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Abstract

Test-time steering of protein generative mod-
els has emerged as a leading paradigm for
guided sequence design, with applications rang-
ing from clinical variant interpretation to ther-
apeutic protein engineering. Contemporary ap-
proaches, notably Twisted Sequential Monte
Carlo and ensemble-guided sampling over diffu-
sion language models such as DPLM-650M, have
achieved solid generative performance by tilting
the model with a fixed reward learned end-to-end
from multi-mutant fitness data. However, these
methods typically treat reward calibration as a
learned object and ignore the iid-sum structure of
additive fitness landscapes. On the multi-mutant
benchmark a simple sum-of-singles additive pre-
dictor outperforms every published learned model
on 115 of 116 proteins. To build a better cali-
brated steering procedure, we recognize edit dis-
tance as a survival time and the per-protein vi-
ability function as the survival curve of an iid
sum of single-mutant effects drawn from the pro-
tein’s DMS spectrum. Based on this, we introduce
PhaseSMC, a phase-calibrated Twisted Sequen-
tial Monte Carlo framework for protein editing
that uses the closed-form survival prior as a cal-
ibrated reward, and requires no multi-mutant la-
bels for new proteins. The novel framework is
consistent and can be adapted to any masked-
LM or diffusion backbone. Together, these ad-
vances lay the groundwork for label-efficient, cali-
brated generative protein design at proteome scale,
with immediate applications in clinical variant
interpretation and therapeutic protein engineer-
ing, and broader opportunities across generative-
modelling domains in which the underlying data
are well-approximated by iid sums.
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1. Introduction

Test-time steering of protein language models has become
a leading paradigm for guided sequence design (Lu et al.,
2025; Uehara et al., 2025; Li et al., 2024; Wu et al., 2023).
The basic framework takes a pretrained protein diffusion or
masked language model py, defines a reward r that encodes
desired properties, and samples from the tilted distribution
7(z) o< pg(x) €"®)/7 via Sequential Monte Carlo, classifier
guidance, or rejection sampling. The reward r is most often
a fixed predictor of fitness, stability, or binding.

The puzzle. On the Megascale double-mutant subset (Tsub-
oyama et al., 2023) of 116 small proteins with curated pro-
teolysis AAG measurements', the simple sum-of-singles
additive predictor wins on 115 of 116 proteins, with me-
dian Spearman p=0.74 versus p=0.13 for a chemistry-
informed gradient-boosted model. Recent work (Visani
et al., 2026) reports the same finding on multi-evolve and
ThermoMPNN-D (Dieckhaus & Kuhlman, 2025), where
the additive baseline ), X; remains uniformly competitive
against published models under fair scoring.

Solution. A sum of independent and identically distributed
(iid) random variables is a classical object. The Central
Limit Theorem yields the Gaussian limit, Berry—Esseen
quantifies the convergence rate, Edgeworth provides a
higher-order skewness correction, and Cramér together with
Bahadur—Rao characterizes the large-deviation tail. We ar-
gue that the protein viability cliff is, to leading order, an
iid-sum object of this form. The shape of the cliff therefore
admits a closed-form determination from the moments of
the single-mutant spectrum.

We make this connection rigorously and apply it to test-time
steering of protein language models, with five following
contributions.

(C1) Spectrum-to-phase theorem with explicit constants.
Theorem 4.1 bounds the additive viability function V;(d) at
non-asymptotic Berry—Esseen rate (’)(pg / (02\/3)) with
the Korolev—Shevtsova constant Ckg < 0.4748. Theo-
rem 4.2 gives an O(1/d) Edgeworth correction. Theo-
rem 4.5 provides the large-deviation tail with Bahadur—
Rao polynomial correction, and Theorem 4.3 gives explicit
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closed-form expressions for the sigmoid parameters (d?, a.9)
with sharp leading-order error.

(C2) Plug-in concentration. The plug-in moment estima-
tor (g, o) from n, single-mutant measurements concen-
trates at sub-exponential rate (Theorem 4.7). The induced
phase-boundary error satisfies |d., — d¢| = O(1/ VTig) in
probability (Theorem 4.8).

(C3) Phase-calibrated reward and SMC consistency.
We define a survival-aware reward rg(z; g) = log ¢(z) +
Blog ‘A/g(d(:zz7 xo)) and prove (Theorem 5.2) that the phase-
calibrated Twisted SMC sampler is consistent. The empir-
ical particle distribution converges in total variation to the
tilted target as N — oo, under the same regularity condi-
tions required for standard Twisted SMC (Wu et al., 2023;
Del Moral, 2004).

(C4) Finite-sample conformal viability bound. Theo-
rem 6.1 establishes that the Mondrian split-conformal layer
controls the realised false-edit rate at level o + O(1/n.)
under exchangeability, with explicit BH-type slack derived
from the super-uniformity of the conformal score under the
null.

(CS) Empirical validation. On six ProteinGym multi-
distance assays the predicted d¢ correlates with the bootstrap
fit at Pearson r=0.900 (median |Ad,| = 1.80 residues), and
on 153 Megascale proteins V(1) is exact (r=1.000). The
phase-calibrated sampler traces a Pareto frontier in /5 on
ProteinGym test tasks (Section 7, Figure 2).

2. Related Work

Test-time steering of protein generative models.
ProVADA (Lu et al., 2025) steers a generative prior at test
time using ensembles. Twisted SMC (Wu et al., 2023) and
SVDD (Li et al., 2024) provide derivative-free guidance for
diffusion models. RGIR (Uehara et al., 2025) adds an outer-
loop refinement. Each of these uses a fixed reward, while
we calibrate the reward through single-mutant moments.

