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Abstract

Physics-informed neural networks (PINNs) have emerged as a promising approach for solv-
ing partial differential equations (PDEs) using neural networks, particularly in data-scarce
scenarios due to their unsupervised training capability. However, a key limitation is the
need for re-optimization with each change in PDE parameters, similar to the challenge in
traditional numerical methods where each system of equations corresponds to a specific
PDE instance. This characteristic poses a barrier to the widespread adoption of PINNs
across scientific and engineering applications. This survey explores research addressing this
limitation through transfer learning and meta-learning, synthesizing insights to establish a
foundation for efficient data generation strategies tailored to PINNs. These methods can po-
tentially improve PINNSs’ training efficiency, enabling quicker adaptation to new PDEs with
fewer data and computational demands. While numerical methods directly solve systems of
equations to derive solutions, neural networks implicitly learn solutions by adjusting their
parameters. One notable advantage of neural networks lies in their capacity to abstract
away from specific problem domains, enabling them to retain, discard, or adapt learned
representations to efficiently address similar problems. By understanding how these tech-
niques can be applied to PINNS, this survey seeks to identify promising directions for future
research to enable the widespread adoption of PINNs across a wide range of scientific and
engineering applications.

1 Introduction

Advances in machine learning have led to important applications in various fields, such as computer vision
(enabling technologies like self-driving cars), natural language processing (powering intelligent agents and
chat-bots), and image generation (facilitating media creation). With such success, there has been grow-
ing interest in developing Machine Learning (ML) solutions to solve problems in science and engineering.
However, unlike many other fields where data is abundant or easily acquired, these fields often face data
limitations due to the high cost of experiments and simulations needed to generate data. Therefore, to ease
the development of ML approaches in these disciplines, intelligent methods that are data and computation-
ally efficient need to be created. To this end, other domains have tackled similar problems with techniques
such as transfer learning, meta-learning, and few-shot learning, indicating a significant potential for applying
these techniques in science and engineering.

One specific application in science and engineering where these efficient ML models can be particularly ben-
eficial is determining the approximate solutions of PDEs. PDEs are fundamental in modeling and describing
natural phenomena across various scientific and engineering domains. Traditionally, these equations are
solved numerically, which (in some cases) can become prohibitively expensive, especially when dealing with
nonlinear and high-dimensional problems (Han et al., [2018). This challenge limits their application in areas
where fast evaluation of a PDE is required. Recognizing this challenge, neural networks have been explored
as a potential solution, offering advantages in effectively modeling complex nonlinearities (Raissi et al., 2019;
Khoo et al., |2021}; |Sirignano & Spiliopoulos, [2018} [Cuomo et al., [2022), presenting the potential for faster
evaluation compared to classical iterative solvers, as well as offering mesh-free solutions not constrained to
computational grids (Jiang et al. |2023; |Li et al., 2020; [Raissi et al., 2019; |Cuomo et al., [2022)). Moreover,
machine learning techniques provide an approach to solving inverse problems, where the goal is to infer
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unknown parameters or initial/boundary conditions from observed data, a task challenging for numerical
methods (Arridge et al., |2019; |Cai et al., [2021). In addition, machine learning implementations are simpler
than numerical methods allowing for faster development and easy maintenance (Cai et al., 2021)).

ML methods for solving PDEs can broadly be categorized into two types: neural surrogates and neural PDE
solversEﬂ Neural surrogates, including physics-guided neural networks (Faroughi et al., |2023) and neural
operators, function by training neural networks in a regression manner using data generated from numerical
solvers. The most popular among these are neural operators, which approximate nonlinear mappings be-
tween infinite-dimensional function spaces using datasets of input-output pairs from solvers or observations.
Examples include Fourier Neural Operators (Li et all 2020) and DeepONet (Lu et al.; |2019)).

On the other hand, neural PDE solvers directly incorporate physical laws by embedding the governing
equations into the learning process. A key example is PINNs (Raissi et al., 2019), which approximate
solutions by minimizing the residuals of governing equations, initial conditions, and boundary conditions.
Figure 1 illustrates the relationship between data requirements and scientific knowledge across different
methods.

While both neural operators and PINNs have
strengths and limitations, this study suggests that
PINNs are more suitable for data generation tasks
in scientific and engineering domains, especially in
applications with limited data resources. Neural op-
erators typically require large datasets, often derived
from costly simulations, and do not explicitly incor-
porate governing physics equations, which can lead
to generalization issues and physical inconsistencies
outside the training data distributions(Négiar et al.
2022). In contrast, PINNs integrate governing equa-
tions directly into the training process, ensuring that
the solutions adhere to the underlying physics while
reducing the reliance on pre-existing datasets, mak- Neural

ing them particularly effective for data-scarce appli- Elecats
cations (Négiar et al., [2022).
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Nevertheless, PINNs have some known limitations.
They can struggle with convergence, particularly
for high-dimensional or complex physics problems
Négiar et al| (2022), which results in long training
times. The computation of residuals, which requires
derivative evaluation through automatic differentia-
tion, becomes computationally expensive for PDEs
with higher-order derivatives. Additionally, their
convergence is sensitive to hyperparameters. More-
over, PINNs are typically trained on a per-PDE instance basis, meaning they can only solve one specific
problem at a time and must be retrained from scratch for each parameter change. These drawbacks limit
their adoption in diverse data generation tasks involving different PDEs.
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Figure 1: Data and scientific knowledge requirements
for different modeling approaches.

To address these limitations, this survey explores the integration of advanced ML techniques, such as transfer
learning and meta-learning into PINNs to enhance model adaptivity by maximizing knowledge reuse, reduc-
ing adaptation time and minimizing data resources. Additionally, these methods can help overcome the
convergence challenges typically associated with PINNs. This advancement aims for "efficient model adap-

1A surrogate model can be thought of as a "regression" to a set of data, where the data is a set of input-output parings
obtained by evaluating a black-box model of a complex system |Eason & Cremaschi| (2014); |Caballero & Grossmann| (2008]).
Conversely, a solver is an algorithm or method used to find a solution to a mathematical model.

2While some authors use the terms "Neural Surrogates' and "Neural PDE Solvers" interchangeably, this work makes a
distinction to highlight the specific requirements for obtaining the solution to a PDE.
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tivity," enabling rapid learning in data-limited environments and facilitating their adoption in real-world
applications where data is scarce and fast evaluation is essential.

The key contributions of this work include:
e An introductory overview of PINNs, highlighting their connections to traditional numerical meth-

ods for solving PDEs and how certain techniques, such as Reduced Order Modeling (ROM), reuse
solution data across similar PDE problem instances.

e A review of recent advancements in PINNs, focusing on techniques like transfer learning and meta-
learning that enhance model adaptivity and performance.

e Identification of potential metrics and benchmarks for assessing model adaptivity.
o Insights into future research directions and potential applications of adaptive PINNs across various
domains.
To the best of our knowledge, there has not been a review paper addressing model adaptivity in PINNs.

The structure of this paper is as follows. First, key concepts and terminology are introduced. Section [3|offers
an overview of how transfer learning and meta-learning have been utilized to enhance PINNs’ adaptivity.
Section [4] discusses various metrics and benchmarking methodologies used to assess the efficient adaptation
of the model. Section [5| highlights works that have been applied to real-world applications. Finally, Section
[6] outlines future directions and presents conclusions.

