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Abstract

Understanding the reliability of large language models (LLMs) has recently garnered signif-
icant attention. Given LLMs’ propensity to hallucinate, as well as their high sensitivity to
prompt design, it is already challenging to predict the performance of an individual LLM.
However, the problem becomes more complex for compound LLM systems such as cascades,
where in addition to each model’s standalone performance, we must understand how the
error rates of different models interact. In this paper, we present a probabilistic model
for the joint performance distribution of a sequence of LLMs, which enables a framework
for rationally tuning the confidence thresholds of a LLM cascade using continuous opti-
mization. Compared to selecting confidence thresholds using grid search, our parametric
Markov-copula model significantly improves runtime scaling with respect to the length of
the cascade and the desired resolution of the cost-error curve, turning them from intractable
into low-order polynomial. In addition, the optimal thresholds computed using our contin-
uous optimization-based algorithm increasingly outperform those found via grid search as
cascade length grows, improving the area under the cost-error curve by 1.9% on average for
cascades with k£ > 3 models. Overall, our Markov-copula model provides a rational basis
for tuning LLM cascade performance and points to the potential of probabilistic methods
in analyzing LLM systems.

1 Introduction

As LLMs become workhorses of the modern computing stack, systems of LLMs have received significant at-
tention (Zaharia et al., 2024; Chen et al., 2024b). These approaches make it possible to adapt computational
spending to the performance requirements at the query or task level (Kag et al., 2023; Chen et al., 2023),
yielding significant gains in operational efficiency. These gains are achievable even when accessing LLMs
entirely via black-box API calls, by switching between models of different capabilities.

However, moving from single LLMs to LLM systems introduces significant additional complexity. To find
the system’s optimal operating point, it is important to understand not just the performance of individual
models but also the interactions between their error rates. For example, in a simple two-model LLM cascade
in which a small model delegates difficult queries to a large model, the large model’s error rate increases
conditional on receiving a query, since the small model’s confidence gating induces an adverse selection
(Zellinger and Thomson, 2024).

In this paper, we present a parametric probabilistic model for the joint distribution of the calibrated con-
fidences of a sequence of k LLMs, providing a rational basis for understanding the performance of LLM
cascades. We focus on cascades whose constituent models are ordered by size, from smallest to largest.
Our probabilistic model is based on a Markov factorization, leveraging the insight that LLMs similar in
size are more predictive of each other’s confidence. After using logistic regression to calibrate each LLM’s
confidence, we account for the pairwise interactions between subsequent LLMs’ error rates using bivariate
copulas, providing a data-efficient model of cascade performance that performs well with n ~ 300 training
examples across six benchmarks.

Our Markov-copula model makes it possible to tune the confidence thresholds of an LLM cascade using
continuous optimization. Compared to selecting these thresholds via grid search, our algorithm significantly
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improves runtime scaling. For example, we reduce scaling with respect to the cascade length k& from expo-
nential to low-order polynomial, making it much faster to tune longer cascades consisting of k£ > 5 models. In
addition, the optimal thresholds computed using our continuous optimization-based algorithm increasingly
outperform those found via grid search as cascade length grows. For cascades consisting of & > 3 models,
we report an average 1.9% decrease in the area under the cost-error curve across six benchmarks.

Relative to the prior literature on LLM cascades, our main contributions are as follows:

e We propose a generative probabilistic model for the joint distribution of the calibrated confidences
of a sequence of LLMs, based on a Markov factorization, copula modeling, and mixed discrete-
continuous marginal distributions. We demonstrate that our model fits the empirical data well:
on the test sets, we report average Cramér-von Mises statistics of /nCvM = 0.006 for the copula
models and vCvM = 4% for the mixed discrete-continuous marginal distributions.

e Building on our Markov-copula model, we develop an algorithm for tuning the confidence thresholds
of an LLM cascade using continuous optimization. We demonstrate that our method significantly
improves the computational complexity of finding optimal confidence thresholds, turning the de-
pendencies on cascade length and the desired resolution of the cost-error curve from intractable
and high-order polynomial into low-order polynomial and linear, respectively. In addition, we show
that our method finds higher-quality optimal thresholds as cascade length grows, reporting a 1.9%
average decrease in the area under the cost-error curve for cascades consisting of k > 3 models.

In addition, we present comprehensive evidence that simple hyperparameter-free feature transforms sig-
nificantly improve the performance of calibrating LLM confidence with logistic regression (Zellinger and
Thomson, 2024), demonstrating a 28.2% average reduction in expected calibration error across 10 LLMs and
6 benchmarks.

2 Background and Related Work

Language Models: given a predefined token vocabulary V), a large language model (LLM) M defines an
autoregressive probability distribution ¢ ~ p(:|t1,...,t,) for the next token ¢ € V given a sequence of tokens
(t1,...,tn) € V™. In this work, we focus on the overall input-output behavior of the model M. We let x stand
for the entire query consisting of tokens (t1, ..., t,) and write M (z) for the sequence of tokens (t,,41, tnt2,-..)
obtained when repeatedly sampling ¢; 11 ~ P(:|t1, ..., t;) for j > n until encountering a stop token ¢y € V.

Language Model Cascades: a length-k LLM cascade C' = M; — ... — M}, routes an incoming query x
sequentially from model M; to M, 1 based on confidence measures ®; = ®;(z) € [0,1]. When x reaches M;,
the cascade returns M;(z) if ®;(x) > ¢;, where ¢; € (0, 1) is a confidence threshold for model M;. Otherwise,
C forwards the query z to the next model, M;;1. Writing Ci.x for the subcascade M; — ... = M}, consisting
of the last k — i 4+ 1 models, the output C(z) of the overall cascade is defined recursively as

(1)

Cox(x)  otherwise,

Clx) = {Ml(x) if ®1(x) > ¢1 or [C] =1

where |C] is the length of the cascade, for example |Ca.x| = k — 1.

Different authors have recently explored LLM cascades. Chen et al. (2023) have shown that it is possible to
approach the performance of a large LLM at much lower cost by initially sending queries to a small model;
Aggarwal et al. (2024) present a flexible cascading approach based on a POMPD router; Yue et al. (2024)
propose LLM cascades specifically for mathematical reasoning benchmarks; and Gupta et al. (2024) consider
uncertainty at individual token position within longer generations. While many of these approaches use
standard uncertain quantification techniques for LLMs (discussed below), some use trained neural networks
for making the decision of forwarding a query z to the next model. Neural network approaches have the
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potential to make more finegrained distinctions between the capabilities of different LLMs', but may require
large amounts (n > 1000) of task-specific training data to perform well.

Jitkrittum et al. (2024) discuss the limits of forwarding queries based purely on the confidence level of the
current model, proposing to train a cascading decision that takes into account not only the current model’s
probability of correctness, but also that of the following model. In addition, Wang et al. (2024) explore
finetuning LLMs to make them more effective as part of a cascade. Other methods for LLM orchestration
use routers that directly forward queries to suitable LLMs in a one-to-many architecture (Ding et al., 2024;
Kag et al., 2023; Sakota et al., 2024; Hari and Thomson, 2023). In addition, some work has explored
recombining the string outputs of several smaller models to yield improved performance (Jiang et al., 2023).

Uncertainty Quantification and Calibration: LLMs within a cascades require the means to tell “easy”
queries from “difficult” ones. Several authors have proposed methods for quantifying this uncertainty. These
methods work in different ways. Some draw on the LLMs’ intrinsic next-token probabilities (Hendrycks and
Gimpel, 2018; Plaut et al., 2024), while others use prompting to elicit confidence statements (Lin et al.,
2022; Kadavath et al., 2022; Xiong et al., 2024). Some sample repeatedly from the LLM and measure the
consistency between different answers (Wang et al., 2023; Manakul et al., 2023; Farquhar et al., 2024; Lin
et al., 2024), while others train lightweight probes on top of an LLM’s hidden embeddings (Azaria and
Mitchell, 2023; Ren et al., 2023, Chen et al., 2024a; Kossen et al., 2024). Finally, it is even possible to
evaluate uncertainty in a largely unsupervised way (Burns et al., 2024).

Calibration of LLM uncertainty refers to the question of whether numerical confidence scores reflect the
true probabilities of error. Methods relying on LLMs’ next-token probabilities face the challenge that these
probabilities are typically overconfident, at least for instruction-tuned LLMs (Ouyang et al., 2022; OpenAl
et al., 2024). Although calibration is not required for forwarding queries based on confidence, it is important
for accurately predicting error rates and desirable for gaining insights into system performance. Many
techniques for calibration have been proposed (Platt, 1999; Zadrozny and Elkan, 2002; Naeini et al., 2015,
Guo et al., 2017; Jiang et al., 2021). Temperature scaling, which divides an LLM’s log probabilities by a
suitable constant factor (typically >1), is often favored for its simplicity.