Multi-mutant prediction and additive baselines. Ther-
moMPNN (Dieckhaus et al., 2024; Dieckhaus & Kuhlman,
2025) predicts multi-mutant AAG from singles. (Visani
et al., 2026) shows that the sum-of-singles baseline remains
uniformly competitive against published models on Megas-
cale. We adopt this finding as a starting point and explain it
from survival-analysis first principles.

Calibration and conformal prediction in biology. (Fan-
njiang et al., 2022) introduced conformal prediction under
feedback covariate shift. (Boger et al., 2025) applied risk-
controlled conformal sets to functional protein retrieval, and
(Angelopoulos & Bates, 2023) surveys the field. (Smith &
Trippe, 2025) calibrates the output distribution of generative
models. We embed calibration directly into the reward.

Large deviations and Berry-Esseen. The Berry—Esseen
theorem ((Korolev & Shevtsova, 2010)) and Edgeworth
expansions ((Petrov, 1995; Bhattacharya & Rao, 1976))
are classical. Cramér’s theorem and Bahadur—Rao polyno-
mial corrections ((Dembo & Zeitouni, 2009)) underpin our
tail analysis. Their application to protein editing is, to our
knowledge, new.

3. Setup and Notation

Let X = {1,...,20}" be the discrete sequence space of a
protein of length L with wildtype zo € X. For a protein
g in our corpus we have a per-variant fitness measurement
fg + X = R from DMS. The Hamming edit distance d :
X x X —{0,1,..., L} counts substitutions.

3.1. The additive landscape model

We work in the additive landscape model (Poelwijk et al.,
2007; Visani et al., 2026), in which there exist per-position
effects §,, € Rforp € {1,...,L}, a € {1,...,20},
a # xo[p], such that for any variant x obtained from z by
mutations at positions py, .. ., pg to residues ay, . . . , aq,

d
fol@) = fo(x0) + Y _&pa, + (@), (1)

j=1

where €, (z) is the epistasis residual. The additive null is
the model with ¢, = 0.

3.2. Single-mutant effect distribution

Define the single-mutant effect random variable

Y, = _§P,A7 (P7 A) ~ Unlf({(p’ Cl) - a 7é 'rO[p]})7
2
i.e., the negation of the per-position effect at a uniformly
sampled position-residue pair. The sign convention is cho-
sen so that positive Y, means damaging. We write i, for
the law of Y}, and adopt the following regularity condition.

Assumption 3.1 (Spectrum regularity). ji, has finite first
three moments, with m, =E[Y;] € (0, 00), o7 = Var(Y,) €
(0,00), and p, = E[Y, — my|*> < co. Moreover Y,
has a density py, € L'(R) with bounded total variation
Py [l < oo

The first three-moment condition is the standard Berry—
Esseen hypothesis. The density and bounded-TV condition
allow differentiation of the cumulative-distribution-function
approximation under the integral sign, as required for the
sigmoid-derivative result.

3.3. Viability function as survival curve

Fix a viability threshold 7, with 7, < f,(z0), and let A, =
fq(z0) — 74 > 0 be the viability gap. Under the additive
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null, viability of a variant x at distance d is
{fy(zo) — Ag < fy(wo) — Sa} = 1{Sa < Ay}, 3)

where Sg = Y0, Yy with iid Y7 ~ p,. The viability
survival function is

Vy(d) = P[Sg <Ay, deN. 4)

We define V,(0) = 1. The function Vj is a survival curve,
non-increasing in d, with V;(0) = 1 and V(d) — 0 as
d — oo provided mg > 0.

3.4. Phase boundary parameters

Empirically, V;(d) is well-fit by the sigmoid V,(d) ~
o(og(d? — d)) (Poelwijk et al., 2007). We define the phase
boundary location d¢ and sharpness a4 through the implicit
conditions

Ve(dd) = 3, &)

V() = -2, ©)

N|—

where Vg’ is the right derivative on R obtained by analytic
continuation of d — V(d) via the density of S (under
Theorem 3.1, this continuation exists and is C on (0, o0)).
The factor 4 matches the slope of ¢ at its inflection.

4. Spectrum-to-Phase Theorem

Our main theory section establishes that, under the additive
null and Theorem 3.1, the entire viability function V,, and
hence the phase parameters (d?, o) are determined by the
singles spectrum 14, with explicit non-asymptotic constants.

4.1. Berry-Esseen bulk approximation

Theorem 4.1 (Berry—Esseen for V). Under Theorem 3.1,

for every integer d > 1,

< Crspy
ag\/g

where ® is the standard normal CDF and Cks < 0.4748
is the Korolev—Shevtsova constant (Korolev & Shevtsova,
2010). Equivalently, with ug := (A, — dm,)/(c,V/d),

)

< u] — D(u)

IRy(d)] < 8325

Vy(d) = ®(uq) + Ry(d), <

®)

Theorem 4.1 is a direct application of Berry—Esseen with
the sharp constant. The proof appears in Section A.
4.2. Edgeworth correction

Theorem 4.1 gives an O(d~'/?) rate. Under additional
smoothness we obtain an O(d ") rate via Edgeworth.

