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Abstract

Among many mysteries behind the success of deep networks lies the exceptional
discriminative power of their learned representations as manifested by the intrigu-
ing Neural Collapse (NC) phenomenon, where simple feature structures emerge
at the last layer of a trained neural network. Prior works on the theoretical un-
derstandings of NC have focused on analyzing the optimization landscape of
matrix-factorization-like problems by considering the last-layer features as uncon-
strained free optimization variables and showing that their global minima exhibit
NC. In this paper, we show that gradient flow on a two-layer ReLU network for
classifying orthogonally separable data provably exhibits NC, thereby advancing
prior results in two ways: First, we relax the assumption of unconstrained features,
showing the effect of data structure and nonlinear activations on NC characteriza-
tions. Second, we reveal the role of the implicit bias of the training dynamics in
facilitating the emergence of NC.

1 Introduction

Last-layer features

Last-layer classifiers

NC in UFM

NC in Two-layer ReLU

Figure 1: Visualization of
the NC phenomenon.

Among many mysteries behind the success of deep learning lies the
exceptional discriminative power of neural networks as manifested by
the intriguing Neural Collapse (NC) phenomenon [1], where simple
feature structures emerge in the last layer of a trained network. The NC
phenomenon is typically characterized by the following three properties
(see the top plot in Figure 1):

1. Intra-class variability collapse: The last-layer feature vectors of the
data from the same class collapse into a singleton;

2. Maximal separation of the class means: The class means, i.e., the
mean feature vectors for each class, are maximally separated;

3. Self-duality: The classifier weights align with the class means.

Prior works on the theoretical understandings of NC have focused on an-
alyzing the optimization landscape of matrix factorization-like problems
by considering the last-layer features as unconstrained free optimization
variables [2–9], showing their global minima exhibit NC. Extensions
of this so-called Unconstrained Feature Model (UFM) include adding
nonlinearity and additional hidden layers [7, 8, 10, 11], studying local
convergence of gradient-based optimization algorithms around global
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minima [2, 12, 13]. Until recently, Jacot et al. [14] show convergence towards NC in wide networks.
Therefore, the question of how training a neural network leads to NC has remained underexplored.

At the center of this problem lies the fact that practical neural networks are typically overparame-
terized, i.e., their number of parameters is several orders of magnitude larger than the number of
available training examples. As a consequence, there are infinitely many parameter choices that can
perfectly fit the data, and most critically, they do not necessarily correspond to a trained network that
exhibits NC. However, NC is observed even for networks trained without explicit regularization [3],
such as weight decay (often associated with the emergence of NC). This suggests a close relationship
between the NC phenomenon and the implicit bias [15] of training algorithms.

Paper contributions. In this paper, we investigate this relationship between NC and implicit bias by
analyzing the dynamics of gradient flow (GF) on a two-layer ReLU network for classification prob-
lems, focusing on orthogonally separable data; i.e., any pair of input data with the same or different
labels is positively or negatively correlated, respectively. We make the following contributions:

1. In Section 3 we present Theorem 1, which shows that GF with small initialization provably
converges to solutions that exhibit NC and provides precise NC characterizations for the trained
network, as illustrated in the bottom plot of Figure 1. Compared to prior works for the uncon-
strained feature model, our results highlight the role of input data and ReLU nonlinearity in
determining the NC characteristics. The former causes intra-class directional collapse instead
of collapse to a singleton, i.e., the feature vectors of the data from the same class collapse into
a one-dimensional subspace. The latter leads to orthogonal class means, instead of maximally
separated class means, and a projected self-duality where the classifier weights align with the
projected class means (the projection is obtained by subtracting the global mean of all features).

2. In Section 4.1, through our proof of Theorem 1 for the case of binary classification, we explain
how the implicit bias of GF facilitates the emergence of NC as training proceeds. Using results on
the implicit bias of GF [16–21], we show that in the early phase of training the neurons’ directional
alignment [16–20] with the training data makes inter-class features mutually orthogonal. Then,
during the late phase of training, such inter-class separation subsequently promotes intra-class
directional collapse due to the asymptotic max-margin bias [21] of GF.

3. In Section 4.2, in our proof sketch of Theorem 1 for the case of multi-class classification, we
extend the aforementioned results on implicit bias for binary problems to multi-class problems.
We make technical contributions in addressing new challenges that arise in the dynamic analysis
due to the multi-dimensional network output and the cross-entropy loss.

In summary, our work bridges the theoretical analysis of NC and implicit bias of GF by drawing
explicit connections between the two. Moreover, we further advance the theoretical understandings
for both by highlighting the role of input data and nonlinear activations in NC characterization and by
addressing the challenges in analyzing the implicit bias of GF in multi-class problems.

Notations. We denote the Euclidean norm of a vector x by ∥x∥ and its i-th entry by [x]i, denote
the inner product between vectors x and y by ⟨x,y⟩ = x⊤y and write x ≥ 0 or x > 0 if all the
entries of x are non-negative or positive, respectively. For an n×m matrix A, we let ∥A∥F denote
the Frobenius norm of A. For a scalar-valued or matrix-valued function of time, F (t), we let d

dtF (t)
denote its time derivative. We define 1 to be the vector of all ones, whose dimension will be clear
from the context. We let In be the identity matrix of order n and sometimes drop the subscript if its
order is clear from the context. We let [N ] := {1, · · · , N} and let SD−1 be the unit-sphere in RD.

2 Preliminaries

Orthogonally separable data. We consider a classification problem on a dataset {xi,yi}ni=1 of size
n, where each data point xi ∈ RD is associated with its label yi ∈ Rdy , and the number of unique
elements in {yi}ni=1 determines the number of classes K. Throughout this paper, we assume:
Assumption 1 (Orthogonal separability). Any pair of data with the same (different) label(s) are
positively (negatively) correlated, i.e., ∃ 0 <µs≤ 1 and 0 <µd≤ 1√

K−1
2 such that ∀1 ≤ i, j ≤ n,〈

xi

∥xi∥ ,
xj

∥xj∥

〉
≥ µs, if yi = yj ,

〈
xi

∥xi∥ ,
xj

∥xj∥

〉
≤ −µd, if yi ̸= yj . (1)

2No dataset can satisfy orthogonal separability with µd > 1√
K−1

.
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Two-layer ReLU network. We are interested in solving this classification problem by training
a width-h two-layer ReLU network f( · ;θ) : RD → Rdy , parametrized by θ := {W ,V } ∈
RD×h × Rdy×h with W = [w1, · · · ,wh] and V = [v1, · · · ,vh], and defined as

f(x;θ) = V σ
(
W⊤x

)
=
∑h

j=1 vjσ(⟨wj ,x⟩) , (2)

where σ(·) = max{ · , 0} is the element-wise ReLU activation function. We consider networks with
width h ≥ K; we call (wj ,vj) the j-th neuron pair in the network, wj its input neuron weight and vj

its output neuron weight. Moreover, we let ϕθ(x) = [σ(⟨w1,x⟩), σ(⟨w2,x⟩), · · · , σ(⟨wh,x⟩)]⊤ ∈
Rh be the last-layer feature of x, and V = [v1,v2, · · · ,vh] ∈ Rdy×h denote the last-layer classifier.
Note that we have considered bias-free ReLU networks; see the remark in the Appendix A for
extending the results to networks with biases.

Gradient flow with small initialization. Given some ℓ : Rdy × Rdy → R≥0 such that ℓ(yi, ŷi)
(expressions shown in later sections) measures the discrepancy between the actual label yi and a
predicted label ŷi, we let L(θ) =

∑n
i=1 ℓ(yi, f(xi;θ)) be the loss function. We train the network

via gradient flow (GF), which can be viewed as gradient descent with infinitesimal step size:

d

dt
θ ∈ −∂θL(θ) , (3)

where ∂θ denotes the Clarke sub-differential [22] operator. We study solutions (or trajectories)
θ(t), t ≥ 0 that satisfies (3) almost everywhere. We assume that the initialization θ(0) satisfies

Assumption 2 (ϵ-small and balanced initialization). The initialization θ(0) = {wj(0),vj(0)}hj=1

satisfies the following: there exists an initialization shape {wj0,vj0}hj=1 with wj0,vj0 ̸= 0,∀j and
an initialization scale ϵ > 0 such that ∀j, wj(0) = ϵwj0, vj(0) = ϵvj0, ∥wj0∥ = ∥vj0∥.

Aside from the two assumptions, we will introduce additional assumptions in different training
scenarios when their respective settings become clear. For now, we shall remark on these two.
Remark 1. While the data assumption is strong, there are two main reasons for considering it: First,
we investigate NC in shallow networks, whose single hidden layer has limited expressive power
of collapsing features, thus one shall study more structured data, as also noted by Hong and Ling
[23]. Second, as it will become clearer in Section 4, the emergence of NC is closely related to the
asymptotic convergence of the network weights, whose precise characterization is limited to cases
with structurally simple data [18, 20, 24]. Nonetheless, as we show in Section 5, simple real data
satisfies orthogonal separability approximately, leading to NC characters that match our theorem.
Remark 2. Under the assumption of balanced initialization, we have ∥wj(0)∥ = ∥vj(0)∥,∀j, and
this balance is maintained throughout the GF trajectories, i.e., ∥wj(t)∥ = ∥vj(t)∥,∀t,∀j [25]. This
assumption of balanced initialization has been common in prior works of this type [18, 20, 24] for
the sake of tractable analysis. Our experiments in Section 5 do not require balanced initialization.

3 Main result: Neural Collapse under GF on Two-layer ReLU Networks

Our main result shows that under small initialization, with some additional assumptions on the
initialization shape, GF provably converges to neural collapse solutions on orthogonally separable
data. Our results are presented for both binary classification and multi-class classification problems:

• Case one: Binary classification: We consider binary (K = 2) data with scalar ±1 labels, i.e.
dy = 1 and yi ∈ {−1,+1},∀i. Accordingly, the two-layer ReLU network f(x;θ) has a scalar
output ŷ. The loss function can be either the exponential loss ℓ(y, ŷ) = exp(−yŷ) or the logistic
loss ℓ(y, ŷ) = 2 log(1 + exp(−yŷ)). For this case, we use plain font to suggest that label y and
network output ŷ = f(x;θ) are scalars. Moreover, we define the index sets I+ := {i : yi = +1}
and I− := {i : yi = −1} for ±1-class data respectively.

• Case two: Multi-class classification: We consider multi-class (K > 2) data with one-hot labels,
i.e., dy = K, and yi ∈ {e1, · · · , eK}, where ek is the k-th column of the identity matrix IK .
Accordingly, the two-layer ReLU network has its output ŷ = f(x;θ) ∈ RK . The loss function is
the Cross-Entropy (CE) loss ℓ(y, ŷ) = −

∑K
k=1[y]k log

exp([ŷ]k)[y]k∑K
l=1 exp([ŷ]l)

. Moreover, we define the
index sets Ik := {i : yi = ek},∀k ∈ [K] for data from each class.
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Main result. Our main theorem follows. Note that our theorem requires additional assumptions on
the data and initialization shape that vary depending on the case, thus we feel it is better to introduce
and explain them alongside technical discussions on the convergence analysis in later sections.
Theorem 1 (NC of GF on Two-layer ReLU Networks). Given orthogonally separable data
(Assumption 1), ϵ-small and balanced initialization (Assumption 2) for a sufficiently small ϵ,
and some additional case-dependent assumptions on the data and initialization shape, the limit
θ̄ := limt→∞

θ(t)
∥θ(t)∥F

exists for any solution θ(t), t ≥ 0 to (3). Moreover, for the limit θ̄ = {W̄ , V̄ },
we have: ∃ϕ̄k ∈ Sh−1, k ∈ K, where K := {+,−} (case one) or K := [K] (case two), such that

1. (Intra-class directional collapse) The last-layer features of the training data satisfy that

ϕθ̄(xi) = ⟨skuk,xi⟩ · ϕ̄k, ∀i ∈ Ik, k ∈ K, sk =
√

γ−1
k /(2

∑
k∈K γ−1

k ) ; (4)

where γk = maxu∈SD−1 mini∈Ik
⟨xi,u⟩ , k ∈ K is the maximum margin achieved exclusively

for class-k data and uk is the corresponding max-margin direction;

2. (Orthogonal class means) The class means directions ϕ̄k, k ∈ K satisfy that

ϕ̄k ≥ 0,
〈
ϕ̄k, ϕ̄k′

〉
= 0, ∀k, k′ ∈ K, k ̸= k′ ; (5)

3. (Projected self-duality) The last-layer classifier satisfies that

V̄ =s+ϕ̄
⊤
+−s−ϕ̄⊤

−(case one) or V̄ =
√

K
K−1

(
I− 1

K 11⊤)[s1ϕ̄1, · · · , sKϕ̄K

]⊤
(case two). (6)

Note that GF on positively homogeneous networks with classification losses drives the network
weights to diverge to infinity [26, 27]. It suffices to study the properties of the asymptotic weight
direction θ̄ since we have f(·;θ) = ∥θ∥2F f(·; θ

∥θ∥F
) due to the positive homogeneity of f w.r.t. θ.

The following remarks compare the NC characterizations in Theorem 1 with those in prior works.

NC in two-layer ReLU. Theorem 1 shows the following NC characters at the late stage of training:

• (Intra-class directional collapse) Unlike previous works [2–8], which study unconstrained feature
models and show that features collapse to class means with equal length, our work addresses a more
realistic and challenging setting involving input data. In this setting, the limited expressiveness of
two-layer ReLU networks may prevent exact collapse to a singleton. Nevertheless, the result in (4)
shows a direction collapse in the sense that all data points in the k-th class Ik have their last-layer
features ϕθ̄(xi) collapse into a one-dimensional subspace spanned by ϕ̄k, though the features may
have varying lengths. Consequently, the intra-class variability at the last layer is determined by
the variability of projections {⟨skuk,xi⟩}i, a significant reduction compared to the variability of
the original data {xi}i. Moreover, if the features are normalized to unit norm (e.g., by applying
RMSnorm [28]), they collapse exactly to their corresponding class means, shedding light on the
role of the normalization layer in the neural collapse phenomenon.

• (Orthogonal class means) The result (5) suggests that the class-mean features are orthogonal to
each other, forming a non-negative orthogonal frame when normalized. The orthogonal structure,
rather than a simplex Equiangular Tight Frame (simplex ETF)3, arises because the features are
always non-negative due to ReLU—but any orthogonal frame can be transformed into a simplex
ETF by removing its global mean. This finding aligns with results from the unconstrained features
model using ReLU as the activation [7].

