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ABSTRACT

Recent trends in machine learning demonstrate an increasing demand for compu-
tational resources, compelling the ML community to leverage multiple devices for
training. This concept is realized through distributed and federated learning ap-
proaches. However, despite the numerous advantages offered by these paradigms,
they suffer from a significant limitation: the necessity of frequent information
exchange between devices. A common solution to this issue involves compres-
sion. Existing operator definitions account only for second-moment deviation,
which does not fully reveal the changes. Also, it is not assumed to vary during the
learning process, but the forwarded information may have patterns, for example
decreasing from iteration number. To address this limitation, we propose sev-
eral novel classes of compression operators. Additionally, we introduce dynamic
data types that adapt to the nature of the transmitted data. Our comprehensive
theoretical analysis demonstrates the efficiency of this approach when applied to
state-of-the-art algorithms, such as EF21, DIANA and DASHA. Experimental re-
sults further validate that the reduction in compression error and accelerates the
convergence.

1 INTRODUCTION

Nonconvex optimization problems are ubiquitous in modern applications, especially in machine
learning (Goodfellow et al., 2016; Jain et al., 2017; |Schaipp et al.,|2025)). These tasks often involve
massive datasets (Kocheturov et al.,[2019) and models with millions of parameters, making training
computationally expensive. Addressing such complexity requires specialized architectures that can
effectively utilize both computational and memory resources.

A widely adopted solution is distributed optimization, which harnesses multiple interconnected de-
vices to perform parallel computations and accelerate data access (Verbraeken et al., [2020; |[Kairouz
et al., 2021). In this paradigm, each worker processes a subset of the data and communicates local
updates to a central server, which aggregates them into a global model.

Unlike classical optimization, distributed one must balance not only computational efficiency but
also communication efficiency. The latter is measured by the number of communication rounds and
the size of transmitted messages. Since bandwidth-limited links often dominate the cost, communi-
cation can quickly become the main bottleneck.

A common strategy to alleviate this issue is data compression (Beznosikov et al.l 2024b), which
reduces the volume of transmitted information. Compression can be achieved through techniques
such as low-rank decomposition (Yu et al., 2017), greedy sparsification (Shi et al.,[2019), and quan-
tization (Zhou et al.l 2018)). In this paper, we focus on data compression as a key tool for improving
the efficiency of distributed optimization.

1.1 COMPRESSION

Compression operators have been utilized for an extended period and are extensively employed
in distributed algorithms. These operators facilitate the transmission of reduced information while
maintaining accuracy, a property that is particularly advantageous in distributed learning algorithms.
The absence of these operators often results in significantly slower convergence of the algorithms in
terms of the number of information transmitted.
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Definition 1 (Unbiased operator). We say that a map Q : R¢ — R? is an unbiased compression
operator, if there exists a constant w > 0, such that

E[Q)] =z, E[|Q@)—a|’] <wlal?, VoeR" (D

Definition 2 (Biased operator). We say that a map C : R — R? is a biased compression operator,
if there exists a constant 0 < o < 1, such that

Eflc@) —2’] < @ —a) [2?,  VzeR @

2 RELATED WORKS AND OUR CONTRIBUTION

Machine learning methods are now everywhere, but training them still takes a huge amount of time.
Distributed optimization is one of the main ways to speed things up, since multiple devices can work
in parallel. The challenge, however, is that this speedup is not linear: adding more devices does not
mean training gets equally faster. The main reason is communication—devices constantly need to
exchange information, and this quickly becomes the bottleneck.

One of the earliest ideas to reduce communication was coordinate descent (Nesterovl, [2012), later
adapted to distributed settings (Richtarik & Takac,[2016). Soon after, researchers began using quan-
tization to compress updates, for example in the work of (Seide et al.,[2014). This opened the door
to more flexible strategies, such as Top-k sparsification (Alistarh et al.,|2018) and adaptive random
sparsification (Beznosikov et al., [2024a)), which attempt to balance accuracy with reduced commu-
nication.

Because unbiased operators are easier to analyze, much of the early work focused there. For ex-
ample, QSGD (Alistarh et al., 2017) established convergence guarantees for SGD with quantized
vectors. Later, methods such as DIANA (Li & Richtarik, [2020), MARINA (Gorbunov et al., 2021),
and DASHA (Tyurin & Richtarik, [2022) improved communication efficiency by combining com-
pression with variance reduction. A useful property of these algorithms is that the error introduced
by compression shrinks over time as the transmitted updates get smaller.

In practice, though, biased operators often perform better. They can converge faster (Horvath et al.,
2022; Beznosikov et al., |2024a), provided that error feedback mechanisms are used to correct for
accumulated mistakes. This principle underpins methods like EF21 (Richtarik et al., 2021)), which
combine biased compression with error correction to maintain reliability.

Another important observation for both error-compensating techniques and variance-reduced ones,
is that, as training goes on, the updates being sent naturally get smaller. If we keep using the
same fixed compression scheme, we end up wasting precision on numbers that barely change. A
smarter approach is to adjust the compression periodically, keeping just enough accuracy to ensure
convergence while avoiding unnecessary communication.

Still, most existing operator definitions overlook a basic reality: quantization is limited by finite
grids. This means that, in practice, algorithms often stop in a neighborhood of the true optimum
rather than reaching it exactly. The natural next step is to design compressors that evolve with the
learning process instead of staying fixed.

This paper takes a step in that direction by combining better mathematical models with adaptive
compression in practice. Our main contributions are:

e New compression operator definitions. We introduce refined definitions for both biased and
unbiased operators that explicitly take into account absolute error. This is important because:
1. Low-bit quantization always introduces some absolute error, which existing definitions ig-

nore

2. Error accumulation during training unless it is modeled properly.

These new definitions give us a more realistic framework for analyzing compressed optimization.

e Dynamic data type. Since absolute errors do not grow indefinitely, traditional methods usually
converge to a neighborhood of the solution instead of the exact optimum. To address this, we
propose dynamic data types -— compression schemes that adapt to the current state of the algorithm.
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This way, we can maintain convergence guarantees while reducing communication, and even reach
arbitrary accuracy by gradually increasing precision.

e Integration into state-of-the-art algorithms.

