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ABSTRACT

Self-Rewarding Language Models (SRLMs) achieve notable success in iteratively
improving alignment without external feedback. Yet, despite their striking empiri-
cal progress, the core mechanisms driving their capabilities remain unelucidated,
leaving a critical gap in theoretical understanding. This paper provides the first
rigorous theoretical guarantees for SRLMs. We first establish a lower bound that
characterizes the fundamental limits of a single update step, revealing a critical
dependence on the quality of the initial model. We then derive finite-sample error
bounds for the full iterative paradigm, showing that performance improves at a
rate of O (1/

√
n) with sample size n. Crucially, our analysis reveals that the

dependence on the initial model decays exponentially with the number of iterations
T . This provides a formal explanation for why iterative self-rewarding succeeds: it
robustly overcomes the limitations of a poor initialization. Finally, we instantiate
our theoretical framework for the linear softmax model class, yielding tailored
guarantees that connect our high-level insights to practical model architectures.

1 INTRODUCTION

Contemporary language models have achieved unprecedented success in numerous areas of natural
language processing. Aligning these powerful models with human preferences is critical for their
safe deployment, a task conventionally addressed by Reinforcement Learning from Human Feedback
(RLHF) (Ouyang et al., 2022; Rafailov et al., 2023). However, the efficacy of RLHF is fundamentally
predicated on the availability of large-scale, high-quality human preference data. This reliance
introduces two major challenges: first, the process of collecting human annotations is expensive and
difficult to scale (Gao et al., 2023); second, the inherent cognitive limitations of human evaluators
may cap the performance of models intended to achieve superhuman capabilities (Burns et al., 2024).
Consequently, this dependence on external supervision forms a critical bottleneck, hindering the
development of more autonomous and capable AI systems (Huang et al., 2022; 2025).

To overcome these limitations, the paradigm of Self-Rewarding Language Models (SRLMs) has
emerged, demonstrating considerable potential (Yuan et al., 2024; Wu et al., 2024; Prasad et al., 2025).
This approach facilitates iterative self-alignment without external feedback by enabling the language
model to serve as both its own policy and reward model. Within this framework, the model generates
candidate responses and leverages its intrinsic judgment to assign rewards, using this self-generated
supervision to produce a refined policy that serves as the reward model for the subsequent iteration.
The efficacy of this approach has been empirically validated in recent studies (Yuan et al., 2024;
Zhou et al., 2024; Wang et al., 2025; Xiong et al., 2025; Li et al., 2025), which report significant
performance gains across a variety of tasks.

However, despite the remarkable empirical success of SRLMs, our understanding of their core work-
ing mechanisms remains limited. Why do these models achieve stable and continuous improvement
rather than succumbing to degeneration or even collapse (Shumailov et al., 2024)? Current research
largely remains at the level of empirical observation and methodological refinement, lacking a solid
theoretical foundation to explain the reasons for their success or to characterize their performance
boundaries. This theoretical gap prevents us from deeply understanding the capability limits and
potential risks of SRLMs, and it constrains our ability to pursue more profound improvements.
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To fill this critical theoretical void, this paper provides the first rigorous theoretical guarantees for
the iterative self-rewarding alignment process in language models. Our main contributions can be
summarized as follows:

• Fundamental Limitations of Single-Step Updates. We establish a theoretical lower bound on the
failure probability of a single-step update, proving its critical dependence on the initial model’s
quality. This result theoretically explains why poorly initialized models fail to achieve effective
alignment in one step.

• Finite-Sample Guarantees for Iteration. We derive finite-sample error bounds for the iterative
self-rewarding paradigm, proving that its performance steadily improves at a rate of O (1/

√
n)

as the sample size n increases. Our analysis explicitly shows that the dependence on the initial
model’s quality decays exponentially with the number of iterations T .

• The Core Mechanism of Iterative Alignment. We identify the core mechanism for overcoming
poor initialization: the iterative update acts as a contraction mapping on the policy condition
number κt, which captures both the model’s internal consistency and the stability of self-alignment.
This causes the influence of the initialization to vanish exponentially, allowing the process to first
self-stabilize before improving performance, thus bypassing the single-step failure barrier.