• (Projected self-duality) In the case of binary classification, the classifier V̄ converges to s+ϕ̄+ −
s−ϕ̄−, which yields a maximum margin, as we will show in Section 4.1. For the case of multi-
class classification, (6) implies that V̄ V̄ ⊤ = K

K−1

(
I − 1

K 11⊤) Φ̄Φ̄⊤ (I − 1
K 11⊤), where Φ̄ =[

s1ϕ̄1, · · · , sKϕ̄K

]
. Since Φ̄Φ̄⊤ is a diagonal matrix with positive diagonals, V̄ forms a (scaled)

simplex ETF, thereby achieving maximum margin. In particular, when the diagonal scales sk, k ∈ K
are all equal, V̄ becomes an exact simplex ETF, and each classifier converges to the corresponding
projected class mean (projection is obtained by subtracting the global mean), up to a scaling
factor—achieving self-duality between features and classifiers weights[1].

3A K-simplex ETF in Rh is a collection of points specified by the columns of Ẽ =
√

K
K−1

P
(
I − 1

k
11⊤),

where P ∈ Rh×K and P⊤P = I .

4



Convergence of GF/GD to NC. Prior works on the convergence of gradient-based methods towards
NC consider the mean squared loss [2, 12–14]; Besides, additional conditions such as initialization
close to a global optimum [13], weight decay regularization [2, 13, 14], or large width [14] are
needed. Compared with these works, we study the convergence under the cross-entropy loss without
explicit regularization or width-overparametrization, showing that NC happens under a broader class
of problems. Moreover, our results highlight the role of implicit bias of the training algorithm, which
we shall discuss next.

4 Detailed Discussions: Connecting Neural Collapse with Implicit Bias of GF

4.1 Proof of Neural Collapse in Binary Classification

In this section, we provide a proof of Theorem 1 for binary classification of orthogonally separable
data. Recall that I+ and I− denote the index sets for data with positive and negative labels,
respectively. Let N+(t) := {j ∈ [h] : sign(vj(t)) = +1} and N−(t) := {j ∈ [h] : sign(vj(t)) =
−1} denote the index set of neurons whose last-layer weights vj(t) at time t has positive and negative
signs, respectively. Under Assumption 2, we have that sign(vj(t)) = sign(vj(0)) [18, 20], thus
N+(t) ≡ N+(0),N−(t) ≡ N−(0),∀t, and we conveniently let N+ := N+(0) and N− := N−(0).

Alignment phase of the GF. During the early phase of training, often referred to as alignment phase,
several works [16–18, 20, 24, 29, 11, 30] have shown that the norm of the neuron weights, which
is initially of scale O(ϵ), remains small (of scale O(ϵ1/2)) for an extended period of time of length
Θ(log 1

ϵ ). As a result, one focuses on understanding the directional dynamics of the input neuron
weights during this phase, which can be approximated as follows ∀j ∈ [h]:

d
dt

wj

∥wj∥ = sign(vj)Πw⊥
j
(
∑n

i=1 ξijxiyi +O(ϵ)) , for some ξij ∈ ∂zσ(z)|z=⟨xi,wj⟩ , (7)

where Πw⊥
j
=
(
I − wjw

⊤
j /∥wj∥2

)
defines the projection onto the subspace orthogonal to wj . If one

neglects the O(ϵ) term, the dynamics d
dt

wj

∥wj∥ , j ∈ [h] are decoupled. The dynamic behavior of wj

∥wj∥
critically depends on the stationary points of (7), which we shall address next.

The following discussions assume the O(ϵ) error term is zero (only for the sake of the explanation
here, the error terms are appropriately handled in the analyses). First of all, the directions wj

∥wj∥ that
render ξij = 0,∀i ∈ [n] are trivial stationary points of (7), and they form the “dead region” for the
neuron as all the activations to the data are zero (as its name suggest, neuron weights within dead
region have zero gradient thus receive no update along GF). Next, the stationary points with some
ξij ̸= 0 are often called extremal vectors [16, 17, 29], and the analyses in the work of Phuong and
Lampert [17], Min et al. [20] have suggested that for binary orthogonally separable data the only
extremal vectors are the class mean directions: x̄+ and x̄−. More importantly, for neurons with
j ∈ N+, x̄+ is an attractor, and x̄− is a repeller4 (the opposite for j ∈ N−). Therefore, by following
(7), the neurons weights with j ∈ N+ either fall into the dead region, or converge in direction to the
average direction x̄+ of the positive class; while those with j ∈ N− either fall into the dead region or
converge to x̄−.

Transient analysis: inter-class separation via alignment dynamics of neurons. Based on the
discussions above, the convergence analysis requires a non-degenerate initialization shape {wj0}hj=1
such that 1) no input neuron weight is initialized to align with the repeller for (7), since moving away
from the repeller can take a long time that cannot be quantified; and 2) there must exist at least one
neuron weight per class that is guaranteed to converge to the average direction of that class, avoiding
the uninteresting case of all neuron weights entering the dead region.

Assumption 3 (Non-degenerate initialization). Let x̄+ = x+

∥x+∥ and x̄− = x−
∥x−∥ , where x+ :=∑

i∈I+
xi and x− :=

∑
i∈I−

xi. The initialization shape {wj0}hj=1 satisfies that N+,N− ̸= ∅ and

maxi∈I+,j∈N+
⟨xi,wj0⟩ > 0, maxi∈I−,j∈N− ⟨xi,wj0⟩ > 0 ; (8)

maxj∈N+

〈
x̄−,

wj0

∥wj0∥
〉
< 1, maxj∈N−

〈
x̄+,

wj0

∥wj0∥
〉
< 1 . (9)

4Roughly speaking, an attractor or a repeller is a stationary point that has the flow around its neighborhood
pointing towards or against it, respectively.
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Figure 2: Convergence and implicit bias of GF in two-layer ReLU networks: (a) An example of
orthogonally separable data (Assumption 1), gray region indicates the “dead region" for neuron
weights: {w : ⟨w, xi⟩ ≤ 0,∀i ∈ [n]}; (b) Weight initialization following Assumption 2, input
neuron weights have small norm and random directions; (c) During alignment phase, inter-class
separation is achieved through directional alignment between input neuron weights and data points,
as described in (10); (d) Asymptotically, neuron weights diverge to infinity while their directions
align with the class-wise max-margin directions, as described in (12).

Given a non-degenerate initialization5, whenever the neuron weights converge to the vicinity of their
respective attracting class averages, they stay close to the class averages for the rest of the training,
leading to the following inter-class separation, due to the orthogonally separability of the data:
Claim (Inter-class separation via alignment, based the analyses from Phuong and Lampert [17], Min
et al. [20]). Given orthogonally separable data (Assumption 1), ϵ-small, balanced and non-degenerate
initialization (Assumptions 2, 3) for a sufficiently small ϵ, for any solution θ(t), t ≥ 0 to (3), ∃T ∗

and ∅ ≠ Ñ+ ⊆ N+ and ∅ ≠ Ñ− ⊆ N− such that ∀t ≥ T ∗, we have

W⊤
+ (t)xi

{
> 0, ∀i ∈ I+
≤ 0, ∀i ∈ I−

, W−(t)
⊤xi

{
≤ 0, ∀i ∈ I−
> 0, ∀i ∈ I+

, and Wc(t)
⊤xi ≤ 0,∀i∈ [n] , (10)

where W+(t) := [wj(t)]j∈Ñ+
,W−(t) := [wj(t)]j∈Ñ−

, and Wc(t) := [wj(t)]j∈[h]−(Ñ+∪Ñ−).

As a result, the inter-class separation
〈
ϕθ(t)(xi),ϕθ(t)(xi′)

〉
=0,∀i∈I+, i′∈I− holds ∀t ≥ T ∗.

We refer to Figure 2c for an illustration of the weight-data alignment that achieves inter-class
separation. As shown in this claim, all neuron weights with index j outside Ñ+∪Ñ− will stay within
the dead region after T ∗ and can be disregarded in the subsequent analysis. Therefore, without loss of
generality, we assume until the end of Section 4.1 that Ñ+ ∪ Ñ− = [h] and reorder the indices such
that Ñ+ = [|Ñ+|] and Ñ− = [h] − [|Ñ+|]. To see that (10) indeed suggests inter-class separation
characterized by last-layer features being mutually orthogonal, notice that ∀t ≥ T ∗, we have

ϕθ(t)(xi)
(∀i∈I+)

=

[
σ(W⊤

+ (t)xi)
σ(W⊤

− (t)xi)

]
=

[
W⊤

+ (t)xi

0

]
, ϕθ(t)(xi)

(∀i∈I+)
=

[
σ(W⊤

+ (t)xi)
σ(W⊤

− (t)xi)

]
=

[
0

W⊤
− (t)xi

]
.

Asymptotic analysis: intra-class directional collapse and self-duality via max-margin bias. Now
with the inter-class separation described in (10), we are ready to study the asymptotic convergence of
the weights through the lens of max-margin bias. In particular, notice that given inter-class separation
(10), we rewrite the loss as (where we define V+ := [vj(t)]j∈N+

and V− := [vj(t)]j∈N− ):

L (θ) =
∑n

i=1 ℓ (yi,f(xi;θ)) =
∑

i∈I+
ℓ
(
yi,V+W

⊤
+ xi

)
+
∑

i∈I−
ℓ
(
yi,V−W

⊤
− xi

)
. (11)

This suggests that after T ∗, the GF on {W+,V+} is fully decoupled from that on {W−,V−},
allowing one to study them separately. Moreover, each of the flows corresponds to training a two-
layer linear network on positively correlated data with the same label, whose asymptotic convergence
of the weight directions has been characterized in the work of Phuong and Lampert [17], mainly
based on the analysis from Ji and Telgarsky [21] on the max-margin bias of GF in linear networks.

To be precise, for the GF on losses of the form
∑

i∈I+
ℓ(yi,V W⊤xi}, Ji and Telgarsky [21] show

that as time t → ∞, both V and W⊤ diverge to infinity and their limiting directions exist. In
5 Min et al. [20] has shown that the non-degeneracy is satisfied with high probability when the input weight

shapes are randomly initialized.
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the case of (11), this means θ = {W+,V+,W−,V−} diverge to infinity, and limt→∞
θ(t)

∥θ(t)∥ :=

θ̄ = {W̄+, V̄+, W̄−, V̄−}. Moreover, they show that the limiting directions satisfies the following
alignment condition V̄+W̄

⊤
+ ∝ u+, the class-wise max-margin direction we have defined in Theorem

1 and balancedness condition V̄ ⊤
+ V̄+ = W̄⊤

+ W̄+ (similar for W̄−, V̄−, with u+ replaced by u−).
It was first found in the work of Phuong and Lampert [17] that the only time these two conditions are
satisfied is when W̄⊤

+ has rank 1 and the top left and right singular vectors align with V̄+ and u+,
respectively. We show that this necessarily implies NC. The formal results are:
Claim (Directional collapse and self-duality via max-margin bias, based on the analyses from Phuong
and Lampert [17], Ji and Telgarsky [21]). Given Assumptions 1,2,&3, the limit θ̄ := limt→∞

θ(t)
∥θ(t)∥F

exists for any solution θ(t), t ≥ 0 to (3). For the limiting direction θ̄ = {W̄+, V̄+, W̄−, V̄−},
∃g+ ∈ S|N+|−1, g− ∈ S|N−|−1, such that

W̄+ = s+u+g
⊤
+ , V̄+ = s+g

⊤
+ , W̄− = s−u−g

⊤
− , V̄− = −s−g⊤

− , (12)

where s+ and s− are defined in Theorem 1. As a result, we have the intra-class directional collapse

ϕθ̄(xi)=

[
⟨s+u+,xi⟩ g+

0

]
=⟨s+u+,xi⟩

[
g+
0

]
:= ⟨s+u+,xi⟩ · ϕ̄+,∀i ∈ I+ , (13)

ϕθ̄(xi)=

[
0

⟨s−u−,xi⟩ g−

]
=⟨s−u−,xi⟩

[
0
g−

]
:= ⟨s−u−,xi⟩ · ϕ̄−,∀i ∈ I− , (14)

and the self-duality between the last-layer classifier weight and the last-layer feature

V̄ =
[
V̄+ 0

]
+
[
0 V̄−

]
= s+

[
g⊤
+ 0

]
− s−

[
0 g⊤

−
]
= s+ϕ̄+ − s−ϕ̄− . (15)

Note that the scaling factors s+, s− are determined based on the results in the work of Lyu and Li
[27] that the limiting θ̄ must satisfy another max-margin problem defined on the entire dataset.

Connecting NC with implicit bias of GF. In summary, we bridge the theoretical analysis of NC and
the implicit bias of GF closer by showing how the latter facilitates the emergence of NC along GF.
Notably, the inter-class separation is achieved by the directional alignment of neuron weights thanks
to the small initialization scale. This resonates with a large amount of work [31–41] that identifies
the small initialization as the active learning or feature learning regime, allowing simple weight and
hidden feature structures to arise during the early phase of GF, which otherwise cannot be achieved if
initialized in the so-called lazy regime [42–44]. Then, we have shown how the asymptotic max-margin
bias promotes the intra-class directional collapse and self-duality after inter-class separation, where
the key observation is that the max-margin bias often makes the weights asymptotically converge in
direction to low-rank matrices, leading to low-dimensional projections that significantly reduce the
variability within the input data. We note that prior work [3] studies the max-margin bias in UFM,
while ours considers such bias in ReLU networks.

4.2 Proof Sketch of Neural Collapse in Multi-class Classification

As shown in the last section, the proof of the NC characterization for binary classification in Theorem 1
follows from existing results on the implicit bias of GF [17, 20, 21]. However, to understand similar
NC characterizations in the case of multi-class classification, one needs to extend the implicit bias
analyses to multi-class problems, which prior work rarely does. In this section, we provide a proof
sketch of Theorem 1 for multi-class classification, emphasizing the additional challenges it brings to
the convergence analysis by considering a multi-dimensional network output and the cross-entropy
loss, and discussing our contributions in addressing these challenges.

