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ABSTRACT

Geometric tempering is a popular approach to sampling from challenging multi-
modal probability distributions by instead sampling from a sequence of distribu-
tions which interpolate, using the geometric mean, between an easier proposal
distribution and the target distribution. In this paper, we theoretically investigate
the soundness of this approach when the sampling algorithm is Langevin dynam-
ics, proving both upper and lower bounds. Our upper bounds are the first analysis
in the literature under functional inequalities. They assert the convergence of tem-
pered Langevin in continuous and discrete-time, and their minimization leads to
closed-form optimal tempering schedules for some pairs of proposal and target
distributions. Our lower bounds demonstrate a simple case where the geometric
tempering takes exponential time, and further reveal that the geometric tempering
can suffer from poor functional inequalities and slow convergence, even when the
target distribution is well-conditioned. Overall, our results indicate that geometric
tempering may not help, and can even be harmful for convergence.

1 INTRODUCTION

Sampling from a target distribution m whose density is known up to a normalizing constant is a chal-
lenging problem in statistics and machine learning, and is currently the subject of intense interest
due to applications in Bayesian statistics (Dai et al.| [2020) and energy-based models in deep learn-
ing (Song et al.| 2021al), among other areas. In these settings, the normalizing constant of the target
distribution 7 is typically intractable, and Markov Chain Monte Carlo (MCMC) algorithms (Roberts
and Rosenthal| 2004} Robert and Casellal [2004) are commonly used to generate Markov chains in
the ambient space, whose law eventually approximates the target distribution.

Among MCMC algorithms, the Unadjusted Langevin Algorithm (ULA), which corresponds to a
time discretization of a Langevin diffusion process, has attracted considerable attention due to its
simplicity, theoretical grounding, and utility in practice (Roberts and Tweedie, |1996; Wibisono,
2018; [Durmus et al., 2019; [Song and Ermon, 2019). For example, ULA can be proven to converge
quickly when the target distribution 7 is smooth and strongly log-concave (Durmus et al.| [2019).
However, many cases in practice require to sample from distributions which are not log-concave,
and indeed potentially even multi-modal (Parisi, [1981; Zhang et al., [2020). In such settings, the
convergence of ULA is governed by functional inequalities which effectively quantify the convex-
ity, or lack thereof, of the target distribution (Vempala and Wibisono, |2019). Nonetheless, truly
multi-modal target distributions generally have poor functional inequalities, thus leading to weak
convergence guarantees for ULA. This phenomenon is not merely a theoretical artifact, and it is
well-known amongst practitioners that when sampling from multi-modal distributions, algorithms
based on ULA can get stuck in local modes and suffer from slow convergence (Deng et al., 2020).

Tempering or annealing is a popular technique (Neal, |1998; Gelman and Meng|, [1998a; Syed et al.,
2022)) to overcome the deficiencies of ULA and other MCMC methods in the multimodal setting.
Rather than sample directly from the target distribution 7, tempering samples from a sequence of
distributions that interpolate between an easier, unimodal proposal distribution v and the more chal-
lenging 7. Intuitively, tempering may help escape local modes and explore the entire target distribu-
tion (Syed et al.| 2022). Many possible interpolating paths for tempering exist, but to be practically
useful the path must be implementable with the chosen MCMC scheme, and should improve con-
vergence when compared the latter run directly against the target 7.



One of the most popular choices for the tempering path is the geometric tempering |Gelman and
Meng (1998a)); Neal| (1998), where the intermediate distributions are defined to be the geometric
averages py o< v~ with A € [0, 1] the (inverse) temperature parameter. At a “hot” temperature,
A is close to 0 and the distribution p is close to the proposal which can be chosen with large vari-
ance for better exploration, and when the temperature is gradually “cooled” to A = 1, u) recovers
the original target . In practice, the geometric tempering does not require access to the normal-
izing constants, and has accordingly been widely applied to various MCMC methods (Dai et al.,
2020; |Chopin and Papaspiliopoulos| [2020). However, theoretical understanding of the geometric
tempering is limited. This includes identifying situations where it improves upon standard sampling
procedures as well as offering guidance for the selection of the temperature schedule, a crucial ques-
tion in practice where a number of heuristics have been proposed (Chopin and Papaspiliopoulos}
2020; Jasra et al.; 20115 /Chopin et al.| [2024; |[Kiwaki, [2015)).

Contributions. In this paper, we develop theoretical understanding of geometric tempering com-
bined with Langevin dynamics: we refer to this as tempered Langevin dynamics. We make three
main contributions:

1. We provide in Theorems [I)and [3]the first convergence result for this algorithm in Kullback-
Leibler divergence (KL). Our results here are for general tempering schedules and depend
on the functional inequalities (log-Sobolev) of the intermediate distributions along the tem-
pering sequence. In Proposition [] we derive the optimal tempering schedule for our con-
tinuous time upper bound in the strongly log-concave setting.

2. To go beyond the strongly-log concave setting, we must understand the behavior of func-
tional inequalities along the geometric tempering. Our result here, Theorem [] is negative,
and shows that, surprisingly, even when the proposal and target have favorable functional
inequalities, the geometric tempering can exponentially worsen these inequalities.

3. Although the poor functional inequalities in Theorem [4] are a worrying sign for the geo-
metric tempering, they do not yet rule out fast convergence since functional inequalities
only govern worst-case convergence. We thus analyze a simple bi-modal example where
we show in Theorem [§] that the geometric path takes exponential time to converge in total
variation (TV), and then show in Theorem J]that, surprisingly, similar results even hold for
a uni-modal target with favorable functional inequalities.

In sum, our results establish sufficient conditions for the tempered Langevin dynamics to converge
in KL divergence. We find some limited situations where these improve upon the rates of standard
Langevin dynamics, but we also find that the geometric tempering can worsen functional inequalities
and suffer from slow convergence, both in the setting of multi-modal target and even for uni-modal
targets with reasonable functional inequalities.

Organization. This paper is organized as follows. In the remainder of this section we discuss re-
lated work and describe our notation. In section[2] we discuss background about ULA and geometric
tempering. In section [3] we state our upper bounds in KL on the convergence of the geometric tem-
pering with Langevin dynamics under functional inequalities, both in continuous and discrete time.
In section [ we show that the geometric path can have poor functional inequalities even when the
proposal and target do not; yet, in the strongly-concave case, we derive explicit results from our
upper bounds and highlight situations where tempering may be beneficial. In section[5} we describe
two examples where geometric tempering with ULA provably has slow convergence in TV. Proofs
and additional numerical validations are collected in the Appendix.

Related work. Given the empirical success of ULA with a sequence of tempered target distribu-
tions it is desirable to obtain theoretical guarantees on the convergence of the scheme, and especially
to understand when and why certain sequences of moving targets can guide or misguide the sampling
process towards the final target. Closely related to our setting, Tang et al.|(2024) also study the con-
vergence of tempered Langevin dynamics for the geometric sequence. However, they focus on the
simulated annealing setting. In this case the geometric sequence is taken as 7, that degenerates to a
target distribution which is a Dirac located at the global maximum of the log density of 7 as A goes
to infinity, so that sampling actually becomes an optimization task (Kirkpatrick et al.l 1983} |Cerny,



1985)). Using an explicit temperature schedule, they measure convergence in probability. For an-
other sequence of intermediate targets obtained by convolving the target and proposal distributions,
and using an explicit schedule, |Lee et al.|(2022) prove fast convergence in TV. Finally, for a general
sequence of intermediate targets, |Guo et al.|(2024) very recently obtained a rate of convergence that
depends on Wasserstein metric derivative along the path of distributions: their result suggests that an
optimal path can be obtained as a Wasserstein geodesic between the initial and target distributions.
A modification of tempered Langevin dynamics, called Sequential Monte Carlo, that importantly in-
cludes resampling of particles, has been shown to achieve fast convergence in TV (Schweizer, 2012;
Paulin et al.| 2018} Mathews and Schmidler, 2024} Lee and Santana-Gijzen, [2024). These results
apply to different sampling processes and rely on strong assumptions, effectively modeling far-away
modes by disjoint sets (Schweizer, |2012; [Mathews and Schmidler, [2024), using a specific path that
interpolates between a uniform and target distribution by increasing the number of components that
follow the target’s law [Paulin et al.| (2018]), or assuming uniformly bounded consecutive distributions
along the path (Lee and Santana-Gijzen, 2024)). In contrast, our results are specific to the geometric
sequence, but we obtain upper and lower bounds on convergence that explicitly depend on the time.

The tempered iterates defined by the geometric path are also at the basis of simulated or parallel tem-
pering schemes(Geyer, |1991; | Marinari and Parisi, |1992; Hukushima and Nemotol |1996; |Syed et al.,
2021)), which are MCMC algorithms where the temperature is a random variable instead of a mono-
tonic function of time. Both schemes produce samples at all temperatures and involve swapping
particles between hotter and colder temperatures. In that setting, some works have investigated the
spectral gap of these methods, which is related to the rate of convergence in TV distance (Madras
and Zheng| 2003} |[Woodard et al.| [2009aib). When that rate is polynomially (resp. exponentially)
decreasing in the problem size, convergence is said to be fast (resp. ‘torpid’). These rates are studied
for arbitrary target distributions, using lower and upper bounds. Namely, Woodard et al.| (2009aib)
show that for target distributions which have modes with different weights or shapes, convergence
can be slow, and that symmetric modes are required for fast convergence. This generalizes previous
findings that for specific targets with two symmetric and equally weighted modes, convergence is
fast (Madras and Zheng|, 2003, whereas for another specific target with three asymmetric modes,
convergence is slow for any schedule (Bhatnagar and Randall, 2015). |Ge et al.[(2018) also prove
fast convergence when the target is a Gaussian mixture. More recently, (Chen et al.| (2020) study the
Poincaré constant in parallel tempering, which governs the rate of convergence in x* divergence:
they show it improves upon standard Langevin, and relate this improvement to the exchange rate
of particles between different temperatures. Our work differs in several important ways: we study
a different sampling algorithm (Unadjusted Langevin algorithm), obtain upper and lower bounds
directly in time rather than on the spectral gap, and prove explicit rates of convergence, as well as
lower bounds, for simple choices of proposal and target distributions.

Notation. C2°(R9) denotes the set of infinitely differentiable functions with compact support.
P(RY) denotes the set of probability measures p on R%. For p € P(R?), we denote that p is
absolutely continuous w.r.t. ¢ using p < ¢ and we use dp/dq to denote the Radon-Nikodym
derivative. The set of probability measures which are absolutely continuous with respect to the
Lebesgue measure is written P, (R?). The Total Variation (TV) distance is defined as TV (p, q) :=
sup 4 pa [P(A) — q(A)|, where the supremum runs over all Borel sets. For any p € P(R%), L?(p) is
the space of functions f : R* — R such that [ || f||?dp < co. We denote by || - || 12(,) and (-, -) 12(,)
respectively the norm and the inner product of the Hilbert space L?(p). For p < ¢, the Kullback-
Leibler (KL) divergence is defined as KL(p, ¢) = [ log (%)dp, the y2-divergence as x?(p, q) :=
J (@ — )qu and the Fisher-divergence as FD(p, q) = HVIog (dp)

dq dm

For a measurable function f: RY — R we define the variance Var,(f) = E,[(f — E,[f])?] for
p € P(R?). We write the standard Gaussian on R with mean a and variance o2 as N (a, 0?), and
the uniform measure on a Borel set A C R? with finite and positive Lebesgue measure as unif 4.

2
‘ , and +oco otherwise.
L2(p)

2 BACKGROUND

In this section, we provide some background on functional inequalities, Langevin dynamics, and
geometric tempering.



Functional inequalities. Let ¢ € P,.(R%). We say that ¢ satisfies the Poincaré inequality with
constant Cp > 0 if for all f € C°(R?),

Varg(f) < CplIVIZg), @

and let C'p(q) be the best constant in Eq. [I} or +oo if it does not exist. We say that ¢ satisfies the
log-Sobolev inequality with constant C'p g if for all f €Cx(RY),

f2
Eq f21n(E [fQ} S 2C’L5va||%2(q)7 (2)
q

and let Cs(q) be the best constant in Eq. @, or +oo if it does not exist. Note that log-Sobolev
implies Poincaré with the same constant (Bakry et al., 2014), so that Cp.s(q) > Cp(q). If g c eV
and the potential V' is c4-strongly convex, then g satisfies Eq.[2| with constant i . However, the latter
is more general, including for instance distributions ¢ whose potential are bounded perturbations of
a strongly convex potential (Bakry et al.l 2014} Cattiaux and Guillin, 2022).

ent,(f?) ==

Langevin dynamics. Let 7 € P,.(R%). The Unadjusted Langevin Algorithm (ULA) (Parisil
1981} Besag), [1994)) consists in sampling a target distribution 7 using noisy gradient ascent

Xk+1 =X+ thIOg W(Xk) =+ 2hk€k7 € ~ N(O,Id) 3)

with step size hx > 0 at iteration £ € N. Setting time as ¢ = hik and taking the continuous
limit obtained as h — 0, Eq. [3]defines a continuous process known as the Langevin diffusion. The
convergence of the law of the Langevin diffusion to the equilibrium measure 7 is then governed
by the Poincaré and log-Sobolev inequalities. In particular, if we denote the law of the Langevin
diffusion at time ¢ by p;, then p; converges to 7 in KL with exponential rate determined by the
log-Sobolev constant of 7 (Vempala and Wibisono} 2019} Theorem 2), namely

KL(py, ) < e 205 (M KL (pg, 7) 4)

However, for multimodal distributions such as Gaussian mixtures, the log-Sobolev constant can
grow exponentially with the distance between modes (Chen et al.|[2021)).Nevertheless, ULA remains
a popular choice, due to its computational simplicity: simulating Eq. [3] only requires access to the
score V log m which does not depend on the target’s normalizing constant.

Langevin with moving targets. Many heuristics broadly known as annealing or tempering consist
in using ULA to sample a path, or sequence of distributions (;):cr, instead of the single target
m. The hope is that this sequence of intermediate distributions will improve the convergence of the
ULA sampler. Different tempering algorithms sample the path sequentially in time (Dai et al., 2020
Neall, [1998;; Rubin, |1987)), back-and-forth in time (Lee et al.,2021; Neal, |1996; |Zhang et al., |2020),
or at all times jointly (Marinari and Parisi| [1992 |Geyer, [1991)). This paper deals with the first case,
ie.,

Xir1 =X + thIOg/Lk(Xk) + v/ 2hg€r, € ~ /\/(0, 1) &)

where the target now is updated (“moved”) at each iteration. This generic sampling method has
been used in high-dimensional spaces (Wu et al.|[2020; |Thin et al.|[2021}; |Geffner and Domke, |2023};
Song and Ermon| [2019) and has achieved state-of-the-art results for sampling images, where it is
sometimes known by the names Annealed Langevin Dynamics (Song and Ermon, 2019) or the “cor-
rector” sampler (Song et al., 2021b)). It is therefore of interest to find moving targets whose geometry
is well-suited to ULA’s convergence properties. A number of paths (1;):;er, can be used to guide
the process toward the final target 7. Many of them interpolate between a proposal distribution v
that is easy to sample and the target distribution 7, for example by taking their convolution (Song
and Ermon, 2019} |Song et al., [2021b; |Albergo et al., [2023)), their geometric mean (Neal, [1998), or
following the gradient flow of a loss from proposal to target (Tieleman, |2008; |Carbone et al., [2024;
Marion et al) 2024). The path obtained by convolving the two distributions is the default choice
for sampling from so-called “diffusion models”, yet the scores V log p; along that path are not an-
alytically tractable in our setting when the density of 7 is known up to a normalization constant,
and estimating them is the subject of current research (Huang et al.|[2024; He et al.,|2024; |Grenioux
et al.l [2024; Saremi et al., [2024]).



