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ABSTRACT

We provide nearly optimal algorithms for online facility location (OFL) with pre-
dictions. In OFL, n demand points arrive in order and the algorithm must irrevo-
cably assign each demand point to an open facility upon its arrival. The objective
is to minimize the total connection costs from demand points to assigned facilities
plus the facility opening cost. We further assume the algorithm is additionally
given for each demand point x; a natural prediction ngd, which is supposed to
be the facility foP* that serves x; in the offline optimal solution.

Our main result is an O(min{log &L= ,log n})-competitive algorithm where 7).
is the maximum prediction error (i.e., the distance between f}?fed and f;’f’t). Our

algorithm overcomes the fundamental ( 1og)fgo <+ ) lower bound of OFL (without
predictions) when 7)o, is small, and it still maintains O(logn) ratio even when
Noo 1S unbounded. Furthermore, our theoretical analysis is supported by empirical
evaluations for the tradeoffs between 7)., and the competitive ratio on various real

datasets of different types.

1 INTRODUCTION

We study the online facility location (OFL) problem with predictions. In OFL, given a metric space
(X,d), a ground set D C X of demand points, a ground set 7 C X of facilities, and an opening
cost function w : F — R, the input is a sequence of demand points X := (x1,...,2,) C D, and
the online algorithm must irrevocably assign x; to some open facility, denoted as f;, upon its arrival,
and an open facility cannot be closed. The goal is to minimize the following objective

STw()+ > d(wi, fi),

fEF r,€X
where F' is the set of open facilities.

Facility location is a fundamental problem in both computer science and operations research, and
it has been applied to various domains such as supply chain management (Melo et al., 2009), dis-
tribution system design (Klose & Drexl, 2005), healthcare (Ahmadi-Javid et al., 2017), and more
applications can be found in surveys (Drezner & Hamacher, 2002; Laporte et al., 2019). Its on-
line variant, OFL, was also extensively studied and well understood. The state of the art is an

O(log)i gn)—competitive deterministic algorithm proposed by Fotakis (2008), and the same work

shows this ratio is tight.

We explore whether or not the presence of certain natural predictions could help to bypass the

O(lolg‘?lg(‘) gn) barrier. Specifically, we consider the setting where each demand point x; receives a




predicted facility fged that is supposed to be x;’s assigned facility in the (offline) optimal solu-
tion. This prediction is very natural, and it could often be easily obtained in practice. For instance,
if the dataset is generated from a latent distribution, then predictions may be obtained by analyz-
ing past data. Moreover, predictions could also be obtained from external sources, such as expert
advice, and additional features that define correlations among demand points and/or facilities. Previ-
ously, predictions of a similar flavor were also considered for other online problems, such as online
caching (Rohatgi, 2020; Lykouris & Vassilvitskii, 2021), ski rental (Purohit et al., 2018; Gollapudi
& Panigrahi, 2019) and online revenue maximization (Medina & Vassilvitskii, 2017).

1.1 OUR RESULTS

Our main result is a near-optimal online algorithm that offers a smooth tradeoff between the pre-
diction error and the competitive ratio. In particular, our algorithm is O( )-competitive when the
predictions are perfectly accurate, i.e., f}’ pred jq the nearest neighbor of z; in the optimal solution for
every 1 < ¢ < n. On the other hand, even 'when the predictions are completely wrong, our algorithm
still remains O(log n)-competitive. As in the literature of online algorithms with predictions, our
algorithm does not rely on the knowledge of the prediction error 7.

Theorem 1.1. There exists an O(min{logn, max{1,log &&= }})-competitive algorithm for the

OFL with predictions, where 1o := maxi<i<p d(f24, foPY) measures the maximum prediction
error, and f;’ipt is the nearest neighbor of ; from the offline optimal solution OPT".

Indeed, we can also interpret our result under the robustness-consistency framework which is widely
considered in the literature of online algorithms with predictions (cf. Lykouris & Vassilvitskii
(2021)), where the robustness and consistency stand for the competitive ratios of the algorithm in
the cases of arbitrarily bad predictions and perfect predictions, respectively. Under this language,
our algorithm is O(1)-consistent and O(logn)-robust. We also remark that our robustness bound
nearly matches the lower bound for the OFL without predictions.

One might wonder whether or not it makes sense to consider a related error measure, 1; =
S d(fPred, foPt), which is the fotal error of predictions. Our lower bound result (Theorem 1.2)
shows that a small 7; is not helpful, and the dependence of 7 in our upper bound is fundamental
(see Section F for a more detailed explanation). The lower bound also asserts that our algorithm is
nearly tight in the dependence of 7).

Theorem 1.2. Consider OFL with predictions with a uniform opening cost of 1. For every 1., €

(0,1], there exists a class of inputs, such that no (randomized) online algorithm is o( 1?2 fégﬁ )-
competitive, even when 11 = O(1).

As suggested by an anonymous reviewer, it might be possible to make the error measure 7., more
“robust” by taking “outliers” into account. A more detailed discussion on this can be found in
Section G.

Empirical evaluation. We simulate our algorithm on both Euclidean and graph (shortest-path)
datasets, and we measure the tradeoff between 7., and the empirical competitive ratio, by generat-
ing random predictions whose 1)~ is controlled to be around some target value. We compare with
two baselines, the O(log n)-competitive algorithm by Meyerson (2001) which do not use the pre-
diction at all, and a naive algorithm that always trusts the prediction. Our algorithm significantly
outperforms Meyerson’s algorithm when 7., — 0, and is still comparable to Meyerson’s algorithm
when 7)., is large where the follow-prediction baseline suffers a huge error.

We observe that our lead is even more significant on datasets with non-uniform opening cost, and this
suggests that the prediction could be very useful in the non-uniform setting. This phenomenon seems
to be counter-intuitive since the error guarantee 7., only concerns the connection costs without
taking the opening cost into consideration (i.e., it could be that a small 77, is achieved by predictions
of huge opening cost), which seems to mean the prediction may be less useful. Therefore, this
actually demonstrates the superior capability of our algorithm in using the limited information from
the predictions even in the non-uniform opening cost setting.

"When the context is clear, we also use OPT to denote the optimal solution.