Copula Models: copula models are statistical tools for modeling joint probability distributions. They are
widely used in applications. For example, in quantitative finance they are used to price complex securities
such as baskets of loans whose repayments depend on multiple borrowers. Mathematically, a copula is a
joint cumulative distribution function whose marginals all follow the uniform distribution. The idea behind
copula modeling is that, in order to specify an arbitrary joint distribution p(x,y), it suffices to specify the
marginals p(z), p(y) along with a copula accounting for the correlation between x and y. This result is
known as

Theorem 1 (Sklar’s Theorem). Let Fxy be a joint distribution function with marginals Fx and Fy. Then
there exists a copula C such that for all x,y € R,

Fxy(z,y) = C(Fx(x), Fy (y))- (2)

Conversely, if C' is a copula and Fx and Fy are distribution functions, then the distribution function Fxy
defined by (2) is a joint distribution function with marginals Fx and Fy .

For a proof and further discussion, see Nelsen (2006). Intuitively, copula modeling builds on the probability
integral transform principle: if X is a continuous random variable with distribution function Fx(-), then
Fx(X) follows a uniform distribution (Casella and Berger, 2002). In our application to LLM cascades, we
model the joint probability p(¢;—_1, ¢;) of the calibrated confidences of models M; and M;_; using a Gumbel
copula. This copula depends on a single correlation parameter 8, which can be easily calculated from the
rank correlation (Kendall’s 7) of the two variables.

1Of particular interest is the potential for detecting rare cases when a small model correctly answers a query on which a
larger model fails.
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3 Rational Tuning of LLM Cascades via Probabilistic Modeling

3.1 Markov-Copula Model

Our probabilistic model for the joint distribution of LLM confidences is based on calibrated confidence scores.
We use logistic regression to transform a raw confidence signal p;., into the calibrated confidence score

¢ = Pg(praw), (3)

where 6 are the parameters of the logistic regression. The calibrated confidence ¢ estimates the model’s
probability of correctness based on the raw confidence signal p,.,,. We calibrate each model separately,
resulting in functions @1, ..., @, for the models My, ..., M} of a cascade M7 — ... — M. See Section 4.1 for
more details. Since the confidence signal p,.,, depends on the query z, we also write ¢ = ®(z) in a slight
abuse of notation.

Our probabilistic model for the joint distribution of the calibrated confidences ®1(z), ..., Py (x) consists of
three parts. First, we model the marginal distribution of the calibrated confidence of each individual LLM
in the cascade. Second, we model the correlation between the calibrated confidences ®;(z), ®;41(x) of
adjacent models using copulas. Finally, we construct the full joint distribution by combining the conditional
probabilities p(¢;+1|¢;) using the Markov property.

Specifically, given a cascade M; — ... — M} with trained confidence calibrators @1, ..., Py, we first fit
parametric univariate distributions F;(¢;|6;) to model the true marginal distributions P(®; < ¢;). Second,
we account for the correlation between adjacent models by fitting copulas C; ;41(-,-). Each copula C; ;41
makes it possible to compute the joint distribution F; ;41(+,-) of (®;, ®;41) via

Fiv1(@is dit1) = Cij(Fi(¢i), Fj(¢5)), (4)

by Theorem 1. Finally, we estimate joint probabilities P(® < ¢1, Py < ¢, ..., P < ¢p) by relying on the
Markov assumption

P(®; < ¢i|Pim1 < i1, Pica < hi—a, ..., Py < 1) R P(P; < 04| Pi1 < din), (5)
which implies
i
P(®1 < 61,85 < ¢a,..., i < ¢) = P(B1 < ) [[P(®; < (@51 < 1) (6)
j=2

for any ¢ = 2,...,k and ¢4, ...,¢; € (0,1). We study the validity of assumption (5) in Section 4.3.

3.2 Parameter Inference for the Probabilistic Model

In this section, we describe in detail the components of our parametric probabilistic model and how we infer
their parameters.

Continuous-discrete mixture of scaled beta distributions: to model the marginals of calibrated
confidence, we must account for the possibility that LLMs sometimes return perfect confidence p,aw = 1.0,
possibly as a result of performance optimizations such as quantization (Dettmers et al., 2024; Proskurina
et al., 2024). Depending on the LLM and the task, almost half of all queries may return perfect confidence,
as is the case of GPT-40 Mini on the MMLU validation set (45.7%).

To accommodate the resulting discrete probability masses at the minimum and maximum calibrated confi-
dence values ¢, and @pax, we use a mixed continuous-discrete distribution based on a mixture of two beta
distributions. Specifically, we use the distribution function

F(¢|wla W2, Pmin, Qsmax; T, Qq, /817 Qg, 62) = wmindquin (Qb) +wmax6¢max ((ZS) + (1 — Wmin — wmax)FInixture(¢)a (7)
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where ¢, is the distribution of a point mass at z, and Fiixture(@) is

qsrfax_jsr;i:lin |a1’ 51) N (1 B ﬂ-)Fﬁ ( QSfax_jSI:;irzin

Here, Fs(-|a, B) is the beta distribution with pdf fs(x|a, 8) = 27 1(1 — 2)P~! for x € (0,1).

Fmixture(¢‘¢mina¢max;alaﬁl;a27ﬁ2) = WFB( |a2’62)' (8)

We infer the parameters of the model (7) as follows. First, we estimate the minimum and maximum calibrated
confidences @iy and ¢pmax by their observed minimum and maximum values on the training set. We estimate
the corresponding discrete probability masses wpin and wmax by simple counting. Finally, to estimate the
mixture of beta distributions (8), we use the expectation-maximization algorithm (Dempster et al., 1977).

Gumbel copula: to model the correlations between the calibrated confidences of pairs of LLMs, we use the
Gumbel copula Cy(u,v) given by

cuon = (s (1) s (1)) ). 9

where 6 > 1 measures the degree of correlation between u and v. To fit # from empirical data, we use the

relationship
1
0= 10
—, (10)

where 7 is Kendall’s rank correlation coefficient (Nelsen, 2006).

3.3 Tuning the Confidence Thresholds

The purpose of the Markov model (6) is to obtain optimal cost-error tradeoffs for an LLM cascade C' by
tuning the confidence thresholds. We formulate the optimization problem

0" = argmin (1 — Pg(Correct)) + A Eg[Cost], (11)
0
where @ € R¥~! denotes the confidence thresholds (¢, ..., ¢x_1). The Lagrange multiplier A > 0 indicates
the user’s cost sensitivity. Setting A = 0 means that cost is irrelevant, whereas A > 0 penalizes the use of
expensive models. To compute the efficient frontier of optimal (P(Correct), E[Cost]) tuples, we solve (11) for
different values of the cost sensitivity A.

Since A has no known relationship with the expected cost, it is not clear how to choose A to obtain uniform
coverage of the efficient frontier. In practice, we start with very small values of A and set

A (1+7)A, (12)

for some r > 0, until the cost constraint is stringent enough to make the expected cost equal to the least
expensive model’s expected cost. Typically, setting r between 0.25 and 1 performs well. For any potential
gaps in coverage, we adaptively interpolate the optimal thresholds. Specifically, if (¥ < A(+1) yield optimal
thresholds 8 and 80+ and the gap \0§Z+1) - 9§1)| -y ¢§z+1) _ ¢§l)| for any individual threshold exceeds
probability mass ¢ based on the distribution of the calibrated confidence ®;, we insert

9U+1/2) — (9 4 gli+D)) /2 (13)

into the list of optimal thresholds between 8() and 80+, We repeat the infilling procedure (13) until no
gaps remain at level g. We have found ¢ < 0.2 to perform well.

