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ABSTRACT

Over-parametrization has become a popular technique in deep learning. It is ob-
served that by over-parametrization, a larger neural network needs a fewer training
iterations than a smaller one to achieve a certain level of performance — namely,
over-parametrization leads to acceleration in optimization. However, despite that
over-parametrization is widely used nowadays, little theory is available to explain
the acceleration due to over-parametrization. In this paper, we propose under-
standing it by studying a simple problem first. Specifically, we consider the set-
ting that there is a single teacher neuron with quadratic activation, where over-
parametrization is realized by having multiple student neurons learn the data gen-
erated from the teacher neuron. We provably show that over-parametrization helps
the iterate generated by gradient descent to enter the neighborhood of a global op-
timal solution that achieves zero testing error faster. On the other hand, we also
point out an issue regarding the necessity of over-parametrization and study how
the scaling of the output neurons affects the convergence time.

1 INTRODUCTION

Over-parametrization has become a popular technique in deep learning, as it is now widely observed
larger neural nets can achieve better performance. Furthermore, a larger network can be trained to
achieve a certain level of prediction performance with fewer iterations than that of a smaller net. This
observation, to our knowledge, can be dated back as early as the work of |Livni et al.|(2014), who try
different levels of over-parametrization and report that SGD converges much faster and finds a better
solution when it is used to train a larger network. However, the reason why over-parametrization
can lead to an acceleration still remains a mystery, and very little theory has helped explain the ob-
servation, with perhaps the notable exception of (Arora et al., [2018). |Arora et al.|(2018)) consider
over-parametrizing a single-output linear regression with [, loss for p > 2-the square loss corre-
sponds to p = 2-and they study the linear regression problem by replacing the model w € R? by
another model w; € RY times a scalar wo € R. They show that the dynamics of gradient descent on
the new over-parametrized model are equivalent to the dynamics of gradient descent on the original
objective function with an adaptive learning rate plus some momentum terms. However, in practice,
people actually use the techniques of over-parametrization, adaptive learning rate, and momentum
simultaneously in deep learning (see e.g. (Hoffer et al., 2017} |Kingma & Ba, 2015; |Loshchilov &
Hutter, 2019; |[Lucas et al., 2019} [Sutskever et al.| [2013))), as each technique appears to contribute
to performance and they may, to some extent, be complementary. It has been suggested that over-
parameterizing a model leads implicitly to an adaptive learning rate or momentum, but this does not
appear to fully explain the performance improvement.

To understand the benefits of overparameterization, let us begin by studying a simple canonical
problem: a single teacher neuron w, € R? with quadratic activation function. Specifically, the label
y; and the design vector x; ~ N'(0,Z,) of sample i satisfies y; = (2, w,)?2. Therefore, the standard

objective function for learning the teacher neuron w, is

. 2

min, g f(w) = 75350 (@ w)? —y:)", (D

where n denotes the number of samples. Problem (T)) is called phase retrieval in signal processing
literature, which has real applications in physical science such as astronomy and microscopy (see
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(a) Obj. (2) on training data. (b) Obj. (2) on testing data. (c) dist(Wt#K ,w.) V. L. (d) Quantity @) over t.

Figure 1: In the experiment, we set the dimension d = 10 and the number of training samples n = 200.
Additional 200 samples are sampled and served as testing data. We let w. = e; with e; being the unit
vector. Each neuron w® € R (k € [K]) of the student network is initialized by sampling from an isotropic
distribution and is close to the origin (i.e. wém ~0.01-N(0,14/d)). We apply gradient descent with the same
step size 7 = 0.001 to train different sizes of neural networks. Each curve represents the progress of gradient
descent for different /. Subfigure (a) and (b): Objective value (2)) vs. iteration ¢ on training data (testing data,
respectively). For subfigure (c) and (d), please see Section 3 for the precise definition and details.

e.g. (Candés et al.,[2013), (Fannjiang & Strohmer, 2020), (Shechtman et al.| 2015))). There are also
some specialized algorithms designed for achieving a better sample complexity or computational
complexity to recover w, modulo the unrecoverable sign (e.g. (Candés & Li, [2014; |Candés et al.,
20155 |2013; |Chen & Candés, [2017; [Ma et al., 2017))). We choose this problem as a starting point
of understanding acceleration due to over-parametrization. Specifically, we consider the following
way to over-parametrize the original objective (IJ),

. n 2
miny cgaxec f(W) = 2370 ((#7w®)? + (2] w®)2 + L+ (2] wF))2 —y)", (2

i=1

where w/) denote the j;;, column of the weight matrix W € R?*¥X Optimizing the objective func-
tion (2) can be viewed as training a student network with K student neurons. While a d dimensional
model exists which perfectly predicts the labels generated by the teacher neuron (i.e. £w,), one
can consider training a much larger model instead (i.e. d x K number of parameters). Note that if
K =1, objective (2) reduces to the original objective (I). On the other hand, a larger & > 1 means
a higher degree of over-parametrization.

Let us now establish, empirically, the clear advantage of over-parametrization for accelerating the
learning and optimization process. We tried K = {1,3,10} number of student neurons in (2,
which represent different degrees of over-parametrization, and we applied gradient descent to train
the networks. Figure [l|shows the results. The empirical findings displayed on the figure are quite
stark. First, we see that over-parametrization not only helps to decrease the training error faster but
also decrease the testing error faster (c.f. subfigure (a) and (b)). Furthermore, the generalization
error is very small since both training error and testing error approach zero. Second, regardless
of the size K, a common pattern is that the dynamics of gradient descent can be divided into two
stages. In the first stage, gradient descent makes little progress on decreasing the function value;
while in the second stage, the iterate generated by gradient descent exhibits a linear convergence to
a global solution. Specifically, by over-parametrization, gradient descent spends fewer iterations in
the first stage and enters the linear convergence regime that makes the fast progress more quickly.
We provide more results in Appendix [F] Specifically, we also tried different values of the step size 7
and we observed similar patterns as Figure[I| shows. Even when gradient descent uses the best step
size for each model with different neurons K, we still observe that gradient descent enters the linear
convergence regime faster for a larger model. Thus, the acceleration due to over-parametrization
cannot be simply explained by that gradient descent uses a larger effective step size, as the effect
due to parameters 17 and K is complementary in the experiment.

In the later sections, we will answer why an over-parametrized network trained by gradient de-
scent can still generalize well and why over-parametrization helps gradient descent to enter the
linear convergence regime faster. We will also point out an issue regrading the necessity of over-
parametrization in the end.
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2 RELATED WORKS

Over-parametrization: Though our work focuses on understanding why over-parametrization
leads to acceleration in optimization (i.e. improving the convergence time), we also want to ac-
knowledge some related works of understanding over-parametrization in different aspects (e.g.
(Arora et al., [2019; [Brutzkus & Globerson, 2019; [Emschwiller et al., [2020; |Goldt et al., [2019; Tian,
2020) and have a brief review in Appendix [A] There is also a trend of works studying how over-
parametrization changes the optimization landscape of empirical risk minimization for neural nets
with quadratic activation. (e.g. (Du & Lee}|2018};/Gamarnik et al.,|2019;|Ge et al.}|[2019;|Kazemipour,
et al., 2019; Soltanolkotabi et al., 2018} Nguyen & Heinl 2017} Venturi et al.,2019; Mannelia et al.,
2020)). The goals of these works are different from ours. We provide more details in Appendix

Quadratic activation and matrix sensing: The optimization landscape of problem (I)) (i.e. phase
retrieval) and its variants has been studied by (Davis et al [2018;; [Soltanolkotabil [2014; [Sun et al.,
20165 |White et al., 2016), which shows that as long as the number of samples is sufficiently large,
it has no spurious local optima and all the local optima are globally optimal. |Chen et al.| (2019)
provably show that applying gradient descent with an isotropic random initialization for solving (1))
leads to an optimal solution that recovers the teacher neuron w, modulo the unrecoverable sign. In
this work we show that an over-parametrized student network trained by gradient descent takes even
fewer iterations to recover w,.. We also note that the optimization problem (Z)) can be rewritten as the
form of matrix sensing (see e.g. (Gunasekar et al.|(2017); |Li et al. (20195 2018)); \Gidel et al.| (2019)).
In Appendix [A] we provide a brief review of matrix sensing.

Learning a single neuron: Studying learning a single neuron in non-convex optimization is not
new (e.g. |Goel et al.[(2019); Yehudai & Shamir| (2020); |Kakade et al.| (2011)); \Goel et al.| (2017);
Kalan et al.| (2019); |Soltanolkotabi| (2017); Mei et al.| (2018)); [Frei et al.| (2020)). However, those
works are not for showing faster convergence by over-parametrization. The goals are different.