Finally, we test our algorithm along with a very simple predictor that does not use any sophisticated
ML techniques or specific features of the dataset, and it turns out that such a simple predictor al-
ready achieves a reasonable performance. This suggests that more carefully engineered predictors
in practice is likely to perform even better, and this also justifies our assumption of the existence of
a good predictor.

Comparison to independent work. A recent independent work by Fotakis et al. (2021a) considers
OFL with predictions in a similar setting. We highlight the key differences as follows.

(i) We allow arbitrary opening cost w(-), while Fotakis et al. (2021a) only solves the special case
of uniform facility location where all opening costs are equal. This is a significant difference, since
as we mentioned (and will discuss in Section 1.2)), the non-uniform opening cost setting introduces
outstanding technical challenges that require novel algorithmic ideas.

(ii) For the uniform facility location setting, our competitive ratio is O(log &%) = O(log ==),

. .. . . 1
while the ratio in Fotakis et al. (2021a) is Wﬁ%’ where errg = nne/w, erry = 01 /w

and w is the uniform opening cost. Our ratio is comparable to theirs when 7; is relatively small.
However, theirs seems to be better when 7, is large, and in particular, it was claimed in Fotakis
et al. (2021a) that the ratio becomes constant when err; ~ errg. Unfortunately, we think this claim
contradicts with our lower bound (Theorem 1.2) which essentially asserts that 7y = O(7)s) is not
helpful for the ratio. Moreover, when 7, is large, we find their ratio is actually not well-defined
since the denominator log(err; ' log(err)) is negative. Therefore, we believe there might be some
unstated technical assumptions, or there are technical issues remaining to be fixed, when 7 is large.

Another independent work by Panconesi et al. (2021) considers a different model of predictions
which is not directly comparable to ours. Upon the arrival of ¢-th demand point, a set of multiple
predictions S; is provided, each suggesting a list of facilities to be opened. Their algorithm achieves
a cost of O(log(|J; Si|) OPT(; S;)) where OPT(|J, S;)) is the optimal using only facilities in

\U; Si, and the algorithm also has a worst-case ratio of O( lolofgo ") in case the predictions are inac-

curate. Similar to the abovemention Fotakis et al. (2021a) result, this result only works for uniform
opening cost while ours work for arbitrary opening costs.

1.2 TECHNICAL OVERVIEW

Since we aim for a worst-case (i.e., when the predictions are inaccurate) O(logn) ratio, our algo-
rithm is based on an O(log n)-competitive algorithm (that does not use predictions) by Meyerson
(2001), and we design a new procedure to make use of predictions. In particular, upon the arrival of
each demand point, our algorithm first runs the steps of Meyerson’s algorithm , which we call the
Meyerson step, and then runs a new procedure (proposed in this paper) to open additional facilities
that are “near” the prediction, which we call the Prediction step.

We make use of the following crucial property of Meyerson’s algorithm. Suppose before the first
demand point arrives, the algorithm is already provided with an initial facility set F, such that
for every facility f* opened in OPT, F contains a facility f that is of distance 7, to f*, then
Meyerson’s algorithm is O(log ¢35 )-competitive. To this end, our Prediction step aims to open
additional facilities so that for each facility in OPT, the algorithm would soon open a close enough
facility.

Uniform opening cost. There is a simple strategy that achieves this goal for the case of uniform
opening cost. Whenever the Meyerson step decides to open a facility, we further open a facility at
the predicted location. By doing so, we would pay twice as the Meyerson algorithm does in order to
open the extra facility. As a reward, when the prediction error 7)., is small, the extra facility would
be good and close enough to the optimal facility.

Non-uniform opening cost. Unfortunately, this strategy does not extend to the non-uniform case.
Specifically, opening a facility exactly at the predicted location could be prohibitively expensive as it
may have huge opening cost. Instead, one needs to open a facility that is “close” to the prediction, but
attention must be paid to the tradeoff between the opening cost and the proximity to the prediction.



The design of the Prediction step for the non-uniform case is the most technical and challenging of
our paper. We start with opening an initial facility that is far from the prediction, and then we open a
series of facilities within balls (centered at the prediction) of geometrically decreasing radius, while
we also allow the opening cost of the newly open facility to be doubled each time. We stop opening
facilities if the total opening cost exceeds the cost incurred by the preceding Meyerson step, in order
to have the opening cost bounded.

We show that our procedure always opens a “correct” facility f that is © (1) apart to the cor-
responding facility in OPT, and that the total cost until f is opened is merely O(OPT). This is
guaranteed by the gradually decreasing ball radius when we build additional facilities (so that the
“correct” facility will not be skipped), and that the total opening cost could be bounded by that of
the last opened facility (because of the doubling opening cost). Once we open this f , subsequent

runs of Meyerson steps would be O(log &% )-competitive.

1.3 RELATED WORK

OFL is introduced by Meyerson (2001), where a randomized algorithm that achieves competitive
ratios of O(1) and O(logn) are obtained in the setting of random arrival order and adversarial

arrival order, respectively. Later, Fotakis (2008) gave a lower bound of ( mlgol‘f) gn) and proposed a

deterministic algorithm matching the lower bound. In the same paper, Fotakis also claimed that an
improved analysis of Meyerson’s algorithm actually yields an O( logig —) competitive ratio in the
setting of adversarial order. Apart from this classical OFL, other variants of it are studied as well.
Divéki & Imreh (2011) and Bamas et al. (2020b) considered the dynamic variant, in which an open
facility can be reassigned. Another variant, OFL with evolving metrics, was studied by Eisenstat

et al. (2014) and Fotakis et al. (2021Db).