• Application to Linear Softmax Models. We apply our general theoretical framework to the linear
softmax model class, deriving performance guarantees for this specific model architecture. This
connects our theoretical insights with practical application.

2 RELATED WORK

In this section, we review the literature most relevant to our work. We begin by discussing recent
advancements in SRLMs and then survey the existing theoretical guarantees for self-training.

Self-Rewarding Language Models. Existing alignment methods, particularly RLHF, heavily rely
on high-quality reward models or continuous human feedback, which creates a major bottleneck for
scalability. To overcome this, Yuan et al. (2024) proposed the SRLM paradigm, which leverages
the language model itself to act as both the policy and the reward model. In this framework, the
policy model generates response candidates for unlabeled prompts, while the reward model uses the
LLM-as-a-Judge (Zheng et al., 2023; Wataoka et al., 2024; Gu et al., 2024) to score these responses
based on their quality. This process can be iteratively repeated to improve alignment performance
without human intervention (Zhao et al., 2025; Xiong et al., 2025; Chen et al., 2024).

Recent work has focused on further refining the SRLM framework. To improve the quality of the
generated rewards, Wu et al. (2024) suggested using the same LLM as a meta-judge to evaluate its
own LLM-as-a-Judge outputs, while Zhang et al. (2025) introduced a step-wise LLM-as-a-Judge
approach. Others have focused on enhancing training stability and data quality. For instance, Wang
et al. (2025) introduced regularization to enhance the consistency of DPO rewards across different
iterations, thus providing more robust preference data. Additionally, Prasad et al. (2025) and Zhou
et al. (2025) focused on enhancing consistency to improve the reliability of both the reward models
and the preference data. The paradigm has also been extended to new modalities, with Zhou et al.
(2024) and Li et al. (2025) successfully applying it to Vision-Language Models (VLMs). However,
despite significant empirical progress and effectiveness, to the best of our knowledge, a complete and
rigorous theoretical analysis of SRLMs is still missing. This gap prevents a deep understanding of
the internal mechanisms that explain why this paradigm is successful.

Theoretical Guarantees for Self-Training. Theoretical work on self-training remains limited.
Existing research has predominantly focused on the self-distillation objective (Hinton et al., 2015) in
classification and regression tasks, aiming to provide convergence guarantees. Several studies have
established theoretical guarantees for self-training under idealized settings, such as linear models
(Mobahi et al., 2020; Frei et al., 2022; Das & Sanghavi, 2023; Pareek et al., 2024). Furthermore,
Allen-Zhu & Li (2023) offered guarantees for feed-forward neural networks, while Boix-Adsera
(2024) proposed a more general PAC-style framework. Another line of related work investigates the
problem of model collapse in self-consuming training loops (Alemohammad et al., 2024; Bertrand
et al., 2024). These works explore this direction by analyzing population risk dynamics under specific
modeling assumptions, such as linear contexts (Dohmatob et al., 2024; Feng et al., 2025), Gaussian
models (Shumailov et al., 2024; Alemohammad et al., 2024; Suresh et al., 2024; Jain et al., 2024), and
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asymptotic regimes (Marchi et al., 2024). Further explorations have been conducted in the context of
simplified diffusion models (Fu et al., 2024) and attention-based architectures (Fu et al., 2025). In
the area of self-improvement, Huang et al. (2025) proposed a sharpening mechanism as a key driver
of self-improvement and extended the theoretical framework of self-training to language models.
However, their work is confined to a non-iterative setting.

In contrast to all prior work, this paper establishes the first rigorous theoretical framework for the
iterative alignment paradigm of SRLMs. By deeply analyzing the underlying mechanisms that
enable stable and progressive performance improvements, we theoretically explain the success of this
paradigm and provide stringent convergence rates and performance guarantees.

3 PRELIMINARIES

This section establishes the notation and theoretical background. We formally define the core
components of the SRLM paradigm (Yuan et al., 2024; Wang et al., 2025), to be the model class, the
reward mechanism, and the DPO-style training objective that governs model updates.