3 PRELIMINARIES

Notations and assumptions: We use the notation W#5 := [w;&, s w;g()] € R K to represent
the weights of a student network with K number of neurons. Each column & of the matrix W#%

is the weight vector w;f;( € R? that corresponds to the neuron k of the student network. Thus,

W#l .= [wg] € R? is the network consists of a single neuron; while for K > 1, the notation
represents the weights of an over-parametrized network. In this paper, without loss of generality, we
assume that w, = ||w,||e; € R? with e; being the unit vector whose first element is 1. We define
the parallel component w;ff)(”t and the perpendicular component w(k])ft in iteration ¢ as follows,
B (k _ k
wiiidly == (ko we) = w1 5
k), L k k
wiiry = w120, wik d)]T.

Namely, the parallel component wﬁf}gl is the projection of a student neuron k learned in itera-

tion ¢ on the teacher neuron w,; while the perpendicular component w;f[)é is the d-1 dimensional

sub-vector of w;fl)( , excluding the first element. We assume that each neuron £ of each network,

w;fz)(,o € R%, is initialized i.i.d. randomly from an isotropic distribution (e.g. gaussian distribution).
Metric of the progress in optimization: The first challenge to show that over-parametrization leads
to acceleration in optimization is the design of the metric for the comparison. Since different K’s
corresponds to different optimization problems, the notion of acceleration here is non-standard in
optimization literature. In the optimization literature, acceleration usually means that an algorithm
takes a fewer iterations than other algorithms for the same optimization problem. Fortunately, by
exploiting the problem structure, we can have a natural metric of the progress as follows. For any
size of the student network W € R¥* ¥ | we consider

dist(W, w.) := mingepx. g, <1 [|W — weq ! || 4)

This is due to the observation that for any K, the global optimal solutions of (2) that achieve zero
testing error are w,q' € RYK for any ¢ € R¥ such that ||¢|ls = 1. To see this, substitute
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W =w.q" € R into (2). We have that for any ; € R? it holds that (] w™)2 + (2] w®)? +
- (@ w0 =y = 2 WG = (2 w.)? = u((@fwg") T (2 weg)) = (@ we)? = 0.
Therefore, the metric dist(W, w,) as be viewed as a surrogate of the testing error. In particular,
dist(W}, w, ) represents the distance of the current iterate W, and its closest global optimal solution
to the over-parametrized objective (2) that achieves zero testing error. Note that the argmin of (53))
is qs = W“qig”z = argmingegrx;|q,<1 |W — w,q" ||. On sub-figure (c) of Figure we plot
the distance of the iterates generated by gradient descent and its closet global optimal solution for
different sizes K of neural nets. We see that over-parametrization enables shrinking the distance
dist(W X w,) faster.
t ) Uk

Gradient descent dynamics: For the notation brevity, we will suppress the symbol # K when it is
clear in the context. The gradient of a student neuron w(*) for the over-parametrized problem (2) is

Vow f(W) =5 30 (@ wh)? + (@l w®)? + -+ (@] w)? —y) (@l w2 5)

Its expectation, which is the population gradient of a student neuron w(*) (i.e. gradient when the
number of samples n is infinite), is

: = (k)])2 — 2\ k) —9 (k)
B [Fum SOV =(30 92 = o [2)0® = 2(w] ),

+ 3 (@) T 4 [l 2w ®, (©)

where we use the fact that for any vector u,v € RY E, n(o.1,[(z"u)%2z] = 3|ul/*u and

Eron(o,10) (2T u)? (@ v)z] = 2(u"v)u + [Ju][?v. For K = 1, (6) becomes E[V ) f(W#!)] =
(3[lwM |2 = [Jw.|?)w™ — 2(w] w)w,. If gradient descent uses the population gradient for the
update (i.e. w;g,H_I = w;ii’t — B[V, fF(W/1))), then the dynamics of the student network
consists of a single neuron (i.e. K = 1) evolves as follows,

wi = w1 4 (3w 2 = 3wM]2))

(1),L (1,1

(7
1
wit = w1+ n(w? = 3[lwi]?)).

On the other hand, if a student network has K > 1 neurons, the dynamics of each neuron £ of the
student network evolves as follows,

K
k), k), k k i) k), j
w§+)1|\ _ wg ) H(l + 377(”71)*”2 _ ”wt( )” 2772 (J) ( ) (J) Il +77wt( )|l Z |‘w§J)H2)
Jj#k J#k

component A

component B

k), L k k 1 k), L
wirt = w14 (fw.f? — 3w 2nz 9 wyw 4w ant )

Jj#k j#k

component C

component D
(3)
where both the component B of w( I and the component D of wt( +)1’ * can be viewed as the terms
due to the interaction of student neuron k and the other student neurons.

More observations: On Subfigure (d) of Figure|l} we plot a quantity over iterations, which is
vec(w,q — W T2 (WS vec(w.q — W), ©)

where V2f(W75) € RIEXAK g the Hessian and w,q,’ is the closet global optimal solution to
Wt#K and the notation vec(-) represents the vectorization operation of its matrix argument. The
quantity can be viewed as a measure of the strong convexity. Specifically, if the quantity is larger
than 0, then it suggests that the current optimization landscape is strongly convex with respect to
w,q, . Hence, the observation suggests that gradient descent enters a benign region faster for a
larger student network. In the following section, We will answer why over-parametrization helps
gradient descent to enter a region that has the benign optimization landscape faster.
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Figure 2: Subfigure (a) and (b): parallel component |w 4 7¢,¢| Of each neuron k vs. iteration ¢ for student net-

works with size K = {3, 10} trained by gradient descent. The curve “I2 norm” represents /> r_, |w;f2(“t 12,

which can be viewed as the aggregate projection of a student network W € R**¥ on the teacher neuron

w, € R%. For comparison, we also plot the curve for \w?(;i'tl labeled by K = 1 on the same subfigures. Sub-

figure (c) and (d): the square norm Hwiﬁa II?

of each neuron k for different K’s. The curve “sum” represents

|W#X||%.. For comparison, we also plot the curve for Hw;ﬂt || labeled by K = 1 on the subfigures.

4 ANALYSIS

In this section, we answer why over-parametrization leads to the acceleration. We first show that
gradient descent (GD) exhibits linear convergence to a global optimal solution when dist(W#5 w,,)
is small. We then answer why over-parametrization helps the iterate to enter the neighborhood of
a global optimal solution faster. For the ease of analysis, we assume that gradient descent uses
population gradient @ for the update and we denote VF (W) := E,[Vf(W)] and V2F(W) :=
E.[V?f(W)] accordingly.

4.1 WHEN DOES THE ITERATE GENERATED BY GRADIENT DESCENT ENTER A BENIGN
REGION?

We first introduce a key lemma. The lemma shows that whenever the iterate is in the neighborhood
of a global optimal solution, gradient descent has a linear convergence rate.

Lemma 1. (locally linear convergence) Suppose that at time to, dist(Wy,,w.) = |[|[Wy, —
wiqy || < vlwi| where Wy, € R, v > 0 satisfies 2 — 14v — 2v° > 0, and q;, =
2—14v—21°
(13+1612)2 Jw. [|*
generates iterates {Wy >, satisfying dist*(Wip1,w,) < (1 —n(2 — 1dv — 202))dist® (W;, w.,).

arg mingerx.|q),<1 ||Weo — wiq " . Then, gradient descent with the step size n <

The proof is available in Appendix |B} Note that the lemma holds for any size K of neural nets, as
long as the condition, dist(W, w,) < v||w.||2 with the required v, is satisfied. The condition ensures
the locally linear convergence of gradient descent and might be easily satisfied by having a larger
number of student neurons K > 1. Specifically, each neuron w*) € R? of W € R X only needs
to have a smaller component on the direction of w, in order to have W be sufficiently close to the

teacher neuron w, up to a transform ¢ ', compared to the case when one only has a single student
neuron (K = 1). To support this argument, we plot the quantities |w$<”t| = |<w$}{ 4> W) | for each

k € [K] of different student networks trained by gradient descent on Figure The figure shows that
with more student neurons K, each w*) only needs a smaller projection on w, for the aggregate

projection \/215;1 |w$}(”t|2 to achieve certain level. In the later subsections, we will provide a
formal analysis.