We test our idea on DIANA (Li & Richtarik, 2020), EF21 (Richtarik et al.| [2021), and DASHA
(Tyurin & Richtarik} [2022), which represent the state of the art in distributed optimization. These
algorithms are particularly well suited since they work with both biased and unbiased operators, and
(unlike MARINA (Gorbunov et al., 2021)) do not require sending full gradients. By adapting the
data type according to iteration count and gradient norms, we make communication more efficient
without changing the algorithmic core.

o Experimental validation. Finally, we validate our approach with extensive experiments on
ResNet and logistic regression. The results show that dynamic data types reduce communication
costs significantly, without sacrificing accuracy. We also compare different update strategies, and
find that adapting the compression scheme consistently improves convergence speed.

3  MAIN PART

We are interested in solving the following optimization problem:

. IR
min {f(x)= n;fi(x)} 3)

where f; : RY — R is a smooth function for all i € [n] = {1,...,n}. We assume that the problem
is solved by n computational machines, each having exclusive access to f;. We consider the star
topology of the network, where all nodes are connected to one server and only. Our goal is to find
an e-solution of equation |3} a point z € R?, where |V f(z)|| < ¢ or f(x) — f* < &, where

f* = inf,cpa f(z) > —o0.

As mentioned above, to mitigate the communication costs in distributed optimization, compressions
are employed. At first, we define new type of operators, describing quantizations that are used in
practice.

3.1 NEW DEFINITIONS

A practical limitation of many compression analyses is the implicit use of infinite precision grids.
Real systems quantize onto finite grids, which induces absolute errors near zero and clipping at large
magnitudes. To model this, we work with finite-grid roundings and capture their effect via operator
classes with additive error terms.

Definition 3 (Rounding Unbiased compressor). Let {a;}M, € R, where ag = 0 be an increasing
sequence of non-negative numbers. We say that a map Dy(r,a) : R — R? is a Rounding
Unbiased compression operator, if a;, < |z;| < agt1
. . . — |l
dof | sign(z;)ay  with probability 22— )
Dy(z,a); & . o . . akﬁ;i‘a_’;k , i€eld. €]
sign(x;)ak1  with probability aniizar
Assumption on the finite grid’s nature is crucial here. This compressor does not satisfy Assumption
as constant w — oo when x — 0, as we take x; closer and closer to 0, the variance bound is
still fixed to the rounding lattice parameters. Therefore, there is no uniform bound on the second
moment. Similar effect can be shown for biased compressor:

negative numbers. We say that a map Dpg(z,a) : R? — R is a Rounding Biased compression
operator, if

Definition 4 (Rounding Biased Compressor). Let {a;}, € R be an increasing sequence of non-

Dp(x,a); dzefsign(a:i) argmin |t — |x;||, @€ [d]. %)
tea

In order to close this gap we propose a novel definitions for rounding operators with finite grid. It
will allow to build convergence analysis for compressors mentioned above.
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Lemma 1. Rounding Biased compression operatorbelongs to B3(«x, €) with

2
4akak+1 9 ay
« = max | ——=5 € = dmaX Aoy, — Q| .
0 2 07 4
aj > (ak + ak_,’_l)

Lemma 2. Rounding Unbiased compression operatorbelongs to U(w, €) with
2

1 a a a
w = max( k —|—k+1—|—2>, e=d—+.
4 ar>0 Q41 ag 4w

In the case of a biased rounding operator, we need to consider two possible cases must be considered:
ao = 0 and ag # 0. For the sake of generality, the value of ¢ is taken to be the maximum of the two
cases.

Another key property of the considered compressors is their closure under composition. Since the
primary goal is to minimize transmitted information, one effective strategy is to communicate only
a subvector of the gradient rather than its full representation. This approach is implemented in com-
pressors like RandK (which transmits K randomly selected coordinates) and TopK (which sends the
K coordinates with the largest magnitudes). As demonstrated in Lemmas [6] and [8] our proposed
rounding schemes remain compatible with sparsification techniques such as TopK and RandK. This
compatibility enables a substantial reduction in message sizes while maintaining algorithmic effi-
ciency.

We employ these compressors into the modern distributed optimization methods: EF21 (Richtarik
et al.,|2021)), DTANA (Li & Richtarik}[2020) and (Tyurin & Richtarik} 2022). The first one is utilized
with biased version, whereas last two with unbiased.

Algorithm 1 EF21

1: Input: starting point 2° € R%; ¢ = C(V fi(2?)) fori = 1,...,n (known by nodes and the
master); learning rate v > 0; g° = % Z?zl g? (known by master)

2: fork=0,1,2,..., K — 1do

3: Server broadcast z* to all nodes

4 for all nodes i = 1,...,n in parallel do
5 Compress

A} = Dp(Vfi(z") - g, A)

6 Send A¥ to the master
7 Update local state gF ' = gF + AF
8: end for

n
9 gt =gt + S, A
0 ghtl — gk k1
1

: =z =79
: end for

Algorithm 2 DIANA

1: Input: starting point 2° € R%; {A{}
a>0
2: fork=0,1,..., K —1do
3 Server broadcast z* to all nodes
4: fori=1,...,nin parallel do
5: Compress shifted local gradient
AF =Dy (Vfi(z") — hf, A)

n

3 h® = 257" | hY; learning rate v > 0; parameter

6 Send Af to the master

7: Update local shift hf’“ = hF + aAk
8 end for

9: gk+1 — hk + % E:L:l Af

10: xk‘+1 — Ik _ gk+1

11 R =pk 4ol 30 AP

12: end for
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Algorithm 3 DASHA
1: Input: starting point 2° € RY; learning rate v > 0, momentum m € (0, 1];
2: fork=0,1,...,K —1do
3: Server broadcast z* to all nodes
4
5

for: =1,...,n in parallel do
Compress shifted local gradient

AF =Dy (Vfi(a*) = V) —m (gf 7 = V@), A)

6 Update local state g¥ 1 = gF + A¥
7 Send AF to the master

8 end for

9 gttt=gt+ 1L A

10: - ,ng+1

11: end for

Let us analyze the convergence results obtained by our methods. First, we introduce some important
and common assumptions about the general form of the problem. These assumptions are crucial for
understanding the theoretical underpinnings of the convergence analyses provided in the following
theorems.
Assumption 1 (Smoothness). Every f; has L;-Lipschitz gradient, i.e. for all x,y € R%:

IVfi(x) =V iyl < Li llz =yl
Moreover, we define L* = L 3" | L2,

Assumption 2 (Polyak-Lojasiewicz condition). There exists y1 > 0 such that for all x € R%:

f@) = f* < i IV£@).

