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ABSTRACT

Scaling language models to handle longer contexts introduces substantial mem-
ory challenges due to the growing cost of key-value (KV) caches. Motivated
by the efficiency gains of hybrid models and the broad availability of pretrained
large transformer backbones, we explore transitioning transformer models into
hybrid architectures for a more efficient generation. In this work, we propose
LIGHTTRANSFER, a lightweight method that transforms models such as LLaMA
into hybrid variants. Our approach identifies lazy layers—those focusing on re-
cent or initial tokens—and replaces their full attention with streaming attention.
This transformation can be performed without any training for long-context un-
derstanding tasks or with minimal fine-tuning for ol-like long reasoning gen-
eration tasks that require stronger reasoning capabilities. Experiments across
diverse benchmarks and models (e.g., LLaMA, Mistral, QwQ-STILL) demon-
strate that, even when half of the layers are identified as lazy, LIGHTTRANSFER
achieves up to 2.17x throughput improvement with minimal performance loss
(< 1.5% on LongBench) and achieves 53.3% on math benchmark AIME24 of
advanced ol-like long reasoning model QwQ-STILL. Our project homepage:
https://sites.google.com/view/lighttransfer.

1 INTRODUCTION

Recent advancements in large language models (LLMs) have extended their capacity for handling
long context inputs and generating long-form reasoning. For example, LLaMA-3.1 supports context
lengths up to 128K (Dubey et al.,[2024), while OpenAI’s ol can produce sequences of up to 100K
tokens (OpenAll |[2024). As the cornerstone of the efficient inference of these models on long context,
key-value (KV) cache stores precomputed key and value tensors for each token in the language
sequence to avoid recomputing them for each attention layer. However, as the number of model
layers and input lengths increases, the memory required for storing the KV cache grows significantly,
posing challenges for inference efficiency.

Various methods have been proposed to reduce the KV cache storage by modifying the model
architecture (Shazeer} 2019} |Brandon et al.| 2024} \Goldstein et al., [2024; |[Nawrot et al.,[2024; [Wang
et al.,[2024b; Yu et al.| 2024). One promising approach is the hybrid model. As shown in Figure|l]
in these hybrid models, certain layers of a standard transformer are replaced with more memory-
efficient mechanisms such as RNNs (Sherstinsky, [2020), Mamba (Gu & Dao, [2023)), and sliding
window attention (Beltagy et al., 2020). These approaches exploit the notion that different layers
can be manually assigned distinct functionalities, such as using memory-efficient mechanisms for
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local context processing and standard attention for global context handling (Gemma et al., [2024]),
thereby achieving notable memory savings. Concrete examples of such hybrid architectures include
Transformer-Recurrent Neural Network (RNN) designs such as YoCo (Sun et al.| 2024)), Transformer-
Mamba approaches such as Jamba (Lieber et al. 2024} Team et al.,[2024), and Transformer-Sliding
Window models like Gemma 2 (Gemma et al.,[2024)) and YoCo (Sun et al., 2024). However, a key
limitation is that they require training the entire model from scratch.

Given the substantial efficiency gains offered
by hybrid models and the availability of large-
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texts, thereby undermining its capacity to cap-
ture global information. Consequently, when
transitioning from a pretrained transformer to
a hybrid model, two primary challenges arise.
First, it is necessary to retain some standard
attention layers to preserve the model’s long-
context modeling capabilities, raising the criti-
cal question: which layers should remain intact? Second, this transition should ideally be lightweight,
enabling efficient adaptation with minimal data or even allowing it to be applied entirely at test time.
Otherwise, if large-scale pretraining data were required, one could simply train a hybrid model from
scratch, undermining the value of a transition-based approach.

Figure 1: (a) A standard transformer architec-
ture. (b) A hybrid model in which certain layers
of a standard transformer are replaced with more
memory-efficient designs. LIGHTTRANSFER iden-
tifies lazy layers in (a) and transforms them into
more efficient variants, yielding (b).

In response to the above challenges, we examine the attention patterns in different transformer layers
to determine whether each layer exhibits distinct functionalities. We conduct preliminary experiments
(Section ) and identified two key findings: First, certain layers in long-context LLMs exhibit lazy
behavior, primarily focusing on semantically unimportant tokens (e.g., the initial few tokens) and the
most recent during answer generation. The properties of lazy layers address our first challenge and
enable standard transformer-based LLMs to operate in a hybrid-like manner: identified lazy layers use
streaming attention, whereas non-lazy layers retain full attention. Second, after analyzing attention
weight patterns, we find that layer behavior is consistent across tokens for a given long input. This
insight partially addresses the second challenge and paves the way for a test-time transformation in
which selective modifications are applied during the prefilling stage, allowing for efficient adaptation
without extensive retraining.

Building upon this insight, we propose LIGHTTRANSFER, a lightweight method that transforms
models such as LLaMA, Mistral (Jiang et al., 2023)), and QwQ (Qwenl 2024)) into their corresponding
hybrid variants. Specifically, as shown in Figure[I] we analyze the attention allocation patterns in
each layer to determine whether it can be treated as a lazy layer. In lazy layers, we apply streaming
attention, while standard attention is retained in non-lazy layers. The output of the transformer
with a reduced KV cache differs from the original output due to the reduced cache size, and this
difference is theoretically analyzed in Theorem [5.1] For tasks where the input is sufficiently long
(i.e., long-context understanding), we leverage on-the-fly lazy layer identification at the prefilling
stage, LIGHTTRANSFER-TEST. In addition, for ol-like long reasoning generation tasks, even though
the questions can be relatively short (only a few dozen tokens) yet demand higher model capacity, we
surprisingly find that minimal training still enables robust performance (LIGHTTRANSFER-TRAIN).
In practice, this transition requires only around 5K samples (originally utilized for long-reasoning
ability distillation (Min et al., 2024)), underscoring the lightweight nature of our approach.
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We conduct experiments on four representative LLMs (i.e., LLaMA2-7B-chat (Touvron et al., 2023)),
Mistral-7B-Instruct (Jiang et al., [2023)), LLaMA3-8B-Instruct and its 70B counterpart (Dubey et al.,
2024)), evaluating them on long-context benchmarks including LongBench (Bai et al.| 2023) and
Needle-In-A-Haystack (NIAH) (Kamradt, [2023)). In addition, we adapt an ol-like long reasonin
model QwQ-32B-STILL and assess its performance on MATH-OAI (Lightman et al.), AIME24
and GSME8K (Cobbe et al., [2021)). Experimental results indicate that hybrid models converted via
LIGHTTRANSFER achieve performance on par with their standard transformer counterparts. For
example, on long-context understanding tasks, it achieves only a 1.45% performance decline on
LongBench. For long reasoning tasks, it achieves performance that is comparable to or even better
on the widely used mathematical benchmark AIME24, reaching 53.3% accuracy. Notably, these
results were obtained while half of the model’s layers employed streaming attention, yielding up
to a 2.17x increase in throughput.