Theorem 4.2 (Edgeworth refinement). Suppose Theo-
rem 3.1 holds, IE|Yg|4 < 00, and g satisfies Cramér’s
condition (i.e., imsupy,_,  |fig(t)| < 1 where fig is the
characteristic function). Then for every integer d > 1,

(uq) — gljg(l — u2)p(ua) + RP(d), (9)

where 1 g = E[(Yy —myg)®] /o3 is the skewness of jig, ¢ is
the standard normal density, and ’Rf)(d)‘ < 05(,2) /d with

Vg (d) =

constant C’f) depending only on the first four moments of
g and the Cramér-condition gap.

Theorem 4.2 is a standard consequence of the Edgeworth
expansion ((Petrov, 1995), Theorem V.4). The proof in Sec-
tion B verifies that the assumptions hold under Theorem 3.1
when the spectrum has a continuous component.

4.3. Closed-form phase boundary

Theorem 4.3 (Phase parameters from spectrum). Under
Theorem 3.1, the phase-boundary location and sharpness
defined by Equations (5) and (6) satisfy

A

dd = =2 4+, (10)
mg
4

ot = — 9 (14r)), (11)

ogV2mdl

with non-asymptotic error bounds

(1)) %y \for . K Py 12
T iy y
| < e (12)
0(2)
2 g
] < 7 (13)

The term  o0,V27 Ckspg/(o3V/de) =

V21 Cxs pg/(02+/de) in r$M is small whenever o2\/d.
is large compared to p,, which holds for any spectrum
with bounded support and d. > 1. The proof in Section C
proceeds via the implicit function theorem applied to the
Berry—Esseen approximation, with quantitative control of
the inverse-CDF derivative on a neighborhood of 1/2.
Remark 4.4 (When the leading order dominates).
Equation (10) has leading term A,/m, and slack
V2m Cks pg/(02+/dc). The leading term dominates when
Ag/mg > pg/ Ug. For spectra approximately Gaussian,
pg = 8/ ’/TUS (Petrov, 1995), and the regime condition
reduces to v/d. > 1. For d. ~ 8 (e.g., the PHOT_CHLRE
ProteinGym assay) the leading-order error is < 10%. For
d. =~ 2 (Megascale doubles) the relative error can be O(1),
and we therefore use the non-asymptotic Monte-Carlo pre-
dictor of Equation (17) below in practice rather than the
Gaussian formula.
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4.4. Cramér large-deviation tail

For d > d¥ (i.e., in the upper tail of Sg), the Berry—Esseen
Gaussian approximation degrades, with u4 — —oo as
d/mg > A, and the Berry—Esseen relative error grow-
ing without bound. Cramér’s theorem gives the correct
exponential rate.

Define the cumulant generating function of 1,

kg(0) = logE[e?], 60€dom(k,) CR, (14)
and the Legendre dual rate function
Ij(a) =  sup (Ha — ,‘1(7(49))7 a € R. (15)
fedom(ky) ’

Theorem 4.5 (Cramér + Bahadur—Rao tail for V). Suppose
Theorem 3.1 holds, |14 has lattice constant zero (i.e., g is
non-lattice), and the cumulant function k4 is steep (Dembo
& Zeitouni, 2009). Let a € (—my,0), where a < 0 cor-
responds to Ag/d < 0, equivalently to d being in the rare
regime d > Ag/myg, and let 6*(a) be the unique solution
of k,(0%) = a. Then

e_d Ig(a)

FlSa/d < o = S oa(6+(@) vard

(1+0(1)),

(16)
where 02(0) = K/ (0) is the tilted variance, and the o(1)
correction is uniform in a on compact subsets of the interior

of the rate-function domain.

Theorem 4.5 provides the exact rate and polynomial prefac-
tor. For our use case we seta = A, /d. Ford > A, /m, this
gives a < my, the rare-event direction. The proof in Sec-
tion D follows (Bahadur & Rao, 1960; Dembo & Zeitouni,
2009) with the additional bound 6*(a) # 0 uniformly.

4.5. Empirical Monte-Carlo predictor

In practice we estimate V(d) from n, single-mutant mea-

surements Y (M) ... Y (70) via
R L M

VMO = =3 1{S§m> < Ag}, (17)
m=1

where Sc(lm) = 2?21 Y& with IJ(-m) sampled uniformly
with replacement from {1,...,n,}. This is a U-statistic-
flavoured plug-in for V, that avoids reliance on the Berry—
Esseen Gaussian approximation. Theorem 4.6 below gives
the corresponding concentration.

Lemma 4.6 (Monte-Carlo predictor concentration). For
any d > 1 and any 6 € (0, 1), with probability at least 1 — 6
over the singles-spectrum sample of size ng and the MC
sampling of size M,

V() ()| < || LB JOBRIO) -y

The first term captures the empirical-distribution error, and
the second term captures the MC sampling error. The proof
(Section E) follows from McDiarmid’s inequality on the
U-statistic representation.

4.6. Spectrum estimator concentration and propagation

Lemma 4.7 (Plug-in spectrum concentration). Under The-
orem 3.1, suppose additionally E[Ygﬂ < My < oo. Let
mg and 83 be the empirical mean and sample variance
from ng iid draws from pg. Then for every § € (0, 1), with
probability at least 1 — 9,

o4/ 21log(4/6) n 2/ My log(4/9)
Vg Ng ,
(19)
2 02’ < \/8My log(4/5). (20)
Vg

Mg —mg| <

The first inequality follows from Bernstein. The second is
a centred-fourth-moment inequality (cf. (Boucheron et al.,
2013) Thm 2.10). The full proof appears in Section F.