2 Background

2.1 Initial Boundary Value Problem

In science and engineering, problems are often framed as Initial Boundary Value Problems (IBVPs), which
encompass a wide range of phenomena. An IBVP is typically represented as:

Nu(z, t;p)] = f(x) VzeQ, te t,T],
Blu(z,t)] = g(z) Vzed, telt,T], (1)
Tu(z,t)] = h(z) VaeQ, t=rto,

where, N represents the differential operator acting on the function u, which depends on parameters denoted
by u. f(z) represents the source term defined in the domain 2. The operator B imposes the boundary
conditions g(x) on u at the boundary 99 of the domain. Lastly, Z sets the initial conditions h(x) for the
function u(z, ty), representing the initial state of u within Q at the initial time ¢y. The differential operator
N can take the form Nu(z,t; u)] = F(z,u, %1;, g—g, 2273, ...), where F' is some given function that describes
the dynamics of the system.

The objective in solving an IBVP is to find the function u(x,t; 1) that satisfies the differential equation, the
boundary conditions, and the initial conditions simultaneously.

To solve such IBVP problems numerically, three methods are often used - the Finite Element Method, the
Finite Difference Method, and the Finite Volume Method. These methods differ in their mathematical
formulation and approach, but all work by discretizing the domain into smaller subdomains (elements, cells,
or grid points) and performing local approximations to obtain the global solution.

2.2 Physics-Informed Neural Networks

Physics-informed Neural Networks approximate the solution v using a neural network ug and incorporating
information from the IBVP directly into the training process. While various methodologies exist, this
explanation focuses on one of the most common approaches, which involves utilizing the residual of the
IBVP in the loss function [Raissi et al.| (2019).
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Figure 2: Schematic representation of PINNs. The network combines data and physical laws by minimizing
a loss function based on the PDE residual, boundary and initial conditions, and data points. Gradients of
the PDE are obtained via automatic differentiation.

Considering the definition of the IBVP , the equation can be reformulated in terms of its residuals. Where
these residuals are estimated at collocation points which are sampled within the corresponding domain (€2, 6
or [tg, T]) in N(.y quantities:

Nluo(w,t; )] = f(#) =rpae ¥ x € i}, te {2,
Blug(x,1)] — g(x) = 7bc Ve {z}ls, te {tihl, (2)
Zluo(x,t)] — h(x) = 7ic Ve {z}Ns, t =t

Here, the derivatives of the differential operator N[-] are obtained by automatic differentiation.

The loss function is then described as a weighted sum of the corresponding residuals, where the weights act
as a regularization term:

ﬁ(UG) = WpdeTpde + WpeThe + WicTic- (3)

Optimizing the weights @ w.r.t to this loss function leads the solution ug to converge toward the true solution
u. If partial observation data are available, for example from experiments or sensors, an additional regression
loss term can be incorporated into the equation . Figure 2| illustrates the key elements involved in the
PINN training process.

2.3 Weighted Residuals: Collocation Method

To highlight the similarities between PINNs and numerical methods, this paper compares the method of
collocation, a numerical approach to solving PDEs, with the PINN approach. For simplicity, a steady 1-D
case will be considered. The residual of an IBVP is formulated as:

Nlu(z;p)] = f(z) = R(z)  VzeQ (4)

An approximate solution w is devised in such a form that it is possible to approximate a wide range of
functions:

N
a(x) = ai- dilx), ()
i=1
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where, given a good choice of basis ¢, the task is to find the expansion coefficients a such that the residual
is minimized. Since it is a continuous domain and the goal is to minimize the residual throughout this
whole domain, the residual is integrated over the domain. Furthermore, to account for the variation of the
residual throughout the entire domain, the residual is weighted with w(z). Therefore, the weighted residual
formulation is as follows:

/If w(z)- R(x) de =0 (6)

This formulation allows for the minimization of the weighted sum of residuals in the domain, leading to an
approximation of the true solution to the PDE.

The collocation method is a special case of the weighted residual (@ formulation, where the weighting
function is expressed as a Dirac delta function: w(x) = 6(z — ;). Using the Dirac delta function enables the
direct evaluation of the residual at specific locations. Consequently, by selectively minimizing the residual
at these specified locations, a system of equations can be constructed to derive the approximated solution.

The basis functions are chosen according to the characteristics of the problem; these can be either contin-
uous or piecewise. The choice of basis functions ¢;(x) play a crucial role in determining the accuracy and
effectiveness of the approximation. These basis functions should have certain properties that enable them
to capture the behavior of the solution within the problem domain accurately.

2.4 Reduced Order Modeling: A numerical approach for reusing information

In the pursuit of efficient model adaptation, it is valuable to explore numerical methods that leverage
previously obtained solutions to infer new, similar solutions, thereby reducing computational demands. ROM
encompasses a class of numerical techniques that aim to construct a simplified version of the original model by
reducing its computational complexity. This is achieved by constructing a low-dimensional approximation
that captures the essential behavior of the high-fidelity model or simulation, but with significantly fewer
degrees of freedom. The key objective of ROM is to enable efficient exploration and adaptation to new
scenarios by leveraging known information from existing simulations, experimental data, or solutions to
similar problems.

One such approach is the Galerkin-POD method, which leverages known information from existing solutions
(snapshots) to construct reduced bases (POD modes) that capture the essential dynamics of the system across
various scenarios. This diverse set of snapshots, obtained from multiple tasks or parameter configurations,
encapsulates the shared knowledge and dominant features of the system’s behavior. By performing Proper
Orthogonal Decomposition (POD) on these snapshots, the method extracts the dominant POD modes, which
serve as a compact representation of the solution manifold.

Considering the IBVP problem defined in section |1} the goal of the Galerkin-POD method is to find an

approximate solution u(x,t;u) expressed as a linear combination of the extracted POD basis functions
N

U, t ) = ai(t;p) - dil), (7)

=0

where a;(t; 1) are the time-dependent modal coefficients, and N is the number of POD modes retained.

The reduced basis is then used to project the governing equations onto a reduced subspace, yielding a
reduced system of equations for the modal coefficients. Consequently, when faced with a new task or
scenario, the Galerkin-POD method can efficiently adapt the solution by solving this reduced system. By
reducing the dimensionality, the resulting reduced order model becomes computationally less expensive to
solve or simulate, while maintaining an acceptable level of accuracy.

2.5 Relationship with PINNs

Both PINNs and the collocation method leverage residual information to guide the approximated solution
towards the ground truth solution of the governing equations. However, they differ in their approach to
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constructing the solution ansatz. PINNs exploit the universal approximation theorem, using neural networks
as the ansatz solution, with the ability to capture local behavior and sharp gradients dependent on the choice
of activation function. In contrast, the collocation method builds the solution as a linear combination of
linearly independent basis functions and expansion coefficients. Where selection of basis functions, whether
global or piece-wise, involves a trade-off between accuracy and computational efficiency . Piece-wise basis
functions, with their compact support and ability to capture local behavior, can provide higher accuracy for
problems with localized features or complex geometries, but at the cost of increased computational complexity
and larger systems of equations. Global basis functions, on the other hand, are generally smoother and require
fewer basis functions, leading to smaller systems and simpler implementation, but may struggle to accurately
represent sharp gradients or complex geometries.

The POD-Galerkin method takes a different approach by building a global basis that generalizes to several
PDE instances, resulting in fewer equations to solve. By projecting the governing equations onto the reduced
space spanned by the global basis, the POD-Galerkin method transmits information from other solutions
through the basis functions, enabling efficient and accurate approximations for a range of PDE instances.