Notations and Setup. Let x ∈ X denote a prompt and y ∈ Y be a response, where Y = VH

for a vocabulary space V and a sequence length H . A language model is a conditional distribution
π : X → ∆(Y) that maps a prompt x to a distribution over responses. We assume prompts are drawn
from a distribution µ over the prompt space X . The term π(y | x) denotes the probability that the
model generates response y given x. The self-rewarding process iteratively applies updates at each
round t, starting from an initial model π0 and yielding the sequence of models {π0, π1, . . . , πT }.

Self-Reward Mechanism and Data Generation. The process relies on a self-reward signal
generated by the model itself. This approach operationalizes the concept of LLM-as-a-Judge (Zheng
et al., 2023; Bai et al., 2023) by using the model’s own likelihood assignment as a proxy for its
judgment on the quality of a generation. Specifically, the reward for a response y given a prompt x
under the current model πt is its log-probability:

Jself(y | x, πt) = log πt(y | x), rt(y | x) := Jself(y | x, πt). (1)

This reward function encourages the model to assign higher probabilities to sequences it already
deems likely, effectively reinforcing what it judges to be high-quality regions of the response space.
To prepare for the update at round t, a dataset Dt = {(x, y, y′)} of n examples is constructed. Each
example is formed by first sampling a prompt x ∼ µ, then generating two responses y, y′ ∼ πt(· | x).
Subsequently, their relative quality is measured by the self-reward difference, ∆Jt(x, y, y

′) =
Jself(y | x, πt) − Jself(y

′ | x, πt). The stylized self-reward function rt(x, y) = log πt(y | x)
captures the core feedback loop where the model reinforces its own current beliefs. While this
formulation abstracts away richer judging mechanisms used in engineering practice (e.g., meta-
judges, rubric-based scoring, multi-turn evaluation), we believe it serves as a necessary starting point
toward understanding forms of self-rewarding that rely on more sophisticated judges but are less
amenable to direct theoretical analysis.

Model Update via DPO. The goal of each training round is to improve the model via a KL-
regularized objective. We seek a new model πt+1 that maximizes the expected reward rt while
remaining close to the current model πt, which acts as the reference πref . This is formulated as:

πt+1 ∈ argmax
π∈Π

Ex∼µEy∼π(·|x)[rt(x, y)]−
1

β
Ex∼µ[DKL(π(· | x)∥πref(· | x))]. (2)

In practice, this optimization can be achieved by minimizing a DPO-style regression objective
(Rafailov et al., 2023; Gao et al., 2024; Huang et al., 2025). Specifically, for round t where the
reference model is πref = πt, the loss function is defined as:

LDPO
t (π) =

1

n

∑
(x,y,y′)∈Dt

(
β

[
log

π(y | x)
πref(y | x)

− log
π(y′ | x)
πref(y′ | x)

]
−∆Jt(x, y, y

′)

)2

. (3)

Minimizing this loss, LDPO
t , effectively executes the model improvement step outlined in Eq. 2. This

entire update can be conceptualized as the application of an operator Trt : Π → Π, which maps the
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current model πt to the improved model πt+1:

πt+1 = Trt(πt) where Trt(πt) = argmin
π∈Π

LDPO
t (π) with πref = πt. (4)

After T rounds, the final model is the result of composing these operators: πT =
(
TrT−1

◦ · · · ◦
Tr0
)
(π0). Since the reward rt is determined by πt, the training loop is entirely self-contained.

4 FUNDAMENTAL LIMITATIONS OF SINGLE-STEP SELF-REWARDING

This section introduces the Policy Condition Number1, a metric designed to quantify a model’s
suitability for self-alignment. It characterizes both the model’s internal consistency and the numerical
stability of the self-rewarding update process. Building on this concept, we derive a formal lower
bound on the failure rate of a single update step, revealing its fundamental limitations. Furthermore,
we show how these learning failures inevitably translate into inference errors under greedy decoding,
highlighting the necessity of an iterative framework.