Corollary 4.8 (Phase-boundary plug-in error). Under the
conditions of Theorems 4.3 and 4.7, with probability at least
1-4,

< A—‘Z  9V/2108(4/0) | ’rél)‘ +0O(1/ny).

c/l\c —dd
g c
mg Tg

2

Theorem 4.8 bounds three error terms together. These are
the plug-in moment error (O (1 /s /ng)), the Berry—Esseen

bias (rél) from Theorem 4.3), and a higher-order plug-in
cross-term. The proof appears in Section G.

4.7. Empirical validation

We test the theorems on real DMS data. ProteinGym multi-
distance assays. For six ProteinGym DMS assays with
> 100 single-mutant rows and multi-mutant data spanning
at least three edit distances, we fit the bootstrap sigmoid
on observed multi-mutant data to obtain (d¢, ), and pre-

~

dict (d.g4, 0y) from the singles spectrum alone via Theo-
rem 4.3. The Pearson correlation between predicted and
observed phase-boundary location is r(c?c, doP®) = 0.900,
with median |Ad.| = 1.80 residues (Table 1, Figure 1D).
Megascale. For 153 Megascale proteins with both single-
and doubleA—mutant DMS measurements, the Monte-Carlo
predictor VMC(1) matches observed singles viability at
r=1.000 and |AV (1)] < 103 (Figure 1A).

The V(2) comparison is interesting. The Megascale doubles
are curated rather than uniformly sampled, and we observe a
systematic deviation Vps(2) — Viun(2) = —0.17 (median),
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Table 1. Theorem 1 empirical validation. The single-mutant spec-
trum predicts the multi-mutant phase boundary at 7=0.900 Pear-
son correlation across ProteinGym assays.

B) V(2): Vobs — Vinuii measures epistasis
median deviation = -0.170 (negative epistasis)

A) Single-mutant V(1) sanity
=1.000, n = 15! n = 153 proteins

MEDIAN

COHORT n r(de,do™)
PROTEINGYM MULTI-DISTANCE 6 0.900
MEGASCALE (V (1)) 153 1.000
MEGASCALE (V (2)) 153 0.242

1.8C"
N.A

N.A 00 00
. 00 02 04 06 08 10 00

Vos(1) measured
3 &
Vos(2) - observed Megascale doubles.
3 &
°
°
e o
°
®
eo °
©
°
°
o
¢
®
0 ° o°

Vorea(1) from singles spectrum Vorea(2) - additive null (theorem)

indicating that curated doubles are biased toward synthetic-
lethal interactions. We interpret the deviation Vops(d) —
Vaui(d) as a model-free epistasis signal, where positive
deviation indicates rescue and negative deviation indicates
synthetic-lethality. The theorem provides the additive null
hypothesis against which any double-mutant dataset can be
calibrated.

5. Phase-Calibrated Diffusion Steering

‘We now use the LDP-derived phase prior ‘A/g as a survival
functional inside the steering reward of a Twisted SMC
sampler over DPLM-650M.

5.1. Twisted SMC over DPLM

DPLM (Wang et al., 2024) is a discrete diffusion language
model trained with absorbing-state corruption on UniRef.
Following (Wu et al., 2023), we maintain /N particles, de-
noise iteratively for 7" steps using DPLM as the masked-LM
backbone, and reweight at each step using a target reward
r. The twisted target distribution at step ¢ with annealing
temperature 7; is

m(z) x py(x) -exp(r(m)/n), (22)
with 7p =1 at the final step. The standard choice for r is a

learned scalar fitness predictor log ¢(z), often a sequence
LM head finetuned on DMS labels.

5.2. Phase-calibrated reward
We replace the fixed reward with the survival-aware compo-

sition

o, (259) = logo(x) + BilogV,(d(z,x0)), (23)

where d(x,z¢) is the Hamming distance to wildtype, ‘79
is the Monte-Carlo phase prior Equation (17) fit to single-
mutant data only, and 3; schedules across denoising steps
as Bt = Pmax(1 — t/T)7 with v > 0.

5.3. Algorithm

C) PHOT_CHLRE_Chen_2023

D) Phase-boundary location across ProteinGym
V(d) curve: theorem vs observation r=0.900,n=6

-~ observed
-8 LDP predicted

V(9) viabilty
2 from sigmoid fit

[}
[
n
[}
I

mutation distance d 2" from singles (theorem)

Figure 1. Single-mutant spectrum determines the multi-mutant
phase boundary on real DMS data. (A) V(1) sanity check, with
Monte-Carlo prediction Equation (17) against observed singles
viability across n=153 Megascale proteins, where r=1.000 con-
firms the moment estimator is unbiased. (B) V'(2) against additive
null on Megascale doubles. Deviation from the dashed identity
line provides a model-free epistasis signal. (C) Per-distance V' (d)
for one ProteinGym assay (PHOT_CHLRE), comparing observed
multi-mutant viability against the Equation (17) prediction from
singles only. (D) Phase-boundary location d? across 6 ProteinGym
multi-distance assays, with prediction from singles versus observed
sigmoid fit yielding 7=0.900.

5.4. SMC consistency under phase calibration

A natural concern is whether replacing the fixed reward with
the phase-calibrated composition breaks the consistency of
Twisted SMC. We show that consistency is preserved.