Convergence per iteration

Convergence of all of the methods, described above, is based on Lyapunov function V* exami-
nation. Though, it might differ from algorithm to algorithm, both nonconvex and PL case. Both
result are founded on the descent lemmas, that describe the convergence per iteration. Under given
assumptions corresponding we can derive corresponding statements for inexact compressors:

Lemma 3. Under Assumptionwith v~ % the progress per iteration is the following:
g
VR < VE = TRV £ + (A,

where VF ~ f(zF) — f* + % ; IV fi(x*) — gF|I?

Lemma 4. Under Assumptions with asymptotically same ~y the progress per iteration is the
following:
VI < (1= )V 4 e(A),

where V¥ ~ f(z%) — f*+ L ; IV fi(z*) — gF|1?

Since there is an error, that does not diminish trough iterations, we should develop the approach, that
will deal with this drawback. As mentioned above, this can be done by updating the grid iteratively.

Further we formalize and investigate the dynamic data type and its usage in the distributed optimiza-
tion. These ideas will be implemented in the state-of-the-art algorithms, that use inexact unbiased
and biased compressors.

3.2 DYNAMIC DATA TYPE

As the learning of the neural network progresses, the current state tend to converge to the local
optimum. Therefore, the volumes of the transmitted information become less and less. Especially,
this is frequently met in the case of channeling local gradients to the server. If the information is
compressed by rounding, there is no need in preserving excessively large values all the way through
the optimization. Hence, we will modify the rounding grid A as the learning progresses. Not only
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this will reduce the amount of information transferred, but also better describe the data, since the
grid will adapt to the current iteration.

While the operator’s alterations are known at each compression, the discrepancy from the true value
is likely to be non-zero. This discrepancy can accumulate from iteration to iteration, significantly
impacting the convergence of algorithms.

Note that the grid .4 may be unique for each of the computing units, or it may be one set for all. In
our experiments and further theory, we choose to use one set for all. In the following, we give some
examples of the choice of A:

1. One of the simplest idea is to use a maximum of coordinate x over a maximum of A
(ap = max;(x;)), filling the set according to the following rule: a;—1 = p~La;, where
p > 1. In a large number of cases, the best option is to take p = 2, which makes it easier to
encode information about the set.

2. Another example would be to use percentiles of x as the set .A. This method has performed
well on our experiments. Let us describe it: introduce the function g(z,b) :  g(z,b); =
b;%o(x), where |b| = |a|, Vi : 0 < b; < 100 and b;%0(z) return b; percentile of x. The
distribution of numbers in b can be any, we tested three ideas — exponential, logarithmic
and linear distribution, the last one gave the best convergence.

Let us look at the problem of rounding numbers when storing them in the memory of a computing
device from a general point of view. Imagine that we need to store numbers within some limits, let
it be an interval [—10%; 10%] and we have 8 bits for it. This implies that a maximum of 2® intervals
can be encoded, with at least one containing a number. Thus, the error due to machine rounding
does not exceed 4. If, after a period of time, the number in question decreases in size and falls into
the interval [—10; 10], then it is possible to achieve an error not exceeding 0.04 by using a new data
type with the same size. This represents our principal approach to reducing the error.

It is now necessary to consider the implementation of ideas. It is important to recall that floating-
point numbers are stored on computing devices in a particular manner. In accordance with the
standard IEEE 754, single-precision numbers are allocated 4 bytes of information, with 1 bit desig-
nated for the sign of the number, 8 bits for the exponent, and the remaining 23 bits for the mantissa.
This can be conceptualised as the division of a numerical line into intervals, with each interval rep-
resenting a unique value. The membership of any given interval is then encoded. The number of
such intervals is contingent upon the memory allocated for storing the number. In the context of a
dynamic data type, the intervals can be modified in accordance with the convergence of the num-
bers. This approach allows for the use of less memory, thereby enabling the achievement of similar
convergence results. This concept is illustrated in the accompanying figure|T]

Dynamic data type \/— current value \/— current value Dynamic data type
‘ -2
2

Fixed data type Fixed data type

v
2% 24

27 20 2 22

Figure 1: The implementation of the dynamic data type.

In this case, the use of a rounding compressor will result in the compressed numbers placed into a
small-sized data type.

3.3 METHOD IMPLEMENTATION

Now consider how a dynamic data type is realized in the algorithm. We use the rounding operator
D and the grid A, which is known to the entire computational device. We also need a function that
create A from the forwarding numbers, let us call it set_create.

At some iteration steps of the algorithm, the conditions for changing the data type are checked. Such
conditions can be either reaching of the forwarded information boundary by the norm, or the step
number. If the condition is true, the set A is changed and sent to the devices.
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We show below how these ideas apply to any algorithm in which the forwarded information tends to
zero. Suppose that computational device 7 transmits some information, denoted by G;, to the master.
General view of the algorithm:

Algorithm 4 Algorithm with dynamic data type
1: Input: algorithm parameters
2: Initialize grid A
3: fork=0,1,2,..., K — 1do
if Degree_cond is True or Iteration_cond is True then
Server change A = set_create [g def % Z?:l G; | and sends A to all nodes

4
5:
6: end if
7
8

Server and nodes run algorithm step, using .4 for send information from the i-th node
: end for

Let us make some clarifications about Degree_cond and Iteration_cond used in the Algorithm 4]

We will proceed our explanation with the Degree_cond. This condition depends on the size of
messages, received be the server. When these communications fall below a certain threshold, the
grid is updated.

Now investigate Iteration_cond. In this context, it can be inferred that data type alterations are
contingent upon the algorithmic step number or the number of steps elapsed since the previous
data type modification. This approach necessitates more rigorous analysis to implement and may
be contingent upon the specific problem at hand. Nevertheless, it remains applicable in certain
instances. For example, if the rate at which the forwarded information G; tends to zero is known,
the number of iterations required to change the data type can be determined.

3.4 COMPREHEND CONVERGENCE ANALYSIS

After implementing the dynamic data type via changing compressors throughout the iterations, we
might obtain the convergence to a better neighbourhood. We focus on approach, when we update
the grid every fixed number of iterations

Theorem 1 (Nonconvex rate with geometric grid refinement). Under Assumption |l| hold, choose
v < 4, and update the grid every N iterations so that e(ATY) < pe(A®)) with p € (0,1). Then
after K iterations,

C CaN
1 \V4 ky(12 < 1 2 (0)

Therefore, we yield the standard O(1/K) rate with no residual error.