There is a recent trend of studying online algorithms with predictions and many classical online
problems have been revisited in this framework. Lykouris & Vassilvitskii (2021) considered online
caching problem with predictions and gave a formal definition of consistency and robustness. For the
ski-rental problem, Purohit et al. (2018) gave an algorithm with a hyper parameter to maintain the
balance of consistency and robustness. They also considered non-clairvoyant scheduling on a single
machine. Gollapudi & Panigrahi (2019) designed an algorithm using multiple predictors to achieve
low prediction error. Recently, Wei & Zhang (2020) showed a tight robustness-consistency trade-
off for the ski-rental problem. For the caching problem, Lykouris & Vassilvitskii (2021) adapted
Marker algorithm to use predictions. Following this work, Rohatgi (2020) provided an improved
algorithm that performs better when the predictor is misleading. Bamas et al. (2020b) extended the
online primal-dual framework to incorporate predictions and applied their framework to solve the
online covering problem. Medina & Vassilvitskii (2017) considered the online revenue maximiza-
tion problem and Bamas et al. (2020a) studied the online speed scaling problem. Both Antoniadis
et al. (2020) and Diitting et al. (2021) considered the secretary problems with predictions. Jiang
et al. (2021) studied online matching problems with predictions in the constrained adversary frame-
work. Azar et al. (2021) and Lattanzi et al. (2020) considered flow time scheduling and online load
balancing, respectively, in settings with error-prone predictions.

2 PRELIMINARIES

Recall that we assume a underlying metric space (X,d). For S C X,z € X, define d(x,S) :=
minyecg d(x,y). For an integer ¢, let [t] := {1,2,...,t}. We normalize the opening cost function w
so that the minimum opening cost equals 1, and we round down the opening cost of each facility to
the closest power of 2. This only increases the ratio by a factor of 2 which we can afford (since we
make no attempt to optimize the constant hidden in big O). Hence, we assume the domain of w is
{271 | i € [L]} for some L. Further, we use G, to denote the set of facilities whose opening cost
is at most 271 ie. G, := {f € F | w(f) < 2¥~1},V1 < k < L. Observe that Gy = ().



Algorithm 1 Prediction-augmented Meyerson

1: initialize F' < 0, Fp <+ () > F, Fp are the set of all open facilities and those opened by PRED
2: for arriving demand point z € X and its associated f2**¢ do
3: costy(z) « MEY ()

4: PRED (f,f.”ed, costyg (x))

5. procedure MEY(z)

6: for k € [L] do

7: fr < argmingerug, d(z, f)

8: O d(.’I}, fx)

9: pr < (6p—1 — 0x)/2F, where 6y = d(z, F)

10: let sj, < Zf:k p; for k € [L]

11: sample r ~ Uni[0, 1], and let ¢ € [L] be the index such that 7 € [s;41, S;)
12: if such ¢ exists then

13: F+—FUf; > open facility at f;
14: connect x to the nearest neighbor in F'

15: return d(x, F') + w(f;) > if ¢ does not exist, simply return d(z, F)
16: procedure PRED(fPd )

17: repeat

18: 7 2d(fEred, Fp)

19: fopen < argmin . Al < w(f) > break ties by picking the closest facility to fPred
20: if ¢ > w(fopen) then
21: F < F U fopen, Fp + Fp U fopen > open facility at fopen
22: q<q— w(fopen)

23: until ¢ < w(fopen)
24: open facility at f,pen With probability ﬁ, and update F, Fp

3 OUR ALGORITHM: PREDICTION-AUGMENTED MEYERSON

We prove Theorem 1.1 in this section. Our algorithm, stated in Algorithm 1, consists of two steps,
the Meyerson step and the Prediction step. Upon the arrival of each demand point z, we first run
the Meyerson algorithm Meyerson (2001), and let costy(z) be the cost from the Meyerson step.
Roughly, for a demand point x, the Meyerson algorithm first finds for each £ > 1, a facility fx
which is the nearest to x, among facilities of opening cost at most 2*~! and those have been opened,
and let 0, = d(x, fx). Then, open a random facility from {fx}x, such that fj is picked with
probability (6,_1 — d))/2%. For technical reasons, we do not normalize Y, py, and we simply
truncate if ) |, pr, > 1. Next, we pass the cost incurred in the Meyerson step (which is random) as
the budget q to the Prediction step, and the Prediction step would use this budget to open a series
of facilities through the repeat-until loop. Specifically, for each iteration in this loop, a facility is to
be opened around distance r to the prediction, where r is geometrically decreasing, and the exact
facility is picked to be the one with the minimum opening cost. The ratio of this algorithm is stated
as follows.

NToo

Theorem 3.1. Prediction-augmented Meyerson is O(min{log n, max{1, log &% } })-competitive.

Calibrating predictions. Recall that 7, = max;¢) d( f:fimd, f;f’t) can be unbounded. We show
how to “calibrate” the bad predictions so that ., = O(OPT). Specifically, when a demand point
x arrives, we compute f, := argminser{d(x, f) + w(f)}, and we calibrate fP* by letting

JEred = fi d(a, fo0) > 2d(z, £) + w(f)):

We show the calibrated predictions satisfy 7., = O(OPT). Indeed, for every demand point z,
d(fL, fort) < d(z, fL) + d(x, fOPY) < 2d(x, f1) + w(fL) < O(OPT), where the second to last
inequality follows from the optimality (i.e., the connection cost d(z, fP*) has to be smaller than the
cost of first opening f;, then connecting x to f;). Note that, if 7o, = O(OPT) then &5 = O(n),
hence it suffices to prove a single bound O(max{1,log &&= }) for Theorem 3.1 (i.e., ignoring the
outer min).




Algorithm analysis. Let F,, be the set of open facilities in the optimal solution. We examine each
f* € Fopt and its corresponding demand points separately, i.e. those demand points connecting to
f* in the optimal solution. We denote this set of demand points by X (f*).

Definition 3.2 (Open facilities). For every demand point x, let F'(z) be the set of open facilities
right after the arrival of request z;, F'(x) be the set of open facilities right before the arrival of x,
and F(z) = F(z) \ F(z) be the set of the newly-open facilities on the arrival of z. Moreover, let
Fyi(x), Fp(x) be a partition of F(x), corresponding to the facilities opened by MEY and PRED,
respectively. Let Fyy(x), Fa(x), Fp(x), Fp(2) be defined similarly.

Definition 3.3 (Costs). Let costy(x) = w(Fy(x)) + d (z, (Fm(z) U Fp(z))) be the the total

cost from MEY step. Let costp(z) = w(Fp(x)) be the cost from PRED step. Let cost(z) =
costy (z) + costp () be the total cost of z.

Recall that after the MEY step, we assign a total budget of costy(«) to the PRED step. That is, the
expected cost from the PRED step is upper bounded by the cost from the MEY step. We formalize
this intuition in the following lemma.