2 RELATED WORKS

Memory-efficient architectures, such as linear RNN-based architectures (e.g., Mamba (Gu & Daol
2023)) and those employing sparse attention methods (e.g., streaming attention (Xiao et al., 2023)),
have demonstrated clear advantages in deployment, including reduced memory usage and higher
throughput (Peng et al.,[2023; Dao & Gul|[2024;|Yang et al., 2023} |Sun et al., 2024} Lieber et al.| [2024;
Gemma et al., 2024). However, a key drawback of these memory-efficient models is their limited
ability to handle extended contexts effectively (Behrouz et al., 2024} |Yuan et al., 2024). Meanwhile,
the inference memory cost of standard transformers (i.e., the storage of the KV cache) grows linearly
as the context length increases (Shi et al.| [2024; |Li et al., |2024cja). To address these challenges,
recent research has proposed hybrid architecture: maintaining the strong capabilities of pretrained
transformers while selectively substituting certain transformer layers with more memory-efficient
modules, thereby balancing high performance with practical deployment efficiency (Lieber et al.,
2024; |Gemma et al.l 2024} |Sun et al., [2024; Botev et al., [2024; De et al., [2024). For example,
Jamba (Lieber et al.| |2024; Team et al., [ 2024)) integrates Mamba (Gu & Daol 2023) with transformer,
Gemma 2 (Gemma et al.,|2024)) alternates sliding-window attention with standard attention layers, and
Minimax-01 (Li et al.,[2025) employs lightning attention (Qin et al.,[2024) in certain layers. However,
a key limitation of these methods is their reliance on training the entire model from scratch. Although
recent approaches aim to leverage the capabilities of large-scale pretrained models by converting
selected layers into memory-efficient structures to form a well-trained hybrid model, they still depend
on extensive training data (Wang et al.| [2024a; |Ge et al.,|2024). For instance, LongGen (Ge et al.
2024) transforms certain layers in pretrained LLM into sparse attention but requires retraining on
over 2TB of data. Differently, our LIGHTTRANSFER framework is designed to be substantially more
lightweight. Despite requiring no additional training for long-context understanding tasks, and only
5K training examples for more demanding long-text reasoning tasks (as originally used for long-
reasoning ability distillation (Min et al.||2024)), it still achieves strong performance on both fronts.
The superiority of our LIGHTTRANSFER comes from the identification of each layer’s function,
whereas LongGen always uses a fixed structure (retaining the middle layers for full attention). Some
works also attempt to fully transfer transformer models into RNN-like architectures (Kasai et al.,
2021} Zhang et al.|[2024b; Mercat et al.| [2024; |Zhang et al.,|2024a; Bick et al.,|2024)). However, these
methods primarily focus on short-context tasks (e.g., QA), whereas our approach targets long-context
scenarios.

3 PRELIMINARY

Before introducing LIGHTTRANSFER, we provide a brief overview of the generative inference in
autoregressive LLLMs, which is the key background for our method.

Inference stages. The typical generative LLM inference process involves two stages: (1) Prefilling:
the autoregressive LLM processes the input prompt X by parallel computing, and also saves the KV
cache of tokens in X. The output of the last token in this stage is the first token of the response.
(2) Decoding: after the prefilling stage is completed, the LLM generates output tokens one by one,
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Figure 2: Visualization of attention weight distributions on LLaMA3-8B. Left: The attention patterns
across different layers. Right: Each cell represents an attention weight from each token (x-axis) to
the initial tokens and the most recent tokens during both the prefilling and decoding stages. Layers
that predominantly attend to these tokens are outlined in black boxes.

and saves their KV cache. In each decoding step, a new token is generated based on the current token
and the KV cache stored from earlier steps, continuing until a stop criterion is met.

4 OBSERVATIONS

In this section, we analyze the attention patterns during inference in long-context LLMs, providing
insights that motivate our approach to transform the standard transformer into its corresponding
hybrid variant. The study is conducted on the LLaMA3-8B-Instruct model (Dubey et al., 2024)) using
a sample from the LongBench (Bai et al., 2023) benchmark. Our key findings are as follows:

Layer behavior in long-context LL.Ms during inference. Previous research (Xiao et al., [2023)
has shown that a large portion of attention in LLMs tends to focus on semantically unimportant
tokens Xipigal (€.g., the first few tokens) and the most recent tokens Xiecen (i-€., tokens in the sliding
window). We refer to this pattern as lazy behavior, likening it to skimming a paper by reading only
the first lines and the conclusion. While it is also called attention sink (Xiao et al.,[2023; /Gu et al.,
2024), we emphasize the shortcut nature by referring to it as lazy. Through our analysis, we find that
even with long contexts, some layers exhibit more pronounced lazy behavior, which we define as lazy
layers. The left panel of Figure[2] presents the attention patterns across different layers. We observe
that some layers (e.g., layer 0) do not follow a clear pattern in attention weight distribution, while
others (e.g., layer 20) show a clear lazy behavior pattern. Consequently, a more memory-efficient
attention mechanism can be employed in these lazy layers by retaining only a subset KV cache of
constant size.

Layer behavior remains consistent for a given input. To further explore whether a layer consistently
functions as a lazy layer during generation for a fixed prompt, we visualize the attention weights
for { Xinitial, Xrecent } across all layers for all generated tokens in the right panel of Figure [2} using
a randomly selected sample (additional examples are provided in Figure[9). Notably, for a given
input prompt, layers that exhibit lazy behavior maintain this pattern relatively consistently across
tokens. This suggests a certain degree of stability in attention dynamics throughout the generation
process. In addition, the indexes of these consistent lazy layers vary according to different prompts.
This necessitates the test-time algorithm in the following section.

5 METHODOLOGY: LIGHTTRANSFER

In this section, we introduce LIGHTTRANSFER, a method for converting pretrained transformers into
hybrid architectures for a more efficient generation. LIGHTTRANSFER leverages our observation of
lazy layers by replacing full attention with streaming attention. The method has two settings: (1) For
tasks like long-context understanding, LIGHTTRANSFER-TEST allows for on-the-fly transformation
at test time without requiring additional training. (2) For tasks demanding higher model capacity,
such as ol-like long reasoning generation, LIGHTTRANSFER-TRAIN involves fine-tuning to adapt
the model to the hybrid architecture.
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Figure 3: The framework of our LIGHTTRANSFER-TEST. A priority queue is maintained during the
prefilling stage to store the lazy ratio and corresponding layer index after processing each layer. Once
the queue reaches its capacity, the layer with the highest lazy ratio is identified as a lazy layer, and its
KV cache is reduced, freeing memory for storing the KV cache of the current layer.