The policy condition number, denoted κt, is formally defined as the expected inverse probability of
the policy’s own most likely response:

κt := Ex∼µ

[
1

πt(y∗t (x) | x)

]
, (5)

where y∗t (x) := argmaxy∈Y πt(y | x). Drawing an analogy from numerical analysis, this parameter
measures how well-conditioned the policy is for self-reward. A large value of κt signifies an ill-
conditioned policy, one that is diffuse and lacks confidence in its own predictions by assigning low
probability to its modal outputs. This ill-conditioning makes the single-step update unreliable and
heightens the risk of model collapse (Shumailov et al., 2024). A central finding of our work is
that while a large initial condition number κ0 can lead to failure, the iterative process progressively
controls this quantity and ensures that its influence diminishes over time.

We now present a formal lower bound on the failure rate for any self-rewarding algorithm operating
within a single iteration. The result is established by considering a worst-case instance where subtle
statistical signals are intentionally obscured by an information-sparse prompt distribution.

Theorem 1 (Single-Step Failure Rate Lower Bound). Let any self-rewarding algorithm produce a
model π1 using n samples generated from a base model π0. There exists a hard problem instance,
characterized by a model class Π and an initial policy condition number κ0, such that the failure rate
of any algorithm with a fixed budget n is lower-bounded. Failure is defined as the event that the policy
assigns a probability of at most 1/2 to its own optimal response y∗1(x) := argmaxy∈Y π1(y | x).
The risk-form of the lower bound is given by:

Px∼µ

[
π1(y

∗
1(x) | x) ≤

1

2

]
≳

(
κ0 log |Π|

n

[
log

(
nκ0

log |Π|

)]−1
)1/2

. (6)

Remark 1. Theorem 1 formalizes the statistical barriers of a single self-rewarding step. The lower
bound contains a slowly varying logarithmic correction term,

[
log( nκ0

log |Π| )
]−1/2

, whose growth

is significantly slower than the dominant polynomial dependence,
(

κ0 log |Π|
n

)1/2
. For ease of

interpretation, we focus on this dominant term, which gives the simplified bound
(

κ0 log |Π|
n

)1/2
, up

to logarithmic factors. This expression makes clear that when the effective difficulty κ0 log |Π| is on
the same order as the sample size n, the failure rate lower bound remains a constant. In such cases, a
single self-rewarding update cannot reliably improve the model, regardless of the algorithmic details.

Two concrete scenarios illustrate when κ0 can be on the same order as n:

1This quantity is analogous to what is sometimes called the concentrability or coverage coefficient, a concept
studied in the theory of offline reinforcement learning and self-improvement (Xie et al., 2023; Gao et al., 2024;
Amortila et al., 2024; Huang et al., 2025).
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• Near-uniform base policy. Suppose the base model π0 assigns a nearly uniform distribution over
a large response space Y of size M . Then the most likely response y∗(x) has probability only
slightly larger than 1/M , so

κ0 ≍ M.

If the sample budget n is not significantly larger than M , then κ0/n is a constant, leading to a
constant failure probability.

• Autoregressive low-confidence base policy. Consider an H-step autoregressive model where at
each step the top-1 token probability is at most α ∈ (0, 1). Along the modal path, the probability
of the full sequence satisfies π0(y

∗(x) | x) ≤ αH , so that

κ0 ≳ α−H .

If we set H ≍ log n/ log(1/α), then α−H ≍ n, which implies that κ0 is of the same order as the
sample budget n, leading to a failure rate lower bounded away from zero.

These examples show that diffuse or low-confidence base policies naturally yield κ0 on the scale of
n, which makes a single self-rewarding update statistically unreliable.

The failure condition π1

(
y∗1(x) | x

)
≤ 1

2 , adopted in Theorem 1, is a natural threshold. As the
subsequent proposition reveals, it precisely identifies the circumstances under which greedy decoding
fails. Consequently, the lower bound reflects a meaningful and practically relevant notion of decoder
breakdown.

Proposition 2 (Greedy Decoding Fails for Unaligned Models). There exist autoregressive models
π over the space Y = VH and prompts x for which the optimal sequence y∗(x) is unique, and
its probability satisfies π(y∗(x) | x) ≤ 1/2. Then, the greedy decoding strategy, defined as ŷh =
argmaxy∈V π(y | ŷ<h, x) for all h ∈ [H], fails to recover the optimal sequence, i.e., ŷ ̸= y∗(x).

