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Abstract

Many real-world bandit applications are charac-
terized by sparse rewards, which can significantly
hinder learning efficiency. Leveraging problem-
specific structures for careful distribution model-
ing is recognized as essential for improving esti-
mation efficiency in statistics. However, this ap-
proach remains under-explored in the context of
bandits. To address this gap, we initiate the study
of zero-inflated bandits, where the reward is mod-
eled using a classic semi-parametric distribution
known as the zero-inflated distribution. We de-
velop algorithms based on the Upper Confidence
Bound and Thompson Sampling frameworks for
this specific structure. The superior empirical
performance of these methods is demonstrated
through extensive numerical studies.

1. Introduction

Bandit algorithms have been widely applied in areas such
as clinical trials (Durand et al., 2018), finance (Shen et al.,
2015), recommendation systems (Zhou et al., 2017), among
others. Accurate uncertainty quantification is key to ad-
dressing the exploration-exploitation trade-off and typically
requires on certain reward distribution assumptions. Exist-
ing assumptions can be roughly classified into two groups:

* Parametric: the reward distribution is assumed to be-
long to a parameterized family, such as Gaussian or
Bernoulli distributions (Audibert et al., 2010; Krause
& Ong, 2011; Agrawal & Goyal, 2012). The strong
assumption typically ensures clean algorithmic design
and nice theoretical results. However, when misspeci-
fied, it may lead to over- or under-exploration.
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Figure 1. Results from a real personalized pricing dataset detailed
in Section 5. (a) Histogram of rewards, with zero represented in
orange. (b) Comparison of 1 — ¢ upper confidence bounds across
different methods. We use Monte Carlo to approximate the true
quantile (the tightest valid upper confidence bound). All methods
are validated as their curves lie above the Monte Carlo baseline.
Our proposed method (green) achieves the tightest bound quickly,
demonstrating effective utilization of the zero-inflated structure.
The other bounds correspond to UCB baselines detailed in Ap-
pendix D.1. Notably, applying existing concentration inequalities
directly on the reward (yellow), even when knowing the true size
parameter but without utilizing the ZI structure, results in signifi-
cantly looser bounds.

* Non-parametric: the reward distributions need to
satisfy certain characteristics, such as having sub-
Gaussian tails (Chowdhury & Gopalan, 2017; Jin et al.,
2021; Zhu & Tan, 2020) or being bounded (Kveton
et al., 2019; 2020; Kalvit & Zeevi, 2021). In some
cases, such an approach can achieve regret rates com-
parable to those of parametric methods (Urteaga &
Wiggins, 2018; Kalvit & Zeevi, 2021; Jin et al., 2021).
However, in general, these weaker assumptions sacri-
fice statistical efficiency by ignoring structural informa-
tion. Even when the rates are the same, there may still
be a significant empirical performance gap between
the two approaches when the parametric distribution
is correctly specified (see Chapter 9 in Lattimore &
Szepesviri, 2020).

As in many statistics and machine learning areas, using
problem-specific structures to focus on a more detailed dis-
tribution family, if correctly specified, can improve the ef-
ficiency of estimation or uncertainty quantification. This
leads to lower regrets in bandits. However, as discussed
above, compared to the vast statistical literature on univari-



Zero-Inflated Bandits

Table 1. Summary of the theoretical guarantees for our algorithms.

BANDIT PROBLEM  ALGORITHMY REWARD DISTRIBUTION MINIMAX RATIO

sub-Gaussian (Algorithm 1) VdiogT

MAB+ UCB sub-Weibull (Algorithm 1) ViegT"
heavy-tailed (Algorithm B.1) K/T + (K/T)Z‘Fl;f) log T K**
TS sub-Gaussian (Algorithm C.1) 1
UCB sub-Gaussian (Algorithm C.2) log(d V q)log(T/(d A q))***
GLM TS sub-Gaussian (Algorithm C.3)  (d V q)log(d V ¢)log(T/(d A q))

" Our MAB algorithms are designed for a fixed horizon T, but the doubling trick can adapt them into anytime algorithms
with comparable guarantees (Section 6.2 in Lattimore & Szepesvdri, 2020), preserving all the problem-dependent regret

~ bounds (Theorems 7 and 9 in Besson & Kaufmann, 2018);

*** Our problem-dependent and problem-independent regrets achieve state-of-the-art performance for both sub-Weibull (Hao

_etal., 2019) and heavy-tailed (Bubeck et al., 2013) rewards;

** Our problem-independent regret matches the minimax lower bound up to a logarithmic factor (Theorem 3 in Dani et al.,

2008) and aligns with the state-of-the-art rate (Li et al., 2017).

ate distribution, this direction is underexplored in bandits.
This paper initiates the study of this direction by focusing
on the sparse reward problem. Specifically, this work is
motivated by the observation that rewards tend to be sparse
in many real-world applications, meaning they are zero (or
a constant) in most instances, called zero-inflated (ZI). For
instance, in online advertising, most customers will not
click the advertisement and hence the reward is zero with
high probability; while for those clicked, the reward will
then follow a certain distribution. Similar structures exist
in broad applications, including mobile health (Ling, 2019)
and freemium games (Yu et al., 2021). While some standard
bandit algorithms can still be applied, they fail to utilize the
distribution property and hence can be less efficient. See
Figure 1a for a real example.

Contributions. Our contributions are threefold. First, we
propose a general bandit algorithm framework for zero-
inflated bandit (ZIB). Both Upper Confidence Bound (UCB)
and Thompson Sampling (TS)-type algorithms are proposed.
Using the problem-specific structure, our algorithm is more
efficient than the existing ones via more accurate uncer-
tainty quantification. We illustrate this with Figure 1b,
which shows that our method leads to tighter concentration
bounds, and this will translate into lower regrets when used
with UCB and TS. Our algorithms are designed for a wide
range of reward distributions, including the sub-Weibull
distribution and even more heavy-tailed distributions (with
moments exceeding one). Second, we theoretically de-
rive the regret bounds for our UCB and TS algorithms in
multi-armed bandits (MAB) under weak reward distribu-
tion assumptions, as well as for contextual linear bandits.
In many cases, our algorithms achieve regret rates that are
either minimax optimal or state-of-the-art. A detailed sum-
mary is provided in Table 1. To our knowledge, this is the

first finite-sample concentration analysis of the general ZI
models in the literature, even outside of bandits. Lastly, we
show the value of our approach through both simulated and
real experiments.

Related work. Besides the bandit literature with paramet-
ric or nonparametric reward distributions discussed above,
our work connects to several related research areas. First,
there is research on semiparametric bandits (Krishnamurthy
et al., 2018; Kim & Paik, 2019; Ou et al., 2019; Peng et al.,
2019; Choi et al., 2023). However, these works focus on
addressing the misspecification of the regression function
within the context of contextual bandits. This focus is or-
thogonal to our objectives. Second, the zero-inflated distri-
bution can also be regarded as a special case of hierarchical
distributions. In recent years, there is growing interest in
leveraging hierarchical models in bandits (Hong et al., 2022;
Wan et al., 2021; 2023a). However, all of them study the
hierarchical structure among bandit instances (with meta-
learning) instead of in the reward distribution as in our
setup. Third, to be agnostic to the distribution assump-
tion, besides relying on nonparametric distribution fami-
lies, one may also consider bootstrap-based methods (Wan
et al., 2023b; Kveton et al., 2019). Nonetheless, on one
hand, these methods still rely on certain restrictive distribu-
tion assumptions to ensure a regret guarantee; on the other
hand, they fail to fully utilize the problem-specific structure,
which may lead to compromised efficiency. Fourth, our
work is related to research on sparse rewards and heavy-
tailed/asymmetric bandits. While traditional sparse bandits
(Kwon et al., 2017; Perrault et al., 2020) focus on arms
with zero mean rewards, our zero-inflated framework ad-
dresses structural sparsity where actions frequently yield
zero rewards. This connects to heavy-tailed bandits (Bubeck
et al., 2013; Zhang & Cutkosky, 2022) and asymmetric ban-



Zero-Inflated Bandits

dits (Zhang & Ong, 2021; Li et al., 2023), as zero-inflated
distributions can exhibit heavy-tailed or asymmetric prop-
erties. However, our approach is specifically tailored to the
zero-inflated structure, allowing the non-zero component
to be either heavy-tailed or asymmetric while maintaining
computational efficiency.

Finally, while zero-inflated structures have been studied
in offline settings (supervised/unsupervised learning, see
Lambert, 1992; Hall, 2000; Cheung, 2002) and there is some
literature focusing on model-specific zero-inflated bandits
(Liu et al., 2023, which only considers two discrete count
rewards: Poisson and negative binomial), to our knowledge,
this work is the first formal study on this topic in bandits
generally, which poses unique challenges such as finite-
sample concentration bounds and regret rate analysis for a
class of distributions.

2. Zero-Inflated Multi-Armed Bandits

In this section, we use the MAB setting to outline our moti-
vation and strategy. We will extend to contextual bandits in
Section 3.

Setup. For any positive integer M, we denote the set
{1,..., M} by [M]. We start our discussion with the MAB
problem: on each round ¢t € [T], the agent can choose
an action 4; € A with the action space A = [K], and
then receive a random reward R; = 714, + €¢, where
rp = E[R: | A+ = k] is the mean reward of the k-
th arm and ¢; is the random error. The performance of
a bandit algorithm is measured by the cumulative regret
R(T) = Zthl E[max,earq — 74,]. We focus on appli-
cations where the reward is zero for a significant proportion
of time, and propose to characterize the reward distribution
by the following Zero-Inflated (ZI) model:

Xt = HA, + €t,
Y; ~ Bernoulli(pg, ),
and Rt:OXU.—K)-f—XtXth

Here, for each arm k, we introduce two unknown parame-
ters, the non-zero probability p, € [0, 1] and the mean of
the non-zero part py such that r, = py X pi. Here gy is a
mean-zero random error term. For any arm k, we assume
P(X; = 0) = 0. We note this assumption can always be
satisfied: given a reward variable R;, one can always define
Y:; = 1(Ry # 0) and X; = 1(R; # 0) x R;. Moreover,
as such, it is natural to regard Y; as observable as well. In
contrast, the value of X; is only observable when Y; # 0
(equivalently, R; # 0), and in this case it is equal to R;.
For simplicity of notations and without loss of generality,
we assume X; Il Y;: evenif X; /I Y;, we can re-define
X, | Y; = y to have the same distribution as X; | Y; = 1
for y = 0,1. In this case, Xt 1l 'Y;, and the observable

reward Ry = Xy x Y, = Xt x Yy; thus, we can simply
replace X, with X,. Finally, the conditional distribution of
R; is a mixture of two distributions, one of which is a delta
distribution on zero and the other is only required to satisfy
minimal assumptions; while the assignment Y; is Bernoulli.
For simplicity, we will occasionally omit the subscript ¢
when there is no ambiguity.

To simplify the exposition, we first focus on pulling a single
arm and may omit the subscript k. We begin with con-
sidering scenarios where ¢; exhibits relatively light tails.
Specifically, we consider the sub-Weibull tail property, i.e.,
there exists # > 0 for which the moment generating func-
tion (MGF) of |¢,|? is defined within an interval around
zero. This sub-Weibull distribution family is very gen-
eral (Zhang & Chen, 2021; Zhang & Wei, 2022): for ex-
ample, when § = 1 and 8 = 2, it reduces to the sub-
exponential or sub-Gaussian family, respectively. Mathemat-
ically, we denote €; ~ subW (8; C) if the noise &, satisfies
Eexp(|e|?/C?) < 2, with § > 0 and C' > 0 representing
the tail and size parameter (Rinne, 2008; Vladimirova et al.,
2020). In the design and analysis of bandit algorithms, it is
commonly assumed that the parameters § and C' are known
(Wu et al., 2016; Lattimore & Szepesvari, 2020; Wu et al.,
2022; Zhou et al., 2025).

We first note that the ZI structure retains the sub-Weibull tail
behavior of the non-zero component X; — u, as established
in Lemma 2.1.

Lemma 2.1. Assuming independent Y; ~ Bernoulli(p) and
Xi—p ~ subW(0;C), let Ry = X; xY;. Then, there exists
a constant Cr > 0 such that Ry — up ~ subW(6; Cr).

Naive approaches and their limitations. With Lemma
2.1, once the size parameter for R; is known (or estimated),
we can construct an upper confidence bound for » = up
using existing concentration inequalities for sub-Weibull
variables { R;} (Zhang & Chen, 2021; Zhang & Wei, 2022).
The corresponding UCB algorithms then follows, which we
refer to as naive approaches. While such approaches can
theoretically attain minimax regret rates under appropriate
parameter specifications, the zero-inflated structure intro-
duces unique challenges that lead to two clear limitations.

First, even when the true size parameter is known, with-
out leveraging the zero-inflated structure, such an ap-
proach leads to a loose concentration bound and hence
under-exploration. This can be seen in Figure 1b, our
numerical study in terms of regret, and also our regret
bound (e.g. Lemma 6.1). We can appreciate the intu-
ition from the following fact: var(R;) = Ey (var(R:|Y:)) +
vary (E(R|Y;)) = pvar(X,) + u?p(1 — p). Therefore, if
we directly apply a concentration bound with R;, the width
of the bound will roughly increase linearly with p. How-
ever, the noise level and the difficulty of estimating either p
or i (and hence r) should not change only by shifting the



Zero-Inflated Bandits

non-zero distribution.

Second, in practice, estimating a valid size parameter C'r
for r (hence having a valid upper confidence bound) is chal-
lenging, as the size parameter has complex dependency on
u, p, 8 and C. In real applications, there are a few com-
mon methods to choose Cr: (1) Use the size parameter of
X — p; (2) use the variance of R; (estimated on the fly); (3)
Use the definition to calculate Cr, with p and p estimated
on the fly. The first two approaches are not valid, while
the third one is also not reliable due to the sensitiveness
induced by the ZI structure. We illustrate the issues with
these methods in Lemma E.1 (in Appendix E) using sub-
Gaussian distributions, which we summarize here: 1) Cgr
can significantly exceed C, hence approach 1 is not valid;
2) Cg can significantly exceed var(R;), hence approach 2
is not valid; 3) C'r is very sensitive to (p, i1, 2), and hence
prone to be heavily influenced by their estimation errors
- specifically, the partial derivatives of C'r with respect to
these parameters can be arbitrary large within some regions.

2.1. Proposed product method and upper confidence
bound approach

To address the shortcomings of the naive approaches, we
introduce the product method, which leverages the product
structure of the true reward R; = X; x Y;. Utilizing the
corresponding concentration inequalities, we establish valid
upper confidence bounds for p using {X;}}-; and for p
using {Y;}7_,, formulated as P(u > X + Ux) < «/2 and
P(p >Y + Uy) < a/2. Here Ux and Uy are known func-
tions, and X and Y are the sample averages for {X;}7 ;
and {Y; }7—,, respectively. Consequently,

P(up > (X + Ux)(Y + Uy))

— _ 1
<P(p—X>Ux)+Pp-Y >Uy) =q, M

which suggests (X + Ux )(Y + Uy) is a valid upper confi-
dence bound for r = p X p.

Now, the key of establishing our method lies in determining
sharp concentration bounds for both p and p. For p, a stan-
dard concentration bound for Bernoulli variables can be ap-
plied, such as: Uy = 1/1/(2n) x log (2/a). However, es-
tablishing sharp bounds for p presents significant challenges:
(i) X is not directly observable since we only observe X;
when Y; = 1, and (ii) the number of non-zero observations
is random, complicating standard concentration analysis.
We therefore define the average value of the observed X as:
X = m Y ty,—1 Xi- Let B =)"/" | Y] represent
the count of X; observations. While B is a random variable,
given any fixed B, the sub-Weibull concentration inequality
still holds. For example, if X; is sub-Gaussian (i.e., § = 2)
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with a variance proxy o2,

P(u—X > +/202/Blog(2/))
=E[P(u—X > /(202/B)log (2/a) | B)] < a/2.

With Uy = +/(202/B)log (2/a), based on (1), we can
derive a valid upper confidence bound for 7 , and develop
the corresponding UCB algorithm. The algorithm details
are outlined in Algorithm 1.

Algorithm 1 UCB for ZI MAB with light tails
Data: Horizon T, tail parameter 6, and size parameter C'.

Set Ul = 1and U} = 1,Vk € [K].
Set the counters ¢ = 0, and set i = 0 and py, = 0.
fort=1,...,K do
Take action A; = ¢;
Observe Ry, set X; = 1(R; # 0) x Ry and V; =
1(R: #0).
end
fort=K+1,...,Tdo
Take action A; = arg maxc ;) U} x U} (break tie
randomly);
Observe Ry, setY; = 1(R; # 0);
Update ca, = ca, + 1, pa, = Da, + %, and
_~ log(2/9) .
UY, =DPa, + §CAt ;
if R; # 0 then
Set Xt = Rt,
Update Ha, =
1
#{I<t:A;=A; and Ra, 70} Zlgt:Al:At Ry,
~ log(4/6
and U} = [ia, + 26D(9)C( n%it//g +
1/6)v1
E(Q)W), where D(0) and E(0) are
defined in Lemma 2.2.
end

While the above construction provides a valid algorithm, the
theoretical analysis presents additional complexities. The
concentration bound +/(202/B) log (2/a) is random and
depends on {Y;}7;, which significantly complicates regret
analysis. Fortunately, Lemma 2.2 demonstrates that we
can have a similar concentration bound with rate ,/np,
which is much easier to analyze. It also verifies that the
observed average of i.i.d. sub-Weibull variables behave with
a combination of a Gaussian and a Weibull tail.
Lemma 2.2. Suppose X; — S subW(0; C) and Y;
Let X = m i, Ry be the
observed sample mean for X and

i.id.

~

Bernoulli(p).

10g(1/9)\/1(4/6)

Ux- = 2eD(6)C <\/m+ 2E(6)
pn

thenP{’u—Y*‘ > UX*} < foranyd > 0andn >

pn

)
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4log(2/0)/p?. The constants D(0) and E(0) are defined
in Lemma F.2.

More importantly, Ux+ is not only independent of g but also
enables a tighter product method-based concentration for
r = p X p compared to standard sub-Weibull concentrations
for Ry = X; x Y;. Our numerical results in Figure 1b
demonstrate this advantage.

In addition, some applications exhibit zero-inflated rewards
where the non-zero part is heavy-tailed, possessing only
finite moments of order 1 + € for some e € (0, 1]. To handle
such cases, we construct an upper bound for the trimmed
mean (Bickel, 1965; Bubeck et al., 2013), enabling the
corresponding UCB algorithm. Further details are provided
in Appendix B.

2.2. Thompson sampling approach

We also extend our discussion to another widely adopted
approach, Thompson Sampling (TS, Thompson, 1933). Sim-
ilarly to our approach with the UCB algorithms above, we
consider the non-zero part X; and the binary variable Y;
separately. For ease of exposition, we consider the sub-
Gaussian case for X;. This can be easily extended to sub-
Weibull cases by introducing an extra sampling step, known
as Chambers-Mallows-Stuck (CMS) Generation, to rescale
X; to a sub-Gaussian tail (Weron, 1996; Dubey & Pentland,
2019; Shi et al., 2023).

Following the standard TS framework, we sample p, and
pi. from their respective posteriors and multiply them. We
prove this is equal to posterior sampling in Appendix C.1.
To achieve a minimax optimal TS algorithm for general sub-
Gaussian distributions, we follow Jin et al. (2021); Karbasi
et al. (2021) to use a clipped Gaussian distribution, denoted
as clN (p,02;9) := max{N(pu,c?),9}, which curtails
overestimation of suboptimal arms and ensures optimality.
We adapt this idea to use the clipped Gaussian distribution
for sampling the non-zero part X; and a clipped Beta distri-
bution for the binary part Y;. Our decision to use a clipped
Beta distribution over a standard Beta distribution stems
from our analysis, which shows it is critical for managing
the risk of overestimating suboptimal arms in ; = X; X Y;.
Further details are outlined in Appendix C.1.

