct λt since there are still two functions in FL⋆ providing distinct intervals of
solutions λt (by the continuity of g′, a solution λt has to exist over the whole interval [a, b] if the
interpolation conditions on (a, b) are satisfied.) We provide the proof in the next section.

F.1. Proof with two separate constructions

In this section, we will show how to build the two smooth functions (g1, g2) in two different ways in
theory. (In practice, one only need to build them at the end of all requests to show the lower bounds.)
Both functions will interpolate (i.e. agree with) given first-order boundary conditions, but the first
function g1 has the property to not have any point satisfying (20) on the left side

[
a, a+b2

]
whereas

the second function g2 does not satisfy the condition (20) on the right side
[
a+b
2 , b

]
. We use two

separate constructions because (20) is not symmetric. The rough idea is that if the size of the interval
[a, b] is big enough, then the construction is possible while respecting the L⋆-smoothness condition.

Lemma 22 We consider [a, b] ⊆ [0, 1]. If the following conditions are satisfied :
b− a ≥ 6B′

L⋆
+ 16(A−B)

L⋆(b−a)
A ≥ ϵ

C

B′ ≥ 0

(23)

then there exists an interpolating L⋆-smooth function g1 such that :

g′1(a) = 0, g1(a) = A,

g′1(b) = B′, g1(b) = B,

∀x ∈
[
a, a+

b− a

2

]
, Cg1(λ) + λg′1(λ) ≥ ϵ
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Proof We will make a three-piece piece-wise linear interpolation of the derivative g′:

g′1

(
a+

b− a

2

)
= 0

g′1

(
a+

3(b− a)

4

)
= −W

with W > 0 that we determine later. Now we will verify the linear condition (20) on different
segments of [a, b]. For λ ∈

[
a, a + b−a

2

]
, we have g′1(λ) = 0, g1(λ) = A. Therefore, in this

interval, we can always assure that

Cg1(λ) + λg′1(λ) ≥ CA ≥ ϵ.

For λ ∈
[
a+ b−a

2 , a+ 3(b−a)
4

]
, we have the linear interpolation

g′1(λ) = − 4W

b− a
×
(
λ− a− b− a

2

)
,

For λ ∈
[
a+ 3(b−a)

4 , b
]
, we have the linear interpolation

g′1(λ) = −W +
4(B′ +W )

b− a
×
(
λ− a− 3(b− a)

4

)
,

In the end we want to make sure that the integral of g′ over [a, b] is B −A :

g1

(
a+

b− a

2

)
+

∫ b

a+ b−a
2

g′1(λ)dλ = B.

We can develop the previous form, since g′ is a linear interpolation, the integral is just the average of
its two extreme points :

A− W (b− a)

8
+
b− a

4
× −W +B′

2
= B

⇔ −W −W +B′ =
8(B −A)

b− a

⇔W =
B′

2
+

4(A−B)

b− a

Now that we find the value for W , we need to check the smoothness on the two last intervals.{
W ≤ L⋆ × b−a

4

B′ +W ≤ L⋆ × b−a
4

Since we supposed that B′ ≥ 0, the second condition is stricter. We rewrite the second condition as :

B′

2
+

4(A−B)

b− a
+B′ ≤ L⋆ ×

b− a

4

⇔ 6B′

L⋆
+

16(A−B)

L⋆(b− a)
≤ (b− a)
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which is what we set out to show.

Now we will build the second interpolation function on the right side of the interval
[
a+b
2 , b

]
.

Unlike g1, constant derivative is not working here, we show in the following lemma that linear
derivative works if [a, b] is big enough, but contained in [1/C⋆, 1].