Weight alignment in multi-class problems. Recall that in binary problems, the directional dynamics
are studied only for the input weights wj , j ∈ [h], because the output weights vj are scalars whose
sign (i.e. the “direction” of the scalar) remains the same as its initialization. However, for multi-class
problems, each vj becomes a K-dimensional vector, whose directional dynamics are non-trivial.
Indeed, we show that (See Appendix C.2) during the early phase of GF, we have

d
dt

wj

∥wj∥ =
√

K−1
K Πw⊥

j

(∑n
i=1 ξij

〈
Ẽyi,

vj

∥vj∥

〉
xi +O(ϵ)

)
, (16)

d
dt

vj

∥vj∥ =
√

K−1
K Π⊥

vj

(∑n
i=1 ξij

〈
xi,

wj

∥wj∥

〉
Ẽyi +O(ϵ)

)
, (17)
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where Πw⊥
j
,Π⊥

vj
and ξij are defined similarly as in (7), and Ẽ =

√
K

K−1

(
I − 1

K 11⊤). We let ẽk

be the k-th column of Ẽ and call it the pseudo-label of class k, as opposed to the one-hot label ek.

From (16)(17) (still, we exclude the O(ϵ) error terms for discussions), we see that although the
dynamics { d

dt
wj

∥wj∥ ,
d
dt

vj

∥vj∥}, j ∈ [h] are decoupled among neuron pairs, the directional dynamics of
each neuron pair, now concerning both input and output weights, are described by a Riemannian flow
on SD−1 × SK−1 that is highly nonlinear (due to the ξij) and has non-trivial interactions between
the input and output weights. This is the major challenge to the convergence analysis of GF under
small initialization for multi-class problems. For our purpose, we discuss the alignment of the neuron
weights through the lens of stationary points.

Aside from trivial stationary points that correspond to the dead regions for the input neuron weight,
{x̄k, ẽk}, k ∈ [K], where x̄k =

∑
i∈Ik

xi/∥
∑

i∈Ik
xi∥, are attractors of (16)(17). To give a rough

explanation, assume vj

∥vj∥ = ẽk, i.e. perfect alignment between output weights and the pseudo-label
always holds, then one can write (16) as

d
dt

wj

∥wj∥ =
√

K−1
K Πw⊥

j

(∑
i∈Ik

ξij ⟨ẽk, ẽk⟩︸ ︷︷ ︸
=1

xi

)
+
√

K−1
K Πw⊥

j

(∑
k′ ̸=k

∑
i∈Ik′ ξij ⟨ẽk′ , ẽk⟩︸ ︷︷ ︸

<0

xi

)
,

resulting on a flow that pushes wj

∥wj∥ towards (against) the directions of data points in the k-th
class (other classes), and eventually towards x̄k when sufficient alignment with the k-th class
has led to ξij = 1i∈Ik

. Similarly, by assuming wj

∥wj∥ = x̄k, we can write (17) as d
dt

vj

∥vj∥ =√
K−1
K Π⊥

vj

(∑
i∈Ik
⟨xi, x̄k⟩ ẽk

)
, pushing the output weight toward the pseudo-label ẽk.

Transient analysis: inter-class separation via alignment dynamics of neurons. Based on the
discussion above, there is the region of attraction (ROA) for each attractor {x̄k, ẽk} such that all
the neuron weights initialized within the ROA are guaranteed to converge to {x̄k, ẽk} via (16)(17).
Moreover, the boundaries between two ROAs of different (class average)-(pseudo-label) pairs together
form an invariant set that does not converge to any of the attractors {x̄k, ẽk}, where there exist saddle
points of (16)(17). The exact generalization of Assumption 3 to the multi-class case should assume
that no weight direction falls on the aforementioned boundaries and each ROA contains at least one
neuron pair. However, finding an analytic expression for the boundaries is a challenging problem by
itself and far beyond the scope of this paper. Instead, our analysis identifies an invariant subset for each
ROA, thus by initializing within those invariant subsets, we guarantee the directional convergence of
the neuron weights to {x̄k, ẽk}, k ∈ [K], which implies inter-class separation.

Formally, we let Iwk = {i ∈ Ik :
〈
xi,

w
∥w∥

〉
> 0} denote the index set for class-k data points that

activates the input neuron weight w, let Aw
k =

∑
i∈Iw

k

〈
xi,

w
∥w∥

〉
be the aggregate alignment with

the k-th class of the input neuron weight w, and let Bvk =
〈
ẽk,

v
∥v∥
〉

be the alignment with the k-th
pesudo-label of the output neuron v. Then we define the following:
Assumption 4 (Semi-local initialization). The initialization shape {wj0,vj0}hj=1 satisfies that ∃ a
partition {Nk, k ∈ [K]} of [h], such that ∀k ∈ [K], we have

|Iwj0

k |2 >
∑

k′ ̸=k |I
wj0

k′ |2, Awj0

k > 2
∑

k′ ̸=kA
wj0

k′ , Bvj0

k ≥ 1− 1
2(K−1) , ∀j ∈ Nk . (18)

Given some additional assumption on the orthogonal separability of the data (see below), the condition
in (18) defines an invariant subset of the ROA of the attractor {x̄k, ẽk}: any neuron weights initialized
to satisfy (18) remains to do so during the alignment phase of GF, while getting attracted by {x̄k, ẽk},
leading to the desired inter-class separation:
Proposition 1 (Inter-class separation in multi-class problems). Let K > 2. Given orthogonally
separable data (Assumption 1) with X2

max

X2
minµdµ2

s
< 2K − 3, where Xmax := maxi∈[n] ∥xi∥ and

Xmin := mini∈[n] ∥xi∥, ϵ-small, balanced and semi-local initialization (Assumptions 2, 4) for
a sufficiently small ϵ, for any solution θ(t), t ≥ 0 to (3), ∃T ∗ such that ∀t ≥ T ∗, we have

Wk(t)
⊤xi

{
> 0, ∀i ∈ Ik
≤ 0, ∀i /∈ Ik

,∀i ∈ [n], k ∈ [K], where Wk(t) := [wj(t)]j∈Nk
. As a result, the

inter-class separation
〈
ϕθ(t)(xi),ϕθ(t)(xi′)

〉
=0,∀i ∈ Ik, i′ ∈ Ik′ , k ̸= k′ holds ∀t≥T ∗.
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Asymptotic analysis: intra-class directional collapse and projected self-duality via max-margin
bias. Once the inter-class separation is achieved, we can again decompose the loss function as
L(θ) =

∑K
k=1

∑
i∈Ik

ℓCE(yi,VkW
⊤
k xi), where Vk = [vj ]j∈Nk

, thus it suffices to study the GF on
{Wk,Vk} for training a two-layer linear network on exclusively on class-k data for each k ∈ [K]
with cross-entropy loss. Another major technical contribution of our analysis is to extend the max-
margin results in the work of Phuong and Lampert [17], Ji and Telgarsky [21] to the multi-class
problems (albeit under a special case that all data have the same label and are positively correlated),
leading to the following asymptotic characterization of GF:
Proposition 2 (Variability collapse and self-duality in multi-class problems). Let K > 2. Given
Assumptions 1,2,&4, the limit θ̄ := limt→∞

θ(t)
∥θ(t)∥F

exists for any solution θ(t), t ≥ 0 to (3). For

the limiting direction θ̄ = {W̄k, V̄k}Kk=1, ∃gk ∈ S|Nk|−1, such that

W̄k = skukg
⊤
k , V̄k = skẽkg

⊤
k , (19)

where sk, k ∈ [K] are defined in Theorem 1. As a result, the intra-class directional collapse (4) and
projected self-duality (6) hold.

Limitations of current analysis. Aside from the orthogonal separability of the data, for which we
have made remarks in Section 2, the convergence analysis for multi-class problems requires a stricter
separability condition ( X2

max

X2
minµdµ2

s
< 2K − 3), as shown in Proposition 1. This assumption is required

to show that the subsets of the parameter space defined in Assumption 4 are invariant under GF. We
believe such an assumption is not needed in practice, but our limited understanding of the ROAs and
their invariant subsets has led to this additional technical condition to ensure directional convergence.
Future research on better characterizations of the ROAs and their invariant sets will naturally relax
or even potentially remove this requirement. The additional assumption (Assumption 4) on the
initialization shape for multi-class problems is another limitation of our analysis for the early phase
of GF, requiring all neuron weights to have decent alignment with one of the (class-average)-(pseudo-
label) pair. Relaxing such an assumption necessitates a careful in-depth analysis of the neuron weight
alignment dynamics shown in (16)(17), for which we have discussed the underlying challenges, and
we leave it as an important future research direction. Nonetheless, we would like point out that:
First, our result on asymptotic convergence of the weights is applicable whenever one can show
that inter-class separation happens at sometime during the GF, and our transient analysis simply
provides one condition under which the separation is guaranteed to happen; Moreover, the semi-local
initialization can be satisfied if, instead of random initialization, one initializes all the neuron pair
shapes {wj0,vj0}hj=1 by drawing uniformly from the (data)-(pesudo-label) pairs {xi, Ẽyi}ni=1,
which is a practically possible initialization scheme.

5 Numerical Experiments

We conduct experiments primarily for the purpose of validating our theoretical results. We first
train a two-layer ReLU network for classifying three MNIST [45] digits and visualize the neuron
weights alignment at the end of the training, thereby showing the NC characterizations in Theorem 1.
Next, based on our remarks on intra-class directional collapse, our Theorem 1 suggests that proper
normalization layers such as RMSNorm [28] can potentially lead to a more significant level of NC,
and we conduct some preliminary experiments with ResNet [46] to verify this conjecture.

Validating Theorem 1 in MNIST digits classification. We train a two-layer ReLU network to
classify three MNIST digits {0, 1, 2}. The experimental details are in Appendix B.1. Figure 3
visualizes the training results: First, we show that the dataset of MNIST digits, centered by the mean
digit of the entire dataset, approximately satisfies the orthogonally separable assumption. Then, we
visualized the neuron pairs, showing their respective alignment with the data and the pseudo-labels.
Moreover, we visualize the top 3 principal components of the last-layer feature of the digits, together
with the classifiers, whose structure matches the NC characterizations in Theorem 1.

Experiments on the role of normalization layers on NC. Next, we train a modified ResNet18 (by
replacing the final linear classifier by a two-layer ReLU classifier) on MNIST and CIFAR10 [47]
datasets. In addition, we add a normalization layer (Identity/None, LayerNorm [48], or RM-
SNorm [28]) before the ReLU classifier and vary the methods for normalization. The experimental
details are in Appendix B.2. Figure 4 reports (repeated for 5 runs; mean(line) and std(shade) are
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Figure 3: Validating Theorem 1 in classifying MNIST digits {0, 1, 2}. (a) Normalized correlation
matrix of subsampled 500 MNIST digits; (b) (For the trained network) visualization of output neuron
weights (as crosses, gray dashed line represents ẽk directions for references), the average input
neuron weights (as grayscale image, surrounded by colored box), and the average of the digits (for
comparison, next to the neuron weights); (c) PCA of raw digits data X , keeping the top 3 principal
components (1000 points visualized) results in a ∼61% relative approximation error for X; (d) (For
the trained network) PCA of last-layer feature ϕθ(X) and classifiers (rows of V ), keeping the top 3
components (1000 points visualized) results in a ∼0.2% relative approximation error for ϕθ(X).
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Figure 4: Measuring NC in trained modified ResNet18 on MNIST (top) and CIFAR10 (bottom)

reported) the evolutions over training 50 epochs of the metrics NC1, NC2 and NC3 that measure the
NC characteristics in Theorem 1 (lower value implies more prominent NC; definitions in Appendix
B.2) at the last-layer of the ReLU classifier. Notably, using the RMSNorm layer significantly im-
proves the intra-class directional collapse, as we conjectured in the remark for Theorem 1, suggesting
potential practical value in using RMSNorm layers for promoting NC.

6 Conclusion

In this paper, we investigated the connection between NC and the implicit bias of GF through a
convergence analysis of GF on two-layer ReLU networks for orthogonally separable data and showed
that the implicit bias of GF facilitates the emergence of NC along the GF trajectory. Future work
includes relaxing the assumptions on the data and initialization, and extending the convergence
analysis to understand the emergence of NC in deeper networks; For example, similar early weight
directional alignment and asymptotic max-margin bias have been studied in prior works [30, 26, 27],
following the same high-level proof and utilizing these existing results on alignment and max-margin
for deep networks might extend the current work to a more practical setting.
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1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: Our abstract and introduction clearly state our claims and underlying assump-
tions.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations in Remark 1 and 2 and paragraph Limitations of
current analysis.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Our assumptions are stated in the main paper, and we provide proofs of
theorems in our technical appendices

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide experimental details in Appendices B.1 and B.2.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: We attach the code in the supplemental material
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: We provide experimental details in the Appendices B.1 and B.2
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: See Figure 4
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [No]
Justification: The experiments are for validating our theoretical findings and do not requires
heavy computer resources.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: the research follows the Code of Ethics
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [NA]
Justification: In this theory paper, there is no potential societal consequence that we feel
must be specifically highlighted.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: the paper poses no such risks

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: original papers that produced the datasets are cited

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [NA]
Justification: the paper does not release new assets
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: the paper does not involve crowdsourcing nor research with human subjects
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: the paper does not involve crowdsourcing nor research with human subjects
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: No LLMs used for writing this paper.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Additional Remarks and Related Works

We make the following remark on ReLU networks with biases

Extension to ReLU nets with biases When considering two-layer ReLU networks with biases,
since σ(⟨w,x⟩ + b) = σ(⟨[w; b], [x; 1]⟩), adding a bias term effectively adds one homogenous
coordinate to the entire dataset. Therefore, our results still hold if the augmented dataset satisfies
the orthogonal separability condition. Notably, homogenous coordinate increases data correlation:
⟨[xi; 1], [xj ; 1]⟩ = ⟨xi,xj⟩+ 1, thus it mainly affects the negative correlation between data points
with different labels. In the case when mini ∥xi∥ ≫ 1, the orthogonal separability (among augmented
data {[xi; 1]}ni=1) still holds with the bias term.

A.1 Additional related works

Matrix factorization in deep learning theory A major part of the research efforts in the theo-
retical understandings of deep learning is through tractable mathematical problems, where similar
phenomena can manifest to those observed in deep learning practice. Among these problems, matrix
factorization [49] is an important one, which has been studied for understanding the convergence rate
of gradient descent on neural networks [50–54], the implicit bias of neural network training algo-
rithms [32, 55, 21, 31, 33, 37, 36, 56–59], and, as we already mentioned in the introduction, the NC
phenomena [2–9]. More recently, the prevalence of LoRA [60] in practice has motivated many works
on its theoretical properties [39, 61–63] through analyzing matrix factorization problems. While
matrix factorization problems offer many valuable insights into various aspects of deep learning, they
generally neglect the role of training data in these problems. For example, the convergence analysis
often assumes input data with isotropic covariance [50, 64], and as we have discussed, the analysis of
NC often assumes the last-layer features as an unconstrained optimization variable [2–4]. Given that
NC is characterizing the ability of neural networks to map input data to structured latent features, it
is also important to consider the role of input data. Indeed, our work highlights how the input data
structure induces a directional collapse rather than a singleton collapse.