Efficient computation and optimization of the objective: solving the minimization problem (11)
requires computing a cascade’s probability of correctness and expected cost for candidate confidence thresh-
olds @ = (¢1,..., px—1) € R¥"L. To compute these quantities, we rely on the decompositions (14) and (15)
presented in



Under review as submission to TMLR

Proposition 2. Let C be a cascade My — ... — My, with confidence thresholds (¢1, ..., dr—1). Assume that
the distribution functions for the calibrated confidences ®; satisfy (5), fori=1,2,..,k. Assume further that
the expected numbers of input and output tokens, Ti(m) and TZ-(OMJ, for each model i are independent of the
calibrated confidences @1, ..., ®y.. Then the probability of correctness P(correct) and expected cost E[Cost] for
the cascade C are

k i—1
P(correct) = P(®1 < ¢1) | [[P(®; < 651@;-1 < 6,-1) / By (w) dP(w|®;i_1 < pi1) (14)
i=1 j=2 {®i>¢:}
k i—1 7
E[Cost] =Y P(®1 < ¢1) [ [[P(®; < ¢1®j-1 < ¢j-1) | (1= P(®; < ¢3|®iy < ¢io1)) Y _E[Cy], (15)
i=1 j=2 j=1

t)

where C; is the cost per query of model i. Specifically, if vgm) and %:(ou are the costs per input and output

token, Cz _ ,yfin)z—;(ln) + ,yi(out)Ti(out)'
Proof. See Appendix B for a proof. O

By leveraging the structure of the summands in Proposition 2, we efficiently compute (14) and (15) in O(k)
time, where k is the length of the cascade. See Appendix C for the algorithm. To solve the minimization prob-
lem (11), we use the L-BFGS-B optimizer, a low-memory version of the Broyden—Fletcher-Goldfarb—Shanno
algorithm (Liu and Nocedal, 1989) modified to handle simple box constraints.

Smoothness of the objective: although our Markov-copula model uses mixed discrete-continuous
marginals, the objective (11) is smooth because we restrict each threshold ¢ to vary only inside the in-
terior of the interval (¢min, ®max), Where the marginal distributions of calibrated confidence are smooth.
Leaving out the boundary {@min, dmax } results in no loss of generality because selecting ¢ € {dmin, Pmax}
is equivalent to dropping the model from the cascade (if ¢ = Pmax) or dropping all subsequent models (if
¢ = Gmin). Within our framework, it is possible to carry out such model selection by evaluating subcascades.
After fitting copula models for all pairs of models (rather than only adjacent pairs), evaluating subcascades
involves little computational overhead.

4 Results

4.1 Methodology

Forwarding Queries: the models in our cascades decide whether to forward queries by thresholding the
calibrated confidence ¢ = ®(praw), where pyay is the raw confidence signal. We obtain p;.y from the model-
intrinsic next-token probabilities. On multiple-choice tasks, we take the maximum probability among the
answer choices (Hendrycks and Gimpel, 2018; Plaut et al., 2024). In the natural language generation case,
we first generate the answer, then send a follow up verification prompt to the model asking “Is the proposed
answer <answer> true? Answer only Y or N” We use the probability of the Y token as the confidence signal
Praw- Our prompt templates are available in Appendix C.

Since we focus on providing techniques compatible with black-box LLM inference via third-party APIs, we
leave consideration of hidden layer-based confidence signals to future work. In addition, we do not consider
resampling methods such as semantic entropy (Farquhar et al., 2024). Such methods are compatible with
black-box inference, but in the context of LLM cascades, their computational overhead appears prohibitive.
For example, at the time of writing inference of Llama3.1 405B typically costs 15 times more than inference
of Llama3.1 8B. In this case, it is likely preferable to directly run the 405B model once rather than forward
a query based on k =~ 15 resamples of the 8B model. See Appendix D for a table listing small-large model
pairings from Meta, Anthropic, and OpenAl, along with their price differentials.
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Confidence Calibration: raw token probabilities of instruction-tuned LLMs are typically poorly calibrated
(Ouyang et al., 2022; Brown et al., 2020; OpenAl et al., 2024; Plaut et al., 2024). However, calibration is
important for accurate error prediction. To obtain calibrated confidence scores, we use logistic regression.
We favor this approach over temperature scaling since it yields p values and other statistical metrics that
are useful for diagnosing calibration issues, especially in a low-data scenario.

Unfortunately, the overconfidence of the raw token probabilities makes the distribution of raw confidence
signals highly peaked. The raw token probabilities accumulate near 1.0, making tiny changes in confidence
(for example, praw = 0.98 V8 praw = 0.99) highly consequential. To enhance the calibration performance
of logistic regression, as a pre-processing step we apply hyperparameter-free feature transformations that
spread out the overconfident probabilities via asymptotes near p;,y, = 0.0 and pyayw, = 1.0. Following Zellinger
and Thomson (2024), on multiple-choice tasks we use the transformation

€(praw) = log (1> ; (16)

1- Praw

whereas on natural language generation tasks, we use

log 1_;mw) if p> 3,
1

Praw

f(praw) = (17)

log ifp<%.

Importantly, these feature transformations do not require any hyperparameter tuning.

Unfortunately, models sometimes return perfect certainty praw = 1.0 Or praw = 0.0, making (16) and (17)
blow up. To address this problem, we reassign all observations with infinite £ to the maximum of the finite
values of €. In other words, we define

gmax = maX{é(praw) : (prawa y) € D, praw < OO}, (18)

where D is the training set consisting of pairs (praw,y), and y € {0,1} indicates correctness of the model’s
answer.? We set all observations where &€ = 00 to £nax, and treat &u;, analogously.

Benchmarks: we evaluate our probabilistic model and the cost-error curves of LLM cascades on six language
modeling benchmarks including MMLU (Hendrycks et al., 2021); MedMCQA (Pal et al., 2022); TriviaQA
(Joshi et al., 2017); XSum (Narayan et al., 2018); GSM8K (Cobbe et al., 2021); and Truthful QA (Lin et al.,
2022). These tasks include general-purpose knowledge and reasoning, domain-specific QA, open-domain QA,
summarization, mathematical reasoning, and truthfulness in the face of adversarially chosen questions.

For each benchmark, we use 300 examples for training, and 1000 examples for testing, except on MMLU
and TruthfulQA. On MMLU, the dev set contains only 285 examples, of which we use all. The validation
set consists of 1531 examples and is divided into different subjects; to avoid bias from subject selection,
we take all 1531 validation examples for testing. On TruthfulQA, the entire data set consists only of 817
observations, of which we randomly select 300 for training and the remaining 517 for testing.

Importantly, we run each benchmark in a zero-shot manner, since we believe this setting faithfully reflects
off-the-shelf use of LLMs in practice. Appendix C gives the prompt templates we used for each benchmark.
To conveniently transform and calibrate the raw confidence scores, track the numbers of input and output
tokens, and monitor cost, we ran our evaluations using a preliminary version of the REDACTED

Python package for LLM cascading. Code for reproducing the results of the paper is available on GitHub.?

Evaluation: to evaluate whether a model’s answer is correct on open-ended questions, we use Anthropic’s
Claude 3.5 Sonnet model as a judge. Note that this judging task is relatively easy since the open-ended
benchmarks provide reference answers. For example, on TruthfulQA, we include in the evaluation prompt

?Note we do not require knowing the actual answer of a model, only whether it was correct.
3Code for reproducing the results of the paper is available at REDACTED
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Table 1: Overall performance of language models across tasks, evaluated on the n = 1000 test sets. %Corr
is the percentage of correct answers, %ECE is the expected calibration error (after training on the n & 300
training sets), and %Cert is the percentage of queries for which a model returns log probabilities indicating
certainty (—oo or 0.0).

MMLU MedMCQA TriviaQA XSum GSMSK Truthful QA
Model %Corr  %ECE  %Cert %Corr %ECE %Cert %Corr %ECE %Cert %Corr %ECE %Cert %Corr %ECE %Cert %Corr %ECE %Cert
llama3.2-1b 425 3.8 0.0 34.5 8.7 0.0 37.2 5.8 0.0 9.4 2.9 0.0 45.9 13.1 0.0 35.8 4.3 0.0
llama3.2-3b 57.2 1.0 0.0 53.1 6.8 0.0 63.3 4.5 0.0 21.2 3.6 0.0 79.2 9.5 0.0 43.3 75 0.0
llama3.1-8b 63.4 4.1 0.0 51.8 9.4 0.0 787 6.2 0.0 50.8 3.5 0.0 84.3 4.7 0.0 50.3 7.3 0.0
llama3.1-70b 815 2.4 0.0 72.6 9.9 0.0 92.8 2.3 0.0 84.5 6.0 0.0 94.9 2.9 0.0 59.4 5.7 0.0
llama3.1-405b  85.2 2.9 0.1 75.7 10.8 0.0 94.9 3.0 0.1 83.9 5.4 0.0 97.1 1.9 0.5 69.2 5.6 0.0
qwen2.5-32b-c  75.3 5.3 0.0 55.9 6.2 0.0 70.2 8.9 0.0 69.3 4.3 0.0 95.1 3.2 0.0 57.4 5.9 0.0
qwen2.5-72b 82.0 4.9 0.0 69.1 7.0 0.0 87.6 3.2 0.3 95.2 2.2 15.5 95.4 1.2 79.4 57.8 7.7 0.6
gpt-4o-mini 74.9 4.7 45.7 66.0 5.3 27.8 90.0 2.8 76.2 97.6 2.6 38.1 92.9 3.5 183 59.4 7.0 26.7
gpt-4o 83.6 4.8 22.7 76.5 2.8 4.8 96.2 2.1 0.9 99.0 0.7 0.0 95.9 2.1 4.3 72.1 3.8 0.2
Average (% 11 76 61.7 7.4 3.6 79.0 4.2 8.3 67.9 3.5 6.0 86.7 4.7 14.7 56.1 5.9 3.0