It is worth noting that the linear combination of basis functions in the collocation and POD-Galerkin methods
can potentially increase the expressability of the solution ansatz compared to the universal approximation
theorem employed in PINNs. This has led to recent efforts in framing neural networks in a similar linear
combination form to enhance their representational capacity (Chen & Koohyl, |2024; [Desai et al.| [2021; |Peng
et al., 2020; |Penwarden et al.; 2023} Bischof & Kraus, [2022]).

2.6 Efficient Model Adaptivity

Efficient model adaptivity refers to the ability of a machine learning model to quickly and effectively adjust
to new, previously unseen tasks using knowledge gained from previous tasks. Given a model pre-trained
on one or multiple source tasks Ts C T, the goal is to adapt this model to an arbitrary novel target task
sampled from t ~ T} or several target tasks T; C T where Ty N1, = ). It is assumed that all tasks from
T share some common characteristics. In the context of PINNs, a model is typically trained per task,
where each task corresponds to an instance of the IBVP subject to different parameters p, which can be
a material property, boundary condition, or initial condition. Figure [3] illustrates two examples of IBVP.
The first example corresponds to the 2D heat equation, where the task-defining parameter is the diffusivity
coefficient. The second example corresponds to the Burgers equation, where the task is defined by the initial
condition.

Key aspects that affect efficient model adaptivity include computational efficiency and data efficiency. Com-
putational efficiency is influenced by several factors, primarily the number of model parameters, the model
complexity and optimization steps required for adaptation. These elements directly impact the overall train-
ing time and computational resources needed. Data efficiency, on the other hand, refers to the effectiveness
with which a model can learn from limited data samples. This data can encompass various types: collocation
points (evaluation points), partial observations, or the pre-training tasks needed for generalization.

To achieve efficient model adaptation, this work suggests the application of transfer learning and meta-
learning to physics-informed neural networks.

2.7 Transfer Learning and Parameter-Efficient Fine-Tuning

Transfer learning is a machine learning approach that transfers knowledge gained from a source domain to a
different but related target domain. The fundamental principle is to leverage a model pre-trained on a source
task or dataset and adapt its learned representations to a new target task. By fine-tuning the pre-trained
model on the target data, transfer learning aims to accelerate the learning process and improve generalization
performance compared to training from scratch. This technique is particularly beneficial when the target
task has limited labeled data.

Parameter-Efficient Fine-Tuning (PEFT) is an advancement in transfer learning that aims to make the
fine-tuning process even more efficient and scalable. Unlike traditional fine-tuning, which updates all the
parameters of the pre-trained model, PEFT introduces a small number of trainable parameters that modulate
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Figure 3: Illustration of IBVP as Tasks: a) Heat equation tasks with varying material properties. b) Burgers’
equation tasks with different initial conditions (adapted from Takamoto et al.| (2022)).

the pre-trained model’s behavior. These additional parameters are trained to adapt the pre-trained model
to the target task, while the vast majority of the original model parameters remain frozen.

A Brief History on Transfer Learning

The initial research in transfer learning dates back to the 1970s and 1980s, as described in the work
of Bozinovskil (2020).

Some years later, [Pratt et al. (1991]) conducted pioneering studies that explored how a neural network
can be recycled, coining this the "transfer problem". [Sharkey & Sharkey| (1993) also investigated
transfer learning, focusing on using prior knowledge to improve the performance of new tasks and
understanding when knowledge can be transferred between networks. The work of Sharkley suggests
that the concept of transfer learning has strong roots in psychology.

In 1995, the fundamental motivation for transfer learning was discussed in the NIPS-95 workshop on
"Learning to Learn" by Baxter et al.| (1995), as referenced by [Pan & Yang| (2009).

The first comprehensive survey on transfer learning was published by Pan. More recently, (Zhuang
provided a comprehensive survey covering more than 40 representative transfer learning
approaches from data and model perspectives.

2.8 Meta-learning

Meta-learning is a field in machine learning that encompasses the notion of "learning to learn". The core idea
is to leverage an external architecture or algorithm beyond single-task learning models, which can capture
the relationships and shared knowledge across different tasks. By learning the correlations between various
tasks during a meta-training phase, this external meta-learner can then modify, e.g., the structure of the base
learning algorithms, their hyperparameters, and/or the model architectures. This allows the meta-learner
to adapt and transfer the acquired meta-knowledge to new, unseen tasks more efficiently, facilitating rapid
learning and generalization. This distinguishes itself from traditional transfer learning, which focuses on
adapting between a source and target domain. Meta-learning aims to extract task-general knowledge from
a distribution of tasks, enabling systematic adaptation to any task within that distribution.
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A Brief History on Meta-learning

Some works that have laid the foundation of meta-learning as a concept in machine learning include
the work of |Schmidhuber| (1987)), work in which he introduced the term 'self-referential learning",
a technique where a network receives its own weights as inputs and predicts new updates for such
weight{?] Bengio et al| (1990) hypothesized that it is possible to learn algorithms for synaptic learning
rules, and that these rules could be constrained such that the resulting neural networks are capable
of solving difficult AI tasks. Hochreiter et al. (2001) then demonstrated how to leverage gradient-
based optimizations to automatically discover effective algorithms tailored to specific tasks, such as
time-series forecasting.

As meta-learning research progressed, the need for efficient training methods became apparent. Ad-
dressing this, [Finn et al| (2017)) introduced Model-Agnostic Meta-Learning (MAML), a general ap-
proach that aimed to provide a good weight initialization, thereby reducing the fine-tuning effort
required for new tasks. Taking inspiration from MAML, Nichol et al.| (2018) proposed Reptile, a
first-order approximation of MAML for weight initialization, avoiding the computationally expensive
second-order derivatives required in MAML’s bi-level optimization.

These works have set the ground to the current state of meta-learning.

%(Hospedales et al., [2021)

3 Methods

3.1 Transfer Learning in PINNs

This section reviews advancements in PINNs enhanced by transfer learning techniques, which address the
computational cost and convergence issues of training from scratch. The literature discussed is summarized
in Table

3.1.1 Full Fine-tuning

Full model fine-tuning (FFT) involves training a model on a source task and then fine-tuning it to a target
task by updating all its parameters. This approach uses the weights of the source task as the starting point
for the target task, facilitating efficient adaptation.

An example of full model fine-tuning in PINNs is the TL-PINN method introduced by Prantikos et al.
(2023), which addresses the Point Kinetic Equationﬂ In this application, real-time performance is crucial.
TL-PINN leverages transfer learning by pre-training a PINN on a source task and fine-tuning it on a related
target task, thereby accelerating the prediction of reactor transients. During fine-tuning, the entire model
is adapted to the target task. The authors found a correlation between the performance improvements of
TL-PINN and a similarity measure of the reactor transients, providing guidance on when to apply TL-PINN.
If the source and target transients are sufficiently similar, fine-tuning leads to faster convergence and better
accuracy compared to training a PINN from scratch. The study underscores the importance of task similarity
in determining the effectiveness of transfer learning.

Focusing on the inverse problem, [Lin & Chenl| (2024} introduced TL-gPINNSs, an extension of gPINNs, which
incorporate the gradient of the residual into the loss function to improve accuracy. While gPINNs provide
better predictions, they come with increased computational costs due to the need for gradient calculations.
To mitigate this, the authors proposed pre-training a standard PINN and using its weights to initialize the
gPINN;, resulting in both lower error and reduced computational overhead compared to training gPINNs
from scratch.