Remark 2. Proposition 2 demonstrates the direct and severe consequence of a low-confidence model
at inference time. It establishes that for certain models, standard decoding algorithms such as greedy
search are guaranteed to fail. This failure occurs because the model’s confidence in its single best
prediction is outweighed by its collective uncertainty over all other alternatives, allowing a locally
optimal yet globally incorrect token to trap a myopic decoder and ensure a suboptimal sequence.

This result bridges learning failure and inference failure. The low-confidence condition is not a
pathological corner case but a statistically predictable outcome of learning. As shown by Theorem 1,
a single self-rewarding update initialized with a poorly conditioned base policy (large policy condition
number κ0) has a non-negligible probability of producing exactly such a low-confidence model.

Taken together, the two results yield a stark conclusion. When the effective difficulty satisfies κ0 ≍ n,
Theorem 1 implies a constant-order lower bound on the probability of learning failure. Consequently,
for sufficiently weak initialization, there is a constant probability that a single update produces a
policy that, by Proposition 2, is certain to output low-quality sequences under greedy decoding. This
cascade of failure, from a high probability of learning error to a deterministic inference error, exposes
the fundamental vulnerability of single-step self-improvement and its critical dependence on the
initial model. This motivates the iterative self-rewarding framework developed in the subsequent
sections, which progressively mitigates this dependence and enables robust alignment even from
weak initialization.

5 FINITE-SAMPLE ANALYSIS FOR ITERATIVE SELF-REWARDING ALIGNMENT

This section addresses the fundamental limitations of single-step updates identified in Section 4 by
developing a theoretical framework for iterative self-rewarding alignment. Within this framework, we
establish finite-sample guarantees showing that sustained improvements across iterations overcome
the fragility of a single step, yielding a provably stable process that ensures robust alignment even
from poorly conditioned initial models. To formalize this, we first introduce a standard realizability
assumption and define key analytical constants.

Assumption 1 (Realizability). Let π∗
β be the optimal model that maximizes the KL-regularized

objective in Eq. 2. We assume that this model is contained within our model class, i.e., π∗
β ∈ Π.

5
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Assumption 1 is a natural and standard requirement in statistical learning theory (Vapnik, 2013;
Shalev-Shwartz & Ben-David, 2014), ensuring that the target model lies within the considered class.
Then, we define analytical constants that capture the stability of iterative self-rewarding updates.
Definition 1 (Confidence and Margin Constants). We introduce two analytical constants that quantify
the stability of self-rewarding updates:

• Minimum confidence. The minimum confidence across all inputs x ∈ X and update rounds
t ∈ [0, T ] is defined as

c := inf
x∈X , t∈[0,T ]

πt(y
∗
t (x) | x) .

• Margin constant. The margin γ > 0 quantifies the minimum log-probability gap between the
optimal action and the strongest suboptimal competitor across all rounds:

γ := inf
x∈X , t∈[0,T ]

log

(
πt(y

∗
t (x) | x)

maxy′ ̸=y∗
t (x)

πt(y′ | x)

)
.

The minimum confidence c > 0 ensures that the model maintains a non-trivial level of certainty in its
predictions throughout the iterative process. This requirement is standard in related literature (Zhang
et al., 2023; Huang et al., 2025). The margin γ quantifies the separation between the optimal action
and its closest competitor. The unique optimal sequence assumption implies a strictly positive margin,
since identifiability requires the optimal response to be distinguishable from suboptimal ones. In
continuously parameterized models, exact ties (γ = 0) form a measure-zero set and are therefore
negligible in practice. Even when margins are extremely small, the iterative contraction of κt ensures
stability, while the DPO update and the self-reward mechanism amplify these small gaps over time,
preventing collapse.