Geometric tempering. The path obtained by taking the geometric mean of the proposal and tar-
get distributions has distinguished itself in the sampling literature (Neal, |1998; |Gelman and Meng],
1998b). It is written as

pe(x) = e (@) Nm(@), ¢ e Ry, 6)

where c), is a normalizing factor, v € P,.(R?) is a proposal distribution and A\(-) : Ry — [0,1]
is an increasing function called the tempering schedule. It has recently been shown that the ge-
ometric path can be identified to a time-discretized gradient flow of the Kullback-Leibler diver-
gence to the target, with respect to the Fisher-Rao distance (Chopin et al.| [2024; |Domingo-Enrich
and Pooladian, [2023). Its main advantage is its computational tractability, since the score of
Viog us = (1—X)Vlog v+ AV log 7 is known in closed-form. This path is a default in some sam-
pling libraries (Cabezas et al.,2023)) and remains a popular choice in recent sampling literature (Thin
et al., 2021} |Geffner and Domkel [2023; |Dai et al., [2020) and applications (Bradley and Nakkiran,
2024} Ramesh et al., 2022 Saharia et al., [2022} Dieleman, 2022). A special case of the geometric
path is especially popular, choosing a “uniform” v: m;(x) = c;m(z)*¢; this choice is commonly
used in practice to sample from un-normalized distributions parameterized by a deep neural net-
work (Wu et al., 2020; |Grathwohl et al., 2020; Nijkamp et al., 2019; |Ye et al., |2017) or for global
optimization (Marinari and Parisi, [1992). Otherwise, v is often chosen as a simple distribution, such
as a Gaussian |Cabezas et al.|(2023)); Zhang et al.|(2021); |Thin et al.| (2021)).

3 CONVERGENCE RATE FOR TEMPERED LANGEVIN DYNAMICS

Throughout, we take as given proposal and target distributions v and 7, as well as a temperature
schedule A: Ry — [0, 1], which we assume satisfy the following conditions.

Assumption 1 (Regularity of proposal, target, and tempering) The proposal v and the target ™ have
densities with respect to Lebesgue, which we write v < e~V and 7 < e~ V~. The tempering sched-
ule (A\y)i>o is such that \: Ry — [0,1] and A is non-decreasing in t and weakly differentiable.

In addition to this basic regularity, we also make the following quantitative assumptions on the
negative log densities.

Assumption 2 (Lipschitz gradients and dissipativity) The negative log densities V,,, V. have Lips-
chitz continuous gradients on all of R?, with Lipschitz constants L,,, L., respectively. In addition,
V., and V. satisfy the dissipativity inequalities

(VVo(2),2) 2 avllz|* = by, (VVi(2),2) > az]|z]* = b, ()

with constants a,,, G, b,, b > 0.

The Lipschitz assumption is used both for our discrete time results as well as in guaranteeing exis-
tence and uniqueness of the continuous time dynamics; see Appendix for more discussion on
this latter point. The dissipativity condition is common in the sampling literature (Conforti, 2024;
Erdogdu et al.,|2022) as it implies a finite log-Sobolev constant under Lipschitz gradients |Cattiaux
et al.[(2010). In particular, dissipativity of both V,, and V. implies dissipativity along the geometric
path z;, as defined in Eq. @ so that Cs(ut) < oo. Our results will crucially rely on the size of the
inverse of these log-Sobolev constants, so we define the notation

at = CLS(/Lt)_l > 0, Vt Z O (8)

We emphasize that while the dissipativity assumption does yield a positive lower bound on ay, it
may happen that o is significantly larger than this lower bound; for example, if V), is o, -strongly
convex and V;; is a-strongly convex, then a; > (1 —t)ay, + ta,. In the next section we investigate
the behavior of a; in less favorable settings than this, and here continue with the statement of our
convergence results.

Given the proposal v and target 7, as well as a tempering schedule (\;);>o, we are interested in the
tempered Langevin dynamics, where the moving target is the geometric path /1, as defined in Eq. [
In continuous time, this is the stochastic differential equation

dX; = —((1 = M)VV, + A VVy)dt + V2dW;, ©)

with initialization X ~ po for some py € P(R?), and where W; is a standard d-dimensional
Brownian motion. We denote by p, the density of X, given by the continuous time dynamics Eq.[9]
Our main upper bound in continuous time follows.



Theorem 1 (Continuous time) Suppose Assumptionand hold, and let (oi)¢>0 be the inverse log-
Sobolev constants as in Eq. [8} assumed to be integrable. Let p, be the law of Eq.[9\with initialization
po and denote by )\, the (weak) time derivative of the tempering schedule. Then, for all t > 0:

t t t
KL(ps, ) < exp<—2/ asds> KL(po, o) + A(1 — A¢) + A/ s exp<—2/ avdv> ds
0 0 s

(10)

ay, Nar
the second moment of the initial distribution po, and linearly on the dimension d.

where A = 2(L, + L,) (w + Epo[Hx||2]> depends on the constants from Assumption

The proof of Theorem [T]can be found in Appendix To the best of our knowledge, Theorem
is the first convergence analysis of Tempered Langevin dynamics, namely Eq.[9] in the literature.
The first two terms of the upper bound deal with the start and end of the tempering: the first one
measures the convergence rate to the first tempered distribution pg and the second one measures
how far the current tempered distribution is from the target. The first term is set to zero when the
schedule starts with A\; = 0 and the sampling process Eq.[9]is initialized with the proposal py = v.
The second term is null when \; = 1 at the time when convergence is evaluated. The last term in the
upper bound involves the tempering speed A, as well as the geometry of the moving targets p; via
their inverse log-Sobolev constants «; between inverse temperatures Ao and )¢, and, in particular, is
null when the annealing schedule is constant. Note that, in Appendix we translate Theorem [I]
to give sufficient conditions for convergence to the target at precision KL (p;, 7) < €.

Remark 2 (Recovering standard upper bound for Langevin dynamics without tempering) Notice
that Eq. [9 recovers standard Langevin dynamics when we set \y = 1 for all t € R. In this case,
only the first term in the upper bound is non-zero, and the bound recovers the standard continuous-
time upper bound for Langevin dynamics =%~ KL(po, ), as recalled in Eq.

Next, we analyze the Euler-Maruyama discretization of the continuous time Tempered Langevin
Dynamics Eq. E} Namely, we take X, ~ po and then, for a tempering sequence (\;)r>0 and a
sequence of step-sizes (hy) x>0, we follow the iteration

Xir1 = X — b1 (1= Mk 1) VVL + M1 VVi) + 2Rk 1 €541, an

where €11 is independent standard Gaussian noise. In other words, at each iteration k we take a
Langevin step of size hy 1 towards fipyq := cppv' = Meigiesr,

Theorem 3 (Discrete time) Suppose Assumptionsand hold, and let (ak)>1 be the inverse log-
Sobolev constants as in Eq.[8] Define the smoothness constant of the tempered path to be Ly, =
(1 = Ax)Ly + Mg Ly, and let py. be the law of Eq. E]with initialization po. Then, so long as

., Qg ar N\ a,
h,k S mln(@, m, 1)

Sfor all k, we have

!
KL(pk, m) < exp ( -3 ajhj) KL(po, o) + A'(1 = )
=1

k k k
+ = A ep (=Y aghy) +6 3 mtdLEexp (= 3 ajhy) (2)
= i=1

j=it1

where A’ = 2(L. + L,) (max (Epo[ll]I%], 2(3(b”+b”)/2+d)) + 3(d+b”+b")) depends on the con-

arNa, A1 anNay
stants from Assumption 2)the second moment of the initial distribution po, and linearly on the di-
mensional d.

The proof of Theorem [3|can be found in Appendix [B| The first three terms are the discrete-time
equivalent of those obtained in the continuous-time setup of Theorem [I] The novelty is the fourth
term which is the bias from the discretization: it becomes null as the step sizes hj tend to zero.
Otherwise, it involves the geometry of the intermediate target distributions via their smoothness



constants L, additionally to their inverse log-Sobolev constants «g. Again, when there is no tem-
pering, i.e. setting A = 1, since the second and third term cancel, we recover the known upper
bound on the convergence of ULA (Vempala and Wibisonol 2019, Th. 2) up to a multiplicative
constant. Similarly to the continuous case, we derive in Appendix sufficient conditions for
converging to the target with a given precision KL(px, 7) < €.

Understanding the upper bounds in this section mainly involves two key points: the geometry of the
moving targets via their inverse log-Sobolev constants oy, and the tempering schedule A(-). These
will be the focus of the next sections.

4  ANALYSIS AND OPTIMIZATION OF THE UPPER-BOUNDS

In this section we explore the continuous-time upper bound from Theorem [[l We first present
in section 4.1 a simple example where the log-Sobolev constants of the intermediate distributions
along the geometric mean path can be exponentially worse than those of the target and proposal.
Motivated by this result, we then conduct a detailed study of the optimal tempering schedule in
section[4.2]in the setting where both v and 7 are strongly log-concave.

4.1 GEOMETRIC TEMPERING CAN EXPONENTIALLY WORSEN FUNCTIONAL INEQUALITIES

Because of the fundamental role that log-Sobolev constants play in governing the convergence of
Langevin dynamics without tempering, it is natural that our upper bounds for tempered Langevin
dynamics depend on the log-Sobolev constants of the intermediate distributions. Nonetheless, the
size of these log-Sobolev constants is crucial for ensuring rapid convergence of tempered Langevin
dynamics. We are thus led to ask a fascinating yet, to the best of our knowledge, new question: how
do the log-Sobolev constants along the geometric tempering path depend on the proposal and target
distributions?

Answering this question in full generality is an interest- Bi-modality in geometric tempering
ing direction for future work, but here we provide a sim- — Proposal

ple example which shows that, in general, the geometric Target

path can actually make functional inequalities exponen- | — Hoss

tially worse. As is commonly done in practice, we take »"
the proposal distribution v to be Gaussian (Cabezas et al.| §
2023;|Zhang et al.,2021;Thin et al.,|2021)). For the target,

we take a parameter m > 0 and put

mo=(1—e ™ /YN (m, 1]

[=m,2m] = S P P 7 o o
Figure 1: Bi-modal intermediate distri-
bution at A = 0.45 with v, 7 as in Eq.[13]
m.2m) indicates N(m,1) form =10.

conditioned to lie in [—m, 2m]. Note that without the small mixing with the uniform distribution
in Eq. the target m would be strongly log-concave, and the geometric path would remain well-
conditioned. The next result shows that while this small mixing does not greatly worsen the log-
Sobolev inequality of v, it causes the geometric tempering to have exponentially worse log-Sobolev
constant, in fact even Poincaré constant.

Theorem 4 Let v := N(0,1) and  be as defined in Eq. [I13|for m > 10. Then Crs(v) = 1 and
Crs(m) < 15m®, yet forall X € [3,1],

e iy gy (13)

where the notation N (m, 1)’[7

2
> m“(1-X)/100 _ , 2 )
Cp(pr) > 5 105m ¢ m

Since Crs(+) > Cp(-), the above holds, in particular, with Crs(j15) on the left-hand side.

The proof of Theorem [ can be found in Appendix This example is plotted in Figure [T} the
intuition is that while both distributions are unimodal and thus well-conditioned, the small mix-
ing with the uniform measure creates multimodality in the geometric tempering. The proof relies
on careful analysis to characterize this multimodality, and then uses a test function which simply
linearly interpolates between the modes to witness the exponentially large Poincaré constant.



Theorem [ rules out the possibility that the geometric tempering generically improves, or even
preserves, functional inequalities. Since our upper bounds depend on the log-Sobolev constants of
the geometric tempering, they also can suffer from such exponentially poor conditioning. But since
log-Sobolev inequalities only govern worst-case convergence, it is still at least a priori possible that
geometric tempering nonetheless achieves fast convergence. We investigate this question further in
section[3] and here instead continue exploring our upper bounds.

4.2 ANALYSIS IN THE STRONGLY LOG-CONCAVE CASE

Other than the log-Sobolev constants oy, the main input to our upper bounds is the tempering sched-
ule A, and in this section we use our upper bounds to shed light on the optimal schedule, an impor-
tant question in practice (Grosse et al., 2013} |Song and Ermon, 2020). Both to make our analysis
tractable and because of the degeneracy in the non log-concave case identified in the previous sec-
tion, we here restrict to the strongly log-concave setting. Specifically, we assume that both the
proposal v and the target 7 are log-concave with strong-concavity parameters o, «, > 0. In this
case, ap > (1 — Mgy + Aeagr.

We start by reformulating the continuous time result that we obtained in Theorem [I] in the case
where both the proposal v and target 7 are log-concave.

Corollary 5 Assume v and 7 are «,, and o, -strongly log-concave respectively, so that oy > Apour +
(1—\t)ay, and that the process is initialized at the proposal distribution py = v. Then for allt > 0,
we have

t t
KL(ps, ) < AGi(N), Gi(\)=1- 2/ AsQug €XP ( — 2/ avdv)ds, (14)
0 s

> . Then G¢(\) is minimized by the

where A is as in Theorem|l| Suppose additionally that o
vanilla Langevin scheme \(t) = 1.

The proof of Corollary []is in Appendix [C.T|and relies on integration by parts. This new expression
allows us to optimize on the schedule A independently of the unknown quantity A. As one could ex-
pect, the corollary above states that when the target 7 is already better conditioned than the proposal
v, SO a; > oy, there is no need to temper and the optimal tempering scheme is given by vanilla
Langevin A = 1. In the next proposition, we show on the contrary that if 7 is too poorly conditioned
with respect to v, then one should indeed use a custom tempering scheme other than Langevin.

Proposition 6 Suppose a.; < «,,. Then the functional G(\) is minimized for the scheme
1
A(s) = min (Lﬂ 1)
ay — O 2+ a8

In particular, the optimal schedule does not depend on the horizon t, and when o, > v, /2, vanilla
Langevin \(t) = 1 is optimal.

5)

Proposition [6] is proven in Appendix [C.2] Hence when the target is sufficiently peakier than the
proposal a; > «, /2, tempering does not improve convergence beyond that of vanilla Langevin.
Conversely, when the target is flat enough a; < «,,/2, then tempered Langevin with the schedule
in Eq.[T5]does improve convergence over vanilla Langevin. While the optimal schedule is provided
analytically in Eq. [I3] it cannot be computed exactly in practice given that the constant o, that
describes the geometry of the target distribution are unknown. On the other hand, in the limit of a
flat and log-concave target o, — 0, the optimal schedule tends to A(s) = 1 — ﬁw which can be
implemented in practice.

A natural question follows: can other schedules, which may not be optimal but are feasible to
implement in general, actually improve convergence beyond that of vanilla Langevin? A simple
example is the linear schedule, where obtain an explicit convergence rate that does not improve on
standard Langevin at large times, but that is faster than standard Langevin at small times for small
Q.