Table 2: Expected calibration error for logistic regression-based calibration, with (%ECE) and without
(%ECE_7r) applying the nonlinear transformations (16) and (17) as a pre-processing step. All values are
computed on the n ~ 1000 test sets, after fitting the logistic regressions on the n ~ 300 training sets. For
each benchmark, bold font indicates the better performance. The column %A shows the reduction in ECE
when using the transformations.

MMLU MedMCQA TriviaQA XSum GSM8K Truthful QA

Model %ECE %ECE.r¢ %A %ECE %ECE.rp %A %ECE %ECE.r¢ %A %ECE %ECE.rr %A %ECE %ECE.rp %A %ECE %ECE.r¢ %A
llama3.2-1b 3.8 6.1 377 8.7 9.8 -2 58 5.8 0.0 2.9 2.7 74 13.1 13.2 0.8 4.3 4.3 0.0

llama3.2-3b 4.0 74 -45.9 6.8 10.0 -32.0 4.5 14.9 -69.8 3.6 3.7 -2.7 9.5 9.5 0.0 7.5 6.4 17.2
llama3.1-8b 4.1 7.0 414 9.4 14.1 331 6.2 15.1 589 3.5 9.7 639 4.7 5.1 7.8 7.3 7.3 0.0

llama3.1-70b 2.4 7.9 -69.6 9.9 12.5 -20.8 2.3 5.1 -54.9 6.0 10.4 -42.3 2.9 4.5 -35.6 5.7 5.3 7.5

llama3.1-405b 2.9 104 721 10.8 14.2 240 3.0 4.9 388 5.4 102 471 1.9 3.6 472 5.6 10.8 -48.1
qwen2.5-32b-c 5.3 13.9 619 6.2 14.5 -57.2 10.0 15.7 363 4.3 102 578 3.2 47 319 5.9 10.6 -44.3
qwen2.5-72b 4.9 10.9 -55.0 7.0 16.1 -56.5 4.0 9.4 -57.4 2.2 3.2 -31.3 1.2 4.9 -75.5 7.5 9.3 -19.4
gpt-4o-mini 47 14.8 682 5.3 155 658 1.4 3.8 632 26 2.4 8.3 3.5 6.1 426 5.3 5.8 8.6
gpt-40 48 11.2 571 3.1 12.6 754 21 3.6 417 07 1.0 206 2.1 16 543 3.8 114 -66.7
Average 5.0 7.9 367 7.6 9.8 225 45 8.2 450 31 13 282 6.2 71 27 51 6.7 23.9

for Claude a list of correct and incorrect reference answers, as provided by the authors of the benchmark
(Lin et al., 2022). On XSum, we do not use the one-line reference summaries and instead follow G-Eval (Liu
et al., 2023) to evaluate a proposed summary in terms of its coherence, consistency, fluency, and relevance
(Kryscinski et al., 2019). We ask Claude to score each dimension on a scale of 1-5. We consider a summary
to be correct if it attains a perfect score (5) in each dimension.

Language Models: we work with models from Meta’s Llama3 series (1B-405B), Alibaba’s Qwen series
(Qwen2.5 32B Coder and Qwen 72B), and OpenAI’s GPT models (GPT-40 Mini and GPT-40). All models
are instruction-tuned. We used the OpenAl API to run inference with GPT-40 Mini and GPT-4o0, and the
Fireworks API for all other models.

4.2 Performance Summary

Tables 1 and 2 show the overall performance of all the language models across tasks, including the calibration
performance. We measure calibration in terms of the expected calibration error (ECE), which we compute
adaptively by bucketing confidence scores into 10 bins based on the deciles of their distributions. Tables 1
and 2 yield several interesting findings.

First, some of the models often return raw log probabilities indicating certainty (—oo or 1.0). This tendency
varies strongly by model family. OpenAI’s GPT models are especially prone to certainty: on MMLU, for
example, GPT-40 Mini returns raw confidence 1.0 on 45.7% of queries, while GPT-40 does so on 22.7% of
queries. By contrast, Llama3.1 405B returns perfect confidence only on 0.1% of queries.

Second, the test ECE for our calibration scheme varies by model and by benchmark. The benchmark yielding
the poorest calibration is MedMCQA, giving an average test ECE of 7.4% across models. However, some
models give exceptional calibration performance across benchmarks. GPT-4o0 stands out: its test ECE never
exceeds 4.8%, which is its ECE on MMLU.
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Overall, we observe that our calibration scheme performs satisfactorily across benchmarks and models,
with most benchmarks reporting an average test ECE below 5%. Table 2 ablates the importance of the
hyperparameter-free feature transforms (16) and (17) for obtaining effective calibration. Applying these
transformations results in much lower test ECE scores, reducing them by 28.2% on average. Figure 7 in
Appendix E further verifies calibration by showing that, across models and benchmarks, rejecting queries
for which the calibrated confidence is < 1 — ¢ approximately lowers the test error rates to < gq.

4.3 Goodness-of-Fit of the Markov-Copula Model

In this section, we show that our probabilistic model fits the empirical data well. We start by presenting
evidence that the Markov assumption (5) approximately holds. Second, we show that our Gumbel copula
models successfully account for correlations between the error rates of different LLMs, as measured by low
square-rooted Cramér-von Mises (CvM) statistics and low rejection rates of the null hypothesis. Finally,
we show that our mixed discrete-continuous mixtures of beta distributions provide an adequate model for
the marginal confidence distributions, as measured by low square-rooted CvM scores. However, the high
rejection rates of the null hypothesis suggest the potential for further improvements.

4.3.1 Verifying the Markov Assumption

To verify that (5) approximately holds, we first visualize the rank correlation between the calibrated con-
fidences of different models. Figure 1 shows that the Kendall’s 7 rank correlation is higher for models of
similar sizes. In addition, models sharing the same architectural family (Llama, GPT, or Qwen) are more
highly correlated than models of different families.

These findings suggest that a cascade composed only of Llama models (1B-405B) satisfies the Markov
assumption more exactly. Consider Figure la as an example. For the Llama cascade, Kendall’s 7 is highest
near the heatmap’s diagonal, suggesting a Markov property. By contrast, the mixed cascade composed of
Llama, GPT, and Qwen models shows a more haphazard pattern. For example, the rank correlation between
GPT-40 Mini and GPT-4o (7 = 0.55) is higher than that between GPT-40 and Llama3 405B (7 = 0.54),
even though the latter pair of models are more similar in size. Similarly, Llama3 405B is more strongly
correlated with Llama3 70B (7 = 0.58) than with Qwen2.5 72B (7 = 0.46), even though the latter models
are of near-identical size. These examples highlight that, in order for the Markov property to hold based on
model size, it seems important that models share the same architectural family.

To probe the Markov property for the Llama cascade in a different way, we train logistic regressions for
predicting correctness of the 8B, 70B, and 405B models based on the calibrated confidences of two ancestor
models in the cascade. Specifically, we consider the immediate predecessor model (the Markov predictor)
paired with each available earlier ancestor. If the Markov property holds, the Markov predictor should hold
much greater significance than any other ancestor. Table 3 lists the results, revealing a diagonal pattern
for each benchmark that confirms that the Markov predictor is usually much more significant. However,
the earlier ancestor often shares statistical significance. To evaluate the significance of this finding, we also
computed the magnitude of the regression coefficients corresponding to Table 3. The coefficients follow a
similar pattern, revealing that even if multiple predictors are significant, the Markov predictor usually carries
the greatest weight.

In sum, our findings suggest that for cascades composed of models sharing the same architectural family, a
Markov property holds approximately, though not exactly.