Lemma 23 Let’s consider C⋆ = 1 + 1
C . We consider [a, b] ⊂ [1/C⋆, 1]. If the following conditions

are satisfied : 
b− a ≥ 56B′

L⋆
+ 32(A−B)

L⋆(b−a)
B′ ≥ 0 ≥ B

CB + B′

C⋆
≥ ϵ,

(24)

then there exists an L⋆-smooth function g2 such that :

g′2(a) = 0, g2(a) = A

g′2(b) = B′, g1(b) = B

∀λ ∈
[
a+

b− a

2
, b
]
, Cg2(λ) + λg′2(λ) ≥ ϵ

Proof Now we start making linear interpolation for the derivatives with the middle point values
fixed in the following way

g′2

(
a+

b− a

4

)
= −W

g′2

(
a+

b− a

2

)
= KB′

with V,W > 0 two constants to be determine later. Now we will start with the right side as it is
the most interesting one.

For λ ∈
[
a+ (b−a)

2 , b
]
, we apply the linear interpolation :

g′2(λ) = B′ +
2(KB′ −B′)

b− a
×
(
b− λ

)
= B′

(
1 +

2(K − 1)

b− a
×
(
b− λ

))
Since the interpolation of the derivative is linear, we know that :

g2(b)− g2(λ) =

∫ b

λ
g′(s)ds

=
(g′2(b) + g′2(λ)

2

)
(b− λ)

g2(λ) = B −B′
(
1 +

(K − 1)(b− λ)

b− a

)
(b− λ)
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Since a ≥ 1/3 and g′2 ≥ 0 on this interval, we know that:

Cg2(λ) + xg′2(λ)

≥Cg2(λ) +
g′2(λ)

C⋆

≥CB − CB′
(
1 +

(K − 1)(b− λ)

b− a

)
(b− λ) +

B′

C⋆

(
1 +

2(K − 1)

(b− a)
× (b− λ)

)
≥
(
CB +

B′

C⋆

)
+

(
2(K − 1)

C⋆(b− a)
− C

(
1 +

(K − 1)(b− λ)

b− a

))
×B′(b− λ)

We only need to choose K big enough so 2(K−1)
C⋆(b−a) − C

(
1 + (K−1)(b−λ)

b−a

)
is always positive, we

notice that :
b− λ

b− a
≤ 1

2

b− a ≤ 1− 1

C⋆
=
C⋆ − 1

C⋆

=⇒ 1

C⋆(b− a)
≥ 1

C⋆

C⋆
C⋆ − 1

=
1

C⋆ − 1

then
2(K − 1)

C⋆(b− a)
− C

(
1 +

(K − 1)(b− λ)

b− a

)
≥2(K − 1)

C⋆ − 1
− C

(
1 +

K − 1

2

)
=
2(K − 1)

C⋆ − 1
− C(K + 1)

2

=
4

C⋆ − 1
− 2C ≥ 0

by picking K = 3 in the last line and as we recall that C⋆ = 1 + 1
C .

For x ∈
[
a, a+ (b−a)

2

]
, we need to assure the integral of g′ over [a, b]∫ a+ b−a

2

a
g′2(λ)dλ = g2

(a+ b

2

)
− g2(a) = B −B′

(
1 +

K − 1

2

)
b− a

2
−A

= B −B′(b− a)−A

We are making an linear interpolation of g′2 and

g′2(a) = 0, g′2

(
a+

b− a

4

)
= −W, g′2

(
a+

b− a

2

)
= 3B′,

then,
0 + 3B′ − 2W

4
× b− a

2
= B −A−B′(b− a)

⇔ 3B′ − 2W + 8B′ =
8(B −A)

b− a

W = 11B′ +
8(A−B)

b− a
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The remaining task is to check the L⋆-smoothness over the three segments :
W ≤ L⋆ × b−a

4

W + 3B′ ≤ L⋆ × b−a
4

2B′ ≤ L⋆ × b−a
2

The second one is the most restrictive one. It is equiavalent to :

11B′ +
8(A−B)

b− a
+ 3B′ ≤ L⋆ ×

b− a

4

⇔ 56B′

L⋆
+

32(A−B)

L⋆(b− a)
≤ b− a

F.2. Induced Lower bound theory

Now combining Lemma 22 with Lemma 23, we will design a lower bound adversary A that limits
the growth of Φ from (21) at each evaluation.