Theorem 2. Under Assumptions [I|2] with asymptotically the same stepsize and geometric refine-

ment schedule every N = O ( —1252__) jterations, we obtain
log(1—~ypu)

VE < (1—yp)m V0,
which decays linearly to zero, where V¥ ~ f(a*) — f* + L ; |V fi(z*) — gF]2.

4 EXPERIMENTS

4.1 LOGISTIC REGRESSION

The datasets were taken from LibSVM (Chang & Lin| [2011)) and were split into n = 10 equal parts,
each associated with one of 10 clients. We first consider solving a logistic regression problem with
a Lo regularizer,

1 n
@)=~ log(1+exp (—yialw)) + Ao,
i=1
where a; € R? y; € {—1,1} are the training data and A > 0 is regularizer parameter. We used
A = 0.001 in all experiments.
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¢ Dynamic data type.

First experiments demonstrate the EF21 performance with dynamic data type. The rounding grid is
chosen the following way: maximum element is chosen as the maximum norm of the first transmitted
messages. Grid restructuring is conducted by dividing by p = 2 the moment the maximum element
decreases at least in half. Bits stand for the memory, needed to store the lattice.
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¢ Comparison of static vs. dynamic data types

Our next experiment carries with it the goal of showing how the convergence of the algorithms might
change. Methods, classified as 1, are with static data type, whereas with 2, are for dynamic. p stands
for the base of rounding lattice reduction.
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Furthermore, analogous experiments were conducted on deep learning for image recognition using
ResNet (He et al.,|2016), which demonstrated the superiority of the dynamic data type over the static
data type for the same size. The upper row displays convergence images of the dynamic type, while
the lower row displays convergence images of the static type. p is chosen as 2 for all the experiments.

0.
0.78]
076 o~
3 =
g8 <
-4 =
3 0.74] =
0.72]
0
0.
109 A 3bit
078 —— 4bit
0761 104 —— 5bit
) o 6bit
Zor o 102 s —e— Tbit
] = VYN
8 x ©— 8bit
g s K N
zom g Ma 4
07
10 a4 = Ay
068 Ux A\ —
o] 8 3 P
0.66)
T 2 3 0 5 Q T 3 3 3 3 i 3 3 5 3
#Gbits/n #Gbiits/n #Gbits/n



Under review as a conference paper at ICLR 2026

REFERENCES

Dan Alistarh, Demjan Grubic, Jerry Li, Ryota Tomioka, and Milan Vojnovic. Qsgd:
Communication-efficient sgd via gradient quantization and encoding. Advances in neural in-
formation processing systems, 30, 2017.

Dan Alistarh, Torsten Hoefler, Mikael Johansson, Sarit Khirirat, Nikola Konstantinov, and Cédric
Renggli. The convergence of sparsified gradient methods, 2018.

Aleksandr Beznosikov, Samuel Horvéth, Peter Richtérik, and Mher Safaryan. On biased compres-
sion for distributed learning, 2024a.

Aleksandr Beznosikov, Samuel Horvéth, Peter Richtérik, and Mher Safaryan. On biased compres-
sion for distributed learning, 2024b.

Chih-Chung Chang and Chih-Jen Lin. Libsvm: A library for support vector machines. ACM trans-
actions on intelligent systems and technology (TIST), 2(3):1-27, 2011.

Ian Goodfellow, Yoshua Bengio, Aaron Courville, and Yoshua Bengio. Deep learning, volume 1.
MIT press Cambridge, 2016.

Eduard Gorbunov, Konstantin P Burlachenko, Zhize Li, and Peter Richtarik. Marina: Faster non-
convex distributed learning with compression. In International Conference on Machine Learning,
pp- 3788-3798. PMLR, 2021.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recog-
nition. In 2016 IEEE Conference on Computer Vision and Pattern Recognition (CVPR), pp.
770-778, 2016. doi: 10.1109/CVPR.2016.90.

Samuel Horvath, Chen-Yu Ho, Ludovit Horvath, Atal Narayan Sahu, Marco Canini, and Peter
Richtarik. Natural compression for distributed deep learning, 2022.

Prateek Jain, Purushottam Kar, et al. Non-convex optimization for machine learning. Foundations
and Trends® in Machine Learning, 10(3-4):142-363, 2017.

Peter Kairouz, H Brendan McMahan, Brendan Avent, Aurélien Bellet, Mehdi Bennis, Arjun Nitin
Bhagoji, Kallista Bonawitz, Zachary Charles, Graham Cormode, Rachel Cummings, et al. Ad-
vances and open problems in federated learning. Foundations and trends® in machine learning,
14(1-2):1-210, 2021.

Anton Kocheturov, Panos M Pardalos, and Athanasia Karakitsiou. Massive datasets and machine
learning for computational biomedicine: trends and challenges. Annals of Operations Research,
276:5-34, 2019.

Zhize Li and Peter Richtdrik. A unified analysis of stochastic gradient methods for nonconvex
federated optimization. arXiv preprint arXiv:2006.07013, 2020.

Yu Nesterov. Efficiency of coordinate descent methods on huge-scale optimization problems. SIAM
Journal on Optimization, 22(2):341-362, 2012.

Peter Richtarik and Martin Takac. Distributed coordinate descent method for learning with big data.
Journal of Machine Learning Research, 17(75):1-25, 2016.

Peter Richtarik, Igor Sokolov, and Ilyas Fatkhullin. Ef21: A new, simpler, theoretically better, and
practically faster error feedback, 2021.

Fabian Schaipp, Alexander Higele, Adrien Taylor, Umut Simsekli, and Francis Bach. The surpris-
ing agreement between convex optimization theory and learning-rate scheduling for large model
training. arXiv preprint arXiv:2501.18965, 2025.

Frank Seide, Hao Fu, Jasha Droppo, Gang Li, and Dong Yu. 1-bit stochastic gradient descent and
its application to data-parallel distributed training of speech dnns. In Interspeech, 2014. URL
https://api.semanticscholar.org/CorpusID:2189412.


https://api.semanticscholar.org/CorpusID:2189412

Under review as a conference paper at ICLR 2026

Shaohuai Shi, Xiaowen Chu, Ka Chun Cheung, and Simon See. Understanding top-k sparsification
in distributed deep learning. arXiv preprint arXiv:1911.08772, 2019.

Alexander Tyurin and Peter Richtdrik. Dasha: Distributed nonconvex optimization with commu-
nication compression, optimal oracle complexity, and no client synchronization. arXiv preprint
arXiv:2202.01268, 2022.