5.1 LIGHTTRANSFER-TEST

As shown in Figure[3] the first step in applying LIGHTTRANSFER-TEST is identifying lazy layers,
defined as those whose final wi,s number of tokens in queries (i.e., Xj,s) allocate the most attention
t0 Xinitial U Xrecent- 10 measure how the model allocates attention at layer ¢, we define a lazy ratio r;:

1 -
ri = Z Z Ai(&, ), (D
Wiast .,
€ Xiast € { Xinitial , Xrecent }

where A; (&, x) is the averaged attention weight over all heads from a query token Z to a key token
x at layer ¢. Intuitively, a higher r; indicates that X,y focuses more heavily on these particular key
sets, thus exhibiting more lazy attention. To ensure that only P layers with the largest lazy ratios
maintain full attention during the prefilling stage and thus reduce peak memory usage, we adopt
a priority queue. We treat the lazy ratio r; as the priority in a max-based priority queue of size
P. Whenever the queue exceeds capacity, the layer with the highest lazy ratio is popped, labeled
lazy, and its standard attention is replaced with streaming attention. Here we do not replace the
standard attention with streaming attention in a head-wise manner due to the inefficiency, discussed
in Appendix [B.2} Specifically, for each lazy layer 4, we retain only the KV caches corresponding to
{ Xinitial, Xrecent } and discard others. During decoding, memory usage is naturally reduced because
the decoding process relies on the already updated (and thus reduced) KV caches from the prefilling
stage.

Identification burden. FlashAtten-
tion (Dao, 2023) is widely used to ac- Table 1: Torch style code for our lazy ratio calculation with
celerate computations during the pre- flash attention.

filling phase, but it does not explic-
itly expose attention weights. A direct
application of our lazy layer identi-
fication strategy would thus require
recomputing the attention matrix, in-

def Lazy-ratio_calculation(
* num_he & e

w_last, w_sink, w_recent):

curring non-negligible overhead. To attnout, lse = flashattn(q, k, v,

circumvent this issue, as shown in Ta- causal=True, return_lse=True)

ble [T, we leverage the log-sum-exp g-last = qgl:, -wlast:].permute(0, 2, 1, 3)
. . k_comb = torch.cat ([k[:, O:w_sink],

values (i.e., the denominator) of all at- K[:, -w.recent:]], dim=1).permute(0, 2, 3, 1)

tention weights produced by FlashAt- log lazy ratio = torch.matmul (g.last, k_comb)

tention. Consequently, we only need -logsumexp (dim=-1) - lse

return log_lazy.ratio

to recompute the streaming attention
score (a constant-size matrix multiplication), thus eliminating the need for a full recomputation. Our
identification algorithm mitigates additional latency introduced by full recomputation, resulting in
only a slight throughput reduction of 0.0058 to 0.0014 relative to a baseline of 1 across sequence
lengths from 4K to 32K. Notably, longer sequences result in smaller relative throughput reduction.
This occurs because the prefill operation grows with sequence length, whereas our identification
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process remains O(1). As a result, when n is large, the identification overhead is overshadowed by
the overall prefill cost.

5.2 LIGHTTRANSFER-TRAIN

For ol-like long reasoning tasks, where the input question typically consists of only a few dozen
words, the lazy ratio r; is not a reliable indicator of lazy. Because the sliding window is relatively
large compared to the input, 7; remains at 1 across all layers. To address this, we adopt a pre-selection
strategy. Specifically, for each sample in the training set, we feed both the question and the answer as
input to the LLM, thereby providing sufficient context for each sample to reveal which layers are lazy.
We then compute the frequency for each layer and select those with the highest lazy layer counts.
However, frequency-based selection may not be fully optimal for each sample, while o1-like long
reasoning tasks are inherently difficult, so additional fine-tuning allows the model to adapt to the new
hybrid architecture and re-balance capacity across layers. Therefore, once these layers are identified,
we perform supervised fine-tuning (SFT) under a hybrid architecture in which lazy layers employ
streaming attention, while non-lazy layers retain standard attention. During inference, we simply rely
on the preselected lazy layers, without requiring on-the-fly identification.

5.3 THEORETICAL ANALYSIS

We first provide a theoretical analysis of the approximation error of LIGHTTRANSFER-TEST and
then discuss how this analysis implies the performance of LIGHTTRANSFER-TRAIN. We would like
to highlight that our lazy layer identification procedures in LIGHTTRANSFER-TEST are implicitly
optimizing an upper bound of the error of the whole network output induced by reducing the KV
cache. We denote the set of layer indexes whose KV cache is reduced as Z. For any layer ¢ € Z, we
denote the attention score of the discarded KV pairsas s; =1 -3, cx. .« 4 Aj(&,x). Then
we have the following upper bound of the error of the network output.

Theorem 5.1 (Informal). If the Frobenius norms of all the parameters in a L-layer with H -attention
heads transformer are upper bounded by B and the activation function is Ly,-Lipschitz, then we
have that

Err. of LIGHTTRANSFER in logit<2LB*(H + LypB + 4HB*)+2HB*(1 + LipB*)» _ 5.
i€L

If we denote the error of hidden states at layer i as e;, then it evolves as

e; <ei_1+C min{2, Cy - ei_l} + 2H(B + L”pBS)H{i S I}Si,
where C and Co are quantities related to B, H and Lip.

The formal statement and the proof of Theorem [5.1] are provided in Appendix [F} We note that the
error recursive expression consists of three terms. The first term represents the error from the previous
layer. The second term represents the error from the previous layer amplified by the current layer.
Thanks to the layer normalization, this term will be truncated by 2. The last term represents the newly
introduced error if we shorten the KV cache at the current layer. By relaxing this recursive formula,
we derive the upper bound of the error between the logits of our method and the original transformer.
This shows that the error is upper bounded by the sum of the attention scores of the removed KV
pairs up to an additive constant. We highlight that our algorithm optimizes Eqn. equation [} which is
exactly the upper bound of the error induced by LIGHTTRANSFER in logit up to a constant. We note
that this theorem also provides the error analysis of the initial point of this fine-tuning process. The
fine-tuning will further decrease the error induced by LIGHTTRANSFER shown in Theorem [5.1}

6 EXPERIMENTS

In this section, we empirically validate that LIGHTTRANSFER can accelerate LLM generation while
maintaining long-text capabilities including two scenarios 1) long context understanding, and 2)
ol-like long reasoning generation, and uncover several insightful findings.
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Table 2: Performance comparison of LIGHTTRANSFER-TEST and baseline methods on LLaMA-2-
7B-chat, Mistral-7B-Intruct, LLaMA-3-8B-Instruct, and LLaMA-3-70B-Instruct using LongBench.
Bold denotes the best method, and underlined denotes the second best.
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LLaMA2-7B-chat

Standard 19.1 21.6 369 27.7 8.6 6.5 27.1 20.8 26.0 64.0 83.6 413 29 7.5 60.6 54.9 31.8
Streaming  13.1 152 269 23.1 55 4.4 21.1 199 242 61.0 828 389 2.1 4.0 59.0 52.2 283
MiniCache 13.1 13.7 30.3 15.6 4.7 9.8 215 209 243 63.0 83.1 351 2.2 6.1 534 465 27.7
SqueezeAtt. 15.9 15.7 27.0 255 6.5 43 219 19.6 233 62.0 832 399 19 0.5 60.0 53.5 28.7
LITTRANS 158 18.3 30.1 273 7.0 4.7 22.7 202 25.1 62.0 828 39.6 2.1 12 594 53.6 29.5