Zhou & Mei| (2023) combined the smoothed finite element method (S-FEM) with PINNs to improve the
efficiency of solving inverse problems with limited data. Their approach involves pre-training a PINN using

3The Point Kinetic Equation is a simplified model used to analyze nuclear reactor transients.
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S-FEM-generated data, then fine-tuning it on a new problem with additional S-FEM data. This transfer
learning strategy significantly improves computational efficiency and accuracy, proving at least twice as
efficient as directly coupling S-FEM with PINNs, making it a practical solution for inverse problems in
engineering with limited data availability.

Table 1: Transfer Learning in Physics-informed Neural Networks.

Transfer Learning Strategies in PINNs

F'S. Literature Task PT PType Benchmark Equations

FFT  |Prantikos et al|(2023) ODE ST  Fwd. *Point Kinetic (PKEs)
Lin & Chen| (2024) PDE MT Inv. Schrodinger!?
fZhou & Mei| (2023) PDE ST Inv. *Elastoplastic?P

PEFT [Desai et al.| (2021) PDE/ODE MT Fwd. Pois.?P| Schr.'P| 1st/2nd-order ODEs
Goswami et al.| (2020)  PDE ST  Fwd. *Fracture Mechanics?P
Gao et al.| (2022]) PDE ST Fwd. Linear Parabolic'®P, Allen Cahn!%P
iXu et al.| (2022) PDE MT Inv. *Elastic?3P, Hyperelastic?P
Pellegrin et al.| (2022]) ODE MT Fwd. Stochastic Branched Flow?"
jlChakraborty| (2021) PDE/ODE ST Fwd. Stochastic ODE, Burgers!'P

CTL jMustajab et al.| (2024) ODE/PDE ST  Fwd. Harmonic Oscillator, Wave

Equation'P

Note: Fine-tune Strategy (FS), Pre-train type (PT), Problem Type (PType), Full Fine-tune (FFT),
Parameter-efficient Fine-tuning (PEFT), Curriculum Transfer Learning (CTL), Single-task Learning (ST),
Multi-task Learning (MT). Equations with (*) are domain-specific problems. References marked with ()
indicate the use of few-shot learning techniques. Abbreviations: Poisson = Pois., Schrédinger = Schr.

3.1.2 Parameter-Efficient Fine-tuning

PEFT reduces computational and memory costs by selectively fine-tuning only a small number of parameters.
This approach is examined in relevant studies presented here.

In the context of PINNSs, |Desai et al. (2021)) employs a pre-training and fine-tuning strategy for solving
ODEs and PDEs using a PEFT-like approach. During the pre-training phase, the method learns a shared
basis, represented by the hidden layers H, from multiple source tasks involving ODEs or PDEs. During
the fine-tuning phase, the approach focuses on determining the expansion coefficients, represented by the
output layers Wy, for a new problem instance. If these coefficients can be obtained analytically in closed
form, they are calculated by solving a linear system of equations. Otherwise, they are determined through
a gradient descent optimization approach, where only the output layers W, are updated, while the shared
basis H remains frozen. The final solution ¥y is defined as:

Ty = HW, . (8)

This method allows the shared basis H to be transferred across tasks. The accuracy of the final solution
depends on how well the basis spans the solution space for the target problem. By calculating the weight
updates Wy, in closed form, this approach achieves one-step adaptation. This means that the shared basis
H can be effectively adapted to a new problem instance with a single fine-tuning step without the need for
iterative training or gradient updates to the shared basis itself.

Goswami et al.| (2020) proposed applying transfer learning to PINNs for phase-field fracture modeling.
Unlike conventional residual-based PINNs that minimize the PDE residual, the approach minimizes the
variational energy of the system. The neural network is modified to exactly satisfy the boundary conditions
as hard constraints. This formulation offers two key advantages: 1) imposing boundary conditions is simpler
and more robust, and 2) the resulting equations involve lower-order derivatives, making training faster.
One major bottleneck associated with applying the proposed PINN for phase-field-based crack propagation
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problems is that the model needs to be trained for each displacement step, which can make the training
phase computationally expensive. To address this issue, transfer learning is applied. The framework follows
two simple steps: first, from the second displacement step onward, only the weights and biases of the last
layer are retrained, while the weights and biases of all other layers remain fixed at the previously learned
values; second, the last layer from the previous displacement step is used as weight initialization for the
current displacement step. This transfer learning approach significantly improves computational efficiency
by requiring fewer iterations to achieve convergence and substantially reducing the time required for each
iteration.

Chakraborty| (2021]) proposes a transfer learning approach to approximate high-fidelity models using PINNs.
The method begins by training a PINN on a low-fidelity model of a given IBVP task. Then, a transfer
learning technique is applied, where only the last one or two layers of the network remain trainable. This
pre-trained model is subsequently fine-tuned to approximate a higher-fidelity model using limited high-fidelity
observations of the same task. The approach is particularly useful in scenarios where the exact high-fidelity
model is not known a priori, allowing for efficient adaptation to different boundary conditions or initial
conditions.

Gao et al.| (2022) introduces SVD-PINNS, a transfer learning method designed to solve high-dimensional
PDEs efficiently. The core idea involves pre-training a PINN, which consists of a three-layer MLP, on an
arbitrary PDE task. During fine-tuning for a new PDE, the weight matrix of the middle layer is decomposed
using SVD (Singular Value Decomposition). The singular vectors, which capture intrinsic patterns from
the source task, are kept frozen, while the singular values and the weights of the initial and final layers
are adapted. The authors demonstrate the effectiveness of SVD-PINNs on 10-dimensional linear parabolic
equations and Allen-Cahn equations, showing superior performance in terms of relative error and convergence
speed compared to vanilla PINNs and other transfer learning methods. A notable advantage of SVD-PINNs
is their efficiency when solving multiple related PDEs with identical differential operators but different right-
hand side functions. However, the main challenge lies in optimizing the singular values during training.
Successful optimization of these values leads to better performance than methods that freeze the first layer,
as seen in previous transfer learning approaches for PINNs. Conversely, biased or inaccurate singular values
can result in worse outcomes than prior methods.

Pellegrin et al.|(2022) introduced a multi-task learning strategy aimed at enhancing training efficiency and
performance by leveraging on knowledge from related tasks. Their approach employs a multi-head archi-
tecture with two primary phases: pre-training and fine-tuning. Initially, during the pre-training phase, the
multi-head model, comprising a shared base neural network along with multiple task-specific heads, is trained
concurrently on various related PDE tasks. Through training on these interrelated tasks concurrently, the
shared base network learns to extract relevant features and representations that encapsulate the underlying
dynamics common across the tasks. In the subsequent fine-tuning phase, the weights of the pre-trained
base network are fixed, and a new task-specific head is introduced and fine-tuned for the target transfer
learning task. This fine-tuning phase enables the model to adjust the learned shared representations to
the specific requirements of the new task, while leveraging the knowledge gained from related tasks during
pre-training. By leveraging the shared base network learned from multiple related tasks, the model can
potentially converge faster and achieve better performance on the target task than training a PINN from
scratch.