Joost Verbraeken, Matthijs Wolting, Jonathan Katzy, Jeroen Kloppenburg, Tim Verbelen, and Jan S
Rellermeyer. A survey on distributed machine learning. Acm computing surveys (csur), 53(2):
1-33, 2020.

Xiyu Yu, Tongliang Liu, Xinchao Wang, and Dacheng Tao. On compressing deep models by low
rank and sparse decomposition. In Proceedings of the IEEE conference on computer vision and
pattern recognition, pp. 73707379, 2017.

Yiren Zhou, Seyed-Mohsen Moosavi-Dezfooli, Ngai-Man Cheung, and Pascal Frossard. Adaptive
quantization for deep neural network. In Proceedings of the AAAI Conference on Artificial Intel-
ligence, volume 32, 2018.

10



Under review as a conference paper at ICLR 2026

A COMPRESSORS ANALYSIS

In order to facilitate the analysis, it is necessary to introduce one further definition.
Definition 5. Let o, 8 > 0, €1, €2 > 0. We sat that D € B («, 3, €1, €2) if
alz|]’ < E[IP@I°]+a < BED@) ) +ea+e, VoeR

This definition permits a theoretical evaluation when two consecutive compression operators are
applied. However, this class is not conducive to proof, so we shall instead demonstrate the theorem
that connects B! with B3.

Lemma5. IfC € B! (a, 8,1, 2) and a < B2 then 3C € B? (ﬁ% gQ)

Proof. Let A > 0 be a scalar parameter.
E [|AC(z) - 2] E [IAC@)?] - 2B AC(@)],2) + o]

< R (Ele@I] +a) - Na - 22E[C@)],2) + ol

< NBENC@)],2) +ete) - 2% (BE[C(x)] ,7) + €1 + e2)
+ ||| + 2% (€1 4 €2) — N2ey
— é— 2 X X € €

< (-2 eEnE]o o ta)
+||x|\2+23 (€1 4 €2) — A2eq.

B

If we choose \ < %, then

A 2 2 A €1+ €3) — N
(25 -2) GEDCWI ) + 1+ ) + ol + 23 (6 + )~ W%

A A
< —o 2—)\2) z||> + ||=|* + 25
<5 2l + Jll” + 273

_ _ A e 4 at2e
- (1 ‘“(26 A))” "+ =5

Minimize the multiplier of ||z||> by A, we obtain

€ 2e
B[t -alf] < (1-4) bl + 2522

(61 + 62) — /\261

A.1 ROUNDING COMPRESSION PARAMETERISATION

This section presents evidence that the constants in the estimates of the rounding operators (3| and
are accurate. The principal challenge in the estimation process is the segment [0, min(a;, > 0)],
which is not obtained through methodologies analogous to those employed for the remainder of the
set. Consequently, additional rounding errors are introduced.

It should be noted that the assumption is made that the maximal element in = does not exceed the
maximal element from set .A. This is achieved through the use of set problems and algorithms.

The constants ( are evaluated in reference (Beznosikov et al.| [2024al), and thus, the proof for them
is omitted.

Proof of lemmal?] Let |2;] €0.4,=a.a; Vi € 1,d. In order to estimate ¢, it is necessary to identify

the maximum value of E {|\D(x)||2 — C|lz]|*. For the sake of simplicity, we will assume that

11
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mas (E || D(@)]*] - ¢l]?)

max (é (E [(D(xi)ﬂ - @3))

— dmax (E [(D(xi)ﬂ - @:3) . ©6)
The last equality is valid since the compression operator acts equally on each of the coordinates, and
it is assumed that any input is possible.

0 with probability 41 =*<
E [ D(x; 2} = : . e = may.
(D(=:)) af, with probability 7 T

Substituting this result into equation [6] we obtain

dmxz}X (E [(D(xl))2:| _ fo) = dngx (zia1 —C2}) = d I

ai
AC
O

Proof of lemmall} In this proof, we consider two cases: when ag = 0 and ag > 0. For the sake
of simplicity, we will assume that z; > 0. In order to estimate e, it is necessary to identify the

maximum value of E {HD(m) - 33||2} —(1=0) ||

e Let us look at case ag = 0.

max (E [|D(@) ~«*] — (1-0) |l
= mﬁ;axil@ {(D(ml) - 361)2} — (1=}

= dmax (E [(D(xl) - xl)ﬂ -(1-9 xf) . (7

T;
The last equality is valid since the compression operator acts equally on each of the coor-
dinates, and it is assumed that any input is possible.

E[(D(w) - w:)?] = {xz RS

(a1 — )", ;>

)€ ol

Substituting this result into equation[7] we obtain

2 2 x127 Ty < %

dnﬁ}x (lE [(D(a:i) — ;) } -(1-9) a:i) = dmax 2 vai i, msm
2
ai
¢ 4

* Look at case ap > 0. In this instance, the error can be more easily estimated by considering
x; = 0Vi € 1,d. This is the point at which the largest rounding error occurs. Use equality
equation[7]and obtain

max (E [||D(x) - xHQ]

(1=Q) =)
= dmax (B[(D(z:) - 20| - (1) 42)

Lq
= dao.
ay

Generalisation of the result can be written as d max (a%; ¢ T) O

A.2 UNBIASED ROUNDING COMPRESSION

We will now proceed to a general analysis of the application of two compression operators in a row.
It is essential to consider the error introduced by compression of the forwarded information and the
resulting reduction in convergence speed. For the sake of clarity, it is advisable to consider the cases
of biased and unbiased rounding compression separately.

12
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Lemma 6. Let Dy € U((o, €0) and Q € U((1, €1), then Dy (Q) belongs to U((p(1, €0 + €1).

Proof.

IDu(QE)I® < GlIQ@I*+e < Gt llall* +eo +er. -

Lemma 7. Let Dy € U(Co,e0) and C € Bl(a,B,e1,€2), then

B3 ( a €1+2(60+Coéz))
(CoB)?? (CoB)? ’

ﬁDU (C) belongs to

Proof. Let us first show that Dy (C) belongs to B! (v, (o3, €1, €9 + Co€2). For this note
2 2

lol’ < E[IDu@)?] voere

Keep it in mind, we obtain
allel < Ellc@l’]+a < E[IDuC@)lP]+a < GlC@IF +eo+ea
Taking one more expectation, we get:
allel® < E|IDuC@)’|+a < GE[IC@I] +eo+e

CGBE[C(z)],z) + €0 + €1 + Coe2
CB(E [Du(C(2))], @) + €0 + €1 + Goea.