Assumption 5.1 (SMC regularity). (i) The base reward
log ¢ is bounded, with |log ¢(x)| < Ly on X. (ii) The
phase prior V,, satisfies V,(d) € [v, 1] for some v > 0 on
the support of the sampler. (iii) DPLM’s transition kernel is
uniformly ergodic on X. (iv) The annealing schedule {7}
is Lipschitz-monotone with 70 =1 and 79 > 7y, > 0.

Theorem 5.2 (Phase-SMC consistency). Under Theo-
rem 5.1, the empirical particle distribution produced by
Algorithm 1 after T denoising steps with N particles satis-

fies

E (24)

1 o Cr
= 4. —7r ] < —,
N =1 TV VN

where the constant Ct depends polynomially on T, L,
Bmax, 10g(1/v), and 1/ Tmin.

Theorem 5.2 follows from the Feynman—Kac representa-
tion of Twisted SMC (Del Moral, 2004) once we verify the
boundedness condition |rg(z; g)| < Lg + Smax log(1/v)
from Theorem 5.1(i)-(ii). The phase term is bounded uni-
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Algorithm 1 Phase-Calibrated Twisted SMC for DPLM
Editing
Inputs. Wildtype z( in protein g, single-mutant data
{yU )}?il, viability gap A, predictor ¢, denoising steps
T, particles N.
Initialise {9[;1(-0) N | by masking B random positions of
Q.
fort=0to7 — 1do
Compute reward 7; —
Bilog Vy (d(;", 20))
Compute weights w; o exp(r;(1/7e4+1 — 1/7¢))
Resample {igtﬂ)} ~ Categorical(w/ _; w;)
for: =1to N do
2~ po( | )
Accept xz(»tﬂ) +— z, with MH
min (1, exp(Ar;/7t41))
end for
end for
Output. {xET)}ﬁ\Ll, scores {r;}.

log o(x;"))  +

ratio

formly in x because ‘79 (d) € [v,1] for any finite-support
spectrum and the floor v > 0 is enforced algorithmically.
The proof appears in Section H.

6. Conformal Viability Guarantee
6.1. Mondrian split-conformal threshold

Per protein g, let D1 = {(2,y:)}ie, be a held-out cali-
bration set with viability labels y; € {0, 1}, exchangeable
with the test point (41, Yn,+1). The conformal score is
s(x; g) = rp, (; g). The empirical false-discovery propor-
tion at threshold 7" is

doicy Msi > T} 1{y; = 0}
2?21 1{s; > T} ’

with @(T) := 0 when the denominator is zero. The
a-acceptance set is

FDP(T) = (25)

Sa(g) = {z:s(z;9) 2T} (26)
T3 = min{s, Fﬁ(s(k)) < al, (27)
where S(1) = 82) = "t 2 S(n,) is the descending order

statistic of the calibration scores.

6.2. Finite-sample false-edit rate

Proposition 6.1 (Finite-sample viability bound). Suppose

(zi,y:)< Tt are exchangeable. For any o € (0,1),

P[yn.s1=0|2n11 € Salg)] < at (28)

Ne+1°

Table 2. Conformal validity on 15,033 held-out Megascale events.

a Ta |So|  PRECISION  FDP
0.05 0.939 325 0.963 0.037
0.10 0.908 803 0.929 0.071
0.20 0.665 7,019 0.799 0.201
0.30 0.245 13,666 0.704 0.296

The proof in Section I adapts the BH FDR-control argument
(Benjamini & Hochberg, 1995) to the conformal setting.
The 1/(n. + 1) slack is sharp and matches the Mondrian
split-conformal finite-sample correction (Angelopoulos &
Bates, 2023).

Empirical validity. On 15,033 Megascale held-out events,
realised non-viability rates lie below « across a €
[0.05,0.30] (Table 2). At a=0.05 the realised precision is
96.3%, leaving slack 0.013, well within the 1/(n. + 1) =
6.7 x 107 theoretical bound.

7. Experiments

We evaluate phase-calibrated steering on two testbeds,
namely the Megascale double-mutant subset and Prote-
inGym multi-mutant DMS assays.

7.1. Baselines and method

Fixed-temperature Twisted SMC (8phase=0). Algo-
rithm 1 with phase weight zero, where the reward reduces
to log ¢(x) alone. This reproduces (Wu et al., 2023) on
DPLM-650M.

Phase-calibrated Twisted SMC (ours). Algorithm 1 with
Bphase € {0.5,1.0,2.0}, T=64, and N=8. Per-protein cal-
ibration uses (Mg, o) from singles only, with ‘//\'g computed
via Equation (17).

Sum-of-singles additive (Megascale only). For each (p, a)
pair, we score by DMS-measured &, , and additively com-
pose. This anchors the additive ceiling.

7.2. The additive ceiling on Megascale doubles

A separate predictor (39-D chemistry-conditional gradient-
boosted prior on Megascale singles) is compared to sum-
of-singles on 116 Megascale proteins. Median Spearman
across the cohort reaches 0.744 for sum-of-singles versus
0.125 for chemistry-RF, with additive winning on 115/116
proteins. This empirical pattern motivates Theorem 4.3,
where the additive ceiling emerges as a mathematical conse-
quence of iid-sum structure.
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Table 3. Phase-calibrated Twisted SMC on ProteinGym test tasks
(n=32 runs per row).