Xu et al.| (2022)) addresses the challenge of inverse analysis in engineering structures, where acquiring data
for structural components is often expensive. To address this, the authors sought to improve the training
efficiency and accuracy of PINNs for inverse problems through a multi-task transfer learning approach. Their
proposed solution involves a two-stage learning process. Initially, in the offline stage, a simplified loading
scenario is used to pre-train the PINN model, including both the model weights and task-independent loss
balancing weights. Subsequently, in the online stage, the pre-trained model is partially fine-tuned with data
from real engineering problems, with only the last two layers are updated. The method was applied to 2D
linear and hyperelasticity problems in solid mechanics. Combining layer freezing with inherited multi-task
weights from pre-trained models significantly accelerated training convergence.
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3.1.3 Curriculum Transfer Learning

Curriculum Transfer Learning involves gradually increasing the complexity of tasks during the transfer
process, starting with simpler tasks and progressively moving to more complex ones. An example of this
approach applied to PINNs is the work of |[Mustajab et al.| (2024), which employed a curriculum transfer
learning strategy for solving high-frequency and multi-scale problems. The proposed methods begins training
with low-frequency problems and gradually increasing the frequency while transferring knowledge from lower-
frequency tasks. This approach improved the convergence and robustness of PINNs for high-frequency and
multi-scale PDEs.

3.2 Meta-learning in PINNs

The integration of meta-learning techniques with physics-informed neural networks has found a promising
path towards model adaptivity and generalization. Table [2] shows the taxonomy employed for the study of
this techniques in the context with PINNs, which focus on the meta-learning representation ("what is being
meta-learned") (Hospedales et al. [2021)). In the following section, different studies are introduced following
this taxonomy.

Table 2: Meta-learning Strategies in Physics-informed Neural Networks.

Meta-learning Strategies in PINNs

Type  Approach Literature PType Equation
Liu et al.| (2022) Both Pois."2P | [Burg., Schr.]'P
. Zhong et al|(2023) Fwd. *Plasma Sim.!P
;thlght FET Penwarden et al] (2023) Fwd.  [Burg., Heat]'?, [A-C, D-RJ2D
’ Cheng & Alkhalifah (]2024[) Fwd. Wavefield?P
Qin et al| (2022 Fwd. Burg.!P| [Pois., Hyp.-elast.]?P
PEFT Cho et al] (2024) Fwd.  C-D-R'P, Helm.?P
Lay./Neur. fiChen et al. (2021) Inv. A-D-R'P
Net. Activations Bischof & Kraus| (2022 Fwd. Pois.2P
Struct. tvanon fiChen & Koohy] (2024 Fwd. [Burg., K-G, A-C]'P
Sampling iToloubidokhti et al.| (2023)  Fwd. [Burg., Conv., R-D]'P, Helm.?P
ot Doints/Params  Tang et al.| (2023) Fwd. Ellip.>1°P Nonlinear PDE!P
P Latent Re Huang et al. (2022) Fwd. Burg.'P, [Max., Laplace.]?P
p- Iwata ct al|(2023) Fwd. Arbitrary Param. PDE!P
Loss Param. Loss Psaros et al. (]2022[) Both [Adv., Burg.]'P, SS R-D?P
Loss Attention |Song et al. (2024) Fwd. Burg.!P [LDC Flow, Pois.]?P

Note: Problem Type (PType), Forward Problem (Fwd.), Inverse Problem (Inv). Equations marked with
(*) represent domain-specific problems. References marked with () indicate the use of few-shot learning
techniques. Abbreviations: Poisson = Pois., Burgers = Burg., Schrédinger = Schr., Simulation = Sim.,
Allen-Cahn = A-C, Diffusion-Reaction = D-R, Convection-Diffusion-Reaction = C-D-R, Helmholtz = Helm.,
Advection-Diffusion-Reaction = A-D-R, Klein-Gordon = K-G, Reaction-Diffusion = R-D, Elliptic = Ellip.,
Hyper-elasticity = Hyp.-elast., Maxwell = Max., Parametric = Param., Advection = Adv., Steady State =
SS, Lid-driven Cavity = LDC.

3.2.1 Learning the Weight Initialization

Weight initialization is crucial for PINNs to achieve fast convergence and high accuracy during training,
thereby reducing the large computational costs that limit their adoptation in real-time applications. A
majority of the works surveyed here focus on this strategy.
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Liu et al.| (2022)) employs the Reptile algorithm (Nichol et al.l 2018)) to find a good parameter initialization
and compares against other initialization techniques such as Xavier in a unsupervised, supervised, and semi-
supervised settings. With the reptile weight initialization the training efficiency and prediction accuracy
improved in comparison to the vanilla PINN.

Zhong et al.| (2023) and |(Cheng & Alkhalifah|(2024) both adapted the Model-agnostic Meta-learning (MAML)
approach by [Finn et al.| (2017)) to PINNs. Their goal was to use a meta-network for weight initialization to
reduce the training steps needed for optimizing a new task. However, their implementations and benchmark
problems differ. |Zhong et al.| (2023)) applied this technique to plasma simulation, while |Cheng & Alkhalifah
(2024) focused on seismic simulation, particularly the seismic wave equation. |Zhong et al.| (2023)) found that
training performance depends on task difficulty; when the target task significantly differs from the source
task, generalization becomes uncertain. Conversely, |Cheng & Alkhalifah| (2024) showed that their approach
achieved superior convergence speed and prediction accuracy compared to vanilla PINNs. However, this
improvement relies on an initial meta-training phase to establish robust network parameters. The MAML
algorithm, which is used in this phase, requires two gradient computations—one for the inner task and one
for meta initialization—making it both memory-intensive and computationally costly.

Qin et al.| (2022) compared MAML and LEAP (Flennerhag et all |2018) weight initialization with PINNs,
extending tasks to different geometries and boundary conditions. In their work, they found that MAML
outperforms LEAP in accuracy for a given runtime and requires less hyperparameter tuning. However,
LEAP’s meta-training is faster and less memory-intensive.

Penwarden et al.| (2023) introduced a two-step weight prediction method for PINNs. First, optimized weights
are collected from pre-trained PINNs from multiple tasks. Then, a secondary model is used to approximate
the mapping from task parameters to weights. Several models, including Gaussian Processes, Cubic Spline
Interpolation, and Radial Basis Functions, were examined. Despite exploring these prediction models, addi-
tional research is needed to tackle high-dimensional parametric domains.

Cho et al.| (2024) developed the Hyper-Low-Rank PINN, which combines meta-learning with PEFT to
address parametric PDEs more efficiently. The method features a two-phase training process. In the pre-
training phase, the weights of the hidden layers of the base model are constructed using a SVD approach,
W = UXV, where X (the singular values) are provided by the meta-network and the singular vectors U
and V are part of the base model. The first and last layers of the base model are kept as standard linear
layers. During the fine-tuning phase, the meta-network generates adaptive weights for new tasks and trims
less significant weights to maintain a compact, hyper-low-rank structure. Additionally, the first and last
layers are optimized along with the adaptive weights.

3.2.2 Learning the Network Structure

Another aspect that has been tackled with meta-learning is the adaptation of the network structure according
to a new given task. This category includes features such as the number of layers, hidden dimensions, and
activation functions.

Chen et al| (2021) developed a method to solve the mixed problem (forward/inverse) of the advection-
diffusion-reaction (ADR) system using sparse measurements. Given the stochastic nature of the problem,
they utilized a PINN architecture called sSPINN (Zhang et al., 2019). This composite network comprises
several sub-networks, each corresponding to different fluid flow frequencies (modes). Due to the complexity
of determining the optimal number of layers and neurons for each sub-network, Meta-bayesian optimization
was employed to automate the selection process. The study focuses on realistic scenarios with limited or
sparse data, addressing both forward and inverse problems common in engineering, where some material
properties and sensor measurements are known. Future work will address uncertainty quantification and
explore other optimization methods, such as genetic algorithms, greedy methods, or reinforcement learning,
to improve NN architecture.