Gradient descent on shallow neural networks Theoretical properties of the gradient descent
algorithms on shallow networks have been studied in different learning regimes and from various
perspectives. Earlier works [65, 66] concern the convergence of gradient descent in the so-called
kernel regime, where under specific settings (large network width, random weight initialization with
large variance, etc.) the linearization around network weight initialization holds valid throughout
training [42, 67]. However, limitations of such “lazy regime" training [43] are identified through
some specific student-teacher learning settings [68, 69]. This motivates the study of convergence in
small initialization settings, often called active or feature learning regime [34]. From a dynamics
perspective, in the infinite width limit with proper weight initialization scaling, the weight evolution
during training can be characterized by some mean-field dynamics [70, 71]; In the finite width
with vanishing weight initialization, the early training phase can be characterized by the directional
alignment between the weights and the input data [16, 29, 19]. From a generalization perspective,
learning in the feature learning regime can enjoy many advantages, such as sample efficiency [72, 73]
or benign overfitting [74]. Our work studies the convergence of ReLU networks in the feature learning
regime and contributes to this line of work in the following regards: First, prior works primarily
concern the convergence of the weights, while our result discusses its implications on the learned
last-layer feature. Second, from a technical perspective, our result addresses several challenges
emerging from considering a multi-class problem with the cross-entropy loss.
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B Experimental Details

B.1 Experimental details on classifying MNIST digits

Preprocessing data. We first preprocess the training data, i.e. digits {0, 1, 2} by centering: xi ←
xi − x̄, where x̄ =

∑
i∈[n] xi/n is the global mean image of the entire training data. Then we

have plotted the normalized correlation matrix
[〈

xi

∥xi∥ ,
xi′

∥xi′∥

〉]
i,i′∈[n]

of the centered data, showing

in Figure 3(a) that two data points of the same digit are likely to have a positive correlation and
those different digits are likely to have negative correlations. This suggests that the orthogonality
separability assumption in Assumption 1 is approximately satisfied.

Training. Given the centered data, for a two-layer ReLU network (2) of width-50, we initialize all
entries of the network weights with i.i.d. Gaussians with variance 10−6. Then we run SGD of batch
size 1000 with learning rate 0.1 for 50 epochs. For the trained network, we visualize the output neuron
weights vj , j ∈ [h] and determine theNk by lettingNk = {j ∈ [h] : k = argmaxk′ ⟨ẽk′ ,vj⟩}, then

also visualize the average direction of the input neuron weights
∑

j∈Nk
wj

∥
∑

j∈Nk
wj∥ for each group Nk, as

shown in Figure 3(b).

B.2 Experimental details on normalization layers

Modified ResNet. We take the ResNet18 and ResNet50 implementations (The first conv layer
is modified to accommodate MNIST and CIFAR10 input sizes) in Pytorch and replace the final
linear classifier with a two-layer ReLU network of width-1000, and also add a normalization layer
(Identity/None, LayerNorm, or RMSNorm) between the classifier and the feature extractor. The
initialization follows the Pytorch default.

Training. For each choice of (model: ResNet18, ResNet50)-(Dataset: MNIST, CIFAR10), we repeat
5 runs (with different random seeds) of SGD of batch size 128 and learning rate 0.1 (for ResNet18)
and 0.02 (for ResNet50) with momentum 0.95 for 50 epochs; and for every 20 epochs, we reduce the
learning rate to 0.1 of its current value. We plot the NC metrics and test accuracy against training
epochs in Figure 4.
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Figure 5: Measuring NC in trained modified ResNet50 on MNIST (top) and CIFAR10 (bottom)

NC metrics. The NC metrics follow those used in prior works except for the projected self-duality.

Given the class means ϕk =
∑

i=∈Ik
ϕθ(xi)

|Ik| and global mean ϕ̄ =
∑K

k=1 ϕk/K, NC1 is defined to

be the ratio between intra-class variance and the inter-class variance
∑K

k=1

∑
i∈Ik

∥ϕθ(xi)−ϕk∥2/|Ik|∑K
k=1 ∥ϕk−ϕ̄∥2 .

NC2 is defined to be the proximity of the gram matrix of the class mean directions to the identity
matrix ∥ G

∥G∥F
− 1√

K
I∥F , where G =

[
ϕ̄1 · · · ϕ̄K

]⊤ [
ϕ̄1 · · · ϕ̄K

]
. NC3 is defined to be

the proximity of V Φ̄† to an identity matrix ∥ V Φ̄†

∥V Φ̄†∥F
− 1√

K−1
Ẽ∥F .

In the main paper, we have only provided the plot for ResNet18. We show the plot for ResNet50 in
Figure 5.
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C Neural Alignment under Multi-class Orthogonally Separable Data

C.1 Basics on neuron dynamics under multi-class problems

The differential inclusion θ̇ ∈ −∇θL(θ) gives rise to the following characterization of the time
derivatives of neuron weights ∀j ∈ [h]:

d

dt
wj =

n∑
i=1

ξij ⟨yi − ŷi,vj⟩xi , (20)

d

dt
vj =

n∑
i=1

ξij(yi − ŷi) ⟨xi,wj⟩ , (21)

where ξij


= 1, ⟨xi,wj⟩ > 0

∈ [0, 1], ⟨xi,wj⟩ = 0

= 0, ⟨xi,wj⟩ < 0

, ŷi = Softmax(f(xi;θ))

It will become clear soon that it is convenient to decompose the weight dynamics into those of the
weight norm and of the weight direction, for which we use the balancedness that ∥wj∥ ≡ ∥vj∥,∀j:

(weight norm dynamics)

d

dt
∥wj∥2

(
also

d

dt
∥vj∥2

)
= 2

n∑
i=1

ξij ⟨yi − ŷi,vj⟩ ⟨xi,wj⟩

= 2

n∑
i=1

ξij

〈
yi − ŷi,

vj

∥vj∥

〉〈
xi,

wj

∥wj∥

〉
∥wj∥2 ; (22)

(input neuron angular dynamics)

d

dt

wj

∥wj∥
= Π⊥

wj

1

∥wj∥

n∑
i=1

ξij ⟨yi − ŷi,vj⟩xi

= Π⊥
wj

n∑
i=1

ξij

〈
yi − ŷi,

vj

∥vj∥

〉
xi ; (23)

(output neuron angular dynamics)

d

dt

vj

∥vj∥
= Π⊥

vj

1

∥vj∥

n∑
i=1

ξij(yi − ŷi) ⟨xi,wj⟩

= Π⊥
vj

n∑
i=1

ξij

〈
xi,

wj

∥wj∥

〉
(yi − ŷi) , (24)

where Π⊥
u :=

(
I − uu⊤

∥u∥2

)
denote the project matrix onto the orthogonal complement of u.

By inspecting (22)(23)(24), we note that the dynamic of each neuron pair (wj ,vj) is almost de-
coupled from each other except for the interaction through ŷi, i ∈ [n]. Interestingly, at the early
phase of the GF, (we will show that) the norm of the weights remains close to zero, resulting in
ŷi ≃ 1

K 1,∀i ∈ [n] thus fully decouples the neuron pair dynamics, the precise statement on such an
approximation ŷi ≃ 1

K 1 is as follow:

Lemma 1. ∥ŷi − 1
K 1∥ ≤ 8√

K
∥f(xi;θ)∥ whenever ∥f(xi;θ)∥ ≤ 1

4 .

Proof. First of all, we have

| exp(z)− 1| = max{exp(z)− 1, 1− exp(z)} =
{
exp(|z|)− 1, z ≥ 0

1− exp(−|z|), z < 0
.

We always have 1 − exp(−|z|) ≤ |z|. Moreover, whenever |z| ≤ 1, we have exp(|z|) − 1 ≤ 2|z|.
Therefore, we conclude that

| exp(z)− 1| ≤ 2|z|, ∀|z| ≤ 1 . (25)
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With (25), whenever ∥f(xi;θ)∥ ≤ 1, we have

max
k
| exp([f(xi;θ)]k)− 1| ≤ 2max

k
|[f(xi;θ)]k| ≤ 2∥f(xi;θ)∥ . (26)

Now we bound ∥ŷi − 1
K 1∥ using entrywise bound. Notice that∣∣[ŷi]k −

1
K

∣∣ = ∣∣∣ exp([f(xi;θ)]k)∑K
k′=1

exp([f(xi;θ)]k′ )
− 1

K

∣∣∣
=
∣∣∣ 1+(exp([f(xi;θ)]k)−1)

K+
∑K

k′=1
(exp([f(xi;θ)]k′ )−1)

− 1
K

∣∣∣
=

∣∣∣∣K(exp([f(xi;θ)]k)−1)−
∑K

k′=1
(exp([f(xi;θ)]k′ )−1)

K(K+
∑K

k′=1
(exp([f(xi;θ)]k′ )−1))

∣∣∣∣
≤ K|exp([f(xi;θ)]k)−1|+

∑K
k′=1

|exp([f(xi;θ)]k′ )−1|
K(K−

∑K
k′=1

|exp([f(xi;θ)]k′ )−1|)

(26)
≤ 4K∥f(xi;θ)∥

K(K−2K∥f(xi;θ)∥)

(∥f∥≤ 1
4 )

≤ 8
K ∥f(xi;θ)∥ . (27)

Finally, we have ∥ŷi − 1
K 1∥ ≤

√
Kmaxk

∣∣[ŷi]k −
1
K

∣∣ ≤ 8√
K
∥f(xi;θ)∥.

C.2 Analyzing neuron dynamics during alignment phase

In this section, we show the formal statements for the alignment dynamics we have introduced in
(16)(17). During the early phase of the GF training, the norms of the weights remain small (Lemma
2), leading to an approximate alignment dynamics in Lemma 3, which will be crucial for subsequent
analysis.

Lemma 2. Given some balanced, ϵ-small initialization θ(0) with ϵ ≤
√
K

16Xmax

√
h

, any solution θ(t)

to the GF dynamics (3) satisfies that ∀t ≤ 1
4nXmax

log 1√
hϵ

:= T ,

∥wj(t)∥2 = ∥vj(t)∥2 ≤
ϵ√
h
, ∀j ∈ [h], ∥f(xi;θ(t))∥ ≤ 2ϵXmax

√
h . (28)

The alignment phase refers to the training phase until T = 1
4nXmax

log 1√
hϵ

. With Lemma (2), we can

approximate the angular dynamics d
dt

wj

∥wj∥ and d
dt

vj

∥vj∥ throughout the alignment phase as follow:

Lemma 3. Given some balanced, ϵ-small initialization θ(0) with ϵ ≤ 1
16Xmax

√
h

, any solution θ(t)

to the GF dynamics (3) satisfies that ∀t ≤ 1
4nXmax

log 1√
hϵ

:= T ,∥∥∥∥∥ d

dt

wj

∥wj∥
−Π⊥

wj

(√
K − 1

K

n∑
i=1

ξij

〈
Ẽyi,

vj

∥vj∥

〉
xi

)∥∥∥∥∥ ≤ 16√
K

ϵnXmax

√
h, ∀j ∈ [h] ,

∥∥∥∥∥ d

dt

vj

∥vj∥
−Π⊥

vj

(√
K − 1

K

n∑
i=1

ξij

〈
xi,

wj

∥wj∥

〉
Ẽyi

)∥∥∥∥∥ ≤ 16√
K

ϵnXmax

√
h, ∀j ∈ [h]

Proof of Lemma 2. From Section C.1, we have

d

dt
∥wj∥2 = 2

n∑
i=1

ξij

〈
yi − ŷi,

vj

∥vj∥

〉〈
xi,

wj

∥wj∥

〉
∥wj∥2 (29)

Let T := inf{t : maxi |f(xi;θ(t))| > 2ϵXmax

√
h}, then ∀t ≤ T, j ∈ [h], we have

d

dt
∥wj∥2 = 2

n∑
i=1

ξij

〈
yi − ŷi,

vj

∥vj∥

〉〈
xi,

wj

∥wj∥

〉
∥wj∥2

≤ 2

n∑
i=1

|ξij |
∣∣∣〈yi − ŷi,

vj

∥vj∥

〉∣∣∣ ∣∣∣〈xi,
wj

∥wj∥

〉∣∣∣ ∥wj∥2
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≤ 2

n∑
i=1

∥yi − ŷi∥∥xi∥∥wj∥2

≤ 2

n∑
i=1

(∥∥yi − 1
K 1
∥∥+ ∥∥ 1

K 1− ŷi

∥∥)Xmax∥wj∥2

≤ 2

n∑
i=1

(√
K−1
K + 8√

K
∥f(xi;θ)∥

)
Xmax∥wj∥2

≤ 2

n∑
i=1

(
Xmax +

16ϵX2
max

√
h√

K

)
∥wj∥2 ≤ 2n

(
Xmax +

16ϵX2
max

√
h√

K

)
∥wj∥2 (30)

Let τj := inf{t : ∥wj(t)∥2 > ϵ√
h
}, and let j∗ := argminj τj . Then τj∗ = minj τj ≤ T , which can

be shown by contradiction:

Suppose τj∗ > T , then at t = T < τj∗ , by the definition of τj∗ , we have maxj ∥wj∥2 ≤ ϵ√
h

,
and by the definition of T and the continuity of θ(t) w.r.t. t, ∃i∗ ∈ [n] such that |f(xi∗ ;θ(T ))| =
2ϵXmax

√
h, therefore,

2ϵXmax

√
h = |f(xi∗ ;θ(T ))| =

∣∣∣∣∣∣
∑
j∈[h]

ξi∗jvj ⟨wj ,xi∗⟩

∣∣∣∣∣∣
≤
∑
j∈[h]

|ξi∗j |∥vj∥∥wj∥∥xi∗∥

≤
∑
j∈[h]

Xmax∥wj∥2 ≤ hXmax max
j∈[h]

∥wj∥2 , (31)

which suggests that maxj∈[h] ∥wj∥2 ≥ 2ϵ√
h

, a contradiction.

Now for t ≤ τj∗ ≤ T , we have

d

dt
∥wj∗∥2 ≤ 2n

(
Xmax +

16ϵX2
max

√
h√

K

)
∥wj∗∥2 . (32)

By Grönwall’s inequality, we have ∀t ≤ τj∗

∥wj∗(t)∥2 ≤ exp
(
2n
(
Xmax +

16ϵX2
max

√
h√

K

)
t
)
∥wj∗(0)∥2 ≤ exp

(
2n
(
Xmax +

16ϵX2
max

√
h√

K

)
t
)
ϵ2 .