Lemma 3.4. For each demand point x € X, E[cost(z)] = 2 E[costy ()]

Proof. Consider the expected cost from the PRED step. Given arbitrary F},, g, there is only one
random event from the algorithm and it is straightforward to see that the expected cost equals q.
Notice that our algorithm assigns a total budget of ¢ = costy (). Thus, E[cost(x)] = E[costy (x)+
costp(x)] = 2 E[costy ()] O

Therefore, we are left to analyze the total expected cost from the MEY step. The following lemma
is the most crucial to our analysis. Before continuing to the proof of the lemma, we explain how it
concludes the proof of our main theorem.

Lemma 3.5. For every facility f* € Fopt, we have

Z E[costy(z)] < O (max{l,log 871730;}) w(f*) + Z d(z, f*) | +0 (lX(T{*” -OPT) .
zeX(f*) zeX(f*)

Proof of Theorem 3.1. Summing up the equation of Lemma 3.5 for every f* € Fy¢, we have

E[ALG| = Z E[cost(z)] = 2 Z E[costp(z)] =2 Z Z E[costym ()]

zeX zeX f*EFopt zeX(f*)
< ¥ O(max{l 1ogOPT}) + Y d, f) +O<|X(7{*)|-OPT>
f*EFopt zeX(f*)

=0 (max{l logo }) OPT,

where the second equality is by Lemma 3.4 and the inequality is by Lemma 3.5, and this also implies
that the ratio is O(1) when 75, = 0. O

3.1 PROOF OF LEMMA 3.5

Fix an arbitrary f* € F,;. Let £* be the integer such that w(f*) = 2" =1, or equivalently f* € Gy-.
Let X(f*) = {x1,22,...,2Zm} be listed according to their arrival order. We remark that there can
be other demand points arriving between x; and x; 1, but they must be connected to other facilities

in the optimal solution. Let ¢; be the index ¢ such that d(f*, F'(z;)) € [2¢71,2%). ¢; can be negative
and if d(f*, F(x;)) = 0, let {; = —o0. Observe that d(f*, F'(z;)) and ¢; are non-increasing in i.
Let 7 be the largest integer ¢ with d(f*, F'(z;)) > min{7n..,4w(f*)}. Note that 7 is a random
variable. We refer to the demand sequence before x, as the long-distance stage and the sequence
after x, as the short-distance stage. In this section, we focus on the case when 71, < 4w(f*). The

proof for the other case is very similar and can be found in Section E.



Long-distance stage. We start with bounding the total cost in the long-distance stage. Intuitively,
our procedure PRED would quickly build a facility that is close to f* within a distance of O(7),
since it is guaranteed that for each demand point x;, the distance between f* and its corresponding
prediction fged is at most 7)o,. Formally, we prove the following statements.

Lemma 3.6. E [}, costum(z;)] < 2w(f*).

Proof. The proof can be found in Section A. O
Lemma 3.7. E[costy(z,)] < 2w(f*) +2> 0", d(zy, f*).

Proof. The proof can be found in Section B. O

Short-distance stage. Next, we bound the costs for the subsequence of demand points whose
arrival is after the event that some facility near f* is open. Formally, these demand points are x;’s
with ¢ > 7. The analysis of this part is conceptually similar to a part of the analysis of Meyerson’s
algorithm. However, ours is more refined in that it utilizes the already opened facility that is near f*
to get an improved O(log &) ratio instead of O(log ). Moreover, Meyerson did not provide the

full detail of this analysis, and our complete self-contained proof fills in this gap.

By the definition of 7, we have d(f*, F(z;)) < Tns for such i > 7. For integer ¢, let I, = {i >
7 | 4; = £}. Then for ¢ such that 2= > min{7n..,4w(f*)}, we have I, = 0. Let £ be the
integer that 2EL € [2£-1 2£) and let £ be the integer such that min{7n.., 4w(f*)} € [2°71,2°).
We partition all demand points with 4 > 7 into groups I<¢_1,Iy,. .., I; according to ¢;, where
Icpr = Uzgg—1 1.

Lemma 3.8. E [Zi61<e_1 costM(wi)] < AXUDL. opT.

n

Proof. The proof can be found in Section C. O

Lemma 3.9. Forevery( € [(,(], E [Zieh costy (z;)] <18 > ier, A, ) + 32w(f*).
Proof. The proof can be found in Section D. O

Proof of Lemma 3.5. We conclude Lemma 3.5 by combining Lemma 3.6, 3.7, 3.8, and 3.9.

Z E [costy(z;)] = E Z costy(z;) | + E[costym ()]
]

i€[m i€[r—1]

Z costv (2;)

i€l

+ Z E [costn ()]

i€lcp s

7
+) E
=L

<20(f")+ (2w(f*) +23 d(a, f*))

Z *
+y (182 d(zi, f*) + 32w(f*)> L 2XUOL opy

l=£ i€y n
< (F-0+0)- [ X ) +u(r) | + X opr
i€[m]
<0 (max{l,log 8717;;}) . Z d(zi, f*)+w(f*) | + 0 <|X(T‘lf*)| OPT) )
i€[m)]

O



Table 1: Specifications of datasets

dataset type size # of dimension/edges non-uniform
Twitter  Euclidean 30k # dimension = 2 no
Adult Euclidean 32k # dimension = 6 no
US-PG Graph 4.9k # edges = 6.6k no
Non-Uni Euclidean 4.8k # dimension = 2 yes

4 EXPERIMENTS

We validate our online algorithms on various datasets of different types. In particular, we consider
three Euclidean data sets, a) Twitter (Chan et al.), b) Adult (Dua & Graff, 2017), and c¢) Non-
Uni (Cebecauer & Buzna, 2018) which are datasets consisting of numeric features in R and the
distance is measured by /2, and one graph dataset, US-PG (Rossi & Ahmed, 2015) which represents
US power grid in a graph, where the points are vertices in a graph and the distance is measured by the
shortest path distance. The opening cost is non-uniform in Non-Uni dataset, while it is uniform in
all the other three. These datasets have also been used in previous papers that study facility location
and related clustering problems (Chierichetti et al., 2017; Chan et al., 2018; Cohen-Addad et al.,
2019). A summary of the specification of datasets can be found in Table 1.