In the context of a practical large language model, the margin constant γ can be viewed as a signal-to-
noise ratio for the model’s internal preferences: when γ is small, the model behaves like a hesitant
judge whose scores for the top candidate and the runner-up are nearly indistinguishable, so the
induced reward signal is noisy and gradient estimates have high variance; when γ is large, the
model exhibits a clear preference gap, yielding low-variance, stable learning signals. The minimum
confidence c plays a complementary role as a safeguard against collapse: as long as c stays bounded
away from zero, the iterative self-rewarding process can, by the law of large numbers, extract a
reliable preference signal from a large pool of self-generated samples and thereby gradually overcome
initialization bias through statistical concentration.
Theorem 3 (Finite-Sample Guarantee for Iterative Self-Rewarding Alignment). Suppose Assumption
1 holds, and the regularization parameter is set to β ≲ 1/

√
n. For any δ, ρ ∈ (0, 1), after T rounds

of iterative self-rewarding updates as defined in Eq. 4, the resulting model πT ensures that with
probability at least 1− ρ,

Px∼µ[πT (y
∗
T (x) | x) ≤ 1− δ] ≲

1√
n
·
log
(
n|Π|ρ−1

)
γδ

(
1√
c
+

√
κ0

(1 +
√
nc)(T−1)/2

)
. (7)

Remark 3. Theorem 3 provides the first finite-sample guarantee for the iterative self-rewarding
alignment paradigm, establishing a foundational theoretical framework for a class of methods that,
despite their empirical success, have lacked rigorous understanding. To further clarify the asymptotic
behavior of Eq. (7): When the sample size n is sufficiently large and the number of iterations T

is large enough (as shown in Corollary 4, i.e., T ≳ log(cκ0)
log(1+

√
nc)

), the initialization-dependent term
vanishes. Consequently, up to logarithmic factors and problem-dependent constants (c, γ), the error
bound simplifies to O(log n/

√
n), demonstrating that the iterative process achieves the standard

parametric convergence rate. The theorem formally quantifies the risk that the final model, πT ,
assigns insufficient probability mass to its own optimal response after T rounds of updates. The
structure of the bound in Eq. 7 reveals a compelling interplay between two key error components.
The overall error probability is upper-bounded by a product of the standard statistical learning rate,
log(n)/

√
n, and a term, 1/

√
c+

√
κ0/(1+

√
nc)(T−1)/2, that comprises both a stable and a transient

error component. The constituents of this bound can be interpreted as follows:

• Statistical Efficiency: The log(n)/
√
n rate confirms that the iterative process is statistically efficient,

with performance improving predictably as the sample size n per iteration increases.

6



324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377

Under review as a conference paper at ICLR 2026

• Stable Error Component: The first term in the parentheses, 1/
√
c, represents an asymptotic,

irreducible error floor that is independent of the initial model’s quality. This error is governed by
the model’s minimum confidence, c, reflecting the best possible stability the system can achieve
after sufficient iteration.

• Transient Error Component: The second term,
√
κ0/(1 +

√
nc)(T−1)/2, captures the influence

of the initial model’s quality, as measured by the policy condition number κ0. Crucially, this
term decays exponentially with the number of iterations T . This finding not only theoretically
validates the intuition that the iterative process progressively mitigates the adverse effects of a poor
initialization, but also aligns with the experimental results in Yuan et al. (2024); Zhou et al. (2025);
Xiong et al. (2025). Specifically, these results show that performance improves significantly in the
early stages of iteration before plateauing, a pattern characteristic of exponential decay.

Furthermore, the bound’s dependence on κ0 and n is shown to be tight for the single-step (T = 1)
case. Consider this special case, where the exponential decay term’s denominator becomes one.
For an ill-conditioned initial model where κ0 is large, the

√
κ0 term will dominate the 1/

√
c term.

