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Abstract

This paper proposes Meta-SAGE, a novel ap-
proach for improving the scalability of deep re-
inforcement learning models for combinatorial
optimization (CO) tasks. Our method adapts pre-
trained models to larger-scale problems in test
time by suggesting two components: a scale meta-
learner (SML) and scheduled adaptation with
guided exploration (SAGE). First, SML trans-
forms the context embedding for subsequent adap-
tation of SAGE based on scale information. Then,
SAGE adjusts the model parameters dedicated
to the context embedding for a specific instance.
SAGE introduces locality bias, which encourages
selecting nearby locations to determine the next
location. The locality bias gradually decays as the
model is adapted to the target instance. Results
show that Meta-SAGE outperforms previous adap-
tation methods and significantly improves scala-
bility in representative CO tasks. Our source code
is available at https://github.com/kaist-silab/meta-
sage.

1. Introduction

Combinatorial optimization (CO) is a task for finding an
optimal combination of discrete variables which contain
important problems, e.g., the traveling salesman problem
(TSP): finding the shortest path of the Hamiltonian cycle.
Solving CO problems is crucial because it can be applied to
several high-impact tasks such as logistics (Veres & Moussa,
2020) and DNA sequencing (Caserta & Vo83, 2014). How-
ever, solving CO is usually NP-hard, and it is challenging to
design an exact solver practically. Thus, hand-crafted heuris-
tic solvers have been widely used to generate reasonable
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solutions fast (David Applegate & Cook, 2023; Helsgaun,
2017). Despite of their practicality, heuristic solvers are
designed based on problem-specific properties, so they can-
not solve other kinds of problems in general (i.e., limited
expandability to other problems). Even if it is possible,
applying the heuristic solvers to other problems requires
domain knowledge.

Deep learning approaches have recently been used to tackle
the limited expandability of heuristic solvers by automating
their design process. There are two approaches according
to solving strategies: constructive and improvement meth-
ods. Constructive methods start from the empty solution
and sequentially assign a decision variable to construct a
complete solution (e.g., Vinyals et al., 2015; Kool et al.,
2019). On the other hand, improvement methods start with
a complete solution and iteratively revise the given solu-
tion to improve solutions (e.g., Hottung & Tierney, 2019;
Chen & Tian, 2019). Also, deep learning algorithms for
CO can be categorized according to learning strategies: su-
pervised learning (Vinyals et al., 2015; Xin et al., 2021b;
Li et al., 2021; Hottung et al., 2020; Kool et al., 2021; Fu
et al., 2020; Li et al., 2021) and deep reinforcement learning
(DRL) (Khalil et al., 2017; Bello et al., 2017; Li et al., 2018;
Deudon et al., 2018; Nazari et al., 2018; Hottung & Tierney,
2019; Kool et al., 2019; Chen & Tian, 2019; Ma et al., 2019;
da Costa et al., 2020; Kwon et al., 2020; Barrett et al., 2020;
Wu et al., 2020; Ahn et al., 2020; Xin et al., 2021a; Park
et al., 2021a;b; Yoon et al., 2021; Kwon et al., 2021; Kim
et al., 2021; 2022; Ma et al., 2022; Qiu et al., 2022). In this
work, we focus on the DRL constructive methods!, which
are beneficial to solve different kinds of problems since (1)
the constructive method can effectively satisfy the constraint
(e.g., capacity limit of the vehicle) using masking scheme
(Bello et al., 2017; Kool et al., 2019), (2) DRL can generate
a solver without labeled data from expert-level heuristics.

One of the critical challenges of the DRL method is scala-
bility. There are two major directions to mitigate scalability.
First, zero-shot contextual methods try to capture the con-
textual feature of each instance (Kool et al., 2019; Ahn et al.,
2020; Kwon et al., 2020; Park et al., 2021a; Qiu et al., 2022;

'A model or policy refers to a DRL constructive method unless
there is a specific description in the rest of this paper.
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Kim et al., 2022). They train policies to utilize these context
embeddings (i.e., contextual multi-task learning) and make
zero-shot inferences for new problems. Ahn et al. (2020)
and Park et al. (2021a) try to overcome scalability issues
by effectively capturing inter-relationship between nodes
via graph representation learning. While their methods give
good feasibility of zero-shot solving of general CO prob-
lems, the performances are not competitive compared to
effective heuristics.

On the other hand, Bello et al. (2017); Hottung et al. (2021);
Choo et al. (2022) suggested an effective transfer learning
scheme that adapts the DRL model pre-trained on small-
scale problems to solve a larger-scale problem. The scheme
is a test time adaptation that directly solves target problems
by iteratively solving the target problem and modifying the
parameters of the model. Adaptation transfer learning im-
proves scalability with high performance. However, when
the distributional shift of scale between the source and target
problems becomes large, it requires massive iterations to
properly update the model’s parameters, leading to ineffi-
ciency at the test time.

Contribution. This paper improves transferability to a
much larger scale by suggesting Meta-SAGE, which com-
bines contextual meta-learning and parameter adaptation.
Our target is to iterative adapt the DRL model pre-trained
with small-scale CO problems to the larger-scale CO prob-
lem in the test-time, the same as Hottung et al. (2021) and
Choo et al. (2022). The transferability is quantified by the
level of reducing the number of adaptation iterations K or
(2) improving performance on a fixed number of iterations
K = K'. To achieve our goal, we propose two novel compo-
nents, a scale meta-learner (SML) and Scheduled adaptation
with guided exploration (SAGE):

* A scale meta-learner (SML) generates scale-aware
context embedding by considering the subsequent pa-
rameter updates of SAGE, i.e., amortizing the parame-
ter update procedure in training. SML is meta-learned
from the bi-level structure that contains SAGE opera-
tion as a lower-level problem.