Suppose τj∗ < 1
4nXmax

log 1√
hϵ

, then by the continuity of ∥wj∗(t)∥2, we have

ϵ√
h
= ∥wj∗(τj∗)∥2 ≤ exp

(
2n
(
Xmax +

16ϵX2
max

√
h√

K

)
τj∗
)
ϵ2

< exp
(
2n
(
Xmax +

16ϵX2
max

√
h√

K

)
1

4nXmax
log 1√

hϵ

)
ϵ2

≤ exp
((

1
2 + 8ϵXmax

√
h√

K

)
log 1√

hϵ

)
ϵ2

≤ exp
(
log 1√

hϵ

)
ϵ2 = ϵ√

h
,

where the last inequality is due to ϵ ≤
√
K

16Xmax

√
h

. This leads to a contradiction. Therefore, one must

have T ≥ τj∗ ≥ 1
4nXmax

log
(

1√
hϵ

)
. This finishes the proof.

Proof of Lemma 3. We have shown in Section C.1 that

d

dt

wj

∥wj∥
= Π⊥

wj

(
n∑

i=1

ξij

〈
yi − ŷi,

vj

∥vj∥

〉
xi

)
. (33)

Therefore, ∀ ≤ T ,

d
dt

wj

∥wj∥ = Π⊥
wj

(∑n
i=1 ξij

〈
yi − ŷi,

vj

∥vj∥

〉
xi

)
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= Π⊥
wj

(∑n
i=1 ξij

〈
(yi − 1

K 1)︸ ︷︷ ︸
=
√

K−1
K Ẽyi

+( 1
K 1− ŷi),

vj

∥vj∥

〉
xi

)

= Π⊥
wj

(√
K−1
K

∑n
i=1 ξij

〈
Ẽyi,

vj

∥vj∥

〉
xi

)
+Π⊥

wj

(∑n
i=1 ξij

〈
( 1
K 1− ŷi),

vj

∥vj∥

〉
xi

)
.

Finally, we have∥∥∥ d
dt

wj

∥wj∥ −Π⊥
wj

(√
K−1
K

∑n
i=1 ξij

〈
Ẽyi,

vj

∥vj∥

〉
xi

)∥∥∥
=

∥∥∥∥Π⊥
wj

(∑n
i=1 ξij

〈
( 1
K 1− ŷi),

vj

∥vj∥

〉
xi

)∥∥∥∥
≤
∑n

i=1 |ξij |∥xi∥∥ 1
K 1− ŷi∥

(Lemma 1)

≤ 8√
K
nXmax∥f(xi;θ)∥

(Lemma 2)

≤ 16√
K
ϵnX2

max

√
h , (34)

where we note that applying Lemma 1 requires ∥f(xi;θ)∥ ≤ 1
4 , which is guaranteed by Lemma 2

and our choice ϵ ≤ 1
16Xmax

√
h

. We have shown the approximation error bound for d
dt

wj

∥wj∥ . A similar

bound can be derived for d
dt

vj

∥vj∥ .

C.3 Neural alignment under multi-class orthogonally separable data

Sufficient statement for Proposition 1. It is easy to check that the following proposition is sufficient
for Proposition 1 to hold.
Proposition 3 (Sufficient statement for Proposition 1). Let K>2. Given orthogonally separable
data (Assumption 1) with X2

max

X2
minµdµ2

s
< 2K − 3, where Xmax := maxi∈[n] ∥xi∥ and Xmin :=

mini∈[n] ∥xi∥, ϵ-small, balanced and semi-local initialization (Assumptions 2, 4) for a sufficiently
small ϵ, for any solution θ(t), t≥0 to (3) and any j ∈ Nk, k ∈ [K], define

T ∗
j,k = inf{t ≥ 0 : |Iwj

k | = |Ik|, |I
wj

k′ | = 0,∀k′ ̸= k} , (35)

then ∀t≥T ∗
j,k, we have |Iwj

k | = |Ik|, |I
wj

k′ | = 0,∀k′ ̸= k, thus wk(t)
⊤xi

{
> 0, ∀i ∈ Ik
< 0, ∀i /∈ Ik

,∀i∈ [n].

Therefore, we can study the dynamic behavior of each neuron pair individually, for convenience,
let j ∈ Nk, and we drop the index j.

For a neuron pair (w,v), we have defined the following:

αi :=

〈
xi,

w

∥w∥

〉
, (alignment between input neuron and i-th data)

βi :=

〈
Ẽyi,

v

∥v∥

〉
, (alignment between output neuron and i-th label)

Iwk := {i ∈ Ik : αi > 0}, (number of active data points in k-th class)

and

Ak :=
∑
i∈Iw

k

αi =
∑

i∈Ik:αi>0

αi︸ ︷︷ ︸
we mostly use this notation for clarity

, (alignment between input neuron and k-th class)

Bk :=

〈
ẽk,

v

∥v∥

〉
. (alignment between output neuron and k-th class)

Overview of the proof of Proposition 1. First, we utilize the alignment dynamics in Lemma 3, to
show that (Recall that T = 1

4nXmax
log 1√

hϵ
)

Lemma 4. Given a neuron (wj ,vj), j ∈ Nk, during the alignment phase t ≤ min{T ∗
j,k, T}, the

following holds:

27



1. vj

∥vj∥ remains close to its target pseudo-label: Bk ≥ 1− 1
2(K−1) ;

2. wj

∥wj∥ remains close to its target class: Ak − 2
∑

k′ ̸=kAk′ ≥ Ak(0)− 2
∑

k′ ̸=kAk′(0);

3. Neuron wj

∥wj∥ does not deactivate data from target class, nor activate data from non-target class:

|Iwk | ≥ |I
w(0)
k | and |Iwk′ | ≤ |Iw(0)

k′ |,∀k′ ̸= k.

The characterizations in 4 suggest that the neuron weight directions { wj

∥wj∥ ,
vj

∥vj∥} remains close
to the attractor {x̄k, ẽk}, and as the weights move closer to the attractor, |Iwj

k | increases to |Ik|,
and |Iwj

k′ | decreases to 0. When the initialization scale ϵ is sufficiently small so that T is large, this
Lemma will show that T ∗

j,k is finite, and we will provide an upper bound.

Then the following lemma shows that the desired property for neuron (wj ,vj) still holds after T ∗
j,k.

Lemma 5. for any neuron (vj ,wj), j ∈ Nk, we have ∀t > T ∗
j,k:

1. vj

∥vj∥ remains close to its target pseudo-label: Bvj

k ≥
√
2
2 ;

2. wj

∥wj∥ is exclusively activated by data from its target class: |Iwj

k | = Nk, |I
wj

k′ | = 0,∀k′ ̸= k .

The remaining parts of this section are dedicated to proving these two Lemmas. The next section will
formally prove Proposition 3, thereby proving Proposition 1.

C.3.1 Proof of Lemma 4

Basic dynamics. The main proof concerns the time derivatives of the alignment to classes
d
dtAk,

d
dtBk. With Lemma 3, we have their approximations during the alignment phase:

d

dt
Ak =

∑
i∈Ik:αi>0

d
dtαi

=
∑

i∈Ik:αi>0

〈
xi,

d
dt

w
∥w∥

〉
=
∑

i∈Ik:αi>0

〈
xi,Π

⊥
w

(√
K−1
K

∑n
i′=1 ξi′

〈
Ẽyi′ ,

v
∥v∥

〉
xi′

)〉
+O(ϵ) (36)

=
√

K−1
K

∑
i∈Ik:αi>0

〈
xi,Π

⊥
w (
∑n

i′=1 ξi′βi′xi′)
〉
+O(ϵ)

=
√

K−1
K

∑
i∈Ik:αi>0

∑
i′:αi′≥0 (⟨xi, ξi′xi′⟩ − αiξi′αi′)βi′ +O(ϵ) (37)

=
√

K−1
K

∑
i∈Ik:αi>0

∑
1≤k′≤K

∑
i′∈Ik′ :αi′≥0 (⟨xi, ξi′xi′⟩ − αiξi′αi′)βi′ +O(ϵ)

=
√

K−1
K

∑
1≤k′≤K

∑
i∈Ik:αi>0

∑
i′∈Ik′ :αi′≥0 (⟨xi, ξi′xi′⟩ − αiξi′αi′)Bk′ +O(ϵ) (38)

=
√

K−1
K

∑
1≤k′≤K Bk′

(∑
i∈Ik:αi>0

∑
i′∈Ik′ :αi′≥0 (⟨xi, ξi′xi′⟩ − αiξi′αi′)

)
+O(ϵ)

=
√

K−1
K

∑
1≤k′≤K Bk′

(〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik′ :αi′≥0 ξi′xi′

〉
−
(∑

i∈Ik:αi>0 αi

) (∑
i′∈Ik′ :αi′≥0 ξi′αi′

))
+O(ϵ)

=
√

K−1
K

∑
1≤k′≤K Bk′

(〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik′ :αi′≥0 ξi′xi′

〉
−AkAk′

)
+O(ϵ) ,

(39)

where (39) uses the simple fact that
∑

i′∈Ik′ :αi′≥0 ξi′αi′ =
∑

i′∈Ik′ :αi′>0 αi′ = Ak′ , (38) uses the

fact that βi′ =
〈
Ẽyi′ ,

v
∥v∥

〉
=
〈
ẽk′ , v

∥v∥

〉
if i′ ∈ Ik′ , (37) uses the fact that ξi′ = 0 if αi′ < 0, and

(36) uses Lemma 3, with the O(ϵ) term being∑
i∈Ik:αi>0

〈
xi,

d
dt

w
∥w∥ −Π⊥

w

(√
K−1
K

∑n
i′=1 ξi′

〈
Ẽyi′ ,

v
∥v∥

〉
xi′

)〉
,
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whose norm can be upper bounded as follows:∥∥∥∑i∈Ik:αi>0

〈
xi,

d
dt

w
∥w∥ −Π⊥

w

(√
K−1
K

∑n
i′=1 ξi′

〈
Ẽyi′ ,

v
∥v∥

〉
xi′

)〉∥∥∥
≤
∑n

i=1 ∥xi∥
∥∥∥ d
dt

w
∥w∥ −Π⊥

w

(√
K−1
K

∑n
i′=1 ξi′

〈
Ẽyi′ ,

v
∥v∥

〉
xi′

)∥∥∥ ≤ 16√
K
ϵn2X3

max

√
h .

and
d

dt
Bk =

〈
ẽk,

d
dt

v
∥v∥

〉
=
〈
ẽk,Π

⊥
v

(√
K−1
K

∑n
i=1 ξi

〈
xi,

w
∥w∥

〉
Ẽyi

)〉
+O(ϵ)

=
√

K−1
K

〈
ẽk,Π

⊥
v

(∑
1≤k′≤K

∑
i∈Ik′ :αi>0 αiẼyi

)〉
+O(ϵ)

=
√

K−1
K

〈
ẽk,Π

⊥
v

(∑
1≤k′≤K

∑
i∈Ik′ :αi>0 αiẽk′

)〉
+O(ϵ)

=
√

K−1
K

∑
1≤k′≤K

∑
i∈Ik′ :αi>0

〈
ẽk,Π

⊥
v ẽk′

〉
αi +O(ϵ)

=
√

K−1
K

∑
1≤k′≤K (⟨ẽk, ẽk′⟩ − BkBk′)

∑
i∈Ik′ :αi>0 αi +O(ϵ)

=
√

K−1
K

∑
1≤k′≤K Ak′ (⟨ẽk, ẽk′⟩ − BkBk′) +O(ϵ)

=
√

K−1
K

(
Ak(1− B2k) +

∑
k′ ̸=kAk′

(
− 1

K−1 − BkBk′

))
+O(ϵ) , (40)

where multiple facts used to derive (39) are also used here, and in (40), the O(ϵ) has its norm upper
bounded by 16√

K
ϵnX2

max

√
h.

Axuillary Lemmas. The following lemmas will be needed.
Lemma 6. Given Bk, k = 1, · · · ,K defined for a single neuron pair (w,v), we have

−2(1− Bk)− 1
K−1 ≤ Bk′ ≤ 2(1− Bk)− 1

K−1 ,∀k, k
′with k′ ̸= k .

Proof. With the following basic derivation

Bk′ =
〈
ẽk′ , v

∥v∥

〉〈
ẽk′ , v

∥v∥ − ẽk + ẽk

〉〈
ẽk′ , v

∥v∥ − ẽk + ẽk

〉
=
〈
ẽk′ , v

∥v∥ − ẽk

〉
− 1

K−1 ,

the desired result comes from the fact that
∣∣∣〈ẽk′ , v

∥v∥ − ẽk

〉∣∣∣ ≤ ∥∥∥ v
∥v∥ − ẽk

∥∥∥ = 2(1− Bk).

Lemma 7. Given a dataset that satisfies Assumption 1, then the following is true:

• ∀k and some ai,∀i ∈ Ik, we have
∥
∑

i∈Ik
aixi∥ ≥

√
µs

∑
i∈Ik

aiXmin ; (41)

• ∀k ̸= k′ and some ai, bi′ ≥ 0,∀i ∈ Ik, i′ ∈ Ii′ , we have〈∑
i∈Ik

aixi,
∑

i′∈Ik′ bi′xi′

〉
≤ −µd∥

∑
i∈Ik

aixi∥∥
∑

i′∈Ik′ bi′xi′∥ . (42)

Proof. For the first inequality,

∥
∑

i∈Ik
aixi∥ =

√∑
i∈Ik

a2i ∥xi∥2 +
∑

i̸=j aiaj ⟨xi,xj⟩

≥
√∑

i∈Ik
a2iµs∥xi∥2 +

∑
i ̸=j aiajµs∥xi∥∥xj∥

≥ √µs

√∑
i∈Ik

a2i +
∑

i̸=j aiajXmin =
√
µs

∑
i∈Ik

aiXmin .

For the second inequality,〈∑
i∈Ik

aixi,
∑

i′∈Ik′ bi′xi′

〉
=
∑

i∈Ik,i′∈Ik′ aibi′ ⟨xi,xi′⟩ ≤ −µd

∑
i∈Ik,i′∈Ik′ aibi′∥xi∥∥xi′∥

≤ −µd∥
∑

i∈Ik
aixi∥∥

∑
i′∈Ik′ bi′xi′∥ .
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Lemma 8. Given {zi, i ∈ I} with ⟨zi, zj⟩ ≤ 0,∀i, j ∈ I, i ̸= j, then ∥
∑

i∈I zi∥ ≤
√∑

i∈I ∥zi∥2.