4.2 HOW DOES GRADIENT DESCENT WORK FOR THE STUDENT NETWORK CONSISTS OF A
SINGLE NEURON?

In this subsection, we analyze the case that the student network only has a single neuron. For
brevity, we suppress the notation #1 in the following. Define 7%, := min{¢ : ||w[1]| — [lw. ||| <

v and ||w|| < ~}. Note that if [[w:[1]| — ||w.||| < 7 and that |jw;-|| < 7, then dist®(wy, w,) =

A
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Figure 3: Subfigure (a) shows w!*"! (1 + n(3[lw.|* - 3Hw£k)\|2)) (i.e. component A of w;(;;(”t) versus

iteration ¢ for each neuron k. Subfigure (b) plots 27 Zj.;k((ng) )ngk))ng)’” + nwik)’” Z]I;k Hwiﬂ I Gee.

component B of wgfl)(”t) versus iteration ¢ for each neuron k. Subfigure (c) plots the norm of component C

of w;fl)(’ft‘, while subfigure (d) plots the norm of component D of wifﬁjt‘ for each neuron k. The empirical

findings show that the components due to interaction of the other neurons (i.e. component B and D) are small
(notice that the scale of the vertical axis of (a) and (b), (c) and (d) are different) compared to their counterparts
(i.e. component A and C respectively), which suggests that 8,49 = 10~ on empirically. Similar patterns
exhibit in training under different K’s (Appendix E[)

[we[1]] = Jwe][|> + |lwi]|3 < 272 Let us assume that (C1) |jw,| > 1.1y (strong signal) and
(C2) v > 10Jwo|| (small initialization). Note that to invoke Lemma [I] for showing locally linear
convergence after the iterate gets into a benign region, we will set 272 = 12 ||w,||? with v satisfying
2 — 14v — 212 > 0 (i.e. v < 0.141); consequently, (C1) is trivially satisfied.

Theorem 1. Suppose that the conditions (C1-C2) hold. Assume that the step size satisfies n <
c/||w.||? for some sufficiently small constant ¢ > 0. Then gradient descent for problem (I)) (i.e.

llws [ =
K=1) hasT, <

1 IR N B
M, where A := 6v(||ws|| — ) > 0. Furthermore, for 0 <t < T, we
have that |w)l| > (1 + nA)t|w]| and |Jwit|| < .

Tog(1+nA)

Theorem |1| states that to achieve distQ(wt,w*) < 272, gradient descent only needs at most

log( ”ﬁ; o‘[lﬁ IV) /log(1 + nA) number of iterations. Furthermore, on the signal direction, |w;[1]]
(and hence w,‘fl) grows exponentially at a rate at least 1 + nA before reaching at ||w.|| — . On

the other hand, by a close-to-zero initialization (C2), the perpendicular component ||w=|| remains
small. Consequently, we have that dist>(W;*!, w, ) < max(~2, (|ws|=|wo[1]|(14+nA)) 2)+’y2, for
0 <t < T, before gradient descent enters the linear convergence regime. The proof of Theorem
is available in Appendix [C] A similar result as Theorem[I|was shown in (Chen et al, [2019).

4.3 HOW DOES OVER-PARAMETRIZATION HELP ENTERING A BENIGN REGION?

Let us begin by providing a more detailed observation regarding the dynamics of gradient descent.

Figure (3| plots each component of w;f}(‘lt and w;f}(lt in the gradient descent dynamics for

K = 10. The empirical findings show that the component due to the interaction (component B,
or component D respectively) is negligible compared to the component that is without the depen-
dency on the other neurons (component A, or component C respectively). Based on the observation,
we can re-write the population dynamics (8) in the early stage (i.e. before gradient descent enters
the linear convergence regime) as follows,

k), k), k
ikl = (1= 0)whh (1 n(lw? - 3wl %)
E),L k), L k
el rall < (1 D)l | (14 n(lws? = 3l ).
for some small numbers 6,9 < 1 (empirically = 10~* as Figure shows). That is, in the early stage,
the approximated dynamics (I0) of each student neuron of an over-parametrized network does not
deviate too much from the original dynamics without over-parametrization (7). The approximated
dynamics (T0) will be only used for analyzing the stage before the iterate enters the benign region,
i.e. used only before entering a linear convergence regime, though the emprical findings (Figure 3)
suggest that the approximated dynamics hold all the time.

(10)
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On the other hand, by comparing subfigure (a) and subfigure (b) of Figure 3] we see that component
A and B of each neuron k are with the same sign during the execution. This observation together

with the dynamics (8) tend to implies that |w;fKHt+1| < |w$l)<“t (14 n(3llw.|* — 3Hw;ff)ﬁ||2))

when K > 1. On the other hand, the dynamics (7) has \w#l t+1| |w # lt‘|(1 + n(3|lws || —

3||w 21 |2)). Also, as the case of single neuron, the perpendicular component of each neuron k of

K (ie. Hw;f})(lt ||) remains small (figures in Appendix@) Consequently, we could write

1
i 2 Rl and w2 llwify . (11

where the approximation 2 accounts for the fact that the size of initial points due to the random
initialization may be different and that the small interaction components are present in the dynamics
for K > 1. Figure[2]confirms that the relation (TI)) generally holds on average empirically.

Lemma 2. Suppose that the approximated dynamics ({I0) and hold from iteration 0 to iteration
t. Then, the network with a single neuron and an over- parametrized network trained by GD with the

same step size 1) has \/Zle |w i/’fKHtP > /(1 —2t0 \/>|

Lemma [2] states that if the single neuron of the non-overparametrized network has a certain projec-
tion on w, at time ¢, then the over-parametrized network with K neurons will have approximately
VK times larger projection on w,, modulo the /1 — 2t factor which is close to 1 if the prod-
uct t6 is small (as Figure |3| shows). This demonstrates the advantage of over-parametrization —
over-parametrization helps to make more progress on growing the model’s projection on w,.

Lemma 3. Suppose that n < éllg By following the conditions as Lemma@ we have that

3l
(), 1 1] ()L w1 |t

Ly < el oy e ksl
ikl S AT S R L where = (1— 0 — 9 — 00) (1 + nflw.|]?).

Lemma 3| states that the ratio of the perpendicular component ||w (), L to the parallel component
perp p HEKt p p

|w o | of each neuron decays exponentially if 1 > 1 (which holds if 7||w.||* > %). By
comblnlng Lemma [2]and [3] we have the following theorem, which characterizes the difference of
the distances to w, at iteration t.

Theorem 2. (Snapshot at t) Suppose that the approximated dynamics ([[0) and (I1) hold from 0 to
t and that at iteration t, the student network with a single neuron trained by GD with the step size

n has |w#1 \ = c¢1.4||w.||? for some number ¢y 4 satisfying 1 > c1; > 0. Denote ca; a number
that satisfies %W < coy for each k € [K]|. Suppose that the step size 1 also satisfies
WK ,0

n < m and makes 1 := (1 — 6 — 9 — 09) (1 + n|lw.||?) > 1. Then, an over-parametrized
network Wt#K trained by GD with the same 1 has

dist? (W', w,) — dis? (W w,) 2 [w. |2 (2e1,:(vV I = 2t0)VE — 1) = K(3 , +c3,) +¢3,).

Recall that in Theorem |1} we upper-bound distQ(Wt#l, w,). Simply combining Theorem |1|and

leads to a distance upper-bound of dist2(Wt#K, w,) at certain iteration ¢. The lower bound of the
difference of the distances in Theorem [2| shows a strict improvement due to over-parametrization
when it is positive, which answers why over-parametrization helps gradient descent to enter the
linear convergence regime faster — gradient descent for an over-parametrized network shrinks
the distance to w, faster in the early stage. Note that the lower bound is a quadratic func-

tion of VK and is increasing for 1 < VK < “657 'i:fte, which means that up to a cer-
1,6 TC2¢

tain threshold of K, more over-parametrization could lead to more improvements. Moreover, if
c1 and cg further satisfy (x) 2c1,(V2y/(1—2t0) — 1) — ¢}, — 2¢3, > 0, then the lower
bound of the difference for K = 2 neurons is strictly positive and keeps being positive up to
\/ES LCLf\/l_2t9+\/c§,t(1_22ti);(cit+c§.t)(2clyt_c?,t)
C1,tTC2 ¢
over-parametrization that allows acceleration. The condition (¥*) is easily satisfied when (1) 16 < 1
so that 1/(1 —2t0) = 1 and (2) c2+ < 1, which happens when the approximated dynamics
holds for a small § and that the ratio of the perpendicular component to the parallel component of
neuron k decays sufficiently fast (Lemma3).

|, which gives an upper limit of the degree of
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4.4 IS OVER-PARAMETRIZATION NECESSARY FOR ACCELERATION?