Mistral-7B-Instruct

Standard 29.7 40.5 534 50.0 29.1 32.9 349 254 27.7 76.0 89.1 47.3 5.0 98.5 60.4 62.1 47.6
Streaming  22.2 32.1 44.8 41.7 23.0 203 24.8 21.3 26.0 65.0 86.7 40.4 3.5 46.0 52.8 47.9 374
MiniCache 19.7 30.3 35.6 29.5 15.5 20.3 24.8 21.3 26.0 65.0 86.7 40.4 3.8 45.1 52.8 479 353
SqueezeAtt. 26.8 30.4 384 443 21.0 18.6 249 21.0 262 755 89.2 463 6.5 89.0 60.6 60.6 42.5
LITTRANS 29.0 41.0 53.6 50.5 27.5 32.3 34.8 254 27.3 76.0 893 47.3 6.0 97.5 59.9 613 474

LLaMA-3-8B-Instruct

Standard 234 32.8 39.6 44.7 22.2 20.1 28.8 23.3 27.0 73.5 90.6 41.9 3.6 72.0 58.1 51.3 40.8
Streaming  19.5 17.5 26.1 36.4 16.1 12.1 22.8 21.4 254 66.0 86.4 40.1 3.5 70.7 59.7 54.2 36.1
MiniCache 17.4 10.9 184 11.5 6.7 159 23.8 20.1 255 74.5 84.5 374 32 64.1 4385 453 31.7
SqueezeAtt. 20.0 19.6 26.2 37.5 18.7 13.3 23.8 22.0 23.8 72.5 90.0 41.5 6.7 66.0 552 47.6 36.5
LITTRANS 232 183 35.7 43.7 209 145 24.1 223 26.0 71.0 91.1 414 6.9 67.0 60.2 53.4 38.7

LLaMA-3-70B-Instruct

Standard 25.6 464 514 49.8 28.8 28.7 32.2 22.4 27.6 73.5 929 457 12.0 68.5 41.6 69.7 44.8
Streaming 254 362 34.4 443 227 150 25.8 202 262 66.5 91.1 43.6 11.5 68.0 41.9 67.1 40.0
MiniCache 25.1 452 38.4 46.2 249 17.8 29.1 223 27.1 71.0 86.7 41.3 10.1 67.0 35.6 54.4 40.1
SqueezeAtt. 26.3 36.8 34.0 48.1 25.0 17.5 28.0 21.5 255 71.5 92.8 44.8 11.5 67.0 41.5 68.5 41.3
LITTRANS 25.8 443 46.9 49.3 294 20.8 284 22.1 269 74.0 923 439 11.5 68.0 43.6 69.8 43.6

6.1 EXPERIMENTS ON LONG-CONTEXT UNDERSTANDING TASKS

In these experiments, we only apply LIGHTTRANSFER-TEST. As previously discussed, the input
length for these understanding tasks is sufficient to enable on-the-fly lazy-layer detection during the
prefilling stage, making additional training unnecessary.

6.1.1 EXPERIMENTS ON LONGBENCH

Settings. We evaluate LIGHTTRANSFER-TEST using four widely used LLMs, specifically LLaMA2-
7B-chat (Touvron et al.l 2023)), Mistral-7B-Instruct (Jiang et al., [2023), LLaMA3-8B-Instruct and
LLaMA3-70B-Instruct (Dubey et al.l 2024) on LongBench (Bai et al., [2023)), which is a multi-
task benchmark designed to assess the long-context capabilities of LLMs. Detailed experimental

configurations can be found in Appendix [A] An ablation study on these hyperparameters is provided
in the Appendix [C.2]

Baselines. Since no existing approach can convert a transformer into a hybrid model at test time
only, layer-level KV cache reduction methods serve as our closest baselines (Detailed discussions
on how LIGHTTRANSFER-TEST relates to layer-level KV cache reduction methods are available in
Appendix [B.T). Specifically, we compare LIGHTTRANSFER-TEST against the following baselines: 1)
Standard: a standard transformer-based model in which each layer employs the original self-attention
mechanism. 2) Streaming LLM (Xiao et al) 2023): A memory-efficient approach that modifies
each attention layer in a standard transformer to use only the KV cache for the first few tokens
and the most recent tokens. 3) MiniCache (Liu et al., 2024a): An inter-layer KV cache reduction
method that merges KV cache of every two adjacent layers after the model’s midpoint using spherical
interpolation while retaining important tokens to reduce cache storage. 4) SqueezeAttention (Wang
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et al., 2024c): An inter-layer KV cache reduction method that precisely distributes the KV-cache
budget across layers.

Results. Table [2] summarizes the performance across various tasks in the LongBench (Bai et al.
2023)) benchmark. We have the following findings:

LLMs exhibit redundancy across layers. As shown in the table, although MiniCache has some
limitations, both SqueezeAttention and LIGHTTRANSFER-TEST enable the model to handle long-text
tasks effectively, incurring only a slight performance decrease (an average drop of 4.0% and 1.5%,
respectively) when removing the KV cache in 50% of the layers. This finding suggests that LLMs
exhibit redundancy in their layer-level KV caches.

The transferred hybrid architectures can preserve strong long-context understanding capability.
LIGHTTRANSFER-TEST applies streaming attention in some layers of a transformer-based model
while retaining standard self-attention in others, striking an effective balance between computa-
tional efficiency and representational capacity. In contrast, MiniCache adopts cross layer attention
(CLA) (Brandon et al.,[2024) (sharing one KV cache across adjacent layers), and SqueezeAttention al-
locates distinct KV-cache quotas per layer. Under a higher compression ratio than MiniCache and the
same ratio as SqueezeAttention, LIGHTTRANSFER-TEST surpasses them by 6.1% and 2.6%, respec-
tively, demonstrating the effectiveness of transitioning transformers into hybrid models for memory-
efficient inference. This superiority partially originates from the fact that our algorithm explicitly opti-
mizes the error upper bound in Theorem 5.1} In contrast, the optimization methods of MiniCache and
SqueezeAttention do not control the error induced by KV reduction in a theoretically plausible manner.

6.1.2 EXPERIMENTS ON NIAH

Settings. We also evaluate whether

LIGHTTRANSFER-TEST can preserve in- o 100%
context retrieval capabilities while replacing o 0
some standard attention layers into memory- .. o
efficient streaming attention. The evaluation s 9%

is conducted on single-key and multiple-key ~ ** HH o HH
NIAH tasks collected in the Ruler (Hsieh et al.} K BK 16K 3K K Bk ek 3
2024) benchmark. We report the performance @ Standard DL\gh.!Transfer mStandard  OLightTransfer
with input context lengths of 4K, 8K, 16K, and (Sl (et
32K. Detailed experimental configurations can Figure 4: Performance comparison of LIGHT-
be found in Appendix TRANSFER and standard model on NIAH tasks
using Mistral-7B-Instruct.