* Scheduled adaptation with guided exploration
(SAGE) efficiently updates parameters to adapt to the
target instance at the test time. SAGE introduces local-
ity bias, which encourages selecting nearby locations
to determine the next visit. The locality bias gradually
decays as the model is adapted to the target.

The Meta-SAGE performs better than existing DRL-based
CO model adaptation methods at four representative CO
tasks: TSP, the capacitated vehicle routing problem (CVRP),
the prize collecting TSP, and the orienteering problem. For
example, Meta-SAGE gives 0.68% optimal gap at the CVRP
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Figure 1: An example: let us have five locations to visit
@ = {x1,x9,x3, x4, x5}. The policy starts with the empty
solution (3, and constructs the solution by adding the next
visit at each step based on the partial solution a;.;—1.

scale of 1,000, whereas the current state-of-the-art adapta-
tion method (Hottung et al., 2020) gives 3.95% gap. No-
tably, Meta-SAGE outperforms the representative problem-
specific heuristic on some tasks.

2. Preliminary and Related Works

This section provides preliminaries for DRL-based methods
for combinatorial optimization and transfer learning-based
adaptation schemes.

2.1. Constructive DRL methods for CO

An example of a constructive DRL method for TSP (other
CO problems can be formulated similarly) is as follows:

* States: a state s; is defined as a problem & = {z;} Y,
that contains N locations to visit and a sequence of
previous actions a1.;_1, i.e., 8 = {a1.4—1;x}.

» Actions: An action a is selecting the next visit out of
unvisited locations {1,..., N} \ a1.;—1.

* Reward: the reward R at the final state is the negative
tour length of a complete solution, i.e., R(ai.n,x) =
— Zi\;l l[Za;s, — Za,||2, Where 24, is the 2D coordi-
nation selected by action a;.

e Policy: The policy for the complete solution for
. N
problem x is pg(ai.n|x) = [[,_, po(a¢|s:), where
po(a¢|sy) is the probability of selecting action a; given
state s;.

As illustrated in Figure 1, the policy constructs a complete
solution starting with an empty solution. This MDP is con-
textualized by « as the policy and reward highly rely on
problem x; thus, the trained policy differs according to the
problem distribution P(x) = P(x|N)P(N). Formally, the
DRL method aims to find parameter 6 such that:

0" = arggnaxEP(N)]EP(m\N)]Epg(~|w) [R(ain,x)] (1)
Because reward function R(-) is non-differentiable, the

REINFORCE-based method with a proper baseline for re-
ducing variances has been utilized (Bello et al., 2017; Kool
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et al., 2019; Kwon et al., 2020; Kim et al., 2022). As shown
in Equation (1), the distribution P(x) would affect the
learned policy pg. In the previous literature (Kool et al.,
2019), P(N) is not considered while fixing N to be con-
stant, and P(x|N) was assumed as a uniform distribution,
which causes the distribution shift issue when the policy is
used for solving different size of the problem (i.e., N’ > N).

2.2. Transfer Learning-based Adaptation Methods for
DRL-CO

Active Search (AS; Bello et al., 2017) is a transfer learning
method that updates the pre-trained parameters during the
inference of a solution for a specific instance x. Usually, the
DRL model is trained to maximize rewards on the problem
distribution P (x| N'). Therefore, the trained model can solve
an arbitrary instance x sampled from P(x|N) at the test
time. However, active search improves model performance
while focusing on a single instance . While active search
gives promising performances, updating parameters in the
test time is often inefficient and degrades practicality.

Efficient Active Search (EAS; Hottung et al., 2021) is an
improved version of active search that updates a subset of
parameters, not whole parameters. EAS adds new parame-
ters dedicated to embedding and updates these parameters
for the specific target problem while maintaining the rest
of the parameters. This separation of the parameters’ roles
allows an efficient update.

However, these methods transfer the pre-trained parameters
to target problem x without utilizing prior information of
distributional shift, e.g., scale gap from source to target. We
observe that giving the scale priors to the transfer learning
can improve transferability.

3. Adaptation with Meta-SAGE

This section explains how to adapt pre-trained models with
Meta-SAGE, which consists of a scale meta-learner (SML)
and scheduled adaptation with guided exploration (SAGE).
As shown in Figure 2, new parameters ¢ and 7 are intro-
duced for SML and SAGE, respectively. The multi-layer
perceptron (MLP) layers g4(-) and g, () transform the the
original context embedding h based on the target scale IV,
ie., R = g, (gs(h, N)). Note that ¢ is pre-trained to cap-
ture the scale information, and 7 is solely updated at test
time adaptation. This section focus on explaining adaptation
procedure of Meta-SAGE; see Section 4 for the learning
scheme for SML.

3.1. Decision Process and Guided Exploration

Decision process of DRL models. We focus on the mod-
els utilizing the encoder-decoder structure (Vinyals et al.,
2015; Bello et al., 2017; Kool et al., 2019; Kwon et al., 2020;

Kim et al., 2022) where the encoder captures context em-
bedding h = {h;}, of the problem = = {z;} ,, and the
decoder sequentially generates action a, with the context
embedding h and the partial solution @1.;—1.