Bischof & Kraus| (2022) proposed a method that combines Mixture-of-Experts (MoE) and PINNs to solve a
single task. In this approach, multiple expert PINNs are trained on different partitions of the input space,
and a gating network learns the optimal weighting of their predictions. This allows the experts to specialize
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in different regions of the input space, potentially improving overall accuracy. The meta-learning aspect lies
in modulating the gating mechanism to balance the contribution of each expert PINN, thereby enhancing the
accuracy and convergence of the overall model. Some key remarks of this work are that when having different
experts with different architectures, the gating mechanism discarded the networks with tanh activation and
favored sine activation. Another takeaway is that the regularization that weights the importance of each
expert is crucial, in this case the optimal solution was achieved with three learners. With this method, the
focus was on improving convergence and accuracy. Future research is concerned with increasing performance,
efficiency, robustness, and scalability.

Chen & Koohy| (2024) introduced GPT-PINN, which combines meta-learning with a task sampling strategy
that dynamically expands a shared basis dictionary. This method aims to solve new parameter instances
u(zx,t; 1) by approximating them as a weighted sum of pre-trained PINNs:
u(@, tip) = > ci(p) Uy (x,t)
i=1

Here, \IJ% ~ represents pre-trained PINNs at different parameter configurations, and ¢;(p) are parameter-
dependent coefficients learned by a meta-network. The meta-network modulates the influence of each pre-
trained PINN basis \I!% n through the coefficients ¢;(u) for a given PDE instance. If the approximation fails
to meet the accuracy criterion, a new full PINN is trained individually for that parameter instance, and its
solution is added to the set of basis functions \II% N thereby continuously expanding the generalization range
of the overall structure.

3.2.3 Learning the Loss Function

Meta-learning techniques are also employed to optimize loss functions for PINNs, further enhancing their
performance. |Psaros et al|(2022)) proposed a gradient-based meta-learning algorithm that discovers effective
loss functions for diverse PDE problems. The algorithm operates in two phases: meta-training and meta-
testing. During the meta-training phase, a parametric loss function is optimized over a distribution of
PDE tasks, learning the optimal parameter values that generalize well across the task distribution. In
the subsequent meta-testing phase, the meta-learned loss function is employed to train PINNs on unseen
PDE tasks that may differ from the original task distribution and PINN architectures used during meta-
training. This meta-learning approach significantly improves the generalization performance of PINNS,
enabling them to achieve high accuracy even on out-of-distribution scenarios and PINN architectures that
were not encountered during meta-training.

Another recent work that utilizes meta-learning for the loss function is the Loss-Attentional PINN (LA-PINN)
by [Song et al.|(2024)). LA-PINN treats the loss function as a learnable component by employing multiple
loss-attentional networks (LANSs) that are adversarially trained alongside the main PINN model. While the
main network minimizes the loss via gradient descent, the LANSs use gradient ascent to meta-learn point-wise
weights for the loss terms, effectively discovering an "attentional function" to distribute different weights to
each collocation point error. This loss-attentional meta-learning framework allows tailoring the loss function
per problem by leveraging experience from related tasks, potentially enhancing PINN performance over fixed
hand-crafted losses. The adversarial training process, inspired by Generative Adversarial Networks (GANs),
enables the LANSs to assign higher weights to stiff or hard-to-fit regions, aiding convergence by emphasizing
the challenging areas during optimization.

3.2.4 Learning the input

Learning the input involves adapting the input data provided to neural networks. In the context of Physics-
Informed Neural Networks, this can refer to selecting and adjusting the number and locations of collocation
points. Additionally, during a two-phase training process, another strategy is to adapt the task sampling
strategy in the pre-training phase. A third approach involves self-referential learning, where the meta-learner
dynamically adapts parts of the input based on the specific task requirements.

Toloubidokhti et al.|(2023) indicates that many existing meta-learning strategies neglect the varying difficulty
levels across different tasks, and propose that depending on the difficulty, different collocation point positions
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and densities should be employed accordingly. To address this, they develop a Difficulty-Aware Task Sampler
(DATS) for meta-learning of PINNs, which aims to optimize the task sampling probabilities during meta-
training to minimize the average performance across all tasks during meta-validation. DATS employs two
strategies: adaptively weighting PINN tasks based on their difficulty, allowing more challenging tasks to
contribute more to the meta-learning process; and dynamically allocating the optimal number of residual
points (collocation points) across tasks, ensuring that more difficult tasks receive a higher collocation point
budget. The evaluation of DATS against uniform and self-paced task-sampling baselines on two meta-PINN
models, across four benchmark PDEs, demonstrates that it improves the accuracy of meta-learned PINN
solutions and reduces performance disparity among different tasks, while using only a fraction of the residual
sampling budget required by the baseline methods.

Another significant contribution is made by Tang et al| (2023), who propose a Deep Adaptive Sampling
(DAS) method for solving high-dimensional PDEs using PINNs. The key innovation is treating the residual
of the PINN as a probability density function, approximated by a deep generative model called KRnet.
The DAS method involves two main components: solving the PDE by minimizing the residual loss on the
current set of collocation points, and adaptive sampling where new collocation points are sampled from
the KRnet distribution. This method places more points in regions with high residuals, similar to classical
adaptive methods like adaptive finite elements. By iteratively refining the training set, the PINN retrains
on an updated set with a focus on high-error regions. The KRnet model is meta-learned to approximate
the residual distribution, enabling adaptive sampling tailored to the current PINN solution. The approach
is particularly effective for low regularity and high-dimensional PDEs, where uniform sampling is inefficient.
The authors provide theoretical analysis showing the DAS method can reduce error bounds, with numerical
experiments demonstrating significant accuracy improvements compared to uniform sampling.

Self-referential meta-learning approaches have also been combined with PINNs: The Meta-Auto-Decoder
(MAD) introduced by Huang et al.| (2022)) utilizates a self-referential approach to learn parametric PDEs.
This approach involves pre-training a neural network wug(x, z) to approximate parametric PDE solutions using
a physics-informed loss, where z is a tunable input latent vector that implicitly encodes PDE parameters p.
After pre-training, the network is fine-tuned for new PDEs by either fixing weights 6 and tuning z, or tuning
both z and 6, allowing it to search for solutions on or near the learned solution manifold.

Instead of learning the latent representation implicitly within the same PINN network, [Iwata et al.| (2023)
proposes to leverage multiple meta-networks to encode the governing equations and boundary conditions
into a latent vector z. The fine-tuning strategy involves initializing the latent vector z with the help of the
meta-networks, while keeping these meta-networks frozen. The initialized latent vector z is then set to be
tunable, and both the PINN weights 6 and the latent vector z are fine-tuned for the new PDE task. In both
MAD and Iwata et al.| (2023), the PINN weights are initialized according to the final pre-training phase.