Ignoring logarithmic factors and constants, the upper bound on the failure probability simplifies to
O
(
(κ0/n)

1/2
)
. This rate precisely matches the fundamental lower bound of Ω

(
(κ0/n)

1/2
)

estab-
lished in Theorem 1 for any single-step self-rewarding algorithm. This correspondence demonstrates
that our multi-step analysis correctly captures the problem’s intrinsic difficulty for the single-step
scenario and confirms κ0 as a central parameter governing the challenge of self-alignment. We do not,
however, provide a matching lower bound for T > 1 to prove the tightness of the exponential decay
rate itself. This remains an interesting open question that we leave for future work. In addition, the
assumption of sampling n pairs is practically realistic for large LMs. In our setting, n denotes the total
dataset size for one alignment round (typically 104 to 106 preference pairs), which is consistent with
standard large-scale practice. The judge cost remains computationally modest, since evaluation reuses
the same model weights and at most requires an additional batchable forward pass per sample. As a
result, this self-labeling regime avoids the high annotation cost that would arise if all n preference
labels had to be obtained from humans, which would pose a severe scalability barrier.

Remark 4. Why Self-Rewarding Works. Theorem 3 provides a fundamental explanation for the
success of iterative self-rewarding: it transforms a single-step learning problem that would almost
certainly fail under poor initialization (large κ0) into a robust two-stage process.

A large initial condition number κ0 corresponds to an ill-conditioned model. Theorem 1 shows
that for such models, a single update fails with probability Ω((κ0/n)

1/2). Thus, naive one-shot
fine-tuning cannot overcome poor initialization. In contrast, iterative self-rewarding acts as an internal
self-correction mechanism, thereby avoiding this difficulty.

Stage I: Self-Correction and Stabilization. The early iterations are not aimed at fitting an external true
preference. Instead, the model aligns internally by rewarding its own high-confidence outputs. This
self-reinforcing process induces a contraction mapping on the policy condition number κt, ensuring
exponential convergence toward a stable fixed point. The proof in Appendix D formalizes this effect,
showing that under mild assumptions, the sequence {κt} satisfies

κT ≤ U + qT (κ0 − U), q ≍ (1 +
√
nc)−1 < 1,

where U is the fixed-point condition number as T → ∞, and qT (κ0−U) is the transient initialization
component, which decays geometrically with each iteration. Hence, the adverse influence of poor
initialization quickly disappears, guiding the model into a well-conditioned regime. This stage
functions as an implicit regularization, prioritizing internal consistency before external generalization.

Stage II: Efficient Statistical Learning. Once stabilized, the effect of κ0 becomes negligible. As the
initialization-dependent term in Theorem 3 vanishes exponentially, the learning dynamics undergo a
fundamental shift: they are no longer constrained by the starting point, but are governed by statistical
efficiency. Performance improvements follow the standard O(1/

√
n) rate, determined solely by the

per-round sample size n. Ultimately, the process converges to a stable error floor that is independent
of initialization, with the final accuracy dictated only by problem difficulty and statistical error.

Iterative self-rewarding succeeds by decomposing the learning problem into two phases: first sta-
bilizing the model through self-alignment dynamics, and then leveraging this stable foundation for
efficient statistical learning. In doing so, the framework enforces internal consistency of the model,
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thereby creating the necessary conditions for effective learning and turning a seemingly hopeless
single-step task into a standard, well-behaved learning process.
Remark 5 (Proof Sketch for Theorem 3). This proof establishes finite-sample guarantees for iterative
self-rewarding alignment, showing it overcomes the limitations of a poor initial model. The core
technique is to recursively control the policy condition number κt. Controlling κt prevents model
collapse and ensures the influence of the initial model’s quality, κ0, diminishes over time.

Step 1. Single-Step Optimality Gap. First, we bound the single-step failure probability, the chance
that an updated policy πt+1 assigns low probability to its own optimal response. This probability
is linked to a performance gap that is controlled by statistical error and the stability of the previous
policy πt. This yields guarantees connecting the performance to the policy condition number:

Px∼µ[πt(y
∗
t+1(x)|x) ≤ 1− δ] ≲

1

γδ

(√
κt−1 · log(n|Π|ρ−1)n−1/2 + β log(κt−1)

)
.

This inequality forms the inductive link for the analysis.

Step 2. Recursive Control of the Policy Condition Numbers. To ensure stability, we derive a recursive
inequality for κt. We start with its tail-integral representation:

κt−1 = Ex∼µ

[
1

πt−1(y∗t−1(x)|x)

]
=

∫ ∞

0

Px∼µ

(
1

πt−1(y∗t−1(x)|x)
≥ u

)
du.