At each decision step ¢, the decoder computes the compat-
ibility vector u to be used to select the next action. There
are several strategies to compute compatibility vectors; the
most popular way is to utilize multi-head attention (Vaswani
et al., 2017; Kool et al., 2019; Kwon et al., 2020; Kim et al.,
2022). To mask visited locations, the compatibility vector
u, is expressed as:

if j §Z a1:t—1
otherwise.

The probability p; for selecting location ¢ is computed by
taking a SoftMax with temperature 7 as follows:

euq/T

pZ:W VZ:L,N (2)
We provide detailed implementation of the promising
encoder-decoder neural architectures of CO (Kool et al.,
2019; Kwon et al., 2020; Kim et al., 2022) at Appendix B.1.

Guided exploration. To encourage the policy assign more
probabilities to candidates near the last action, we introduce
a locality bias based on the distances. Assume that the
current state is s; = {a1.+; }, and the current location is
a; in TSP. At each ¢, we can measure the distance between
the remaining locations to visit with

d(zq,,x) = {||z;i — za,|l;1 € {1,...,N}\ @14} .

We induce the policy to select locations near the last visited
location by penalizing the policy logit value u; for the next
candidate j as follows:

uj < uj — ad(zq,, ), Vi €{l,...,N}\ a4 Q)

The motivation for locality bias is the lack of capability for
global search in the early stages of adaptation. By induc-
ing the model to search the local area first, the exploration
capability is improved.

3.2. Scheduled Adaptation

Test time adaptation. Following Hottung et al. (2021),
we update 7 based on a single instance x with two objectives:
reinforcement learning objective Jgr;, and self-imitation
learning objective Jrr..

Jrr is REINFORCE loss with shared baseline b (Kwon
et al., 2020) which is evaluated with Monte Carlo sampling
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Figure 2: Structure of Meta-SAGE and test time adaptation.
The scale-conditioned initial embedding h° is obtained by
9o (x, N) and the instance-wise target embedding h* is
obtained by g, ) (h®). At k-th adaptation, 1" is updated
for the test instance x, and other parameters (i.e., 8* and
¢*) are fixed.

agy; .-, ar) ~ po-(-|x; ¢*,m) given 6 and ¢*:

Jro(n;x) =
1 M
i (R(@(m), ) — b) - log pg« (a(m)|; ¢*, n),

m=1

where

1

Jrr is self-imitation loss to maximize the log likeli-
hood of selecting the best-sampled solution a(,) =
arg max {R(a(l); x),...,Rlanmmn; :c)} as follows:

JrL(n; ) = log po- (@ |x; 9%, 1).
The total objective is then defined as:
Tsace(m; @) = Tre(m; ) + ATin(n;),  (4)

where ) is a tunable hyperparameter. The parameter 7 is
iteratively updated to maximize the total objective, i.e.,

0 P 4 6V Tsace, k=1,..., K

where £ is the adaptation iteration, and ¢ is a learning rate.

Scheduling. SAGE is an enhanced EAS with locality bias
and scheduling. The locality bias coefficient « in Equa-
tion (15) is monotonically decreased as the model is adapted
to the target instance (i.e., the adaptation step k increases)
as follows:

a < 711, where 0 < v < 1. 5)

It gradually reduces the reliance on locality bias, a strong
inductive bias for the local view. Also, the SoftMax tem-
perature 7 in Equation (2) is scheduled for confidence ex-
ploitation as follows:

T < 7T, where 0 < o < 1. (6)
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Figure 3: Transformation of embedding h. SML
transforms the original embedding h(;) to the scale-
conditioned initial embedding hZ) = g¢-(h@),N),
where N = N;. Then, 77?1) is obtained via the SAGE op-
eration with K iteration for each instance. Finally, MLP
9nt, (h{iy) provides the target embedding h(j,.

In summary, we get updated parameter via SAGE operation
as illustrated in Figure 2, i.e., ' < SAGE(z, K; 6%, ¢*)
for the given parameters 6*, ¢*, and the target instance x.

4. Training Meta-SAGE

This section provides a formulation of Meta-SAGE and a
meta-learning scheme for SML. We provide a pseudo-code
in Appendix A.

4.1. Bi-level Formulation of Training Meta-SAGE

The role of SML is to give properly transformed embedding
to the subsequent parameter adaptation (i.e., SAGE) based
on the scale information. We formulate our training of
Meta-SAGE as bi-level optimization as follows:

max  Ep(a)Ep,. (faig, Ry, 2)] )
s.t. 1< SAGE(zx, K; 0", ¢) (8)

The upper-level optimization (i.e., training SML) in Equa-
tion (7) contains 1 that can be obtained by solving the lower-
level optimization (i.e., SAGE). At the same time, the lower
level requires optimized ¢ as an input. Therefore, the opti-
mization problems are interrelated, making training more
difficult.

4.2. Meta learning with Distillation Scheme

We propose Meta-learning with Distillation Scheme that re-
liably trains ¢, while breaking the inter-relationship between
¢ and 7). The roles of g4(h(;), N) can be twofold:

1. Transporting the context embedding h ;) to as close as
possible to the instance-wise target embedding hﬁ) =

S
Infs, (h(l))~
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2. Improving instance-wise adaptation quality with
the scale-conditioned initial embedding hfl) =

9o(hay, N).

To achieve these two roles, we train SML parameter ¢ using
the following objective:

TsmL(¢) = Taistit (@) + BTrero (D), 9

where £ is a tunable hyperparameter. The intuition behind
each objective follows.