3.3 Few-shot Learning in PINNs

Few-shot learning aims to minimize the number of training examples required to train a model. In the
context of PINNs, this can be achieved through several strategies: minimizing the number of sampling
tasks needed for pre-training, reducing collocation points during fine-tuning, and leveraging limited real-
world observational data. This section highlights works that focus on achieving few-shot learning through
meta-learning and transfer learning, which are indicated with the 1’ symbol in Tables [I] and [2|

For example, [Chen & Koohy| (2024)) focuses on reducing pre-training samples by gradually selecting them
according to the tasks with the highest residual. Similarly, [Toloubidokhti et al.| (2023) develops a technique
that optimizes the sampling probability of tasks based on their difficulty and dynamically allocates collocation
points according to task complexity. This method aims to improve the efficiency and effectiveness of meta-
learning for PINNs.

Mustajab et al.| (2024)) finds that their transfer learning method reduces the number of collocation points
needed during the fine-tuning phase, thereby enhancing the efficiency of the training process.

Finally, |Chen et al. (2021); Xu et al.| (2022); Zhou & Mei| (2023) explore leveraging limited real-world
observational data for fine-tuning, which is especially valuable for practical applications.
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4 Metrics & Benchmarks

4.1 PDE Problems

Table[I] and table 2] summarize the benchmark equations used in each work. In addition, the full description
of the most common equations are summarized in Appendix

4.2 Error Measures

|Chen & Koohy| (2024)) introduces a summary of the choices of error measures, which are common throughout
most of the works. These are presented as a reference in Table [3]

Table 3: Evaluation Metrics Commonly Used. Here the worst-case losses and errors are evaluated over a set
of tasks, providing insight into the performance of the worst-performing tasks. The term "Terminal" refers
to metric evaluated at the last iteration step.

Evaluation Metrics

Metric Description Equation
Largest Loss Worst-case max,, L(ug(-))
Terminal Loss Task-wise L(ug(+))
Largest Rel. Ly Err. ~ Worst-case max,, |[ug — Ug||2/||ugt||2
Terminal Rel. Ly Err.  Task-wise [lug — ugt||2/||ugtl|2
Terminal Abs. Err. Task-wise [lug — ugt||1
Poisson Eq: Vanilla PINN
Model Adaptation Comparison
Losses: Vanilla PINN vs PINN with Meta-learning Avg. Time

—— vanilla pinn Avg. Epochs

meta-learning pinn
10!

Avg. Loss

100 Model Parameters

Loss

Poisson Eq: Meta-Learning PINN

'/

107!

Avg. RL2 Error

2 . .
10 Collocation Points

0 200 400 600 800

MACs

Epochs —— vanilla pinn

—— meta-learning pinn

Figure 4: Example of efficient model adaptation through meta-learning.

4.3 Efficient Adaptivity Metrics

Evaluating the adaptivity and efficiency of PINNs is crucial for practical applications. Key metrics assess
data requirements and computational efficiency, focusing on minimal data usage and reduced training time.
Figure [ illustrates the key factors affecting efficient adaptation in solving the Poisson equation with varying
forcing parameters. It compares a vanilla PINN with a meta-learning approach, emphasizing the reductions
in training time, epochs, and collocation points. The meta-learning strategy is based on the method presented
by [Cho et al.| (2024). The solutions shown in the figure correspond to 100 epochs of training for both the
vanilla PINN and the meta-learning PINN. The values presented in the radar chart are the normalized
averaged values required to reach a loss of 0.05 under a budget of 1200 epochs; if the budget is exceeded
without reaching the target loss, then the final values are reported.
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4.3.1 Data Efficiency

Collocation Point Budget. The number of collocation points significantly impacts the convergence speed
and accuracy of PINNs. Some studies use a fixed number of collocation points, while others employ adaptive
sampling strategies, allocating more points to regions with higher PDE losses (Toloubidokhti et al., 2023).
A useful evaluation strategy is to measure the accuracy of different sampling techniques given varying
collocation point budgets (Wu et al., |2023)). By examining the trade-off between the number of collocation
points and the resulting accuracy, it is possible to optimize the sampling strategy to suit specific problems
and computational constraints, enhancing the training performance and accuracy of PINNs.

Regression Point Budget. In many applications, only a limited number of observation points are available
for analysis. Rather than relying solely on unsupervised loss, it is important to make the most of these
scarce observations. To address this, a metric is designed to assess the relationship between the number
of observation points and the accuracy of the analysis. Specifically, it evaluates the accuracy that can be
achieved given a fixed budget of N observation points. This is particularly crucial for real-world scenarios
where data availability is constrained.

Task Sampling. Several PINN techniques employ a two-phase training process consisting of a pre-training
phase and a fine-tuning phase. The pre-training phase can be conducted using either a single instance or
multiple instances of a PDEs. To achieve better generalization across a distribution of tasks, it is crucial to
pre-train on multiple tasks distributed along a given parameter range. However, determining the optimal
sampling strategy for selecting pre-training tasks is a challenging task. The goal is to identify the fewest
number of pre-training tasks that yield the best results, as the number of pre-training tasks influences
both the pre-training resources and the final fine-tuning accuracy. Recent works, such as in the work of
Toloubidokhti et al| (2023)), have attempted to address this problem. One approach is to measure the
"performance disparity" within a given range of tasks, defined as the performance difference between the
worst-performing and the best-performing PINN. If a network architecture generalizes well across the range
of tasks, both the accuracy and the performance disparity should be low. This analysis can also serve as a
tool to assess which PDE parameters an architecture struggles with, providing valuable insights for further
improvements.

4.3.2 Computational Efficiency

To evaluate computational efficiency, four key metrics are commonly reported. First, the parameter count
provides a measure of the model size, which impacts memory usage. Second, the number of MACs (Multiply-
Accumulate Operations) directly reflects the computational complexity, influencing processing speed. Third,
the epoch count assesses convergence by either reporting the final accuracy within a set epoch budget or
the number of epochs required to reach a target error threshold. Fourth, training time offers a direct
quantification of computational cost by measuring the duration needed to achieve the desired accuracy.
These metrics collectively provide a comprehensive view of the computational demands associated with
different PINN architectures and training strategies, facilitating informed decisions for their deployment in
resource-constrained environments.

5 Applications

Meta-learning and transfer learning techniques have extended the application of PINNs from traditional
benchmarks to practical and domain-specific problems, as indicated by the studies marked with (*) in
Tables [[] and [2] These approaches are further discussed in the following sections.

5.0.1 Forward Problems

Prantikos et al.| (2023]) applied transfer-learning techniques to accelerate PINN retraining time for nuclear
reactor safety applications. This approach enables near real-time prediction of reactor transient states by
solving PDEs. In brittle fracture mechanics, Goswami et al.| (2020) employed transfer learning to predict crack
paths in structures. For each displacement increment Aw, transfer learning is used to enhance computational
efficiency, avoiding the need to retrain a PINN for each step. |Zhong et al. (2023)) applied meta-learning for
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weight initialization in plasma physics. While traditional methods require complex meshing, PINNs offer
a meshless alternative. This approach addresses challenges in classical plasma modeling, such as irregular
geometries and complex multiphysics, which often lead to poor convergence or divergence in simulations.

5.0.2 Inverse Problems

Zhou & Mei| (2023)) focused on using PINNs and transfer learning to solve inverse problems in engineering
applications, particularly for elasto-plastic problems. Their work aimed to find new material parameters
through inverse solutions, addressing the high computational cost associated with traditional numerical
methods. Xu et al| (2022) employed transfer learning to predict external loads on diverse engineering
structures based on limited displacement monitoring points. Their approach pre-trains PINNs on simplified
loading scenarios, then fine-tunes them using limited displacement observations to predict loads on various
structures, including thick cylinders, plates, 3D beams, and tunnels.