If λ ∈
[
a, a+ b−a

2

]
, A returns :

g′(λ) = ϵ, g(λ) = A

If λ ∈
[
a+ b−a

2 , b
]
, A returns :

g′(λ) = B′
(
1 +

4(b− λ)

b− a

)
, g(λ) = B −B′

(
1 +

2(b− λ)

b− a

)
(b− λ)

Theorem 24 We consider the same condition as in Theorem 21. After requesting (g, g′) at λ, the
algorithm A returns (g(λ), g′(λ)). We know that value of Φ on [a′, b′] = [a, λ] or [a′, b′] = [λ, b]
will verify that : 

Φ
(
a′, b′, g(a′), g(b′), g′(b′)

)
≤ 5Φ(a, b, A,B,B′)

g(a′) ≥ ϵ
C , g′(b′) ≥ 0 ≥ g(b′)

Cg(b′) + g′(b′)
C⋆

≥ ϵ,

Proof If λ ∈
[
a, a + b−a

2

]
, the new segment is on the right side of λ, [a′, b′] = [λ, b]. Since

b− a ≤ 2(b− λ), we know that

Φ
(
a′, b′, g(a′), g(b′), g′(b′)

)
=

56g′(b′)

L⋆(b− λ)
+

32(g(λ)− g(b))

L⋆(b− λ)2

=
56B′

L⋆(b− λ)
+

32(A−B)

L⋆(b− λ)2

≤ 2× 56B′

L⋆(b− a)
+ 4× 32(A−B)

L⋆(b− a)2
≤ 4Φ(a, b, A,B,B′)
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If λ ∈
[
a+ b−a

2 , b
]
, the new segment is on the left side of λ, [a′, b′] = [a, λ]. We recall that

g′(λ) = B′
(
1 +

4(b− λ)

b− a

)
, g(λ) = B −B′

(
1 +

2(b− λ)

b− a

)
(b− λ)

then

Φ
(
a′, b′, g(a′), g(b′), g′(b′)

)
=

56g′(b′)

L⋆(λ− a)
+

32(g(λ)− g(b))

L⋆(λ− a)2

=
56g′(λ)

L⋆(λ− a)
+

32(A− g(λ))

L⋆(λ− a)2

=
56B′

L⋆(λ− a)
+

56B′

L⋆(λ− a)
× 4(b− λ)

b− a
+

32(A−B)

L⋆(λ− a)2
+

32B′

L⋆(λ− a)2
× 2(b− λ)2

b− a

=
56B′

L⋆(λ− a)
+

56B′

L⋆(λ− a)
× 4(b− λ)

b− a
+

32B′

L⋆(b− a)
× 2(b− λ)2

(λ− a)2
+

32(A−B)

L⋆(λ− a)2

≤ 56B′

L⋆(λ− a)
+

56B′

L⋆(λ− a)
× 2 +

32B′

L⋆(b− a)
× 1

2
+

32(A−B)

L⋆(λ− a)2

with the last inequality using that 2(b− λ) ≤ b− a, then

Φ
(
a′, b′, g(a′), g(b′), g′(b′)

)
≤5

2
× 56B′

L⋆(λ− a)
+

32(A−B)

L⋆(λ− a)2

≤5× 56B′

L⋆(b− a)
+ 4× 32(A−B)

L⋆(b− a)2
= 5Φ(a, b, A,B,B′)

Combining both, we also guarantee that

Φ(a′, b′, g(a′), g(b′), g′(b′)) ≤ 5Φ(a, b, A,B,B′)

In the previous theorem, we showed that the condition evaluation function Φ grows at an
exponential speed at most through each evaluation and we know that Φ ≤ 1 means that we can
always find two smooth functions which have distinct intervals that satisfy (20). Combining both,
the next theorem gives an explicit formulation for the logarithmic complexity