Distillation objective. Let’s assume that instance-wise tar-
get node embedding hAl can be obtained from the con-
textual embedding h ;) regardless of the scale conditioned
node embedding if we conduct a sufficiently large num-
ber K of SAGE adaptation on 7 without SML parameters
¢*.ie, h{j) = 9nis, (hqy)» where n{ly + SAGE(z, K; 0%).
Then, given ;) ~ P(x|N)P(N) forl = 1,...,L, we
can amortize gy4(h(;), N) to imitate Inis (h(;)), which is
referred to as distillation. This can be done by maximizing
the following objective:

L
1
Jaistit (¢) = 7 ; 96 (hy> Nay) = gz (hy)ll2 (10)

with sufficiently large K. Note that by maximizing Jaisi1 (),
the distance between the scale-conditioned embedding hf;)
and the instance-wise target embedding decreases so that

hiy = 96(ha), Ny) = Epain=n) g, (ho))-

That is, SML is trained to convert context embedding to
the expected target embedding h(T;) = 9nf (h;) for the

problem instances ;) ~ P(x|N)P(N)forl=1,..., L.

Zero-shot simulation objective. We hope that the scale-
conditioned initial embedding h® = g4(h, N) to be a suf-
ficiently good representation to solve a target problem in-
stance x even before h° is transformed to the instance-wise
target embedding h*. Thus, it can be interpreted as the
input h° is the 0-th adapted target embedding (i.e., SAGE
with K = 0). Based on this interpretation, we define the
zero-adaptation objective as follows:

Trero(@) = Bz P(a|N)P(N) [TsacE(d; )] -

The SAGE objective function Jsagg is contextualized by x.
By taking an expectation over the problem distribution, the
shared parameter ¢ is trained over the problem distribution
P(x|N)P(N).

5. Experimental Results

This section provides experimental results to validate Meta-
SAGE with two pre-trained DRL models on four CO tasks.>

?Pre-trained models are available at https://github.com/yd-
kwon/SGBS and https://github.com/alstn12088/Sym-NCO

See Appendix B for the details of implementation.

DRL models for adaptation. Our new adaptation method is
deployed to two representative DRL models for CO: Policy
Optimization for Multiple Optima (POMO; Kwon et al.,
2020) and Symmetric Neural Combinatorial Optimization
(Sym-NCO; Kim et al., 2022). We use the pre-trained
models on N = 100 published online; thus, the performance
of these two models is supposed to be not good on larger-
scale instances without adaptation.

CO Tasks. We target four CO tasks: the traveling salesman
problem (TSP), the capacitated vehicle routing problem
(CVRP), the Prize Collecting TSP (PCTSP), and the ori-
enteering problem (OP). The tasks are known as NP-hard
(Garey & Johnson, 1979).

» The TSP is to find the shortest route for a salesman to
visit every city and return to the first city, also known
as a Hamiltonian cycle with minimum distances.

e The CVRP (Dantzig & Ramser, 1959) is a variation
of the TSP that assumes multi-vehicles with limited
capacity. CVRP aims to find the set of tours each
of which starts from the depot, visits cities once, and
returns to the depot and the union of the tours covers
all cities while minimizing the total distances.

e In PCTSP (Balas, 1989), each city has a prize and
penalty; thus, the salesman gets prizes for visiting the
cities and penalties for the unvisited cities. PCTSP
minimizes the total length of the route and the net
penalties while collecting at least the minimum prizes.

e Lastly, the OP (Golden et al., 1987) also considers
prizes associated with visiting. The goal is to find
a route that maximizes the prizes from visited cities
while keeping the length of the route shorter than a
given maximum distance.

Sym-NCO pre-trained models are used for TSP, PCTSP, and
OP, and POMO pre-trained models are used for CVRP. Note
that these TSP variant problems are highly challenging.

Baselines. We consider three baselines for test time adapta-
tion: active search (AS; Bello et al., 2017), Efficient Active
Search (EAS; Hottung et al., 2021) and Simulation Guided
Beam Search with EAS (SGBS; Choo et al., 2022). We
describe the details of implementation in Appendix C.

Performance metric. We measure the Baseline Gap using
classic solvers for each task.> We use Concorde (David Ap-
plegate & Cook, 2023) for TSP, LKH3 (Helsgaun, 2017) for

3While Hybrid Genetic Search (HGS; Vidal, 2022) is consid-
ered SOTA for CVRP, we employ LKH3 following the convention.
For PCTSP, there is an Iterative Local Search (ILS; Tang & Wang,
2008), but OR-Tools performs better at large scale within reason-
able time budgets (Kim et al., 2021).
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Table 1: Performance evaluation results for the four CO tasks of TSP, CVRP, PCTSP, and OP. We used two pre-trained DRL
models, POMO and Sym-NCO (termed Sym. in the table), and deployed adaptation methods on each. The best-performing
method is highlighted in bold among adaptation methods and marked as * if the method outperforms the problem-specific
solver. Note that OP is a maximization problem (i.e., the objective value is higher (1), the better), while others are
minimization problems (i.e., the objective value is lower (]), the better). The reported time is for solving whole instances.