Proof. ∥
∑

i∈I zi∥ =
√∑

i∈I ∥zi∥2 +
∑

i ̸=j ⟨zi, zj⟩ ≤
√∑

i∈I ∥zi∥2.

Lemma 9. Given a dataset that satisfies Assumption 1, ∃0 < ζ < 1 such that ∀k ∈ [K] and
∀w ∈ {z : 0 < |Izk | < |Ik|}, we have

∥∥∑
i∈Ik:αi>0 xi

∥∥2 −A2
k ≥ µsX

2
minζ.

Proof. Notice that∥∥∑
i∈Ik:αi>0 xi

∥∥2 −A2
k =

∥∥∑
i∈Ik:αi>0 xi

∥∥2(1− 〈 w
∥w∥ ,

∑
i∈Ik:αi>0 xi

∥
∑

i∈Ik:αi>0 xi∥

〉2)
(Lemma 7)
≥ µsX

2
min

(
1−

〈
w

∥w∥ ,
∑

i∈Ik:αi>0 xi

∥
∑

i∈Ik:αi>0 xi∥

〉2)
. (43)

However, the nonnegative quantity
(
1−

〈
w

∥w∥ ,
∑

i∈Ik:αi>0 xi

∥
∑

i∈Ik:αi>0 xi∥

〉2)
can not be zero: Suppose it

is zero, then w ∝ ±
∑

i∈Ik:αi>0 xi, which corresponds to either |Izk | = 0 or |Izk | = |Ik|, a
contradiction. We let its lowest value be ζ > 0. This finishes the proof.

The proof. Now we are ready to prove Lemma 4.

Proof of Lemma 4. We define the following:

τ1 = inf
{
t ≥ 0 : Bk < 1− 1

2(K−1)

}
,

τ2 = inf
{
t ≥ 0 : Ak − 2

∑
k′ ̸=kAk′ < Ak(0)− 2

∑
k′ ̸=kAk′(0)

}
,

τ3 = inf
{
t ≥ 0 : |Iwk | < |I

w(0)
k | or |Iwk′ | > |Iw(0)

k′ | for some k′
}
.

Then it suffices to show that min{τ1, τ2, τ3} ≥ min{T ∗
j,k, T}, for which we prove them by contra-

diction. Note: In the proof we will use "
(∗)
≥" to represent an inequality that holds when ϵ is

sufficiently small.

Case 1: min{τ1, τ2, τ3} = τ1.

At τ1, by the continuity of Bk, we must have Bk(τ1) = 1 − 1
2(K−1) . Suppose τ1 ≤ min{T ∗

j,k, T},
then we have the following derivation

d

dt
Bk
∣∣∣∣
t=τ1

=
√

K−1
K

(
Ak(1− B2k) +

∑
k′ ̸=kAk′

(
− 1

K−1 − BkBk′

))
+O(ϵ)

(Lemma 6)
≥

√
K−1
K

(
Ak(1− B2k) +

∑
k′ ̸=kAk′

(
− 1

K−1 − Bk
(
2(1− Bk)− 1

K−1

)))
+O(ϵ)

=
√

K−1
K

(
Ak(1− B2k)− 2

∑
k′ ̸=kAk′

(
1−Bk

2(K−1) + Bk(1− Bk)
))

+O(ϵ)

=
√

K−1
K

((
Ak − 2

∑
k′ ̸=kAk′

)
(1− B2

k) + 2
∑

k′ ̸=kAk′

(
1− B2k −

1−Bk

2(K−1) − Bk(1− Bk)
))

+O(ϵ)
(t=τ1)

≥
√

K−1
K

(
Ak − 2

∑
k′ ̸=kAk′

)
1

K−1 + 2
∑

k′ ̸=kAk′

(
1

2(K−1)

(
1− 1

2(K−1)

))
+O(ϵ)

(τ2≥τ1)

≥
√

K−1
K

(
Ak(0)− 2

∑
k′ ̸=kAk′(0)

)
1

K−1 +O(ϵ)

(40),τ1≤T

≥
√

K−1
K

(
Ak(0)− 2

∑
k′ ̸=kAk′(0)

)
1

K−1 −
16√
K
ϵnX2

max

√
h

(∗)
≥ 0 . (44)
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The definition of τ1 suggests that Bk must drop below 1− 1
2(K−1) right after t = τ1, which contradicts

that d
dtBk

∣∣
t=τ1

≥ 0. Therefore min{τ1, τ2, τ3} > min{T ∗
j,k, T} can not be true under the case when

min{τ1, τ2, τ3} = τ1.

Case 2: min{τ1, τ2, τ3} = τ2.

Again, we derive a contradiction by supposing τ2 ≤ min{T ∗, T}. Since min{τ1, τ2, τ3} = τ2, at τ2
we still have Bk ≥ 1− 1

2(K−1) > 0, and by Lemma 6, we also have Bk′ ≤ 2(1− Bk)− 1
K−1 ≤ 0.

Starting from (39) restricted to t = τ2, we have for the target class,

d

dt
Ak

∣∣∣∣
t=τ2

=
√

K−1
K

∑
1≤k′≤K Bk′

(〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik′ :αi′≥0 ξi′xi′

〉
−AkAk′

)
+O(ϵ)

=
√

K−1
K Bk︸︷︷︸

≥0

(∥∥∑
i∈Ik:αi>0 xi

∥∥2 −A2
k +

〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik:αi′=0 ξi′xi′

〉
︸ ︷︷ ︸

≥0

)

+
√

K−1
K

∑
k′ ̸=k Bk′︸︷︷︸

≤0

(〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik′ :αi′≥0 ξi′xi′

〉
︸ ︷︷ ︸

≤0

−AkAk′︸ ︷︷ ︸
≥0

)
+O(ϵ) ,

≥
√

K−1
K Bk

(∥∥∑
i∈Ik:αi>0 xi

∥∥2 −A2
k

)
+O(ϵ) , (45)

and for non-target classes, we have

d

dt

∑
k′ ̸=k

Ak′

∣∣∣∣∣∣
t=τ2

=
√

K−1
K

∑
k′ ̸=k

∑
1≤k′′≤K Bk′′

(〈∑
i∈Ik′ :αi>0 xi,

∑
i′∈Ik′′ :αi′≥0 ξi′xi′

〉
−Ak′Ak′′

)
+O(ϵ)

=
√

K−1
K

∑
k′ ̸=k Bk

(〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik′ :αi′≥0 ξi′xi′

〉
−Ak′Ak

)
+
√

K−1
K

∑
k′ ̸=k

∑
k′′ ̸=k Bk′′

(〈∑
i∈Ik′ :αi>0 xi,

∑
i′∈Ik′′ :αi′≥0 ξi′xi′

〉
−Ak′Ak′′

)
+O(ϵ)

=
√

K−1
K

∑
k′ ̸=k Bk

〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik′ :αi′≥0 ξi′xi′

〉
+
√

K−1
K

〈∑
k′ ̸=k

∑
i∈Ik′ :αi>0 xi,

∑
k′′ ̸=k Bk′′

∑
i′∈Ik′′ :αi′≥0 ξi′xi′

〉
+
√

K−1
K

∑
k′ ̸=k

(
−BkAk′Ak −

∑
k′′ ̸=k Bk′′Ak′Ak′′

)
+O(ϵ) (46)

≤ −
√

K−1
K

(
µdµsX

2
minBk

∑
k′=k |Iwk′ |2 + 2

K−1X
2
max

∑
k′=k |Iwk′ |2

)
+O(ϵ) , (47)

The last step to get (47) is to upper bound the three terms in (46) separately, which we defer to the
end of this proof. Combining (45)(47), and recalling the upper bound on the norm of the O(ϵ) terms,
we have
d
dt

(
Ak − 2

∑
k′ ̸=kAk′

)∣∣∣
t=τ2

≥
√

K−1
K Bk

(∥∥∑
i∈Ik:αi>0 xi

∥∥2 −A2
k

)
2
(
µdµsX

2
minBk − 2

K−1X
2
max

)∑
k′=k |Iwk′ |2 − 32

√
Kϵn2X3

max

√
h

≥
√

K−1
K Bk

(∥∥∑
i∈Ik:αi>0 xi

∥∥2 −A2
k

)
2
(
µdµsX

2
min

(
1− 1

2(K−1)

)
− 2

K−1X
2
max

)
︸ ︷︷ ︸

≥0

∑
k′=k |Iwk′ |2 − 32

√
Kϵn2X3

max

√
h
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≥
√

K−1
K

(
1− 1

2(K−1)

)
µsX

2
minζ − 32√

K
ϵn2X3

max

√
h

(∗)
≥ 0 . (48)

The definition of τ2 suggests thatAk−2
∑

k′ ̸=kAk′ must drop belowAk(0)−2
∑

k′ ̸=kAk′(0) right

after t = τ2, which contradicts that d
dt

(
Ak − 2

∑
k′ ̸=kAk′

)∣∣∣
t=τ2

≥ 0. Therefore min{τ1, τ2, τ3} >
min{T ∗

j,k, T} can not be true under the case when min{τ1, τ2, τ3} = τ2.

Case 3: min{τ1, τ2, τ3} = τ3. Finally, it remains to exclude the case when min{τ1, τ2, τ3} = τ3 and
τ3 ≤ min{T ∗

j,k, T}. At t = τ3, either of the following must happen:

1. ∃i ∈ Ik such that αi = 0 and d
dtαi < 0;

2. ∃i ∈ Ik′ for some k′ ̸= k such that αi = 0 and d
dtαi > 0;

However, at t = τ3, ∀i ∈ Ik, we have
d
dtαi

∣∣
αi=0

=
〈
xi,

d
dt

w
∥w∥

〉
(Lemma 3)
=

〈
xi,Π

⊥
w

(√
K−1
K

∑n
i′=1 ξi′

〈
Ẽyi′ ,

v
∥v∥

〉
xi′

)〉
+O(ϵ)

(αi=0)
=

√
K−1
K ⟨xi, (

∑n
i′=1 ξi′βi′xi′)⟩+O(ϵ)

=
√

K−1
K

(
Bk
〈
xi,
∑

i∈Ik,αi≥0 ξixi

〉
+
∑

k′ ̸=k Bk′︸︷︷︸
≤0

〈
xi,
∑

i′∈Ik′ ,αi′≥0 ξi′xi′

〉
︸ ︷︷ ︸

≤0

)
+O(ϵ)

≥
√

K−1
K Bk

〈
xi,
∑

i∈Ik,αi≥0 ξixi

〉
+O(ϵ)

(Lemma 7)
≥

√
K−1
K

(
1− 1

2(K−1)

)
|Ik(0)|µsX

2
min − 16√

K
ϵnX3

max

√
h

(∗)
≥ 0 , (49)

therefore it can not be that ∃i ∈ Ik such that αi = 0 and d
dtαi < 0. Next, ∀i ∈ Ik′ , k′ ̸= k, we have

d
dtαi

∣∣
αi=0

=
√

K−1
K ⟨xi, (

∑n
i′=1 ξi′βi′xi′)⟩+O(ϵ)

=
√

K−1
K

(
Bk
〈
xi,
∑

i∈Ik,αi≥0 ξixi

〉
+
∑

k′ ̸=k Bk′

〈
xi,
∑

i′∈Ik′ ,αi′≥0 ξi′xi′

〉)
+O(ϵ)

=
√

K−1
K

(
Bk
〈
xi,
∑

i∈Ik,αi≥0 ξixi

〉
+
〈
xi,
∑

k′ ̸=k

∑
i′∈Ik′ ,αi′≥0 Bk′ξi′xi′

〉)
+O(ϵ)

(Lemma 7)
≤

√
K−1
K

(
− µdBk∥xi∥∥

∑
i∈Ik,αi≥0 ξixi∥+ ∥xi∥∥

∑
k′ ̸=k

∑
i′∈Ik′ ,αi′≥0 Bk′ξi′xi′∥

)
+O(ϵ)

(Lemma 7)
≤

√
K−1
K

(
− µdµsBkX2

min|Ik|+ ∥xi∥∥
∑

k′ ̸=k

∑
i′∈Ik′ ,αi′≥0 Bk′ξi′xi′∥

)
+O(ϵ)

(Lemma 8)
≤

√
K−1
K

(
− µdµsBkX2

min|Ik|+ ∥xi∥
√∑

k′ ̸=k ∥
∑

i′∈Ik′ ,αi′≥0 Bk′ξi′xi′∥2
)
+O(ϵ)

≤
√

K−1
K

(
− µdµsBkX2

min|Ik|+X2
max

√∑
k′ ̸=k |Bk′ |2|Ik′ |2

)
+O(ϵ)

(τ3≤τ1)

≤
√

K−1
K

(
− µdµs

(
1− 1

2(K−1)

)
X2

min|Ik|+ 2
K−1X

2
max

√∑
k′ ̸=k |Ik′ |2

)
+O(ϵ)

(t=τ3)

≤
√

K−1
K |Ik(0)|

(
− µdµs

(
1− 1

2(K−1)

)
X2

min + 2
K−1X

2
max

)
− 16√

K
ϵnX3

max

√
h

(∗)
≤ 0

(50)
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therefore it can not be that ∃i ∈ Ik′ , k′ ̸= k such that αi = 0 and d
dtαi > 0. By excluding both

scenarios, min{τ1, τ2, τ3} > min{T ∗
j,k, T} can not be true under the case when min{τ1, τ2, τ3} = τ3.

The proof is complete once we add the derivations for 47.

Complete the proof. Lastly, it remains to prove (47), which comes from the following derivations:
For the first term,∑

k′=k Bk
〈∑

i∈Ik:αi>0 xi,
∑

i′∈Ik′ :αi′≥0 ξi′xi′

〉
≤
∑

k′=k
Bk︸︷︷︸
≥0

(〈∑
i∈Ik:αi>0 xi,

∑
i′∈Ik′ :αi′>0 xi′

〉
+
〈∑

i∈Ik:αi>0 xi,
∑

i′∈Ik′ :αi′=0 ξi′xi′

〉
︸ ︷︷ ︸

≤0

)

≤
∑

k′=k Bk
〈∑

i∈Ik:αi>0 xi,
∑

i′∈Ik′ :αi′>0 xi′

〉
(Lemma 7)
≤ −µd

∑
k′=k Bk∥

∑
i∈Ik:αi>0 xi∥ ∥

∑
i′∈Ik′ :αi′>0 xi′∥

(Lemma 7)
≤ −µdµsX

2
min

∑
k′=k Bk|Iwk ||Iwk′ |

(τ2≤τ3)

≤ −µdµsX
2
minBk

∑
k′=k |Iwk′ |2 .