In this subsection, let us consider a new objective,

min, e f(w) = & S0 (Cla] w)? —yi)7, (12)

where C' > 1 is an user-defined parameter. This modification can be viewed as setting the weight of
the second layer to C' instead of 1. The population dynamics due to gradient descent becomes

1), 1), 1 1),1 1),L
wiil = w4 p@C e — 32w 7)) and wilt = w1+ 9(Cllw?
302 ngl) |2)). Let us also consider an over-parametrized version of 1)

miny egaxx f(W) = £ 37 (Cla]w)? + C(z] w@)? + ... + C(z] w)? — yi)2. (13)

On Figure |4] we report gradient descent with the same step size
n for solving (I3)) under different C’s and K’s. The result is in-
teresting; it shows that simply scaling the weight of the single 0] 2\
neuron (i.e. C' > 1) without over-parametrization (i.e. K = 1)  gor] 1
can achieve a similar acceleration and that the effect seems to  £°*{] !
be more significant. The observation questions the necessity of ~ %.-|{ !

1

\

K=10C=10)

over-parametrization, as the figure suggests that one can avoid 2.
the computational overhead due to over-parametrization by sim- %021
ply scaling up the weight of the output node while enjoys accel- 7 \ Xy
erati On . 0 1 OIOO 20‘00 30‘00 40'00 5000

iterations

\

Let us provide an analysis of the acceleration observed here. . . .
Since w = +w,/ /C are the global solutions of , we define f;%:rrziéftéeg;id;?:niegem for
T, = mint : [Jw[1]] — . /VC| < 7and [l < 7).

For v being sufficiently small, we can show that gradient descent enters the linear convergence
regime at T’, ¢ (see Subsection in Appendix [E} where we provide a counterpart of Lemma [I]
for general C'). Therefore, the question is how the scaling of the output weight helps to reduce
the number of iterations spent in the early stage. We have the following theorem. The proof is in
Appendix [E]

Theorem 3. Suppose that ||w.| > 1.1v/Cv and v > 10|\wo||. Assume that the step size satisfies

n < ¢/||ws||? for some sufficiently small constant ¢ > 0. Then gradient descent for problem has
log( Ll /Y=

T, c < ﬁ, where Ac := 6yC(V/C||w.|| — Cv) > 0. Furthermore, for0 < t < T, ¢,

we have that |w,|5‘\ >(1+ UAC)t|w(|)‘| and ||wi-|| < .

As Theorem |1} the condition ||w, || > 1.1v/C"y (strong signal) in the theorem is trivially satisfied
when we set 272 = v?|lw.||? and makes v > 0 a small number (see Appendix [E.1| for details).
Now let us conclude by making two important remarks regarding the acceleration effect due to
scaling up the output weight. First, the single neuron only needs to be w.,./ V/C for achieving zero
testing error. Since we have a close-to-zero random initialization here, it means that |w(()1)| only
needs to grow from a close-to-zero number to ||w,||/v/C instead of ||w,|. This implies that the
modification shortens the effective distance to a global optimal solution. Second, up to a certain
threshold C, the growth rate of the parallel component, (1 + nA¢), is larger for a larger C' > 1.
To see this, fix a ||w.|| and 7y, one can show that the derivative of Ac w.r.t. C' is non-negative as
long as 3||w.]||/(4y) > vC. The means that the speed to get into the neighborhood of a global
optimal solution is faster as C' increases. These two mechanisms explain why scaling up the weight
of the output node helps reducing the number of iterations 7', o for gradient descent entering the
linear rate regime. Our findings thus show that the scaling of the output layer has a great impact on
the speed of convergence. Nevertheless, we notice that some works in the literature suggest leaving
the output layer (the last layer) untrained (e.g. (Hoffer et al.l 2018)) and that most of the theory
works regarding convergence results of GD in deep learning assume that the output layer is fixed
(e.g. (Allen-Zhu et al.,|2019; Du et al.|[2019)). Hence, our results here might raise another important
issue in practice.
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A RELATED WORKS

Over-parametrization: Though our work focus on understanding why over-parametrization leads
to acceleration in optimization (i.e. improving the convergence time), we also want to acknowledge
some related works of understanding over-parametrization in different aspects (e.g. (Arora et al.,
2019;Goldt et al.| 2019; Brutzkus & Globerson, [2019; [Emschwiller et al., [2020; [Tian, [2020; |[Safran
et al., [2020). |Arora et al.| (2019) study implicit regularization of gradient descent in deep linear
neural network for matrix factorization. They consider increasing the depth of the linear network
and analyze how the singular values of the learned solution evolves during gradient flow due to
increasing the depth. |Goldt et al|(2019) use ordinary different equation as a tools for analyzing the
asymptotic generalization error of SGD when the dimension of input data goes to infinity, for the
case that the number of hidden nodes of a student network is larger than that of a teacher network.
Brutzkus & Globerson|(2019) prove that for an over-parameterized convolutional networks, gradient
descent converges to a global solution with better generalization performance compared to global
minima of smaller networks. [Emschwiller et al.|(2020) show that for polynomial activation function,
if a trained student network interpolates sufficient number of training data, then the generalization
error can be arbitrarily small, regardless of the size of the student network. (Tian| (2020) identify
conditions of which each neuron of a teacher network can be explained by some neurons of a larger
student network. |Safran et al.| (2020) study the effects of over-parameterization on the optimization
landscape of a network with ReLLU activation and show that there is a significant set of points around
a global solution that satisfies a notion of one-point strong convexity for an over-parametrized model.

On the other hand, there is a trend of works studying how over-parametrization changes the opti-
mization landscape of empirical risk minimization for neural nets with quadratic activation. (e.g.
(Du & Lee, 2018; |Gamarnik et al.| [2019; |Ge et al., [2019; Kazemipour et al., 2019; |Soltanolkotabi
et al} |2018; Nguyen & Hein, [2017; [Venturi et al.l |2019; Mannelia et al., 2020)). Du & Lee| (2018)
show that when the number of neurons is sufficiently larger than the squared root of the number of
samples, then there is no spurious minima. Mannelia et al.|(2020) study how the number of samples
and the width of the teacher network affect the optimization landscape of empirical risk minimiza-
tion. They also identify some conditions so that gradient flow can have small generalization error.

Quadratic activation: The optimization landscape of problem (I)) (i.e. phase retrieval) and its
variants has been studied by (Davis et al., 2018} |Soltanolkotabil 2014;|Sun et al., [2016}; [White et al.
2016)), which shows that as long as the number of samples is sufficiently large, it has no spurious
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local optimum and all the local optima are globally optimal. In addition to the landscape analysis,
there are some convergence results of GD in the literature (e.g. (Chen et al., [2019; |Ge et al., 2019)).
Ge et al| (2019) show that gradient descent can train a quadratic network to memorize training
data perfectly in a mildly over-parametrized regime. |Chen et al.|(2019) provably show that applying
gradient descent with an isotropic random initialization to solving (1)) leads to a solution that recovers
the teacher neuron w, modulo the unrecoverable sign. Other relate works include (Tan & Vershynin,
2018) and (Mannellia et al 2020). Tan & Vershynin| (2018)) study online gradient descent while
Mannellia et al.| (2020) study gradient flow for solving phase retrieval. In this work, we show that
gradient descent on a over-parametrized student network (namely, (2)) takes even fewer iterations to
recover w,. Furthermore, we show that up to a certain threshold, the larger the number of student
neuron K, the faster the global convergence.

Matrix Sensing: In matrix sensing, the setup is that there is an unknown rank-r PSD matrix
W, € R4 such that y; = (A;, W..) = tr(A] W..), where A; € R4*? is a symmetric measurement

n

matrix. |Li et al. (2018) shows that gradient descent on mingregaxa 2 > iy (yi — (A, UUT>)2
with a close-to-zero random initialization recovers W,., when the matrices {4;} satisfy restricted
isometry property (RIP). Their work shows an implicit regularization of gradient descent under over-
parametrization, since the result indicates that gradient descent recovers W, without knowing the
matrix rank beforehand. [Li et al.| (2019), another group of authors, consider the case that A; = x; asiT,
x; ~ N(0,1;), and W, is an unknown rank-r PSD matrix. They show that with a special-

ized initialization called spectral initialization, gradient descent solves mingcgaxr 4 > iy (yi —

2 . .
(A;, UU T>) and recovers W, up to some orthonormal transform. Note that one can rewrite H in

. . . 2
the form of matrix sensing, namely, minyy cgaxx 7= >y (Y — (@z] ,WW )", W, = w,w,,

and y; = (z;x;] ,W.) = (w] z)2. Our work does not assume RIP property nor require the spec-
tral initialization. Furthermore, the goal of our work is different from these works; we focus on
understanding the acceleration due to over-parametrization. Lastly, we note that matrix sensing
has been a subject of understanding implicit regularization of gradient descent (see e.g. (Gunasekar,
et al. (2017);|Gidel et al.| (2019); You et al.| (2020)), where the goal is to understand which solution

gradient descent will converge to.

Two-phase dynamics of gradient descent: The behavior of gradient descent in our problem can
be divided into two phases. We note that the multi-phase of dynamics of gradient descent is also
present for solving other problems (see e.g. (Li & Yuan, [2017)).