N = 200 (1K Instances)

N = 500 (128 Instances)

N = 1,000 (128 Instances)

Ob;. Gap Time Ob;. Gap Time Ob;. Gap Time

Concorde  10.687  0.000% 0.4H 16.542  0.000% 0.6H 23.139  0.000% 5.4H

AS 10.735  0.449% 224H 17335  4.791% 9.2H - - -

% EAS 10.736  0.455% 2.4H 18.135  9.362% 4.3H 30.744  32.869% 20H
_ 2 SBGS 10.734  0.436% 2.1H 18.191  9.963% 4.2H 28.413  22.795% 19H
s
~ Ours 10.729  0.391% 2.1H 17.131  3.559% 3.8H 25.924  12.038% 18H
% AS 10.748  0.575% 224H 17352 4.897% 9.2H - - -

& EAS 10.731  0.413% 2.4H 18.194  9.986% 4.3H 31.241  35.017% 20H

& SBGS 10.730  0.402% 2.1H 18.193  9.98% 4.2H 28.431 22.87% 19H

Ours 10.728  0.387 % 2.1H 17.095  3.339% 3.8H 25.798  11.488% 18H
LKH3 22.003  0.000% 25H 63.299  0.000% 16H 120.292  0.000% 40H
AS 22.050  0.213% 282H 64.053 1.192% I11L.5H - - -

% EAS 22.023  0.091% 3.1H 64.318 1.610% 5.5H 125.043 3.95% 24H
= 8 SBGS 22.015 0.055% 3.1H 65211  3.02% 5.2H 126.554 5.206% 20H
E Ours  22.001* -0.009%* 2.7H* 63.322 0.035% 4.7TH 121.114  0.683% 20H
5 AS 21.955* -0.218%* 282H 63.308 0.015% 11.5H - - -

& EAS 22.038  0.159% 3.1H 64.256 1.511% 5.5H 124711  3.674% 24H

& SBGS 22.029 0.116% 3.1H 65.163  2.945% 5.2H 126.208 4.918% 20H

Ours 21982  -0.094% 2.7H* 63.281* -0.028%* 4.7H* 121.116 0.685% 20H
=  OR-Tools 7.954 0.000% 16.7H  12.201 0.000% 2.1H 23.611 0.000% 2.1H
5 . AS 7.325 -7.8% 3.5H 11.589  -5.013% 2H 17172 -27.273%  3.9H
B E EAS 7.335%  -7.781%* OM* 12.369 1.378% 54M  21.076* -10.737%* 0.3H*
g «n

Ours  7.299*%  -8.236%* 6.6M* 11.175% -8.412%* 3.7M* 16.219* -31.31%* 0.2H*

Compass  49.216  0.000% 209M  97.323  0.000% 11M 161.682  0.000% 48.8M
;: . AS 48.946  0.548% 2.8H 97.696  -0.382% 1.1H 154.233  4.607% 1.7H
o § EAS 48.849  0.746% 72M  85.032  12.63% 2.8M 107.75  33.357% 7.4M

%)

Ours  49.05 0.337% 54M  98.762* -1.457%* 2.2M* 154307 4.562% 6.5M

CVRP, OR-Tools (Perron & Furnon, 2019) for PCTSP, and
Compass (Kobeaga et al., 2018) for OP.

Computation resources and runtime. We used a single
NVIDIA A100 40GB VRAM GPU and an Intel Scalable
Gold CPU for the experiments. We terminate EAS and
SGBS when the runtime exceeds the runtime of Meta-SAGE
with 200 iterations. Since AS is unavailable to process in
batch, we conduct 200 iterations for adaptation, the same as
ours for each instance. We measure the time taken to solve
whole instances following Hottung et al. (2021).

5.1. Main Results

As shown in Table 1, Meta-SAGE outperforms other adap-
tation baselines except for Sym-NCO on CVRP with 200.

The results show that our method improves the pre-trained
DRL models with EAS in consistency. Surprisingly, Meta-
SAGE finds better solutions than the heuristic solver on
CVRP with N = 200, 500, PCTSP with every scale, and
OP with N = 500. Note that heuristic solvers are designed
for each problem class and are highly engineered. It is note-
worthy that Meta-SAGE transforms the pre-trained model
to outperform the task-specific heuristic solver.

Figure 4 and Figure 5 illustrate the cost obtained by EAS
and Meta-SAGE with respect to the adaptation iteration on
CVRP and PCTSP. The results clearly show that our method
achieves improved performances compared to EAS with
the same number of iteration (i.e., improved transferability).
For example, on CVRP with N = 200, 500, Meta-SAGE
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Figure 4: Adaptation performance on CVRP with pre-trained Sym-NCO compared to LKH3.
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Figure 5: Adaptation performance on PCTSP with pre-trained Sym-NCO compared to OR-Tools.

Table 2: Evaluation of adaptation methods with pre-trained
Sym-NCO on the real-world CVRP dataset. We report
average values according to the range of instance scale N
between 500 and 1,000. The full results are provided in
Appendix D.2.

Sym-NCO
Range LKH3
EAS Ours
500 < N <600 92,095 95384 94,028
600 < N <700 85453 88987 87,372
700 < N <800 89,000 92,288 90,184
800 < N <900 112,785 119,332 116,096
900 < N <1000 150,332 175,999 172,916

outperforms LKH3 with 200 iterations, whereas EAS still
gives higher costs than LKH3. Noticeably, our initial (i.e.,
zero-shot) cost is lower than EAS in every instance, mean-
ing that SML gives the scale-conditioned initial embedding
h® by appropriately transforming the original context em-
bedding h before parameter adaptation. See Appendix D.1
for the results of TSP and OP.