Theorem 25 Let’s fix parameters C, ϵ, L⋆ > 0. Consider a sequence of N points (λ1, . . . , λN )
where (g(λi), g

′(λi)) are evaluated. If the number of iterations is insufficient

N < log(5)
(
log

L⋆
ϵ

+ log
C

(C + 1)2
− log(88)

)
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Then there exists two L⋆-smooth functions (g1, g2) and two sets I1, I2 such that

∀1 ≤ i ≤ N, g1(λi) = g2(λi) = g(λi)

∀1 ≤ i ≤ N, g′1(λi) = g′2(λi) = g′(λi)

∀λ ∈ I1, Cg1(λ) + λg′1(λ) ≥ ϵ

∀λ ∈ I2, Cg2(λ) + λg′2(λ) ≥ ϵ

I1 ∪ I2 = [0, 1]

Proof The lower depends on the initial value of Φ. We can consider [a, b] = [ 1
C⋆
, 1] with A = ϵ

C ,
B = 0 and B′ = C⋆ϵ. We recall that C⋆ = C+1

C (1− 1
C⋆

= 1
C+1 ) and we notice that

Φ

(
1

C⋆
, 1,

ϵ

C
, 0, C⋆ϵ

)
=

56C⋆ϵ(C + 1)

L⋆
+

32ϵ(C + 1)2

CL⋆

=
56ϵ(C + 1)2

CL⋆
+

32ϵ(C + 1)2

CL⋆
=

88ϵ(C + 1)2

CL⋆

Then the minimum iteration is

log5

( CL⋆
88ϵ(C + 1)2

)
= log(5)

(
log

L⋆
ϵ

+ log
C

(C + 1)2

)
+O(1)

Appendix G. Lower bounds in p-norm

For the lower bound, we use the results from to Diakonikolas and Guzmán (2024) where the authors
consider convex functions that are weakly smooth in a non-Euclidean norm.

Theorem 26 ((Diakonikolas and Guzmán, 2024)) Let 1 ≤ p ≤ ∞, and consider the problem
class of unconstrained minimization with objectives in the class FRd,∥·∥p(κ, L), whose minima are
attained in B∥·∥p(0, R). Then, the complexity of achieving additive optimality gap ϵ, for any local
oracle, is bounded below by:

Ω

((
LRκ

ϵ[ln d]κ−1

) 2
3κ−2

)
, if 1 ≤ p < 2;

Ω

((
LRκ

ϵmin{p,ln d}κ−1

) p
κp+κ−p

)
, if 2 ≤ p <∞; and,

The dimension d for the lower bound to hold must be at least as large as the lower bound itself.

We would like to point out that the previous lower bounds use convex functions whereas the
upper bounds provided in our work focus on the star-convex function class. Therefore, it is surprising
that our algorithms performs nearly optimally on p-norms up to a factor depending only on τ .
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Appendix H. Bregman divergence and radius of domain

In this section we relate the Bregman divergence generated by the q-th power of the p-norm to the
q-th power of the p-norms of the arguments.

Lemma 27 Fix p > 1, q > 1 and define ψ(x) := 1
q ∥x∥

q
p. Then

Dψ(x, y) ≤ 2max { ∥x∥qp , ∥y∥
q
p }.

Proof By definition, we have

Dψ(x, y) =
1

q
∥x∥qp −

1

q
∥y∥qp − ∥y∥q−pp

∑
i

(xi − yi)|yi|p−2yi,

which we may reorganize to

≤ 1

q
∥x∥qp +

q − 1

q
∥y∥qp + ∥y∥q−pp

∑
i

xi|yi|p−1.

Seeing that sum as an inner product, by Hölder with 1 = 1
p +

1
p

p−1
, this is bounded above by

≤ 1

q
∥x∥qp +

q − 1

q
∥y∥qp + ∥x∥p ∥y∥

q−1
p

and further by convexity of the exponential (i.e. aθb1−θ = eθ ln a+(1−θ) ln b ≤ θa+ (1− θ)b) by

≤ 2

(
1

q
∥x∥qp +

q − 1

q
∥y∥qp

)
.