4.3.2 Testing the Gumbel Copulas for Modeling LLM Correlations

To evaluate the goodness-of-fit of our Gumbel copula models, we first visualize the correlation between the
calibrated confidences of pairs of LLMs. Figures 2 and 3 show scatterplots for several pairs of Qwen, OpenAl,
and Llama models. Each scatterplot shows the copula-transformed variables

uw=E,(¢), (19)
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Figure 1: Evaluates the Markov property by showing the Kendall’s 7 rank correlation between the calibrated
confidences of pairs of LLMs, as evaluated on the test set (n ~ 1000 examples). In a Markov pattern, the
largest rank correlations occur near the diagonal, based on similarity in model size. For each benchmark,
the figure compares the rank correlation structure of a cascade of Llama models to that of a mixed cascade
consisting of models from the Llama, GPT, and Qwen families, suggesting that a cascade drawn from models
of the same architectural family is more nearly Markovian.

where ¢ is the calibrated confidence and F), its empirical distribution on the test set. The marginal distri-
bution of each w is uniform, since we restrict our copula models to the region (¢min, (dmax) of calibrated
confidence where the marginal confidence distribution is smooth. Note that Figure 3 highlights the Markov
property by showing the increasing rank correlation between Llama models of similar sizes.

We formally test the goodness-of-fit between the fitted Gumbel copulas and the test data by carrying out
a Cramér-von Mises test using parametric bootstrapping, following the “Kendall’s transform” approach
described in Genest et al. (2009). The test involves computing the univariate distribution of copula values
Cij(Fi(z), Fj(z)) for  ~ p(x), using both the empirical copula and the fitted Gumbel copula. We evaluate
the difference between these two distributions using the Cramér-von Mises (,/nCvM) statistic and obtain a
p value by parametric bootstrapping with B = 1000 samples. In each case, we fit the Gumbel copula on the
training data (n =~ 300) and evaluate the p value relative to the test data (n a 1000).

Table 4 breaks down the results by benchmark for two groups of models (Llama models vs OpenAl & Qwen
models). Each reported number is based on considering all pairs of models within each group, regardless
of similarities in size. There are 10 pairs of Llama models and 6 pairs of Qwen and OpenAl models. The
results show that for the Llama models, the fitted Gumbel copulas closely match the empirical correlation
structures between pairs of models on the test set, since the overall rejection rate of the null hypothesis is
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Table 3: Verifies the Markov property for the Llama cascade by showing the results of using logistic regression
to predict each model’s correctness based on the calibrated confidences of two ancestor models in the cascade:
the immediate predecessor model (Markov predictor) and each available earlier ancestor. For the Markov
predictors, the table displays the average p values across all these logistic regressions; for the earlier ancestors,
the p value corresponds to a single logistic regression. Underlined values indicate statistical significance (5%
level); the lowest p values in each row are bolded. The diagonal pattern in the table suggests the Markov

property.

logio p Value of Markov Predictor vs Earlier Ancestor

Benchmark Predicted
1B 3B 8B 70B
8B -2.66 -26.86 — —
MMLU 70B -0.52 -3.48 -13.71 -
405B -0.78 -2.41 -6.32 -25.78
8B -1.85 -26.40 - -
MedMCQA 70B -0.26 -2.72 -4.35 —
405B -0.23 -0.82 -2.45 -24.63
8B -0.14 -22.38 - -
TriviaQA 70B -0.58 -1.02 -6.42 —
405B -0.26 -1.88 -3.72 -11.45
8B -0.72 -1.58 — —
XSum 70B -0.97 -0.61 -6.94 —
405B -0.56 -0.50 -2.81 -1.62
8B -2.85 -7.48 — —
GSMSK 70B -0.51 -0.17 -6.49 —
405B -0.36 -0.13 -3.22 -2.76
8B -1.77 -0.42 - —
Truthful QA 70B -0.30 -0.44 -0.52 -
405B -0.20 -0.67 -0.59 -1.55
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gpt-4o

(b) GPT-40 Mini and GPT-40 on
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(c)

Qwen2.5 32B Coder
Qwen2.5 72B on TriviaQA

qwen2.5-72b-instruct

and

Figure 2: Correlations between the calibrated confidences of selected pairs of LLMs on different benchmarks,
showing a range of rank correlations between models. The Kendall’s 7 rank correlation, shown in the bottom
right corner, ranges from 7 = 0.20 to 7 = 0.44.

only 1.7%, well below the 5% rejection rate expected by chance. In addition, the /nCvM statistic is only
0.003 on average.

For the group of Qwen and OpenAl models, we observe higher rejection rates. The overall rejection rate of
22.2% suggests that the Gumbel copula model does not fit the data exactly. However, the average v/nCvM
value of 0.008 suggests that the fit is adequate.
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Figure 3: Correlations between the calibrated confidences of smaller Llama models (1B, 8B, 70B) (y axis)
and the 405B model (z axis) on MMLU. The increasing rank correlation suggests a Markov property based
on model size. The Kendall’s 7 rank correlation, shown in the bottom right corner, increases from 7 = 0.21
to 7 =0.57.

Table 4: Shows the goodness-of-fit of our Gumbel copula models for modeling pairwise correlations between
LLMs, based on a Cramér-von Mises (1/nCvM) test using parametric bootstrapping. We report the v/nCvM
value, the number of null hypothesis rejections (out of 10 and 6 model pairs for the Llama and Qwen &
OpenAl groups, respectively), the percentage of rejections, as well as the geometric and arithmetic mean of
p values.

Llama Models Qwen & OpenAl Models
Benchmark /nCvM  #Rej. % Rej. (H D) ® % Z p /nCvM  #Rej. % Rej. (H D) ® % Zp
MMLU 0.002 0 0.0 0.569 0.591 0.011 4 66.7 0.058 0.121
MedMCQA 0.004 1 10.0 0.394 0.560 0.004 0 0.0 0.397 0.444
TriviaQA 0.002 0 0.0 0.638 0.709 0.012 2 33.3 0.078 0.187
XSum 0.004 0 0.0 0.405 0.480 0.002 0 0.0 0.704 0.733
GSMS8K 0.002 0 0.0 0.688 0.757 0.016 2 33.3 0.032 0.157
TruthfulQA 0.001 0 0.0 0.961 0.963 0.002 0 0.0 0.800 0.812
Average 0.003 0 1.7 0.609 0.677 0.008 1 22.2 0.345 0.409

4.3.3 Testing the Discrete-Continuous Marginal Confidence Distributions

First, we visualize the agreement between the fitted continuous-discrete mixtures of scaled beta distributions
and the histograms of calibrated confidence values on the test set. To construct these plots, we first train
the calibrators and marginal distributions on the training set (n ~ 300 examples).? We then compute the
calibrated confidence on the test set (n &~ 1000) using the trained calibrators. Figure 4 suggests that the
fitted marginals align well with the calibrated confidence values on the test data.

Each histogram displays the discrete masses ¢min and ¢max of the fitted marginal distributions by shading
corresponding areas on the first and last bars of each histogram. We observe in Figure 4a that the discrete
probability masses are especially pronounced for GPT-40 Mini on Truthful QA and GPT-40 on MedMCQA.
The trend that the OpenAl GPT models often report certainty also holds for other benchmarks, as Table 1
shows.

We formally test the goodness-of-fit of the marginal distributions by computing the square-rooted Cramér-
von Mises statistic

VG = \/ / (Eiest(a) — F(210))* dF(]0), (20)

where Fﬁe“ = % Z?zl da(z,) is the empirical distribution of the calibrated confidence on the test data, and
F(-|0) is our marginal distribution model (7) with 8 = (dmin, Pmaxs Wmin, Wmaxs T @1, 51, @2, B2). In Tables

4We do not consider it necessary to train the calibrators and the marginal confidence distributions on separate training data
sets, since the calibrators model p(y|z) and the marginal distributions model p(z).

12
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Figure 4: Selection of trained marginal distributions (fitted on n & 300 training data), with histograms of
the test data (n & 1000). Histogram areas shaded with hatch patterns (especially in (a) and (b) indicate
the contributions of discrete probability masses in our models.

Table 5: Shows the goodness-of-fit of our discrete-continuous mixtures of scaled beta distributions for mod-
eling the marginal distributions of calibrated LLM confidence. We computed p values for the square-rooted
Cramér-von Mises (vCvM) statistic using parametric bootstrapping with B = 1000 samples. The vCvM
statistic and its p value were computed on the test set (n = 1000), whereas the marginal distributions were
fitted on the training set (n ~ 300). We highlight p < 0.05 with an underline and p < 0.001 with bold font.
Additionally, we bold the largest +CvM value within each column. Highlighted values indicate the greatest
discrepancies with our model.