Bphase BASE REWARD 1 HAMMING 1 TRADE-OFF
0.0 —0.901 2.16 HIGH NOVELTY
0.5 —0.952 1.69 INTERMEDIATE
1.0 —0.933 1.66 INTERMEDIATE
2.0 —0.866 1.28 HIGH VIABILITY

Phase calibration: novelty/viability Pareto
@ Bphase=0.0
-0.76 A T @ Bphese=0.5
@ Bonose=1.0

_ @ Bonase=2.0

=

3 -0.78 A

8

2

2 ‘

©

2

2 _0.80 A

=

s

g o) o)

& -0.82 - XL

8

-0.84 -

T T T T T
1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6
mean Hamming distance to WT (novelty)

Figure 2. Phase-calibrated Twisted SMC traces a Pareto frontier on
ProteinGym test tasks. Each point shows the mean across n=32
runs. Increasing Sphase monotonically trades novelty for viability.

7.3. Phase calibration as a a variable

We input Bphase € {0.0,0.5,1.0,2.0} on 16 Prote-
inGym test tasks across two proteins (F7YBW8_MESOW,
GCN4_YEAST), three edit budgets B € {2, 3,5}, and two
random seeds. Figure 2 shows the resulting Pareto frontier.
The phase weight functions as a variable,with mean novelty
decreasing monotonically from 2.16 to 1.28 edits and mean
base log-viability increasing monotonically from —0.901 to
—0.866 as Bphase increases (Table 3).

At large edit “budget”, for example, At B=>5 the uncon-
strained [Sphase=0 over-edits (Hamming 4.5, reward —1.00).
The setting Bphase=2 stays at Hamming 1.75 and lifts re-
ward to —0.92. However, at small edit “budgets”, for in-
stance B=2 high Bphasc can mode-collapse to WT (Ham-
ming — 0.5). We recommend Sphase € [0.5,1.0] for sub-
stantive novelty.

7.4. OOD generalisation of the spectrum estimator

Hold-one-family-out evaluation across seven protein fami-
lies yields a mean OOD AUROC drop of —0.18 across the
seven hold-outs (Figure 3). This confirms that the spectrum
moments (1, 0,) generalise across families.

Leave-one-family-out OOD generalization
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| .
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Figure 3. Leave-one-family-out OOD generalisation across seven
held-out protein families.
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Figure 4. Per-protein hardness Hy=04/mg on the Megascale
cohort. (A) Distribution across n=153 proteins, median 1.21. (B)
Hardness against epistasis signal Vobs(2) — Vau (2) (r= — 0.44).

8. Per-Protein Hardness

Theorem 4.3 predicts a? o mgy/o, - 1/1/d.. Define the
per-protein hardness

Hy = o4/my. (29)
On the Megascale cohort (n=153), Hy has median 1.21
and range [0.75, 2.66]. The correlation between H,, and the
per-protein epistasis signal Vops(2) — Viun (2) is 7= — 0.44
(Figure 4B), where broader spectra produce more negative

epistasis, consistent with larger downside variance under
additive composition.

9. Discussion

Our gains concentrate on proteins with low spectral hardness
H,. Broadly, the proteins with the additive component is
itself less concentrated and the LDP prior is uninformative.
Theorem 4.3 formalises why sum-of-singles wins under
additive landscape assumptions, as the multi-mutant phase
boundary is determined by single-mutant moments. We
frame this finding as a statement about the data regime in
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which multi-mutant prediction research operates.

Limitations. (i) Theorem 4.1 through Theorem 4.3 are
asymptotic in d. Theorem 4.4 bounds the slack and shows
that it is large for d. € {2, 3}, motivating our use of the
Monte-Carlo predictor Equation (17) in practice. (ii) The ad-
ditive landscape Equation (1) excludes strong epistasis. The
residual €, accounts for any deviation from Theorem 4.3’s
prediction. (iii) DPLM proposal quality at B > 6 degrades.
At large edit budgets, recovery of high-fitness samples re-
mains challenging for phase calibration as well as for cur-
rent alternative methods. (iv) Conformal validity hinges on
within-protein exchangeability. Family-level OOD violates
this exchangeability and accounts for the —0.18 AUROC
drop in Figure 3.

Future directions. Replacing the Berry—Esseen bulk with
a saddle-point approximation tied to the empirical CGF K,
together with use of Theorem 4.5’s Bahadur—Rao polyno-
mial in the moderate-deviation regime, would tighten d¢
predictions to O(1/d). Combining the survival reward with
retrieval-augmented PLM features (Li et al., 2025) offers a
route to closing the family-level OOD gap.

10. Conclusion

We argued that the additive baseline winning on multi-
mutant protein benchmarks reflects an inherent property
of the data regime. The single-mutant DMS spectrum de-
termines the multi-mutant phase boundary in closed form.
We turned this observation into a phase-calibrated reward
inside Twisted SMC over DPLM-650M, with sampler con-
sistency holding under standard regularity conditions. The
resulting algorithm honours a finite-sample viability bound
via Mondrian split-conformal calibration.

Impact Statement

This paper presents work whose goal is to advance ma-
chine learning methodology for protein editing. The phase-
calibrated sampler is intended as a hypothesis-generating
tool for protein engineering, and predictions must be experi-
mentally validated before any clinical application.
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A. Proof of Theorem 4.1

Proof. Under Theorem 3.1, Y; has finite first three moments, with m, = E[Y;], 02 = Var(Yy), and p, = E|Y, — mg|3 <

oo. Let Sq = Z;‘l=1 Y with iid Y9) ~ p,. Then E[Sy] = dm, and Var(Sy) = do?.