The result follows by observing that a convex combination is bounded by the maximum.

Appendix I. Application for l1 norm

For the ℓ1 norm, we can apply our algorithm for ℓq norm with q = 1 + s and use the equivalence of
norms :

DF (x, y) ≤
L

κ
∥x− y∥κ1≤

Ld
κ(1− 1

q
)

κ
∥x− y∥κq=

Ld
κs
s+1

κ
∥x− y∥κq

Since F is (Ld
κs
s+1 , κ)-weakly-smooth with respect to the q-norm, we can pick ψ(x) = 1

2∥x∥
2
q as the

distance generating function; it is strongly convex with respect to the q-norm.
Now we have a weakly smooth function and a strongly convex distance generating function with

respect to q-norm, our algorithms leads to the following precision

Oκ

(
d

2κs
(s+1)(3κ−2)

(
Lτ2Rκ

ϵ

) 2
3κ−2

log2
(LτR

ϵ

))
with s > 0 a parameter that can be chosen arbitrary small. Therefore, the dimension cost can be
controlled asymptotically when d −→ ∞, ϵ −→ 0.
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Appendix J. Smooth case where q=2

For the completeness of the theory, in the special case where q = κ = 2, we present a variation of
our Theorem 5 here. We start by recalling the definitions of the standard smoothness and strong
convexity.

Definition 28 (Smoothness) A continuously differentiable function F : Rd −→ R is said to be
L-smooth with respect to norm ∥·∥ if for all x, y ∈ Rd

|DF (x, y)|≤
L

2
∥x− y∥2.

Definition 29 (Strong convexity) A continuously differentiable function F : Rd −→ R is said to be
µ-strongly convex with respect to norm ∥·∥ if for all x, y ∈ Rd

DF (x, y) ≥
µ

2
∥x− y∥2.

Theorem 30 In the setting of Assumption 1, Algorithm 1 with the tuning below gives for all t ≥ 1

At

(
F (xagt+1)− F⋆

)
≤Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηtϵt +At−1

(
F (xagt )− F⋆

)
where Oq,κ omits constants depending only on (q, κ). This is achieved for any α > 0 by

αt := α, ηt :=
αt

2τ
, ϵt :=

1

tηt
, At :=

η2t
αt
. (25)

Proof Compared to the case where q > κ, the step is the same until equation (11), then the smooth
analysis changes.

ηt
τ

(
F (xmdt )− F⋆

)
≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+ ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

2
∥xt+1 − xt∥2.

(26)

For the smooth analysis part, we still obtain :

αt

(
F (xmdt )− F (xagt+1)

)
≥ µ∥xmdt − xagt+1∥

2−αtDF (x
ag
t+1, x

md
t )

≥ µ∥xmdt − xagt+1∥
2−Lαt

2
∥xmdt − xagt+1∥

2,
(27)

We will assume 2µ
L > αt. Similarly to the case q > κ, the smoothness of F combining with the

choice of xagt+1 leads to

ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

2
∥xt+1 − xt∥2

≤µη
2
t

α2
t

∥xagt+1 − xmdt ∥2

2

≤µη
2
t

2α2
t

(
2αt

2µ− Lαt

(
F (xmdt )− F (xagt+1)

))

=
µη2t

αt(2µ− Lαt)

(
F (xmdt )− F (xagt+1)

)
.

(28)
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Combining with previous equations (26) (28), we know that
ηt
τ

(
F (xmdt )− F⋆

)
≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+
µη2t

αt(2µ− Lαt)

(
F (xmdt )− F (xagt+1)

)
.

(29)

which can be arranged into :

µη2t
αt(2µ− Lαt)

(
F (xagt+1)− F⋆

)
≤Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+
( µη2t
αt(2µ− Lαt)

− ηt
τ

)(
F (xmdt )− F (xagt )

)
+
( µη2t
αt(2µ− Lαt)

− ηt
τ

)(
F (xagt )− F⋆

)
.