Proposition 7 Assume o, > . Lett > 0 until which the continuous process [9is run. Then, with
the linear tempering scheme \(s) = 2 defined on [0,t], Gy in the upper-bound of CorallaryE] writes

f
Gi(\) = 4t(a {erfcx(aw\/i) _ 6_(a”+a”)terfcx(al, ﬁ)} |



where erfcx is the complementary scaled error function erfcx(x) = e®” (1 — erf(z)). In particular,

as t grows to infinity, we recover G4(\) ~ 52—

20, t"
The proof of Proposition [/]is deferred to Ap- Lo S Optimal upper bound
1 Vanilla Langevin upper bound
pendlx —— Linear Tempering upper bound

Finally, we compare in Figure [2] the value of °°
the upper-bound G at different time horizons
t optimal using the tempering scheme given in
Eq. the linear tempering scheme A(s) = ¢ 0l
and vanilla Langevin A\(s) = 1 and where we

0.6

took o, = 0.01 and o, = 1.0. We ob- 021

serve that the optimal schedule always yields

a lower value of G (as it should) and that it pro- 004

vides a clear advantage over vanilla Langevin 0 25 s0 75 100 125 150 175 200

at short horizons t. However, as the horizon '

grows, this edge is eventually lost. Similarly,
we observe that the linear tempering schedule
improves over vanilla Langevin at short time
horizons yet is eventually beaten as the horizon
Srows.

Figure 2: Value of upper-bound G using the
optimal tempering scheme, the linear tempering
scheme and standard Langevin. Optimal temper-
ing converges faster than standard Langevin.

5 EXPONENTIALLY SLOW CONVERGENCE FOR TEMPERED LANGEVIN
DYNAMICS

The upper bounds in Theorem[3|show that, so long as the log-Sobolev constants remain well-behaved
along the geometric tempering, Langevin with moving target can successfully sample from the target
distribution. While this assumption holds in favorable cases where the proposal and target are both
strongly log-concave, it may fail even when both distributions are well-conditioned yet not log-
concave, as demonstrated in Theorem [Z_f} Nevertheless, such poor functional inequalities do not
necessarily rule out fast convergence of the geometric tempering because functional inequalities
only govern mixing in the worst case, and so it is still possible a priori that our upper bounds are
loose in such cases. The purpose of this section is to develop rigorous lower bounds for the geometric
tempering in two simple examples where the log-Sobolev constants of the intermediate distributions
are poor.

Setup. Throughout this section, we let the proposal distribution be the standard Gaussian v :=
N(0,1), as is common for the geometric tempering (Cabezas et al.|(2023); Dai et al|(2020); Zhang
et al.[(2021)); Thin et al.|(2021). We work in the setting of a discrete temperature schedule but with
continuous time inner Langevin iterations. In particular, we take as fixed a discrete temperature
schedule \g =0 < A\; < -+ < Ag_1 < Ax = 1 and a sequence of times 77, .. ., Tk that the inner
Langevin iteration is run for. We then put p(%o := v and define inductively p¥ to be the law at time

t of Langevin initialized at p%j_ll and run towards px. Our goal is then to study the convergence of

the final output p{ﬁK towards 7, as a function of the temperature and time sequences, as well as the
target 7.

Bi-modal target. Since annealing is designed to overcome multimodality and associated poor
mixing in the target, we begin by studying a toy model of multimodality. Specifically, we take a
parameter m > 0, and consider

1
T2

It can be checked that 7, as well as some of the intermediate distributions in the geometric tempering,
have log-Sobolev constant exponential in the mode separation m. However, as we mentioned above,
it remains possible a priori that the geometric tempering avoids this exponentially poor conditioning
by following non-worst case distributions. The following result shows that this is not the case,
and indeed that the total time spent on Langevin dynamics must be exponential in m to ensure
convergence.

=N, 7= N1+ N (m 1), (16)



Theorem 8 Suppose v, w are as in Eq.|16|for m > 11. Then

=

TV(pf, ™) > % —16- 7™/ (37T,
k=1

The proof of Theorem|8]can be found in Appendix [D.2] Several remarks are in order. First, we em-
phasize that this result has no dependence whatsoever on the tempering schedule. Second, the same
result of course also holds with \/ 2 KL(pr, i), \/ 3x2(pr, i) on the left-hand side. And finally,
we remark that other works have studied related tempering algorithms with a uniform, rather than
Gaussian, proposal, and shown that in this case tempered dynamics can successfully sample from

Gaussians with the same variance [Woodard et al.| (2009b); |Ge et al.| (2018). Theorem B] therefore
additionally suggests an unfavorable property of Gaussian proposals as compared with uniform.

Well-conditioned target. The previous result establishes a simple case where tempering is a nat-
ural approach, yet the geometric tempering suffers from exponentially poor performance. Since
the target distribution in that case has poor functional inequalities, a simpler sanity check for the
geometric tempering is to establish its convergence when the target is actually well-conditioned.
We now analyze an example similar to that of Theorem 4 where the target has decent log-Sobolev
inequalities, and show that, nonetheless, the geometric tempering suffers from exponentially poor
convergence, at least until the end of the tempering scheme. For some m > 0, put
1 1
v:=N(0,1), = 5/\f(m, 1)|[ + 5unif[_,mgm] (), (17)

—m,2m]

where the notation |[_,,, 2,,,] indicates conditioning on the interval [—m, 2m]. Similar to Theorem
although 7 has a reasonable log-Sobolev constant, the geometric tempering is partially bimodal.
The next result shows that, although the target 7 has reasonable log-Sobolev constant, the geometric
tempering suffers from exponentially slow convergence, at least until the tempering is almost at 1.
Theorem 9 Suppose v, 7 are as in Eq. for m > 4. Then Crs(m) < 60m3, yet for all k € [K]
k
1
TV(pf,,7) > 5 Ok — 15m - /0y, - (ZTZ),
i=1

for 6y, := 8m2e—(1=Ax)m?/10,

The proof of Theorem[9]can be found in Appendix[D.3] This result demonstrates a simple case where
geometric tempering suffers from exponentially slow convergence while vanilla Langevin dynamics
doesn’t, and to the best of our knowledge is the first result of this kind for the geometric tempering in

the literature. As for Theorem the statement holds with \/ % KL(pr, k), \/ % x2(pr, i) on the

left-hand side. We finally remark that Theorems [§] and 0] are both consequences of a more general
TV lower bound, Theorem 20]in Appendix which may be of further interest.

6 CONCLUSION

We provided the first convergence analysis of tempered Langevin dynamics Eq. [9] in the literature,
both for continuous (Theoremm), and discrete (Theorem@, time. Our bounds are naturally driven by
the log-Sobolev constants of the geometric tempering path, and we identified in Theorem[d]a surpris-
ing degeneracy of the geometric tempering where it can make these constants exponentially worse
than those of the target. Restricting to the strongly log-concave setting, we rigorously established
the optimal tempering schedule for our upper bounds in Proposition[f] and identified a regime where
it is strictly distinct from vanilla Langevin. Finally, we developed rigorous lower bounds proving
exponentially slow convergence for a bimodal target in Theorem 8] and even demonstrated a novel
failure of the geometric tempering for a uni-modal target in Theorem [9] where it has exponentially
worse performance than vanilla Langevin. Interesting questions for future work include developing
a more complete understanding of the log-Sobolev constants along the geometric tempering, par-
ticularly for the uniform proposal, as well as identifying alternative paths for Langevin which have
more favorable properties. In this connection, we mention some recent works which modify the
geometric path so that mode weights are kept constant along the path (Bhatnagar and Randall, 2015j
Tawn et al., |2018)); it would be interesting to extend our analysis to these algorithms.

10



REFERENCES

C. Dai, J. Heng, PE. Jacob, and N. Whiteley. An invitation to sequential monte carlo samplers.
Journal of the American Statistical Association, 117:1587-1600, 2020.

Y. Song, S. Sohl-Dickstein, D.P. Kingma, A. Kumar, S. Ermon, and B. Poole. Score-based genera-
tive modeling through stochastic differential equations. In International Conference on Learning
Representations (ICLR), 2021a.

G.O. Roberts and J.S. Rosenthal. General state space Markov chains and MCMC algorithms. Prob-
ability Surveys, 1, 2004.

C.P. Robert and G. Casella. Monte Carlo statistical methods. Springer Verlag, 2004.

G.O. Roberts and R.L. Tweedie. Exponential convergence of Langevin distributions and their dis-
crete approximations. Bernoulli, pages 341-363, 1996.

A. Wibisono. Sampling as optimization in the space of measures: The Langevin dynamics as a
composite optimization problem. In Conference on Learning Theory, pages 2093-3027. PMLR,
2018.

A. Durmus, S. Majewski, and B. Miasojedow. Analysis of Langevin Monte Carlo via convex opti-
mization. The Journal of Machine Learning Research, 20(1):2666-2711, 2019.

Y. Song and S. Ermon. Generative modeling by estimating gradients of the data distribution. In
Advances in Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019.

G. Parisi. Correlation Functions and Computer Simulations. Nucl. Phys. B, 180:378, 1981. doi:
10.1016/0550-3213(81)90056-0.

R. Zhang, C. Li, J. Zhang, C. Chen, and A. Gordon Wilson. Cyclical stochastic gradient mcmc for
bayesian deep learning. In International Conference on Learning Representations (ICLR), 2020.

S. Vempala and A. Wibisono. Rapid convergence of the unadjusted Langevin algorithm: Isoperime-
try suffices. Advances in neural information processing systems, 32, 2019.

W. Deng, G. Lin, and F. Liang. A contour stochastic gradient langevin dynamics algorithm for
simulations of multi-modal distributions. In Advances in Neural Information Processing Systems
(NeurIPS), 2020.

R.M. Neal. Annealed importance sampling. Statistics and Computing, 11:125-139, 1998.

A. Gelman and X.-L. Meng. Simulating normalizing constants: From importance sampling to bridge
sampling to path sampling. Statistical Science, pages 163185, 1998a.

S. Syed, A. Bouchard-Cé6té, G. Deligiannidis, and A. Doucet. Non-reversible parallel tempering:
a scalable highly parallel MCMC scheme. Journal of the Royal Statistical Society Series B:
Statistical Methodology, 84(2):321-350, 2022.

N. Chopin and O. Papaspiliopoulos. An Introduction to Sequential Monte Carlo. Springer Series in
Statistics. Springer International Publishing, 2020. ISBN 9783030478452.

A. Jasra, D. A. Stephens, A. Doucet, and T. Tsagaris. Inference for Lévy-driven stochastic volatility
models via adaptive sequential Monte Carlo. Scandinavian Journal of Statistics, 38(1):1-22,
2011.

N. Chopin, F. R Crucinio, and A. Korba. A connection between tempering and entropic mirror
descent. International Conference on Machine Learning (ICML), 2024.

T. Kiwaki. Variational optimization of annealing schedules. ArXiv, 2015. doi: 10.48550/arXiv.
1502.05313.

W. Tang, Y. Wu, and X. Yu Zhou. Discrete-time simulated annealing: A convergence analysis via
the eyring—kramers law. Numerical Algebra, Control and Optimization, 2024. ISSN 2155-3289.
doi: 10.3934/naco.2024015.

11



S. Kirkpatrick, C.D. Gelatt, and M.P. Vecchi. Optimization by simulated annealing. Science, 220:
671-680, 1983.

V. Cerny. Thermodynamical approach to the traveling salesman problem: An efficient simulation
algorithm. Journal of Optimization Theory and Applications, 45:41-51, 1985.

H. Lee, J. Lu, and Y. Tan. Convergence for score-based generative modeling with polynomial
complexity. In Advances in Neural Information Processing Systems, 2022.

W. Guo, M. Tao, and Y. Chen. Provable benefit of annealed langevin monte carlo for non-log-
concave sampling, 2024.

N. Schweizer. Non-asymptotic error bounds for sequential mcmc methods in multimodal settings,
2012.

D. Paulin, A. Jasra, and A. Thiery. Error bounds for sequential monte carlo samplers for multimodal
distributions, 2018.

J. Mathews and S.C. Schmidler. Finite sample complexity of sequential monte carlo estimators on
multimodal target distributions. The Annals of Applied Probability, 34(1B):1199-1223, 2024.

H. Lee and M. Santana-Gijzen. Convergence bounds for sequential monte carlo on multimodal
distributions using soft decomposition, 2024.

C.J. Geyer. Markov Chain Monte Carlo Maximum likelihood. In E. M. Keramides, editor, Comput-
ing Science and Statistics: Proceedings of the 23rd Symposium on the Interface, pages 156-163,
1991.

E. Marinari and G. Parisi. Simulated tempering: a new monte carlo scheme. EPL, 19:451-458,
1992.

K. Hukushima and K. Nemoto. Exchange Monte Carlo method and application to spin glass simu-
lations. Journal of the Physical Society of Japan, 65(6):1604-1608, 1996.

S. Syed, V. Romaniello, T. Campbell, and A. Bouchard-C6té. Parallel tempering on optimized paths.
In International Conference on Machine Learning (ICML), pages 10033—-10042. PMLR, 2021.

N. Madras and Z. Zheng. On the swapping algorithm. Random Struct. Algorithms, 22:66-97, 01
2003.

D. Woodard, S. Schmidler, and M. Huber. Sufficient Conditions for Torpid Mixing of Parallel and
Simulated Tempering. Electronic Journal of Probability, 14(none):780 — 804, 2009a.

D. Woodard, S. Schmidler, and M. Huber. Conditions for rapid mixing of parallel and simulated
tempering on multimodal distributions. The Annals of Applied Probability, 19, 06 2009b.

N. Bhatnagar and D. Randall. Simulated tempering and swapping on mean-field models. Journal of
Statistical Physics, 164:495-530, 2015.

R. Ge, H. Lee, and A. Risteski. Simulated tempering Langevin Monte Carlo ii: An improved
proof using soft markov chain decomposition. ArXiv, abs/1812.00793, 2018. URL https:
//api.semanticscholar.org/CorpusID:54441885.

Y. Chen, J. Chen, J. Dong, J. Peng, and Z. Wang. Accelerating nonconvex learning via replica
exchange langevin diffusion. arXiv preprint arXiv:2007.01990, 2020.

D. Bakry, I. Gentil, M. Ledoux, et al. Analysis and geometry of Markov diffusion operators, volume
103. Springer, 2014.

P. Cattiaux and A. Guillin. Functional inequalities for perturbed measures with applications to log-
concave measures and to some bayesian problems. Bernoulli, 28(4):2294-2321, 2022.

J. Besag. ”Comments on “Representations of knowledge in complex systems” by U. Grenander and
MI Miller. Journal of the Royal Statistical Society, Series B., 56:591-592, 1994.

12


https://api.semanticscholar.org/CorpusID:54441885
https://api.semanticscholar.org/CorpusID:54441885

H.-B. Chen, S. Chewi, and J. Niles-Weed. Dimension-free log-Sobolev inequalities for mixture
distributions. Journal of Functional Analysis, 281(11):109236, 2021.

D. B. Rubin. Comment on ’the calculation of posterior distributions by data augmentation”, by m.
a. tanner and w. h. wong. Journal of the American Statistical Association, 1987.

Y. T. Lee, R. Shen, and K. Tian. Structured logconcave sampling with a Restricted Gaussian Oracle.
In Conference on Learning Theory (COLT), volume 134 of Proceedings of Machine Learning
Research, pages 2993-3050. PMLR, 2021.

R. M. Neal. Sampling from multimodal distributions using tempered transitions. Statistics and
Computing, 6:353-366, 1996.

H. Wu, J. Kohler, and F. Noe. Stochastic normalizing flows. In Advances in Neural Information
Processing Systems (NeurIPS), volume 33, pages 5933-5944. Curran Associates, Inc., 2020.

A. Thin, N. Kotelevskii, A. Doucet, A. Durmus, E. Moulines, and M. Panov. Monte carlo varia-
tional auto-encoders. In International Conference on Machine Learning (ICML), volume 139 of
Proceedings of Machine Learning Research, pages 10247-10257. PMLR, 18-24 Jul 2021.