MMLU MedMCQA TriviaQA XSum GSMS8K TruthfulQA

Model v CvM P VCvM p v CvM ) v CvM p v CvM P vCvM p

llama3.2-1b 0.031 0.000 0.025 0.015 0.018 0.117 0.036 0.001 0.026 0.015 0.025 0.109
llama3.2-3b 0.014 0.144 0.115 0.000 0.043 0.000 0.020 0.076 0.020 0.071 0.030 0.053
llama3.1-8b 0.016 0.066 0.088 0.000 0.022 0.033 0.037 0.000 0.016 0.163 0.022 0.181
llama3.1-70b 0.048 0.000 0.137 0.000 0.057 0.000 0.070 0.000 0.038 0.000 0.044 0.002
llama3.1-405b 0.024 0.004 0.113 0.000 0.028 0.008 0.027 0.009 0.034 0.001 0.036 0.019
gpt-4o-mini 0.032 0.000 0.060 0.000 0.008 0.441 0.020 0.077 0.026 0.016 0.028 0.072
qwen2.5-32b-c 0.036 0.000 0.069 0.000 0.040 0.000 0.020 0.067 0.028 0.010 0.023 0.160
qwen2.5-72b 0.028 0.001 0.073 0.000 0.040 0.000 0.041 0.000 0.004 0.678 0.036 0.018
gpt-4o0 0.029 0.000 0.100 0.000 0.046 0.000 0.026 0.013 0.036 0.001 0.065 0.000
Average 0.029 0.024 0.087 0.003 0.034 0.066 0.033 0.027 0.025 0.106 0.034 0.068

5 and 6, we report (20) both for § estimated from the training data (v/CvM), and for 8 re-fitted on the test
data (v/CvM;). The reason we report v/CvM, is to evaluate whether deficiencies in the fit arise from a bias

problem, rather than a variance problem. To compute p values for (20), we use parametric bootstrapping
with B = 1000 samples.

Table 5 indicates a close fit between the trained marginal distributions and the empirical distributions of the
calibrated confidences on the test data, with an average vCvM value of 4%. However, 74% of tests reject
the null hypothesis at the p < 0.05 level, suggesting that our model does not exactly match the data. When
refitting the marginals on the test data, the average v CvM value falls to 1.5% and a much lower 18.5% of
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Table 6: Shows the goodness-of-fit of our discrete-continuous mixtures of scaled beta distributions for model-
ing the marginal distributions of calibrated LLM confidence, after re-fitting the marginal distributions on the
test set. We computed p values for the square-rooted Cramér-von Mises (/CvM,) statistic using parametric
bootstrapping with B = 1000 samples. We highlight p < 0.05 with an underline and p < 0.001 with bold
font. Additionally, we bold the largest /CvM, value within each column. Highlighted values indicate the
greatest discrepancies with our model.

MMLU MedMCQA TriviaQA XSum GSMSK Truthful QA
Model v CvM; p v CvM; D v CvM; p v CvM,; p CvM, D v CvM; P
llama3.2-1b 0.018 0.046 0.020 0.085 0.005 0.986 0.006 0.935 0.018 0.126 0.008 0.970
llama3.2-3b 0.009 0.461 0.010 0.608 0.036 0.000 0.009 0.666 0.010 0.566 0.013 0.661
llama3.1-8b 0.012 0.248 0.010 0.574 0.011 0.492 0.009 0.688 0.006 0.947 0.010 0.846
llama3.1-70b 0.016 0.072 0.018 0.121 0.024 0.029 0.017 0.141 0.023 0.037 0.015 0.460
llama3.1-405b 0.015 0.133 0.011 0.498 0.017 0.130 0.006 0.933 0.031 0.002 0.019 0.290
gpt-4o0-mini 0.004 0.928 0.007 0.853 0.003 0.913 0.011 0.393 0.009 0.549 0.014 0.548
qwen2.5-32b-c 0.011 0.282 0.012 0.355 0.020 0.070 0.022 0.047 0.015 0.217 0.013 0.600
qwen2.5-72b 0.018 0.039 0.016 0.157 0.028 0.005 0.014 0.301 0.002 0.966 0.008 0.970
gpt-40 0.011 0.273 0.024 0.315 0.041 0.000 0.013 0.367 0.030 0.005 0.021 0.759
Average 0.013 0.276 0.014 0.396 0.021 0.292 0.012 0.497 0.016 0.379 0.013 0.678

tests reject the null hypothesis. Even on the refitted data, this overall rejection rate of 18.5% is significantly
higher than the 5% we would expect by chance. We conclude that our marginal distribution model fits the
empirical data well, as judged by a low v/ CvM value, but it clearly does not capture the true distribution of
calibrated confidences exactly.

Notably, the results for the refitted marginals show that the quality of the fit strongly depends on the
benchmark. Specifically, TriviaQA displays a much poorer fit than the other benchmarks. For many of the
LLMs, TriviaQA’s low difficulty (as judged by a 90%-+ test accuracy for many models) explains the poor fit.
The presence of a sharp peak of calibrated confidences near ¢,.x presumably raises the number of training
samples required to precisely estimate the shape of the distribution. In addition, the ability of the beta
distribution to fit sharply peaked unimodal distributions may be inherently limited. We hypothesize that
these factors may explain the high p values despite rather low v/ CvM values.

4.4 Rational Tuning of Confidence Thresholds

0.0

—2.5

% Reduction in AUC
|

—3.0

—3.5

2 3 4 5
Cascade Length

Figure 5: Shows the reduction in the area under the cost-error curve (AUC) on the test set when using
our continuous-optimization-based method for selecting confidence thresholds, compared to grid search, as
a function of cascade length. For longer cascades, our method outperforms by larger margins. Error bars
show *1o of the mean percentage change, and filled markers indicate statistical significance.
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AUC |

Benchmark %A p
Continuous Grid
MMLU 0.288 0.288 -0.001 3.0 x 107!
MedMCQA 0.381 0.384 -0.776 4.7 x 1073
TriviaQA 0.182 0.183 -0.705 7.6 x 1073
XSum 0.408 0.414 -1.485 8.2x 1077
GSMBSK 0.159 0.163 -2.482 3.7 x 10~*
Truthful QA 0.437 0.438 -0.288 1.4 x 102
Average 0.309 0.312  -0.956 -

Table 7: Contrasts the normalized area under the cost-error curve (AUC) on the test set, showing that our
continuous optimization-based algorithm for selecting confidence thresholds consistently outperforms grid
search, by an average of 1.0%. The mean percentage change (%A) is statistically significant at the p < 0.05
level on five out of six benchmarks, as measured by a Wilcoxon rank-sum test paired by cascade.
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Cascade Length Resolution of Cost-Error Curve
(a) The runtime of grid search grows exponentially in (b) The runtime of our method always grows linearly in
the cascade length, whereas the runtime of our method the desired resolution A at which the cost-error curve is
grows as a low-order polynomial (semilog-y plot). sampled along the cost axis, independent of the cascade

length k. However, the runtime of grid search scales as
hF=1in h and k (log-log plot).

Figure 6: Shows runtime scaling for computing the full cost-error curve, comparing our continuous-
optimization based algorithm (“continuous”, blue) to grid search (“grid search”, gray). Our method scales
much more favorably as the cascade length grows, and as the cost-error curve is sampled more densely along
the cost axis. The shading shows £1¢ of the observed data points.

In this section, we examine the performance and runtime scaling of our continuous optimization-based
algorithm (11) for selecting optimal confidence thresholds. We consider all 26 possible cascades of length
k > 2 composed of Meta’s Llama models (1B, 3B, 8B, 70B, and 405B) and evaluate against a grid search
baseline on six benchmarks (MMLU, MedMCQA, XSum, TriviaQA, GSM8K, TruthfulQA) spanning general-
purpose knowledge and reasoning, domain-specific QA, text summarization, open-ended QA, mathematical
reasoning, and the ability to avoid hallucinations on adversarial questions.

Performance metrics: we evaluate the area under the cost-error curve (AUC) on the test set. Specifically,
computing the AUC means plotting the test error (y axis) against the expected cost (z axis) and evaluating
the integral of this curve. We normalize the cost values to lie between 0 and 1, resulting in AUC scores
between 0 and 1. Lower AUC is better, as it indicates fewer mistakes at the same cost. In addition, we
measure how the runtime for finding optimal confidence thresholds scales with the length of the cascade
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and the desired resolution of the cost-error curve on the x axis, i.e., how densely we sample the optimal
thresholds. We have not overly optimized our code and mainly aim to contrast asymptotic scaling behavior.