3. Zero-Inflated Contextual Bandits

In this section, we extend our discussion to the Contex-
tual Bandits problem. For concreteness, we consider the
following setup of contextual bandits, although other se-
tups can be similarly formulated and addressed: on each
round ¢, the agent observes a context vector x; and a set
of feasible actions A;, choose an action A; € A;, and
receive a random reward R; r(x¢, A¢) + &1, where
r is the mean-reward function and &; is the random er-
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ror. The cumulative regret in this setup is defined as
T
R(T)=>"_4 E[maxaeAt r(x¢, a) — r(xe, At)}.

To utilize the ZI structure, we propose to consider the fol-
lowing model: R; = 0 x (1 —Y;) + X; x Y; with

X = g(XtaAt;ﬁ) + &t
Y; ~ Bernoulli (h(Xt,At§0))7

where ¢; is a mean-zero error term, h is a function with
codomain [0, 1] and parameterized by @ € R?, and g is a
function parameterized by 3 € R. We remark the relation-
ship that r(x, a) = h(x,a;0) X g(x, a; 3).

Here, we present a general UCB template for our method in
Algorithm 2, which extends the MAB version in Section 2.2.
Specifically, based on the functional forms of A(-, -; 0) and
g(-,; B3), we construct confidence bounds for exploration,
denoted as Uy +(x,a) for h and Uy +(x, a) for g, respec-
tively. At each step, we estimate 6 and 3, then structure
the UCB algorithm by maximizing the UCB score for each
action. Similarly, the TS algorithm follows by designing
appropriate sampling rules with suitable priors for 8 and
B. As a concrete example, Appendix C.2 provides detailed
update formulas for both the UCB and TS algorithms when
h and g are modeled as generalized linear functions.

Algorithm 2 General template of UCB for ZI contextual

bandits

Data: Confidence bound exploration terms Uy (-, -) and
Unon-zero, (, ), random selection period 7, and other
algorithm-specific parameters.

Set Hay = {} and Hnon-zero = {}

Randomly choose action a; € A; fort € [7];

fort=7+1,...,Tdo

Estimate §t from the binary outcomes, using Hy;

Estimate ,@t from the non-zero outcomes, using
Hnon-zero; ~
Take action A, = argmax,c4, [h(x¢,a;6;) +
Uall,t (Xta a)] X [g(xta a; ﬁt) + Unon-zero,t(xh a)] .
Observe reward Ry, set X; = 1(R; # 0) x R; and
Yy = 1(R # 0).
Update the dataset as Hay < Hay U {(x¢, Az, Y1)}
if R; # 0 then
Update the dataset as Huon-zero
{(Xtv Atv Rt)}’

<~ HHOH—ZCI'O U

end

4. Theory
4.1. Regret bounds for ZI MAB

Although concentration bounds for both components (e.g.
van de Geer & Lederer, 2013; Kuchibhotla & Chakrabortty,
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2022; Zhang & Wei, 2022, for sub-Weibull) and Y (e.g. Ben-
tkus, 2004; Mattner & Roos, 2007; Zhang & Chen, 2021, for
Bernoulli) have been extensively studied, there present non-
trivial challenges to analyze our algorithm with the product
of them. These challenges, as discussed above, arise be-
cause the reward, and consequently the action selection, is
jointly determined by both X and Y. Unlike standard ban-
dits where the observability of X depends solely on arm
selection, here it also depends on Y’s value. Consequently,
the number of times X is observed becomes a random vari-
able. The lack of a precise distribution for sub-Weibull X
also complicates analytical analysis. Fortunately, our Lem-
mas 2.2 and B.1 help address these challenges to support
the regret analysis of our algorithms.

Without loss of generality, we assume r; € (0,1), and
r1 = MaXke[K] Tk i.e., the first arm is the optimal arm. To
demonstrate the prior properties of considering the ZI struc-
ture from a theoretical perspective, we present the regret
bound for our light-tailed ZI UCB algorithm for MAB.
Theorem 4.1. Consider a K-armed zero-inflated bandit
with sub-Weibull noise subW (6; C'). We have an upper
bound for the problem-dependent regret of Algorithm I with
§=4/T? as R(T) <

K K K
> o tlog T/ Ak + Y g log™ VT 4 pPlog T Ay,

k=2 k=2 k=2

where A, =11 —rp fork=2,..., K.

In Theorem 4.1, the notation “<” indicates inequality
up to constants independent of bandit-specific parameters.
Since py is bounded in (0, 1] and Ay < 1, the problem-
independent regret simplifies to R(T) < /KT logT + K.
This matches the minimax lower bound up to a factor
of O(y/logT) as given in Theorem 15.2 of Lattimore &
Szepesviri (2020).

Similarly, we establish both problem-dependent and
problem-independent regret bounds for our heavy-tailed
UCB algorithm (Algorithm B.1 in Appendix C.1), which
matches the sharpness upper bounds rates in the current liter-
ature (Bubeck et al., 2013; Dubey et al., 2020; Chatterjee &
Sen, 2021) and hence achieves state-of-the-art performance.
The detailed regret analysis is provided in Appendix B.

We also provide the regret analysis for our TS algorithm,
Algorithm C.1 in Appendix C.1, when the non-zero part
is sub-Gaussian. In contrast to the proofs of UCB algo-
rithms, we require the anti-concentration properties of the
distributions to control the probability of underestimating
the optimal arm (Agrawal & Goyal, 2013; Jin et al., 2021;
2022). Fortunately, we prove that the clipped Gaussian and
clipped Beta distributions, as well as their products, exhibit
anti-concentration with optimal decay rates (Lemma F.3
and Lemma F.4). This finding allows us to establish the
problem-dependent regret bound for our TS algorithm.

Theorem 4.2. Consider a K-armed ZIB with sub-Gaussian
rewards. Let the tuning parameters satisfy v > 4, p €
(1/2,1), and o, By, vy € [0, 1. Then Algorithm C.1 has

K
R(T) SVKT + > (p Ak +p1 VT (e K)).
k=2

Given that pj are bounded within (0, 1], the problem-
independent regret is R(T) < VKT + K. Compared
to UCB (Theorem 4.1), Algorithm C.1 improves by a fac-
tor of v/logI". The regret is both minimax optimal (Auer
et al., 2002) for sub-Gaussian MAB. One can extend Theo-
rem 4.2 for sub-Weibull rewards with § < 2 with the CMS
generation (Dubey & Pentland, 2019). This introduces an
additional regret term scaling as (K'T)'/? (Dubey & Pent-
land, 2019; Shi et al., 2023), which remains state-of-the-art.

4.2. Regret bounds for ZI contextual bandits

Analyzing ZI contextual bandit algorithms requires con-
structing confidence regions for both 3 and €. Unlike in
standard contextual linear bandit literature, the ZI structure
means that updates to 3 only occur when non-zero outcomes
are observed. Fortunately, the concentration analysis we
established for MAB can be similarly applied here. To
illustrate the theoretical advantage of our ZI contextual ban-
dit algorithms, we analyze an instantiation where both the
non-zero part X; and the binary part Y; follow generalized
linear models (GLMs):

Xi = Q(BTl/JX(Xt,At)) + &t
and Y; ~ Bernoulli {h(GTz/Jy (xt, At))}.

Here, ; is sub-Gaussian, g(-) and h(-) are strictly increasing
link functions, 1 x (-) and vy are known transformations.
The unknown parameter vectors 3 € R% and @ € R? govern
the models, and the action space A = [K] C N can be large
or even infinite. This GLM setting is widely studied in
bandit literature (Filippi et al., 2010; Li et al., 2017; Wu
et al., 2022; Li et al., 2010; 2012; Lattimore & Szepesvari,
2020).

Denote ||z||3 = z ' Az for any z € R¢ and positive definite
matrix A € R%*, For the GLM setting, we design explicit
forms for the confidence bound exploration terms Uy ; and
Unon-zero,t» along with the estimation steps in Algorithm 2.
Specifically, at round ¢, the estimates Bt and §t are obtained
via ridge regression

Z [Rs —g(¢X(XSaAs)T6)]H
sE[t]:Ys=1

> [~ v x4 0]

-1
s=1 U,

B¢ = arg min
r vl
t

and 0, := arg min
6ce
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The corresponding sample covariance matrices are
Vi = Avlg + Zse[t]:yszl Vx (Xsa AS)ZZJX (Xs; AS)T and
U, = Ml + Zse[t] Yy (xs, Ag)y (%, Ag) T, where
Av, Ay are regularization parameters, and I', © are compact
parameter spaces. To balance exploitation and exploration,
we select actions that maximize the sum of the estimated
mean and variance, which can be interpreted as an upper
confidence bound. The confidence bound exploration terms
are designed as Unop-zero,t(Xt,a) = PX.,tH¢X(xt,a)||Vf_1
and Ua(xe,a) = pyelldy(xe,a)lly-r,  where
{pxt,py}t>0 are ellipsoidal scaling factor sequences
controlling exploration. This leads to our UCB algorithm
for ZI GLM (Algorithm C.2 in Appendix C).

To derive the regret bounds for our UCB algorithm, we
impose regularity conditions on the link functions, param-
eter spaces, and underlying distributions. Informally, we
assume that the link functions have bounded derivatives,
the parameter spaces are compact, the variance matrices
for both the non-zero and binary components are positive
definite with bounded minimal eigenvalues, and the noise is
sub-Gaussian. These assumptions are standard and mild in
the literature on generalized linear contextual bandits (e.g.,
Lietal., 2010; Deshpande et al., 2018; Wu et al., 2022). The
formal assumptions are detailed in Assumptions C.1 and
C.2 in Appendix C.2. Utilizing results on self-normalized
martingales (Abbasi-Yadkori et al., 2011), we derive the
following regret bounds for Algorithm C.2.

Theorem 4.3. Fix any 6 > 0. Suppose Algorithm C.2 is
run with a suitable random selection period T and tuning
parameters {px t, Py, }+>0, as specified in Assumption C.3
in Appendix C.2. Under the regularity conditions in Assump-

tions C.1 and C.2, the regret is bounded with probability at
least 1 — 56 as

R(T) < 7+ /dTlog(1 + d-1T)[log(1/6) + dlog(1 + d-17)]

+\/aT1og(1 + ¢ 1) [10g(1/6) + qlog(1 + ¢~'T)]
Sforany Ay, Ay > 0.

A notable observation is that the regularity conditions, ran-
dom selection period, tuning parameter choices, and regret
bound in Theorem 4.3 are independent of the number of
arms K. This regret rate O((d V ¢)v/T') matches the mini-
max lower bound up to a logarithmic factor for contextual
bandit problems with both finite and countably infinite ac-
tion spaces (Theorem 3 in Dani et al., 2008).

While Theorem 4.3 focuses on the UCB approach, the TS
variant can achieve the same regret rate. Specifically, the
TS algorithm samples parameters as

Et ~ N(ﬁh Q?X,tV;I)

using the same estimators §t7 ét,Vt,Ut as in the UCB
algorithm. With appropriately chosen confidence radii

and 6, ~ N(6,, oy, U ),

{0xt, 0v,}t>0, the TS algorithm selects actions as ATS =
arg max,e|x[1x (X¢, a)" Be] x [Yy (x4, a) " B]. The corre-
sponding regret bounds are provided in the following corol-
lary.

Corollary 4.4. Suppose the conditions in Theorem 4.3
hold. If Algorithm C.3 is run with the same random selec-
tion period T as Algorithm C.2 and the tuning parameters
0x,t, 0y, specified in (C.3), then the regret is bounded with

probability at least 1 — 56 by O((d V q)2V/T).

5. Experiment

Simulation with MAB. For MAB problems, we evaluate
our algorithms across three reward distributions: Gaussian,
Gaussian mixture, and exponential. We set up several UCB
baselines using the sub-Weibull concentration (Bogucki,
2015; Hao et al., 2019), with difference in the size parameter
specification: size parameter of the non-zero component,
estimated variances, on-the-fly estimated size parameters,
and the true size parameters (strong baseline). Additionally,
we include the MOTS algorithm from Jin et al. (2021) as a
TS baseline. The details of these baselines and our setting
are presented in Appendix D.1.

For the reward distributions, we consider: (i) Gaussian re-
wards with unit standard deviation and means p; (ii) Mixed

Gaussian rewards drawn from (1 —pg) x N (ﬁ7 0’2> +

pr X N (%, 02) ensuring overall mean p; and (iii) Ex-
ponential rewards with mean p;. All mean parameters fiy,
are independently drawn from U (0, 100). Throughout our
experimental evaluation, all plotted lines represent mean
cumulative regret over multiple independent replications.
Error bars around the curves indicate +1/10 standard devi-
ation, chosen to ensure visual clarity while reflecting vari-
ability. In some cases, error bars may appear negligible or
invisible due to very low variability across replications.

We run simulations with different distributions of p =
maxye|g) Pr With 6 = 4/T?. Here, we only present the
result with p ~ U[0.30, 0.35] in Figure 2. Besides, the 1 — ¢
upper confidence bounds for different UCB algorithms are
shown in Figure 1 (b). Findings from other settings (includ-
ing high and very low values of p, and bounded rewards)
are similar and detailed in Appendix D.1. Our algorithms
demonstrated sub-linear regrets across various distributions.
In contrast, except for the strong baseline, all other methods
exhibited either linear or significantly higher regrets in some
cases, due to the challenge to correctly quantifying uncer-
tainty in ZIB. Consistent with our observations in Figure
1b, our UCB algorithm even exhibits a much lower regret
than the strong baseline in both Gaussian and Gaussian-
mixture cases. This proves our motivation that ignoring the
ZI structure leads to looser concentration bounds and hence
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Figure 2. Zero-inflated MAB with K = 10 and T' = 75000 with N = 50 replications for p ~ U[0.30, 0.35].

higher regret. Similarly, unlike the baseline TS algorithm
(Jin et al., 2021), our TS algorithm outperforms other base-
line algorithms. We present results for TS algorithms only
in Gaussian and Gaussian-mixture cases. For exponential
distributions, the required CMS transformation to rescale
the distribution to sub-Gaussian tails—discussed in Section
2.2—complicates fair comparisons.

Simulation with contextual bandits. We adapt the settings
in Bastani et al. (2021); Wu et al. (2022) to ZIB. We design
K = 100 arms and generate a vector v, € R? with d = 10
for each arm k € [K]. At each round ¢ the context for
arm k is sampled as xj, ; ~ Ny (Vk, 3777 14). The non-zero
part of the reward, X, is generated using a linear model:
BTX A, t + €+, with £, representing white noise. For the bi-
nary part, we model the probability using a generalized lin-
ear function with the link function h(0 T sin(x.4, ;)). Both
3 and 6 are d-dimensional, with 8 having s non-zero ele-
ments, where s € [d]. The sparsity level s signifies that the
non-zero elements in @ influence the occurrence of non-zero
rewards. Unlike the MAB problem, the contextual bandits
problem introduces an additional layer of complexity for
fair comparison due to model specification. We evaluate
Algorithm C.2 against two baseline UCB methods: The first
one is a naive method, called misspecified UCB, that over-
looks the ZI structure, treating it as a linear bandit and thus
misspecifying the model. The second, termed integrated
UCB, aligns with the UCB baselines in MAB: it correctly
specifies the model, but directly quantifies the uncertainty
of (B7,07) from the model 3" x;h(07 sin(x;)) + &, by
utilizing generalized contextual linear bandit algorithms (Li
et al., 2017). Similarly, we assess our TS algorithm, Algo-
rithm C.3, against the misspecified TS, which disregards the
ZI structure, and integrated TS, which mirrors the integrated
UCB. Various sparsity levels and link functions h(-) are
considered. Results for s = 7 using the Probit function are
shown in Figure 3, with additional simulation details pro-
vided in Appendix D.2. Again, TS algorithms are excluded
for exponential noise to ensure fair comparison. As shown in
Figure 3, our UCB and TS algorithms consistently achieve
lower sub-linear regrets across all tested distributions. In
contrast, other methods, except for integrated TS, exhibit
linear regrets. While integrated TS also achieve sub-linear
regret, our product TS demonstrates superior performance.

Real Data. We apply our ZI contextual bandit algorithms
to a real dataset of loan records from a U.S. online auto
loan company, a widely studied public dataset (Columbia
Business School, Columbia University, 2024; Phillips
et al., 2015; Ban & Keskin, 2021; Bastani et al., 2022).
We mainly follow the setup in Chen et al. (2023). At each
round ¢, an applicant arrives with certain covariates (the
context) x;. The company then proposes a loan interest rate,
which can be transformed into the nominal profit A, for the
company (the raw action). This raw action, along with x;,
determines the actual profit X; and affects the applicant’s
decision to accept ¥; € {0,1}. The resulting reward for
the company is hence Ry = X; x Y;. We categorize the
raw action A; € R into discrete levels: A; € Agiserete =
{“low”, “medium”, “high”, “very high”, “luxury”}, each
representing a distinct price level. To simulate counter-
factual outcomes, we begin by fitting the entire dataset
using

Xt = (Ata 1) b(xt)T)TB + &t
and Y; ~ Bernoulli (h((4:,1,b" (x¢))'0)),

where h(-) is the logistic function and the transformation
function b(-) applied to the context is detailed in Appendix
C.2.

After deriving initial estimators B and 5 we then compare
our method with two baseline approaches discussed in sim-
uﬂations for contextual bandits at each round ¢, an action
A, is selected from Agicrere Using our algorithm. The profit
Ay is then sampled from its truncated distribution based on
Ay. Subsequently, the real profit X; and the binary decision
Y; based on the offered A;, and the corresponding reward
R, = X, x Y, are calculated. With the estimated param-
eters, we determine the optimal actions for each round to
compute the regret. Detailed procedures and tuning parame-
ters are in Appendix C.2. The average cumulative regrets
over 5000 rounds are shown in Figure 4. Our UCB and TS
algorithms demonstrate significantly lower regret compared
to the integrated UCB and TS algorithms, highlighting the
importance of leveraging the ZI structure in real-world con-
textual bandit problems. Furthermore, it is worth noting
that while the misspecified UCB and TS algorithms may
appear to perform well on this dataset, we should approach
their performance with caution: As shown in Figure 3, these
algorithms sometimes result in linear regrets. In contrast,
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Figure 4. Results with the real dataset.

our UCB and TS algorithms consistently outperform the
competition, achieving the lowest overall regret.

6. Discussion

In this paper, we introduce a new bandit model and the
corresponding algorithmic framework tailored to the com-
mon ZI distribution structure. The primary advantage lies in
lower regrets from more accurate uncertainty quantification
by utilizing the ZI structure. We establish theoretical regret
bounds for UCB and TS algorithms in MABs under various
reward distributions, as well as for contextual linear bandits.

Time and Space Complexity. Computational efficiency is
crucial for practical applications. An important advantage
of our approach is that our ZI-based methods retain the same
big-O time and space complexity as standard baselines for
both MAB and GLM settings. The only difference is a small
constant overhead from maintaining two estimators: one for
the zero indicator Y; and one for the nonzero magnitude X,
instead of a single reward estimator. Thus, our methods pre-
serve the same computational order as existing approaches
without adding extra computational cost.

Asymptotic Order-Optimality. A natural theoretical ques-
tion is whether our algorithms achieve asymptotic order-
optimality. The following lemma establishes a problem-
dependent lower bound for ZIB with a Gaussian non-zero
component.