B PROOF OF LEMMA

Recall the optimization problem is

. n 2
minyy cpaxx f(W) := ﬁ i=1 ((x;Fw(l))Q + (x;rw(z))Q +..t (x;'rw(K))Q - yz) )

and the notation that VF (W) := E, [V f(W)] and V2F(W) := E,[V?f(W)]. We first introduce
some key lemmas. Lemma [4|below says that for any W € R%*X _if the iterate is sufficiently close
to a global solution w,q ', then the landscape is essentially strongly convex. Lemma on the other
hand, shows the smoothness of the landscape.

Lemma 4. (locally strong convexity) Assume that dist(Wy,, w,) := [|[Wy, — weql [|r < viw.]|2,
<1 Wiy = wiq"||p, and w, € R being the

where Wy, € RTE, 1> 0, g, := arg mingepr.
teacher neuron. Then

llqll2

vec(V) TV2F (Wi, Jvec(V) = 2tr(qrow] Var,w, V) + (2 — 14v — 20%) |w. 3]V %
forany V€ R¥>*E where tr(-) denotes the matrix trace.

12
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Proof. The proof is a modification of the proof of Lemma 14 in|Li et al.|(2019). For notation brevity,
we will suppress script ¢ in the following (i.e. W <~ W, ¢ < g+,). We have that

Vec( )TV2f( yvee(V)

— E vee(W) T [((lzf W3 — yi) Ik + 2W T2z W) @ 2] | vee(V)
1 m
=— E (llzf W3 — yi) vee(V) Tvee(zz] V) + E vee(V) Tvec(2ziz] VW Tz W).
m
i=1

1 m
= =3 [l Wi = o] waq  I3)lla] VI3 + 2(2] WV ).
i=1

By taking the expectation above over z; ~ N (0, I;) and using Lemma([6] we have that

Efvec(V) ' V2f(W)vee(V)] = [WIEIIVIE + 20V W% — (lwag " IEIVIE + 2V wag"|I7)

+2(r(WVY? +a(WTVIWTV) + WV 3.
(14)

Now let us set W = w,q' + 60 H with a H satisfying |H||r = 1 and 6 := v||w,|| for some number
v > 0.
IWIE = llweq "5 + 0% H|[% + 20(w.q ", H)
> |Jwell® — 20 wsq | pI1H| F
> [w.]|* — 20[w. || H]|»
IVIWIE = IV Tweq |5 + 61V T H % +200(V T wg HTV)
> ||V Tweq [ = 20w [ HIFIVIE
VW = Vaw! |7 + 2 |VHT|[F + 20u(Vw/ qHVT)
> |[Vaw, |5 — 20w/ |l H|FIVIE
= IVqw[ % = 20|lw. || H 7| VIIE
tr(WVWTV) = tr(quw] Vqw] V) + 20t(H " Vqw/] V) + 0*w(H ' VHTV)
= tr(qw, Vqw, V) = 20|lw.q " [|H||F|VE - | H|EIVIE. (15
Combining (T4) and (I5), together with the bilinear property of the expectation so that
vec(V)TV2EF(w)vec(V) = E[vec(V) V2 f(W)vec(V)], we have that
vec(V) T V2E(W)vec(V) >2tr(quw, Vquw, V) + 2|V qw, ||%
— 10|lw. || H | p [V IIF - 26* | HIIE V17

(@)
=2u(qu, Vaw] V) + 2|w |V

— 140||w. ||| H || pIVF - 20° | H|Z |V
=2tr(quw,] Vqw, V) + (2 — 14v — 202)|Jw.|?| V||, (16)

where (a) is due to that ||AB|% > o02(A)| B||% with r being the rank of A, which in our case
A= w,q" is arank one matrix and B := V' '; consequently 07(A) = |w.q" [|% = |Jw.|* O

Lemma 5. (smoothness) Assume that dist(Wy,, w,) := [|[Wy, — weq,l |r < vljw,||2 where Wy, €
RK y >0, ¢, = arg minqeRK lglla<1 IIW — w.q " ||, and w, € R? being the teacher neuron.
Then, (W)]l2 < (15 + 16v2) ||w. %

13
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Proof. For notation brevity, we will suppress script ¢¢ in the following (i.e. W < Wy, ¢ < g¢,).
We have that

IV2EW)ll2 = [E[[(Ila" W3 — llaTw.q " 3)Ix +2W TzaTW] @ 22T |2
< E[lla" W3 = llz "w.q I3[ Ix + 2llz " WI3IK] @ a2 ]||2

(@)
< E[lla" W3 — llz "w.g I3[z Jll2 + 2A[E[lla W52z ]|l

()

= E[(lz" W3 — llzTweq ")z ]2 + 2 IW 5Ly + 2WW T2

()

= NUAWIE = lhweg "E) e+ 20WW T —waw)ll2 + 2] [WELa + 2WW |5

< TIWIE A+ llweg " 1E +2IWWT —w,w] |2

< (15 + 160%) w. |, 07

where (a) is due to || I ® A2 < and the last inequality
is by setting W = w.q' + 0H with a H satisfying || H||r = 1 and 0 := v|[w.||.

O
Lemma [4 and Lemma [3] together implies that when the the iterate is in a neighborhood of a global

optimal solution, then gradient descent has a linear convergence rate.

Lemma (locally linear convergence) Suppose that at time t, dlst(Wto,w*) = ||[Wy —
w,ql |l < vlw| where Wy, € R™>*E, v > 0 satisfies 2 — 14v — 2% > 0, and q, =

arg mingepx,||qf,<1 | Wt — w,q " ||. Then, gradient descent with the step size 1 < %

generates iterates {W, };>, satisfying

dist?(Wiy 1, w.) < (1 —n(2 — 14v — 202))dist?* (W, w,).

Proof. We have that
dist?(Wyg1) := ||[Wip1 — w*Q)IHH%
<[ Wesr — weg/ |17
— [[W; — gV E(Wy) — wag/ ||%

9wy, — @ — nvec(VE(W,) — VF(weg)) 1%

Y o=, [ RO - wl

= (wy — ws) " (Tar — n/o VQF(Wt(T))dT)Q(wt — ,)

< = ] = 2w = w) ([ VEEOV(r)r) (01 - )
0

1
L / V2R (W, (r))dr|2]lwr — . 2. ()
0

where (a) we use the notations that w; := vec(W;) and W, := vec(w.q, ) and that VF (w.q, ) = 0
and (b) we denote Wy (7) := w.q +7(W; — w.q/)

Notice that dist(W;(7), ws) < [Wi(T) — wiq, || = T||Wi — wiq, || < v|lw.]||. So we can invoke
Lemmafto obtain that

1
(w; — w*)T(/ V2E(Wy(7))dr) (wy — w,)
> 2tr(th (Wi — waq, )th (W — w*q:)) + (2 - 14v - 2u2)||w*|\2||Wt - w*QtTH%“
> (2 — 14v — 20°) |w. |2 |W: — waq] |- (19)
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WtTw*
W, w. ||
so that tr(q,w, (W — w.q )qw,] Wy — w.q)) = |lqew] (W, — w.q)||% > 0. Furthermore, by
Lemmal[3] we have that

where the last inequality is due to that g;w, (W} —w.q,’ ) is a symmetric matrix since q; =

IV2E(W)l2 < (15 + 160%)||lw.|*. (20)
So

1
|| / VEE(Wy(7))dr|3]|we — @5 < n*(15 4 1602)?||w. || *[|w; — . 13- 21)
0
Combining (T8), (T9), and 1)), we get

1
dis (W1, w.) <[lwr — @2 — 2n(ws — @) (/ V2F(Wy(r)dr) (w; — )
0

1
0P| [ VRO ar Bl .13
<|Wi — weg) |F = 20(2 = 140 — 20%) |w. || Wy — w.q/ |7
+ (15 + 160%)2 lw, || W — w.q/ |7
<(1—n(2 — 14v — 202%))dist? (W;, w,), (22)

2—14v—20°

where the inequality we use that np < SRR

O

Lemma 6. (Lemma 12 in|Li et al.|(2019)) Suppose x ~ N(0,14). Then for any fixed matrices
W,V € R¥". We have that

Ellz" V3= W3] = |VIFIW % + 2|V T W3
El(z "WV T2)? = (r(W V) +er(WTVWTV) 4+ [WV T |2

C PROOF OF THEOREMI]

Theorem: [1] Suppose that the conditions (C1-C2) hold. Assume that the step size sansﬁes n <
c/ |lw.||? for some suﬁczently small constant ¢ > 0. Then gradient descent for problem (|I)) (i.e.

=1)has T % where A := 6(||ws| — ) > 0. Furthermore, for 0 <t < T, we
have that \wtl| > (1+nA) |w | and ||wi-|| < 7.