5.2. Real-world Benchmark

We apply our method on the real-world dataset for CVRP,
X-instances in CVRPLIB (Uchoa et al., 2017). The model
is trained with CVRP instances whose demands and loca-
tions are samples from uniform distributions. On the other
hand, the X-instances are generated by various demand and
location distributions to cover real-world applications. As

Table 3: Ablation study for Meta-SAGE component. ‘LB’
and ‘Temp.’ refer locality bias and SoftMax temperature,
respectively.

SAGE Tasks
SML

LB Sche. LB Sche. Temp. TSP CVRP

18.63  63.97

v 17.70  63.17
v v 17.68  63.10
v v v 17.67  63.07
v v v v 17.22  62.69

shown in Table 2, Meta-SAGE outperforms EAS in every
range. Moreover, the real-world experiment demonstrates
that our method can overcome the distribution shift.

5.3. Ablation Study

Effectiveness of main components. Meta-SAGE consists
of SML and SAGE composed of guided exploration with
locality bias and scheduling. The SAGE has two scheduling
targets, locality bias and SoftMax temperature. The perfor-
mances are measured while ablating each element. The ex-
periments are conducted on TSP and CVRP with N = 500,
using the Sym-NCO as a pre-trained DRL model. Each
component significantly impacts performance improvement,
as shown in the Table 3.

Effectiveness of SML. The objective of SML is to support
SAGE by providing proper scale-conditioned initial embed-
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Table 4: The L1 distance between input and output embed-
ding of SAGE. The distances are measured with and without
SML using Sym-NCO.

TSP (N = 500)

7,175.99
8,066.13

CVRP (N = 500)

9,285.22
10,361.51

w/ SML
w/o SML

ding h® = g4(h, N) based on the scale information. To
verify SML’s effect, we measure the L1 distance between
the input and output embedding of SAGE. The effectiveness
can be demonstrated by the reduced distance by SML, i.e.,

1R — A < |Ih — B4,

As shown in Table 4, SML reduces the distance between the
initial and target embedding of SAGE, which verifies that
SML provides effective initial embedding for SAGE.

Scale matching abilities of SML. Meta-SAGE improves
adaptation efficiency by capturing scale information via
SML. Therefore, the best performance of SML should be
obtained when the scale input matches the target scale. Fig-
ure 6 illustrates that SML performs well when the input
scales are close to the actual target scale.

Effectiveness of objective components in SML. We verify
the effectiveness of two objective function in Equation (9);
empirical results can be found in Appendix D.3.

6. Discussion
6.1. Other Meta-learning for CO

Qiu et al. (2022) suggested Differentiable Meta Solver for
Combinatorial Optimization Problems (DIMES) by utiliz-
ing the model agnostic meta-learning (MAML,; Finn et al.,
2017) to compensate for instance-wise search. The differ-
ence is that we focus more on scale transferability, which is
beneficial when the model is unavailable to be pre-trained
on large scales. Our approach utilizes already trained (i.e.,
not meta-trained) models and adapts them to unseen tasks

by considering scale prior. In addition, our method can be
orthogonally applied with pre-trained DIMES for further
improvements.

6.2. Extension to Non-Euclidean Graph CO

We verified that Meta-SAGE achieves promising perfor-
mances on large-scale Euclidean CO problems by adapting
the pre-trained model. However, several important prob-
lems, such as scheduling, are non-Euclidean CO, whose
edge values cannot be obtained with node values. Meta-
SAGE can be extended by being attached to promising pre-
trained models for non-Euclidean CO; we leave it as further
work.

6.3. Distributional Shifts

This work focuses on the distributional shift of problem
scale. However, the robustness for other distributional shifts,
including instance distribution, is required to make DRL
solvers more practical, especially when they are trained with
fixed known distributions. Despite several prior research
(Jiang et al., 2022; Xin et al., 2022; Bi et al., 2022), tackling
distributional shifts remains challenging. Our additional
experiments on real-world CVRP benchmarks show the fea-
sibility of Meta-SAGE on instance-wise distributional shifts.
We expect that Meta-SAGE can consider other distributional
shifts, not only scale.

6.4. Mathematical Programming

While neural combinatorial optimization (NCO) approaches
provide near-optimal solutions with fast computation, it
cannot be claimed that they exhibit superiority over mathe-
matical programming approaches such as branch-and-bound.
Unlike NCO, mathematical programming-based approaches,
such as branch-and-bound, are theoretically guaranteed to
find optimal solutions. Since current NCO solvers cannot
guarantee optimal solutions or provable optimality gaps,
the theoretical study of NCO remains a challenging and
significant area for future exploration.
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A. Trainig Algorithm for Meta-SAGE

Algorithm 1 Meta-SAGE

Set §* < pretrained model parameter, ¢: SML parameter.

A. Meta-Learning SML ¢

fort=1.,,,.T do
Jzero < Zero-shot simulation objective of SAGE
Jaistil < Distil. Objective with pre-sim. of SAGE
Train ¢ < ¢; to maximize Jyistii + BTrero

end for

Set @, Wwhere N is large.

Set 7 is a test-time learnable parameter.

Set 7 initial SoftMax temperature.

Set a: initial locality bias level.

Set0 < v < 1land 0 < 2 < 1 are decaying factors.
Set fo« () as the pre-trained encoder.

Set pg- (a|h; T, «) as the pre-trained decoder.

Set gyr (h, N) as the trained SML.