Lemma 6.1. Consider a K-armed zero-inflated bandit with
the non-zero components belong to Gaussian distributions
with variance . For any consistent algorithm (see Defini-
tion 16.1 in Lattimore & Szepesvdri, 2020), the following

lower bound holds:

K -1 2
RT) 5[0V G

Dk 1—px
P log <_ ) + (1 — px) log <_ >
Pe A g T 1—pr Ay '

Specifically, a necessary condition for an algo-
rithm to achieve asymptotic order-optimality for
sub-Gaussian ZI MABs is that its regret satisfies
liminfr 4o R(T)/logT S Z}I::Q AL

We call an algorithm as asymptotic order-optimal, also
known as finite-time instance near-optimality (Lai & Rob-
bins, 1985; Lattimore, 2015; Ménard & Garivier, 2017;
Lattimore & Szepesvari, 2020), if its regret satisfies
liminfr_, o R(T)/logT and achieves the lower bound
in Lemma 6.1, up to universal constants independent of
both the horizon 7" and problem-specific parameters r (and
thus Ay, pr). While we do not explicitly prove that our
UCB and TS algorithms for MABs achieve asymptotic
order-optimality, they satisfy the necessary condition by
accounting for the ZI structure parameter p;. However, de-
signing an algorithm that attains this optimality may require
additional refinements. For example, in (1), we allocate
equal probability a;/2 for the two concentration bounds,
P(u > X +Ux) < a/2and P(p > Y + Uy) < /2.
To attain asymptotic order-optimality, these probability al-
locations should potentially be adapted based on the zero-
inflation parameters {p;}5_,. We leave this as an open
problem for future research.

Broader Implications. The ZI structure studied in this pa-
per can be viewed as a special case of a broader class of
problems where the reward distribution follows a hierarchi-
cal structure. This framework is particularly useful when
the reward distribution is multimodal or when the reward
generation mechanism follows a hierarchical process. For
instance, in product recommendations, a customer’s initial
reaction (e.g., “highly interested”, “somewhat interested”,
“not interested”) could determine the subsequent reward dis-
tribution. Exploring these broader applications remains an
interesting direction for future research.
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Impact Statement

This paper presents an improved algorithm framework for
multi-armed bandits and contextual bandits, both are ma-
ture area with many applications. We are not aware of any
particular negative social impacts of this work.
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A. Appendix Overview and Roadmap

We provide a roadmap to help readers navigate the supplementary material.

SECTION SUBSECTION CONTENT DESCRIPTION

Heavy-tailed ZI MAB setup, concentration inequalities, UCB algorithm, and regret

Appendix B B analysis

C.1 Thompson Sampling algorithm for ZI MAB with sub-Gaussian rewards

Appendix C C2.1 GLM UCB algorithm setup, tuning parameters, and regularity conditions

C22 GLM Thompson Sampling algorithm and tuning parameters

C23 Extension to GLM ZI bandits with heavy-tailed noise

MAB simulation details: baselines, parameters, computational resources, and extended
D.1 results (small/large p, bounded rewards). Includes confidence bounds of different
Appendix D concentration inequalities for Figure 1b

GLM bandit simulation details: algorithms, parameters, computational setup, and ex-

b2 tended results (different sparsity levels, other baselines)

D3 US loan dataset setup and modeling as ZI GLM contextual bandits

Appendix E - Supporting lemmas for naive approaches discussion (Section 2)

Appendix F - Proofs of all lemmas

Appendix G - Regret bound proofs for UCB MAB algorithms

Appendix H - Regret bound proofs for Thompson Sampling MAB algorithms

Appendix I - Regret bound proofs for ZI GLM contextual bandit algorithms

Table 2. Appendix overview. Click on section names to navigate directly to the content.

B. Heavy-tailed MAB

In many applications with zero-inflated rewards, the non-zero part can be heavy-tailed (with only finite moments of order
1 + € for some € € (0, 1]). To accommodate these scenarios, we adopt the trimmed mean (Bubeck et al., 2013) as a solution.
The truncation follows a Hoeffding-type upper bound under the condition | X;|'*¢ < M. Specifically, for fully observable
data { X;}?,, we can construct a 1 — § upper confidence bound for y with the trimmed mean

—tri 1 " €
Xlrlmmed — - ZXt]1<|Xt| < (log—l(dfl)Mt)l/(H* ))
t=1

The resulting upper confidence bound (Bickel, 1965; Bubeck et al., 2013; Dubey et al., 2020) is given by

—trimmed

X am (ntog (671)) O

In ZIB, we similarly define

* 1 _ R 1/(14¢€) . . - _
P t;t;lxtn (1% < (og~ /)i m) ) wi ) _;n(y@ —1).

X

Then we can construct a valid upper bound for y as Uy« = X =+ M"/(1+9(321og S(n)/n) U+ here S(n) is
the round index when the arm that we focus on has been pulled for n times. The corresponding UCB algorithm is then
constructed using Ux =+« x Uy, with Uy as previously defined. This approach is further detailed in Algorithm B.1.

Similar to Lemma 2.2, Lemma B.1 below confirms that this upper bound maintains a deterministic rate, simplifying the
analysis.
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Algorithm B.1 UCB for zero-inflated bandits with heavy tails
Data: Horizon T', parameters € and M.
Set Ul = 1and U} = 1,Vk € [K].
Set the counters ¢ = 0, set the mean estimator py, = 0 and fip, = 0,Vk € [K].
fort=1,..., K do
Take action A; = ¢, set Xy = 1(R; #0) x Ry and Yy = 1(R; # 0).

end
fort=K+1,...,Tdo
Take action A; = arg max;¢ ) Uy x Uy (break tie randomly);
Observe Ry, and set Y; = 1(R; # 0).
Update ca, = ca, +1,pa, =Da, + Yt%ﬁt“, and U} = pa, + 1/%;
if R; # 0 then
Set Xt = Rt;
Update
~ 1 . 1 (logl?
Ay — RA RA S A’€M1+e< >
pa, #{lgt:Al:AtandRAl;«éO}Kt; ’ {' | = 9(Pa€) ca,
where the function g(-, €) is defined in Lemma B.1, and U}! = fia, + M/ (149 (321ogt/c, (t))e/(HE);
end

Lemma B.1. Suppose Y; % Bernoulli(p) and X, satisfy E|X; — p|'T¢ < M for some € € (0, 1] with positive M > 0.
Then

P(1=X" = g(p, )M (nlog(2/6)) ) <4
for any 6 > 0 and n > 41log(2/68)/p?, where g(p,€) :=p~ T (1 + €)2TF + p~'4/3 + 2/\/p-

Similarly, using Lemma B.1, we can establish the problem-dependent regret bound for our heavy-tailed UCB algorithm in
Algorithm B.1.
Theorem B.2. For a K-armed ZIB with noise satisfying max.e ) Elex|' ¢ < oo for some € € (0,1], Algorithm B.1 has a
problem-dependent regret bound as
K K 1 .
R(T) <23 (30 +4p 2 A + 99 2A01) + 3 (2pkg(pr€)) © MYA M log T
k=2 k=2

When treating the number of arms as finite and assuming that p;, are fixed, comparing our results with those in the heavy-
tailed bandit literature (Bubeck et al., 2013; Dubey et al., 2020; Chatterjee & Sen, 2021) and we know that our algorithm
achieves state-of-the-art regret rate. Moreover, from Theorem B.2, the problem-independent regret for Algorithm B.1 is
given by

K
R(T) S pr2K + 3 pi VT + (MT) 7 (K log T) ™ B0
k=2 .

< KVT + T (K log T) T+
where the last “<” is due to p1, px, € (0, 1]. This finalizes the minimax ratio in Table 1 for MAB.

C. Additional Algorithms Details

C.1. TS Algorithms for MAB

As outlined in Section 2, we have developed a light-tailed TS algorithm for MAB. The light-tailed TS-type algorithm
achieves the minimax optimal rate when applied under the clipped distributions. The comprehensive procedure of the is
presented in Algorithm C.1.
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Algorithm C.1 TS for zero-inflated MAB with light tails

Data: Prior parameters {cv, Bk, vx } o, and p,y
Set the counter ¢, = 0,Vk € [K];
fort=1,..., K do
Take action A; = ¢, set Xy = 1(R; #0) x Ry and Yy = 1(R; # 0).
end
fort=K+1,...,Tdo

Sample pj, ~ clBeta(ay, Bi; 9x(p)) and fig, ~ clN (Uka YT ﬁk(ﬂ))
Take action A; = arg maxyc 4 Pr X fik;
Observe reward Ry, and set Y; = 1(R; # 0).
Update avg, = ag, +Y;and B4, = B4, +1-Y3;
Update pa, = pa, + th_p‘” andcq, = ca, + 1;
Update
~ 0 + T
9 = 1 .
a,(p) =Da, + \/ Ton, 08 ( Ton, K)
if R; # 0 then
Calculate:
1
~ R
HAc= 20 <t. A = A, and Ra, # 0} Z A
I<t:A;=
Update
va, = Jia,
and
~ Ay [1+1log ' (14 1//ca,T)] 02 4[1+log ' (1+1/\/ca T\
Va, (1) = Ba, + = log™
Da,ca, pa,ca K
end

The equivalence of directly sampling r; and the procedure of sampling p, and pj from their respective posteriors and then
multiplying them in Algorithm C.1, which can be mathematically expressed as follows:

P(ri|{Re}e:a,=k)
P(ry) x P{Rt}e.a,=x | %)

R

P(urpr) X P({R¢}e:a,=k,r,=0 Uk, Pk )P{ Rt }: 4, =k, R, 20| Uk, Pk ) dperdps (C.1)

JP({Re}ea v =0lpe) | PO PARe et e, olue) | dpsecpe

/Hkpk =Tk
/

kPL=Tk

where the last equality results from two assumptions: 1) independent priors for ;i and pg, and 2) non-zero rewards depend
solely on py, while zero rewards depend only on py.

An important aspect of the TS-algorithm is our use of clipped distributions for both the sub-Gaussian non-zero part X and
the precisely Bernoulli distributed part Y. As explained in Section 2.2, the reason for using a clipped Gaussian distribution
for X is due to its deviation from an exact Gaussian distribution. The rationale behind employing a clipped Beta distribution
for the exactly Bernoulli distributed Y is as follows: the objective is to establish concentration for the product random
variable R = X x Y. The product of the original Beta distribution and the clipped Gaussian does not adequately control the
overestimation probability of sub-optimal Ry, in our proofs. This is primarily due to the proof techniques employed. For
more details, refer to the proofs of Theorem 4.2 in Appendix H.
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C.2. Algorithms for Generalized Linear Contextual Bandits
C.2.1. UCB ALGORITHMS AND REGULARITY CONDITIONS

As a concrete example, we consider the widely-used generalized linear contextual bandits with finite action set A = [K],
where both functions & and g are structured as generalized linear functions here.

This setup is characterized by the known transformation functions ¥ x (+), ¥y (-), and the known link functions g(-) and
h(-), such that g(x, A;; 3) = g(l/)x(xt,At)Tﬁ) and h(x;, Ay; 0) = h(¥y (x¢, A;)T6). When the &, is sub-Gaussian,

confidence radii for the ridge estimations 9,5 (or Bt) in a compact parameter space can be fully determined by ¢y (x;, A:) (or
x (x¢, Ay)) and the sub-Gaussian variance proxy of €. Specifically, py; is chosen such that (Lemma 17.8 in Zhang, 2023)

PI{VO<t<T:pys >+ sup
a€[K],x1.4.€X

>1-0.

Z Eis Xs, A

U;l

Thus, the ellipsoidal ratio py; in Algorithm C.2 is constructed accordingly. A similar approach applies to px ; for the
non-zero component, though additional randomness from X = g(w x (X6, Ag) T 6*) must be carefully handled, as discussed
in Section 2.1. The proof of Theorem 4.3 provides further details, which we omit here for brevity.

Algorithm C.2 General template of UCB for zero-inflated generalized linear bandits

Data: Link functions ¢)x(-), ¥y (-), g(-), and h(-). Ellipsoidal ratio sequences {px ¢, py,+ }. Rridge parameters A\;; and Ay.
Set Han = {} and Hnonzero = {}. Set Uy = Ay, and V;, = Ay 1.
Randomly choose action a; € [K] fort € [7];

fort=7+1,...,Tdo
for a € [K] do
Set
UCBu(a) =[x (xe,0) " Be + pxallio (xe, )l 1| [0y (x0,0) T8 + pyallioy (x1, ) [y o
end
Take action A; = arg max,¢(x) UCB;(a).
Observe reward Ry, and set Y; = 1(R; # 0).
Update the dataset as Hyy < Han U {(x¢, Ag, Y7)} and Uy = Uy + ¥y (x4, Ay (%6, Ar) T
Solve the equation
e {0023 1= v 470 o s 40 -
if R; # 0 then
Update the dataset as Hyon-zero < Hnon-zero U {(X¢, Ar, Re) }s
Update V, = V; + thx (x4, Ae)x (x4, Ar) T
Solve
Bt € {BGF : Z {Ra _g(¢X(X37As)Tﬁ):|7/}X(XSaAs) :0}§
s€[t]:Ys=1
end

Next, we present the regularity conditions and selections of tuning parameters for Theorem 4.3. Let the true parameters be
B* and 0%, and Z; , = ¥x (x4, a) € R? and W, , = 1y (x¢,a) € RY for a € [K]. These assumptions are quite standard in
generalized linear contextual bandits (see, for example, Li et al., 2010; Deshpande et al., 2018; Wu et al., 2022).

Assumption C.1 (Link Functions and Parameters). (i) The parameter space I' and © for B and 6 satisfies
supger |82 < 1 and supgeg (|62 < 1

(i) The link function g(-) and h(-) is twice differentiable. Its first and second order derivatives are upper-bounded by L,
and Mg, and Ly and Mj, respectively;
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(111) Rg = inf|\z”2§17|\ﬁ—ﬁ*\|2§1 g(ZTﬁ) > 0 and Rp ‘= inf”w||2gl7‘|9_9xH2§1 h(WTQ) > 0;

(iv) ps = inf)w,<1,0c0 h(w'8) > 0.

Assumption C.2 (Distributions). (1) [|Z; ||z < 1and [|[Wyg|l2 < 1foralla € [K];

(i) The minimal eigenvalues for E[Z;.Z/,] and E[W; W/ | satisfy Awmin(E[Z¢.Z[,]) > o7 and
Amin (E[W¢,o W/ ]) > 02 forall a € [K] with some positive o, and 0.

(iii) The noise ; is sub-Gaussian distributed, satisfying E[e; | F;_1] = 0 and E[e*** | F,_1] < ¢* 7" /2 forany s € R,
where F; := o({(x1, R1),- .., (Xt, R¢)}) is an increasing sequence of sigma field.

Assumption C.3 (Tuning Parameters). For any § € (0,4/7T),

(1) the random selection period 7 is chosen as

[(Cm/d/p*+C2\/log(1/5)/p*>2+ 2 ] 4log(1/8) <C3\/§+C4x/1og(1/5)>2+2

2 2 2 2 2 ’
zZ D Gz p* O-w Gw

T = Imax

(ii) the ellipsoidal ratio sequences are chosen as

pPxt = 5;10\/4 log(1/0) + dlog(1+ A;;'t/d) and py; = n;l\/410g(1/5) + qlog(1 + A\;'t/q),
where Cy, £ = 1,2, 3, 4 are some universal positive constants detailed in Appendix 1.

A quick remark here is that all regularity conditions in Assumption C.1, C.2, and tuning parameter selections inAssumptionn
C.3 are independent of the number of arms K.

C.2.2. THOMPSON SAMPLING FOR GLM

Just like in the standard TS algorithm for linear contextual bandits (Agrawal & Goyal, 2013), we employ Gaussian priors
for the sub-Gaussian noise. At each round ¢ € [T, we sample parameters {Bm 0~t} from Gaussian posterior distributions
centered at the estimates {,@t, §t} with covariance matrices {g%QtVt_ t g?tUt_ ! }, where these estimates and covariance
matrices are obtained from the UCB algorithm. The arm A; is then selected by maximizing the Thompson Sampling
objective function ¢y (x4, a) " Bt X Py (X, a)Tgt leveraging the fact that both link functions are strictly increasing.

Let A} denote the optimal action at round ¢, and define W7y := 1) x (W4, A}). To ensure an appropriate choice of confidence
radius sequences {9y, }+>0 (or {0x,: }+>0, both of which can be variance-dependent), it suffices to find gy, > 0 such that
(Lemma 2 in Agrawal & Goyal, 2013)

P(Wf@ > Wi0" +/0d, log® T|[Wil|y—r | Fooa 1) gt> > T/ (C2)

for some € € (0, 1), where G; is a high-probability good event defined as

G, = {Va € [K] ;Wza(at — 0*) < oyt Wt,aHUt—l}.

From the proof of Theorem 4.3, we can set gy; 2 py,+ to ensure that G; holds with probability at least 1 — ¢ for ¢ > 7. To
validate the anti-concentration property in (C.2), we use the inequality

1

1
N exp (—x2/2) < P(IN (1, 02) —p| >z0) < N exp (7‘@2/2) .
Thus, choosing gy, = /e 1qlog(1/J) with € < log T ensures that
~ 1
]P(W;et >W70" + /02, log? T||W,|ly-1 | Fioa mgt) >
' ¢ dev/mTe
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Algorithm C.3 General template of TS for ZI GLM bandits
Data: Link functions ¢ x (-), ¥y (-), g(-), and h(-). Confidence radio sequences {ox ¢, 0y }. Rridge parameters A\y; and
Av.
Set Han = {} and Huon-zero = {}. Set Uy = Ayl and V, = Ay 1.
Randomly choose action a; € [K] fort € [7];
fort=7+1,...,Tdo
for a € [K] do
Set

TSi(a) =[x (x0,0) T Br] [0 (0, ) 6.

end
Take action Ay = arg max, ¢k T'S¢(a).
Observe reward Ry, and set Y; = 1(R; # 0).

Update the dataset as Hyyj < Hay U {(x¢, Ag, Y7)} and Uy = Uy + ¥y (x4, APy (%6, Ap) T
Solve the equation

t

0, € {9 €03 [Vo— h(vy (%, 4)T0) |ty (x., 4,) = 0}.
s=1

Sample 6, from distribution A (6, 03, U ).

if R; # 0 then

Update the dataset as Hyon-zero < Hnon-zero U {(X¢, At, Re) }s

Update Vi =V + ¢hx (x4, A)hx (x4, Ar) T

Solve

prefper: 3[R a(oxlx4)T9)]uxtx. ) o)

s€[t]:Ys=1

Sample Bt from distribution A/ (Bu g%atVt_ 1).
end

Moreover, for any ¢ € [T],

ovt =< V/qlog(1/6)1og(T) 2 \/log(1/6) + qlog(1 +t/q) < py,s.

Similarly, we select px ; correspondingly, leading to the following choices:

ox.+ =< v/dlog(1/6)log(T) and oyt = v/qlog(1/d)log(T). (C.3)

C.2.3. EXTENSION FOR HEAVY-TAILED NOISE

Similarly, one can also devise the UCB-type algorithm for sub-Gaussian &, as detailed in Algorithm C.2 in Appendix C. In
cases where £ follows a general sub-Weibull distribution or only has finite moments of order 1 + € with e € (0, 1], specific
adjustments are necessary, such as applying the median of means (MoM) estimator for linear bandits (Medina & Yang,
2016; Shao et al., 2018) or Huber regression (Sun et al., 2020; Kang & Kim, 2023).

D. Supplement to Simulation

D.1. Detailed Simulation Setting for Multi-Armed Bandits

Our simulations were performed on a Mac mini (2020) with an M1 chip and 8GB of RAM. We first detail the UCB baselines
and TS baselines as follows:

UCB baselines:

We consider following UCB-type algorithms for comparison. At round ¢, the agent takes action A; = maxyex] Ux(t) with
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the k-th arm’s upper bounds Uy (t) = Rx(t) + %ﬁf?/&) for sub-Gaussian rewards Uy (t) = Ry (t) + o2 21%((3)/5) +
ok % for sub-Exponential rewards. Here, the size parameters 72 and « for the true rewards are determined using the

following methods:

» Using the original size parameters for the non-zero part X}, assuming they are known, as the size parameter for
constructing Uy (t);

« Using the estimated variance of the rewards from k-th arm as the size parameter 77 and oy, for constructing Uy ();

 Using the estimated size parameter for k-th arm as follows:

— For sub-Gaussian X, with sub-Gaussian variance proxy o7, the sub-Gaussian variance proxy for Ry, is solved by

2 ~ A
T,f = max — | —SurPr + log(l — Dk + pre

Sﬁk+$20z/2):|
SER §2

where py, is taken as the average of observations Yy;

— For sub-Exponential X}, with the single sub-Exponential parameter \j, the sub-Exponential parameter o, for the
rewards from the k-th arm is solved by

2 A R sTip 45202
ok =Xk Vmax 5 [_Sukpk + log(1 — Pr + pre*™* " A’“/Q)] :

Here [1; and py, are taken as the averages of observations X, and Y}, respectively.