T. Geffner and J. Domke. Langevin diffusion variational inference. In International Conference on
Artificial Intelligence and Statistics (AISTATS), volume 206 of Proceedings of Machine Learning
Research, pages 576-593. PMLR, 25-27 Apr 2023.

J. Song, C. Meng, and S. Ermon. Denoising diffusion implicit models. International Conference on
Learning Representations (ICLR), 2021b.

M.S. Albergo, N.M. Boffi, and E. Vanden-Eijnden. Stochastic interpolants: A unifying framework
for flows and diffusions. Journal of Machine Learning Research (JMLR), 2023.

T. Tieleman. Training restricted boltzmann machines using approximations to the likelihood gradi-
ent. In International Conference on Machine Learning (ICML), 2008.

D. Carbone, M. Hua, S. Coste, and E. Vanden-Eijnden. Efficient training of energy-based models
using jarzynski equality. Advances in Neural Information Processing Systems (NeurlPS), 36,
2024.

P. Marion, A. Korba, P. Bartlett, M. Blondel, V. De Bortoli, A. Doucet, F. Llinares-L6pez, C. Paque-
tte, and Q. Berthet. Implicit diffusion: Efficient optimization through stochastic sampling. arXiv
preprint arXiv:2402.05468, 2024.

X. Huang, H. Dong, Y. Hao, Y. Ma, and T. Zhang. Reverse diffusion monte carlo. In International
Conference on Learning Representations (ICLR), 2024.

Y. He, K. Rojas, and M. Tao. Zeroth-order sampling methods for non-log-concave distributions:
Alleviating metastability by denoising diffusion. ArXiv, abs/2402.17886, 2024.

L. Grenioux, M. Noble, M. Gabrié, and A. Oliviero Durmus. Stochastic localization via iterative
posterior sampling. ArXiv, abs/2402.10758, 2024.

S. Saremi, J. W. Park, and F. Bach. Chain of log-concave markov chains. In International Conference
on Learning Representations (ICLR), 2024.

A. Gelman and X.-L. Meng. Simulating normalizing constants: From importance sampling to bridge
sampling to path sampling. Statistical Science, 13:163-185, 1998b.

C. Domingo-Enrich and A.-A. Pooladian. An explicit expansion of the Kullback-Leibler divergence
along its Fisher-Rao gradient flow. Transactions on Machine Learning Research (TMLR), 2023.

A. Cabezas, J. Lao, and R. Louf. Blackjax: A sampling library for JAX, 2023. URL http:
//github.com/blackjax—-devs/blackjaxl

A. Bradley and P. Nakkiran. Classifier-free guidance is a predictor-corrector, 2024.

13


http://github.com/blackjax-devs/blackjax
http://github.com/blackjax-devs/blackjax

A. Ramesh, P. Dhariwal, A. Nichol, C. Chu, and M. Chen. Hierarchical text-conditional image
generation with clip latents. ArXiv, abs/2204.06125, 2022.

C. Saharia, W. Chan, S. Saxena, L. Li, J. Whang, E. Denton, K. Ghasemipour, R. Gontijo Lopes,
B. Karagol Ayan, T. Salimans, J. Ho, D. Fleet, and M. Norouzi. Photorealistic text-to-image dif-
fusion models with deep language understanding. In Advances in Neural Information Processing
Systems (NeurIPS), volume 35, pages 36479-36494. Curran Associates, Inc., 2022.

S. Dieleman. Guidance: a cheat code for diffusion models, 2022. URL https://benanne.
github.10/2022/05/26/guidance.html.

W. Grathwohl, K.-C. Wang, J.-H. Jacobsen, D. Duvenaud, M. Norouzi, and K. Swersky. Your
classifier is secretly an energy based model and you should treat it like one. In International
Conference on Learning Representations (ICLR), 2020.

E. Nijkamp, M. Hill, S.-C. Zhu, and Y. N. Wu. Learning non-convergent non-persistent short-
run MCMC toward energy-based model. Advances in Neural Information Processing Systems
(NeurlIPS), 2019.

N. Ye, Z. Zhu, and R. Mantiuk. Langevin dynamics with continuous tempering for training deep
neural networks. In Advances in Neural Information Processing Systems (NeurIPS), volume 30.
Curran Associates, Inc., 2017.

G. Zhang, K. Hsu, J. Li, C. Finn, and R. Baker Grosse. Differentiable annealed importance sam-
pling and the perils of gradient noise. In Advances in Neural Information Processing Systems
(NeurIPS), 2021.

G. Conforti. Weak semiconvexity estimates for schrodinger potentials and logarithmic sobolev in-
equality for schrodinger bridges. Probability Theory and Related Fields, 2024.

M. A. Erdogdu, R. Hosseinzadeh, and S. Zhang. Convergence of langevin monte carlo in chi-squared

and rényi divergence. In International Conference on Artificial Intelligence and Statistics, pages
8151-8175. PMLR, 2022.

P. Cattiaux, A. Guillin, and L.-M. Wu. A note on talagrand’s transportation inequality and logarith-
mic sobolev inequality. Probability theory and related fields, 148:285-304, 2010.

R. Grosse, C. Maddison, and R. Salakhutdinov. Annealing between distributions by averaging mo-
ments. In C.J. Burges, L. Bottou, M. Welling, Z. Ghahramani, and K.Q. Weinberger, editors,
Advances in Neural Information Processing Systems (NIPS), volume 26. Curran Associates, Inc.,
2013.

Y. Song and S. Ermon. Improved techniques for training score-based generative models. In Advances
in Neural Information Processing Systems, volume 33, pages 12438—-12448. Curran Associates,
Inc., 2020.

N.G. Tawn, G.O. Roberts, and J.S. Rosenthal. Weight-preserving simulated tempering. Statistics
and Computing, 30:27-41, 2018.

K. Itd. On stochastic differential equations, volume 4. American Mathematical Society New York,
1951.

LI. Gikhman and A.V. Skorokhod. The theory of stochastic processes Il. Springer Science &
Business Media, 2004.

V.I. Bogachev, N.V. Krylov, M. Rockner, and S.V Shaposhnikov. Fokker—Planck—Kolmogorov Equa-
tions, volume 207. American Mathematical Society, 2022.

C Le Bris and P-L Lions. Existence and uniqueness of solutions to fokker—planck type equations
with irregular coefficients. Communications in Partial Differential Equations, 33(7):1272-1317,
2008.

S. Mischler. Lectures notes: An introduction to evolution pdes. chapter 0: On the gronwall
lemma., September 2019. URL |https://www.ceremade.dauphine.fr/~mischler/
Enseignements/M2evol12018/chap0.pdf.

14


https://benanne.github.io/2022/05/26/guidance.html
https://benanne.github.io/2022/05/26/guidance.html
https://www.ceremade.dauphine.fr/~mischler/Enseignements/M2evol2018/chap0.pdf
https://www.ceremade.dauphine.fr/~mischler/Enseignements/M2evol2018/chap0.pdf

A. Schlichting. Poincaré and log—sobolev inequalities for mixtures. Entropy, 21(1):89, 2019.

O. Roustant, F. Barthe, and B. Iooss. Poincaré inequalities on intervals—application to sensitivity
analysis. 2017.

A. Maurais and Y. Marzouk. Sampling in unit time with kernel fisher-rao flow. International Con-
ference on Machine Learning (ICML), 2024.

O. Chehab, A. Hyvarinen, and A. Risteski. Provable benefits of annealing for estimating normalizing
constants: Importance sampling, noise-contrastive estimation, and beyond. Advances in Neural
Information Processing Systems, 36, 2024.

15



APPENDIX

The paper and appendix are organized as follows.

I__Intreduction|

|3 Convergence rate for tempered Langevin dynamics|

|4 Analysis and optimization of the upper-bounds|

4.1 Geometric tempering can exponentially worsen functional inequalities| . . . . . . .

4.2 Analysis in the strongly log-concavecase| . . . ... ... ...

|5 Exponentially slow convergence for tempered Langevin dynamics|

6 Conclusion

A Convergence of continuous-time tempered Langevin dynamics|

IA.1  Well-posedness of continuous tempered Langevin dynamics| . .

|A.3  Continuous-time convergence in precision form| . . . . . . . . .

IA.4" Proofs of technical lemmas from Appendix[A.2] . . . . ... ..

B_Convergence of discrete-time tempered Langevin dynamics|

IB.2 " Discrete-time convergence in precision form|. . . . . . . . . ..

IB.3  Technical lemma from Appendix|B.1|. . . . .. ... .. ....

[C_Optimization of continuous-time tempered Langevin Dynamics
|C.1 Proof of Corollary|5|. . . . . ... ... ... ... .....
|IC.2" Proof of Proposition|6. . . . . ... ... ... ... ...
|C.3  Proof of Proposition|/]. . . . .. ... ... L.

IC.4  Numerical method forthecasea, > a | . . . . . . .. ... ..

[D_Lower bounds|
ID.1 A general lowerbound| . . . ... ... ....... . . ....

ID.2" Lower bounds for bimodal target| . . . . . ... ... ......

ID.3  Lower bounds for unimodal target| . . . . ... ... ......

ID.4" Upper bounds on the log-Sobolev constant of the unimodal target|

FAdditional calill oS

16

10

17
17
17
19
19

21
21
23
24

25
25
26
32
32

33
33
36
37
41

42



A CONVERGENCE OF CONTINUOUS-TIME TEMPERED LANGEVIN DYNAMICS

In this section, we give the proof of our continuous-time upper bound, Theorem|I] In Appendix[A.]
we discuss the well-posedness of the continuous time dynamics. The proof of Theorem [1|is then
given in Appendix [A.2] In the next section, Appendix [A.3] we derive from Theorem [I| guarantees
for convergence to a given precision. In Appendix [A.4]we give the proofs of the lemmas we used in
the proof of Theorem I}

A.1 WELL-POSEDNESS OF CONTINUOUS TEMPERED LANGEVIN DYNAMICS

Notice that in Equation (9), the drift b(t,z) = Vlog u(z) is time-dependent and the diffusion
coefficient is constant. Still, existence and uniqueness of solutions can be guaranteed under mild
assumptions. For instance, if V log v and V log 7 are L, and L -Lipschitz respectively, the drift is
also Lipschitz with bounded constant L < max(L,,, L) (since the dynamic \; is bounded between
0 and 1), hence satisfy the usual linear growth condition in the second argument. In this case,
there exists a unique, continuous strong solution (X;);>o adapted to the filtration generated by the
Brownian motion which satisfies Equation @) (Itdl 11951} |Gikhman and Skorokhod, [2004). Strong
uniqueness also means that if two processes satisfy this equation with the same initial conditions,
their trajectories are almost surely indistinguishable. The law (p;);>o of Equation @) satisfies a
Fokker-Planck equation (Bogachev et al.l 2022) that can be written

W _ v (pvio(2)) (18)
375 Ht

Generally, proving the existence and uniqueness of solutions for FPEs is more difficult than for
SDEs, but one can also get under mild assumptions existence and uniqueness for solutions of Equa-
tion (I8)), under the same Lipschitzness assumptions on the score of proposal and target distributions,
and using that the tempering dynamics are bounded in [0, 1] (Bris and Lions, 2008, Proposition 2).

A.2 PROOF OF THEOREMII]

In this section, we will prove Theorem [I] on the convergence rate of tempered Langevin dynamics.
The proof is in two steps: first, we compute how the process p; tracks the moving target ji;, then we
compute how well the moving target p; tracks the final target 7.

Step 1: contraction of KL(p;, 1) over time. Using the chain rule, we have

d (pt) Opy / —pt Ot
— KL = [log ) 22 e i .
5 KL(pe, 1) /Og ) o ) o a+b

The first term a involves the Langevin dynamics given by the Fokker-Planck equation Eq. Hence,
using integration by parts and the inverse log-Sobolev constants defined in Eq. [} we obtain:

2
() () ol (2)
e e Mt

= —FD(ps, pre) < =20 KL(py, i) (19)

The second term b is specific to the tempering scheme: it involves the tempering dynamics /¢, which
is zero when there is no tempering and are here determined by the tempering rule y; = c,v*~*

- tﬂ-)\t’
where ¢y, = 1/ [ '~ is a normalizing factor, that we will denote c; in this proof to alleviate
notation. We can compute the (log) tempering dynamics

Ologpuy 0 T VY ) . %fyl—)\t,;-‘-)\t
e )\tlog;—i—logl/—log/y T :)\tlog;—m
At

: ™ : T v : ™ s
= /\tlog; — /\t/log ;W = )\t (log; _Eﬂt |:10g;:|)

so that the second term becomes

b= /pt% =\ (E#t [logg} — Ep, [IOg§}>

To control this term we prove the following Lemma in Appendix
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Lemma 10 (Discrepancy between the laws of the sampling process and tempering path) We have

E [1 —}—E [1 f}<2Lﬂ L, (— E 2).
o [108 2] By, [log 2] < 22+ 1) (HEE2 0 g gy
Let A be the right-hand side in Lemma|[T0} namely
2(d+ b, +br) 2)
A:=2(L L — 4+ E . 2
(e + 1) (B2 g oy 20)
Then we obtain
b< A\ 1)

Combining Eq. [I9)and Eq. 2T we obtain

d .
pr KL(pe, pe) < =20 KL(py, pe) + ANy

To conclude this step, we apply Gronwall’s lemma (Mischler, 2019, Lemma 1.1) to yield

t t t
KL(pt,ue) < exp </ —2asds> KL(po, po) + A/ As exp(/ —2avdv> ds.
0 0 s

Step 2: compare KL (p, 11:) and KL(p¢, 7).  This measures how well the moving target p; tracks
the final target 7. We write

KL(p¢, m) = KL(p¢, pte) + KL(py, m) — KL(py, p11)
_ He
= KL(pi, ) + By, [log 2]

= KL(py, ) + (1 — M)E,, [log(%ﬂ + log ¢;.

We make the following observation on the log normalizing constants, proved in Appendix [A.4]
Lemma 11 (Bounding the normalizing constant of the law of the tempering path) We have

0 <loger < min (A KL(v, m), (1 — Ap) KL(m,v)) .
Using Lemma|[TT]to control the normalizing constant ¢;, we obtain

KL(p1om) < KL(propu) + (1) (25 log (7)] + - flos(7)])

Finally, we control this last term using similar estimates as in Lemma[I0} the proof is again deferred
to Appendix[A.4]
Lemma 12 (Discrepancy between the laws of the sampling process and target) We have

AL A 0) gl

By [log | - E,, [log 7] < 2(L, +Lu)( o

Applying this result we obtain
KL(pt, m) < KL(pt, pue) + (1 = M)A

Step 3: putting it together. We find
KL(pe, ™) < (u1) + (u2)

o) + (us (22)
t
(uy) = eXp<—2/ asd8> KL(po, o)
0

(us) = (1 — \)A

)
(us) A/ s eXp( /avdv>ds

18



A.3 CONTINUOUS-TIME CONVERGENCE IN PRECISION FORM

As in [Vempala and Wibisono| (2019), we can derive from Theorem 1| sufficient conditions for con-
vergence to precision € by setting each of the three terms in the upper-bound to be less than €/3.

Corollary 13 Suppose the assumptions of Theorem|[I| hold. To achieve convergence with precision
€ > 0 such that KL(p,, m) < €, sufficient conditions on the time t and schedule \(-) are

1 KL 1 A
t >max< log(3 (po,uo)> , log <6—)> (23)
20min € Qmin €
€
1- & 24
Ar > 34 (24)
A < % + Ao 25)

where amin = Mingsq o is the smallest log-Sobolev constant among the path of tempered distri-
butions.