Grid search baseline: this baseline selects optimal confidence thresholds by searching over adaptive grids
computed from the model-specific quantiles of calibrated confidence. Specifically, in each dimension the grid
ranges from @iy t0 Ppmax in increments of 2.5% probability mass. After scoring all candidate threshold
combinations, we use the Skyline operator (implemented in the Python package paretoset®) to filter the
candidate threshold vectors down to the Pareto-optimal set (Borzsonyi et al., 2001). A candidate thresh-
old vector 8 = (¢1,...,pr—1) is Pareto-optimal if its performance metrics (Pg(Correct), Eg[Cost]) are not
dominated by any other candidate threshold vector 6’ in the sense that Pg/(Correct) > Pg(Correct) and
Eg/[Cost] < Eg[Cost].

Figure 5 shows that our continuous optimization based-method for selecting confidence thresholds results in
lower AUC on the test set, compared to grid search. Each point on the plot shows the mean change in AUC
for all cascades of a given length k, averaged across all benchmarks. As cascade length k grows, our method
outperforms by a larger margin. For example, the mean reduction in AUC for k > 2 is 1.9%; k > 3, it is
2.2%, and for k = 5 it is 2.6%. We computed statistical significance of these percentage differences using a
Wilcoxon rank-sum test paired by cascade. Interpreting these results, it is not surprising that grid search
struggles as k increases since searching for effective threshold combinations by trial and error suffers from
the curse of dimensionality.

Table 7 presents these same results broken down by benchmark rather than cascade length. The table shows
that our continuous optimization-based method consistently outperforms grid search across benchmarks,
independent of cascade length. The only benchmark mark where we report a tie is MMLU; on all other
benchmarks, the reductions in AUC are statistically significant at the p < 0.05 level. On XSum and GSMSK,
our method performs especially well, lowering the AUC by 1.5% and 2.5% compared to grid search.

Moving on to a comparison of computational complexity, Figure 6 shows that the runtime of our continuous
optimization-based method for finding optimal confidence thresholds scales much more favorably, both in
the length of the cascade k as well as the desired resolution h of the cost-error curve. Here, the resolution h
refers to the density at which we sample the optimal cost-error curve along the cost-axis. For grid search, h
is simply the reciprocal of the number of grid points in each dimension. For our method, h is the reciprocal
of the number of times we solve the optimization problem (11). In other words, h = 1/|A|, where A is the
set of cost sensitivities we consider in (11).

The favorable scaling behavior of our continuous-optimization based method for selecting confidence thresh-
olds has important implications. Most of all, low-order polynomial scaling in the cascade length k& makes it
possible to tune confidence thresholds for arbitrarily long cascades. With the proliferation of different LLMs
available via third-party APIs, we consider the ability to construct long cascades to be a significant advan-
tage. This prospect becomes especially interesting for cascade models that allow skipping over intermediate
models within the cascade, so that inference costs do not sum along the length of the cascade.

5 Conclusion

We have presented a framework for rationally tuning the confidence thresholds of LLM cascades using
continuous optimization. Our approach is based on a parametric probabilistic model for the calibrated
confidences of a sequence of LLMs. This probabilistic model is based on a Markov factorization, which
accounts for pairwise correlations between the error rates of different LLMs using copulas, yielding a data-
efficient approach. Goodness-of-fit analyses spanning 10 LL.Ms and 6 benchmarks have shown good agreement
with the test data.

Importantly, our probabilistic model yields expressions for a cascade’s probability of correctness and ex-
pected cost that are differentiable with respect to the confidence thresholds, making continuous optimization

50pen-source implementation available at github.com/tommyod/paretoset. Accessed January 13, 2025.
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possible. Compared to selecting confidence thresholds using grid search, our continuous-optimization based
approach presents significantly enhanced computational scaling, turning the dependence on cascade length
k from intractable into low-order polynomial. In addition, the optimal thresholds found using our method
increasingly outperform those selected via grid search as cascade length grows: for cascades consisting of
k > 3 models, we have observed a 1.9% average decrease in the area under the cost-error curve on the test
set; for k > 4, the gap widens to 2.2%; and for k = 5, it stands at 2.6%.

Overall, our results point to a larger vision for the future of deploying LLMs. Using probabilistic models,
we will be able to adaptively select the most suitable model to answer each query, improving both reliability
and performance. Additionally, probabilistic modeling will make it possible to anticipate the performance of
an LLM system under different conditions, making it possible to seamlessly adapt the system as conditions
shift. We are excited to further pursue this line of research in subsequent work.
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Appendix A: Proof of Proposition 2

Proposition. 2. Let C be a cascade My — ... — My, with confidence thresholds (¢1, ..., ok—1). Assume that
the distribution functions for the calibrated confidences ®; satisfy (5), for i =1,2,.... k. Assume further that
the expected numbers of input and output tokens, Ti(i") and Ti(om), for each model i are independent of the
calibrated confidences @1, ..., ®r. Then the probability of correctness P(correct) and expected cost E[Cost] for
the cascade C are

k i—1
P(correct) = P(®1 < ¢1) | [[P(®; < 51051 < ¢-1) / By (w) dP(w|®;i_1 < pi_1) (21)
i=1 j=2 {®i>¢;}
k 1—1 A
E[Cost] = P(®1 < ¢1) [ [[P(@; < @51 < 65-1) | (1= P(@; < 0s|®i 1 < 6i1)) Y E[Cy], (22)
i=1 j=2 j=1
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(out)

9

where C; is the cost per query of model i. Specifically, if %_(in) and ~
token, C; = ,yi(m)Ti(m) + 'YZ(OUt)Ti(Out).

are the costs per input and output

Proof. We proceed by establishing the formula for the probability of correctness. Analogous reasoning then
yields the formula for expected cost. Let 7 € {1, ..., k} be the index of the model M, that returns the query.
Specifically, {7 = i} = {®1 < ¢1,...,D,-1 < ¢i—1,P; > ¢;}. We will decompose P(correct) based on the
value of 7. First, since the calibrated confidence ®; satisfies ®; = E[1{M; correct}|x], we have

k

k
P(correct) = E[®,] = E[Z O, 1{r = i}} =Y E[@1{r = i}]. (23)

=1

Hence, the problem reduces to computing E[®;1{7 = i}] for each model 7. This is the integral of ®; over the
set {7 = i}. We have

1—1
E[®;1{r = i}] :/cbi]l{@@_} I 1,26,y dP (24)
j=2
Hi‘;l La, <y,
= ]P’(@l < ¢1, ceny q)i,1 < ¢i71)/¢i1{¢>¢i}[@(¢1 > ;51 2{¢):1i ¢._1) dP (25)
i—1
—P@ <o) [[P@ < o0 <o) [ aidpCInZ (B <0)) (20)
j=2 {®>¢:}
i—1
=P(0; < ¢1) [[P(2; < 6P, 1 < ¢j—1)/ ®; dP(|®i—1 < Pi-1), (27)
j=2 {2>:}

where in the last line we used the Markov assumption (5). This concludes the proof of the formula for the
probability of correctness. To obtain the formula for the expected cost, note that the integral

[D i:cj dP(-|®;—1 < ¢i—1) (28)

i>¢i =1

simplifies to the product P(®; > ¢;|P;—1 < ¢i—1) 23:1 E[C}] because we assume the model costs to be
independent of the calibrated confidences. O

Appendix B: Algorithm for Computing P(Correct) and E[Cost]

Algorithm 1 provides an efficient way to compute the probability of correctness and expect cost in O(k) time,
where k is the length of the cascade. We compute all probabilistic quantities using the fitted Markov-copula
model. To compute the integrals

Ii(pi—1, ¢i) = /{<1>->¢-} ®;(w) dP(w|Pi—1 < ¢i-1) (29)

of conditional correctness, we use numerical integration by treating (29) as a Riemann-Stieltjes integral
f;l ¢ dF(¢) in the distribution function F(¢) = P(®; < ¢|®;—1 < ¢;—1). See Rudin (1976). Before solving
the minimization problem (11), we pre-compute look-up tables for I;(¢;—1, ¢;) which can be re-used when
solving (11) for different values of A and different subcascades.