Tradeoff between 7, and empirical competitive ratio. Our first experiment aims to measure
the tradeoff between 7., and the empirical competitive ratio of our algorithm, and we compare
against two “extreme” baselines, a) the vanilla Meyerson’s algorithm without using predictions
which we call MEYERSON, and b) a naive algorithm that always follows the prediction which we
call FOLLOW-PREDICT. Intuitively, a simultaneously consistent and robust online algorithm should
perform similarly to the FOLLOW-PREDICT baseline when the prediction is nearly perfect, while
comparable to MEYERSON when the prediction is of low quality.

Since it is NP-hard to find the optimal solution to facility location problem, we run a simple 3-
approximate MP algorithm (Mettu & Plaxton, 2000) to find a near optimal solution F* for every
dataset, and we use this solution as the offline optimal solution (which we use as the benchmark for
the competitive ratio). Then, for a given 7)o, and a demand point x, we pick a random facility f € F
such that 7o /2 < d(f, F}) < ne as the prediction, where F; is the point in F™* that is closest to
x. The empirical competitive ratio is evaluated for every baselines as well as our algorithm on top
of every dataset, subject to various values of 7).

All our experiments are conducted on a laptop with Intel Core i7 CPU and 16GB memory. Since the
algorithms are randomized, we repeat every run 10 times and take the average cost.

In Figure 1 we plot for every dataset a line-plot for all baselines and our algorithm, whose x-axis
iS Mo and y-axis is the empirical competitive ratio. Here, the scale of x-axis is different since
Neo 18 dependent on the scale of the dataset. From Figure 1, it can be seen that our algorithm
performs consistently better than MEYERSON when 1) is relatively small, and it has comparable
performance to MEYERSON when 1) is so large that the FOLLOW-PREDICT baseline loses control
of the competitive ratio. For instance, in the Twitter dataset, our algorithm performs better than
MEYERSON when 7, < 2, and when 7)., becomes larger, our algorithm performs almost the same
with MEYERSON while the ratio of FOLLOW-PREDICT baseline increases rapidly.

Furthermore, we observe that our performance lead over MERYERSON is especially significant on
dataset Non-Uni whose opening cost is non-uniform. This suggests that our algorithm manages
to use the predictions effectively in the non-uniform setting, even provided that the prediction is
tricky to use since predictions at “good” locations could have large opening costs. In particular, our
algorithm does a good job to find a “nearby” facility that has the correct opening cost and location
tradeoff.

A simple predictor and its empirical performance. We also present a simple predictor that can
be constructed easily from a training set, and evalute its performance on our datasets. We assume the
predictor has access to a training set 7. Initially, the predictor runs the 3-approximate MP algorithm
on the training set 7' to obtain a solution /™. Then when demand points from the dataset (i.e.,
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Figure 1: The tradeoff between prediction error 7., and empirical competitive ratio over four
datasets: Twitter, Adult, US-GD and Non-Uni.

Table 2: Empirical competitive ratio evaluation for the simple predictor

dataset Meyerson Follow-Predict Ours

Twitter 1.70 1.69 1.57
Adult 1.55 1.57 1.49
US-PG 1.47 1.47 1.43
Non-Uni 5.66 5.7 2.93

test set) X arrives, the predictor periodically reruns the MP algorithm, on the union of 7" and the
already-seen test data X’ C X, and update F™*. For a demand point z, the prediction is defined as
the nearest facility to x in F'*.

To evaluate the performance of this simple predictor, we take a random sample of 30% points from
the dataset as the training set T, and take the remaining 70% as the test set X. We list the accuracy
achieved by the predictor in this setup in Table 2. From the table, we observe that the predictor
achieves a reasonable accuracy since the ratio of Follow-Predict baseline is comparable to Meyer-
son’s algorithm. Moveover, when combining with this predictor, our algorithm outperforms both
baselines, especially on the Non-Uni dataset where the improvement is almost two times. This not
only shows the effectiveness of the simple predictor, but also shows the strength of our algorithm.

Finally, we emphasize that this simple predictor, even without using any advanced machine learning
techniques or domain-specific signals/features from the data points (which are however commonly
used in designing predictors), already achieves a reasonable performance. Hence, we expect to see
an even better result if a carefully engineered predictor is employed.
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A PROOF OF LEMMA 3.6

Lemma A.1 (Restatement of Lemma 3.6). E [}, costu(2;)] < 2w(f*).

Proof. Let G = {g1,92,...,9:} be the facilities opened by the PRED steps on the arrivals of all
{x;}i<+, and are listed according to their opening order. Observe that the budget that is assigned to
the PRED step is costy (), and the expected opening cost of each PRED step equals its budget. By

the definition of G, we have E [}, costu(z;)] = E [Zke[t] w(gk)} .
Next, we prove that the opening costs of gj’s are always strictly increasing. For each k €

[t — 1], suppose g is opened on the arrival of demand x and g4, is opened on the arrival
of demand y. Let F' denote the set of all open facilities right before gy, is opened. Let
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f o= argminf:d(fgredj)géd( 5red’gk)UJ(f), we must have w(gr+1) > w(f), since gry1 =

AN .y pprea 1 g pored oy W(f) and that d(fpred, F) < d(fPr4, gi). Moreover,

d(fé)red7 gk) + 27700

N =

d(f, fEe0) < d(f, feY) + d(fred, fired) <

1 1
< 5 (AR g) + 2 S5N) + s < ST g1) 4 3noe < A2, g1)-

Here, the second and fourth inequalities use the fact that d(fPred, fpred) < d(fpred, f*) +
* red : * : :

d(f*, f¢) < 2nu since both z,y € X(f*). The last inequality follows from the fact that

d(fered, gr) > d(gr, [*) — d(fP* %) > Tnee — oo = 670o by the definition of 7.

Consider the moment when we open g, the fact that we do not open facility f implies that w(gy) <
w(f). Therefore, w(gr) < w(f) < w(gr+1). Recall that the opening cost of each facility is a power
of 2. We have that 3, .,y w(gr) < 2w(ge).