Proof. Since it is clear about the number of the student neuron (which is 1), in the following, we
suppress the subscript #1 and the superscript (1) for the brevity of notations. Recall the dynamics,

wly = wl (14 nB[lw.]? = 3]|w?))

L 2 2 (23)
Wi = Wy (1 + n([lws | = 3] ))
and note that wy = wy[1]]|w.|| so we have that
wi1[1] = we[1](1+ n(3flw.|* = 3]|w]|*)) (24)
For a number v > 0, define 70, := min{t : |Jw[1]| — [Jw.]|| < yand |wi| < v}. We can

decompose the square of the distance term as follows,
dist® (W7, w.) = [fwi[1)] = el + it

In the latter part of this proof, we will show that ||wi|| <+ for all ¢ < 77, . Let us upper-bound the
norm of ||w;||? for ¢ < T, as follows.

[wel|? = we[1)% + Jwi |1 < (Jws|| = 9)* + 42
= Jlws|l® = 2y [lwi |l + 297, (25)
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where the inequality is because w;[1]2 < (||w. || —)? for t < T, by the definition and that ||w;|| <
«y for all ¢ < T’, proved in the latter part. Hence, we have that

wea[1] = |we[1]](1 + n(3llws]|* = 3llwel*)) = [we[1]] (1 +n@Gllwe|* = 3wl = 2vllw.]| +27%)))

t41
= [we[1]](1+nA) = [wo[1]|(1+nA) ",
(26)
with
A= 6y(lwall =) > 0.
Based on (26), it takes at most number of iterations
lws || =
log(Tuota)
T~ log(1+nA)
for wy[1] to rises above ||w.|| — 7 if we[1] > 0. Similarly, if we[1] < 0, it takes T iterations for

wo[1] to satisfy wy[1] < —||w.]| + 7.

Now we switch to show that for 0 < ¢ < T, v > |Jw;j"||. We are going show that the perpen-
dicular component ||w;-|| start decaying before it could have increased above ~y. From the dynam-
ics lwi]l = [lwi || (1 + n(||w.][* = 3|lwe]|*)), we see that once [Jw]|* > [|w,||?, the size of

the perpendicular component ||w;-|| starts decaying. On the other hand, ||w;"|| is increasing when
[we]|? < %[Jw.||?, which leads to the following before the perpendicular component starts decaying,

1 1 2
el 2 wil] = g = el P (14 1w = 3w )
2
> el (1 20l )
2t 2t
> o w0 P (U 2l %)™ = oo [0 (14 2l ),

27

which means that that the size of ||w||? grows at the rate at least (1 + 27||w. ||2)2 before the per-
pendicular component ||wj- || starts decaying.

The inequality also implies that the number of iterations such that [|w¢||* < £ ||w.]|? is at most

flw. )

1 log(g,ye
2log ((1 + 2nllw.|?)?)

tr < (28)

After t*, we have that ||w;"|| is decaying. So we only have to show that for 0 < t < ¢* the
perpendicular component never rise above ~. It suffices to show that an upper bound of |w;"|| for
0 <t < t* is not greater than v,

lwi[| = llwi= 1 | (1 + n(lwa]l* = 3llwi—1]1?))
< wi= (1 + n(llw.]® = 3w, [1]))
< wg || - T2 (1 + n([fwe* = 3w2(1]))
(a) . .
< w1 TZ (1 + n([lwal? = 3wg[1](1 +nA)**))

<7, (29)

?
where (a) we use . By taking logarithm on the both sides of < , it suffices to show that

t*—1 ?
log [lwy || + > log (1+ n([Jw.|* = 3wi[1](1 +1A)*)) <logy. (30)
s=0

16
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Using the fact that logx > 1 — % and that log(1 + z) < x for z > —1, it suffices to show that

2 s oo 2o i)
D llwa? = Bud1)(1 4+ A <1 -
s=0

which can be guaranteed if

(1+nA)?" -1 9

¥, || < 3pwi[1] =L T 31
where we use that v > 10||wg ||. So it suffices to have the step size satisfy n = ¢/||w.||? for some
sufficiently small constant ¢ > 0.

O

D PROOF OF LEMMA [2, LEMMA 3], AND THEOREM [2]

Lemmal2: Suppose that the approximated dynamics (I0) and (I1) hold from iteration 0 to iteration
t. Then, the network with a single neuron and an over-parametrized network trained by GD with the

same step size 1 has \/Zle \w;ff)(m? >/(1- 21‘0)\/F|w;2|t‘
Proof. From the dynamics (I0), we have that

k) k), k
[l > (1 — )l 11+ n(Bllw.|? — 3wy, _1]I?)

(32)
>(1 - 0) w2 (1 + n(3flw.® - 3wl ,|1%).
Therefore,
K k), K (k — k 2
S P @ SR (1= 0)2 w1 T (1 + n(3]w.)? fsnw;ﬁ}{sn%) :
|w#1 w2 - Hz 5L+ n(3llwil|? - 3wl 1))
(b |w(k) Al |2 (0) K |w (B, 2 ()
> _ 2t #KO _ oAU _
> Z (1 s = [ 216) ) T, 2 (1 20)K, (33)
k=1 lw W, ‘ol k=1 W1, ‘ol

where (a) is due to (32) and the recursive expansmn (b) is by using that ||w #1 S||2 Hw;fI)(SHQ

_ k 2 .

so that T2 (1 + n(3[lw. 2 = 3wl I1%)” 2 M5 (1 + 0l = 3wl I%), (@ is by
(I+z)" >1+rzforz > —landr € R\ (0, 1), and (d) is by the initialization such that each node
is i.i.d. initialized from the gaussian distribution.

O

Lemma: [3| Suppose that 1 < . By following the conditions as Lemma 2| we have that
3wl

k)L < gl llwg sl lwid lwixs |
lwlfr| < Mol 1< Wanefleol 1 where o = (1 6 — 0 — 9) (1 + nf|w.||?).
|w#K,0| ‘W#K,o‘

Proof. For brevity, let us suppress the subscript # K for the moment. By the approximated dynamics
(TO), we have that

k k),
i (= 0)( + (w2 = [lwf)) feof)
k = k k),
o1 T @+ 9) (1 + (w2 = [ ]2)) w |

(k)
w
> (1= 0 =9 = 09) (1 + 2nl|w.[* = 2 Bllwe | = oo™ 1) (w2 = eof™| ))'ti

k
‘w( )H|
k),L,°
)

R
(34)

17
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where the second inequality we use ii’; >1+4+a—b—abforb > —1 and the last inequality is

k k
because (1 — 60 — 9 — 69) (1 + 2nl[w.|> — n?Bllw.||> — [ |2) (w2 = wi®]2)) = (1 -6 -

k 1
9 — 00) (1 + nllw.|?) =, as [l [1? < [lw) II? < [lw.]|? and that n <

1
3w
eal

)l (
Consequently, Hl (k) LlH > tulngk),LH.Namely,
0
k) k), L
w0 < el 1 )
#K 1~ | ;})(”0' ¢t'
Moreover, by the condition that |w;2‘t|| > |w$K|L|, we have that
(k). (k), L
w (k)J_H < |w#K7t|Hw#K7O||i < |w#1t L (36)
Wl S AN W, gt
Iw#K,O |w#1<,0
O

Theorem: 2| (Snapshot at t) Suppose that the approximated dynamics (I0) and hold from 0 ro
t and that at iteration t, the student network with a single neuron trained by GD with the step size

H2 for some number cy 4 satisfying 1 > c1; > 0. Denote co ¢ a number

.|

1 has [wyq'y
k),

crallwi sl o

that satisfies 0O 1]

5 and makes = (1—-0—9—09)(1+n|w.l?) > 1. Then, an over-parametrized

w, < coy for each k € [K]|. Suppose that the step size n also satisfies
"< 3eE
network Wt# trained by GD with the same 1 has

dist? (W7 w,) — dis? (WF 5 w.) 2 [we]|? (201, (v/ (1 = 2t0)VEK — 1) — K(3 , +¢3,) +¢3 ).

Proof. Let us compute dist(W;*!, w,) and dist(W;7** w,). For dist(W;*', w, )2, we have that

. #1 2 . #1 T2 _ 2 Ml 2
dist (Wit . = _nin W — g = o wit) 12— 2wl + flw. ]
1
= [lwls) 12 + flw.]? = 24/l |12, (37)

On the other hand, for dist? (Wt , Wy ), we have that

dist?>(W , Wy ) = min W —w 2
( t *) qERP':HqH2<1H t *q HF

= min tr( (W K—w*TTW K—w*T

qERK :||q||2<1 (( t q ) ( t q ))

#K |12 2 #E\T T
IWESIE el =2 max (W) Twg )

k
= [IWFIF + flw.]? -2 Zm;y‘t (38)
k=1

where the last inequality is due to that

max (WK Tw.g" @ max tr(og') = max tr(q" o @ vll. (39)
qERK:|ql|2<1 (( o) 1 ) qERK:|q|2<1 ( 1 ) gERK | ¢||l2<1 (q ) il
where (a) we denote ¥ := [wg(;}(‘lt,wqg(ut, . ,w;ﬁg:t‘l]T € RE and (b) is because ¢ = v/|v].