B. Test-time Adaptation with SAGE
fork=1.,,,.K do
h + fp«(x; 6*): Context embedding from Encoder.
h < g4 (h, N): SML’s Context Transformation.
h < g, (h): Test-time Context Transformation
al,...,a™ ~ pp-(-|h; T,a): MC sampling
Jrr < REINFORCE objective with shared baseline
Jrr < Self Imitation objective
Train 7 < ny to maximize Jry + AJ7rL
Scheduling: o < v, T < 72T,
end for

B. Implementation Details of Meta-SAGE
B.1. Architecture of Target Model

In this research, we focus on two representative DRL models, POMO (Kwon et al., 2020) and Sym-NCO (Kim et al., 2022).
Both models have a similar neural architecture, based on the attention model (Kool et al., 2019, AM). The main difference
between these models is the training method for the AM.

The AM has a transformer-style encoder-decoder structure, where the encoder fen. () creates a context embedding h and
the decoder py..(h) generates action sequences a;.y in an auto-regressive manner. The architecture of the encoder is not
discussed here as our method and EAS (Hottung et al., 2021) focus on h for the decoding scheme. For more information on
the encoder architecture, refer to (Kool et al., 2019).

The decoder pgec(P) is an auto-regressive process, which produces at by referring to previously selected actions @;.¢—1.
Specifically, h is transformed into key K and value V' via linear projection.

K = (I)linear,k(h)7 V= (I)Iinear,v (h)

Then the contextual query g, is computed as follows:
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N
1
qc = N § hz + hdepot + hat_y
=1

The hgepor indicates the embedding of the depot node, and hq,_, indicates the embedding of the previously selected action.
Then we can compute compatibility u; as:

T

Ct h(ch-f) it ¢ aj

uj _ an m iy ¢ ai.t—1 (11)
—00 otherwise.

Using compatibility, we can compute attention weight as:

el
aj - Ut
Zj’ e
Then finally, the contextual query is updated as:
q. = Zajvj. (12)
J

Then finally, the compatibility for selecting the next action is computed the same with Equation (13) but using q:

T
% C'tanh <qp\/£K]) lf] ¢ al.t—1

w 13)
—00 otherwise.
Finally, the probability to select a; is computed with compatibility v} using SoftMax function:
. e /T .
play =ilay ;@) =pi = =7 Vi=1...,N. (14)
e’

B.2. Implementation of SML

We employ a 2-layer MLP with 128 hidden dimensions to match the scale N with the embedding h. The sum of these
vectors is then input into another 2-layer MLP with ReLU activation to parameterize the SML, g4(h, N) with parameters ¢.
For the test time adaptation, we employ a 2-layered MLP with ReLU activation for g, (h), which has 128 hidden dimensions,
128 input dimensions, and 128 output dimensions.

To train the SML, we leverage both distillation and zero-shot simulation objectives. Distillation uses {h(l)}zL:1 where
L = 4,000 and instances x;y uniformly sampled for N' = 200, 300, 400. The zero-shot simulation objective uses the same
instances as the distillation process. We only used sparse data with a moderate scale to verify that our method can be trained
in limited environments and can be useful in harsher, practical settings.

B.3. Implementation of SAGE for Target Neural Architectures

The SAGE algorithm is similar to EAS(Hottung et al., 2021), but with different scheduling of locality bias and SoftMax
temperature. EAS aims to tune h, but for memory efficiency during inference, it only focuses on a subset of h, specifically
g’ . The learnable parameter 7 is trained for this purpose:

q. < q. +9,(qz),

where g, is a multi-layer perceptron of parameter  with ReLU activation. The novel part of SAGE is locality bias and
temperature scaling.

13
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Locality bias and scheduling. The locality bias, we utilize distance between current node z,, and candidate nodes:

d(xq,, @) = {||x; — 2a,|l;2 € {1,...,N}\ @14} .

Then we penalize compatibility of high-distance nodes (i.e., compensate local-distance nodes):

u; < uj — ad(za,,x)j, Vj€{l,..., N} \ a4 (15)

The reliance of locality bias « is decaying as learning iteration K is increasing:

a < 711, where 0 < vy < 1. (16)

SoftMax scaling. The SoftMax temperature 7 for Equation (14) is initially set to a high value for exploration and gradually
lowered as training progresses for better exploitation:

T < 72T, where 0 < vy, < 1. a7

B.4. Hyperparameters for Training

In the training of the SML model, the ADAM optimizer as described by (Kingma & Ba, 2015) is utilized with a learning rate
of 103 and a coefficient of 3 = 1 for the zero-shot simulation loss Jisti1 (0, N). Test-time adaptation is performed using
the SAGE method, where the initial temperature is set to 7 = 1.0 and scheduled to decrease to 7 = 0.3 after K = 200
iterations of decay (i.e., 6% = 0.3), where K represents the number of iterations. The initial reliance level of the locality
bias is set to a = 1 and scheduled to decrease to o = 0.3 after K = 200 iterations of decay (i.e., 65( = 0.3). The value of
K is set to 200 for TSP and CVRP, and 100 for PCTSP and OP. An augmentation technique described by (Kwon et al.,
2020) is implemented to boost solution quality, so we sampled N x A solutions from the DRL model, where N represents
the scale of the problem and A represents the number of augmentations. The number of augmentations, A, is adjusted
according to the scale of the problem, N. The parameter 7 is learned using Jsace and the final solution is chosen as the best
solution among the K x N x A solutions. Test-time adaptation is performed using the ADAM optimizer with a learning
rate as specified in the open source code by (Hottung et al., 2021). The weight of the self-imitation learning objective is set
to A = 0.005.