After use lemma[3] we obtain the result.

1 a €142 (e + (oe2)
—Dy(C) € B® , .
B Ve € ((Coﬂ)2 (CoB) )

N

O

As can be observed, the application of the unbiased rounding operator results in the analysis indi-
cating that the obtained operators are generally consistent with the previously introduced classes.
Consequently, when two compressors are applied in this instance, convergence analysis is possible.

A.3 BIASED ROUNDING COMPRESSION

Lemma 8. Let D € B3(Co,e0) and Q € U(Ci,e1), then C%DB(Q) belongs to
B3 (§07 €0+(1C:<0)€1 )

Proof.

= IPs(@@) ~al < Z(1-W Q@I + Z

< (1—<o>|\x||2+<il<eo+<1—<o>q>.
O

Lemma 9 (Counterexample). 3C; € B3((1,0), Co € B3((2,0) that /3¢ such that Cy o Co €
B3(¢,0). We can write this statement as follows:

3r € R, 301,C € BP(,0) 1 [|Ci(Ca(w)) —al® > ||

Proof. Letus set by > 0 € R! and take = = by. Denote
Ay = (ak)kez = (...,bo(2—\/2+2€),b0\/2+8,...), I<exl

A = (arez = (- 0(2-V2+2),0vV2+¢,...), b=bV2+¢
in such a way that inf A; = inf A; = 0 and sup .A; = sup Ay = oo. Then says that C and C; are
general biased rounding with sets A5 and A; respectively.

13
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First of all, let us confirm that so defined compression operators satisfy the conditions on { =
sup dagarq1
k€Z (ap+ars1)?”

aky1—ak
dapag41 A= 4 (1 T a )
¢ = sup————5 = sup = sup——
keZ (ak + ak+1)2 KEZ (1 4 @kt 2 kE€Z (9 4 @kt1—ak 2
ag ak

a —a
1 (1 + ==t ’“)
= sup - - 5 <
keZ 4 (1 4 aHalk uk) + (ak+1 ak)

ag

Now we show that C3(bg) = /2 +¢ebg = band C1(b) = vV2+¢eb = (2 +¢) by. Write proof for

CQ(I)
Ca(z) = Ca(bo)
= sign(bg) argmin |t — |bo]|
te(ar)

= Sign(b(]) argmin{|b0 (2 —V2+ 28) — ‘b()|| s |b()\/ 24¢— ‘b(]”}

= boargmin(\/2+25—1,\/2+s—1)

= bo\/ 2 + €.
Note that proof for by/2 + ¢ = C1(b) = C1(C2(bo)) = C1(C2(x)) is similar.
E |[[C1(Ca()) —xllz} = [ICi(Ca(a)) — x|

ICL(Cabo)) = bol® = 2+ bo—boll® = (1+&)*|bol?

2 2 2
= @+l > =l
O

However, the overall analysis does not consider the interactions between compression operators,
which may result in inaccurate estimates. Therefore, we provide additional estimates for TopK and
RandK sparsification.

Lemma 10. Let C be a TopK and Dy rounding biased operator@with ay = 0. Then
k a2
IDa(C(e)) —al? < (1- 65 ) ol + 1 (%)

Proof. Firs look at Dp(C(x)).

d 7k: d
IDp(C() — 2| = Y (Pp(C(x)) —z:)* = (Po(ew) —2m) + Y (2w)”
i=1 =1 i=k+1
i 2 d 2 a2
< 1-0Y (z@) + X (@w) +’f(§)
i=1 i=k+1
k 2 1 2
= Jal® = ¢Y (w0) + £ (5)
i=1
ko d 2
= Jlzll® - <g; = (@)’ +k(5)
< (1—4’;) ol + 221

14
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B PER ITERATION PROGRESS
Lemma 11 (EF21 iteration). Let Assumption be satisfied and C € B (a, €). Choose
1
B
L (1 + \/;>

where ) =1 —+/1—a,3 = 171\;1"77. Define V! = E [f( DR+ Z |V fi(zt) — gt||*|. Then,

we have

0<y<

i

t+1 oyt /2 l
vt < v TEIVAEOIP + e,
and

mew [
Additionally, if Assumptlons 7? and are satisfied, & =
E|f(z')— f*+ L1 S [[Vfi(a!) - gf||2} and vy is chosen as
i=1

. 1 0
0<y<min{ ——, o
L(1+4/2) “H
Then,
V“Jé(lfvmV”+%a
and

t+1 < 1_ t+1y,0 =
Vi< (L=p) V'*-GM

Proof. From L-smoothness we obtain

fa) < ﬁfﬂ%Vﬂﬁ»ﬁ“—x$+§Mﬁﬂ—ﬁw

< ) -y (V1. g) + I
= 6 = DIV + (L; )gw2+;mvuw—¢z
9 2
= @) - Q95O+ (5= 3) 191+ §jVﬁ g
2
< ft) - LIS+ (L;;)gw2+;n§QHVﬁ@wgm?

n
Now we analyze the term G*T! = 1 21 [V fi(xt+1) — gi+1||2. Taking the conditional expectation
i=

E¢, = E[- | 2!, ..., 2"], we have
1 — 2112
E. — HVZ t+1y _ t+1
§tn; f((E ) g;

1 n
= Eop, LIVAE) - Dp (V161 ) o, I

IN

(@) —gil* +e

(1= )1+ s LEe, 2" — 2|

IN

n

b)) S Vi) gl e

i=1

15



Under review as a conference paper at ICLR 2026

Use the fact, that z'T! — 2t = ¢?, then

E l - VF (2P — 122 1_ 1 “1\12~2R 2
D VAT — gl = (1—a)(1+s "Ly Ee,|lg'|
i=1

+ = a)+ ) SVl gl +e
i=1

Take s = \/1177 — 1, hence,
Be G < (1= 06"+ 8L B '+
where 0 =1 — /1 B— \/7

To combine these bounds, we 1) add G**! with a multiplier ; 2) take full expectation:

E[f@) + 56" < Ef(xf>—2E|Vf<xt>||2+(L; -1 By 3)ng||2

+ (’y L(1-0))EG" +

20 29
L~? I6]
< Efe)- lEHVf(xt)llz (- 3+ ) Bl
+ LEGt+

20 29
After the choice of v we have

E {f( t+1) 4 5 Gt+1} < ]Ef(l‘t) _ %Eva(xt)”Z + 20EGt 5

Therefore, we get

6 9

e < HEHEE e
~T 0

*ZEIIW

In PL case we add G'*! with multiplier 3 and extract f*:

E[f@™) = f*+ 5G| < Ef@") - £ = JEIVF@E))?
LVQ Y, Bros )2 Yo, t
=L 4 E L4+ 1(1-0))E ~
+ (-3 5Bl + (34 J0-0)B6 + Je
o (L 8
(1) (Fat) ) + (; - 3450 ) Bl P
0\ v t
+ (1—> 25 BG" + 0
After the choice of v we have

E[f@™) =+ 56| < (1= yE [fa") = f*+ ;6] +

After unrolling the sequence we obtain

IN

IN

E[f@) =+ 350 < ()™ [£@) - £+ 560+ Y-’

< (=) [FE0) — £ 50+ o

Lemma 12 (DIANA iteration). Let Assumption[l] be satisfied and C € Dy (w, ). Choose
1

L (1 + /P+2W2ﬁ>

16
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n

where B = p = 27“’ Define V! = E [f(a?t) + 2lg" - Vf(xh|* + M% SOOIV fi(at) — hE|12].
i=1

Then, we have

14 2wp
Vt+1 S Vt _ %E||Vf($t)”2 4 ’V( )

2n &
and oy
1 — 2V0 1428w
- E ty|12 < .
7 L EIVIEYIP < T+ T

Additionally, if Assumptions ?? andHare satisfied, Vt = E[f(mt) — [+ 3¢ = V@) +

n

n
%l 21 |V fi(zt) — hf||2] and ~y is chosen as
1=

1 1
0 <y <min ,—
I (1 n 2(p+2w26)> dwp
then,
Vt+1 S (1 _ ’Y/J#)Vt + ’Y(l +n2wﬁ)€,
and

142

Proof. From L-smoothness we obtain

f(xtJrl) S f(:L’t) + <Vf(.’£t),$t+1 7.’£t> + ngtJrl o ﬂft||2

2
< I =1 (Vi) g + TP
L 2
= @) - Q95O + (5 = 3) 1912+ Jlot - VA6

Now we analyze the term B+ = || g1 — V f(2!1)]|:
2

Eellg™ ~VIGI? = E[n+ "Dy (Vi) — h) - VAila')

i=1

3 DR A+ Dy (VA — A~ VA

i=1

w —

1« €
P DB VA

n

IN

-1 n
49X [VAEH - A
=1

—1
+ (s DR ot — ot 4 S
n n

w—1

(1+9)3 VA — b
=1

n2

w—1

_ &
+ (1+ s LYK, ||g'|? ++

n

Take s = 1, then, after defining H' = 1 3~ ||V f;(z") — h!||* we have
i=1

B

£
Ee, B < SH' 4+ PI2E, |g7))% + 2,
n n n

17
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where 8 = 22, p = 29 Now analyze the term H**1:
noP = y

1 — 1
]Esfﬁ Z IVfi(z"h) =R = Estﬁ Z; |V fi(z"th) — aDy (Vfi(z") — hl) — hﬁHQ
=1 =

1 n
< (1-20+c’w) - ZE5t|\Vf¢($t+1) —hill” +¢

IN

(1-2a+a’w) (14 s)= ZHsz — hi|?
s~ L2E H t+171,tH2+€
5) ZHVL — R|I?

+ (1-2a+a’w)(1+s7) L2 VR, |Ig|* + ¢

+ (172a+aw (1+
1+

IA

) (
) (
(1—2a—|—a o.))
) (

Take o = L and s = 5. Then,
1
Ee, H'T < <1 - %) H' 4+ 2wL*°Ee, || g1 + &

To combine these bounds we 1)add E**! with multiplier J 2)add H**! with multiplier 7‘% 3)take
full expectation

E f(xt—i-l) + gEH_l ’V/BUJ Ht+1:|

IN

Ef(«') - JEIVS(")|? + JEE'

2n n 2w

Ly? 3L2(p + 2w?
+ ( Y '7_’_’7 (P B)>]E||gt|2

+

2 2 2n
n ~v(1+ 2wﬂ)€
2n
= Ef(z) - %E\\Vf(zt)ﬂz + %]EEt + ”‘%Em +

Ly v | *L2(p+ 2w?p) 2
Zr P TN PR
+ (BTt Io'|
~(1 + 2w5)€

2n ’

After the choice of v we have
vﬁw

E {f(a:t“) + 2B+ wwHtH] < Ef@a") - JE|Vf@")|? + JEE' + 1UEH!
(L +2w5)
2n ’
Therefore we get
T 298w 70

1 o 2f(a%) +HE°+ 22 H 1+ 28w

— E|lV f(z! < n + €.

ORI = :

18
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In the PL case we add E*+! with multiplier v, H*+! with multiplier 222 and extract f*:

B |1 - 1ot D] < mp) - - JRIVAEOI + B

N <75 2vBw (1_

2n n

L2 3L2 22
_%(’v_v+7@:wﬂg

L 2 3L2
L (B

2 2

1+ 2w
n ( . B)

After the choice of v:

2

1 t
QQJ))]EH ¥

Ellg"|l”

(,0 + 2W2ﬂ)> EHgtHZ

EP@”U+7HH 2””H”1§<1»wm(ﬂf>+wW+2waﬁ+”utfﬁk

After unrolling the sequence we obtain

2
N [f (@) 4 22 HO]
n

IN

(1 = )+ [f(zO) T

g 4 2B HO}
n

t
+ 2wp)e
o Ry

A

(14 2wp)e
pn

< (1—-7uJb*1[f($0)*-vEﬁ-+

27w HO}
n

O

Lemma 13 (DASHA iteration). Let Assumption I 1} be satisfied and C € Dy (w,e). Choose m =

2w 1 and

1

I (1 n /16w(iw+1)).

Define Vi = E[f(xt“) + (2w + 1)EtH + 2’YT"JHt“}. Then, we have

0<ny<

144
<Vt gﬁuvmtw y 0T,
and
VO 2(1+4
ZIEHVf N2 < +%5.