Results. Figure [d summarizes the performance
on NIAH tasks, with the context length rang-
ing from 4K to 32K. While our LIGHTTRANSFER-TEST replacing select transformer layers with
streaming attention reduces memory overhead, strategically retaining original attention mechanisms
in deeper layers ensures robust long-range dependency modeling. This explains the maintained
performance on single-key tasks (32K: 96.7% vs standard 96.6%) and competitive multi-key results
at 32K (78.2% vs 78.9%). The retained standard layers serve as an anchor for cross-token reasoning,
which is crucial for in-context retrieval.

6.2 EXPERIMENTS ON O1-LIKE LONG REASONING TASKS

In these experiments, we investigate the effec-
tiveness of LIGHTTRANSFER-TRAIN on ol-like Taple  3: Performance comparison  of

long reasoning generation tasks. While these | |GHTTRANSFER-TRAIN and baseline meth-
tasks feature relatively short inputs, they demand  ods on three mathematical benchmarks using
intricate reasoning. Consequently, we SFT the  Qw(Q-32B. Bold denotes the best method, and

model with approximately 5K training examples ynderlined denotes the second best.
to facilitate swift adaptation within the trans-

ferred hybrld architecture. Method MATH-OAI AIME24 GSMSK
Settings. Experiments are conducted on three QwQ-STILL 202 46.7 95.6
widely used mathematical benchmarks AIME24 LongGen 8.2 16.7 4

y > LITTRANS 90.7 53.3 95.5

MATH-OALI, and GSMS8K. We use greedy de-
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coding to evaluate the performance of our model

with maximum tokens set to 32K. Because the training data for QwQ is not publicly available, we
follow QwQ-STILL (Min et al.| [2024)) in using a simple distillation approach on Qwen2.5-32B-
Instruct, which has been shown to achieve performance comparable to QwQ. We generally follow
the original training set of QwQ-STILL, and replace 50% of layers with streaming attention. To
mitigate the training complexity of attention, we optimize LIGHTTRANSFER-TRAIN training using
Flex Attention (Dong et al.,[2024).

Baselines. We compare our LIGHTTRANSFER-TRAIN against the following baselines: 1)
QwQ-STILL (Min et all [2024): a distilled model on Qwen2.5-32B-Instruct that achieves
performance comparable to QwQ-32B-Preview, whose training data is publicly available.
2) LongGen (Ge et all |2024): an approach that assumes the layers at both ends of the
model do not handle global information and predefines the replacement of those layers
with sparse attention. Results. Table [3] shows that LIGHTTRANSFER-TRAIN retains its
performance on Math-OAI (+0.5%), AIME24 (+6.6%) and GSM8K (-0.1%). In contrast,
LongGen, which assumes its middle layers require standard attention, exhibits no drop on
GSMS8K but suffers a 30.0% and 12.4% decrease on AIME24 and Math-OAlI, respectively.
While the unchanged GSMS8K results for

LongGen may indicate that GSM8K poses 1

lower complexity for these models, the broader o
comparisons nevertheless highlight the strength ~ °* W
of our data-driven layer selection. Specifically, o7

our LIGHTTRANSFER-TRAIN calculates each s T e s e satar i it
layer’s lazy ratio (Figure ) and replaces those

exhibiting the highest, which is proven to be
more robust than hand-crafted assumptions. . .
Moreover, our findings underscore the existence Ligure 5: Lazy ratio scores across layers in QwQ-
of layer-level KV cache redundancy even in 32B-STILL.

ol-like long reasoning models, emphasizing the promise of hybrid transformer architectures.

0 3 6 9 121518 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63

—Lazy ratio

6.3 ABLATION STUDIES & ANALYSIS

Standard layer retention ratio vs. model per-
formance. As shown in Figure [6] we sys-
tematically vary the fraction of layers that use
original attention from 0.25 to 0.5, up to 0.75,  tenransier I \ \ ‘

for both LLaMA3-8B-Instruct and LLaMA3- 3% 35% w% % 8% 9%  40% 4%

(a) LLaMA 3-8B

SqueezeAttn il ]

70B-Instruct on LongBench benchmark. As ex- e
pected, higher retention ratios consistently yield
improved model performance. However, this

(b) LLaMA 3-70B

SqueezeAttn [ [ |

LightTransfer [ [

comes at the cost of increased memory con- % a4 a1%
sumption, highlighting the trade-off between
efficiency and accuracy. Notably, across all com-
pression settings examined, LIGHTTRANSFER- Figure 6: Effect of retaining standard attention in
TEST surpasses the strongest baseline on that more layers on LongBench.

benchmark (i.e., SqueezeAttention), thereby underscoring the benefit of transitioning standard trans-
formers to hybrid models via strategical designs for more efficient generation.

ratio of standard attention layers: m25% CO50% O75%

Throughput of token generation. To evalu-
ate how these memory optimizations impact
token-generation throughput, we conduct exper-
iments with Mistral-7B on the Ruler benchmark

Table 4: Relative token-generation throughput at
different sequence lengths (4K, 8K, 16K, and 32K)
compared to the Full baseline. Bold denotes the

under maximum batch-size configurations. In- pegt method.

put sequence lengths of 4K, 8K, 16K, and 32K

were tested while retaining 50% of the stan-

dard attention layers. As shown in Table 4] Method 4K 8K 16K 32K
LIGHTTRANSFER-TEST consistently achieves ~ Squeeze. 1.03x  1.09x 1.12x  1.04x
the highest throughput compared with other =~ MiniCache 1.26x 1.29x 1.52x 1.41x
training-free test time inter-layer KV cache re- ~ LITTRANS 1.44x  1.78x 2.17x 1.75x%

duction methods. In contrast, SqueezeAttention,
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despite having the same compression ratio, fails to reduce peak memory usage during the prefilling
phase, since it must complete prefilling for all layers before applying compression. This constraint
limits the feasible batch size, restricting potential throughput. Meanwhile, MiniCache exhibits lower
throughput due to its smaller compression ratio (i.e., removing KV caches in at most 25% of layers).
These findings underscore the effectiveness of LIGHTTRANSFER in balancing memory usage and
computational efficiency.

7 CONCLUSION

We present LIGHTTRANSFER, a lightweight framework for transforming standard transformers into
hybrid models for more efficient generation by identifying lazy layers and replacing their full-attention
modules with streaming attention. Extensive experiments show that even when half of the transformer
layers are replaced with streaming attention, LIGHTTRANSFER delivers up to a 2.17x increase in
throughput while incurring less than a 1.5% performance drop on LongBench. For advanced long
reasoning generation tasks like AIME24, our method achieves these gains without any performance
degradation on QwQ-STILL.
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A SETTINGS.