* (Strong baseline) Using the true size parameter for the reward of each arm { Ry}, .

TS baselines:

Here we exclusively consider the TS-type algorithm suitable for general sub-Gaussian distributions, namely the MOTS
algorithm (Jin et al., 2021). For Gaussian and mixed-Gaussian rewards, we can directly apply both Algorithm C.1 and the
MOTS algorithm. But, when applying with Exponential rewards, we adopt Algorithm 1 from Shi et al. (2023). In doing
so, we integrate their step 5 with our algorithm and the MOTS algorithm. This ensures that both our method and the one
proposed in Jin et al. (2021) are correctly adapted for use with sub-Gaussian distributions after the GMS generation.

Simulation settings and extended results:

For UCB-type algorithms, we set the confidence level § = 4/72 consistently across all experiments. Prior parameters
and tuning parameters for TS-type algorithms follow the recommendations in (Jin et al., 2021; Shi et al., 2023) for the
MOTS algorithm and GMS generation. Beyond Figure 2, we provide additional simulations across different parameter
ranges: Figure 5 shows results for alternative p settings, while Figures 6 and 7 examine extremely small and relatively large
zero-inflation probabilities, respectively. We also extend our analysis to bounded rewards in Figure 8.

Our methods consistently outperform existing approaches across most settings. However, occasional underperformance
against certain proxy-based UCB methods can occur, particularly with exponential rewards under specific parameter ranges
(e.g., pr ~ U[0.1,0.3]). As demonstrated in Lemma E.1, such proxy methods can become unreliable under high variance or
strong zero-inflation, whereas our approach demonstrates greater robustness by directly modeling the zero-inflated structure.

For bounded rewards, our UCB method shows clear advantages in most cases. The only exception occurs when the
zero-inflation level is low (i.e., py, is large), in which case the true Hoeffding-based UCB (with access to the exact bound)
performs slightly better. Nonetheless, this case represents a rare (as the exact bound baseline is not available in practice). In
all other cases, especially when skewness or sparsity increases, our method shows clear advantages.

All simulations for each parameter setting and distribution were completed within 24 hours.

D.2. Detailed Simulation Setting for Contextual Bandits

In our contextual bandits scenario, we employ two UCB baseline methods for comparison of our method:
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Figure 5. Simulation for zero-inflated MAB with K = 10 and T' = 75000 with N = 50 replications. The four rows represent
p ~ U[0.10,0.15], p ~ U[0.15,0.20], p ~ U[0.20, 0.25], and p ~ U[0.25, 0.30], respectively.

¢ (Naive Method) We ignore the zero-inflated structure. The upper bound for any action a € A; is defined as:
UCB; (CL) =Yx (Xt7 a)TIBnaive + VPxt ||'¢X (Xt7 CL) ”Um,ive

wWith Unaive and Bnaive are ComPUted by Unave = Avla + Zi:l wX(xsaAs)qu(xsaAs)T and Bnaive =
Upaive Soamt Rathx (x5, As).

¢ (Integrated Component Method) We correctly account for the zero-inflated structure. The upper bound for any action
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Figure 6. Simulation for zero-inflated MAB under p € U[0.0005, 0.01] with K = 10 and 7' = 10000 with N = 50 replications.
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Figure 8. Simulation for zero-inflated MAB under the scaled Beta distribution of the form X, ~ 2 - Beta(px, px) such that E[ X ] = g
with K = 10 and 7" = 10000 with N = 50 replications.

a € Ay is:

x (Xu (l)

UCBt(a> = '@ZJX (xta a)TBintegrated X h('@[}Y (Xt7 a)Téintegrated) +\/Px,tV Py ¢Y (Xt a)

VVimegmled
with

3. t
ﬁintegraled _ . _ T T
G | = g, min ;[Rs U (50, AT % (v (x., 4.)T6)
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andvvimegmedﬂvfzwzi_l[ﬁj M }[mxmAs)T by (%0, A)T 1.

(x5, A

The first baseline Naive Method results in model misspecification. We design this baseline because this issue will
arise when researchers fail to correctly specify the zero-inflation structure. In contrast, the second baseline Integrated
Component Method, appropriately specifies the model. The second method estimates two unknown vector 3 and 6 as
a single vector (37,07)T from the model ¥ x (x;,a) "B x h(wy(xt, a)TG) + €, which originates from a range of
generalized linear contextual bandit literature (Li et al., 2017; Chen et al., 2020; Zhao et al., 2020). Similarly, for

the naive TS and integrated TS algorithm, we sample Bngive from N (Buaive, o) U-t.)and (B8, ntegrated: gltegmwd) from
3T 07
N (( integrated aimegrated) (¢ﬁ \ ¢9) nalve) respectlvely

Our experimental setup aligns with that described in Section D.2 of (Wu et al., 2022): the dimension d is set to 10, and there
are K = 100 arms in this context. The true parameter for the non-zero part, 3, has a norm of 1 and is uniformly distributed,
with each entry 3; ~ U|[0, 1] for ¢ € [d]. The zero-inflation structure @ exhibits sparsity s, meaning only s elements in 6 are
derived from a uniform distribution, while the rest are zeros. Similarly, for each arm k; € [K], we generate vy, exactly the
same as 6. At each round ¢, the context of each arm k is sampled as xj, ; ~ Ny (I/k, 5K Id) Thus, in this setting, we have
x(xt, A1) =N (I/At, ﬁ]d) and Yy (x¢, Ay) = py (./\/ (I/At, ﬁ[d)) with element-wised mapping ¢y : x — sin(x).
Lastly, the noise term ¢; follows the distribution F'(0, 0?) with a mean-zero distribution F and a standard deviation of
o=1.

In detailing the tuning parameters for UCB algorithms, we initially adopt the configurations in Appendix C.2. For TS
algorithms, we follow the original setting in Agrawal & Goyal (2013) while adding hyper-tuning parameters ex and ey
such that ex = ey =< log™" T suggested by Zhong et al. (2021) as gbﬁ, = 24" d < 1log(1/4) and 03 = %;’i‘f log(1/6). For
simplicity, in our implementation, we fix ex and ey to log™* T". Addmonally, for both UCB and TS algorithms, we set the
parameter J to 1/7".

Further details are provided in Section 5 of Kang & Kim (2023). In addition to Figure 3, we present simulation results with
different sparsity levels s in Figure 9 and comparisons with another semiparametric contextual bandit algorithm in Figure 10.
We choose SPUCB from Peng et al. (2019) as the representative baseline, as other semiparametric algorithms exhibit similar
performance. The results for various link functions A(-) are quite similar, and therefore, have been omitted for brevity. Like
in MAB, simulations were conducted on a Mac mini (2020) with an M1 chip and 8GB of RAM, with all runs completed
within 48 hours.

D.3. Detailed Simulation Setting for Real Data Application

The loan records data, collected by Columbia Business School, encompasses all auto loan records (totaling 208,085) from a
major online auto loan lending company, spanning from July 2002 to November 2004. This dataset can be accessed upon
request at “https://business.columbia.edu/cprm”. In our analysis, we treat the monthly payment and loan term as the raw
action A; € R,. We then compute the price as:

Term
price = Monthly payment X Z (1 + Prime rate )" — amount of loan requested,
t=1

which accounts for the net present value of future payments, following the approach used in (Phillips et al., 2015; Bastani
et al., 2022; Chen et al., 2023). Similarly, we exclude outlier records, as done in (Chen et al., 2023). In this dataset, the
binary decision of the applicant is denoted as Y; € {0, 1}. Following the approach in (Chen et al., 2023), we define the
synthetic observed reward as R, = A; x Y;. The context vector x; € R represents a set of features identified as significant
in (Ban & Keskin, 2021; Chen et al., 2023). This includes the FICO credit score, the approved loan amount, the prime rate,
the competitor’s rate, and the loan term.

The range of the raw action A; spans from 0.0004 to 28.5725. To simplify the online decision process, we introduce a
discretization of A; into categorized actions, denoted as A;. This discretization follows a specific transformation, £( A;),
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Figure 9. Simulation for zero-inflated contextual bandits and 7" = 20000 with N = 25 replications with the different sparsity levels.
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defined as follows:

A; = g(At) :

“low”,
“medium”,
“high”,
“very high”,
“luxury”,

24
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Figure 11. The density of the raw actions and the corresponding discretization.

This discretization is derived from specific quantiles of the offered price: the 25% and 75% quantiles, the 66% quantile of
the remaining offer beyond the 75% quantile, and the 95% quantile of the remaining offer. We have accordingly plotted the
density f(a) of the raw action set { A;}7_;, as shown in Figure 11.

Again, the decision of applicants mainly depends on the nominal profit A; offered, but it will also depend on the environment.
Thus, we first model the binary selection Y; € {0, 1}, whether accept the offer, of the applicant as a binary regression as

]P)(}/;g = 1) = h((At, 1, bT(Xt))B) = h(Atel + 92 + bT(Xt)efltfg)

with some different functions A (-) and suitable context transformation b(-). Intuitively, the raw action A;, the nominal profit
that company offer, is the most relevant factor. The offline estimation and the performance of 8 via estimated FDR (Dai
et al., 2023) using the whole dataset is shown in Table 3.

Table 3. Estimated FDR under data splitting. The function b(-) is chosen as the best degree in the bracket.

b(-) h() logit probit cauchit log cloglog
linear | 01831 | 0.1912 | 0.1699 | 0.0983 | 0.1835
polynomial | 0.1682 (3) | 0.1705 (3) | 0.1610 (3) | 0.3483 (1) | 0.1707 (3)
spline | 0.1743 (5) | 0.1755(5) | 0.1692 (3) | 0.3483 (1) | 0.1790 (5)
kernel (Epanechnikov) ‘ 0.2052
kernel (Triangale) ‘ 0.2050
kernel (Gaussian) | 0.2049

As shown in Table 3, when we choose b(-) : x — x, the estimated FDR for the whole dataset is no more than 0.1, a quite
small value, which means this model characterize the dataset quite good (Dai et al., 2023; Ren & Barber, 2024; Wei et al.,
2024).

Next, for to simulate the counterfactual outcomes in the online setting, recognizing that rewards are deterministic when
based on non-zero rewards, we introduce noise to better simulate real-world scenarios, such as deviations in payment plans
or additional service purchases. Two important points here are: (1) Conditional on the raw action the noise is mean-zero;
(2) that the noise should be related to the context. This indicates the true reward in the online procedure at each round
X; = g(As, x¢; 8) + €4 the company will obtain satisfies

E[X: | At) = E[g(As, x¢;8) + &4 | A = As.
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Estimation of B under different A
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- /[3:1
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Figure 12. The estimation of 3 under different )\, the red line is the estimated coefficient for the raw action A; and the blue line is the
£1-norm plus one for the estimated coefficients of the environment b(x¢).

For simplifying the procedure, here we just let

9(Ar, x5 8) = (A, 1,b" (x4)) B = BrAr + B2+ BL,_ob(x¢)

with the same context transformation function b(+). Note that we do not have X, for the real data (the observed reward is
R, = A; x Yy instead of Ry = X; X Y}), so we manually create X; = A; + Exp(\) — )\, which satisfy E[ X | A;] = A;
and use the whole dataset to estimate ﬁ The result of offline estimation B with different A is shown in Figure 12. From the
Figure 12, we know that any A € (0, 2] is reasonable as we have Bi ~ 1 and I 3_1,_2”1 ~ 0, which means the nominal
profit the company proposed, A;, by the company plays a major role, but the context x; does have some influence.

Then we implemented our method and the different baselines described in Section 5 in an online setting to compare
their performance. Specially, at each round ¢, the company selects an discrete action A; from the discrete set Agiscrete =
{“low”, “medium”, “high”, “very high”, “luxury”}. Then a company to have a potential nominal profit A; with randomly
sampled from the truncated original density for the profit

fla)i{a € 71 (Ay)},

Next, the potential real profit the company would receive with the current context x; is X = (At, 1,67 (xt)) ,@ Besides,
the applicant accordingly makes a binary decision Y; € {0, 1} with probability P(Y; = 1) = h((A¢, 1,7 (xﬁ)é) Next,
the company receives the real reward calculated as Ry = X; X Y;.

The regret for each round is calculated as E[?’t* X ’ - E[ﬁ)}: +], where 37;* and X ¢ represent the decision of the company
and the random true profit according to the optimal action A; defined as

X € arg_max /(a, 1,67 (x0))Bh((a, 1,57 (x))8) £ (a)1{£~ (@)} da.

Q€ Adiscrete

These online process mirrors that in Appendix D.2, with the same tuning parameters. We treat this dataset as a heavy-tailed
contextual bandit, and thus use the Huber regression technique as described in (Kang & Kim, 2023). Once again, the
simulations were conducted on a Mac mini (2020) with an M1 chip and 8GB of RAM, with results obtained within 6 hours.

E. Supporting Lemma and Figures for Motivations

Lemma E.1. Assume X; — j ~ subG(0?) and Y; ~ Bernoulli(p), independent of Y. Let Ry = Xy x Y;. Then Ry — up
is sub-Gaussian, with its sub-Gaussian variance proxy denoted by T2, satisfying:
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(i) Givenanyp € (0,1), o? > 0, and arbitrarily large M > 0, there exists . > 0 such that 72> Mo? forany p > [y

(ii) For any arbitrarily large M > 0, there exist 02, p.., lu. such that 7> > M var(Ry) for any 1 > ji., 0 < 02, and
p e [p*7 1);

(iii) (a) Forany o > 0 and arbitrarily large M > 0, there exists 1. > 0 and p, € (0,1) such that

82
L >M

9p p=p',p=p’

forany p' € (0, i) and p’ € [ps, 1);

(b) Forany p > 0 and arbitrarily large M > 0, there exists 02 > 0 and p, € (0, 1) such that

o2
—_— M
Op >

———4 —m/
02=0'2 p=p

forany 0’ € (0,02 and p' € [p.,1);

(c) Forany i € R and arbitrarily large M > 0, there exists o2 > 0 and p, € (0, 1) such that

or?
—-— M
ou ~

02=0¢'2 p=p’

forany 0’ € (0,02 and p' € [ps,1).

Analogous results apply for X; — ji ~ subE(\), with o® replaced by \* and 72 by o>

We provide visual clarification for Lemma E.1 in Figure 13, which illustrates the lemma in the context where X; ~ A (1, o2).
Figure 13 (a) and (b) show the values of 72 under different y and p values when o2 = 1, and the ratio of 72/ var(R;) under

varying p values when p = 100, respectively. Figure 13 (c) presents the numerical derivative %—f under different x and p

values when o = 1. Figures 13(d) and (e) display the numerical derivatives % and % across a range of 1 and o2 values
when g = 100 and p = 0.5, respectively.
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(c) Illustration for Lemma E.1 (iii, a) (d) Ilustration for Lemma E.1 (iii, b) (e) Illustration for Lemma E.1 (iii, ¢)

Figure 13. The illustration Lemma E.1 when X is exactly Gaussian distributed.

F. Proof of Lemmas

In this section, we will provide the proofs for the concentration results presented in Section 2. We will also include relevant
theoretical background and discussions.

Notations: Let P¢(A) = [, dF¢(z) denote the probability of the event A, where F¢ () is the distribution function of the
random variable &. Similarly, let E¢ f(£) = [ f(x)dFe(x) represent the expectation. We define a V b = max{a, b} and
a A'b = min{a, b} for any real numbers a and b.

We first define the Revised-Generalized Bernstein-Orlicz (RGBO) transformation function Uy 1,(-) based on the inverse

function
Uyl (s) == V/log(1 + ) + L(log(1 + ) /!

for any ¢ > 0. It is worthy to note that we replace (log(1 + s))'/? with (log(1 + 5))(*/®)V! in the Generalized Bernstein-
Orlicz function defined in van de Geer & Lederer (2013); Kuchibhotla & Chakrabortty (2022). It is easy to verify
that is monotone increasing and ¥y 1, (0) = 0, and we can define the RGBO norm of a variable random X such that
| X|lw, , = inf{n > 0:EWVy 1(|X]|/n) < 1}. In contrast to the existent literature only care about heavy tail case 6 < 1,
Lemma F.2 provides the uniform optimal concentration in sense of rate for any 6 > 0 with explicit constants. Before stating
this lemma, we first give the equivalence of RGBO norm and concentration inequality stated as follows.

Lemma F.1. For any zero-mean variable X and L > 0, we have

X

0,31/0—1/2

< V31— ]P’{|X| > T(\/§+L5(1/9)v1)} <27, forany s3>0,

Proof. The proof is exactly the same as the proof of Lemma 1 and Lemma 2 in (van de Geer & Lederer, 2013). It is worthy
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to note that the probability here can be rewritten as

P{IX]>||Xs Uph(et = 1)/V3} <20

0,31/6—1/2

for any s > 0 and hence
2

+ \119731/2—1/8K(\/§£)
for any ¢ > 0. O

(F.1)

Under this lemma, another way to state Lemma 2.2 is using Bernstein-Orlicz norm (van de Geer & Lederer, 2013). As
delineated in Lemma F.1, Lemma 2.2 can be reformulated as:

- 4eD(0)C

0= Ny, <

0, B p

with probability 1 — §/2 for any n > 41og(2/9)/p>.

Lemma F.2 (Sharper Sub-Weibull Concentrations). Suppose X; — p r~y subW(0; C), then for any s > 0,

Hp—YH\D <2n12e71D(9)C,

0,n—1/2E(0)

P{}u — X| > 2eD(0)C <\/§+ E(@)S(l/:”)} <2,

where D(0) and E(0) are defined as

(V2V 21/0)\/5;63(%)1/461/24( 2/c/0)1/9 ifo <1,
D(6) = { v/3/(2e%)(C~ v e, f1<0<2,
V17/(6e2)(C~1 v o271, ifo>2,

and

and
22/071/2, zf@ < 1’

E(0) = 4 1/V6, if1<6<2,
0, ifo > 2.

Proof. We consider the case § < 1,1 < 6 < 2, and 6 > 2 separately.
e If § > 2. From Eexp {|X — p|?/C?} < 2, we know that
(1X cf E|X — p)?
EZ%_Z%<L (F.2)

j=1 jrese B

This implies for any £ € N, by § > 2,

E[X — uf <14+ E[X — p|*
by (F2)

< 1+kIC*
=1+klI(1v 2%k
by k¥ x k1< (2K)! 26\
< 1+ (1vCY%)%k 5 (2K — 1)1!< kk)
2k k!

by Bohr—Mollerup theorem
<

14 (1VCY2%)2k 5 (2k — 1! x 5

<1+ (26— 1) x (V2 v v202)
< (2k — 1)l x (2v 209/2)*"
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Therefore, the sub-Gaussian intrinsic moment norm for X — y satisfies || X — ul|¢ < 2V 2C?/2, and thus

P <|u ~ X[ > (2v20°7) 167n> <P <|u - X|> X - ﬂnm/ﬁ) <27°

for any s > 0 by Theorem 2(b) in Zhang et al. (2023).

o If 1 < 6 < 2, (F.2) still holds for 6 € [1,2). We claim there exist positive v and & such that

E|X — ulf < —v2kF2E), k=23, .... (E3)

NO| =

Indeed, (F.2) together with § > 1 implies
E|X —pff <1+E[X —pu* <1+ EICH

Hence, a sufficient condition for (F.3) is 1 + k!C* < 102k =2k! for any k = 2,3, ... We rewrite this as

2
nkzy+20k9, k=2,3,....