Appendix C: Prompt Templates

Below, we provide the exact text of the prompts used in our experiments. Placeholders (for example,
{question}) are replaced at runtime with the relevant content.
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Algorithm 1 Computing P(Correct) and E[Cost]

Require: Confidence Thresholds (@1, ..., k)

: Cost + E[CY] # cumulative expected cost
D+1 # cumulative transition probability
A«1T] # expected correctness due to different models
C+ ] # expected costs due to different models

A.append(P(®; > ¢1))
C.append(Cost x P(®1 > ¢1))
D+ D xP(®; < ¢)

© P NPT

fori=2 .. kdo
Cost < Cost + E[C}]
A.append(D x f{¢i>¢i} O, (w) dP(w|®;i—1 < ¢i_1))
C.append(D X (1 — ]P)((I)z < ¢z‘q)1—1 < ¢i—1)) X COSt)
D+ D xP(®; < ¢ i1 < di—1)

: end for

e e
I I i e

P(Correct) < sum(A)
E[Cost] + sum(C)

R
S VY ®

: return (P(Correct), E[Cost])

51 MMLU
User Prompt (Zero-Shot)

Answer the multiple-choice question below by outputting A, B, C, or D.
Don’t say anything else.

Question: {question}

Choices:
{choices}

Answer:

System Prompt

Correctly answer the given multiple-choice question by outputting "A", "B",
"C", or "D". Output only "A", "B", "C", or "D", nothing else.

5.2 MedMCQA
User Prompt (Zero-Shot)

Below is a multiple-choice question from a medical school entrance exam.
Output "A", "B", "C", or "D" to indicate the correct answer.
Don’t say anything else.

Question: {question}

Choices:
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{choices}
Answer:

System Prompt

Your job is to answer a multiple-choice question from a medical school
entrance exam. Correctly answer the question by outputting "A", "B", "C",
or "D". Output only "A", "B", "C", or "D", nothing else.

5.3 TriviaQA
User Prompt (Zero-Shot)

Correctly answer the question below. Give the answer directly,
without writing a complete sentence.

Question: {question}
Answer:

System Prompt

Correctly answer the given question. Answer the question directly
without writing a complete sentence. Output just the answer, nothing else.

Evaluation User Prompt

Consider a proposed answer to the following trivia question: {question}.

The proposed answer is {model_answer}. Decide if this answer correctly
answers the question, from the standpoint of factuality. Output "Y" if

the answer is factually correct, and "N" otherwise. Do not say anything else.

Evaluation System Prompt

You are a helpful assistant who judges answers to trivia questions. Given

a trivia question and a proposed answer, output "Y" if the proposed

answer correctly answers the question. Otherwise, if the answer is not
factually correct, output "N". Only output "Y" or "N". Do not say anything else.

5.4 XSum
User Prompt (Zero-Shot)

Summarize the given source document. Write a concise summary that is coherent,
consistent, fluent, and relevant, as judged by the following criteria:

Coherence - collective quality of all sentences

Consistency - factual alignment between the summary and the source
Fluency - quality of individual sentences

Relevance - selection of important content from the source

Source document: {source_document}

Summary :
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System Prompt

Summarize the given document. Output only the summary, and nothing else.
Do not introduce the summary; start your answer directly with the first
word of the summary.

Evaluation User Prompt

Consider a proposed summary of the following source document: {source_document}.
Decide if the following proposed summary is coherent, consistent, fluent,
and relevant, as judged by the following criteria:

Coherence - collective quality of all sentences

Consistency - factual alignment between the summary and the source
Fluency - quality of individual sentences

Relevance - selection of important content from the source

Score each criterion (coherence, consistency, fluency, and relevance)

on a scale from 1-5, where 5 is best. Return a JSON of the form

{"coherence": a, "consistency": b, "fluency": c, "relevance": d},

where a, b, c, d are the scores for the criteria (1-5). Only return this JSON.

Proposed summary: {model_answer}

JSON containing the scores for all criteria:

Evaluation System Prompt

You are a helpful assistant who evaluates the quality of text summaries
based on coherence, consistency, fluency, and relevance, as judged by the
following criteria:

Coherence - collective quality of all sentences

Consistency - factual alignment between the summary and the source
Fluency - quality of individual sentences

Relevance - selection of important content from the source

Score each criterion on a scale from 1-5 (5 is best). Only respond with

a JSON. The JSON should have keys "coherence", "consistency", "fluency",
and "relevance", and the values should be the scores (integers from 1 to 5).

5.5 GSMS8K
User Prompt (Zero-Shot)

Reason step-by-step through the following math problem. End your answer
by outputting the final numerical answer prefixed by ’#### ’. For example,
if your final answer is x, end your answer on ’H#### x’.

Problem: {question}

Step-By-Step Reasoning:

System Prompt
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Consider the given math problem, think step-by-step, then report the final
numerical answer x as follows ’#### x’. Do not say anything after that.

Evaluation User Prompt

Consider a proposed answer to the following math problem: {question}.
Decide if the following proposed answer correctly answers the question.
Only evaluate the final answer; score the answer as correct even if the
reasoning is faulty. For reference, the correct answer is provided below.

Respond with exactly ’Y’ if the final answer is correct, or ’N’ if it
is incorrect. Only output Y or N.

Proposed answer: {model_answer}

Correct answer:
{correct_answer}

Is the given final answer correct? Respond with exactly Y or N:

Evaluation System Prompt

You are a helpful assistant who evaluates answers. Only respond with Y or N.

5.6 TruthfulQA
User Prompt (Zero-Shot)

Answer the question below truthfully and concisely. No need to write a
complete sentence, explain your answer, or say anything else afterwards.

Question: {question}
Answer:

System Prompt

Your task is to answer the given question truthfully. It is okay to
acknowledge you do not know the answer. Give the correct answer if you can.

Evaluation User Prompt

Consider a proposed answer to the following question: {question}. Decide
if the following proposed answer truthfully answers the question. For
reference, consult the lists of known correct and incorrect answers
provided below. Respond with exactly ’Y’ if the answer is truthful,

or ’N’ if it is not truthful. Only output Y or N.

Proposed answer: {model_answer}

Known correct answers:
{make_bullets(correct_answers)}

Known incorrect answers:
{make_bullets(incorrect_answers)}
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Is the given answer truthful? Respond with exactly Y or N:

Evaluation System Prompt

You are a helpful assistant who evaluates answers. Only respond with Y or N.

Appendix D: Price Differentials between Small and Large Models

Table 8 lists the differentials between smaller and larger language models across various providers.

Table 8: Price differentials between smaller and larger language models across various providers. Ratios
indicate how many times more expensive the larger model is compared to its smaller counterpart, in dollars
per million tokens. Data as of December 20th, 2024.

A Intelligence Provider Smaller Model Larger Model Price Ratio

Meta llama3.1-70b llama3.1-405B 3.33x
Small Gap Anthropic  claude-3.5-sonnet claude-3-opus 5.00x
OpenAl gptdo ol 6.00x
Meta llama3.1-8b llama3.1-405b 15.0x
Medium Gap OpenAl gptdo-mini gptdo 16.67x
Anthropic  claude-3.5-haiku claude-3-opus 18.75x
Meta llama3.2-1b llama3.1-405b 30.0x
Large Gap Anthropic claude-3-haiku claude-3-opus 60.0x
OpenAl gpt4o-mini ol 100.0x

Appendix E: Verifying Confidence Thresholding on the Test Sets

We further verify calibration of LLM confidences by showing that confidence thresholding works: for most
benchmarks and models, when only accepting queries for which the calibrated confidence exceeds ¢, the test
error decreases to below <1 —gq.

Figure 7 plots the conditional accuracy with confidence thresholding on the test sets (n ~ 1000). In each
case, the logistic regression calibrator was fitted on the training set (n = 300). Each plot traces the empirical
probability of correctness on the test set, I@’mst(correct@ > ¢), for different values of the calibrated confidence
threshold ¢. The figure shows that, for the most part, the models’ conditional accuracies increase as expected.
This is indicated by the fact that the conditional accuracy curves mostly remain above the diagonal dashed
lines, reflecting the theoretical expectation that Ppest (correct|® > ¢) > ¢.
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Figure 7: Verifies that confidence thresholding works by showing that for most benchmarks and models,
test accuracy increases to above ¢ when only accepting queries on which the calibrated confidence for the
query exceeds ¢. Calibration was performed on the training set. The shading indicates +1c0, as computed

by a binomial model for the number of correct answers. Above the diagonal dashed line, the conditional
accuracies exceed the confidence thresholds, as they should.
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