For the second term,〈∑
k′ ̸=k

∑
i∈Ik′ :αi>0 xi,

∑
k′′ ̸=k Bk′′

∑
i′∈Ik′′ :αi′≥0 ξi′xi′

〉
= −

〈∑
k′ ̸=k

∑
i∈Ik′ :αi>0 xi,

∑
k′′ ̸=k

∑
i′∈Ik′′ :αi′≥0(−Bk′′)ξi′xi′

〉
≤ ∥

∑
k′ ̸=k

∑
i∈Ik′ :αi>0 xi∥ ∥

∑
k′′ ̸=k

∑
i′∈Ik′′ :αi′≥0(−Bk′′)ξi′xi′∥

(Lemma 8)
≤

√∑
k′ ̸=k ∥

∑
i∈Ik′ :αi>0 xi∥2

√∑
k′′ ̸=k(−Bk′′)2∥

∑
i′∈Ik′′ :αi′≥0 ξi′xi′∥2

(Lemma 6)
≤

√∑
k′ ̸=k |Iwk′ |2X2

max

√(
2

K−1

)2∑
k′′ ̸=k |Iwk′′ |2X2

max (51)

≤ 2
K−1X

2
max

∑
k′=k |Iwk′ |2 ,

where (51) uses that − 2
K−1 ≤ Bk′ ≤ 0,∀k′ ̸= k by Lemma 6. And for the last term,∑

k′ ̸=k

(
−BkAk′Ak −

∑
k′′ ̸=k Bk′′Ak′Ak′′

)
(t=τ2)

≤
∑

k′ ̸=kAk′

(
−2Bk

∑
k′′ ̸=kAk′′ −

∑
k′′ ̸=k Bk′′Ak′′

)
=
∑

k′ ̸=kAk′
∑

k′′ ̸=kAk′′ (−2Bk − Bk′′)

(τ2≤τ1)

≤
∑

k′ ̸=kAk′
∑

k′′ ̸=kAk′′

(
−2 + 3

K−1

)
≤ 0 .

C.3.2 Proof of Lemma 5

We will use the following lemma:
Lemma 10. For any v̄ ∈ SK−1 such that ⟨v̄, ẽ1⟩ = β ∈ [0, 1], then ∀p such that p ≥ 0, [p]1 = 0,
and ⟨p,1⟩ = 1, we have ∣∣∣ 1

K−1

∑
k>1[v̄]k − ⟨p, v̄⟩

∣∣∣ ≤√1− β2 , (52)

Proof. First of all, since mink>1[v̄]k ≤ ⟨p, v̄⟩ ≤ maxk>1[v̄]k, we know that∣∣∣ 1
K−1

∑
k>1[v̄]k − ⟨p, v̄⟩

∣∣∣ ≤ max
{∣∣∣∑k>1[v̄]k

K−1 −mink>1[v̄]k

∣∣∣ , ∣∣∣∑k>1[v̄]k
K−1 −maxk>1[v̄]k

∣∣∣}
≤
∥∥∥∑

k>1[v̄]k
K−1 1− [v̄]2:K

∥∥∥
∞
≤
∥∥∥∑

k>1[v̄]k
K−1 1− [v̄]2:K

∥∥∥ .

33



Now given that ⟨v̄, ẽ1⟩ = β, we can write v̄ = βẽ1 +
√
1− β2y⊥, where y⊥ ∈ SK−1 and y ⊥ ẽ1.

Therefore,∥∥∥∑
k>1[v̄]k
K−1 1− [v̄]2:K

∥∥∥ =
∥∥∥β (∑

k>1[ẽ1]k
K−1 1− [ẽ1]2:K

)
+
√

1− β2
(∑

k>1[y
⊥]k

K−1 1− [y⊥]2:K

)∥∥∥
=
√
1− β2

∥∥∥∑
k>1[y

⊥]k
K−1 1− [y⊥]2:K

∥∥∥
=
√
1− β2

∥∥∥(I − 1
K−111⊤

)
[y⊥]2:K

∥∥∥ ≤√1− β2∥[y⊥]2:K∥ ≤
√
1− β2 .

Proof of Lemma 5. Without loss of generality, we prove this lemma for k = 1. We define

T1 = inf{t > T ∗
j,k : Bk <

√
2
2 } ,

T2 = inf{t > T ∗
j,k : |Iwj

k | ≠ |Ik| or |Iwj

k′ | ≠ 0} .

We need to show that min{T1, T2} =∞. We derive a contradiction by assuming it is finite.

Case one: min{T1, T2} = T1 is finite

Assuming min{T1, T2} = T1 is finite, our primary focus is the angular dynamics of vj

∥vj∥ ,∀j ∈ N1,

d
dt

vj

∥vj∥ = Π⊥
vj

∑
i∈I1

〈
xi,

wj

∥wj∥

〉
(e1 − ŷi) ,

and in particular those of its alignment with pseudo-label ẽ1,
d

dt
Bvj

j =
〈
ẽ1,

d
dt

vj

∥vj∥

〉
=
〈
ẽ1,Π

⊥
vj

∑
i∈I1

〈
xi,

wj

∥wj∥

〉
(e1 − ŷi)

〉
=
∑

i∈I1

〈
xi,

wj

∥wj∥

〉〈
ẽ1,Π

⊥
vj
(e1 − ŷi)

〉
. (53)

We shall focus on the term
〈
ẽ1,Π

⊥
vj
(e1 − ŷi)

〉
. For each i ∈ I1, we let zik = [V Wxi]k =[∑

j∈N1
vjw

⊤
j xi

]
k
, then

e1 − ŷi =


1
0
...
0

−


exp(zi1)∑K
k=1 exp(zik)
exp(zi2)∑K

k=1 exp(zik)

...
exp(ziK)∑K
k=1 exp(zik)

 =



∑
k>1 exp(zik)∑K
k=1 exp(zik)

− exp(zi2)∑K
k=1 exp(zik)

...
− exp(ziK)∑K

k=1 exp(zik)



(zik−zi1:=z̃ik)
=



∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

− exp(z̃i2)
1+

∑
k>1 exp(z̃ik)

...
− exp(z̃iK)∑

k>1 exp(z̃ik)



=



∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

− 1
K−1

∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

...
− 1

K−1

∑
k>1 exp(z̃ik)∑
k>1 exp(z̃ik)

+


0

− exp(z̃i2)+
1

K−1

∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

...
− exp(z̃iK)+ 1

K−1

∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)



=
∑

k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)


√

K
K−1 ẽ1 +


0

− exp(z̃i2)∑
k>1 exp(z̃ik)

+ 1
K−1

...
− exp(z̃iK)∑
k>1 exp(z̃ik)

+ 1
K−1


 , (54)
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thus we have〈
ẽ1,Π

⊥
vj
(e1 − ŷi)

〉

=
∑

k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

〈
ẽ1,

(
I − vjv

⊤
j

∥vj∥2

)
√

K
K−1 ẽ1 +


0

− exp(z̃i2)∑
k>1 exp(z̃ik)

+ 1
K−1

...
− exp(z̃iK)∑
k>1 exp(z̃ik)

+ 1
K−1



〉

=
∑

k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)


√

K
K−1 (1− (Bvj

j )2) +

〈
ẽ1,

(
I − vjv

⊤
j

∥vj∥2

)
0

− exp(z̃i2)∑
k>1 exp(z̃ik)

+ 1
K−1

...
− exp(z̃iK)∑
k>1 exp(z̃ik)

+ 1
K−1


〉

=
∑

k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

(√
K

K−1 (1− (Bvj

j )2)− Bvj

j

(
1

K−1

∑
k>1

[
vj

∥vj∥

]
k
−
∑

k>1

exp(z̃ik)
[

vj
∥vj∥

]
k∑

k>1 exp(z̃ik)

))
(Lemma 10)
≥

∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

(√
K

K−1 (1− (Bvj

j )2)− Bvj

j

√
1− (Bvj

j )2
)

=
∑

k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

√
1− (Bvj

j )2
(√

K
K−1

√
1− (Bvj

j )2 − Bvj

j

)
, (55)

from which we see that at t = T1, we have

d
dtB

vj

j

∣∣
B

vj
j =

√
2

2

≥
∑

i=∈I1

〈
xi,

wj

∥wj∥

〉
︸ ︷︷ ︸

≥0

∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃)

√
1
2

(√
K

K−1

√
1
2 −

√
2
2

)
> 0 , (56)

contradicting the definition of T1.

Case two: min{T1, T2} = T2 is finite

Assuming min{T1, T2} = T2 is finite, we shall focus on the time interval [T ∗
j,k, T2], when we have

d
dtwj =

∑
i∈I1
⟨e1 − ŷi,vj⟩xi =

∑
i∈I1

〈
e1 − ŷi,

vj

∥vj∥

〉
∥vj∥xi (57)

From (54), we have ∀t ≤ T2〈
e1 − ŷi,

vj

∥vj∥

〉
=

∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃)

(√
K

K−1B
vj

j +

(
1

K−1

∑
k>1

[
vj

∥vj∥

]
k
−
∑

k>1

exp(z̃ik)
[

vj
∥vj∥

]
k∑

k>1 exp(z̃ik)

))
(Lemma 10)
≥

∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃)

(√
K

K−1B
vj

j −
√
1− (Bvj

j )2
)

(T1≥T2)

≥
∑

k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃)

(√
K

K−1

√
2
2 −

√
2
2

)
≥ 0 . (58)

Therefore, by the Fundamental Theorem of Calculus, we have

wj(T2) = wj(T
∗
j,k) +

∑
i∈I1

(∫ T2

T∗
j,k

〈
e1 − ŷi,

vj

∥vj∥

〉
∥vj∥

)
︸ ︷︷ ︸

≥0

xi , (59)

which ensures that |Iwj(T2)
k | = |Ik| and |Iwj(T2)

k′ | = 0, contradicting to the definition of T2.

Therefore, the proof is finished by the fact that min{T1, T2} cannot be finite.

C.4 Proof of Proposition 1

As we have discussed in Appendix C.3, it suffices to prove Proposition 3.
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Proof of Proposition 3. We have shown that before min{T ∗
j,k, T}, the properties of the weights in

Lemma 4 hold. We consider a sufficiently small ϵ such that

16√
K
ϵn2X3

max

√
h ≤ 1

2

√
K−1
K

(
1− 1

2(K−1)

)
µsX

2
minζ , (60)

and
2Xmax|Ik|√

K−1
K (1− 1

2(K−1) )µsX2
minζ
≤ 1

4nXmax
log 1√

hϵ
(61)

Then we show that min{T ∗
j,k, T} = T ∗

j,k by contradiction: Suppose that T ≤ T ∗
j,k, then during [0, T ],

we have, from (45),

d
dtAk ≥

√
K−1
K Bk

(∥∥∑
i∈Ik:αi>0 xi

∥∥2 −A2
k

)
+O(ϵ) ,

≥
√

K−1
K

(
1− 1

2(K−1)

)
µsX

2
minζ − 16√

K
ϵn2X3

max

√
h

(60)
≥ 1

2

√
K−1
K

(
1− 1

2(K−1)

)
µsX

2
minζ. (62)

Then by the Fundamental Theorem of Calculus, we have

Ak(T ) ≥ A(0) + T
2

√
K−1
K

(
1− 1

2(K−1)

)
µsX

2
minζ

(61)
≥ A(0) +Xmax|Ik| , (63)

which is a contradiction, knowing that Ak cannot exceed Xmax|Ik|. Therefore, we must have
min{T ∗

j,k, T} = T ∗
j,k and T ∗

j,k ≤ T = 1
4nXmax

log 1√
hϵ

is finite. Then the rest of the Proposition 3
follows Lemma 5.
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D Asymptotic Convergence Analysis under Multi-class Orthogonally
Separable Data

D.1 Basic results upon inter-class separation

With the loss decomposition upon inter-class separation, for which we have shown to persist after
T ∗ = maxj,k T

∗
j,k,

L (θ) =
K∑

k=1

LCE

(
Yk,VkW

⊤
k Xk

)
=

K∑
k=1

nk∑
i=1

ℓCE

(
yk,i,VkW

⊤
k xk,i

)
, (64)

It suffices to study the following GF on
∑nk

i=1 ℓCE

(
yk,i,VkW

⊤
k xk,i

)
:

Ẇk = Xk(Yk − Ŷk)
⊤Vk

V̇k = (Yk − Ŷk)X
⊤
k Wk

where Ŷk = SoftmaxCol(VkW
⊤
k Xk) (65)

The following basic results can be obtained from [21, 27]

1. ∥Wk∥F , ∥Vk∥ → ∞; W̄k, V̄k exist;

2. V̄ ⊤
k V̄k − W̄⊤

k W̄k = 0;

3. W̄k, V̄k is a KKT point of

min
Wk,Vk

∥Wk∥2F + ∥Vk∥2F , s.t. [VkW
⊤
k xi]k − [VkW

⊤
k xi]l ≥ 1 ,∀i ∈ Ik,∀l ̸= k (66)

D.2 Proof of Proposition 2

Our proof of Proposition 2 follows the same strategy as those in [17, 21], with the major difference
being that we are handling cross-entropy loss, in which we provide an extension of Lemma 2.11
in [21], stated as Lemma 13. Lemma 13 is central to our proof.
Lemma 11. Let γ := min1≤k≤K γk, where γk := mini∈Ik

⟨ū∞,k,xi⟩, then γ ≥ µsXmin.

Proof. For any 1 ≤ k ≤ K, ū∞,k =
∑

i∈Ik
aixi, for some ai ≥ 0, then immediately we have,

∀i ∈ Ik
⟨ū∞,k,xi⟩ =

〈∑
i′∈Ik

ai′xi′ ,xi

〉
≥ µs∥

∑
i′∈Ik

ai′xi′∥∥xi∥ ≥ µsXmin . (67)

Lemma 12. γ⊥ := mink∈[K] min∥ξ∥=1,ξ⊥ūk
maxi∈Ik

⟨ξ,xi⟩ > 0

Proof. This result is from Lemma 2.10 in [21]. Note that the referenced Lemma requires an additional
assumption that the support vectors of xi, i ∈ Ik span the ambient space, but the authors of [21] have
commented that this condition can be relaxed to the case that the span of support vectors is the span
of xi, i ∈ Ik, which is true here given the positive correlations between xi, i ∈ Ik.