V2
w2

Therefore, we can take x = 1V C? and v = v/3k, and then X;i—u i1 subI'(v, k) by Lemma 2.2.11 in Vaart & Wellner

(2023). We can then apply concentration for sub-Gamma distributions in Corollary 5.2 of Zhang & Chen (2021); Boucheron
et al. (2013) and obtain that

P <]u—X] > V6(1 vc")\/§+ (1 v09)5> =P (yM—X\ > \/ﬁu\/g—i—/@S) <270
n n n n
e If # < 1. Denote 3 is the conjugate of 0, i.e., 8 = co. Then from Theorem 1 in Zhang & Wei (2022), we know that
P < Zai(ﬂ - Xi)
1/6

i=1
where b = n71C1,, € R™ with [[b]]2 = Cn~Y/2, |[b]|3 = Cn~1, and D(0) = (V2 v 2/9)\/8e3(2m)V/4el/2* (e2/¢/0) 7,

. 1/6 5
and L;,(0) = L(6)D(6)[bl|2/ (] with L, (6) := * 5l

> 2eD(9) [b]2+/5 + 2eL;:<9>s1/9||b|ﬁ> <207

. Then we have

s 81/0
26D(0)Pl2/5 + 2L 051l = 2:00)C ({2 + £0) %)

n
where E(0) = 4\1//; = 2%, Combining these results, we obtain the concentration inequality in the lemma. For the result of
the RGBO norm, we just use the lemma F.1. O

Lemma F.2 establishes a uniform result for the sample mean of i.i.d. sub-Weibull random variables. It is important to note
that our result here is sharper than those in Kuchibhotla & Chakrabortty (2022) and Zhang & Wei (2022), especially for
the case when 6 > 1, as they focus on general weighted summations. Another notable difference is in comparison to the
sub-Weibull concentration results for sample means in Adamczak et al. (2011); Bogucki (2015); Hao et al. (2019), which
require symmetry, while our approach does not. Consequently, we present a novel concentration result for the sample mean
of i.i.d. sub-Weibull random variables.

Next, we will show some anti-concentrations for the posterior distributions in Algorithm C.1, which are essential for the
proof of TS-type algorithms.

Lemma F.3. Forany (0 <z < %j_ﬁ, we have

e I'G+a) I5; g Q Y(B+2 a+p
P<Beta(“’5)>a+5”>>5r(ﬁ)r(a) <o¢—|—ﬁ_m> <a+ﬁ+x> </6’+1_B+1x)'
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Proof. First, we note that Beta(«, ) = 1 — Beta(3, «). Then we can rewrite the probability as

P (Beta(a,ﬂ) > aiﬁ +x)
=P <1 — Beta(f,a) > —— + :v)

o+ ﬁ
=P (Beta(ﬁ, a)<1-— ﬁ - a:)
by Theorem 1 in (Henzi & Diimbgen, 2023) I‘(B + O[) o B o « /6 +a o
= e (a5 7) (75+e) [ 55 (a5

a+p
a

:/31;53)?2) (aiﬂ _x)ﬂ (aiﬂ”) (gﬁ‘ ﬁifx)

Lemma F.4. Suppose & ~ N (u,02) and ¢ ~ Beta(a, 3), then

(e )
{ sl B), i < wilsy

2
(2a+8)c 2(a+ﬁ)m up 1 (2(a+B)z—pB uB
Vor  [2(atB)a—pBl?+(2a+B)%02 eXp{ 2 ( Ca+B)o ) } ife> 55t

>

where

s e ] (o] [z

C(Oé,ﬁ) = Br(ﬁ)l"(a) 2(a + ﬂ) 2(Oé + B) 2(5 + 1) .

Proof. First, we note that

P(&xczOﬁ“ﬂm)zm(&xcz(wy)(aifz))

>P(§>u+y)><]P’<C> - +z)

with y, z defined as

From Lemma F.3, we obtain

P<<2 a%”) o (aiﬂ_z> <a+/3

s
:ﬂrf((ﬂﬁ;;?o)z){(wrﬁ} [2312] Hﬂﬂ— (o, 8)

with ¢(«, B) is a constant only depending on v and 5. If y < 0, i.e., z < ath) +[3) thenP (£ > p+y) > % and thus

op c(a, B)
P(£X6>a+ﬁ+x>> 2f)

31




Zero-Inflated Bandits

Ify >0,ie., x> then by Abramowitz et al. (1988),

2(0¢+ﬁ)’

P<52u+y)=p(gzﬂ+gww>

(2a + B)o
2(a+B)z—pB

1 CatB)o 1 (2(a+ﬁ)xu5>2
= Vi (2(a+5)w—u6)2 L1 eXp{ 2\ (2a+p)o

2atB)o

_ (2a+p)o 2(a+ Bz — B o d L (20t Bz —pp\?
- ) p{ 1 )},

Vor  2(a+ B)z — wB’ + (20 + B)20? 2\ (2a+P)o

which leads to the final result. O

The remaining part of this section will consist of the proofs of the lemmas presented in the main content.

Proof of Lemma 2.1:

Proof. From the definition of sub-Weibull distribution, we know that E exp{| X — 1|?/C%} < 2. Note that for any a, b > 0:
if0<60<1,(a+b)? <a® +b%if0 > 1, (a+b)? <297(a’ +b%). Hence,
(a+0)° < (271 v 1)(a? +b%).

Thus, for any C' > 0, we have

Eexp{|R — up|®/C"}
:Eexp{| (X =Y +u(Y —p) |0/Oe}
< Eexp {(IX — plY +ulY —p|)’/C?}
<Eexp{(2°' v 1)(|X — p*Y? + u|y —p|?)/C*}
gEexp{(29 V(X =l + 100+ (1-p))) /C%)
20-1 v 1)u @’ + (1 —p)?) )/CQ}EeXp{(QQ_l Vv 1)|X—M|9/C‘9}.

Since Eexp{|X — pu|?/C%} < 2, we have

=exp {(2

0= lim Eexp{|R—ppl’/C"}

< hm eXp{(Qe Ly l)ue(pg +(1 —p)e))/CG} lim Eexp{(29_1 \ 1)|X —,u|9/09}

C1+oo Cx<C?T+o0
= 0.
This implies there exists Cr > Cx such that Eexp{|R — up|?/C%} < 2. O

Proof of Lemma E.1:

Proof. The result that R — pp is sub-Gaussian or sub-Exponential in the lemma directly comes from Lemma 2.1 by setting
6 = 2 and 6 = 1. For the second result, we first prove the results for sub-Gaussian case. Denote that 72 as the minimal
value which satisfies

Eexp{s(R — up)} < exp{s’r?/2}
for any s € R. By the definition, we have
Eexp{s(R — pup)} = Eexp{s(XY — up)}
= Eexp{s(0 — up)}P(Y = 0) + Eexp{s(X — up)}P(Y =1)
= e MP(1 — p 4 pEe*X).
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Since o2 is the minimal value such that E exp{s(X — p)} < exp{s?02/2} for all s € R, it also is the minimal value such
that EesX < e5#+5°7°/2_ This indicates 72 satisfies

e Pl —p+ pes”+52”2/2) < exp{s®7?/2},

ie.,
2
7_2 _ maX7 |:_S,U/p + log(l —p +pe$lt+szg2/2):| )
seR s
Denote 5
f(sa/j/ap7 02) = 872 |:_8Mp + log(l — P +peSM+5202/2):|
with 72 = maxer f(8, 1, p, 02) = f(54, 1, p, ). We will first show that
V>0, lims,=4+0c0 and lim lims,=0+4.
pl0 [ulvo2lopT1
Indeed, s, satisfies %f(s, w,p,0?) =0,ie.,
2up 4 supts?o?jay 2 p(p+ 0?s.) _
et T
or say,
2 2 2 (/L + 0'25*)
Zlog(1 — p + pes=ktseo /2y Sy + . F4
P g( P TP ) p+ (1 7p)e—s*,u—sza2/2 H (F4)

As we can see whenever s, is finite, we have lim,, | ¢ % log(1—p+ pes*“+53”2/2) = 00, then there must be lim, | o 5, =
400 since i > 0. On the other hand, by letting p = 1, the above equation becomes

log(1 + es*“+53"2/2) = 5.+ s207)2.

Since lim,, o log(1 + %) — x = 400, lim, 0 log(1 + e*) — x = log 2, we must have lim|,|y 42 | o lim, 1 55 = 0+.
Now, consider

2 2
% = @ [—S*Mp+ log(l —p+pes*“+sz‘72/2)}
_ ! gy e
- D+ (1 _ p)e—s*p—szaz/Z so2 pes*u—ksza‘z/Q +1 —p

Then consider i > 0, by taking a fixed p € (0, 1), and denote 5 = s.(p = P, i1, o) we get that
2

T

o2

B P N w(1—7p)p esuts20” /2 +1
- P+ (]_ _ ﬁ)67§u7§202/2 So2 pe§u+§202/2 +1-7p
L pl=pp T 4

T S0? pesntsiet/241-p

pP=p

Since forany z > 0 and p € (0,1)

x = loge” > log(l —p+ pe”) =log(l —p) + log (1—1— e$> > log(1 — p) + log < e"’”> =z — logp,

1—p 1—p

and note that 5 satisfies (F.4), we have

. (1 +0%3)
D+ (1 _ ﬁ)€_§“_§202/2

by the in lity above 2
R S Fﬂi#—§202/2—+logﬁ,Eu—+§202/2]

) o
+u}:pba1—p+mﬂ”**”>
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Note that the left hand above is less than

_ (1 +0°3) _[(u+0%s) Ay, =122 2
S — + <5|—+ =(1+ Su+ s°0°,
D+ (1 7§)efs,u75202/2 Hi = P K ( p ) nrp g
while the right hand above is larger than

2 <= -2 2 2 3 =2 2 2 1 .
:log(l —ﬁ+ﬁe5“+5 o /2) > (Squs o / + ng)
p

- =2p '5u+2p tlogp+p 15202,
p
Since for any fixed p € (0, 1), we have 7! > 1. Thus, we must have lim, 4.5 =0,o0r
. 2 _ o 5u43202 _ (M + 023)
z — ptsTo/2y
HEI-EOO {p log(1 — P+ pe ) =5 P+ (1—p)en—s°02/2 +u
> lim (p~'—1)sp+2p 'logp >0,
p—>—+00
which leads to a contradiction on the equation (F.4). Therefore, we must have
2 5 su+320’/2 =\
1 W 1 2u(1
lim T > lim M(f p)piie —— * — lim M:—i—oo,
p—too 02| T poYoo 502 pesktsio?/2 4] —p potoo 502
P=P
which concludes the results in (i). Then we will prove the results in (iii). By envelope theorem,
or? 0 9 2 S Htsio’/2
— = —f(s, R = — |—S8
op 6pf( s Py 07) e 52 P+ 1+p (es*u+5202/2 _ 1)
The fact that 1_7_; is bounded on x € [0, c0) and the fact lim|,|y 2 | o limp 11 5. = 0+ ensure that
72 2
lim lim— = lim lim — [-s.u+ 1] = +oo.
|plve2 LopT1 8]? lp|ve2 LopT1 SE
By the continuity of f(s*,-,-,-) on u,p, and o2, we get the first two results in (iii). Similarly, we can show that
o2 2 pes*u+sf02/2
o s |

1+p (es=rtsio?/2 1) |7

2
which ensures lim,2 | o limy, ¢ 1 %Lu = +oo0 the last result in (iii). Finally, for the result in (ii), we note that

var(R) = E[(XY — pp)?] = pvar(X) + p(1 — p)u®.
Then by 02 > var(X), we have

7_2 7_2

72

= > .
var(R)  pvar(X) +p(l —p)u? ~ po? + p(1 — p)u?
Take p = cpi,. with arbitrary ¢ > 1, by letting 02 | O and p 1 1, we have

T > 7
var(R) | ,—.,. — po?+p(l—p)p?| _.,..
72| e >0 Ml cp,] %L:‘u:ﬂ’ (cps — ps)
2 po? +p(1 —p)cu?
by the resuﬁ in (iii) (c) (c — 1)M p.

+oo
po? 4+ p(1 — p)c?u? T
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which gives the result in (ii). For the case that X — p ~ subE(\), one only need to note that the sub-Exponential parameter
o for R — pp satisfies

e SMP(1 —p +pe8“+52’\2/2) < exp{s%a?/2}
for any s < 1 which implies

2 3 3
o? = \? V max — |—spp +log(1 —p +peslt+52)\2/2>:| )
seR S8

Since A2 V g(, i1, p) with differential g(-, -, -) is also differential on its domain except the points that A2 = g(\, u, p), the
above results regarding large values will still hold. Thus, we finish the proof. O

Proof of Lemma 2.2:

Proof. Denote B ~ binomial(n; p) independent with {X;}? ;, we consider the positive p/2 > 0, by concentration for
Bernoulli, we have

P(B = pn/2) =1-P(p— B = p/2)
>1—exp [ — np2/4].
Given any ¢ > 0, the above inequality ensures
B >pn/2

with probability at least 1 — 6 /2 for any n > I;% log(2/6). Now, denote X, as the k-th observed X;. Consider s > 0 which
will be determined later,

P{|u ~X"| > 2eD(0)Cx <\/§/2+ E(H)Sill;e/);l)}

E -]P’ 1BX 2¢D(6)C G
I N_E; k>e()X< w2 np/2>
E _IP’ 1BX 2eD(0)C * L+ E s/ B P
< i > e
<Ep |Px |1 B; k>e()X( np/2+ np/Q)’ > np/ +
B
1 (1/6)v1 5
<Ep ]PX{MBZXk > 2eD(0)Cx (,/;+E(9)S 5 ) +3
L k=1
5
<% 5 4 -
<2e +2,

where the last step is by Lemma F.2. Finally, by letting 2e=° = §/2, i.e., s = log(4/4), we conclude the inequality in the
lemma. O

Proof of Lemma B.1:

Proof. Denote

with z will be determined later. The proof idea comes from Lemma 1 in Bubeck et al. (2013). Denote X}, as the k-th
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observed X;. Consider some positive s,

]P’(,u -X" > 3)

B
=Ep lPX (M— %ZXI@]I(‘XH < My) > t)}

k=1

B B
1
<Ep IP’X< > EXU(X| > M) + Z [EX]I IX| < M) — Xp1(| X5 < Mk)} > s)]
L k=1 k:1

B

B
<Eg|Px (;Z ]\]\;—; +%Z [EX]l(|X| < My) — XpL(| Xk | < Mk)} > 3)]

b= k=1
(I4+e)MT
<Ep|Px

e

+e log T+e

+

Seii
H
5| =
M=

[EXT(1X] < My) — X311 Xk| < M) > )]

T
=
Il

1

where B = """, Y; ~ binomial(n; p) is independent with { X} ;. The last inequality is using

1 E M
EZM

1 € €
= M7+ logT< z— s THe
€
k=1

. . 1 (B
< M T+¢ log T+¢ z—/ s THe ds
B Jo
=(1+ e)MTL logT z x B~ THe
Next, we consider the positive p/2 > 0, by concentration for Bernoulli, we have

P(B >pn/2)=1~P(p— B >p/2)
> 1—exp[—np2/4].

Given any ¢, the above inequality ensures
B >pn/2

with probability at least 1 — 6/2 for any n > =5 log(2 /9). Then by Bernstein’s inequality

P(M ~X" > S)
~ B _1 _€
1 1 M T+ log T+«
<Ep |Bx (Z [EX1(X] < M) — Xe1(1Xi) < b)) > s - EEIU T8 Z)
B B
[ 1 & (1+6)Mﬁlogﬁez
<Ep|Px (BZ [EX]I(|X\ < M) — X1 (| X4 ng)} > 5 — TS ,szn/z)
L k=1
[ 1 & (1+ €)M T logTH 2
<Ep IP’X - Z EXL(|X| < M) — X 1(|X3| < Mk)} >5— % B> pn/2)
B p (pn/2) T
(1+6)M11?E%+e z>2/2
-E (pn/2) THe
<Ep | exp —— L(B > pn/2)
M1 €+ M, ( (1+e)MlTeEm z) /3
(pn/2) THe
VM THE log THe 2
1+e M 1+e loglte 2
n — = 4
P (prj2) T ) /

<exp | — —— +
MM'rlz_e + M, (S _ (14e)MT+¢ logTF¢ z> /3

2

(pn/2) T+e
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By letting

)

 (+ oMt logT x| 4log(2/8) | AM ML log(2/5)
(pn/2) T 3pn. " pn

2 /2 202 o2 2
by#@z%@s:%iw%% + 24 S2‘;,13/[—&—ﬁ.Letz=log(2/§),wehave

_ (L4 M7 log ™ (2/5) L Alog(2/0) AM ML log(2/5)
(pn/2) 7 spn. " pn

(14 2T MTE (log(2/6) T . AMTH (log(2/8)\ ™ . oM (log(2/8)\ T
B pTe n 3p n NG n
_ (1+6321+e LA 2 <log(2/5)>1+é’
pIte 3p \/]5 n
which leads to the result. O

Proof of Lemma 6.1:

Proof. From Theorem 16.2 in Lattimore & Szepesvari (2020), an algorithm is deemed asymptotically optimal for problem-
dependent regret if it satisfies:

lim 1nf

K
T—+o0 logT 2222 ding ( Pkﬂ“l»Mk)

where di¢ (P, 7, M) = inf pre pq {KL (P, P’) : Eg~p' R > r}. Here the model class My, = X, x Y, is ZI structure such
that

Xy = {X — pp ~subG(c?) : P(X =0) =0} and Y = {Y ~ Bernoulli(py,) : pr. € (0,1)}, where X 1 Y.

To prove the first part of the theorem, let us choose a subclass X} C X such that X7 = {X ~ N (ug,0?) : up € R}.
Denote Py := N (uk,0%) x Ber(px) € Mj := X} x V. The remaining task is to calculate

dinf(Pk,’l’l,M;;) = inf KL(Pl,Pk)

Mk 5Pl kPR >T1

Here we first note that the independence between A} and )V, implies
KL(Py, Py) = KL{N (u1,0%), N (g, 0*)} + KL { Ber(p1), Ber(px,) }

(11 — p)? L —pw
=k 1 1—pg)l .
552 T Prlogpr/p) + (1= py)log { T— o

Then consider the restriction p1p1 > g pk, there are two cases:

o If 113 < 71/pk. Then we can let p,, = p; and then py < r1/p1 = r1/py suffices to satisfy the constraint. In this case,
KL { Ber(p1), Ber(py)} = 0, and thus

inf  KL(P,P)=  inf (1= p)® _ (e =7 /pi)*

ks Ptk Dl >T1 ik <T1/PR=H1 202 202

o If 1y > r1/pr, we let pup, = py and then py, < r1/p1 = r1/uy satisfies the constraint. Similarly, in this case

. : 1-—
inf KL(P, Py) = inf <pk log(pr/p1) + (1 — p) log ( pk))

Kk Pk EPE>T1 pr<ri/p1=ri/pr=p1 1-— P1

Pk 1 —pr
=prlog| — )+ (1 — log( ————— | .
P g(ﬁ/uk> (1= ) g(l—ﬁ/uk>
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By combining the two cases, we complete the proof for the first part in Lemma 6.1.

For proving the second argument in the lemma, we note that P := N (uux, 02) x Ber(pg) € My. which implies

dinf(Pk,’l’l,Mk) S inf KL(Pl,Pk)

Kk sPh kPR >T1

Thus, it suffices to bound the infimum derived in the first part. For the Gaussian part, it is straightforward to see that

inf (Mk- —Tl/pk)2 _ (Mk —Tl/pk-)2 _ A%
e <71/ DPh 202 402 4pio?’