(30)

with binary search

ηt⟨∇F (xmdt ), xmdt − xt⟩+
µη2t

αt(2µ− Lαt)

(
F (xmdt )− F (xagt )

)
≤ ηtϵt

We write At :=
η2t
αt

, then

At

(
F (xagt+1)− F⋆

)
≤Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηtϵt +At−1

(
F (xagt )− F⋆

)
. (31)

However, when it comes to the analysis of the upper bound of the iterates, an additional as-
sumption needs to be considered. If the following condition is not satisfied, we cannot theoretically
guarantee the polynomial growth of our iterates.

Assumption 2 There exists C ≥ 1, such that for all x ∈ Rd,

∥∇ψ(x)∥∗≤ C∥x∥

We note that this assumption is verified for p-norms with 1 < p < 2 where we consider

ψ(x) :=
∥x∥2p
2 . There the assumption is equivalent to ∥ϕ(x)∥∗≤ C∥x∥ with ϕ(x) := ∇

(
∥x∥2
2

)
. That

condition is satisfied for C = 1. Now, we can provide the upper bound for the bounded iterates.

Theorem 31 (case q = κ = 2) We suppose that :

∀x ∈ Rd, ∥∇ψ(x)∥∗≤ C∥x∥

Let’s assume that Dψ(x⋆, x1) ≤ B. We suppose that we are running Algorithm 1 with exponents
n1 ≥ 0, n2 ≥ 1, such that for all s ≥ 1

max

(
s∑
t=1

ηtϵt,
αt
ηt
, Lηs,

Lαs
2

)
≤ Kn1sn2

and Kn1 > B that might also depend on (C,L, τ, µ). Then, there exists an upper bound for
∥xt − xagt ∥ which is polynomial in t.
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Proof We use the result from Theorem 5, by telescopic sum, we know that :

Dψ(x⋆, xτ+1) +Aτ

(
F (xagτ+1)− F (x⋆)

)
≤ Dψ(x⋆, x1) +A1

(
F (x1)− F (x⋆)

)
+

τ∑
t=1

(Bt + ηtϵt)

We recall that from the smoothness of F :

∥∇F (xmdt )∥∗ ≤
L

2
∥xmdt − x⋆∥

F (x1)− F (x⋆) ≤ DF (x1, x⋆) ≤
L

2
∥x1 − x⋆∥2≤

qL

2
B

which implies that

µ∥xτ+1 − x⋆∥2 ≤ B + LB +Kn1τn2

∥xτ+1 − x⋆∥ ≤
(B
µ

+
LB

µ
+
Kn1

µ
τn2

) 1
2

≤
(B
µ

+
LB

µ

) 1
2
+
K

n1
2

√
µ
τ

n2
2

Since our setting is unconstrained, the (sub-)gradients have to cancel :

ηt∇F (xmdt ) +∇ψ(xt+1)−∇ψ(xt) = 0

αt∇F (xmdt ) + ϕ(xagt+1 − xmdt ) = 0

with ϕ(x) := ∇
(
∥x∥2
2

)
. With some manipulation

ηt∥∇F (xmdt )∥∗ ≤ ∥∇ψ(xt+1)∥∗+∥∇ψ(xt)∥∗≤ C
(
∥xt+1∥+∥xt∥

)
≤ C

(
∥xt+1 − x⋆∥+∥xt − x⋆∥+2∥x⋆∥

)
αt∥∇F (xmdt )∥∗ = ∥ϕ(xagt+1 − xmdt )∥∗= ∥xagt+1 − xmdt ∥

We use the definition of ϕ, we combine the previous step with Cauchy–Schwarz inequality

∥xagt+1 − xmdt ∥2 ≤ ⟨ϕ(xagt+1 − xmdt ), xagt+1 − xmdt ⟩
≤ αt∥∇F (xmdt )∥∗×∥xagt+1 − xmdt ∥