Lemma 13. Given some Θ = [θ1, · · · ,θK ] ∈ RD×K and some 1 ≤ k ≤ K. If it
holds that ∃k′ ̸= k, (θk − θk′)⊤ū∞,k > 0 and ∥Π⊥

ū∞
(θk − θk′)∥ sufficiently large, then

tr
(
(ek1T

n − Ŷ )⊤Θ⊤Π⊥
ū∞

X
)
≤ 0, where Ŷ = SoftmaxCol(Θ⊤X).

Proof. It suffices to prove the case when k = 1 (We discuss the others at the end of the proof). We
start by the following derivations:

tr
(
(e11T

n − Ŷ )⊤Θ⊤Π⊥
ū∞

X
)

=
∑n

i=1

〈
[e11T

n − Ŷ ]:,i,
[
Θ⊤Π⊥

ū∞
X
]
:,i

〉
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=
∑n

i=1

〈
e1 − ŷi,Θ

⊤Π⊥
ū∞

xi

〉
=
∑n

i=1

(
(1− ŷi1)θ

⊤
1 Π

⊥
ū∞

xi +
∑

k ̸=1(−ŷik)θ⊤
k Π

⊥
ū∞

xi

)
=
∑n

i=1

((
∑K

k=1 exp(θ
⊤
k xi))− exp(θ⊤

1 xi))θ
⊤
1 Π

⊥
ū∞

xi +
∑

k ̸=1(− exp(θ⊤
k xi))θ

⊤
k Π

⊥
ū∞

xi∑K
k=1 exp(θ

⊤
k xi)

=
∑n

i=1

∑
k ̸=1 exp(θ

⊤
k xi)(θ1 − θk)

⊤Π⊥
ū∞

xi∑K
k=1 exp(θ

⊤
k xi)

=
∑n

i=1

∑
k ̸=1 exp(−(θ1 − θk)

⊤xi)(θ1 − θk)
⊤Π⊥

ū∞
xi

1 +
∑

k ̸=1 exp(−(θ1 − θk)⊤xi)

=
∑

k ̸=1

n∑
i=1

exp(−(θ1 − θk)
⊤xi)(θ1 − θk)

⊤Π⊥
ū∞

xi

1 +
∑

k ̸=1 exp(−(θ1 − θk)⊤xi)
. (68)

For the k-th summand, let
i∗k = argmax

i
(θ1 − θk)

⊤Π⊥
ū∞

xi , (69)

we have ∑n

i=1

exp(−(θ1 − θk)
⊤xi)(θ1 − θk)

⊤Π⊥
ū∞

xi

1 +
∑

k ̸=1 exp(−(θ1 − θk)⊤xi)

≤ −
exp(−(θ1 − θk)

⊤xi∗k
)(−(θ1 − θk)

⊤Π⊥
ū∞

xi∗k
)

1 +
∑

k ̸=1 exp(−(θ1 − θk)⊤xi∗k
)

+
∑

i:(θ1−θk)⊤Π⊥
ū∞xi≥0

exp(−(θ1 − θk)
⊤xi)(θ1 − θk)

⊤Π⊥
ū∞

xi

1 +
∑

k ̸=1 exp(−(θ1 − θk)⊤xi)
.

One can upper bound these two terms separately as follows:

−
exp(−(θ1 − θk)

⊤xi∗k
)(−(θ1 − θk)

⊤Π⊥
ū∞

xi∗k
)

1 +
∑

k ̸=1 exp(−(θ1 − θk)⊤xi∗k
)

≤ − 1
K exp(−(θ1 − θk)

⊤xi∗k
)(−(θ1 − θk)

⊤Π⊥
ū∞

xi∗k
)

= − 1
K exp(−(θ1 − θk)

⊤Πū∞xi∗k
) exp(−(θ1 − θk)

⊤Π⊥
ū∞

xi∗k
)(−(θ1 − θk)

⊤Π⊥
ū∞

xi∗k
)

≤ − 1
K exp(−γ(θ1 − θk)

⊤ū∞) exp(−(θ1 − θk)
⊤Π⊥

ū∞
xi∗k

)(−(θ1 − θk)
⊤Π⊥

ū∞
xi∗k

)

≤ − 1
K exp

(
−γ(θ1 − θk)

⊤ū∞
)
exp

(
γ⊥∥Π⊥

ū∞
(θ1 − θk)∥

)
γ⊥∥Π⊥

ū∞
(θ1 − θk)∥ , (70)

and for the second term,∑
i:(θ1−θk)⊤Π⊥

ū∞xi≥0

exp(−(θ1 − θk)
⊤xi)(θ1 − θk)

⊤Π⊥
ū∞

xi

1 +
∑

k ̸=1 exp(−(θ1 − θk)⊤xi)

≤
∑

i:(θ1−θk)⊤Π⊥
ū∞xi≥0 exp(−(θ1 − θk)

⊤xi)(θ1 − θk)
⊤Π⊥

ū∞
xi

≤
∑

i:(θ1−θk)⊤Π⊥
ū∞xi≥0 exp(−(θ1 − θk)

⊤Πū∞xi) exp(−(θ1 − θk)
⊤Π⊥

ū∞
xi)(θ1 − θk)

⊤Π⊥
ū∞

xi

≤
∑

i:(θ1−θk)⊤Π⊥
ū∞xi≥0 exp(−γ(θ1 − θk)

⊤ū∞) exp(−(θ1 − θk)
⊤Π⊥

ū∞
xi)(θ1 − θk)

⊤Π⊥
ū∞

xi

≤
∑

i:(θ1−θk)⊤Π⊥
ū∞xi≥0 exp(−γ(θ1 − θk)

⊤ū∞) 1e

≤ exp(−γ(θ1 − θk)
⊤ū∞)ne (71)

Therefore, putting (68)(70)(71) together, we have

tr
(
(e11T

n − Ŷ )⊤Θ⊤Π⊥
ū∞

X
)

≤
∑

k exp(−γ(θ1 − θk)
⊤ū∞)

(
n
e −

1
K exp

(
γ⊥∥Π⊥

ū∞
(θ1 − θk)∥

)
γ⊥∥Π⊥

ū∞
(θ1 − θk)∥

)
= exp(−γ(θ1 − θk′)⊤ū∞)

(
n
e −

1
K exp

(
γ⊥∥Π⊥

ū∞
(θ1 − θk′)∥

)
γ⊥∥Π⊥

ū∞
(θ1 − θk′)∥

)
+
∑

k ̸=k′ exp(−γ(θ1 − θk)
⊤ū∞)ne
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= exp(−γ(θ1−θk′ )⊤ū∞)∑
k ̸=k′ exp(−γ(θ1−θk)⊤ū∞)

(
n
e −

1
K exp

(
γ⊥∥Π⊥

ū∞
(θ1 − θk′)∥

)
γ⊥∥Π⊥

ū∞
(θ1 − θk′)∥

)
+ n

e

≤ 0 ,

when ∥Π⊥
ū∞

(θ1 − θk′)∥ is sufficiently large.

If k ̸= 1, consider the permutation matrix P1↔k that swap the 1-st and k-th rows/columns of a matrix,
then

tr
(
(ek1T

n − Ŷk)
⊤Θ⊤Π⊥

ū∞
X
)

= tr
(
(ek1T

n − Ŷk)
⊤P1↔kΘ

⊤Π⊥
ū∞

X
)

= tr
(
(P1↔kek1T

n − P1↔kŶk)
⊤P1↔kΘ

⊤Π⊥
ū∞

X
)

= tr
(
(e11T

n − SoftmaxCol(P1↔kΘ
⊤X))⊤P1↔kΘ

⊤Π⊥
ū∞

X
)
.

Following the derivations for the case k = 1 gives the desired result.

Proof of Proposition 2. Without loss of generality, we prove the case of k = 1. The existence
{W̄1, V̄1} is by [27]. We first show that W̄1 ∝ u1g

⊤
1 , which is equivalent to the statement that

∥Π⊥
u1

W̄1∥F

∥W̄1∥F
= 0, and we prove by contradiction. Suppose

∥Π⊥
u1

W̄1∥F

∥W̄1∥F
> 0, which necessarily implies

that ∃ρ > 0 such that
∥Π⊥

u1
W̄1W̄

⊤
1 ∥F

∥W̄1W̄⊤
1 ∥F

= ρ, then for any ϵ > 0,M > 0 exists Tϵ,M > 0 such that

∀t ≥ Tϵ,M , we have ∥ W̄1V̄
⊤
1

∥W̄1V̄ ⊤
1 ∥F

− W1V
⊤
1

∥W1V ⊤
1 ∥F
∥ ≤ ϵ and ∥W1V

⊤
1 ∥F ≥M . We will make clear the

choice of ϵ and M later.

Consider the time derivative of ∥Π⊥
ū∞

W ∥2F :

d

dt
∥Π⊥

ū∞
W1∥2F = 2tr

(
W⊤

1 Π⊥
ū∞

d
dtW1

)
= 2tr

(
W⊤

1 Π⊥
ū∞

X(e11T
n − Ŷ )⊤V

)
= 2tr

(
(e11T

n − Ŷ )⊤V1W
⊤
1 Π⊥

ū∞
X
)

We would like to use the result in Lemma 13 so we should examine:

∥Π⊥
ū∞

W̄1V̄
T
1 ∥2F = tr(Π⊥

ū∞
W̄1V̄

T
1 V̄1W̄

⊤
1 )

= tr(Π⊥
ū∞

W̄1W̄
⊤
1 W̄1W̄

⊤
1 ) = ρ∥W̄1W̄

⊤
1 ∥F > 0 . (72)

Therefore, ∃δ > 0, k ̸= 1 such that ∥Π⊥
ū∞

W̄1V̄
T
1 (e1 − ek)∥2 = δ, otherwise, ∥Π⊥

ū∞
W̄1V̄

T
1 (e1 −

ek)∥ = 0,∀k ̸= 1, which can not happen. Since e1 − ek, k ̸= 1 spans a k − 1-dimensional subspace
orthogonal to 1√

K
, the projection of Π⊥

ū∞
W̄1V̄

T
1 onto this subspace is zero suggests Π⊥

ū∞
W̄1V̄

T
1 is

rank-1 and all columns of Vk are aligned with 1√
K

, which contradicts our alignment result in Lemma

4 (these columns must have at least
√
2
2 cosine alignment with ẽ1).

Then ∀t ≥ Tϵ,M , and for the k such that ∥Π⊥
ū∞

W̄1V̄
T
1 (e1 − ek)∥2 = δ, we have

∥Π⊥
ū∞

W1V
T
1 (e1 − ek)∥2

= ∥Π⊥
ū∞

W1V
T
1

∥W1V T
1 ∥F

(e1 − ek)∥2∥W1V
T
1 ∥2F

≥
(
∥Π⊥

ū∞

W̄1V̄
T
1

∥W̄1V̄ T
1 ∥F

(e1 − ek)∥ −
√
2ϵ
)2
∥W1V

T
1 ∥2F

≥
(
∥Π⊥

ū∞

W̄1V̄
T
1

∥W̄1V̄ T
1 ∥F

(e1 − ek)∥ −
√
2ϵ
)2

M2 (73)

Choose sufficiently small ϵ and sufficiently large M , we ensure that ∥Π⊥
ū∞

W1V
T
1 (e1−ek)∥ is suffi-

ciently large to apply Lemma 13 so that d
dt∥Π

⊥
ū∞

W1∥2F = 2tr
(
(e11T

n − Ŷ )⊤V1W
⊤
1 Π⊥

ū∞
X
)
≤ 0.
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On the other hand, ∥Wk∥2F →∞, contradicting our assumption that
∥Π⊥

u1
W̄1∥F

∥W̄1∥F
> 0. This proves

that W̄1 ∝ u1g
⊤
1 .

By balancedness V̄ ⊤
1 V̄1 − W̄⊤

1 W̄1 = 0, we know that V̄1 ∝ v̄1g
⊤
1 for some v̄1 ∈ SK−1. It remains

to show that v̄1 = ẽ1, which is proved by again contradiction.

Suppose v̄1 ̸= ẽ1, then ∃k∗ such that [v̄1]k∗ ≥ [v̄1]k,∀k ̸= k∗, k ̸= 1, and not all equalities can be
obtained. As a results, consider [0 − exp(z̃i2) · · · − exp(z̃iK)]/

∑
k>1 exp(z̃ik) that appeared in

(55), it converges to ek∗ ,∀i ∈ [n]. Based on this, for any ϵ1, ϵ2, ∃Tϵ1,ϵ2 such that ∀t > Tϵ1,ϵ2 , we have
maxj∈N1 ∥

vj

∥vj∥ − v̄1∥ ≤ ϵ1 and maxi∈[n] ∥[0 − exp(z̃i2) · · · − exp(z̃iK)]/
∑

k>1 exp(z̃ik) −
ek∗∥ ≤ ϵ2. Therefore, for some j ∈ [h] and t > Tϵ1,ϵ2 , we have, from (55)

d

dt
Bvj

j

=
〈
ẽ1,

d
dt

vj

∥vj∥

〉
=
〈
ẽ1,Π

⊥
vj

∑
i∈I1

〈
xi,

wj

∥wj∥

〉
(e1 − ŷi)

〉
=
∑

i∈I1

〈
xi,

wj

∥wj∥

〉〈
ẽ1,Π

⊥
vj
(e1 − ŷi)

〉
=
∑

i∈I1

〈
xi,

wj
∥wj∥

〉∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

(√
K

K−1 (1− (Bvj

j )2)

−Bvj

j

(
1

K−1

∑
k>1

[
vj

∥vj∥

]
k
−
∑

k>1

exp(z̃ik)
[

vj
∥vj∥

]
k∑

k>1 exp(z̃ik)

))

≥
∑

i∈I1

〈
xi,

wj
∥wj∥

〉∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

(√
K

K−1 (1− (Bvj

j )2)− Bvj

j

(
[v̄1]k∗ −

∑
k>1[v̄1]k
K−1 − ϵ2 − 2ϵ1

))
(ϵ1, ϵ2 sufficiently small)

≥
∑

i∈I1

〈
xi,

wj
∥wj∥

〉∑
k>1 exp(z̃ik)

1+
∑

k>1 exp(z̃ik)

(√
K

K−1 (1− (Bvj

j )2)
)
. (74)

The right-hand side of (74) is positive and Θ( 1t ), by the fact that weight ∥W1∥, ∥V1∥ grow at a rate
Θ(log(t)). Therefore (74) suggests the divergence of Bvj

j , a contradiction.

Finally, we have shown W̄1 ∝ u1g
⊤
1 and V̄1 ∝ ẽ1g

⊤
1 , and the same for other k. The choices of sk

are determined by the fact that W̄k, V̄k must be a KKT point of (66).
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