For the Bernoulli part, applying the Pinsker’s inequality, we get

. . Dk 1 —pi
inf KL { Ber , Ber = inf log| — | + (1 — log | —————
Pr<r1/pk =1 { (pl) (pk)} Pk<7“1/ltkiltk:#1pk & (rl/ﬂk) ( pk) & (1 - rl/ﬂk)
- inf (pk — 71/ k)

= pe<ry/pcpn=p (1 /pe) A (L =71/ )

(rg —r1)? " (rp —r1)?
Pr<ri/pripe=H1 ,Uf%(l - rl/#k)

< inf —_—
Pr<7T1/pKipE=H1 ui (ri/p)

Next, we bound the above two terms by

. (r —11)? AR
in - —F < in —
Pr<r1/pk = ,Uk(rl/llk) Pr<r1/pKiE=p1 ,Uzl(?"l/,ul)
A2
= inf k
Pe<ri/pripe=p1 T1HE
Aipr  Aipk

< inf =
Pr<ri/pripr=H1 Tlﬂk(rl/ﬂk) T%

and ) )
(s — 1) inf !

i Kk 1 Tk
Pr<T1/pKi =1 Mi(l — 11/ k) T pre<ri/peie=p ik (lE — 1)
AQ
= inf e
Pr<r1/pKie=p1 Nlc(,ul - rl)
2,2
< inf AkPk
Pe<T1/pk:pE=H1 ,Uk(:ul - Tl)(rl/ﬂk)(rl/lul)
_ Ak
ri(1—p1)
Finally, combining these bounds for both the Gaussian and Bernoulli components, we observe that the dominant terms
depend on py, Ag € (0,1). The asymptotic regret bound is confirmed as

K K
Z Ay Z JAV Ay Ay
Z 2 + 2 + 2.2
dinf(Pk, T1, Mk) Ap ALPk A5D
k=2 k=2 4pi 27”% 27"%(17171)

2
i 1 1 )
=+ + =
(Ak pkAk p%Ak

which concludes the proof for the second part of the lemma.
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G. Proof of the regrets for UCB-type algorithms

The proofs for our UCB-type algorithms also follow the standard approach used in UCB algorithms, which involves
controlling two probabilities. The first probability relates to the underestimation of the optimal arm, characterized by
P(UJ*(t) x UY(t) < r1), and this can be easily managed using the concentration results presented in Section 2. The second
probability concerns the overestimation of suboptimal arms, characterized by (U} (¢t) x U} (t) > r1) = P(U}/ (t) x UL (t) >
ri + Ag). Since Ay > 0, the sharp properties of our concentration results in Section 2 also controls this probability,
ensuring an exponential decay rate over rounds.

G.1. Proof of Theorem 4.1

Proof. For any ¢ > 0, denote the upper confidence bound for pj, until round ¢ as U (t,9) := pi(t) + 4/ l‘ggcfé‘)s), with Dy (¢)

be the point estimate at round ¢. Based on the estimated py (¢) , define the upper confidence bound for i, as

o log(4/6) log"!/V1(4/5)
Uy (t,0) = i (t) + 2eD(0)C ( w02 " E@W

with iy (t) be the point estimate again. For simplicity, we also denote Py (t) as Pi.», wWhen ¢ (t) = m, and similarly define
[ik,m- Similarly, we denote Uy (t, 0) as Uy, () when ¢ (t) = m, and similarly define U}, (9).

Now we can define good events as follows

0._ : B (s
GYi=1{r < ey i Ul (6) x UL, (6)}

and
Gr = {U,‘c‘,mk(c;) X U,f’mk(é) <711}

Furthermore, define GY = {pi.m, > pr — €} fork € [K] and G, = G° N G N GV N G for k # 1, where €5, will be
determined later.

Step 1: For bounding P(Gf), we use the inequality that
P(AU B)=P(A)+P(B)—P(A N B) =P(A N B°) +P(B).
Then we can decompose
P(Gp) <P(G™ U G°) + P(Gi° U G°)
=P((G°)° N G7) +P((G1)°) +P((GR)° N G7) +P((97)°)-

with P((GV)¢) and P((G})¢) bounding easily. Indeed, denote d(pi, p2) as the KL-divergence between two Bernoulli
distributions of probability p; and p2, then

P((gf)c) =P(P1m, <p1—e€1) <exp(—mid(p1,p1 — €1))

and similarly P((G?)¢) < exp (—myd(pk, pr — €x)). For another two terms, we first consider to decompose the sample
space as
Q= {ﬁl,ml Z P1 + 6,1} U {ﬁl,ml <nm + 6/1}
with €] > 0 will be determined later. Then
P((G°)° N &F)

<P(2 N (G°)° n gY)

<P(Dr.my = p1+€) +P(Prm, <pr+ep,m >UL,, (6) x UL, (6),D1m, >p1—€1)

<exp(—mad(p1 + €1,p1)) + P(r1 > U, (6) x UL, (8),p1 — €1 < Prom, < p1+€)).
Note that for any real numbers a, b and any random variable X, Y with b, Y > 0,

Plab> XY)<P({a>X}or{b>Y}) <Pla>X)+POb>Y).
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By the above inequality, we can next bound the second term in the above bound,

P(T1>U1m1(5)XU{)m1 ,P1 — €1 <p1ml<p1+61)

1 4 lo (1/0)v1 4
=P< jup1 > |fir,m, + 2eD(0)C 108(4/0) | pgloe " (4/9)
mip1 ml/Q M1D1m, /2

log(2/6 R
[17"1 /)]7p1€1<p1,m,1 §p1+6/1}

p

log(4/4 log /v (4/5)
m e
p

[ o /6)
1,mq

<P{M1P1 > lfh,ml +2eD(0)C

m1

. log(4/9) log OVt (4/6)
<P > mi +2eDO)C | | — 5 tE(0)———— 7
>~ {ﬂlpl el lul, ( my p1 ¥+ 61 / ( )ml(pl _|_€/1)/2

o [los(2/9) }

X pl,ml m
1

] , P1 — €1 <ﬁ1,m1 §p1+€/1}

1/0)v1
<P {,Ul > [1.m, +2eD(6)C ( log(4/0) +E6 10g(4/5)> }

my(p1 +¢€))/2 my(p1 +€)/2

N log(2/6
+PQp1 > pim, + 72( /)
mq

Since we have

N log(2/6 )
P pi > pim, + log(2/9) <

2m1 2
and

R log(4/9) log"/9V1 (4/9)

P ity > firm, +2eD(O)C | | —2L2 gy U/0)

{’“ o 2D ( i+ )2 P

B e o
~ 4(5/4)Prter a(5/9)\ 1t
—P{ 1 > firm, + 2eD(6)C +E(0
B1 2 [1,my (6) mip1/2 ©) mip1/2
m+‘/ < z>1+‘/1 p1+eh p1+e}
< P Q> firm, +2eD(0)C Sz TEO oz
by Lemma 2.2

= 50y (75)

)
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whenever

2

M| —

4
= 710g

4
my > — log
Py

7 )

(4) (ﬁ)w\l
Pl

4(5/4) <p1+<’1 ) h

we can obtain

0Nl
Pl
P(Tl Z Uluﬂ’fn (6) X Ufﬂnl (6)7])1 —€ < ﬁl,ml S P1 + 6;_) S 4(6/4)<p1+5,1>
which concludes that

Pr1

P((G°)° N GY) <exp (—mid(p +€;,p1)) + 4(5/4)<p1+€/1> +6/2.

+5/2.

(G.1)

It remains to bound ]P’((Q,Q)C N gg). We first decompose Q = {pi m, > Pk + €.} U {Prk,m, < P + €}, } and similarly

obtain that
P((Gr)° N Gy)
<P(Dk,my = Pi + €4) + PDrymn < Pr + €11 < Uf () X Uy,
<exp (—mud(py, + €, p1)) +P(r1 <UL, (8) x Uy
The second term in above can be furthermore bounded by

P(ry <UL, (8) X UL, (6), Pk — €k < Phymy < Pk + €k)

ZP{MM < lﬁk,mk +2eD(0)C ( _log(4/9) + E(Q)W%/‘s)ﬂ

Mo Do,y /2 MEDkm /2

Pk,my, ka

. [A . los2/)

(1/0)v1
p{ukpk A< [gk,mk +2D(0)C ( o0 g 1g<4/6>>

Mk Dle,my /2 MED,my /2

- log(2/90)

kv"nk(é)’ﬁkamk > pr — ek)
Eymy, (0), Pk — €k < Ploymy < Pk + 62)«

] ) Pk — €k < D,my, <Pk+€§c}

— Ak, Pr < Dheymy, < Pk +€;<:}

X Pk,mg. ka
. log(4/6 logM/ V(476
<ot 20 [+ 20000 ([ LB g o8
R log(2/6 ~
X [pk,mk + igni )] s Pk — €k < Dleymy, < Dk + 62}

IA

<P{Nkpk + Ay

[ﬂk,mk+2€D(9)C< log(4/9) +E(g)log“/”“(zl/é))] —_— k,i(ﬂ }
my

mi(pr — e1,)/2 mi(pr — e1,)/2 Fom
_ Ap AV
P{ (ﬂkJr ka) (Pk + 2rk+Ak> <
. log(4/6) logM O (4/8) \ | | - log(2/5)
A, + 2eDO)C ( -2 D ez )| [P "o

Spk,u + Pk,pa
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where the last step is by the fact that for any real numbers a, b and any random variable X,Y with b, Y > 0,
Plab< XY)<P({a<X}or{b<Y})<Pla< X)+POb<Y).

Now, the two parts in the upper bound of P(rl < U,i’;mk (6) x UP

kmy (), Pk — €k < Prymy, < Dk + e;) can be furthermore
bounded. Indeed, P, can be bounded as

PrA . log(2/4)
Py,=P ——— < Y
k.p Pt 2ry + Ag Phyms 2my,
ek log(2/6) _
= — < -
2ry + Ay 2my, T Phmy = P
2
PrA log(2/4)
< -2 -
= oxp "Mk 2r, + Ag 2my,
_ éex  2mgppAy prAr  [2log(2/0)
g &P 21 + A | 2r, + Ag my
<4/2
as long as
2(2r; + Ag)? 2
kS el VA | 2. G.2
Similarly,
Py,
N log(4/5) log/ V1 (4/5)
=P< pp + — < fg.m, +2eD(0)C — =t El) ————
{M app I ) < my,(pr, — €x)/2 ( )mk@k—fk)/Q
A log(4/9) log /v (4/5) -~
=P< — —2eD(0)C —— 4+ Fl)————— | <lkm, —
{21% ) ( my(prx — €x)/2 ( )mk(pkfek)/Q e =k
by Lemma 2.2 Ay log(4/9) IOg(l/Q)V1(4/5) -~
< P — —2eD(0)C — S + E(0)————=7 | < lk,my — Bk
B {2pk ) ( my(pe — €x)/2 (e —ex)/2 ) = e T
N 4eD(0)C
— Tk < ————— 5 +446/2
||'uk Mk, ”k||\119,:,;,i/1€n7(z) pkm } /
by (E.1) 2
< +4/2
1+ W 31/2-1/0,, B(0) (\/gs) /
O =7
where
i Ay log(4/9) log!!/?"! (4/6)
s — llon — 7 2k gep(o)C (| —BU)__y prgyloe 0N} 1
|| it — T, k||\1197pz,i/?ii) 2Dk (©) ( my(pr — €x)/2 )mk(pk—Gk)/Q
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By the increasing property of Uy 1,(-), we obtain that

\Ife 31/271/9”"15(9) (\/58)

T
PrV _ log(4/8)
>\Il D(0)C
R T2 <4GD(9)C 2 eD(®) < mi(pr — €x)/2
by (G.3) NN 0)C _ log(4/6)
0,22 B @) | 4o D(e mi(pr — €x)/2
I 3pilog(4/9) | V3piE(0)log™'"" (4/5)
0, gk () 2(pr — Gk) Vi (pr — €x)
4 31/2_1/9pkE(9)

=0

3Pk
2(pp—€g)
- +
0

log <

0 31/2-1/0,, 10
’ PO

2./mk

Jog(1/OV1 (

1/0)\/1(4/6)
mk(pk —€)/2
1 1/9)V1 4/6

my(Pr — €x)/2

)|
)

>3<1/0)A1 <9A1)/2(pk )OAT

4
]

by 5Pk < 2001 3p 3Pk
PRk = 51/ ONPIAD2 (e ont 4\ 2= 3V E(0) gy (4 2P
Z \I/ 31/2-1/6, _E(0) log () + - - 7 10g / ) ()
07W 1) 21/m]€ 1)
3Pk
4\ 20k —€x)
_ (5> _
whenever
1 log(4/6 logMV1(4/5 A
2 <1 + ) eDO)C [ (| —08WD) __ | pgylos U0 Ak (G.3)
Dk my(pr — €x)/2 my(pr — €x)/2 2pg
and a sufficient condition for this is
1 log(4/6 A
2 <1+ ) eD(6)C _ log(4/0) < Sk
N/ my(pr — €x)/2 ~ 4py
and (1/6)v1
1 lo 4/6 Ay
2 <1 + ) cD(O)OE(G)g—(/) < 2k
N mi(Pe — €x)/2 T 4pk
Thus, we can take
- 128¢”D?(0)C?pk (1 + /Pr)* log (4> n 16eD(0)CE(#)/Pr(1 + f) 0g(1/OV1 (4> ' (G.4)
- (pk — €x) A7 d (Pr — €r)Ag d
Therefore, we can furthermore upper-bound P, ,, as
P 2 +6/2
ke S
ll 1+ \I/ 51/2 1/0pkE(9)(\f8)
2/
2
g +4/2
+ (B -1
3pk

l\?\Oq

Thus, we obtain that

0\ 20pi— €k)
(4)
0

P((Gr)° N gi) < exp (— mypd(pr, + €, pr)) + 2 (4
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under condition (G.2) and (G.4). To summarize these results, we have
P(GF) < P((G°)° N GF) +B((G1)°) +P((G))° N GF) +P((GF)°)
OA1
< exp ( —myd(p1 + 6’17]?1)) + 4(5/4)<p1+€’1) +6/2 +exp ( —mad(p1,p1 — 61))
+exp (= mud(pr + € pr)) +2(8/4) P + 6+ exp (— mud(prs pr, — 1))

whenever m satisfies (G.1) and my, satisfies (G.2) and (G.4).

Step 2: Now, we deal with E[ci(T) N 1(Gy)]. If ¢, (T') > max{my, my}, then arm k was pulled more than my, times over

the first 7" rounds, and so there must exist a round ¢ € [myq, ..., T such that A; = k. However, on the good event Gy, we
have
Uy (t,0) U (t,0) = Up,,, (O)UR ,, (9)
on the event G
< T1

onthesyentGT  in UL (t,0)UL(t,0) < U (t, 6)UY(t,9).

te[ma,...,T|

This means the agent will choose arm 1 instead of arm k at time point ¢, which leads to a contradiction. Thus, we must have

ek (T) < max{my, my}.

Step 3: Combining the inequality in Step 1 and Step 2, we obtain

Eci(T) < Elex(T) N 1(Ek)] + Eler(T) N 1{(&x)°}]
<E[e(T)N1(E)] + TP(EY)
< max{mqy, my}

P1

ON1
+ T exp (= mud(p + €4, p1) + oxp (= mid(pr,p1 — 1)) + 4(5/4>(p1+fa) +2(5/4) T

+36/2 + exp ( — mud(pr, pr — €x)) + exp ((— myd(py + ek,pk))}
< max{my,mg} + T[exp{—?mle’f} + exp{—2my€7}
( P1 / >9A1 3o
+ exp{—2mpel} + exp{—2mypei} +4(5/4)\ "1 +2(6/4)2@e=) 4 26

whenever m satisfies (G.1) and my, satisfies (G.2) and (G.4). Now, taking

ON1
— i lo 1 é (pﬁe,l)
M= p3 812\5

and
mg
_ (2(2rk + Ap)? N 128e2D?(0)C%py (1 + \/lTk)2> log(4/6)
i (pr — €x) A
N 16eD(0)CE(0)/pr(1 + /pr) logM/ OV (4/6)
(P — €x) JAVS
2(2ry, + Ay)? 2
>0 E T P log | =
2T A g5
N 128¢*D?(0)C?pi(1 + /Pr)? log (4) N 16eD(0)CE(6)\/Pr(1 + /Dk) log(L/OV1 (4) .
(pk — €x)AZ o (Pr — €x)Ag 0
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with €5, = €}, = pi/2 for k € [K] satisfies (G.1), (G.2), and (G.4) by ry, € (0, 1]. Under these choice, we obtain

exp{—2mi€}?} = exp{—2m€3}

1 4 (1/2)9A1
=exp —2log | - | <
2\6
-2 (/2" 72
) [ e

and

exp{—2mpe} = exp{—2myer }

:exp{ D { (2(2m + Ap)? . 128¢2D2(0)C%py (1 + \/ﬁ)2> log(4/5)

2 Pi Pr/2 A?
N 16eD(0)CE(0)\/pr(1 + \/Dk) log(l/G)V1(4/5)]
pk/2 Ak
= exp { - [(Qrk + Ay)? 4 128p2e’ D*(0)C2 (1 + \F)} tog(! /5)
— 16eD(0)CE(0)p (1 + @)W}
k
<exp {—(2rk + Ak)Qk’gX%/‘s)}
<exp {—Ai 1og§%/ ) } —5/4.

Aggregating these results, Ecy (T) can be furthermore upper bounded by

OA1 Al
Eck(T)gmax{ml,mk}+T[8 (62/16)P" 4 25/4 4 4(5/4)1/?° +2(5/4)3+25}

Y24 5/2 4+ 4(5/4)1 2 + 2(6/4)° + 2]

<my+mu+T [8 (62/16)
=my +mk+T(2\/5+35+53/32)

= Zog (40" 2) + (2@” A 1282 D2(0)C%(1 + m?) log(4/9)

i Pr/2 A7
16eD(0)CE(0 1 (/e
| 16eDO)CE®)ypr(1 + vpr) log (4/9) +T(3\f5+45+53/32)
pk/Q Ak
4 /1\"™M 2log(4/8
< <) log (4/9) + [(m + Ag)? +128eD?(0) C2pi (1 + \/p’k)ﬂ #2/)
i \2 PRA;
(1/9)v1
+32eD(0)CE(0)/pr(1 + \F)# +T (3ﬁ+ 45 + 53/32)
k
byrry < landpy <1 4 10g(4/5)
< — log (4/8) +2(9 + 512eD?(6)C?
7 los (4/0) +2( 0)C*) 5z
(1/0)v1
+ 6aeD(O)CE(9) W L g (3\/8 + 46+ 6° /32) .
PrA
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Now, choose § = 4/T2,
8 log T

Pl

logT
PRAR

log(l/e)v1 T 6 16 2
6+(1/6)v1 =R I
+2 eD(0)CE(0) AL +T Rl

Eey(T) < + 4(9 + 512eD2(9)02)

Finally, we obtain the cumulative regret is bounded by

R(T)
K
== Z AkECk (T)

<> logTZAk + 4(9 +512eD?(0 02) Z

oo

logT
kAk

logM/OVL T 16 2\ <
+ 26+(1/0)V1eD(9)0E(9) Z ngi + (6 + T + T2> Z Ap.
k=2 k k=2

which gives the regret in the theorem. O

G.2. Proof of Theorem B.2

Before proving the heavy tailed bandit results. We first state some basic properties of g(p, €) in the concentration of Lemma

B.1. Define h(p, €) := pg(p,e) = (1 + 6)2%*5]3%*5 +2p+ %, then g is monotonically decreasing and h is monotonically
increasing with respect to p. Specially, they satisfy

4 2
hip,e) <(14+€) x2x1+2x 1—}—5 :§(8+26)
forany p € (0,1), and
L+e)2m 4 2 4
g(p1,€) = #4-74-7 > (1+6)21+5p1+5 + 3 + 2y/p2 = h(pa2,€)

p11+€ 3p1 \/ -

for any p1, ps € (0,1).

Proof. The proof is similar to the proof of Theorem 4.1. The essential change is we use the concentration of trimming
observable sample mean in Lemma B.1 instead of sub-Weibull concentrations. We will borrow some techniques in (Bubeck
et al., 2013). For fixed ¢, we will write g(p) = g(p, €) and h(p) = h(p, €).