Additionally, if Assumptions ?? andl are satisfied, Vt =E {f(x”l) — f*+ 72w+ )BT

2 .
222 {1 and v is chosen as

1 1
0 <~ < min

19
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then,
1+1
Vit < (1 — )Vt + ol —; ()cu)87
and 1+ 100)
+ 10w
Vil < (1 — t+1y0 4 € .
<= A—
Proof. From L-smoothness we obtain
L
) ft) + (VA -t St P
L~?
< flah) =y (Vf(a'),g") + TIIQtHZ
L~?

t+1

Now we analyze the term E**! = ||g

E [ |«',...,2"], we have
Ee |lg"™ = ViE™)|? =
- m@—VMﬂm—VﬂwﬁW

> SOVAE © VA
=1

fuw—ﬁwmmW+(—

—migt — V@[ (-

YNtz o Yyt 2
- )1+ et - V)

V f(«'1)||?. Taking the conditional expectation E¢, =

% i DU (Vfl (Cll‘t+1) — Vfl(xt)
i=1

Ee, %ZDU (Vfi(ﬂftﬂ) — V/fi(z') —m(g; — Vfi(xt)))
i=1

m)?|lg" — V f(")|?

= % > Ee|[Pu (Vi) = Vfila!) —mlg] - Vfi(a")))
= (VA = Vhila) = mlgl = VA [P+ (1= m)lg’ - VIEH)?
= %EUWﬂ@“”—Vﬂf%wm¢—VMfmF+u—mﬁw—VﬂwW+§-

Use Young’s ;nequality:

Eellg"t! = V(™2 < %) i: Ee, ||V fi(2™*1) = V fi(a")|?
+2m””\@—vme+u—mﬂw—VﬂﬂW+§
=1
< %Egtﬂwt“ —at|? + @ Zn: lg; =V fi(=")]1?
=1
+-m)lg VI + S
_ 2wL?? Ee,||g|1% + 2m*w En: gt — V f;(z")?
i=1
+ A-m)’|lg" = V(=" + %

20
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n
Now analyze the term H'+ = 1 Z [gitt — V f;(xt1)]12:
=

Z gt = VA = Be 3 gt + Du(VAE) - Vfile)
i=1
i - w M = A
= Z gt = VA2 = Be 3 gt + Du(VAGE) - Vfile)
=1

- m(g; — Vfi(ﬂlj ) = Vi i(z"™) = Vfi(z") —m(g} — Vfi(a"))|”
+ (1—=m)*|lgi = Vfi(=")|?

n

1
< Eol Y wIVAGT) - VAG) - mll VA (1 m)lgl - VG 2
i=1
S 2wL2E5t||l't+1 _xtHQ (2m W+ Z”gz Vft ||2 +e
< 2w Ee, g + (2mPw + ( Z g =V fila")I* +
Take m = 5 +1, add E'*! with multiplier X, H t+1 with multiplier =2 27‘” and take full expectation,
then

B £ + (4 DB+ 22 <B[f6) 4520+ gt - VIPE

2wy 2 )12
+ ZEH| - JEIVIEYP+

dw+1
y(4w + )5.

Ellg"|*

2 2 n

Ly v N Y3L22w(2w + 1) N 73L24w2>
n

_l’_
n
After the choice of v:

B £+ + DB + 22 <B[f6) 4 520+ Dl - VAPES

2
+ | - JEIVF@EI? +

Therefore, we get

’y(4w + 1)6
—

2f(2°) + LE° + L2 HO 8w 42
*ZEHVf )|? < + €
~T n

In the PL case we add E'1 with multiplier i—z H'! with multiplier 877“’ and extract f*, Then,
with the proper choice of ~y

E [f(xt+1) _ f* +7(2w + I)Et+1 87wHt+1]

8 10 1
< =B £~ £ a2+ B+ T2 4 TR,
After unrolling the sequence we obtain
E |:f(xt+1) _ f* +7(2W + 1)Et+1 8’7wHt+1:|
< Q) 1) - 7 (e + 0B+ D)
n
t
v(1+ 10w)e ;
1 _ 1
t o ;( )
141
< (1 o "}/,LL)tJrl |:f(l‘0) . f* + ’7(2{.«} + 1)E0 SWWHO] M
un
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C DyNAMIC DATA TYPE

Theorem 3 (Nonconvex case). Let V' be a Lyapunov function, satisfying
VISV = DIVIEIP + 6 (A)y

Let us update the rounding grid every N iterations. Let §y be the approximation error for the first
grid. Then, we achieve following exacmess in gradients’ norm:

210 N
- Z IV£@)I? < 2+

T(1-p)
where p =0 (A1) /6 (Ar)

Proof. Consider, that we update the rounding at iterations /N, then'

Nip—1 E Nttl_1 NtFl_q
AL S D A L D S s Z > —2lIViE)?+ 0
i=1 t=1 =Nt t=1 =Nt
NF-1 k
< TSIV D (N — N b
= t=0
Hence, after defining N;" = Ny — Ny, we have
Ne—1

~ Z IV £ ()| < ,ZN .

If §; = &g - p?, where 0 < p < 1, which, for example, is true for grids, that renews by dividing all
their values by 1/\/p. Also, take N = N, then
Nj,—1

2 Zt 1 (50Na < QVO (50
N Z IV A < + KN YEN T RI=p)
O
Theorem 4 (PL case). Let V* be a Lyapunov function, satisfying
VL < (1 =)V +46(A.)
Let p = 6(Ai41)/0(As) and the maximum element of Ay be amaq. If \/p > j;AO) then after

updating the grid every
tog (V7 — et

log(1 — yp)
we will achieve accuracy € in O (log %) iterations.

Proof. As compressors introduced earlier satisfy assumptions on (inexact) (un)biasedness only,
when the maximum compressed element do not exceed the maximum element of the grid, we are
going to obtain the number of iterations needed, to satisfy this. Consider grids, that updates by
dividing all its elements by 1/,/p. We will prove the needed statement by induction. We have

VN{’ S p%amawa
where NN; is the iteration we are renewing the rounding lattice and a.;,4, iS the maximum element.
Then, if N = N;41 — N;, we have

Nr-1
YN < (1- 'yu)Ni* VN4 ~pis, Z (1- ’Y,U)k
k=0
Nr-1
< A=y PP tar +70'00 Y (1= )"
k=0
)

< (=) p P amas +
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To get VNt < P2 Amaz, We need

* Pi/ >0
(=™ <vp——.
/Jfama:r
It is sufficient to satisfy
do

HAmax

L=y < Vp -
Hence, we need to take restarts every

log (\/ﬁ - uai:az)
log(1 —yp)
As a result, needed accuracy will be achieved in

lo
k> 92

Nf >N =

)

Gmax

log p
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D DECLARATION OF LLM USAGE

We employed Large Language Models to improve the clarity and style of the text.
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