Proof of Corollary[T7} We upper-bound the first term by (u1) < e~2t@min KL(pg, po) so that a
sufficient condition for (u;) < €/3ist > 52— log (3KL(f°’“°)).

A sufficient condition (uz) < €/3is A¢ €]1 — 55, 1]. If X is bijective, this yields t > A~! (1 — 35).

Finally, we upper-bound the third term:

t t
(u3) = A/ s exp(Z/ ozvdv)ds (26)
0 s
/2 t t t
=A (/ As exp<—2/ avdv)ds—i— As exp(—2/ awlv)ds) 27
0 s t/2 s
t t/2 t
<A (exp<—2/ avdv> / As —|—/ )\5d8> (28)
/2 0 t/2

<A (exp(_tamin)(At/Q —Xo) + (A — /\t/z)) (29)
< A (exp(—tamin) + (Ae = Ar/2)) (30)
so that sufficient conditions for (u3) < § can be obtained by setting each of the two terms smaller
than §, yielding ¢ > ——1log %4 and \; — A;/2 < €/6. O

A.4 PROOFS OF TECHNICAL LEMMAS FROM APPENDIX[A2]

In this section, we give the deferred proofs from Appendix[A.2] We first state and prove two observa-
tions that will be useful, before turning to the deferred proofs. The following proposition translates
the dissipativity assumptions into a condition on the tails of the proposal and target.

Proposition 14 (Tails of the proposal and target) For all x € R¢, we have
br

y€eRd Qr

. by .
V() — ylenﬂgd Viuly) < 2LV(||$H2 + )7 Ve(x) — inf Vi(y) < 2L7r(H‘T||2 +

a,
Proof of Proposition Observe that because
(VVo(2),2) > a,|lz|* = b,
the function V,, must be minimized by some point o € B(0, 4/ Z—”) Therefore, for all zz € R<,
b

Vo (z) — inf V,(y) = Vi(2) = Vi(wo) < Lyllw — zol* < 2L, ([l + ).
yEeRd ay
The proof for V;; is identical, so we omit it. O

The next observation is our main quantitative use of the dissipativity assumption, and crucial for our
control on the terms arising from the tempering dynamics in the continuous time convergence proof.
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Lemma 15 (Bounded second moment along the dynamics) For all t > 0,

d+b,,+b,r)

By [lol?] < max (Bp, ]2,

Proof of Lemmal(I3] Using the Fokker-Planck equation Eq.[T8|and integration by parts several times,
we find

P
OB 12| = / oV - (¥ 10g 2
_ / (2, V log pr — V log 112)pr
= 2d - 2/(:1:, (1= X\)VV, + AV Vi)py -

Applying the dissipativity assumption, we obtain
atEpt[”CEHQ] <2(d+ (1= A)by + Aebr) = 2((1 = A)ay + )‘taw)Ept[HxHQ]
< 2(d + b, + br) = 2(ay A ax)Ep, [||z]|]-
Therefore, as soon as E,, [||z||%] exceeds the level (d + b, + br)/(ay, A ar), it must start decreasing.
The result follows. O

We now give the proofs of the Lemmas from Appendix [A.2]

Proof of Lemma[I0} Use Proposition[I4]to obtain
T T
By, [log ;} —Ep, [log ;} =Eu, Vo = Vil + Ep, [Vr = V)]
<E, [V, — inf V, E, [V, — inf V,
<El nf, ()] + Ep,[ o, )]
b, b
<2LE,, [|=]%] + 2L-Ey, [[|=]1?] + 2Ly —= +2Ln =

Let M be the quantity appearing on the right-hand side of Lemma[I3] Then we obtain

b by
By, |log =] — By, [log = | < 2L,E, [Iall?] + 2L (M + °%) + 2L, 2%,
v v Ar ay
To handle E,,, [||z|?], we apply the dissipativity assumption to yield
1
E < E., [((1=X)VV, 4+ A\ Vy, 1—M\)by + M\by].
welllz] 7] < 0= \)ay + hay [<( t) + AV, ) + ( )by + At ]
Integration by parts gives
d+ (1 —A)by + M _ d+b, + b,
£)ay + At ay A
Hence,
™ ™ b d+b,+0b
E [1 {—E [1 f] <oL (x E 2) 4700 T O
Kt Ogy Dt Ogy = (a7T —|—max( Po[Hx” ] ay/\aﬂ' ))
b, d+0b,+b,
2L, (— + ——).
* (au * a, N\ ar )
Using max(x,y) < x + y when z,y > 0 and
bl’ br < d—&—b,,—i—b7T7
a, ap  ay N\arp
we conclude. O
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Proof of LemmalIll] We have

1 —
log ¢; = log <f1/1)‘t77)‘t) = 710g/,/1 At At

The lower bound is immediate from Holder’s inequality. For the upper bound, write

At
loge, = —logE, {(E)
v

using Jensen’s inequality. Similarly, we can write

< ME, [log %} = M KL(v, )

log ¢ = — log Er K%)l_ﬂ < (1-M\)E, [bg ﬂ = (1 \)KL(m,v) |

and therefore conclude that

log ¢; < min (A KL(v, 7), (1 — \) KL(7r,v)) . O
Proof of Lemmal(I2] Denoting by V,* (resp. V,) the infimum of V; (resp. V,,), we have

Ex [log | —E,, [log ™| = /pt(vﬁ V- (V= V) + /dﬂ(Vy — V) = (Ve = V7).
Using Proposition[T4] we obtain the upper-bound
T T b b
JEW[I —}—E [1 —}<2LWIE 214 27y 4 or (B [[l2]?] + 2.
0g 7| ~ By, [log 7| < 2L (B, (o) + ) + 2Ly Enlal*] + 22)
Let M be the quantity appearing on the right-hand side of Lemma|[I5] Then

b by
Er [log | ~Ep, [los 7] < 2Lo (M + 77) + 2L, (B[] + ).

v

On the other hand, a direct application of the dissipativity condition Assumption [2]implies

:d+b7r < d—&—bﬂ—&—b,,.

ar ~  ayNagp

Ex{lo] < -Eel(z, V() + b)

Therefore

d+by +bxy | br
E, [log | — By, [log =] < 2L (max (Ey ]2, ————) + =)

a, N\ ar Qr
d+b;+b, b,
I . L ) LA
a, N\ ar ay,
Again, bounding max(x,y) < x 4+ y for z, y > 0 and using
bl’ br < cl+by+b7T7
a, ap  ay N\agp
we conclude. O

B CONVERGENCE OF DISCRETE-TIME TEMPERED LANGEVIN DYNAMICS

In this section we give proof of our discrete-time upper bound, Theorem [3] In Appendix [B.T] we
outline the proof of Theorem [3] In Appendix [B.2] we derive from Theorem [3| sufficient conditions
to precision KL (py, ) < €. And in Appendix[B.3|we give the deferred proof from Appendix

B.1 PROOF OF THEOREM[3]
We next prove Theorem [3] Broadly speaking, the proof is in two steps: first, we compute how the

process py, tracks the moving target (i, then we compute how well the moving target yu, tracks the
final target 7.
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Step 1: contraction of KL(py, ). Using Vempala and Wibisono| (2019, Lemma 3), under As-
sumptions andand hi < 2%, we obtain
k
KL(pk, ) < KL(pr—1, p)e” " + 6hjdL . 31)
Next, we can compute the (log) tempering dynamics of yiy

v fylfAk—l,/T)\k—l
log i1 — log pi, = (Ax — Ax—1) log e IOgW

v pl= 21 pAk—1 1=k Ak
= (Ak - >\k—1)10g ; - lOg/ YR fVli)‘k‘T(')‘k‘
v U\ Me—Ak—1
= (M — Me1)log £ — logE {(f) }
Ak = A1) log — —log B, | ( —

14 14
< (O — M (1 Y g [1 *D
< (e = A1) (log — — By, |log —
where we used Jensen’s inequality at the last step. Thus
KL(pr—1, p) = KL(pr—1, pte—1) + KL(pr—1, i) — KL(pr—1, ptre—1)

= KL(pr—1, pte—1) + /qu log ,u;:

< KL(pr_1, ft5—1) + Ak — A1) (E#k [1og ﬂ ~E,,_, {log gD .

Using Proposition [I4] we can upper bound the difference of expectations via

i ™ bu b7r
By [log =] ~Epy_, [log | < 2L, (B [lall?] + 2) + 2L (Ep, , [lall*] + =)
The next Lemma, proved in Appendix [B.3|controls the second moment of py,.
Lemma 16 (Bounded second moment along the dynamics) Suppose hy, < min(1, 2= Then

’ 2(L7T+Ll/)2
2(3(bx 4+ b,)/2 + d)

Ep, ol < max(Ep, ), == 22
7r 3

)

For the second moment of 1, we use the following bound from the proof of Lemma|[I0]
d+b,+0b
E, s ———.
el < S

To combine these bounds, let us define

2(3(br +b,)/2 + d)) 3(d+ b, + br) }

A/ S:2Lﬂ— LV { E ?
(L. +L,) max( pO[HIH ], ar Aay A1 ar N ay,

(32)

Plugging into Eq. [31] we obtain
KL (py, i) < KL(pr—1, pi—1)e” " + (A, — A1) A'e ™" 1 607 dL7 .

Now put ¢ := Zf: ; ajh;. Unrolling the recursion, we obtain

k
KL (i, i) < €5 KL(po, pto) + Y (A'(Ai = Ai—1)e™ " + 6h2dL2) e Vi, (33)

i=1

Step 2: compare KL(py, ur) and KL(pg, 7). Here we use Lemma to control the log-
normalizing constants and obtain

KL(pr, ) = KL(pg, px) + KL(pr, 7) — KL(px, pix)
_ HE
= KL(pk, pr) + Ep, [log - }
1%
= KL(pg, ptx) + (1 — M) Ep, [log ﬂ + log ci,

< KL(p, ) + (1 = Ai) (B, [log ﬂ +KL(r,v)) .
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To control the term in parentheses, we apply Proposition[T4]to yield
by

0

1% bﬂ'
Ey, [10g 2] +KL(r,v) < 2L (Bp, [Jall*] + =) + 2L, (Ex[l}o]?] +

Using Lemma|[I5]and the following bound from the proof of Lemma [12]

d+by+b,
Exfz]?] £ ———,

a, N ar

we find
Ep, [log — ] + KL(m,v) < A,

for A’ as in Eq.

Step 3: putting it together. Combining the results of steps 1 and 2, we can finally write
KL(pe, m) < (v1) + (’02) + (vs) + (va) (34)

(v1 —eXp( Zag )KLpo,m)

(’02) = (1 — )\k)A

(v3) = A’i()\i - ) exp < Zaj )

i=1
k k
(v4) = 62 hidL3 exp ( — Z ozjhj> .
i=1 Jj=i+l

B.2 DISCRETE-TIME CONVERGENCE IN PRECISION FORM

Corollary 17 To achieve convergence with precision € > 0 such that KL(pg, ™) < €, sufficient
conditions are

O'min QN ar N\ ay

1
h i 1 35
<min (o 62 49 WL, 1 L2 9L, + L2 V) (35)
/

k> max( 1 log (4KL(pO7m)) , 2 log (8A >> (36)

hamin € hamin €

€
1—

A > i (37)
Ak )\Lk/QJ < 24A’ (38)

where auin = Mingsg s and Ly .x = maxgso Ls denote the smallest (resp. largest) log-Sobolev
(resp. smoothness) constant among the path of tempered distributions.

Proof. Again, as in|Vempala and Wibisono|(2019)), we can derive sufficient conditions for conver-
gence with a given precision KL(pg, 7) < € by setting each of the four terms in the upper-bound
inferior to €/4.

First, we upper-bound the fourth term:

1 — e~ khomin

(1}4 < 6h2dL?nax Z e~ D) hQmin _ GthLfnax m (39)
1 4 8hdL2
< 6h2dL2, ——————— < 6h2dL? o 40
max{ _ o—hamin — max 3h05m1n Omin 40

where in the last inequality, similarly to|Vempala and Wibisono| (2019), we use that 1 — e™¢ > %c

for 0 < ¢ = houyin < + which holds assuming that h < ——. Thus, a sufficient condition for

(va) < €/dish < gomn—e.

max
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Next, we upper-bound the first term by (v1) < e™*"@min KL(py, s19) so that a sufficient condition
for (v1) < e/dis k > ;-1 log (1EEEes0))

A sufficient condition (vo) < €/41is A\, €]1 — 157, 1].

Finally, we upper-bound the third term:

k k
Z (Ai — Xi—1) exp —hZaj (41)
i—1 =
1k/2] K . .
=AY Ni=xipexp | =hY oy |+ D> (= Xic)exp | —h Y a;
=1 j=i i=|k/2] j=i
(42)
Lk/2] k
<A | exp| —h Z aj Z (N —Aim1) + Z (Ni = Aiz1) (43)
J=k/2] i=1 i=|k/2]
< A’ (exp(—hkamin/2) (A 2] — A1) 4+ Ak — Ay2))) (44)
< A’ exp(—hkamin/2) + A'(Ak = Ajx/2)) (45)

so that sufficient conditions for (Ug) < 7 can be obtained by setting each of the two terms smaller

than g, yielding k > — log and A\, — Ajy2) < g1 O

B.3 TECHNICAL LEMMA FROM APPENDIX [B.1]

In this section, we prove Lemma [16]

Proof of Lemma(I6] We recall that the particles follow the recursion
Xpy1 = X — i VVa, (Xi) + /2R 2y,

where z;, follows a standard normal distribution on R¢ and X}, ~ pr. Hence, we have

E[[|Xy+1[°] = E[I X5 — hiVVa, (Xe) + v/ 2hez]|’] (46)
=E[| X — he VVa, (X&)[|?] + 2dhy, (47)
= E[| X5[%] — 2mE[X, VA, (X3)] + hZE[[V Vi, (X)) + 2dhy - (48)
The dissipativity assumption yields E[X,] VVy, (Xk)] > (ax A a,)E[|| Xk||?] — (b, + b,) and as in

the proof ofPropos1t1onlwe have ||[VV, (Xi)||? < 2(Lx + L) (|| Xk ||* + %) so that

E[| Xk+1]1%) < E[IX5kl%) = 2hi((ar A ap)E[IX5I7] = (by + br)) + 2dhs
b, +0b
2hi (L + Ly, )* (B[ X5 |]?] + ).
WL+ L] + )

Letting L := L, + L,,a := a, A a; and b := b, + b, we obtain

E[| Xer1]’] < B[l Xk ]1%] = 2k ((a — hi L)E[| X5 |%] = (b+d) — hk@)

L%
= E[[|X5*)(1 = 2hn(a — b L?)) + 2P (b + d + hy=—) .

2(3b/2+d)
anl

a — hiL? > 0 hence if E[|X;|?] > Srelobe then E[| X ]|?) < E[| Xk|] and in par-

ticular E[| Xy 1 %] < max(Ey, [[2]2], 2224250) Now, if E[|| Xe[?] < SEEHhelbie then if

Now by induction, assume that E[|| X |?] < max(E,,[||z]?]), ). By construction on hy,
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1 > 2hg(a — hyL?) we have

E[|| Xk ]?] < W(l — 9h(a — heL?)) + 2hi(b+d+ hyL2b/a)  (49)
2
- W (50)
224 d0) o
a
by construction on hy. Conversely, if 1 < 2k (a — hyL?), then
]E[HXIcHHQ] < 2hi(b+d+ hk%%)
< 2(3b/2+d).