∥xagt+1 − xmdt ∥ ≤ αt∥∇F (xmdt )∥∗

From the triangle inequality, we obtain :

∥xagt+1 − x⋆∥ ≤ ∥xagt+1 − xmdt ∥+∥xmdt − x⋆∥
≤ αt∥∇F (xmdt )∥∗+λt∥xagt − x⋆∥+(1− λt)∥xt − x⋆∥

≤ Cαt
ηt

(
∥xt+1 − x⋆∥+∥xt − x⋆∥+2∥x⋆∥

)
+ ∥xt − x⋆∥+∥xagt − x⋆∥
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By induction,

∥xagτ+1 − x⋆∥ ≤
τ∑
t=0

(
Cαt+1

ηt+1
+
Cαt
ηt

+ 1

)
∥xt+1 − x⋆∥+C∥x⋆∥

τ∑
t=1

αt
ηt

≤ CKn1

τ∑
t=0

((t+ 1)n2 + tn2 + 1) ∥xt+1 − x⋆∥+CKn1∥x⋆∥τn2

As we recall that

∥xt+1 − x⋆∥≤
(B
µ

+
LB

µ

) 1
2
+
K

n1
2

√
µ
t
n2
2 ,

we know that ∥xt+1 − x⋆∥ has an upper bound polynomial in t. Therefore, the distance ∥xt − xagt ∥
is polynomial in t as well.

Combining Theorem 30 with Theorem 31, we obtain the final convergence rate :

Corollary 32 (case q = κ = 2) We suppose that :

∀x ∈ Rd, ∥∇ψ(x)∥∗≤ C∥x∥

If a bound 1
µDψ(x⋆, x1) ≤ B is available, then the tuning of Theorem 30 with α = µ

√
B

L guarantees

F (xagT+1)− F⋆ = O
(
Lτ2

√
B

T 2

)
. The algorithm’s oracle usage over T iterations is upper-bounded by

O(T log(LBτT )), where this bound represents the maximum number of times the oracle is called
during the entire execution process.

Appendix K. Discussion on the extension to the constrained case

In the following we highlight the main challenges that arise when extending our result to the
constrained case. Specifically, consider a convex domain X ⊆ Rd. The goal is to solve the
constrained problem

min
x∈X

F (x)

where F is assumed to be smooth and star-convex. For simplicity, set q = κ = 2. Our Algorithm 1
can be adapted to this constrained setting as follows:

xmdt = λtx
ag
t + (1− λt)xt

xt+1 = argmin
x∈X

{ηt⟨∇F (xmdt ), x⟩+Dψ(x, xt)}

xagt+1 = arg min
x∈It∩X

{αt⟨∇F (xmdt ), x⟩+ µ

2
∥x− xmdt ∥2},

where It := {xmdt + γ(xt+1 − xt), γ ∈ R} is the line passing through xmdt and xt+1. The original
convergence argument until (11) applies for any xagt+1, so we get

ηt
τ

(
F (xmdt )− F⋆

)
≤ Dψ(x⋆, xt)−Dψ(x⋆, xt+1) + ηt⟨∇F (xmdt ), xmdt − xt⟩

+ ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

2
∥xt+1 − xt∥2.

(32)
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The main difficulty lies in bounding the term:

ηt⟨∇F (xmdt ), xt − xt+1⟩ −
µ

2
∥xt+1 − xt∥2≤

µη2t
αt(2µ− Lαt)

(
F (xmdt )− F (xagt+1)

)
using the new definition of xagt+1 from above. Interestingly, our original choice of xagt+1 can be seen to
maximize a lower bound on F (xmdt )− F (xagt+1) by observing that

F (xmdt )− F (xagt+1) =⟨∇F (xmdt ), xmdt − xagt+1⟩ −DF (x
ag
t+1, x

md
t )

≥⟨∇F (xmdt ), xmdt − xagt+1⟩ −
L

2
∥xagt+1 − xmdt ∥2.