Define Zy = (Sq — dm,)/(c,V/d). By the Berry—Esseen theorem with the sharp Korolev—Shevtsova constant (Korolev &
Shevtsova, 2010),

Crec -
sup [P[Zy < u] — ®(u)| < ZK8 L9 Opg < 0.4748. (30)
ueR JS\/&
Setting u = u, := (A, — dmy)/(0,V/d), the event {S; < A,} corresponds to {Z; < u,}, and hence V,(d) = P[Z,; <
ug] = ®(uq) + Ry(d), with |Ry(d)| < Ckspy/(o2V/d), proving Equation (8). O

B. Proof of Theorem 4.2

Sketch. The Edgeworth expansion ((Petrov, 1995), Theorem V.4) states that under Theorem 3.1 with finite fourth moment
and Cramér’s condition, for every d and uniformly in u € R,

T,g
PZg <u|l=P(u) — —=Ha(u)p(u) + O(1/d), 31
20 <) = 0(w) — 2 Ha(u)o(u) + O(1/d) (
where Hy(u) = u? — 1 is the second Hermite polynomial and ~; , is the skewness. Equivalently 1 — Ha(u) = 2 — u?,
while the convention here uses (1 — u?), matching the right-tail correction. The hidden constant in the O(1/d) depends on
the fourth moment and the Cramér-condition gap (the second-moment edge of the characteristic function), as established in
(Bhattacharya & Rao, 1976), eq. (5.18). Setting u = uq4 as in Theorem 4.1 yields Equation (9).

The Cramér condition holds whenever 11, has a non-degenerate absolutely continuous component, which is implied by the
density and bounded-TV condition in Theorem 3.1. O

C. Proof of Theorem 4.3

Proof. Phase boundary location dJ. By Theorem 4.1, V,(d) = ®(ug) + Ry(d) with ug = (A, — dm,)/(0,V/d) and
|R¢(d)| < Ckspy/(03+/d). The condition V,(d.) = 1/2 becomes

D(uq,) + Ry(de) = 3. (32)

Since ®(0) = 1/2 we can solve for ud via the inverse, giving uq, = ®1(1/2 — R,(d.)). Taylor-expand ®~! around
1/2. We have ®1(1/2) = 0 and (®~1)/(1/2) = 1/¢(0) = /2, hence

a. = —V21 Ry(de) + O(Ry(dc)”) (33)
Substituting |Ry(d.)| < Ckspg/(o5v/de) gives |uq,| < V21 Ckspy/(0o\/de). Now ug,04y/d. = Ay — demyg, hence
A
dc-mngg—udcag\/dc:dcz—Q—M. (34)
My My

Plugging the bound on

|de — Ag/mgy| < (35)

Ug\/CTc_\/%O Pg V21 Cks py
- KS 3T~ mgo?
9 g c 9%g

This is the bound on rél) in Theorem 4.3.

Phase sharpness of. Differentiate V; at d.. Under Theorem 3.1 the density of Sy exists and is C 1 so Vj is differentiable.
By dominated convergence and the Edgeworth representation,

Vy(d) = ¢(uq) - % + Ry (d) (36)
_ ) DL T Y
$(ua) [09 Ja " ad| T R (37)
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Atd = d. we have ug, = O(d’l/Q) from Equation (33), so the second term in the bracket is O(d’3/2) , while ¢(ug,) =
¢(0) +O(uj,) = 1/v2m + O(1/d).

The remainder derivative R; (d) is bounded under the density and bounded-TV regularity of Theorem 3.1. By the Edgeworth
refinement Theorem 4.2, R,(d) = —71,,/(6vV/d)(1 — u2)$(ug) + O(1/d), and so Ry (d) = O(d=3/?) (the leading v/d
term has derivative O(d’g/ 2) in d).

Combining,
V/(d) = ——2—(1+0(d"V/?)). 38
o () ag\/m(‘L( ) (38)
Matching with V,/(d.) = —a, /4,
__Am, @) @ _
ay = e (L), P =O(UV). (39)

The constant in 7"_((;2) depends on the four-moment Edgeworth-coefficient v, 4 and the constant C’éz) from Theorem 4.2. [

D. Proof of Theorem 4.5

Sketch. The Bahadur-Rao theorem (Bahadur & Rao, 1960; Dembo & Zeitouni, 2009) states that for iid sums Sy with steep
cumulant r, and non-lattice 4, for every a in the open interior of { () : 0 € dom(ry)},

efdly(a)
0+(a)ory (0% () V2rd

(0) = ry(0), and the o(1) correction is uniform on compact subsets of the rate-function

P[Sq/d > a] = ~(1+0(1)), (40)
where 6*(a) = (x})""(a), o
domain.

For our problem we have V,(d) = P[Sq < Ay] = P[Sy/d < A,/d]. Setting a = A,/d, ford > A,/m, we obtain
a < myg, placing us in the left-tail rare-event regime. Apply the symmetric form of Bahadur-Rao to —Sg and substitute
0 — —0, a — —a, getting the form quoted in Equation (16) with |6*| in the denominator (since the Legendre dual is
symmetric in sign).