O

C OPTIMIZATION OF CONTINUOUS-TIME TEMPERED LANGEVIN DYNAMICS

C.1 PROOF OF COROLLARY [3]
We will rewrite and bound the terms (u1), (u2) and (u3) in the upper bound of Theorem [1] provided

in Eq. so that the role of the tempering schedule A(+) is more explicit, at the expense of a looser
upper-bound.

Rewriting (u3). We begin with the third term, using integration by parts to write

t t
(us) ::A/ s exp<—2/ avdv>ds
0 s
t t t
=A<)\t — Ao exp<—2/ a,l,dv) —2/ AsOlg eXp<—2/ oz,,dv)ds)
0 0 s

Recalling (u3). Recall that
(u2) = A(1 = Xy) .

Rewriting (u;). We recall that (u;) = exp(—2 fg avdv) KL(po, t0). Assuming that the process

is initialized at the proposal distribution py = v, we can use the tempering rule j; = c,v* =7t to
rewrite the KL term

KL(v, o) = M KL(v, m) — log co .
By positivity of log ¢, we can write — log ¢y < A9 KL (7, v). In particular
KL(v, o) < Mo(KL(v, 7) + KL(m, v))
=0 ([ V@) = V7 = o) = V@) + [ W) = Vi = (Vo) = Vlatn(a))
< XNoA.

Upper bounding the sum. We can now combine upper bounds on (u1 ), (uz) and (u3) and sim-
plify the result, using that the terms Ay A exp(—2 fot avdv> and A\ cancel out, to finally yield

t t
KL(p, ) < A-Ge(N), Gi(\):=1-— 2/ AsCts €XP (—2/ avdv> ds. (52)
0 s

25



Optimal schedule when o, > a,, Now, let &, := exp ( -2 f; ay, du). We have
t
G\ =1- 2/ s P ds.
0
Applying integration by parts, we find
t t
GiA) = 1— [\, +/ AuDds = 1 — Ay + APy +/ A Dyds.
0 0
Since /\S >0and &, > e 2(t=s)ax (using the assumption a; > «,,), it follows that

t
Gt()\) Z ]. — )\t + >\0672ta7r +/ )\5672@75)&7'(213.
0

Reversing the integration by parts,we obtain

t t
Gt()\) >1— 2/ )\Saﬂ672(tfs)awds >1-— 2/ aﬂ672(t75)aﬂds’

0 0
where the last inequality uses A\s < 1. Recognizing the right-hand side as G; evaluated at schedule
A = 1, we conclude.

C.2 PROOF OF PROPOSITION[6]

Sketch of proof. We first make the change of variable ®(s) = exp <— f; audu) so that the problem

1 Qay /t'2 Qy o
sup —— | — — dids — — 5 |,
@eRaV—aW<2 0 2 0

where I; is the set of strictly positive functions ® : [0,¢] — R with weak second derivative and
such that a, ® < & < o, ® and ®d < 2 and ®(t) = 1. Unlike the previous objective G(+), note
that our new problem has now a concave objective yet has non-convex (and non closed) constraints.
Hence we make a convex relaxation and solve instead

1 o L, o
— = - | d%s— LD}
s (- [ pag).

where J; is the set of non-negative functions in W12([0,1]) such that a;® < & and ®(t) = 1.
After showing that an optimal solution ® indeed exists, we explicitly describe it and show that it
belongs to I; a.k.a. it verifies the original constraints. In order to come up with an explicit solution
®, we make a disjunction of cases on whether the constraint o, ® < ® is saturated: if it is always
saturated, then ® is exponential if not, then it must be linear on a maximal neighborhood around the
non saturated point. We then prove that this maximal neighborhood is unique, pathwise connected
and can only be of the form [0, 2o] with zy < ¢ so that ® is linear on [0, 2] and is then exponential
on [zg, t]. O

can be re-written as

Proof of Prop.[6] We first notice that minimizing G, defined in Corollary [5|over the set of admissible
tempering schedules A is equivalent to solving

t ¢
sup / AsQug €XP (—2/ audu) ds,
A€A: JO s

where A; is the set of functions from [0, ] to [0, 1] with non-negative weak derivative.

Proposition 18 Suppose o, < «,, and let I, be the set of positive functions ® with weak second
derivative , such that &, = 1, ;P < & < a,® and P — P2 isa non-positive measure. Then

t 1 , ¢ ,
sup / AsQg €XP (—Q/audu) ds = sup — i —/ <I>§ds — a—(bg . (53)
AEAL JO del, Oy — Op 2 0 2
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Proof. Let A € Ay and denote &, := P(s) = exp(— fst audu>. The function @ is strictly positive
and such that ®; = 1. Its first and second derivatives read

{ (i)s = O‘s(ps 5
. . (bZ
b, =P, + -

In particular, since A € [0,1] and as = (1 — A\s)a, + Asar, we have oy € [ag, ] and by

positiveness of @, it holds

;P <P <,d.
Similarly, since Misa non-negative measure, & = (a; — ay)}\ is a non-positive measure and so is
&®2. This implies in particular
PP — d* = ad® <0.

Hence we verified that & € I;. Furthermore, it reads

t t t t
1
/ AsQs €XP <2/ audu) ds = 7/ (ay — ag)ag exp (2/ audu) ds
0 s Oy — Qr Jo s

1 o, .
= 7/ a, ®,®, — d2ds
aﬂ— 0

ay —

1 oy t,
— (e - / @st)
ay — Oy ( 2 s10 0 s

Il
=}
S
| | =
Q
3
Y
E
_
I
A
S8
I
o\ﬁ
Y8
[\v]
o
(o}
»
N~

In particular, we have

K 1 a, b, Qy -9
sup / AsQug €XP (—2/audu) ds < sup ——— | — —/ dids — —P5 ] .
AeA: Jo decl, Oy — Qp 2 0 2

Conversely, let & € [;, defining oy = 9slog ® = P /®and \; = % we have by construction
that A € A;. Furthermore, the previous computations show that

1 a, , t ¢
— | (1 =% — | Pids ) = [ Asasexp|—2 [ a,du|ds.
oy — O \ 2 0 0

In particular, we recover the reverse inequality
1 t t
sup — i —/ <I>§ds— %@3 < Sup/ AsQg €XP (—2/audu) ds. O
el Oy — Qp 2 0 2 AEA: JO

Hence the problem can be re-written as the minimization of the convex functional ® fg d2ds +

%@3 under the constraint ® € I;. As can be noted, the constraint OP — P2 < 0 is non-convex and
the constraints ® > 0, ® has a weak second derivative are non-closed. Hence we are going to relax
all of these constraints and solve instead

¢
. «
inf P2ds + — P 54
‘1>1th /0 s G5 * 2 0> ( )
where J; ¢ W12([0,1]) is the set of positive functions such that &, = 1, a,® < & almost

everywhere. Note that we also dropped the constraint ® < «,® for convenience of the proof.
Nevertheless, we show that at the optimum, the solution of the problem above verifies all the initial
constraints.

Proposition 19 Assume o, < «,. Then Egq. admits a minimizer ® which has the following
expression:

L Ifax > %, then &, = e (570,
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2. Iftof:”+2 <oy < %, then

1 2 1
aﬂ_ea"\'(aﬂ-_al, _t)S-l- ﬁeO‘W(aw_al, —t) s <
(Ds = _ oy
eaw(s t)

ay _ tay,
3. IfOé-n— S ta,+2’ then (I)S = 2+to¢us+ (1 - 2+ta,,)'

Proof. We aim to solve the minimization problem defined in Eq.

Existence of a minimum. Since the objective has compact sub-level sets and is continuous for
the W12([0,¢]) norm, we can extract a minimizing sequence (®,,),, in J; that converges in W12
towards some ® in W12(]0, ¢]). Because W12 metrizes pointwise convergence, we obtain that the
infimum verifies two of the constraints: ®(¢) = 1 and ® > 0 almost everywhere.

Then, since ®,, € Jy, for sg, h > 0 such that sg, sg + h € [0,t] we have 0 < o, ®,, < &,, and then:

(I)n(S() + h) — q)n(SQ)
5 .

so+h sot+h
axPp(s0) < ozT:/ D, (s)ds < E/ D, (s)ds =

S0 50

Letting n go to infinity and h to zero, we obtain, for almost all sq € [0, ¢]
ax®(s0) < D(s0),
hence ® € J;, showing ® is a minimizer of Eq.[54]

Explicit expression of the minimum. We now describe an explicit expression for ¢ using opti-
mality. To do so, we will break down the the following inequality

aﬂ(I)s < (i)s

into cases where it is saturated and cases where it is not. Each case will yield a candidate for ®.
In the end, we will evaluate these candidates in the objective function and the one which yields the
lowest value will be the true ®.

Case 1: the inequality is saturated everywhere. In the case where the inequality constraint
above is saturated for x almost everywhere, we obtain that the minimizer ® is of the form &, =
K exp(a,s) and using the fact that &, = 1, we recover that &5 = exp((s — t)ay).

Case 2: the inequality is not saturated saturated everywhere. Now let us assume that there
exists xo where the inequality is not saturated by the minimizer

ar® (o) < D(z0).

We can make a disjunction of cases with respect to xg.

If xo = t. We will show that ® is linear on [0, t]. We first define a neighborhood of x¢ of size €

that satisfies a certain inequality. By continuity of ® and the definition of the derivative, there exists

an € > 0 such that forall § < e

O(t) — d(t —9)
5 .

Let us now define the neighborhood size € to be the largest ¢ > 0 such that ¢ — € > 0 and such that
the inequality above holds for all § < e.

ar®(t) < (55)

Next, we define a candidate ® that is linear in this neighborhood, and equal to the minimizer ®
outside the neighborhood. Let

{ D(z) =d(x)ifz ¢ [t —et],

B(x) = 2O () 4 D(t—e)ifx et —e,1].
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By construction, ® verifies the constraints, i.e. ® € .J;. Indeed, taking 6 — € in Eq. and using
the monotonicity of ®, we get successively for almost every = € [0, ¢]:

0 ®(2) < axd(t) < o) —@(t—e) _ &(x).

Hence, ® is a suitable candidate for solving Problem Eq.

Finally, we show that the candidate we built ® achieves a smaller objective than a minimizer and
must therefore be equal to a minimizer ¢ € J;. By optimality,

e Qy 2 Y Ay &2

O (s)ds + —@(0)° < | P=(s)ds + —P(0)
0 2 0 2

and since ® and ® coincide on [0,¢ — €], it holds

[ s < B0

€

The same inequality in the other direction is obtained by applying Jensen’s inequality
2

A <b2<s>dsze(1 [ ¢><3>d5> @) -0 -a)?

We are therefore in the equality case of Jensen with a strongly convex and smooth function, so it
must hold for s almost everywhere in the neighborhood [t — e, ¢] that

. O(t) — P(t —

b(s) - B ==

€

and in particular @ is linear in the neighborhood [t — €, ] and is of the form ®(z) = ax + b.

Finally, we will show that the neighborhood covers the entire interval [0, ¢], or in other words, that
€ = t. Suppose it is not the case and ¢ < ¢t. Then, by continuity of ® at the neighborhood border
t—e€,

O(t) — Pt —¢)

€

a-P(t) =

Combined with the fact that ®(¢) = 1, this implies ¢ = «, which is a contradiction with the
inequality Eq. [55]that characterizes the neighborhood, and in particular yields @ > .. Hence, we
must have e = ¢ and in particular, ® is linear on the whole interval [0, ¢].

If 29 €]0,¢[ As before we can define e, and e_ as the largest € > 0 such that 2y + € < t (resp.
xzo —€ > 0) and M > ;P (z) for all § < e (resp. w > ;P (x) for
all § < e_). Again, we obtaln that ® must be linear on [xg, z¢ + €] of the form <I>( )=ayrx+by
and linear on [z — €_, 2] of the form ®(z) = a_x + b_. Furthermore, since  is differentiable at
g, its derivative must read

<I>(x0 + h) — <I>(x0) q’(!L‘o) — (P($0 — h)

d =1 = li
(o) hs0 h ey h ’
which implies a4 = a_ = a and by continuity of ® at xy, we also recover b, = b_. In particular,

® is linear across the whole interval [zg — e_, xo + €1]. We have now four possibilities: either a)
ro—€e_ =0andzg+er =t,b)xg—e_ >0andxg+ep <t,c)xzg—e_ >0andzg+er =1¢,d)
x9 —€_ = 0and g + €4 < t. The case a) simply corresponds to the case where ® is linear across
the whole interval. The case b) implies by continuity that ¢ = a;®(zg — €_) = @, P(xg + €4)
which implies that ¢ = 0. This cannot hold as we initially assumed that o, ®(z¢) < ®(xg) = 0
which would result in a violation of the positivity constraint. The case c) yields the contradiction
a = a,P(xg) and a > a,P(x(). Finally, let us deal with case d). We prove that in this case, there
exists no other point outside [0, 2o + €] such that the constraint a.;® < @ is not saturated ; in
particular this implies that ® is linear on [0, 2 + €] and of the form K exp(a,x) on [zg + €4, ].
Let us assume that there exists x; outside of [0, z¢ + €4 ] such that

a,®(r1) < fI’(i’l).
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Just as before, this implies the existence of € such that ® is linear across [0, 1 + €] and such that
(zy +€4) — (z1)

€+ '
By linearity, if we take € such that g + ¢ < x; + €4, the right hand side is also given by
P(xzo+e)—P(zo)

a P(r) +é4) <

" and since @ is strictly increasing, the left-hand side can be lower-bounded by
ax®(z¢ + €) which implies
o -
Olﬂ(b(l’o + 6) < (‘TO +62 (‘TO) ,
for all € such that ¢ + € < z; + €. Since z1 + €4 > x¢ + €4, this contradicts the definiton of €
which was chosen as the largest e such that for all e < e,
(I)((E(] + E) — (I)((E(])

a-®(zo+¢€) < p .

In particular, the constraint a., ¢ < P is always saturated outside of [0, zg + € ].

If 2o = 0 As before, we obtain that ® is either linear across the whole space [0, ¢], either there
exists zq such that @ is linear across [0, x| and of the form K exp(a,z) on [xo, ] and such that

ax®(zg) = P(x0).

Summary of the minimizer candidates We can now summarize the candidates we obtained for
the minimizer function ®. It has the three following possible forms:

 Form 1: ® is an exponential function of the form K exp(ax) on the entire interval [0, ¢].
 Form 2: ® is a linear function on the entire interval [0, ¢].

* Form 3: @ is linear function then an exponential function on the entire interval.

Specifically, there exists zg €]0,¢[ such that ® is linear on [0, (] and of the form

K exp(a,x) on [z, t] and such that a; ®(zo) = D(x0).

We shall determine which candidate ® among the three is the true minimizer, by evaluating the
objective function Eq.[54] for each and picking the candidate which achieves the lowest value.

Form 1. As stated above, since ®(t) = 1, it implies that the function ® is entirely determined and
given by ®(z) = exp(a,(z — t)). In this case, the value of the objective is given by

t a t
/ ®?(s)ds + 7”@(0)2 =a? {
0

eI oy e _ x0T
0 2 ’ 2 2

e (o — ag).