Step 1:

Similar as the technique in Bubeck et al. (2013), suppose A; = k, we define the following bad events

(5)

BY()i={r 2 U}, X Ul b Bi() = {M’“ ety = i+ (D) M T

I3
1+e }

and
¢ 14e M%
BE™(t) == § ex(t) < [2(px + ex)g(pr + &x)] © —————z logT
(Ag — eppir) <
14e M<
= < c(t) < [2h(pr +er)] ————— 7 logT
(Ag — eppir) <

with e, € (0, Ay /i) determined later. Similarly, define
By(t) = {Pr,t > pr +ex}
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On the event B°¢ N BL N Bzoum’c N B, we have

x UP

UM 1 ,C1 (t) 7t

1701(t),t
>r
=71+ Ag

= Pk + Ap

10 t2 5/(1""5)
> wepk + 2h(pg + €x) <g> + pkeg

ck(t)
h is increasing N log #2 e/(1+¢€)
> ik + 2h(Pr) MY 0T <Ckg(t)> M

log £2 &/ (1+9
>k (Prt — k) + 2h(Pr ) MY/ 1+ () + LkEE
cr(t)
log t2>e/(1+e>

= s+ 200 M) (2

T e/(1+e)
R =N 1 log 2\ T 7 =N 1 log t?
> . — M ¥ 2h, MY/ A+e) [ 27
2 |:,uk, w6t — 9(Di,t) ( en(d) ) }pk,t + 2h(Pi.t) D)
R R 10 t2 5/(1""6) R
= | Hk,cr(t),t +pk’tM1/(1+E) <Ckg(t) ) Pht
= Ul,:,ck(t),t x Ulzc),ck(t),t'

This implies A; = 1, which leads to a contradiction.
Step 2:
Consider the probability:

P(B° U B U BY) =P((B° U BY) N (BY)°) + P(BY)
<P(B° N (By)°) +P(B) N (B})°) +P(BY)

with P(BB}) and P(B} N (B})) can be bounded easily. Indeed, if we consider them, then

P(B(t)) = P(Drt > pr + k) < exp (—te}/2) .

Next,
P(Bj(t) N (BL(t)°)
—~ ~ 1 log t2 T N
=P <{uk,ck<t>¢ > ik + g (P, ) M (f(t)) } N {Pre < pr+ 5k}>
<P(pr — ek > Di,t)
N N 1 log t2 lj»e .
P S Bkyen ()t >tk + 9(Dr,e) M T+ e N {Pk — €k <Pkt <Pkt Ek}
by g is decreasing N N log 2 Tre
< P(Pk — &k > pk,t) +P (/ik,ck(t),t > px + g(pr +ex)M THe (C]it)) > ,
with

P(pr — €k > Dit) < exp (—tei/?) .
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and

ck(t)
. 14e
1 1 2\ TFe €
n (st nret (225))
<2exp T
M g™ (pr)
1te
9 g (pr+ex) logt?
=Z€exp | — ite
g (pr) k()
14e
we need pr 45, <1 h— 1 t2
Sk : Qexp T(pk) 08
9 (pe) k(1)
5 < 1te Jog t2>
=zexXp | —p
boa(t)
Proof in Proposition 1 of (Bubeck et al., 2013) t
<

Thus, we obtain

P(Bj(t) N (BL(1)°) < exp (—tep/2) + 2/t°.

Similarly, we can show that

P(B° N (BY)°) =P{r, > UL erte—1)6 < UL er(—1y Pl < P + €}
< exp (—te1/2) + 2/t°.

forany g1 € (0,p1).
Step 3: Denote

1+e M%
Vie .= [2prg(pr)]

Take 1 = p1/2 and g, = Dk

5, satisfy e1 € (0, p1) and ey, € (0, A /py) for k = 2,..., K. From Step 2, we know that

P(B(t) U Bi(t) U BY)

<exp (—tep/2) + [exp (—te3/2) + 2/t*] + [exp (—te1/2) +2/¢%]

tA2 tp? 4
=2 _ =k _ =
o () o ()
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thus
Eci(T) =E) 1(A = k)
t=1
< ZE(I{{At — k} N Bcount( )) +ZE(1{At _ k} N Bcount c( ))
t=1

E(1{A, = k} N B (1))

IN
+
-

T
=Vi+ Y E(L{4, =k} N BY"™ (1))

f>Vk

< Vk + Z Bcoum c

t>V)€
<W+Z t) U Bi(t) U BY)

t>Vy

ET: tA2 tp?\ 4
<Vi+ [2exp (—2> + exp (—) + 3]

o 8y 8 t

+oo 2 +o0 2 too
tA7 tpy 1

gv@+2A wp( 82)dt+/ wp(—ég)dt+4g;ﬁ

83 8 16 8
SV 2x ok 4 2 X 15 < Vit g + 5 +6.
PRAL P AV U

Finally, by plugging the above into the decomposition R(T") = ZkK:Q ApEc(T), we obtain the result in the theorem. [J
Proof of problem-independent regret in heavy-tailed UCB:

Proof. Still plug the bound for Ecy (T),
K K K 16 3
T) = ZAkEck(T) < ZAka +ZAk (2A2 + = +6> .
k=2 b2 P2k P1

k=2

For the second part, still apply Cauchy’s inequality, we obtain

8
ZAk( At +6> Ak
AA<A A;C>A

8 1 & 16
<TA+ Z 2+6>Ak+z
AR>A P A

by Cauchy S 1nequa11ty with A= 6 g k—2 72
(
p
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For the first part, we use Holder’s inequality instead as follows:

K K 1 .
D OAVE =) ATV

k=2 k=2
K 1 e Mt e
<AV | (2pkg(proe) T = log T
k=2 Ak€
1
by Holder’s inequality A K e 1 e
< K1+ Z Vi X max 2prg(pk, €)M T+ logT+e T
Pt ke[K]

<2((1+ €277 4 10/3) (MT) T (K log T) ™% .

Thus, we complete the proof of the problem-independent bound. O

H. Proof of the regrets for TS-type algorithms
H.1. Proof of Theorem 4.2

The primary proof idea behind our TS-type algorithm can be divided into two parts: first, controlling the overestimation
of suboptimal arms is achieved through truncation in the clipped distribution, a technique we have already used in the
proof of UCB-type algorithms with some modifications. Second, restricting the underestimation of the optimal arm can be
accomplished through the anti-concentrations for the posterior distributions detailed in Appendix F.

Proof. Denote [1(t) and pg(¢) is the posterior sample for the non-zero part in k-th arm at round ¢, and others use the same
notations in the proof of Theorem 4.1. Define

4y {1 Flog~'(1+ 1/\/5T)} o2 4 [1 Flog~'(1+ 1/\/5T)] 2T
E, =1 — min < /i1 s + — log

s€[T] p3 s pi 5K

)

—_ . ~ Y + T
=, =p1 — s —1 — .
» =P snel[l;l} {pl’ + 4s o8 (43K)}

Let 2 = £, x Z,, then we can decompose the regret as

and

K
R(T) =Y AgEer(T)
k=2

<ERTE|+E| > Aper(T)

(H.1)
kiA>28
< E[2TE] + 2eV2KT + E > Aper(T)
k:AR>(2E)V(2e4/2p K/T)
For any x > 0, we have
PE>z)=P(E,xE,>1x)
<PE,>z/2)+P((E, > x/2).
By Lemma 2.2, we know that the Orlicz norm for /iy s — 1 satisfies
~ 20
H,Ul,s - Mle/)z < ]T\/g (H.2)
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with probability 1 — §/2 whenever s > 4p; ?log(2/4). Thus, by the same decomposition technique in proof of Theorem
4.1, and let §,, be the Dirac delta function, we have

P(E, > z/2)

:]P’(EIS e p—
4~ [1 +log (1 + 1/\/5T)} o N 4 [1 +log (1 + 1/\/3T)} o?T T
in ¢ His = 1 —~ -2>0
121% Fas piss 8 pi 5K 2~

~ 4027 402T x
= — .+ - =2
F (EIS cllsm 1I<mn7 {uLé \/ p%s o <P?5K>} 2 O)

~ P1
+P|3se[T]:prs—p1>———F— | s
< selfl:p, 10g(1+1/\/sT)>

By Lemma 9.3 in (Lattimore & Szepesvari, 2020), we have

do2y 402T x 15K 60K
P (3 - . log* 20| < =
< s€ll):m— min, {ﬂl \/ e <p%sK>} 2 —O> S T@RP T 2T

and by Hoeffding inequality, we have

{ log?( 12?311/\/@ }

P(Hse[T]:ﬁl,s W) Zi:
Z p{- 2 ) as
1

o { 5 } d 1 |
exp U U= —4/—=.
pl\/> 0 p1 V2T
Similarly, one can obtain
— . 0 +( T T 60K
P(=z,>z/2)=P|( 3 — s L1 _— _Z> <
Ep 2 2/2) <S€Hp1 sm[m]{pl,nt 15 108 (45K)} 2—0>—x2T
by p1,s is sub-Gaussian with variance proxy at most 3. Thus, for the first term in (H.1), we have
+o0o
E[2TE] < 2T/ P(E>z) dx
0
(H.3)
+oo
120K 2T |« V2 T
SQT/ IN——do+— ——8\/30 T+
0 x?T P1 D1
Now, consider the collection of the ‘good’ sets defined as
K= {k; € [K]: Ay > (28)V (26\/2pkK/T)},
then by Theorem 36.2 in Lattimore & Szepesvari (2020) with e = A /2 in K, we have
T T—1 1
ApEcp(T) < Ap + ALE 1(A: =k, EL () | + AxE <1) H.4
KEeu(T) < A + Ay t:%:H (A R (1)) k 2 \Gr A (H4)
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where

and Gy, s(€) = 1 — Fy s(p1 — €) with Fj, ¢ is the non-clipped full posterior of the k-th arm'. Note that fix () comes from
N (Mk, 7Pk5kpk Tk(t))

Eg(t) € {mt) X Gult) > 11 AZ} - {mm X Gult) > 1 + g}

Denote

Kp(p) = Z]l {Tk(s) > g + 4Ap];}

s=1
T 4y [1 +log~ (1 + 1/\/5)] o2 4(1+1og™ (1 +1/V5T)| 02T )
:Z]l Hr,s + = log™ o > p+ -
s=1 k,s Di, s Pk
T
= Z 1 {gk,s(,u)} 5
s=1
and
a PrA
ki (p) = ;]l {Ck( ) >+ 47‘k+Ak}
T
_ T PRk
—;1{pkg+ o (1r) >p”4rk+Ak}
T
= Z 1 {gk s( >}
s=1
then
T roT A
ALE Z L(A =k, Ei(t)| < ALE 1(A; =k)1 (Tk(t) X Cp(t) > 1 + 2’“)]
t=K+1 Li=K+1
- A
<AkE Z]l<7‘k( )XCk( )>7”k+2)
Ls=1
rr
< AE S 1{Gis(1) U Grs ()}
ls=1
T T
A | P(Grs(p ZP(Qk,s(p))]
s=1 s=1

IThere is a trick for converting the clipped distribution to the non-truncated full posterior distribution. We omit here, and the details
can be seen in Jin et al. (2022).
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Similar as we are dealing with the first part in (H.1), we have
T
ZP(Qk,s(M))
o 402y (40T Ay _ Pk
§ZP (Nk,s + \/ pis log <pi8K> > pg + 4@@) +ZP ( ks — Pk = M)
T 2 2
<> P <ﬁk,s + \/4;%g log* (;‘:5317;) > e + A};;)

4
TA2 TA2 1 T
1 + k 2 1 + k N
% (SpiK ) +¢ Tmos sk ) | T eV ar

) L v T LA
E ) <§ . oot [ —— _ P2k
= (gk - <pk + 4s 8 (4 K) > Pet 4Tk+Ak>

by Lemma 2 in Jin et al. (2021) Ak 24]% 8’ka
< [ A T
2p - Ag Ay

and

T
T
SZ (pk:s Pkt 41g+(45K)>pk>
by Lemma 2 in Jin et al. (2021) 12 4,7 Tp2 Tp2
< — 4+ L logT | =5E 2ymlogt [ ==& ).
> pr+ ” + 0og <4K + 7 log 1K

Note that ! log™* (ax?) is decreasing for = > ¢/+/a, we have

L] + TA2 < 1 T
Ak 08 8 2K 2pkK

for any Ay > 2e+/2p K/T and
1 Tp? 1
— 1og+ ( pk) 1og e=—
Dk 4K Pk Dk

for any T' > 4e K. Thus, we have the bounds on k& € K such that
o A L[ TA2 L[ TA2 1 7
;P(Qk,s(ﬂ)) < e + AL + A, og <8piK> + \/Q'ywlog (SpiK)] +p—k >
A

2e\/2pp K/T TP 2pp K 26\/2pkK/T e 2pkK iV T

24pr  8vypx

Ea

B

IN

2p

e

Ak ka 1
+4/ 5+
Pk K pk\/T

2/\

and

Tp? Tp?
logt [ =5& 2yl k
8 <4K)+\/Wog (4K

T

12 4
> P(Gks(p) <prt+ — + =
p— Pk Pk

12 1 2vym
Spr+—+4y | —+ 4/ —5
Pk Pk Pi
1
Skt —.
Pk
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Therefore, we have

T T
ME | ST (A =k B (1) | €AY [P(Grs(i) +P(Grs(p))]
t=K+1 s=1
wT | Ar | Ak
: erk\FJr

It remains to deal with the last term in (H.4). For doing this, we will first prove the following result: for any € > 0, there
exists a universal constant ¢ > 0 such that

f c
Z (Gls )] S]@' (H.5)

Indeed, let Zj, ; be the random Variable denoting the number of consecutive independent trails until a sample of the
distribution Py = N (.o 725
Consider an integer ¢ > 1 and z < \F with some p’ € (p, 1) determined later. Let M}, , be the maximum of ¢ independent

samples from Py, s and F}, , be the filtration consisting the history of plays of Algorithm C.1 up to the s-th pull of arm 1.
Then

) x Beta(ayg,s, O,s) becomes greater than r — €, then E [ﬁ - 1} =ET; .

P(Y1,5 <q)
Z]P (MLq >ry — 6)
aq sﬁl s z aq s,al s
>E|E|M;, > e , A + Zr—e]:} H.6
|: b a1,s + ﬂl,s DP1,s4/PS Qs + ﬁl,s s\ P ! | b ‘| ( )
a sﬁl s z aq s,al s z
=E|1 S >r —e}]P’(M > 4 — ]-'s>.
{al,s +Bis  Prsyps YT g+ Brs | Dlen/PS |7
Then by Lemma F.4,
aq sﬁl s
(i Bl 7 )
< ! 041’5 + ﬁl,s pspl s
(6751 + Bl s ~ V4
=P\ Myy>—F—"—ls+=—"—=1|F15
( BT 1 By sHh D1,54/PS |7, )

by the choice of z

’ q
—F 8p'lo —2s
- [1—C(a1+31757ﬂ1+8—31’5)q m +e p%‘|

V2r 8p'logg + 1

WRGES )y Vo sepes2d " V' logg
23+201+281 e /om 8p' log q + 1 (H.7)
by fact>(HA]0) 1— |- vV 1-— P1 x e—s(?—p1) log 2 q—p V 8/)/ Iqu
= 94+2014+261 ¢ V2 8p'logg+ 1
R — 1—p/
v ;Se 1—exp __vizp X e‘5(2_p1)1°g27q 0
24+201+2B1 ¢ V128w logq
g~
>1—e —_——
=TT iRr Ton ¢

for some ¢ > e? and p’ > 1/2 when we take

o 20(2@1,5 + Bl,s) V 2/0/ log by fact (H 9 J(Qal s+ 61 s) Vv 2/) IOg + Nl sﬁl s
2(04173 + ﬁl,s) (al s+ 61 s)
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In the above, we use the the following three facts are

:|51+S—Bl,s

B~ !(o1 + Bis, i +5 = Bis) [ fi+5— Bug
B By = 2 p
clon + Bis, 1+ s — Big) (B1+s— Bi) 2(a1 + 1+ 5)

[2a1 + B +s+ BLS]‘”*B“ [ Bi4s—By,+4 ]
2(a1 + 1+ 5) 2(p1+5—Bi1s+1)
by Stirling’s formula 1 (al + ﬁl + S)Oé1+61+8—1/2
>
© Smei + (L ps) (o b e R+ (L pe P
[Bl +0- pl)srﬁ“m)s [2a1 +h+0 —&-pﬂs} mme o
2(a1 + p1+s) 2(a1 + b1+ s) 2
_ 4-s (a1 +51+S)_1/2 « (20&1 +ﬂ1+(1+p1)8)a1+p15
Atentbien(B 4 (1 —p1)s) (Br + (1 —p1)s)~1/2 ar +pis

v1i-—pm w 4=5 x 9o1tp1s _ ﬂ x @~ 5(2—p1)log2

>__Y - -
—93+2a1+2B1a77 23+2a1+2B1 opp

for any s > 1,

0(2a1,5 + B1,5)V2p logq > [i1.sP1,s

ﬁl 5(61 +S_Bls)
< /20" logq > : :
prosd = 0(2a1+B1+ s+ Bis)

2 (2011)2s
=+/2p'logq > it 2o with probability at least 1 — e~ 20" (H.9)
o .
2 1 2.2 727‘%5
“=q>exp {W] with probability at least 1 — e *1
ppio

2s

2 1)? -2
<=q > exp {(2;;22} with probability at least 1 — e 77,
jo
and
6712’7% < _Viepm « o~ 5(2=p1)log2 g’
= 24t2aa+2Biep V1287 log q
(2*p1£2gﬁ < T—p, y g
= 242at2bier © /1287 log ¢
let da:zmagl " “logx < V1—pp ql_p/ (H.10)

1
= 9442014281 1287Td17p’q1_p/

2
27+2a1+2ﬂ1+1/273/2e] T—p

(1—=p1)di—p

@)qz[

with d,, < oo for any a > 0. Now, take

92 1)2 97+2a1+261+1/2.3/2 1-p" 1
(20 +1) } l T V exp [60} (H.11)

2
q > e Vexp [
2p'pio? (1—=p1)dip

in (H.7), we obtain that

a1 s//Jf\l s z
P( M, > ——bsfls Fi > >1-— .
< ba Qaq s + Bl,s P1,s4/PS | be q2
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On the other hand,

aq 5/’51 s z )
>ry—e€
(e5] .S + ﬁl S pl,sw/ps
(051 s,ul s 2”(2()41,3 + Bl,s) V 2/7/ Iqu > ﬂ1p1>
Qays + ﬁl s 2(0[1’5 + Bl,s)ﬁl,s\/ pPs -

( (2041 s+ 61 s) 20 10gq > l:al,s + 6173]31 . 1:|>

P

v
~

=P t1,s —p1+
al,spl,s ps Q1,s

L5 201 + 1+ B1,s] [2p'logq > —(1 =p1)ag +p1B1 — (Bi,s — p15) )

=P 5
= (o1 + B1,s)B1s ps a1 + By g
event Uy
=P (U | Bi,s > p15) P(B1,s > p15)
+oo
s s s s
P(ls| —— < Bis— <——|P(—=< By — < —
+; (1, | " 1 P18 +1) ( > 1,s — D1S v+1>

s7IBy s ps

+o00
=R 20’ lo s S
+ZP (Ml,s — U1,s +A1(57U)\/ pqu > 1Az (s,v) | ~ < Bjs—p1s< _H>
v=1

XP(—S<BLS—}?1$<— 5 )
v

- o 20’ lo
>P (m,s — 1+ P osd >0|Bys> p18> P(B1 s > p1s)

v+1

by (H.12) and (H.13) , I _ .,
> (1 —q* /p) P(B1. > p1s) + Z (1 _ o2p 4q_2p1 1o /p> P <_Z <Bis—ms< _j_1>
v=1
>1—q /P i e
where we define
_12 _1Bs —1_1_ _ _1BS_
Aq(s,v) = als Qo+ 5)+s L }7 As(s,v) := [=( plzfé;a+ilfi]13(3 1, pl).
1 1,s

s7IBy s[s7las + s71 By 4]
We also use the facts that

- o 2p' log q
P <M1,s o e P8 >0|B1s> p18>
s 1By 4 ps

20" 1
1]P><u1 His > 7 pogq|31,52p18>

s7'By s ps (H.12)
by the fact that By s (fi1,s — p1) ~ SUbG(Bl,sUQ) forany By,s > 1 pl Iqu
> 1—exp|— T
ps— B s
by s !By <1 ,
> 1—q " /p7
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and similarly