Finally, we prove that the opening cost w(g;) is at most w(f*). Consider the moment when g; is
open, let z be the corresponding demand point. Notice that

AP ) < oo < (7 F(@) < 5d(f7, F())

by the definition of 7. However, we open g; instead of f* on Line 20 of our algorithm. It must be
the case that w(f*) > w(g:).

To conclude the proof, we have ;o w(gr) < 2w(g:) < 2w(f~). O

B PROOF OF LEMMA 3.7
Lemma B.1 (Restatement of Lemma 3.7). E[costy(z7)] < 2w(f*) +2>°0", d(z, f*).
Proof. We bound the opening cost and connection cost separately.

Opening cost. By the algorithm, we know for every 1 < ¢ < m,

E [w(B(e)) L w(Bula) > w(f)] < 3 210

2 = b < d(a, ).
i>1*

Hence, using the fact that at most one facility is opened by Meyerson step for each demand,

Efw(Fau(zr)) SE[ max w<f>] <w(f)+E ) w(f)

JeRtom) FEFat(n) w(F)>w(f)
Sw(f)+ Y dlw, 7).
i=1
This finishes the analysis for the opening cost.

Connection cost. We claim that d(z,, F(x;)) < w(f*) + d(z., f*) (with probability 1).

Let 0o, d1,...,dr, be defined as in our algorithm. We assume &y = d(z, F(z,)) > w(f*) +
d(x,, f*), as otherwise the claim holds immediately. Let k := max{k : 05 > w(f*) + d(z,, f*)}.
Then

Pr(d(z,, F(z-)) <w(f7) + d(zr, f7)]

L A
. di—1—0; . di—1—0; Ok — Op=
m1n< g 21”1> me( E 2£*,1> IIllIl( o ,1) =1.

i=k-+1 i=k+1

Therefore, Elcosty(2,)] = Elw(Fyv(z,))] + Eld(f*, F(z,:))] < 2w(f*) + 230 d(xg, ),
which concludes the proof. O
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C PROOF OF LEMMA 3.8

costy(z;)] < XU OPT.

n

Lemma C.1 (Restatement of Lemma 3.8). E [Z

i€]§£71

Proof. Fori € I<y_1, we have that its connection cost d(z;, F(x;)) < d(z;, F(x;)) < 2871 <

%. Let ¢, d1,...,0r and f1,..., fr be defined as in our algorithm upon x;’s arrival. Then, its
expected opening cost in the MEY step equals
E[ (Fu(x } > Pr [FM (i) = {fk}} < > min(p, 1) - 287!
ke[L)] ke[L]
k—1 — O 1 Ok—1—0k _ do PT
<ZIH1H< 1>2 SZ#SESW
ke[L]

To sum up,

E Z costpm(z;) | < E Z (d(xz,F(xz))""w(ﬁ‘M(xz))) < Z %OPT

i€l<p_1 i€l<p_1 i€l<p 1
21X (f*
_2AX0U)  py
n
O
D PROOF OF LEMMA 3.9
Lemma D.1 (Restatement of 3.9). For every { € [(, /],
E [Z costy () 1 < 18Zd iy [7) 4 32w (™).
€1y i€l
Proof. Recall that we relabeled and restricted the indices of points in X to X (f*) = {z1,...,zm}.
However, in this proof, we also need to talk about the other points in the original data set (that do
not belong to X (f* )) Hence, to avoid confusions, we rewrite X = {y1,...,yn} (SO y1,..., Yy, are

the demand points in order), and we define o : [m] — [n] that maps elements z; € X (f*) to its
identity y; € X, i.e., 0(j) = i.

For i € [n], let

Z; s
v none otherwise

M. {FM(%‘) Fuly:) # 0

and define 2! similarly. Since the MEY step opens at most one facility, 2} is either a singleton or
“none” Flnally, define z; := 2M U 2F

Define 7y = min{i € [n] | zM # none and d(f*,zM) < 2/=1}, we have

Z costy(z;) — 18d(x;, f*)

i€ly

=E | Y (costm(y:) — 18d(y;, f*)) 1(i € o(Le)) | . (1)

i€ (7]

Next, we prove a stronger version by induction, and the induction hypothesis goes as follows. For
every j € [n],

Te

E Z (costm (i) — 18d(ys, f*)) 1(i € o(Ly)) | Ej—1 | < 32w(f),

i=j

where £; = (21,...,%;). Clearly, applying this with j = 1 implies (1), hence it suffices to prove
this hypothesis.
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Base case. The base case is j = n, and we would do a backward induction on j. Since we
condition on £;_1, the variables dy, . . ., d, in the MEY step of y;, as well as wether or not j € (1),
are fixed. Hence,

Elcostam(y;) | €5-1] < d( y], (y)) +Z 20 < Qd(yJaF(yj))'
This implies
[Z costm (yi) — 18d(ys, 7)) 1(i € o(Ir)) | €51

(yn) = 18d(yn, f*)1(n € o(Ip)) | €n1]

< E[(costym

<2d (ymF(yn)) — 18d(yn, f) |77«€U(Ig)
< 2d(yn. F(yn)) = 2d(Yn, f*) Ineo(r)
< 2d(F(yn), f*) Ineo(n)

< 26+ < 98 < O(w(f*)).

Inductive step. Next, assume the hypothesis holds for j + 1,5 + 2,...,n, and we would prove
the hypothesis for j. We proceed with the following case analysis.

Case1: j ¢ o(I;). We do a conditional expectation argument, and we have

Te

E Z (costm (i) — 18d(ys, f*)) 1(i € o(Le)) | Ej—1

T

= Z Pr [z}vl,zf | E;-1] E Z(costM(yz) — 18d(yi, f*)) 1(i € a(Lr)) | Ej-1, 2} 7z;P

M 2P i=j

< 32w(f*).

where the second step follows by induction hypothesis.