Form 2. The function ® is of the form ®(x) = ax + b. Since ®(¢) = 1, the coefficient b is given

by 1 — at. Furthermore, the constraint o, ® < ® is equivalent to solving a > «. and the constraint
® > 0becomes a < 1/t. Hence, in the case where 1/t < a, there is no linear admissible potential.
In the case where, «; < 1/t, we need to solve the following one dimensional quadratic problem

«
inf  ta®+ —2(1—at)?.
enf et 5 (—at)

The objective can be rewritten as 0(a) = a?(t + tz%) — ata,, + %. The minimum of @ is given by

ay
.= 56
@ 24+ tay, (56)

Note that we always have a, < 1/t, hence if a; < a, the minimum is attained for a« = a, and is
given by

2

" ay, ta;, ay, tay, ay,
0(a")=————F—=—(1- ) = :
2 4+ 2tay, 2 24+ tay, 24+ tay,
If a; > a,, the minimum is attained for a = a,; and is given by
0(ar) = ta? + %(1 —agt)? =ta? + % — a0t + (ta,r)z% = tag(ar —a, + taﬂ;'/) + % )
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Form 3. There exists 0 < zo < ¢ such that the function @ is of the form az + b over [0, o] and
then is given by e~ (*~%) over [z, t] and which is such that ®(z) = a,®(zo). The continuity of
® implies that azo + b = e®~(*0=%) and the previous equation gives a = (azo + b)a,;. Both these
equations uniquely determine a and b when x is fixed as

a = azetr(@o—t)
b=e @01 — a,x0),

and in particular the positivity constraint is equivalent to zg < ai : note that the constraint a, ® < ®

is indeed respected over [0, t]. Hence, we must solve the following one dimensional problem

Qg

72762a,,(x07t) + 7(1 _ €2aﬂ(z07t)) + %6204”(1;07&(1 _ OZTrCCO)Q )

inf Lo
0<zg Smin(t,%)

Let us remark that 29 = 0 being an admissible candidate, the potential ®(x) = e®~(*=%) is indeed
an admissible candidate and in particular, the value of the problem above is always lower than the
one obtained with Form 1. Denoting f the objective function, let us compute the derivative of f.
For all x(, we have
f(zo) = a2 2 o2(zo0—t) + 2xpa, 3 p2(zo—t) _ o 2 o2(wo—t) 4 ara, (1 — oo, )262('”0_”
—a,a.(l— ;1000z7r)62(l‘J R
= 2@t (2z0a2 — o, (1 — oo ) (1 — 1 + z00ir))

2(.’1:0—t)

= xp€ a2 (20 — (1 — woaiy)) .

The term (2, — (1 — zpa)) cancels for zg = O% — O%, hence if o > %, the derivative

f' is always non-negative for all g > 0 hence the optimal choice of zg is given by zo = 0. Let
us remark that this case implies o, > a, where a, is defined in Eq.[56|and for which the optimal
Form 2. is given by ®(x) = a,z + (1 — ta,) which an admissibile candidate for Form 3. This
proves that whenever o (x) = e=(=1) with 2y = t.
If a; 5 then f decreases between 0 and i — al and then increases. In particular since
O% - = < —, the minimum is attained for zy = mln(t L (T) In the case where ¢ < - (3
Wh1ch is equ1valent to a; < a, with a, defined in Eq.[56] the obtained potential is linear hence it is
necessarily sub-optimal with respect to Form 2. which yields as an optimal potential
D(x) = axx + (1 — ast).

Let us now place ourselves in the case ¢ > O% — % In the case where ¢ > ai — (f

which is equivalent to oo > a., the optimal potential yielded by Form 2. (if any) is given by
®(x) = azz + (1 — a,t) which is admissible for Form 3. by taking 2o = ¢ hence, Form 3. is
necessarily sub-optimal.

As a conclusion, we have obtained the following expressions for ®:

L. If a; > %, we have () = e~ (1),

2. If == m o, < Ox < 2z, then @ is given by
D () = awe%%—%—% +2meerlm T ife < L - 2
O(z) = e @D if g > O% — al .

3. Ifar < 375, then O(x) = Tt (1- zj_ot‘%)

Note that in any case, @ is in fact continuously differentiable and verifies almost everywhere PP <
®2 as well as @ < o, D, hence it is a solution of the problem

t

inf / B2(s)ds + 2L p(0)?.
B>0,HD<b2?, 0 2

®(t)=1, a, P<P<a, ®.
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The optimal @ is linked to the optimal tempering scheme A as A\, = $*=2= with iy = 0, log(®).
Hence we obtain
ay(ays+1) )

(ay — az)(ays + 2)

As = min <17

C.3 PROOF OF PROPOSITION[7]

Consider the tempering schedule \; = t/T for t € [0, 7] and one elsewhere. We will first evaluate
the upper bound at the horizon ¢ = 7', which quantifies the error produced by linear tempering
along a finite horizon. Then, we will let the horizon grow 7" — oo to obtain a rate in 7'. Using the
notations of Eq.[34] we have:

(u1) + (u2) + (u3) =0+ 0+ A/O A exp<—2/ avdv>ds

AT T
= 7 -2 = — Oy v
T/o exp( /S (T(oz,r ay) + )dv) ds
T —
= é/ exp —2%%(T2—32) —2(T—s)al,> ds

—/ eXp _Qv ” On aw 2—|—20z1,s—T(04V—|—0<7,)) ds .

We can write the antiderivative of the integrand: we generically have [ exp(—a:v2 + bx — c) dr =

2\\; exp(b?/4a — c) erf((2ax — b) /(2y/a)) 4 constant, when a, b, ¢ are positive. In our setup, this

requires o, < ;. We can now write

0 () o ) o )

The second term goes to infinity while the first and third go to zero. We will need to Taylor expand
to get a finer understanding of which dominates:

orf ﬂ ~ orf ﬂ
Vo, —ag Vo, — ax
oy — Qi ( 1 ( Ta? ) 1 ( Tao? )>
=4/ —— | —exp|—T"— | — —exp| —F—
Tr o7 oy, — O oy ay — Oy

+0(m) (o (5725 ) —ewo (-2
1372 ) \&*P oy, — Oy XP oy — Oy

Finally, putting these results together,

A A (—Ta2 —a2) 1 (—TaQ—aQ)
v s O _ 14 U .
() + (u2) + (ug) = 2T oy 2T041, P Q, — Qgp + (T P Q, — Qgn )

The leading terms yields a rate in

2T . This is numerically validated in the following Figure.

C.4 NUMERICAL METHOD FOR THE CASE «,, >

Recall that we want to solve .
. «
inf P2ds + —=d(0)?, 57
‘Plgl_[t 0 545 + 2 ( ) ( )

with IT; == {® : [0,1] = R | ®(t) = 1, ay®(s) < & < o, B(s), D(s) > B(s)P(s)} . Note
that the objective and the two first constraints are convex yet the last one is not. Hence we start by
relaxing the constraint ®2(s) > ®(s)®(s) and solve instead

t
inf [ $2ds+ 22 (0)2, (58)
el Jo 2
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Figure 3: Numerical validation of the rate of convergence predicted by Proposition |7} Dashed lines
are our prediction from Proposition[7]and full lines are from simulations of the process using 10 000
particles. The proposal and target are two-dimensional Gaussians, with zero mean and covariance
matrices that have a constant diagonal, equal to one for the proposal and 10 for the target. As
expected, the predicted rate from Proposition [/| (in dashed red) matches the approximated upper
bound from Theorem (in dashed yellow) as well as particle-based simulations (full lines), for large
values of time.

with I, == {® : [0,1] = R | ®(t) = 1, oy B(s) < ® < a,,D(s)}, and we verify a posteriori that
the obtained solution indeed meet the relaxed constraint. Then, in order to solve the resulting convex,
yet continuous control problem [58 we restrict ourselves to functions @ that are N-pieces-wise
continuous linear. In particular, for fixed ¢, NV, a [N-pieces-wise continuous linear function ® can be
parametrized by its initial value &, = ®(0) and its slopes ®; = ®(t;/N) fori € {0,--- , N — 1}
such that
t s
D(s) = Po + (s — tj/N)D; + ~ > &, for s € [jt/N,(j+1)t/NJ.

i=1
The resulting problem is a standard quadratic program of the form
inf 2" Pz,
Gz <0, Gox <0,a ' z=1,
where z is a vector of size N + 1, Pisa N + 1 by N + 1 diagonal matrix with diagonal

[@,/2,1,--- 1], a = [1,0,---,0], Gy is a N by N + 1 matrix with [—a,,- -+, —a,] one the
first column, ones on the remaining diagonal and —tc,, IV on the lower triangular part. Similarly, G
has [y, - -+, @] on the first column, minus ones on the remaining diagonal and nd —tc.; N on the

lower triangular part.

We solved this numerical problem with the library CVXOPT and we recover a piece-wise constant

scheme tempering scheme A, from our solution [®, <i>0, cee ) N —1] using the identity
db(s)
)\ —
* =5

and we verify a posteriori that A\ is non-decreasing. If so, we can safely compute the resulting
upper-bound G ().

D LOWER BOUNDS
In this section, we give the proofs of Theorems [§]and[9] We prove a general result in section

and then apply it in sections[D.2]and [D.3]to deduce Theorems 8]and [9] respectively. Throughout, we
use the notation introduced in section 3

D.1 A GENERAL LOWER BOUND

In this section we state and prove the following general lower bound for the geometric path; in the
following sections it is applied to obtain Theorems [8|and [9]
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Theorem 20 (Total variation lower bounds for the geometric path) Suppose v, m € Pu.(R) have
log-Lipschitz densities. and there is an interval I = [a,b] C R and Ao € [0, 1], 6, B > 0 such that:

1. Bounded scores on I: both |V logv(z)|, ||V 1log w(z)|| < B forx € I.
2. Xsmall mass on I: for all X € [0, Xo], we have py(I) < 6.

Then for each k € [K] such that A\, < Ao,

k
TV (i, m) > (b, 00)) — m(I) = v([b, 00)) = 6 — bB Vo (ST Wh ) + 1)),

—a 4
i=1

This result will be typically be applied in conjuction with the following lemma, which allows us
to control the x? terms arising above when we have pointwise comparisons of one distribution to
another.

Lemma 21 Suppose that there exists a C' > 0 such that in the support of w, v(x) < Cm(x). Then
X (6, px) < CM — 1.

Proof of Lemma[21] Take k € [K]. Write
k)2 k2
V4 b Hi—
Ry,

M Hek—1 Mk
Now, letting ¢; := ¢y, foreachi € {0,...,k}, we have

Hik—1  Ck—1 B S O R Ck71'
Kk Ck o Ck

Hence

k\2
X2k, ) < A remr GhL / )

Ck HEk—1
k—1 \2
= C)\ki)\kfl . 701671 /(prrk_l) — ]_.
Ck Hk—1

But since x?(-, pux_1) is non-increasing under Langevin dynamics towards j;_1, we find that

k—1\2
X0k, ) < Qe Aemr oL / (o )*
Ck Hk—1

Proceeding recursively, we obtain

0\2
Co P
X (PG ) gckk.f/( 0’ _,

Ck Ho
S e A AT
Ck Ck

where at the last step we use the fact that for all A € [0, 1], Cauchy-Schwarz implies that
1
— = / I Ma)m (z)de < 1.

Cx

Proof. For convenience, let us put

Vi(z) := —log pa(z), A €0,1].

Define
0 r<a
V(@)= 7 =(r—a) zel
1 x > b.
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We write

Observe -
m(1) = m([b, 00))
On the other hand,
v(v) < v(la,00)) = v(I) + v([b,00)) < &+ v([b,00))
We thus find

m(¥) = P, (%) = 7([b, 00)) — —0+ an . P, ().

To reduce to a lower bound in total variation, we note that

() — o, () < 7([a, 00)) — P, ([b,00)) < TV (p, , ) + (1)
We finally obtain the lower bound

k
TV(pf,, m) 2 7([b,00)) — (1) = v([b,00)) — 6 + Zpiﬂ,ll (%) = P, (). (59)

To conclude from Eq. we study the above summands. Notice that by definition, pZT__l1 (¥) =

ph (1), so that these terms are the difference of the expectation of ¢ at the start and end of Langevin
dynamics run towards ;. Hence,

Ty

pl'}k 11 (,(/}) - pl'}k (w) = - 0 at<w7p§>[42(ﬂk)dt

Now, p¥ evolves by the weighted Fokker-Planck operator
Ot = Lot = Apy — (VVa,, Vo),

so by self-adjointness of £,,, , we obtain
Ty

Ty
; 3t<1/),pf>L2(uk)dt=/O (W, L1, 8 12 () dt

Tk
k
= / <£,uk1/}vpt >L2(pk)dt~
0
Notice that since v is linear where it is non-constant, we have

— =0V, (x) xzel

Lu0(w) = ~(VVa, (@), Vi(e)) = {0 ol

Hence

-1 b
<£/~Lkw)p§>L2(1Lk) = m/ 02V, (2)pF () dpur ()
B b
< b—a i Pf(l’)dﬂk(x)~

Now, we use Cauchy-Schwarz to observe that

[ @ < ([ o)
(

1/2

a

pun(I)'? X2(pt7uk)+1)1/2

Vs
Vs

IN A

SO (PF, pk) + 1)1/
SO (PE, k) + 1)1,

IN
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where the last step follows because x?(, u1%) is non-increasing along Langevin dynamics towards
. Hence

BT,
b—a

Ty
pljc“:,ll (W - pl’}k (w) = _A <E,U«k’(/}7p?>L2(p,k) > — ‘/S(Xz(plgvﬂw + 1)1/2'

Plugging this inequality into Eq.[59]yields the result. O

D.2 LOWER BOUNDS FOR BIMODAL TARGET

In this section, we apply the general lower bound from Theorem [20|to prove Theorem [8] and ac-
cordingly throughout take v and 7 to be as defined there. We begin by collecting some useful facts
about the geometric path between v and 7; the proof is included after that of Theorem 8]

Proposition 22 (Useful facts about the bi-modal example.) Let v, w be as in Theorem[8|for m > 11.
Then

1. forall A € [0,1], the normalizing constant cy € [1,2].

2. foreach A € [0,1],
px([m/4, 3m/4]) < 6e=™ /32,

3. forallk € [K]andt € [0,Tk),
XP(pf ) < 1.

Proof of Theorem[8 We will apply Theorem 20| with I = [m/4,3m/4]. An easy calculation shows
that we may take B = 2m for the first assumption, and Proposition [22| shows that Ay = 1 and

§ = 6e~™"/32 suffice for the second assumption. We thus obtain

k
TV (P, . m) = m([3m/4,00))—v([8m /4, 00))~12¢™" 2 -av/6( 30 T (0, ) +1)1/2 ) e /0%,

i=1
Applying Proposition to control the x? terms yields

k
TV, m) > 7([3m/4,00)) — v([3m/4, 00)) — 12~ /% —16( 3T e~/

i=1
Note that by Mill’s ratio, we can bound using m > 4 that

u([Sm/4,oo)) < e—9m2/32 < e—m2/32.
On the other hand,

m([3m/4,50)) =
>

m([m/2,00)) — 7 ([m/2,3m/4])
([m/2,00)) — 7 ([m/4,3m/4])
1
2

—m([m/4,3m/4])

—_

> _6 —m? /32
= € )
where at the last step we applied Proposition [22|one more time. Plugging in terms yields

TV(p’}k,w) >

N | =

k
—19em?/32 _ 16(Zn)e—m2/32.
=1

Now, we use our assumption that m > 11 to observe that
1 2 1
Z _19e™™ /32 5
9 ¢ =20’

and finally conclude. ]
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Proof of Proposition[22] Proof of Fact 1. Note that Cauchy-Schwarz immediately implies that for

any A € [0,1], X
il I=AzA <1,
= /y ™ <

On the other hand, using the fact that 27 > v, we have that

1 1
— = /Vlfkﬂ'/\ = / (E)AI/ > 2> > —.
Ca v 2

The claim about the normalizing constant follows.