Combining (37) and (38), we have that
dis? (W7, w,) — dis? (WX w,)

k
Z|w#;‘t Ll 012) — (W12 — (W 12). (40)

18
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To continue, we need the lower bound of \/ K et W ;f])(”t |2 — \/ ||w§£‘t| ||? and the upper bound of
W52 — W )1%. By Lemmal we have that

Zi w2l 12 2 (VI = 200 VE D) [wl) | = (VI = 200)VE 1)y ]w. %

(41)
On the other hand, for the difference of the norms, we have that HVV#lH2 > |w ;2 t(1)|2 = 7‘?1%2:‘%!2-
Furthermore, by Lemmaand that |w;i!| = ¢1¢]|w.||* and the definition of ca 4, Hw# ||2 S
%% = WM% < ca.¢]|ws]|- So we have that
ikl YT i o[llwall ¥ ’
K K 1
IWESNE = 3 leifieal® = 3 (el P + o leliial?)
k=1 k=1
< i lwiedillvgisl 1 14 L) < K28 + S ;@(Ht'z
= T TN e T vl w.?
S Kljw. H (02,t + Cl,t)7 (42)

where the last inequality uses (TT). Therefore, by combining (O04T][42),

dist? (W', w,) — dis (W w,) 2 [Jwi? (261, (V1 = 20)VE — 1) — K(c}, +¢3,) +c2,).
(43)

O

E PROOF OF THEOREM [3]

Theoreml Suppose that ||w,|| > 1.1v/C~ and v > 10||wo||. Assume that the step size sansﬁes
n < c/||w.||? for some sufficiently small constant ¢ > 0. Then gradient descent for problem (12)) has

lo HUJ*H/\/i 4
T,c < % where Ac := 6vC(VC|lw.|| — Cv) > 0. Furthermore, for0 < t < T, ¢,

we have that |wtl\ > (1+nAc)! |w | and ||wi|| < 7.

Proof. Recall the objective is
. n 2
min,,cpa f(w) := ﬁ i1 (C’(xjw)2 - yz) . (44)
With population gradient, the dynamics of gradient descent is
1 (1
wiil = w14 B3O w2 = 37w [?)
0,1 (1),L (1
wiit = < (1 (Clhw P = 37|V |). (45)

Since it is clear about the number of the student neuron (which is 1), in the following, we will

suppress the subscript #1 and the superscript (1) for the brevity of notations. Note that wll =
wy[1]]|ws]| so we have that

we[1] = we[1] (1 +nBC[[w.]* — 3C?|[w,[|?)). (46)
For a number v > 0, define T, ¢ := min{¢ : [|w[1]| — ”3*5” < yand |lwi| < 7}. We can
decompose the square of the distance term as follows,

dist? W#l, [|ws |l — w1 — [[wa |l 2 4 k2.
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In the latter part of this proof, we will show that ||w;-|| < v forall ¢ < T, . Let us upper-bound
the norm of ||w,||? for ¢ < T, as follows.

[ |

lwe | = we[1]? + lwi||* < ( VO SRS
Jwe* || al 2
_ 42y 47
C \/5 “7)

where the inequality is because w;[1]? < (% — v)? for t < T, ¢ by the definition and that
lwi|| < forall t < T,  proved in the latter part. Hence, we have that

s 1] = 2]l (1 + 7O |2 307 e )
> a1+ n(3Clho? - 32 - 2015y 22y
= [wr[1]| (1 +nAc) = fwolt]| (1 +nAc)", (48)

with
Ac = 67C(VC||w.|| — C).

Note that A¢ > 0 when ||w, || > v/C.

Based on (@), it takes at most number of iterations
lwsll/vVC—r
log (o)

7O = log(1 4+ nAc)

for wy[1] to rises above ”\/’LH

— v if wo[1] > 0. Similarly, if wo[1] < 0, it takes T’ iterations for
wo[1] satisfies wo[1] < —% +7.

Now we switch to show that 0 < t < T), ¢, v > |Jwi"||. We are going show that the perpendicular
component |Jw;-| starts decaying before it could have increased above . From the dynamics of
wity || = [lwit | (1+0(Cllws||* =3C?|lwe][?)), we see that once [lw||? > 55 [|w.||%, the size of the
perpendlcular component ||wj- || starts decaying. On the other hand, it is increasing when ||w;||? <

3 c ||ws ||, which leads to the following before the perpendicular component starts decaying,
1 1 2
el > wilt] = el = el (L4 (3C . | = 3C% wia |)

1 2
> W|wy—1|2(1 + 2nCllw,|?)

= fw?

ot 2t
[ (1 + 20ClJw. )™ = Juwo [1][2 (1 + 27C . )
(49)

which means that that the size of [w,||* grows at the rate at least (1 + 2nC ||w*||2)2 before the
perpendicular component ||wj- || starts decaying.

The inequality (27) also implies that the number of iterations such that [|w||* < sk [|w,]|? is at most

log( llw. ) )
3CTwo[1][?

t <1 2)2) °
21log ((1 4 2nC|lw.[[2)?)

(50)

After t%, we have that ||wi|| is decaying. So we only have to show that for 0 < t < 7, the
perpendicular component never rise above . It suffices to show that an upper bound of ||w;: o H for
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0 <t < t7 is not greater than v,

[wi || = [lwit || (1 + n(Clhws || = 3C%|we—1]?))
< Jwi (1 + n(Cllw)|? — 3C2w?_[1]))
< g || - TG (1 + n(Cllw.|)? = 3C%w?[1]))

(a) )
< Jlwg || - TS5 (14 (Cllw.|? = 3C2w[1](1 + nAc)*))

<7 (S

?
where (a) we use . By taking logarithm on the both sides of <, it suffices to show that
tr—1 )
log lwg || + Y log (1+n(Cllw.|* = 3C*wi[1](1 + nAc)>)) < logy. (52)
s=0
Using the fact that logz > 1 — % and that log(1 4+ z) < « for z > —1, it suffices to show that
te—1

> n(Cllw.? = 3C*wi[1](1 +nAc)*) < 1— IIU;O I
s=0

which can be guaranteed if
(1+nAg)*e —1 N 9
(14+nAe)?2 -1 10°

where we use that v > 10wy ||. So it suffices to have the step size satisfy n = ¢/||w.||? for some
sufficiently small constant ¢ > 0.

nteCllw,]* < 3C%*nw[1] (53)

O

E.1 OPTIMIZATION LANDSCAPE

In this subsection, we analyze the optimization landscape of the following,

miny cgaxx f(W) = &30, (Clzf w)? + C(a]w®)? + ..+ C(z] wH))? — y¢)2. (54)
We define

dist(W, \F) = Mingerx | glls<1 |W — yiqTH (55)
This is due to the observation that the set of global optimal solutions of (2)) that achieves zero testing
error is :“j*»q € R4XK for any ¢ € RE such that ||g|l = 1. We denote VE (W) := E,[V f(W)]

and V2F (W) := E,[V2f(W)], where f(-) corresponds to (54).

Lemma 7. (locally strong convexity) Assume that dist(W,, \F) Wy, — \tho e < vl|w.l2
Tl

where Wy, € e RIXK 1, >, Qto = AT MINGeRK | qll,<1 Wy, —
teacher neuron. Then
vec(V)TV2F (W, vec(V) > 2Ctr (g, w, Vi, w] V) + (20 — 14C3/ 20 — 20%02)|Jw. |||V || %,

forany V€ R¥>K \where tr(-) denotes the matrix trace.

754 || and w, € R? being the

Proof. For notation brevity, we will suppress script ¢o in the following (i.e. W < Wy, ¢ < gz,).
We have that

vec( )TVQf( Jvec(V)

== Zvec [((Cllaf W3 = y:)Clk +2C°W T a;2] W) @ 2z [vee(V')
1 m 2 m
= — Z C(Cllz] W3 — yi)vec(V) "vec(zz] V) + « ZVGC(V)TVCC(QLL‘iQ?;rVWTIi?L';rW).
m m
i=1 i=1
1 & 2
= LS [T WU~ e e )T VIE + 202 (] WV )]
i=1
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By taking the expectation above over z; ~ N (0, I;) and using Lemma@ we have that

Efvec(V) V2 f(W)vee(V)] = C*||WIHIIVI[E + 202V IW (G = C(llweg " I[FIVIE + 21V Tweg " IIF)

+2C ((WTV)2 + (W VWTV) + [WVT|[3).
(56)

Now let us set W = %qT +60H with a H satisfying || H||r = 1 and 0 := v||w.|| for some number
v>0.