We adopt a generative format where answers are produced using greedy decoding for all tasks. All
the experiments are conducted using NVIDIA A100. We set the sink token num wg,x = 4 and the
window size Wyecent = 1020.

A.1 SETTINGS ON LONGBENCH

The input context window sizes of LLaMA2-7B-chat, Mistral-7B-Instruct, LLaMA3-8B-Instruct and
LLaMA3-70B-Instruct are 4K, 8K, and 32K, with average tokenized sequence lengths approximately
13K, 12K, 10K, and 10K in LongBench. For evaluation, we use the metrics recommended by
LongBench. Due to space constraints, we only include the performance of 16 randomly selected
tasks out of the 21 LongBench tasks. For MiniCache, as the code was not open-sourced before our
submission, we reimplemented it based on the original paper and the SLERP (Shoemakel [1985) code
it references. We followed all the hyper-parameters outlined in the paper, except for the number
of retention tokens. SqueezeAttention and our LIGHTTRANSFER-TEST TIME are both set to the
same compression ratio, equivalent to removing KV caches from 50% of the layers (i.e., P is set to
50% of the total number of layers), whereas MiniCache is set to 25% (i.e., its maximum possible
compression).
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Figure 7: Different layer replacement strategies and their performance on LLaMA3-8B-Instruct:
1) Standard: Use standard attention in all layers. 2) Our LIGHTTRANSFER: Dynamically identify
lazy layers on the fly, and replace their attention mechanism accordingly. 3) Pyramid: Replace
each layer with memory-efficient attention; the budget decreases with depth, forming a pyramid-like
structure. 4) Random: Randomly replace layers with memory-efficient attention within the ranges
[0,16), [16,32), or [0, 32). We keep a same number of replaced layers, except Standard.

A.2 SETTINGS ON NIAH

The evaluation is conducted using the metrics recommended by Ruler. Because synthetic in-context
retrieval tasks in the Ruler benchmark require more extensive global context, we use a slightly lower
removal ratio here than the one applied to LongBench. In our LIGHTTRANSFER-TEST TIME setup,
we remove the KV caches from 25% of the layers.

B DISCUSSIONS

B.1 RELATIONSHIPS WITH TEST-TIME KV CACHE REDUCTION.

Some techniques (Xiao et al., [2023; [Li et al., 2024bj [Wang et al., 2024b} Zhang et al., [2024d; [Liu
et al., [2024b; |Yang et al., 2024; Zhang et al., 2024c) identify redundant tokens within each attention
layer and evict their associated KV cache at test time, thereby effectively lowering memory usage.
Within this line of research, the approach most closely aligned with our LIGHTTRANSFER-TEST
TIME specifically targets layer-level KV cache redundancies during inference, aiming to further
optimize memory consumption by examining how different layers store and reuse keys and values.
However, current methods only consider the relationships of KV caches across layers from a relatively
coarse perspective for reducing KV caches across layers. For example, MiniCache (Liu et al., 2024a)
focuses on the similarity of KV caches between layers, while SqueezeAttention (Wang et al.| 2024c)
optimizes cache usage without a detailed investigation into the internal mechanisms of transformers.
In contrast, our LIGHTTRANSFER approach goes further by examining how each layer functions and
selectively replacing certain layers with more memory-efficient architectures.

B.2 WHY WE Do NOT ADOPT A HEAD-WISE HYBRID MODEL

Prior studies typically do not consider a head-wise hybrid design (Lieber et al., 2024} |Gemma et al.|
20245 |Sun et al.,|2024; |Botev et al., 2024; De et al., 2024). One practical reason is that LLMs often
employ tensor parallelism (TP) to distribute computation across multiple GPUs. In this setup, a
single layer generally contains multiple attention heads (e.g., eight heads per layer), and each head is
handled by a separate GPU. If different heads in the same layer maintain different KV cache sizes,
GPUs with smaller caches must wait for those with larger caches to finish. This synchronization
bottleneck cancels out any latency benefits gained from compressing only certain heads, making a
head-wise hybrid approach inefficient in real-world deployments.
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Table 5: Performance under different hyperparameters.

(a) Window SiZe Wrecent (b) Sink token count wsink
Window size 252 508 1020 2044 Sink num 0 2 4 6
Performance 39.5 39.8 39.8 40.1 Performance 26.5 39.8 39.8 399
(C) Wiast
Wiast 8 16 32 64

Performance 399 398 399 39.7

C ADDITIONAL EXPERIMENT RESULTS.

C.1 EFFECT OF DIFFERENT LAYER REPLACEMENT STRATEGIES.

As shown in Figure [7 (a-d)] we experiment with four different layer replacement strategies for
integrating memory-efficient streaming attention into transformers, with consistent replacement
counts (except Standard). The results shown in Figure [7]indicate noticeable reductions for Pyramid
and Random strategies, suggesting that the predefined expectations about each layer’s function may
not fully align with their actual roles. Moreover, the performance of our LIGHTTRANSFER surpasses
other strategies, suggesting that LIGHTTRANSFER is effective in reducing memory usage while
maintaining performance.

C.2 IMPACT OF HYPERPARAMETERS

We adopt these hyperparameters either directly from StreaminglLLM (Xiao et al., [2023) (i.e.,
Wsink and Wrecent), €nsuring consistency with established practices in the field, or through
preliminary experiments (i.e., wiy). We also conducted additional experiments to analyze
the impact of hyperparameters (Wsink, Wrecents and wWiast) on model performance. As shown
in Table [5] the variation in performance remains within one percentage point across differ-
ent configurations, demonstrating the robustness of our approach to hyperparameter choices.

C.3 COMBINATION e I
WITH INTRA-LAYER KV CACHE REDUCTION METHODS ara

872 1.2
To illustrate the orthogonality between our LIGHTTRANSFER-TEST %ffﬂ_ "
and intra-layer KV cache compression methods, we conduct ad- . 0o
ditional experiments that combine LIGHTTRANSFER-TEST with ~ *’ .

SnapKV (a cutting-edge method for intra-layer KV cache reduction). =2 - Syt
In these experiments, SnapKYV is applied to compress the KV cache [Performance  -s-Compression Ratio
in non-lazy layers, while LIGHTTRANSFER-TEST remains active

for lazy layers. We use Qwen2.5-3B-chat-32K for this analysis. As S;%ure of 8: Snaszomp;rf(li-
shown in Figure[§] leveraging LIGHTTRANSFER-TEST alongside SnapKV-+LightTransfer.

an intra-layer KV cache compression method can further reduce
KV cache size while preserving model performance, underscoring
LIGHTTRANSFER-TEST’s orthogonality to existing methods focused on intra-layer redundancies.

D MORE EXAMPLES

D.1 EXAMPLES ABOUT LAYER BEHAVIOR ACROSS TOKENS
Additional examples of layer behavior across tokens for a given input can be found in Figure [9]

The examples are randomly chosen from LongBench benchmarks. The analysis is conducted using
LLaMA3-8B-Instruct.
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(a) Example 0 (b) Example 1

Figure 9: Additional examples of layer behavior across tokens.