Proof of Fact 2. We use the previous part to observe

3m/4

pa(m 4, 3m /4 < 2 [ L @R e

< 2uv([m/4, 3m/4]) P r([m/4, 3m/4))>
= 2v([m/4,3m/4]),
where the last equality follows by symmetry. We then observe that by Mills’ ratio,
v([m/4,3m/4)) < v([m/4,00)) < 3e~™ /32,
The result follows.

Proof of Fact 3. The result follows immediately from Lemma [2T]once we observe that v < 27. [J

D.3 LOWER BOUNDS FOR UNIMODAL TARGET

In this section, we prove Theorem [ as well as Theorem [9} Since these results concern the same
distributions with different mixture weights, in this section we generalize slightly to consider, for
some a € [0,1), the target

m=(1—e "™\ (m, 1) e Punif g, (60)

[=m,2m]

By taking a = 1/+/2, we recover the setting of Theorem {4, and by taking a = +/2log2/m we
recover the setting of Theorem[9] Note that when dealing with various numerical constants, we will
frequently use the assumption m > 10 without comment. For both results, the following facts will
be useful.

Proposition 23 (Useful facts about the unimodal target) Let v := N(0, 1) and © be as in Eq. [60for
m > 10. Then

1. Forall \ € [0,1],
px(m(l —a)/2,m(1 —a)]) < am2eye e’ m*/2=(1-2)(1~a)*m?/8
2. If1 > a+2/m, then for all X € [0,1],

—Xa*m?/2

20m

pr((—o0,m(1 —a)/2]) > 2

3. Forall X suchthat 1 < a + 2\ — 2/m, we have

ux(fm(l —a)/2,00)) > %67%/\(1*)‘)7“2.

4. Forall A € [0,1]

1
2(6—)\a2m2/2 + e—%)\(l—k)nﬂ)

<cy < 10mee™m*/2,
We also use the following.
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Lemma 24 (Log-Sobolev constants of the unimodal target.) Let 7 be as in Eq. [60/for m > 10. Then
30m3(a?m?/2 + log(l — e’“2m2/2))
1— 2e-a*m?/2 ’

with the convention that the right-hand side is 60m> when a = v/21log2/m

Crs(m) <

The proof of Lemma 24 requires a digression into log-Sobolev inequalities for mixtures and restric-
tions, so is deferred to the next section.

We first prove Theorems 4] and 0} then return to proving Proposition 23]

Proof of Theorem[d} The fact that Cpg(r) = 1 is the Gaussian log-Sobolev inequality, and the
bound Cp5(7) < 15m° follows immediately from Lemmaupon plugging in 1 = 1//2.

For the lower bound on Cp(yy), take A € [3,1] and let I := [m(1 — a)/2,m(1 — a)]; recall that
a € [0, 1) is a free parameter controlling the mixture weights in Eq.[60} Put

1 x<m(l—a)/2,
P(x) = 1— ﬁ(w —m(l—a)/2) zel,
0 x>m(l—a).
Then 4
||V7/)||%2(M) = mﬂx\([)'
On the other hand,
Vary, () = (%) = ua(¥)?
> pa((=o0,m(1 —a)/2]) = (ux((—o0,m(1 — a)/2]) + px(1))?
= pa((=00,m(1 = a)/2])(1 = pr((—o0, m(1 — a)/2])))
oy (Diin((—oosm(1 = a)/2) — jn(1)?
> pa((—00,m(1 —a)/2])(1 — pr((—o0, m(1 — a)/2]))) — 3ua(I)
= pr((—o0,m(1 — a)/2]) pr(Im(1 — a)/2,00)) — 3ur(1)
We obtain
Var,,, (¢)
C (/U’A) = ||V’(/}||LZ(M/\
= P () (oo, (1 — @)/ pa (1~ a)/2,00)) — PE= e
We’ll now apply Proposition [23| with @ = 1/v/2. With this choice of a and for A € [1,1], the

sufficient conditions are all verified, so that

A1) pr (=00, m(1 = @) 2)pir ({1 = 0)/2,00)) = <=

Applying Proposition 23] once more, this time to control ¢y, we obtain

(1—s)m2(1—a)2/8—%A(l—A)m2.

c>\e

e(1=0)m?(1-a)?/8—FA(1-N)m?

160am3( —Xa*m?2/2 _;'_677)\(1 )\)mz)

pa(D) ™ pa((=o0,m(1 = a) /2 pa([m(1 — a) /2, 00)) >

To complete the proof of Theorem we finally plug in @ = 1//2, and observe that for A € [%, 1]
it holds that e=2@"m"/2 < ¢=3A(1=Nm? ¢4 that

A (D) ua (=00, m(1 — a) /2] pa(fm(1 — a) /2, 00)) =
Plugging into Eq. [61] we find

m?(1 —1/v/2)? 1 2
> (1-=X)m*/100 __ ]
Crlm) = 4 (32077736 3)

e(l—A)mz/IOO.

20ms3
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Observe that & < (1 —1/1/2)? < 1, so that

1 2 3m?2 1 2
C > (1-\)m?2/100 _ > (1=\)m2/100 _ 2
PN 2 15 350m L = 2.10'm° mn
O

Proof of Theorem[9 The equality C, () = 1 is the Gaussian log-Sobolev inequality. For the log-
Sobolev constant of 7, the result is immediate from Lemma [24|upon plugging in a = v/21og 2/m.

For the lower bound in total variation, we will apply Theorem [20| using the interval 7 = [m(1 —
a)/2,m(1 — a)]; recall that @ € [0, 1) is a free parameter controlling the mixture weights in Eq.
that we will eventually set to a = v/21og 2/m.

In this case, it clear that we may bound the scores with B = m. The main issue is then to get control
on /ix(I), and for this we apply Proposition 23] to obtain

un(I) < 10am3e— 1=V (1~a)*m?/8
So for \g := Mg, we may take
§ = 10am3e~ (1= ) (1=a)’m?/8
Theorem 20] then implies
TV (ph,,m) = w([m(1 - a),00)) = ([m(1 — a)/2,m(1 = a)]) — v([m(1 - a),00)) — &

_ 2 '\/S'(Zk:Ti(XQ(pév,ui)“‘l)l/Q)

1-a
Observing that v < 6mm, we apply Lemma 21]to obtain
TV (p,, ) > 7([m(1 — a),00)) =7 ([m(1 — a)/2,m(1 = a)]) = v([m(1 - a),00)) — §

12m NG (iT)

1—a — a

Let us specialize to a = v/21og 2/m. In this case, Mills’ ratio implies
v([m(l —a),0)) < e~ (1ma)*m?/2 o o—2m?/5,

For the other two terms, let us adopt the notation g, := N(m, 1)|
and then write

m([m(1 — a),00))=m([m(1 — a)/2,m(1 — a)))

(—m,2m] and wy, 1= unif_,, oy,

LT e v [T gu@ae - ta-a
== gmxdx—&—fl—l—a—f/ gm(z)dz — -(1—a
2 Jm(@1-a) 2 2 Jm@-a)/2 4

1 1 2m 1 m(l—a)
= Z(l +3a) + = gm(x)dx — 3 gm(x)dx

m(l—a) m(l—a)/2

1 1 m+m(a+1)/2 ( ) 1 m(l—a) ( )
_7"‘77/ g’mxdx_f\/\ g’mxdx

4 2 m-+am 2 m(l—a)/2

1

Z»

where at the last step we used the symmetry of g,,, about m. We finally obtain

k
TV(pl%k,W) > _e—2m2/5_5_15m.\/5. (ZTZ)
=1

N

For this choice of a, note that
5 < 8m26—(1—)\k)m2/10

By the restriction on m we know 1/4 — e=2m°/5 > 1/5, yielding the result. O
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Proof of Prop.[23] For ease of notation, let us write
Gm =N (m,1

)’[—m,Zm]’ Um = unif[—m,Qm]~

Then under our assumption that m > 4 it isn’t hard to see that
]. 1 2 1 2
_ = o—3(@—m) —3(z—m) _
e 2 < r)<e 2 Vx € [—m, 2m)].
‘We thus have that
—a2m?/2
e—a2m2/2um($) — & S

1
v Egm(ac), Vo € [m(1 —a),m(1+ a)], (62)

and

gm(z) < e~ ™2 = 3me*“2m2/2um(x) Vo € [-m,m(1 —a)]U[m(l+a),2m]. (63)

Proof of Fact 1. We use Eq. @to observe that
m(l—a)

wx([m(1 —a)/2,m(1 —a)]) = c)\/ pi=Aeh
m(l—a)/2
s o m(l—a)
< c>\(4m)>‘67>‘“ m /2/ Vlf)\d
m(l—a)/2
< amzc/\efmfm?/z . 67(17>\)m2(17a)2/8'
Proof of Fact 2. We compute
m(l—a)/2
ux((—oo,m(1 —a)/2]) = / exv! Arida
—00
m(l—a)/2
> c,\/ I A e
—m(l—a)/2

—a’m?/2 )\ rm(l—a)/2
> c,\(e ) ( ! )1 / e 37 1Ny
- 3m V2m —m(1—a)/2

67)\0,27712/2 m(l—a)/2
ey

6vV2mm  J_m(1—a)/2
e—)\a2'm2/2 /m(l—a)/2 L s

e~ 301N gy

N ——— e 2% dx
6vV2rm  J_m(-a)/2

22

e—Aa“m /2 1 1,2

C\———— e 2% dx
6v2mm J_1
26—1/26—)\a2m2/2

v

v

C)
6v2mm

e—Aa2m2/2

20m

Cx

Y

Proof of Fact 3. We calculate,

ux([m(l —a)/2,00)) = / el Arida
m(l—a)/2
2m
2 1 e—%(l—k)mz—%)\(z—m,)zdx

-2 m(l—a)/2 V2T

2m
_ 267%,\(14)#/ L t@am?y,
2 m(l—a),/2

Ver

Y

C 2
7)\6—%)\(1—)\)1% ,
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where we used the fact that under our assumption on s, we have m(1 — a)/2 < Am — 1.
Proof of Fact 4. We compute

0 —a?m?/2 m/2
L :/ v > ! -(e / )A/ e 37 1Ny
cy (27r)(1_>\)/2 3m m/2

— 00

7)\a2m2/2 m/2
> ¢ / ez (=N g

o 3\/27rm —m/2
>€—)\a2m2/2 /m/2 —l;ch
—_— e 2 X
- 3\/27Tm —m/2
26—1/26—)\a2m2/2
3vV2mm
e—)\azmz/2
>
- 10m

On the other hand, we use Eq.[62]and Eq. [63]to bound
1 oo
7:/ LA
C) —o0
m(l—a) m(1l4a) 2m
:/ Z/I—AT(A_,'_/ Z/I—AT(A_,'_/ LA
—-m m(l—a) m(l4a)

m(l—a) m(1l+a)
SQ/ Vl_)\ﬂ')\—F/ Vl—)\ﬂ_)\

—m m(l—a)

—amz m —a

2(26 /Q)A. ! " )e*%(lﬂ\)zr"dx
3m (2m)a=n/2 J_

2,\ m(1l+a)

+ [EE—
V2m m(l—a)

_)\a2m22 o0
de /+ 2 e—%)\(l—)\)mQ/ o3 (@=2m)® 1.

m V2T

4e—>\a2m2/2

IN

17)\):027%/\(17771)2(11,

1
e 2

+ 9~ 3 (1=A)m?

< 2(67)\a2m2/2 + eféA(lfA)mQ)' ]

D.4 UPPER BOUNDS ON THE LOG-SOBOLEV CONSTANT OF THE UNIMODAL TARGET

In this section we prove Lemma [24] on the log-Sobolev constant of the unimodal target defined
in Eq. We use the following result which controls the log-Sobolev constants of mixtures, and
appears as (Schlichting, 2019} Corollary 2).

Theorem 25 (Upper bounds on log-Sobolev constant of mixtures Schlichting| (2019)) Suppose
Qo,Q1 € P(R?) are such that Qo < Q1. For p € [0,1], consider the mixture Q, :=
pQo + (1 — p)Q1. Then

Crs(Qp) < max {(1+ (1= p)A)Crs(Qo), (1 4+ pAp(1+ x*(Qo,Q1)))Crs(Q1)},
for
o {” pel0, U3
P 2 p= %

We also use the following observation.

Lemma 26 (Log-Sobolev constant under conditioning to an interval) Let Q) € P(R) and take an
interval I := [a,b] C R such that Q(I) > 0. Then

Crs(Qlr) < Crs(Q).
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We were not able to locate a proof of this fact in the literature, so here we provide a proof inspired
by the analogous fact for the Poincaré constant (Roustant et al.,[2017, Lemma 4).

Proof. Let Qp := Q| and fix a smooth function f: R — R, which we assume to be compactly
supported without loss of generality. Let g be any smooth function g: R — R which agrees with f
on I, so that g|; = f|;. Recall that we may write

entg, (¢?) = inf Qo(¢*Ing? — g*(Int — 1) + ). (64)
Since u? Inu? — u?(Int — 1) +¢ > 0 for all ¢ > 0, we find that

entq, (f*) = entq, (9%) = inf Qo(g”Ing? — g*(nt — 1) + 1)

e 1 210 2 2
< inf Q(I)Q(g Ing® —g*(Int —1) +1)
- 1 o 2 QOLS(Q) / T 2 T
- Gientals’) < 225 [(g/@)aqu)

Since [ is an interval, we can take g = (gi) to be a sequence of smooth functions such that g (z) =
f(z) for x € I yet gi(x), g}, (z) — 0 pointwise when = ¢ I. Hence

ent, (f2) = lim entq, (g1)

C
<22 i [(ghio)PaQe)
C
_ 25})@ | Faraa) = 2015QI N,
It follows that CLs(Qo) < Crs(Q), as claimed. O

Proof of Lemma[24) We first control the log-Sobolev constants of the mixture components, and
then conclude by applying Theorem To begin, (Schlichting, 2019, Example Al) im-
plies Crs(unifi_p, 2,,)) < 3m. By Lemma we know that Cpg(N(m,1)|—mom] <
CrLs(N(m,1)) = 1. Lastly, an easy calculation verifies that x (AN (1, 1)| [ 2], Unif[_p, 2m)) <

9m?. Plugging into Theorem withp=1— e_“27”2/2, we find
Crs(m) < max {1+ (1—p)A,,3m(1 + pAy(1 4 9m?))} < 30m>A,.
The result follows. O

E ADDITIONAL NUMERICAL ILLUSTRATIONS

The geometric path is often illustrated in a setup where the initialization is chosen in the middle of
a two symmetric modes: see for example |(Cabezas et al.| (2023, Sampling Book, Tempered SMC)
or Maurais and Marzouk] (2024, Fig. 1) or |Chehab et al.| (2024, Fig. 1). In this very specific setting,
the geometric path conveys a sense that it evolves particle positions. In a more general setting, we
can observe in Figure ] that once the closer mode is reached, the path seems to evolve the particle
weights, which is problematic for Langevin dynamics.
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Figure 4: Geometric path from a Gaussian to a Gaussian mixture. We observe that that this path
displaces mass “horizontally” to the nearest modes (left columns), and then “vertically” to the re-
maining modes (right columns). Intuitively, this second part is problematic for a Langevin sampler.
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