Case2: j € I, and 8d(y;, f*) > d(f*, F(y;)). We have
d(y;, Fy;)) < dly;, f*) +d(f*, F(y;)) < 9d(y;, f*)-
Hence E[costam(y;) — 18d(y;, f*)] < 0, and the hypothesis follows from a similar argument as in
Case 1.
Case3: j € I, and 8d(y;, f*) < d(f*, F(y;)). We have
5Z* < d(ij.f*) < 7d(f*aF(yJ)) < 2673~

Let D = {f : d(f*,f) > 271} U {none}. Let k = min{k’ | 6 < 2°72}. Then Vi > k,
d(fi, f*) < (ijfi) +d(y;, f*) < 271

Prir <j|&_1]>Pr [z;\/[ ¢ D | Sj_l] > Pr[f; is open for some i > k | £;_1]

= min sz',l = min Z#,l

i>k i>k
Sk—1 — Ope 26-2 _ 9t=3 .
> min (kl*g, 1) > min <*, 1> > min (25757[ , 1)
2¢ 2¢
o _ %0 Efcostm(y)) | &1
~ 16w(f*) — 32w(f*) ’
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where the second last inequality follows from &y = d(y;, F(y;)) < 2¢ and w(f*) = 2¢ 1. Thus,

LHS = E[costn (y;) | £-1]

Te

+ S P =152 [ £ E | D (costu(yi) — 18d(yi, £7)) 1(i € 0(1r)) | £j-1, 2!
t;eD z;? i=j+1

<Pr [Z;VI ¢ D|&_1] 32w(f*)+Pr [Z;VI €D|&_1]32w(f)

< 32w(f™),

where the second step follows by induction hypothesis. In summary, we have

Te

E | > (costai(ys) — 18d(ys, f*) 1(i € o(L0)) | &1 | < 32w(f*)

i=1

E PROOF OF LEMMA 3.5: WHEN 71, > 4w(f*)

The proof is mostly the same as in the other case which we prove in Section 3.1, and we only
highlight the key differences. We use the same definition for parameters 7, ¢, and ¢. It can be
verified that Lemma 3.7, 3.8 and 3.9 still holds and their proof in Section 3.1 still works.

However, Lemma 3.6 relies on that 7., < 4w(f*), which does not work in the current case. We
provide Lemma E.2 in replacement of Lemma 3.6, which offers a slightly different bound but it still
suffices for Lemma 3.5.

Lemma E.1. For every i < 7, d(x;, f*) > w(f*).

Proof. We prove the statement by contradiction. Suppose d(z;, f*) < w(f*). Let dg,01,...,0w
be defined as in our algorithm. Then, we have

b0 = d(wi, F(x;)) > d(f*, F(x:)) — d(f*,x:) > d(f*, F(x:)) — w(f*) > 3w(f"),

where the last inequality follows from the definition of 7 that d(f*, F(z;)) > 4w(f*). Let k =
min{k | 0 < 3w(f*)}. We have k > 1. We prove that a facility within a distance of 3w(f*) from
x; must be open at this step.

Prd(z;, F(z;)) < 3w(f*)] > Pr|[f; is opened for some j > k]

o
. . 01— 0
> min Epk,l > min E %,1
j>k j=k
Ok—1 — Opx 3 *) — *
> min (’“ — ,1) > min (w(f )2£*w(f ),1> =1,

where the last inequality uses the fact that o« < d(x;, f*) < w(f*). Consequently,
d(f*, F(wir)) < d(f* F(a)) < dli, F(z)) + d(wi, f7) < dw(f7),

which contradicts the definition of 7. O

LemmaE.2. E [Ziem cost(xi)} SOE[Y i A, f5)] + 4 w(f*).

Proof. On the arrival of z; for each i € [7], let dg, 01, ..., 0y, be defined as in our algorithm. We
first study the connecting cost of request ;. We have

d(z;, F(z;)) < max (d(xi, F(xj)\ﬁ'(zi)),d(zi,F(xi))) — max (60,d(:z:1-, F(g:i))) .
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We prove this value is at most d(z;, f* )+2w(f ) Suppose dg > d(x;, f*) + 2w(f*), as otherwise
the statement holds. Recall that ¢; is non-increasing, let k = min{k | o, < d(x;, f*) + 2w(f*)}.

By the definition of k, we have that

Prld(x;, F(x;)) < d(z;, f*) + 2w(f*)] > Pr[f; is opened for some j > k]

5 — 0 Sp1— 0
> min Epj,l > min E%,l >1nin<klzpl,l>
Jj>k j>k
d(z;, [*) + 2 *) — Ogn . *
me((xf»+gw> eﬂ)zmm(wq>ﬁ>L
26 2@ -1

To sum up, we have shown that the connecting cost d(z;, F'(x;)) < d(x;, f*) + 2w(f*).

Next, we study the expected opening cost E[w(E'(z;))]. We have

. R S 1 —6. .
WWWFZHMMAMMWSZm%J;%QW1
JE[L] JE[L]
<Z;*23 1+J§ 0= =0) gi1 gt° %54* < 2w(f*) + d(zs, f*).

By Lemma E.1, we conclude the proof of the statement:

Z cost(z;)| =E Z (d($i7F( i)+ w(F(x )))
i€lr] Li€[7]

<E | Y (2d(w, [*) + 4w (f))

_iE [7]

<6E [Zd i, f 2d(x7,f*)+4w(f*))]

1<T

<S6E | Y d(wi, f7)| +4w(f*).

1€[7]

F LOWER BOUND

In the classical online facility location problem, a tight lower bound of O(log)fo gn) is established
by Fotakis (2008), even for the special case when the facility cost is uniform and the metric space is
a binary hierarchically well-separated tree (HST). We extend their construction to the setting with

predictions, proving that when the predictions are not precise (i.e. 7 > 0), achieving a competitive

ratio of o( loi l‘gg L) is impossible.

Theorem F.1. Consider OFL with predictions with a uniform opening cost of 1. For every 1~ €
log FE= )_
loglogn

(0,1], there exists a class of inputs, such that no (randomized) online algorithm is o(
competitive, even when 11 = O(1).

Before we provide the proof of our theorem, we give some implications of our theorem. First of all,
we normalize the opening cost to be 1. Consequently, the optimal cost is at least 1. Furthermore,
we are only interested in the case when 7., < 1. Indeed, the optimal facility for each demand point
must be within a distance of 1, as otherwise, we can reduce the cost by opening a new facility at the
demand point. Therefore, we can without loss of generality to study predictions With Moo = O(1).