B.5. Instance generation and evaluation metric

Instance generation. We generate training and test instances following Kool et al. (2019), like many works in NCO (Kwon
et al., 2020; Kim et al., 2022; Hottung et al., 2021).

TSP: (z, y) coordination of each node is randomly sampled to obtain a uniform distribution within the range of [0, 1].

* CVRP: (z,y) coordination of each node is uniformly distributed within [0, 1], while the demand of each node is
sampled from the uniform distribution within the range of [1, 9].

e PCTSP: (z, y) coordination and the penalty of each node is sampled from the uniform distribution within the range of
[0, 1].

* OP: (z,y) coordination of each node is randomly sampled to obtain a uniform distribution within [0, 1]. Furthermore,

each node’s price (p;) is determined based on its distance to the depot (p; = 1+ [99- ﬁj ), such that it increases

azx”
J

with distance.

Evaluation metric. We measure the performance using baseline solvers for each task. Note that this is not an optimality
gap since these baselines are not exact methods except for Concorde, which is based on the cutting plane method. Precisely,
(Performance) Gap is computed as

obj — objp

10
. x 100(%),

Performance Gap =

where obj is the objective value of DRL methods, and obj g is the objective value from baseline solvers (Concode, LKH3,
OR-Tools, and Compass).
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C. Implementation Details of Baselines
C.1. Active Search

Active Search is tuning all parameters of a model to a target instance. For TSP and CVRP, we follow the learning rate
hyperparameter instruction of open source code by (Hottung et al., 2021).

TSP CVRP PCTSP OP
Learning rate  2.6e-4 2.6e-5 2.6e-4 2.6e-4

Table 5: Hyperparameter setting for active search.

C.2. Efficient Active Search

Efficient Active Search(EAS) inserts the layers into the model and updates the layers of parameters. We follow the position
of inserted layer and hyperparameter, same with open source code by (Hottung et al., 2021) except the imitation rate, batch
size, and augmentation size, which are the same as our method.

TSP CVRP PCTSP OP
Learning rate  3.2e-3  4.le-3 le-3 le-3
Imitation rate ~ Se-3 5e-3 5e-3 5e-3

Table 6: Hyperparameter setting for efficient active search.

C.3. Simulation Guided Beam Search with EAS

Simulation Guided Beam Search(SGBS) with EAS is combined SGBS with EAS. We follow the position of inserted layer
and hyperparameter, same with open source code by (Choo et al., 2022) except the batch size, and augmentation size, which
are the same as our method.

TSP CVRP
Learning rate 8.15e-3  4.1e-3
Imitation rate 6e-3 5e-3
Beam width 10 4
Rollout per node 9 3
EAS iteration 1 1

Table 7: Hyperparameter setting for simulation guided beam search with eas.

15



Meta-SAGE

D. Additional Experiments
D.1. Adaptation Performance of TSP and OP

Figure 7 and Figure 8 depict the cost obtained by the EAS method and our proposed method with respect to the number of
adaptation iterations on TSP and OP tasks, respectively. The results demonstrate that our method enhances the performance
across all scales and tasks with the same number of iterations compared to EAS. Specifically, for the OP task with N = 500,
our method outperforms Compass, a problem-specific solver, with 100 iterative adaptations.
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Figure 7: Adaptation performance on TSP with pre-trained Sym-NCO compared to Concorde.
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Figure 8: Adaptation performance on OP with pre-trained Sym-NCO compared to Compass.

D.2. Full results for X-instances in CVRPLIB

The dataset consists of 100 instances with a scale range from 100 to 1,000. We provide the full experimental result below.

Table 8: Evaluation of adaptation methods on the real-world CVRP dataset. We report average values according to the range
of instance scale V.

Sym-NCO
EAS Ours

100 < N <200 25827 26,196 26,169
200 < N <300 41,956 42,553 42,392
300 < N <400 56,588 57,675 57,245
400 < N <500 76,087 78,316 77,238
500 < N <600 92,095 95384 94,028
600 < N <700 85453 88987 87,372
700 < N <800 89,009 92,288 90,184
800 < N <900 112,785 119,332 116,096
900 < N <1000 150,332 175,999 172,916

Range LKH3
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D.3. Effectiveness of Objective Function Components in Training SML

11.00 A
—— Bascline 23] —— Baseline —— Baseline

10.95 4 Distilation Distilation 40 4 Distilation
- o —— RL + Distilation = 994 = RL + Distilation - = RL + Distilation
8 8 & 351
S 10.90 4 o S
o E %
= = 2 30
5 10.85 4 £ 20 5
4 4 25

10.80 19 x ‘

20
10.75 1 181
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 50 75 100 125 150 175 200

Number of iteration Number of iteration

(a) N =200 (b) N = 500

Figure 9: Ablation study for SML componets

Number of iteration

(c) N =1,000

We evaluated the effectiveness of each component of the distillation objective and RL objective (i.e., J,er0) by analyzing
the performance improvements. The results in Appendix D.3 clearly show that each component contributed to improved
performance. The effectiveness increased as the scale IV increased, indicating that our SML successfully mitigates

distributional shifts on a larger scale. Additionally, e, Which is designed to increase zero-shot capability, was verified to
significantly improve the performance in zero-shot scenarios (i.e., K = 0), especially on N = 1000.
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