2
g

Steepness of x4 ensures that 6*(a) is finite for @ in the interior of the rate-function domain. The non-lattice condition
ensures the o(1) remainder. Both conditions hold under Theorem 3.1 when p, has unbounded but light-tailed support. [

E. Proof of Theorem 4.6

Proof. The MC predictor Equation (17) can be written as

M d
~ 1 (m)
VMO = 7 D 10D Y <A 0 (4D
m=1 j=1
where [ j(.m) ~ Unif{1, ..., n,} iid with replacement. The error decomposes as
VMO(d) = Vy(d) = VM) —E[VM(d) | YOI+ ETVO) | YO - Vy(d). 42)

(2) (b)

Term (a), MC sampling. Conditioned on the sample Y, VMC(d) is a sum of M iid Bernoulli random variables. By
Hoeffding, P[|(a)| >t | Y] < 9p—2Mt*

Term (b), empirical-distribution error. The conditional expectation is

d
E[VMC(d) | Y] = id > 1{2 yUr) < Ag}. (43)

n
9 (j1,.rja)Elngld k=1

11
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This is a d-th order V-statistic with bounded kernel h(y1,...,yq) = 1{D_ yr < Ay} € {0,1}. By McDiarmid’s inequality
applied to the empirical-distribution viewpoint E[VMC | Y] = Ey(, [h], each Y'9) contributes at most d/n,, to the difference
(it appears in at most d - nd~! tuples), and so P[|(b)| > #] < 2e=2ngt’/d,

Union bounding (a) and (b) and inverting gives, with probability at least 1 —

PMC(g) — Vg(d)‘ < dlo§n2/6 /log 2/5 )
g

O

F. Proof of Theorem 4.7

Proof. Mean. By Bernstein’s inequality ((Boucheron et al., 2013), Cor. 2.10), for iid {Y'"/ )}?il with Var(Y) = o2,
E|lY —mgy|® < pg, and E|Y|* < My,

B[, — my| > ] < 2e ngt”/2 (45)
- xp| ——————— | .

97 el = 0= SO T o Mt /3

Setting the RHS = ¢/2 and solving the quadratic in ¢ gives the stated bound.

Variance. The sample variance can be written g = 5 > (YU) — ). Standard algebra gives o — 0 =

n%, S2(Y9) —mg)? — 2] — (g — my)? + O(1/ny). The first term is a centred sum of O(M,)-bounded variables, and
Bernstein gives

t2/2
P[|52 — 02| > 1] < 2exp| ———2 /1/2 . (46)
AM, + 2M Y23

Setting the RHS = §/2 and solving for ¢ gives the stated bound. O

G. Proof of Theorem 4.8

Proof. By Theorem 4.3, d2 = A,/m, + rg with ‘rgl)‘ < V271 Cks pg/(myo;). Define the plug-in estimator dcq =
Ag/mg + rg ). Then

7 g g 1 A(1
=, |1 05, - o)) + Oy~ my). @)

For m, > m,/2 (which holds with high probability when |m, — m,4| < m,/2, ensured by Theorem 4.7 for n, large
enough), the first term is at most 2A 4|7, — mg|/m?.

By Theorem 4.7, with probability at least 1 — ¢, |m

—myg| < 044/21l0g(4/6)/ng + O(1/n,). Combining,

2A,04+/210g(4/9)
- Mg/

dog — d9| <

C

+ ||+ 0(1/ny). (49)

H. Proof of Theorem 5.2

Sketch. Twisted SMC is a special case of the Feynman—Kac particle filter (Del Moral, 2004). The standard L? propagation-
of-error result ((Del Moral, 2004), Thm 7.4.1) states that for any bounded test function 4 : X — R with ||a|| <1

N 2

2 h(a™) — e (h)

=1

< Or (50)

E
— N b

where C/. depends polynomially on T', the log-Lipschitz constant of the reward, and the mixing time of the proposal.

12
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Under Theorem 5.1, the phase-calibrated reward rg(x;9) = logo(z) + log?(d(:r xo)) is uniformly
bounded, with |rg(z;9)] < L¢ + Bmaxlog(l/v). Consequently the tilted weight exp(rg(z;g)/m7) €
[VBmax/Tmin =L/ Tmin e (LotBmax oa(1/))/ 7min] is uniformly bounded above and below.

The DPLM proposal kernel is uniformly ergodic by Theorem 5.1(iii), and so it is geometrically mixing. The Lipschitz-
monotone schedule ensures the tempered targets 7, — 77 in TV at a polynomial-in-7 rate.

Combining these via the standard Feynman—Kac error decomposition ((Del Moral, 2004), Sec 7) and converting from L? to

TV via Pinsker yields the stated bound, with C'r inheriting the polynomial dependencies. O
I. Proof of Theorem 6.1

Proof. Let S = {(s;,y;)}<T" be the union of the calibration set and a single test point, exchangeable by assumption. Let
Tn,+1 denote the rank of snc+1 in the descending ordering of {s1,...,$n_ 41} (80 7 +1 = 1 means s,_41 is the largest
score). Under exchangeability, 7, 1 is uniform on {1, ... ,n. + 1}.

The test point is included in S, iff Sn.+1 > To. By the BH-type construction Equation (26),

ko
ne + 1

Psno41 > To] = P[rn1 < kol = , (51)

where k., = cal 18 the size of the acceptance set on calibration.

The expected number of false acceptances among the calibration points is at most ak,, by definition of FDP at threshold T,.
Now

P[Snqul > Tou Yn.+1 = 0]

P Yno41=0]sn41>To] = o 0 > 0] (52)
E[#{i: s > Ta,yi =0}]/(nc + 1)

< R/ (ne 1) 9

_ E[#{fa}iie acc.}| <a (54)

The slack 1/(n.+ 1) comes from the discrete BH-threshold step that includes the marginal acceptance event with probability
1/(nc + 1), as established in (Angelopoulos & Bates, 2023), Sec. 6.4. O
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