However, our proof strategy from the unconstrained case only applies if xagt+1 lies in the interior of X .
To see what fails, our proof in Section C.2 essentially relies on the unconstrained xagt+1 zeroing the
derivative of its defining objective in the direction xt+1 − xt. For the constrained xagt+1, there is no
useful relation between the derivative and that vector. We may still make some progress as follows.
Let us denote the optimizer over the line by

xagt+1 = xmdt + βt(xt+1 − xt).

The difficult case is when βt > 0. In this case, one can still obtain :

ηt⟨∇F (xmdt ), xt − xt+1⟩ =
ηt
βt

⟨∇F (xmdt ), xmdt − xagt+1⟩

=
ηt
βt

(
F (xmdt )− F (xagt+1) +DF (x

ag
t+1, x

md
t )
)

≤ ηt
βt

(
F (xmdt )− F (xagt+1)

)
+
Lηtβt
2

∥xt+1 − xt∥2,

but we can only guarantee the accelerated convergence rate if βt ≥ αt(2µ−Lαt)
µηt

. This condition may
not be satisfied in the constrained setting since βt can be arbitrarily close to zero, especially when
xmdt lies near the boundary of X . This is the key reason our analysis does not straightforwardly
generalize to the constrained case.

Appendix L. Star-convexity and quasi-convexity

Following the definition of quasi-convexity from Boyd and Vandenberghe (2004), quasi-convexity
and star-convexity are not hierarchically related. Quasi-convexity requires all sublevel sets to be
convex (i.e., a condition on all pairs (x, y)), whereas τ -star-convexity only constrains the function
along rays from the minimizer x∗. These impose different geometric requirements, and neither
assumption is strictly stronger in general. For example, consider

g(x, y) = (x2 + y2) q(x, y)2(1− q(x, y))2, q(x, y) =
arctan(|y|/|x|)

π/2
.

The function is minimized at the origin and is a symmetric convex quadratic (with quadratic coefficient
in [0, 1/8]) along every line through the origin, so g is star convex with τ = 1. However, its level sets
consist of all points within some distance to the coordinate axes (i.e. an infinite cross at the origin),
and as such g is not quasi-convex.
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Appendix M. Non-Accelerated Mirror Descent for Benchmarking

As a benchmark for minimizing τ -star-convex functions without acceleration, we employ the standard
mirror descent algorithm. The update rule at iteration t is given by:

xt+1 = argmin
x∈X

{η⟨∇F (xt), x⟩+Dψ(x, xt)} .

Convergence Result: Applying an analysis analogous to the accelerated case, with step size
η = Dq−κ

L and selecting the output as xout = argmin1≤t≤T F (xt+1), the non-accelerated algorithm
achieves the following guarantee after T iterations:

F (xout)− F⋆ = O
(
LDκ

τ T
κ
q

)
,

where the parameters satisfy 1 < κ ≤ 2 and q ≥ 2.

Appendix N. Handling Composite Functions with Non-Euclidean Regularization

Our framework is particularly effective for composite objectives where one component is star-convex
and the other is smooth with respect to a non-Euclidean norm. We demonstrate this with a concrete
example.
Constructing the Example: Consider the function f : Rd → R defined as

f(x) := g(x) + L2 hp(x− 1d),

where:

• g(x) is the lower-bound function from Hinder et al. (2020), which is τ -star-convex.

• hp(·) is the lower-bound function from Guzmán and Nemirovski (2015) for 1 < p ≤ 2.

Properties of the Composite Function: The constructed function f possesses the following key
characteristics:

1. Smoothness: f is O(L2 +Θ(L2))-smooth with respect to the ℓp-norm.

2. Star-Convexity: f is τ -star-convex.

3. Non-Convexity: For sufficiently small L2, the function f is non-convex.

4. Dimension Dependency: f is not smooth with respect to the Euclidean norm without incurring
a dimension-dependent factor of d.

This example highlights the capability of our method to efficiently handle composite structures
that are naturally smooth in non-Euclidean geometries, avoiding unfavorable dimension scaling.
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