E NOTATION

For a positive integer N € N, we define the set [N] = {1,--- , N'}. For a vector = € R?, we adopt
|| - I, to denote the £, norm of vectors. For a matrix X = [z],--- ,z] ]" € R¥*% where z; € R%
fori =1,---,dy, we define the £, ;-norm of X as || X||p.q = |l[llz1llp, - 5 |Za |p]|lg, i-e., we first
apply ¢, norm in a row-wise manner and then apply ¢, norm. The Frobenius norm || - ||2 2 is also
denoted as | - ||g. For a matrix X € R%*?, its i-th row and i-th column are denoted as [X]; . and
[X]. s, respectively. The element at i-th row and j-th column of X is denoted as [X]; ;.

F THEORETICAL ANALYSIS

In this section, we provide the theoretical analysis of the proposed method. We first define the
transformer structure we analyze in this paper. In fact, we analyze the LLaMA-type structure (Dubey|
2024), i.e., the transformers that adopt the pre-norm and the res-link. The input of the
transformer is the embedding of the tokens X & RNV*4 where N is the number of tokens, and
d is the dimension of the token embedding. We consider a L-layer transformer, i.e., there are L
transformer blocks in the network. Each transformer block consists of a mha! (mha!) and a ff! (ff!)
module. The mha! module is a combination of multiple causal self-attention modules. Each causal
self-attention module is defined as

attn(X, Wo, Wi, Wy) = softmax(XWoWa X T + M)X Wy,
where X € RV*4 is the input, W, W € R4 and Wy, € R4*? are the weights of the self-
attention module, and M € RV*N is the causal mask. The causal mask is defined as

_ 0 ifi>jg
[M]i,j = { —0 otherwise.

The mha! with H heads is defined as

H
mha (X, {WQ,h, Wk h, Wvﬁ}hH:l) = Z softmax(XWQVhW;hXT + M)XWV,h,
h=1

where X € RV*? is the input, Wg 5, Wi, € R¥9 and Wy, j, € R?*? are the weights of the h-th
head of mha!. Here we just merge the parameter Wy, into Wy, for ease of notation. Our analysis can
be directly applied to the parameterization that explicitly includes Wy as a weight. The ff! module
applies transformations to X in a row-wise manner, which can be defined as

ffin(X, Wa 1, Wa2) = o(XWa1)Wa o,
where Wa 1,Wa 2 € R?*4 are weights of ff! module, and o(-) is an element-wise activation function.
For example, o can be ReLU function. We require that ¢ is a Lipschitze function.

Assumption F.1. The activation function o (-) is Lyj,-Lipschitze, i.e., |o(z) — o (y)| < Lip|z — y|
forany z,y € R.

We note that this assumption is satisfied by all the popular activation functions, including ReLU,
sigmoid, ELU, and GELU. The input of the transformer is denoted as the output of the 0-th layer, i.e.,
X©) = X. Then the i-th block processes in the input X “—1) as

Y = X004+ mha (LN(X D) (WS, Wil Wi L) @
XD =y® i (LNY D), Wi, W), 3)
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where the superscript (¢) denotes the parameters and hidden states at layer ¢, and LN is the row-wise
normalization of the input. To simplify the mathematical calculation, we defined LN as

_ x if [|z]]2 <1
LN(z) = { z/||z|l2 otherwise

Our analysis can be directly applied to the LayerNorm function of PyTorch. For ease of notation, we
will abbreviate mha(-, {5, , W12y, Wi, ) and ffn(-, W, W) as mha® () and ffn)(.)
in the following. The output logits of the transformer is

X(L+1) = X(L) Wunembv

where Wypemp € R¥Xdvecab ig the unembedding matrix. We would like to adopt the last row
of X(E+1) to decode the next token. The parameters of the whole transformer is denoted as 6 =

{Wg?h, Wl(;?h, W‘(} )h}thIL U {WS’)I, T/Vlgi’)Q}iL:1 U{Wunemp }- Then the whole transformer is denoted
as
XY = transformer(X, 0).

In our method, we will apply a mask on the mha! in some layers, where we only remain the first and
last several tokens. This can be described by defined the masked indexes set M; C [¢] for i-row for
i € [N]. The corresponding mask M,,, can be defined as

B 0 ifj ¢ M;
[Miazy]i,; = { —00 otherwise.

For example, in our experiments, we set M as the first 4 and the last 1020 tokens. Then we denote
the corresponding mha! as

H
mha (X, {Wth, WK,ha WV,h}thl) = Z SO'thaX(AXVVQJLVVI—(FJVX—r + Mazy)XWV,ho
h=1

The mha module at i-th layer will be denoted as n:\hla(z). The ff! module will remain the same in the
our method. We denote the set of indexes of the layers that apply this mask as Z. Then our method
can be expressed as

V@O = x0-D 1145 ¢ 7} - mha' (LN(X V) +-1{i € 7} - mha " (LN(X =),

where we denote all the hidden states with our method applied as X and Y, and 1{-} is the indicator
function. The output of the whole network is denoted

XU+ = tran/s_f\c_)r/mer(X, 0,7).

To derive the theoretical analysis of the error, we need to delineate the norm of the transformer
parameters. In fact, all the transformers in the real life have bounded parameters due to the calculation
and storage requirements of the computer.
Assumption F.2. The Frobenius norms of all the parameters of the transformer is upper bounded
by B > 0,ie. [WS |k < B. [W, e, < B. [W) e < B. [Wih[le < B, [W§|r < B,
[IWanemb||F < B for h € [H] and ¢ € [L].

To state our main result, we define the maximal sum of the original attention scores of the discarded
tokens at layer [ € 7 as s;, which is formally defined as

s = max — i(l 3y exp ([LN(X D)), W, Wik [LN(XD)T] ) )
L= T - i i i
€NV H =\ e ST exp ([LN(XAD)] . W Wi T I =0T )
1 & exp ([LN(X=D)] W, Wi TIN(X =) )

= max — _ ! ’, , = )
iclN] H ;J; Sy exp ([LN(XO=D)] W&, Wi T [LN(X=D)T] )

©

Then the main result is as follows.
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Theorem F.3. We deﬁne the diﬁ‘erence of the hidden states of our method and the original transformer
at layer i € [L] as eX =[|X® — XDy . UnderAssumptionsandn this error involves as

e < eV 4 (HB + LipB? + 4HB®) min {2, [1 + HB(1 +4B2)|e\ "} + 2H(B + Lip B*)I{i € T}s;.
“

The error between the logits generated by our method and the original transformer can be upper-
bounded as

transformer(X, 6, Z) — transformer(X, 9)”2 _ S2LBY(H + LypB+ 4HB%) + 2HB (1 + Ly B’ )S s

i€l

&)

We note that the error recursive expression consists of three terms. The first term represents the
error from the previous layer. The second term represents the error from the previous layer amplified
by the current layer. Thanks to the layer normalization, this term will be truncated by 2. The last
term represents the newly introduced error if we shorten KV cache at the current layer. By relaxing
this recursive formula, we derive the upper bound of the error between logits of our method and the
original transformer. This shows that the error is upper bounded by the sum of the attention scores of
the removed KV pairs up to an additive constant.