W2 = g |2 + 02| H |2 + 2002, H
W% H\@q Iz | H|% <\@q )
Wy 19 We T
> — 20 H
_H\fcll ||ﬁq |rllH||F
Wy W s
[VIWIG = VT Za I+ VT H I+ 200(VT g THTV)
Wy Wy
> HVT\E(]T”%_QQH\FCQT””HHF”V”%
Wy Wy
VW = 1Va(75) I+ 621V HT [ + 200V (52) TaHVT)
W Wk
2I\VQ(ﬁ)TII%—29H(\@)T(JIIHHIIFHVII%
W W
= HVQ(\fC)TH%—29H(\ﬁ)||HH|IFHV||%
1 \
w(WTVWTV) = 6tr(qwj Vaw! V) + 20u(H Vg( \%)TV) +OPu(HTVHTV)
1 Wi
=5tr(ququ:V)—29H(ﬁ)qT||HH||FHVH%—92|IHH%||V||%- (57)

Combining (56) and (37), together with the bilinear property of the expectation so that
vec(V) TV2EF(w)vec(V) = E[vec(V) T V2 f(W)vec(V)], we have that

vec(V) T V2E(W)vec(V) >2Ctr(qw, Vqw, V) + 2C||Vqw, ||%
— 14C*29||lw, ||| H || p ||V |[3. — 20*C? | H|Z|V |7

@2Ctr(ququIV) +2C Jw. PV 1%
— 14C* 20 |lw, ||| H || p |V |I3. — 20*°C? | H|Z|V |1
=20t (qu, Vqw]V) + (20 - 14C°*v — 20%0%) [w.|*|[V | 7,
(58)

where (a) is due to that |AB||% > o2(A)|B||% with r being the rank of A, which in our case

T
A = w,q" is arank one matrix and B := V; consequently 0?(A) = ||w.q ' [|% = |Jw.]?. O

Lemma 8. (smoothness) Assume that dist(W;,, %) =W - %qt—'—n llr < v||will2 where Wy, €

dx K — 3 Wy T
R, v >0, qp, := arg mingepx,|jq),<1 [|W — N |

V2E(W)|l2 < (15C + 16C%02)||w. 2.

r, and w, € R4 being the teacher neuron.

Then,
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Proof. For notation brevity, we will suppress script ¢¢ in the following (i.e. W < W,,, ¢ < q+,)-
IV2EW)|l2 = [E[C(Clla" W3~ [l waq " [3) Ixc +20°W T 22" W)@ 22" ]

< [E[[C|Cllz™WIE — |z Tw.q" 13|k + 202" W3 Ix] @ 22" ]2

< IE[C|Clla™ W3 — llaTw.q " [I3]zz " ]ll2 + 202 |E[llz "W |3z ]2

2 CIE[(Clla™WIE — o w.q" I3)zaT] s + 202 W3 Lo+ 2WW 3

© CNCUW I3~ lwag T 13)1a + 2CWWT = waw] )z + 2C2 [ W3 Lo +2WW T

S TC* W% + Cllweg " [ + 201 CWW T — w,w] |2

< (15C 4+ 16C%*02)|Jw.|?,
(59)

where (a) is due to ||I ® AHQ < |[I]|2]|Al]2 = [|Al|2, (b,c) is due to Lemmal6] and the last inequality
is by setting W = \/»q + 0H with a H satisfying ||H||r = 1 and 6 := v||w.].

O
Lemma(7]and Lemma [8]together implies that when the the iterate is in the neighborhood of a global

optimal solution, then gradient descent has a linear convergence rate. The proof essentially follows
the same lines as the proof of Lemma I} Hence, we omit its proof.

Lemma 9. (locally linear convergence) Suppose that at time to, dist(Wy,,w.) = [|[Wy, —
\thOH v||w.|| where Wy, € R&>™E v > 0 satisfies (2C — 14C3%v — 2C%1?%) > 0,
and qi, = argmingepx|q.<1 Wi, — \quH Then, gradient descent with the step size

n < 2C0-14C%/2y—2C%1

< (50T 160Ta o ]T generates the iterates {Wy } >y, satisfying

dist*(Wiy 1, w,) < (1 —n(2C — 14C°%/ %y — 2C?v?))dist* (W, w, ).

Remark: We will need v in Lemma|§|to satisfy (2C — 14C%/?v — 2C?1?) > 0 in order to show
that gradient descent enters the linear convergence regime. For a fixed C, the condition translates

to v < 0.14/+/C. Now we also see that the condition |[w.| > 1.1v/C in Theorem is trivially
satisfied when we set 2v% = v2|Jw,||?, since 1 > 1.1,/C - 0. 14/\[/\F Note that the reason why
we set 292 = 1/2||w, ||? is because dist® (w;, =) = [lwe[1]] = + w3 < 292 = v?||w.?
implies the iterate w; is at the benign region that allows linear convergence whent =T, ¢.
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F MORE EMPIRICAL RESULTS

18
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(a) Component A vs. t. (b) Component B vs. ¢. (c) Component C vs. t. (d) Component D vs. t.

ent A

compon

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

(e) Component A vs. t. (f) Component B vs. t. (g) Component C vs. t. (h) Component D vs. t.

Figure 5: Subfigure (a) shows wt(k)’”(l + n(3|lw.|]? — 3||w§k)||2)) (i.e. component A of

w%fl)(”t) versus iteration ¢ for each neuron k. Subfigure (b) plots 27 Z;;k((wij ))ngk))ng LT

nwt(k)’u Zf;k Hwt(] ) |? (i.e. component B of w;ff)(ut) versus iteration ¢ for each neuron k. Subfigure

(c) plots the norm of component C of w;(ﬁ(’ft, while subfigure (d) plots the norm of component D of

w;fI)(lt for each neuron k. Our empirical findings show that the components due to interaction of the

other neurons (i.e. component B and D) are small (notice that the scale of the vertical axis of (a) and
(b), (c) and (d) are different) compared to their counterparts (i.e. component A and C respectively),
which suggests that #,1 = 10~ on @) empirically. Top row: number of neurons K = 10. Bottom
row: number of neurons K = 3.
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Figure 6: The perpendicular component Hw%fl)(ltn of each k over iterations t. We see that the

perpendicular component remains small.
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F.1 DIFFERENT STEP SIZES

Following the simulation as Figure [I] we tried different values of step sizes 7 =
{1.0,0.5,0.4,0.3,0.2,0.1,0.05,0.01,0.005,0.001} for each model with different number of neu-

rons K = {1,3,10}. We report the quantity (9) over iteration ¢,

vec(w,q — W T2 (WS vec(w.q] — W),

where V2f (W) e RUE*4K s the Hessian and w,q, is the closet global optimal solution to

Wt#K and the notation vec(-) represents the vectorization operation of its matrix argument. Recall
that the quantity can be viewed as a measure of the strong convexity as mentioned in the main text.
Specifically, if the quantity is larger than 0, then it suggests that the current optimization landscape
is strongly convex with respect to w..q, .

We found out that gradient descent with step size n = {1.0,0.5, 0.4, 0.3} either diverges or cannot
converge towards zero testing error for all K = {1, 3,10}, which means that = 0.2 is basically
the best step size of gradient descent for each model K. So the result suggests that even under op-
timal tuning of the step size 1 for each model K, gradient descent for an over-parametrized model
converges faster than the case for a smaller model. We show some results of using different n on Fig-
ure[7] Figure[8] and Figure[d] Based on the empirical results, we conclude that the acceleration due
to over-parametrization cannot be simply explained by that gradient descent uses a larger effective
step size, as the impacts due to parameters 1 and K seem to be complementary in the experiment.
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Figure 7: Gradient descent with different values of the step size. Note that the scales of the horizontal
axes are different. Both the step size 1 and the degree of over-parametrization affect the time that
gradient descent enters the linear convergence regime. A larger step size n and a larger number of
neurons K help gradient descent to make progress faster.
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Figure 8: Gradient descent with = 0.5. We see that gradient descent cannot converge to zero
training (and testing) error. That is, the step size is too large to converge to a global optimal solution.
Interestingly, we still observe that gradient descent requires fewer iterations to get closer to a global
optimal point for a larger model, though it does not converge to a global optimal point using the

large step size.
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step size 7 (the x-axis).
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We plot the number of iterations required for the metric vec(w.q,
WA T2 f (W5 Yvec(w.ql — W) to be positive (the y-axis) under different values of the
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