Without the normalization, our theorem implies an impossibility result of o( loi 1‘3; ft) for online
facility location with predictions.
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Moreover, recall the definition of total prediction error 7y = Y_" | d(f2" pred , foPY), which is at least
Moo = max; d( fgfed, JoP*). Our theorem states that even when the total error 7; is constant times
larger than the opening cost of 1, there is no hope for a good algorithm. Note that our bound above
holds for any constant value of 7).,. As an implication, our construction rules out the possibility of

log % .. .
an o( Tos b 0 )-competitive algorithm.

Proof. By Yao’s principle, the expected cost of a randomized algorithm on the worst-case input
is no better than the expected cost for a worst-case probability distribution on the inputs of the
deterministic algorithm that performs best against that distribution. For each 7).,, we shall construct
a family of randomized instance, so that the expected cost of any deterministic algorithm is at least

Q(log O )-competitive
loglogn P :

We first import the construction for the classical online facility location problem by Fotakis (2008).
Consider a hierarchically well-separated perfect binary tree. Let the distance between root and its
children as D. For every vertex ¢ of the tree, the distance between ¢ and its children is % times
the distance between i and its parent That is to say, the distance between a height ¢ vertex and its

The demand sequence is consisted of i + 1 phases. For each 0 < i < h, in the (i + 1)-th phase, m’
demand points arrive consecutively at some vertex of height ¢. For ¢ > 1, the identity of the height ¢
vertex is independently and uniformly chosen between the two children of i-th phase vertex.

Consider the solution that opens only one facility at the leaf node that is the (% + 1)-th phase demand
vertex and assign all demand points to the leaf. The cost of this solution equals

h h—1
i D

This value serves as an upper bound of the 0pt1mal cost. Le., OPT <1+ hD "5

Next, we describe the predictions associated with the demand points. Intuitively, we try the best to
hide the identity of the leaf node in the last phase. We denote the leaf node as f*, which is also the
open facility in the above described solution. Our prediction is produced according to the following
rule. When the distance between the current demand point and f* is less than 7)., let the prediction
be the same as the demand vertex. Otherwise, let the prediction be the vertex on the path from the
current demand point to f*, whose distance to f* equals 7.

We prove a lower bound on the expected cost of any deterministic algorithm. We first overlook the
first a few phases until the subtree of the current demand vertex has diameter less than 7,,. Let
it be the h’-th phase. We now focus on the cost induced after the h/-th phase and notice that the
predictions are useless as they are just the demand points. When the m* demand points at vertex of
height ¢ comes, we consider the following two cases:

Case 1: There is no facility opened in the current subtree. Then we either open a new facility
bearing an opening cost 1 or assign the current demands to facilities outside the subtree bearing a
large connection cost at least % per demand. So the cost of this vertex is min{1, Dm}.

Case 2: There has been at least one facility opened in the current subtree. Since the next vertex
is uniformly randomly chosen in its two children, the expected number of facility that will not enter
the next phase subtree is at least%. We call it abandoned. The expected sum of abandoned facility is

% of the occurrence of case 2. Thus the expected cost in every occurrence of case 2 is %

We carefully choose D, m, h so that 1) mD = 1; 2) the total number of demand points is n, i.e.
h

>° m? = n; and 3) <+ = 1)oo. These conditions give that (h 4+ 1) logm = logn, (k' + 1)logm =
i=0
— log 17s0. Consequently, h — h/ = %.

To sum up, an lower bound of any deterministic algorithm is (h — k') min{$, mD} = Q (%) ,

while the optimal cost is at most 1 + hD 5 = O (ml(l’f;m) Setting m = log’i 7> the optimal
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costis O(1). And we prove the claimed lower bound of Q({z277= log niee o). Finally, it is straightforward to
see that the summation of the prediction error 77 < OPT = O( ) O

G t-OUTLIER SETTING

Observe that our main error parameter 7)., could be very sensitive to a single outlier prediction

that has a large error. To make the error parameter bahave more smoothly, we introduce an integer

parameter 1 < ¢ < n, and define 7](()? as the ¢-th largest prediction error, i.e., the maximum prediction

error excluding the ¢ — 1 high-error outliers. Define n%t) similarly.

In the following, stated in Theorem G.1, we argue that our algorithm, Without any modification (but

TL?’]OO

with an improved analysis), actually has a ratio of O(log(1 + t) + log OPT) that holds for every

t. This also means the ratio would be min;<;<, O(log(1 + t) + log g";"T) and this is clearly a

generalization of Theorem 1.1, since né? = 7o Whent = 1.

Moreover, we note that our lower bound, Theorem 1.2, is still valid for ruling out the possibility
of replacing nc()? with ny) in the abovementioned ratio, since one can still apply Theorem 1.2 with

t = 1. However, it is an interesting open question to explore whether or not an algorithm with a

ratio like O(logt + OPT) for some specific t (e.g., t > \/n) exists.
Theorem G.1. For every integer 1 < t < n, Algorithm 1 is O(log(t + 1) +

nnoo

min{log n, max{1,log 55% }})-competitive.

Proof sketch. Let T' = (v1,72,...,7—1) be indices of the ¢ — 1 largest prediction error
d( fged, ffc’ft). The high level idea is to break the dataset X into a good part X¢ := {z; : ¢ € [n]\I'}

and a bad part Xp := {x; : i € T'} according to whether or not the prediction is within the outlier,

and we argue that the expected cost of ALG on X is O( OPT) times larger than that in OPT, and
show the expected cost on X g is O(log(t + 1)) times.

For the good part X, we let X_(f*) := X (f*)\I" and apply a similar analysis as in the proof of
Lemma 3.5 to show that

®

E Z cost(z) SO(max{l,log%l?}) w(f*) + Z d(a:f)

2EX_(f*) TEX_

For the bad part X 5, we assume all predictions for points in X g are of infinite error (which could
only increase the cost of the algorithm), and let Xy (f*) := X (f*) NT. Then this lies in the case of
Section E, where 71 > 4w(f*), which essentially means the prediction is almost useless and the
whole proof reverts to pure Meyerson’s algorithm. Combine the arguments from Section E and the
analysis for the short distance stage, we have

E| > cost(z)| <O(log(t+1)) (w(f)+ > dlaf)

zeXy (f*) z€X 4 (f*)

We finish the proof by combining the bound for the two parts. O
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