- [2p" 1o s S
P (,ul,s — p1 + Ai(s,v) P o84 > pi1As(s,v) | —= < Bis—pis < >
ps v v+1
by (1—p1)a1<p1f [20'logq _ pi(pr — s 'Bis) , s s
> P s — Aq(s, > : —— < By s— < -
> <M1,s 1+ Ai(s,v) ps = slag +s 1By, \ U 1,s — P18 ]

2
by similar trick in (H.12) B, —s'B;, 2p'1
i - sup exp | — B 'ui(lpl 5 _B, ) ~ Au(s,v), | 084
s71B1,s€[p1—v~1p1—(v+1)71] 20 sTlan + 57 B ps
by the fact (H.14) —2,2 By, 20" 1
3 1 sup exp v oTp . 15 A%(S,v)w
$=1B1,c€[pr—v= 11— (v+1)~1] 1+ @+1)71° 20 ps
by the fact (H.15) —2,2 1 ’1
> 1 —exp v M 5 = I P o84
1+ @+ D Pr—gm P
by the fe;t (H.16) 1 62P1_4q*2p1_1pl/p
(H.13)
where the fact we used is
— s 1B 2 — s 1B 201
pi(pr— s~ Bis) _2A1(870)M1(p1 s~ Bis) [2p'logg
s7lag + 57 1By s7lag +s71By ps
— s 'Bi, _ 20(s7 (201 + B1) + s 'B1s] [2p'1o
_ Mj(pl 5, )2 jn(py— s~\B14) — [s™( Lt 1) 1s] [20'logg EH14)
[s7lay + 57 1B 4 s 1By s ps
< h M1 vt
— 2 - _ 27
i+ v D7
Bus yo 201080 _ [57 (201 4 Br) + 57 Bu)® p'logg
2021 ps s7IBy s [s7tan +$_1Bl,s]2 ps
1 p'logg
> B (H.15)
bys’lBl.;Spl—ﬁ 1 plogg
- =g PS5
and
v 1 plogg _2uf 2 p'logg E16)
pr+@w+1)"1 pi—5g ps T P p1ops '

uniformly on v,s > 1and s7!B; € [pl —v Y —(v+ 1)*1]. Therefore, by plugging these inequalities into (H.6),
we conclude that

P(Y1,<q)<1—q2— g - e2pf4q—2pf1p’/p
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for any ¢ satisfied (H.11), and then

—+oo
ETl,S = Z]P(Tl,s > q)
q=0

) (20 +1)2] | [27H2at20141/23/2¢ | T2 160
<e”+exp + exp (72

ZP/p%UZ (1 —p1)di—p

+oo
+ Z [q*Z +q Pl 62pf4q*2pflp'/p]
q=1

2 {(204-1)2} [2“2&1”51“/%3/%1”’ [ 160 }
< e+ exp + exp (7

2/)/]?%0'2 (1 _pl)dl—p’
-4

1 e%P1

+ S—
L—p'/p  1-=2p;'p'/p

+1+

for any s € N. Let 2p; ' p//p = 1/2, we immediately conclude that

1
E -1 =ET; . <¢ H.17
[0175(6) ] 1D

with ¢ = ¢(p1, p, 02) is fully determined by p1, p, o2 and free of s. Now, let & s = {fi1,s X P1.s > r1 — €/2}, then

P(Tl,s >1ry —€ | 51,5)
ZP(TI,S > ﬁl,s X i)\l,s - 6/2 | gl,s)

-1 P(ﬁl,s X Bra > N (fins 202/ (pr52.,)) x Beta(on o, Br) + /2 | 51,5)
(H.18)

1o [ﬂm(ﬁl,s > N (i 20%/(ps?,)) + ¢/ (1) | €1.0)
+ P(ﬁm > Beta(aq s, B1,5) + pre/(4r1 + 6))] .
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Note that we have

P(firs > N (i, 202/ (psi3 ) +€/(2p1) | €15

~ . 2s0? €By ¢
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64p102

by Theorem 2 in (Ahle, 2017) ] Spe2
< [eXp<— P )+exp(—sd(p1/2,p1))]

1 2
3 [exp < _ _5pe > +P(0 < 57131,3 < p1/2)]
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1 spe? p1, 1—p 2—p1
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2 leXp< 64p102> +eXp< 8( 5 %85, T8 Ty,

by liz <logx 1 Sp€2
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and

P(ﬁl,s > Beta(a.s, Br.s) + pre/(4r1 + e))

Bys —
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>~ 1,s» M1,s 1,s) M1,s 2(4+6)

pie? ]

< 2exp [_ 18(4+¢€)[(4+ €) + 4p; €] s

where we use the result in Theorem 1 of Skorski (2023): if a5 > /31,5, we have

pre
P(Beta(al)s,ﬂl,s) — EBeta(as,s, 81,5) < —M)

_ P1€ )2 (al,s + 51,3)2(04173 + 61,3 + 1)
2(4+¢€) 201,51,

< exp

p1E ) (a1 + B1+8)2(1+ay + B1 + 5)
=exp

2(4 + ¢ 2(aq + B1s)(B1 +5— Bis)

< oxp p1€ 3
2(44+¢€)) 2(ar +s/2)(B1 + 8/2)
exp[ 18(4 + ¢€)?

by a1,51<1 ple ]
)
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and if a1 s < B1,6, We have

]P(Beta(m,syﬁl,s) —EBeta(a1,s,f1..) < =3 i )

(4+¢€)
- 2 2 I 6 2(5 —a ) . 1
< exp |— pie€ a1,5P1,s 1,s 1,s P1 :|
< i 8(4+e€)? | (a1s+B1s)%(us+Pis+1)  3(as+Pis)ons+Pis+2)2(4+€)
= exp -_ pie2 [ (a1 +Bis)(B1+s— Bis) 281 — a1 + s — By.) pre }1
84+e)?|(a1+B1+9)2Q+ar1+b1+s) 3an+b1+s)2+ar+b1+s)2(4+e)
i 12 [ 2 2 - -1
<exp |— pi€ (Cl1 + S/ )(51 + S/ ) n ple(ﬁl al)
8(4+¢€)? | s3 3(4+ ¢€)s?
[ 2.2 102 -1
pie 9s p1€
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= oxp 8(4 +€)? | 4s3 * 304 + 6)52] ‘|
r 2 2
s
< - .
=PITI8(U T o) [ + o) + 4pre] 8}

By plugging these inequalities into (H.18), we obtain

]P)(Tl,s >ry—€ | 51)5)

>1 1 e spe’ +exp (— sp1(1 /2)) 2e pic s
——|exp| — xp (— — —2exp |— .
=1 TP 64p102 b P P P 18(4+¢€)[(4 + €) + 4p1 €]

On the other hand, the probability of £; s can be directly bounded through the concentrations for Gaussian and Binomial
distribution as

IP’(EILS) = P(ﬂl,s X ]/)\1,3 >ry — 6/2)

>1-— [IP’(M > [, + e/(2p1)> + P(pl > P1,s + pre/(4r + 6))}

se? 2sp3e?
2 1o [tz oo ]

by the facts that

~ ~ 562
P(ju1 > fins+¢/(2p1)) = P —fins > ¢/(2p1)) < exp (— 707 )
P10
and
2s 2 2
~ o~ pie
P(}h > p1,s +pre/(4rs + 6)) = P(}h —P1,s > pie/(4r1 + e)) < exp (— (Ut o7 6)2).

2 22 2
Note that p € (1/2,1), we have exp (—@Zﬁ), exp (—sp1(1 — p1/2)), exp (— 18(4+6)‘E(pi;)+4p16]), exp (—8;%%‘2), and

28]’)?62 spfez

exp (_W) are all less than exp (_W)' Then, by combining the inequalities for P(T1 > 71 — €| &1.5)
and P(&; ), we have

P(Tl,s >1ry—€ | 8173)P(51,s)

>[1 o (-~ ) 2o (‘mfuw)] [1 e (‘Muv)ﬂ

2[1‘3‘“" (‘Mav))]
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Thus, if we take L > GFL0YT) log(3(1 - 1/v/2) 1), it will yield

D e )
o[ o)

by (1—32) "2 —1<12« forany £<1/3—1/(3+/2) and the condition for L

2
spie
< 12 _—
= ZexP( (4+e)2 (1w2)>

“+oo Sp2€2 Lp2€2
<12 S o — 12 Rt
= / eXp( <4+e>2<1vo—2>> o eXp( <4+e>2<1vo2>>
Lp?e? (44 €)2(1Voa?)
=12 — 1
exp ( 4+ €)2(1Vo?) + pae2

by the condition for L

< 4(1,1/\/5) [1+(4+e)2(1\/02)}

2.2
bi€

The above inequality together inequality (H.17) implies (H.5) immediately. Therefore, we obtain the last term in (H.4) is
bounded by

4

< -
ALE < Akp% A2

,TE:<G16 (Ar/2) )

1
byAk> \/kaK/T) 1 \/7
e P1y/Pk K

and therefore,

T

> 1(A =k, Eg(t))
t=K+1
ka A Ak 1 T

+
pk\ﬁ pe piype VK
Ay 1 T
<= =/ %
Pk P1+/Pk

By substituting the above inequality and (H.3) back into (H.1), we obtain the result stated in the theorem. ]

ApEcr(T) < Ap + ARE + ALE

(G - 1)]

S Ap+

I. Proof of Regret Bounds for Contextual Bandit Algorithms

Let V, := ZZ:LYFl Z,Z] and U, := Zzzl W, W/ be the sample variance for the non-zero part and binary part at
round ¢, respectively. The proof for contextual bandits is divided into three main steps after decomposing the regret into two
periods.

The first step is to find the minimal round 7 such that the minimal eigenvalue of V; and U; satisfies
min{Amin(Vt), Amin(U¢)} > 1 for any ¢ > 7 with a high probability, which bounds the regret in the first 7 periods.
The second step uses the self-normalized martingale result to bound the regret from 7 to 7" rounds. The final step combines
the regret over both periods.

Proof. Step 0: We start with decomposing the regret. Assume A} is the optimal action at round ¢, and let Z; := 1 x (x¢, A7)
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and pa, := h(¢y (s, A;) T 0), then

™=

R(T) = [pa; (877 27) — pa 98" Z,)]
t:l . A
= [pA;g(B*TZt)—pAtg(ﬂ*TZZ‘)} + Y [pAgg(ﬁ*TZI)—pAtg(ﬁtTZt) (L1)
t=1 t=7+1
T A~
< 2Ly + 9O+ > [parg(87Z) ~ Pag(B] 20)]
t=7+1

where the last inequality is by

by Assumption C.1 (ii)
<

33

by Assumption C.1 (i)
< [2Lg + g(O)} T

and 7 € N will be determined later.

For each arm k € [K], let Vi(m) := Z;’;Ln’kzl Zt,kZZk is the sample variance for the non-zero part and By (m) :=
{t € [m] : Yo, = 1} of the arm k with pulling it m times.

Step 1: Let Xy, := E[Zt,thT,k] and Q;, = ]E[Wt,kWtTk] be the variance matrices for the i.i.d sample 9 x (x¢, A) and
Yy (x¢, Ay ), respectively. Note V. (m) has the same distribution with

By (m)

T
g Zi,kZLkv
i=1

due to X; is independent with Y; for any fixed ¢ € [m]. Then by applying Proposition 1 in Li et al. (2017), for any ¢ € (0, 1)
there exist positive, universal constants C; and C5 such that

)\min (Vk (m)) Z 1
with probability at least 1 — §, as long as

Bu() > <C1\/a+02\/10g(1/5)>2 L
= A

/\min(zk) min(zk) ’

Note that By (m) is the summation of independent Bernoulli(py, ;) variables with py ; > p. we have By (m) > mp, /2 with
probability at least 1 — § whenever m > 4p_ 2 by Hoeffding’s inequality.

Similarly, we also apply Proposition 1 in Li et al. (2017) for Ug(m) = 2?1:1 WkatT «» and know that there exist some
universal C's, Cy constants such that A\ i, (Uk(m)) > 1 whenever

. (03\/a+ (,2“/1c>g(1/<5)>2 L2
= A

Amin(nk) min(nk).
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Now, by noticing Assumption C.2 (ii), we let

T = max 5

*

/\min(zk) min(zk) pz )\min(ﬂk)

then we have
min {)\min(Vk (Tk))y Amin(‘U'k (Tk:))} 2 1
with probability at least 1 — 34.

Step 2.1 Define

Vv, = Z Vi(mg) + Avly
ke[K]

2 [(CiVd+ Coy/Iog(1/9)\? 2 4og(1/6) [ Car/d+ Cin/log(1/0))
[( ) +)\ :|7 ’< > +>\min(ﬂk)

with 7 is the round such that for arm & pulled my, times. Then from Step 1 and the fact that 7 = maxj¢c (k) T by Assumption

C.2 (ii), we know that for any n > 7 + 1, the minimal eigenvalue of V,, and U, satisfies
Amin(Vn) > 14 Ay, and Amin(Up) > 14 Ay
with probability at least 1 — 39. Next, since Vyy1 = Vi + Y, - Zy thT ,
det Viyy = det V; x det (Iy + Y3 -V, V/°2,2] v, /%)

which furthermore implies

T

log det Vi = log <det v. I a+ ||zt3,t1)>
t=T+1:Y,=1
T
= logdet V, + Z log (1 + |\Zt||3,:1)
t=74+1:Y;=1
> 1 ! 3 2
> ogdetVT+§ Z (1/\”ZtHV;1)
t=7+1:Y;=1
1 T
=logdet V- + o > 1Ze )13, -+,
t=74+1:Y;=1

where the last step is due to ||Z||2 < 1 and Ayin (V) > 1 fort > 7 + 1. Therefore, we conclude that

T T
by Cauchy det, VT
2
> Nzl ST X B < 2T es o
t=74+1:Y;=1 t=7+1:Y;=1

Note that by the inequality of arithmetic and geometric means,

tr(ﬁ)d . (trw»;T - r)‘{

det VT S (

and the fact that
tr(V,) <Ay +7  and  det V., > (1+ )%

Our inequality (I.2) can be furthermore bounded by

T
A+ T
Z 1 < 2Tdlo
S o <27 \/d (555 )

t=74+1:Y;=1
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Similarly, we have

T
A+ T
-1 <4 /2T¢ql —_ L4
> Wiy, M atog (25, L)

t=7+1

as Y; would always be observed, which is a specific case above.

Step 2.2 Let Ux 1 (8) := > y_1.y,—1 [9(Z] B) — 9(Z] 3*)] Z¢. By Assumption C.1 (iii), we have
Ix (BF -+ = w5llB = BII3 (L5)
forany 3 € I' C {B: ||B— B*|]2 < 1}. Next, note that B, directly comes solving Zé:l;}@:l [(X¢—9(Z] B)]Z¢ = 0, then

qu,t(Bt) = Z [Q(Z;Bt) - Q(ZJB*)]ZZ

fe[t]:YgZI

= [Q(Z;Bt) —g(Z} B*)|Ze + Z (X, — Q(Zﬁ.TB\t)]Zz

Le(t]:Ye=1 Le(t]:Y,=1
= (Xe—9(Z[B)|Ze= > el
Le(t]: Y, =1 Le(t]: Y, =1

Note that g | Fy_1 ~ subG(c?) directly implies g, | 0(Ys = 1: 5 € [{]) N Fy_1 ~ subG(o?). Let

1 3112 T -1 Lo ).
252 ||\I/X7t(/3f/)||vt—1 = ‘r]ré%}g (V ee[;] Y: ) 0 erly — §||V||Vt = ‘I,Ié?@ Mx i(v),
Y=

then M x +(v) := [ Mx+(v)du(v) is also an F-adapted non-negative super-martingale with initial value = 1 for any
probability measure z(v) on R, Thus, by Theorem 3.9 in Lattimore & Szepesviri (2020), we have

B(sup M s(v) > 1/5) < ZMx0(v)
teN ' 1/6

for the probability measure . = N(0, )\ElId). Plugging in the explicit formula for M yx ;(v), we obtain that

=9

1 -~ 2 detVt
]P’(Elt eEN: T‘QH\I/Xt(ﬁt)HV;l > 2log(1/6) + log ( v )> <6 (1.6)

for any Ay > 0 and § € (0, 1). Combining inequality (I.5) and (1.6), we conclude that

3 X - det V.
1B~ Bl < ; Wio—% g(1/5) + log (“5¥* )

\%4

< 5;10\/4 log(1/0) + dlog(1 + A,;'t/d) = px.

holds with probability at least 1 — ¢ for any ¢ > 7 + 1, where the last inequality is due to

det V, ( (vt»d ( {ze[t]:n:u)d ( t)d
< tr % <(1+ <(14+-—/—).
A Avd Avd A\ d

By using the similar argument, we can also show that

16, — 6°ll2 < ry, ' /4108(1/5) + qlog(L + Ag't/q) = py
holds with probability at least 1 — ¢ for any ¢ > 7 + 1.
Step 2.3 The design of Algorithm C.2 for choosing A; € [K| ensures

B Z; + pxallZi v < B Z, + pxtl1Zelly -1

64



Zero-Inflated Bandits

i.e.,
B (2 — ) < pxa(|Zally+ — 1Zi 11y
and
0, W; +pvi[Willgr < 0] Wi+ py ol [Willy 1,
ie.,

nT * "
0, (W; —W,) < PY,t(”Wt”U;‘ - W; HU{l)'

Apply the last two inequalities in Step 2.2, we obtain

(Z; —Z,)"B* = (Z] — Zt)TBt —(Z; - Zt)T(Et -8
< pxt(1Zellvr =125 lv) + 127 = Zelly—1 118 = 872

by the choose of px ¢ and t > T
* *
< pxt(1Zelly-1 = 1ZF v + 127 = Zelly 1)

< 20Xt/ Zi [y

with probability at least 1 — 46 for any ¢ > 7 + 1. Similarly, by applying the same technique for (W; — W) T 6%, we can
obtain that
(Z; —Z0)"B" < 2pxullZilly;+ and (Wi — W) T0" < 20y, [[Wi|ly1, (L7)

both hold with probability at least 1 — 56 for any ¢ > 7 + 1.

Step 3: Now, with the inequality (I1.7), we could deal with the remaining part in (I.1) in Step 0. By following the same
technique for proving Y7, [pa:g(8* " Zy) — Da,9(B/ Z})] < [2Lg + g(0)]7, we have

T

> [pAzg(ﬂTZf) - pAtg(ﬁTZt)}
t=7+1
. T
by Assumption C.1 (ii)
< 3 {Lg (872 — B ) + [L9|B*th —0| + g(O)} Ln(0"TW; — o*th)}
t=7+1
by (I7) T T
< 2Ly Y pxillZilly o +2(Lg + 9(O0) L DY vt Wiy
t=7+1 t=7+1
T T
<2Lgpxr Y | Zillyr +2(Lg + 9(0) Lnpyir Y [[Wellys
t=7+1 t=7+1

by (1.3) and (14)

21, oLy /410g(1/8) + dlog(L + A, ' T/d) \/sz log ( Av + T )

d(1+Av)

+2/<Lh1(Lg+g(0))Lh\/410g(1/6)+q10g(1+)\U1t/q)\/2quog (M)

which completes the regret bound for our UCB algorithm. The regret bound for the TS algorithm follows similarly,
leveraging the anti-concentration result in (C.2) along with the proof techniques in Theorem 1 of Agrawal & Goyal (2013).
Specifically, it incorporates anti-concentration results for (3; — B¢)(Z; — Z;) and (0; — 0;)(W; — W,). O
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