These applications demonstrate the versatility and potential of meta-learning and transfer learning techniques
in enhancing PINNS for both forward and inverse problems across various engineering and scientific domains.

6 Discussion and Conclusion

The application of transfer learning and meta-learning techniques in PINNs has demonstrated significant
potential for achieving efficient adaptivity. These techniques offer promising solutions for both forward and
inverse problems, extending beyond traditional benchmarks to practical and domain-specific applications.

However, comparing these techniques directly remains challenging due to varying benchmarking methods.
For instance, |Qin et al.| (2022)) and [Penwarden et al.| (2023) reported conflicting results regarding the effec-
tiveness of MAML compared to random initialization. To better compare different methods and understand
their suitability, establishing consistent evaluation criteria and clarifying terms such as "in-distribution"
versus "out-of-distribution" tasks is crucial.

Future research should focus on adapting models to out-of-distribution conditions, potentially through few-
shot learning and theoretical convergence analysis. Additionally, methods like those proposed by [Song et al.
(2024), which enhance residual utilization, show promise for improving model adaptivity. Furthermore,
Exploring faster approaches for gradient calculation in residuals could further enhance efficiency.

In conclusion, the effort to make PINNs more adaptive by reusing learned information could offer significant
advantage over traditional numerical solvers. Learning to exploit this characteristic could lead to the de-
velopment of more efficient methods for solving PDEs or enhancing traditional numerical approaches. This
study suggests incorporating meta-learning, and transfer learning to facilitate knowledge reuse within PINNs
and achieve efficient model adaptivity. While PINNs may incur high initial training costs, their adaptivity
becomes particularly beneficial when solving similar PDEs repeatedly, such as in parameter identification and
design optimization. This approach may prove more efficient compared to solving each PDE independently.
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A Appendix

A.1 Benchmark Equations

A.1.1 Poisson equation

The Poisson equation is a second-order elliptic PDE appearing in many fields, such as electrostatics, steady
heat transfer, and many others. This equation has the following form:

—Au(z) = f(x), =xe€Q,
u(z) =0, x € 0,

(9)

where A(-) is the Laplace operator. A common feature among all works is that the domain is 2D, specifically
0 C [-1,1] x [=1,1], except for [Bischotf & Kraus| (2022), which uses an L-shaped domain. The forcing or
source term f(x) changes among works:

Table 4: Different forms of f(z,y) used in various studies. Desai et al. (2021) employs a different forcing
term during testing. In the work of |Liu et al.| (2022)), n represents the number of heat sources, and U denotes
uniform sampling.

Literature flz,y) Parameters
Desai et al.| (2021)) sin(kmx) sin(kmy) ke{1,2,3,4}
Z?:l c; - exp <f—(m7ai);.g§y+bi)2) ai,b; ~U4(0.1,0.9),
Liu et al, (2022) i ~U(0.8,1.2)
Bischof & Kraus| (2022) 1 -
Song et al.| (2024) 272 sin(7z) sin(7y) -

A.1.2 Burgers’ Equation

Burgers’ equation is a time-dependent PDE that models a system consisting of a moving viscous fluid. The
1D form of the equation models the fluid flow through an ideal thin pipe. The Burgers’ equation is given by:

ou ou 8%u
E—FU%_V@—O, {L‘EQ, tE[O’T]’
u(x,t) =0, x €0, tel0,T),

u(x70) = UO(x)’ T € Q,

(10)

The unknown u(z,t) is the speed of the fluid, and v the fluid viscosity. When the viscosity is low, then the
fluid flow develops a shock wave.

Most of the works presented here treat v as the parameter that defines a task, the initial condition as
ug(x) = —sin(mzx), and the computational domain as € [—1,1];¢ € [0,1]. The table below shows the
different choices of v across various works.

A.1.3 Allen-Cahn Equation
The Allen-Cahn equation is given by:

%—)\Au—l—e(u?’—u):f(m?t), ze, te][0,T],

ot
u(z,t) =1, zed, telo,T], (11)
u(z,0) = 2? cos(rz), x € Q,
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Table 5: Different choice of v for Burgers' Equation1D used in various studies.

Literature Parameters

Liu et al.| (2022) 0,0.1/7)

ve|
Penwarden et al,| (2023) v € [0.005,0.05]
(Chen & Koohy| (2024) v € [0.005,1/7]

ve|

ve|

Toloubidokhti et al | (2023) 0.001,0.1]

(Chen & Koohy] (2024) 0.005,1/m]
Psaros et al | (2022) v € [0.001,0.002] & v € [0.01,1.0]
Song et al| (2024) v =001/
where in = [—1,1] represents the spatial domain, and T' = 1 denotes the final time. The coefficient A is

chosen from the interval [0.0001,0.001], while the parameter e, which controls the strength of the nonlinear
term, is selected from the range [1,5]. The forcing term f(x,t) is set to zero for this study, focusing on the
intrinsic dynamics of the Allen-Cahn equation. This represents an initial-boundary value problem (IBVP)
as per |Chen & Koohy| (2024). An alternative formulation of the IBVP exists in other works that derive a
forcing term based on an exact solution, such as [Penwarden et al.| (2023) and [Xu et al. (2022).

A.1.4 Wave equation
The wave equation for a scalar wave function u(x,t) is given by:

0%u

ﬁ = 02V2U, (12)

where c is the wave speed and V? is the Laplacian operator in three dimensions.

A.1.5 Helmholtz Equation
The Helmholtz equation for a scalar field u(r) is given by:
Au + k*u =0, (13)

where £ is the wave number related to the wavelength .

A.1.6 Schrodinger Equation
The time-dependent Schrodinger equation for a single particle in three-dimensional space is given by:

L, O0U(r,t)
"5

= —%VQ\IJ(I‘, 1)+ V(r)¥(r,t), (14)

where U(r,t) is the wave function, r = (z,y,2) are the spatial coordinates, ¢ is time, % is the reduced
Planck’s constant, m is the mass of the particle, V? is the Laplacian operator, and V(r) is the potential
energy function.

A.1.7 Advection-Reaction-Diffusion

Advection-reaction-diffusion equations, as considered in this section, are known to be stiff problems when the
advection term dominates over the diffusion one. In such cases, sharp transition layers appear in the solution,
which are difficult to capture by traditional numerical schemes." The advection-reaction-diffusion
equation is given by:

ou

n +v-Vu = DVZu + R(u), (15)
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where u = u(r, t) is the dependent variable (scalar field), ¢ is time, r = (x, y, z) represents spatial coordinates,
v = (vg,vy,v,) is the velocity field (advection term), D is the diffusion coefficient, V? is the Laplacian

operator, and R(u) is the reaction term.

A.1.8 Lid-Cavity Driven Flow

The lid-driven cavity flow equations are:

@+@_0

oxr oy

ou Ou 10p 9

a5 — =——5 F, 1
“ax+”ay pax+1/Vu+ (16)
v ov 10p

2
il T _-PE F
“ax+”ay pay+1/Vv+ s

with boundary conditions:

u(z,0) =0, wu(z,1)=1 (lid),
v(0,y) =v(l,y) =0 (walls),
u(z,y) =v(z,0) =v(z,1) =0 (other boundaries).

Here, u(z,y) and v(z,y) are the velocity components, p(z,y) is the pressure, p is the fluid density, v is the
kinematic viscosity, and F,, F, are additional body forces.
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