Proof of Theorem We derive the error analysis of our analysis in three steps.

* The error decomposition of the whole network.
* Bound each term in the error decomposition.

* Conclude the proof.

Step 1: The error decomposition of the whole network.

We derive the error decomposition of the whole network in a recursive manner. In fact, for the i-th
layer, we have that

| XD = X O 00 < 7D = YDy 0 + || (LN(T D)) — i (LN )|

2,00

||{f(i) _ Y(i)”Q,oo < HX(FI) _ X(Fl)Hz,oo (6)

+ Hﬂ{i ¢ I} -mha® (LN(XC-D)) + I{i € T} - mha " (LN(X 1)) — mha® (LN(X D)) H

N

where the inequalities follow from the triangle inequality. In addition, we have that

Htransformer(Xﬂ,I) — transformer (X, 9)H2 < N Wanems| - | X5 = XB|y 0o, (8)

where the inequality results from Lemma[G.2]
Step 2: Bound each term in the error decomposition

We will bound each term in the right-hand side of Eqn. equation [ and equation [7} For the term
related to the ff! module, we have that
[ (LN(TO)) — fin (LN(Y @) |
2,00
< Lip - [Whlle - Wi e - [LN(Y®) = LN @),
< Lip - [WiD e - W) e - min {2, [V = vy 0}

< Lip - B* -min {2, [V = v @, .}, )
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where the first inequality results from Lemma[G.2] the second inequality results from the definition
of In(+), and the last inequality results from Assumption For the term related to mha! module in
the right-hand side of Eqn. equation[7} we have that

|14 ¢ 73 - mha® (LN(XG0)) 4 14i € T} - mha ™ (LN(X 1)) — mhal® (LN(XED))|

2,00

= 1{i ¢ T} ||mha® (LN(X 1)) — mha® (LN(X0D))|

2,00
1 e 7} - |mha (LNCX =) — mha® (LN D))
<I{ig¢Z}- Hmha(i)(LN(X(i—l))) _ mha(i)(LN(X(i—l)))H

2,00

+I{i € T} (Hrﬁﬁ“)(LN(X(i—D)) _ mha(z‘)(LN(Xu_l)))H

2,00
o+ [|mha® (LN 1)) = mha® (LN ) | )

< H-B(1+4B?)|[LN(XU1) —LN(XUD)||, _ +I{i € I} - 2BH - s,

< H-B(1+4B?%) min {2, | XD — X0~ }+I{i eI} 2BH s, (10)

||2,oo

where the first inequality results from the triangle inequality, the second inequality results from

Lemma Define the error e = | X® — X@ ||, with eg?) = 0. Combining Eqn. equation@
equation u equation 9] and equatlon [I0] we have that

e < el 4 HB(1+4B*) min{2,e0 Y} +1I{i € I}QBHSi
+ LipB?min {2,e{{ Y + HB(1 +4B%) min{2,el{ U} + 1{i € T}2BHs,;}.  (11)

Step 3: Conclude the proof.

We derive the recursive expression of the hidden state error by relaxing the right-hand side of
Eqn. equation [IT]as follows.

¢V < eV 4 HB(1 4+ 4B*) min{2, ¢\ M} + 1{i € T}2BHs;
+ LipB?min {2, [1 + HB(1 +4B%)|e\ "} + 1{i € T}2Li, B*Hs;
< eV 4 (HB + LipB® + 4HB*) min {2, [1 + HB(1 +4B%)]e\{ V) + 2H(B + L, B*)I{i € T}s;.
This proves the recursive formula. By summing this inequality from ¢ = 1 to ¢ = L, we have that

ely) <2L(HB + LijpB* + 4HB®) + 2(B + LipB*) Y 5. (12)
€T

Combining Eqn. equation [8|and equation [T2] we have that

"traEfBEner(X, 6,T) — transformer(X, 0)” < 2LB*(H + LipB + 4AHB?) + 2B°H(1 + LipB*) Y s,
2,00
’ €T
Thus, we conclude the proof of Theorem [F3]

G SUPPORTING LEMMAS

Lemma G.1 (Corollary A.7 in|Edelman et al.|(2022)) ). For any x,y € R<, we have
|Isoftmax(z) — softmax(y)||1 < 2|z — ¥l co-

Lemma G.2 (Lemma 17 inZhang et al.|(2022)) ). Given any two conjugate numbers u,v € [1, 0],
ie., % + % =1,and1 <p < oo, forany A € R™*¢ and x € R¢, we have

1Azl < IAT pullzlle and | Az]ly < [[Allup

Z||v-
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Lemma G.3 (Lemma 1.8 in|Zhang et al.{(2023)). For any X, X e RV*d and any Wo n, Wk n €

R Wy, € R for h € [H], if | X||2,00, | X[l2.00 < Bx, [Waunllr < Ba, [Winllr, <
By, |Wyr|lg < By for h € [H], then we have
Hmha(X, (Wan, Wi, Wyn ) — mha(X, {Wo.n, Wk.n, WV,h}thl) H

< H-By(1+4B% - BgBk)|IX = X|2,00-

Lemma G.4. For a query vector ¢ € RY, and two sets of key-value pairs K, € RV1*4 K, ¢
RN2xd v, € RMXd)and Vo, € RN2X4) We define attention scores softmax(q " [K1, K2]") and
softmax(q' K| ) as

softmax(q ' [K1, Ko]") = [s] , 5], and softmax(q' K| ) = 5] .
Then we have that

||softmax(qTK1T)V1 — softmax(qT[Kl,Kg]T)[VlT, VJ]TH2 < 2||s2]l1 - max{|| V12,00, [| V2

Proof of Lemma In fact, we have that
softmax(q " [K1, Ka2] )[Vi", V5 |7 = s{ Vi 4 s9 Va, and softmax(q' K| )Vi = 5] V;.

Further, the difference between s; and S can be upper bounded as

lls1 — 51l
:i exp(q” [K1:..)  ewld Kl
SIS exp(qT[Klj) + S0 exp(q T [Kali:) S0 exp(q T [K1lj..)
—Z exp(qT [K1]i.) Sh2 exp(q [Kali,)
M exp(qT[K 1) + o0 explqT[Kali)) X0 explqT[K4),)
—||82H1’

where the first equality results from the definition of softmax(-), and the last equality results from the
definition of s5. Then we have that

Hsoftmax(qTKlT)Vl — softmax(q ' [K1, K»] N[V, VQT}TH2
=[ls{ Vi + sV =5/ VAl
< st =Sl - IVill2,0 + lIs2lln - IV2]l2,0
< 2|[s2[l1 - max{||[Vi[[2,00, [ V2ll2,00 }-

Thus, we conclude the proof of Lemma [G.4]
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