The integrand is the failure probability bounded in Step 1. Substituting this bound into the integral
yields the core recurrence relation:

κt−1 ≤ C1 + C2 log(n|Π|ρ−1)n−1/2 · √κt−1 + C3β · log(κt−1),

where C1, C2, C3 are constants. The sub-linear dependency on
√
κt is crucial, as it prevents explosive

growth and ensures the process is stable.

Step 3. Asymptotic Stability and Final Bound. Finally, we analyze the recurrence for {κt}. It
simplifies to a contraction mapping that converges exponentially fast to a fixed point U . This gives an
explicit bound on the condition number at iteration T − 1:

κT−1 ≤ U + qT−1(κ0 − U),

where the contraction rate q < 1 scales as approximately (1 +
√
nc)−1. This decomposition reveals

that κT−1 comprises a stable term U and an exponentially decaying transient term that depends on
the initial condition κ0. Substituting this bound for κT−1 into the single-step guarantee for the final
iteration T yields the main result of Theorem 3. The final bound consists of a stable error term with a
rate of O(1/

√
n) and a transient error term, which depends on

√
κ0 and decays exponentially with T .

This proves that the iterative process robustly mitigates the influence of a poor initialization.

Our analysis, particularly the DPO square-loss instantiation and the recursive contraction of the
policy condition number κt (Lemmas 9 & 10), strictly relies on the self-reward function being
rt(x, y) = log πt(y | x). These results do not directly extend to reward signals produced by
external LLM-based judges or multi-step pipelines. Extending the theory to rubric-based rewards
would require additional structural assumptions (e.g., margin conditions or Lipschitz relations w.r.t.
likelihood ratios), which we leave for future work.
Corollary 4 (Iterations to Suppress Initialization Effects). Building on Theorem 3, if the number of
iterations satisfies

T ≳
log(cκ0)

log(1 +
√
nc)

,

then the initialization-dependent part of the bound becomes negligible, and with probability at least
1− ρ,

Px∼µ[πT (y
∗
T (x) | x) ≤ 1− δ] ≲

1√
n
· log(n|Π|ρ−1)

γδ
√
c

.

Remark 6. Corollary 4 distills and clarifies the core mechanism that underpins the success of
iterative self-rewarding alignment. The self-correcting property provides a theoretical safeguard
against model collapse, where a flawed initial model might otherwise amplify its own biases through
iteration. The theory demonstrates that the iterative process effectively mitigates the influence of the
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initial unaligned model, allowing the policy to bootstrap its way to improvement based on the signal
generated during training.

The corollary also establishes that this self-correction process is both efficient and practical. The
number of iterations required to suppress the initial model’s influence to a negligible level, given
by T ≳ log(cκ0)/ log(1 +

√
nc), depends only logarithmically on the initial condition number κ0.

This suggests that even an initially ill-conditioned model can be reliably aligned without requiring an
excessive number of iterations, which is consistent with experimental findings (Yuan et al., 2024;
Zhou et al., 2025; Xiong et al., 2025).

Furthermore, the denominator log (1 +
√
nc) confirms the theoretical intuition that increasing the

per-iteration sample size n accelerates the decay of the initial model’s influence. Consequently, this
reduces the total number of iterations T required for alignment. This relationship is consistent with
the principle that a larger sample size enables the model to learn more effectively within each round,
thereby diminishing the number of iterative steps needed. This finding provides clear guidance for
allocating computational resources during the alignment process.

Ultimately, after a sufficient number of iterations, the process fundamentally overcomes the bottleneck
inherent in single-step alignment. The resulting error bound, O (1/

√
n), becomes entirely indepen-

dent of the initial condition number κ0. This demonstrates that the iterative framework transforms the
learning problem from one constrained by initial model quality, as captured by the Ω

(
(κ0/n)

1/2
)

lower bound in Theorem 1, into a standard statistical learning problem where performance is governed
by sample size. The iterative process is therefore not merely a refinement but a powerful mechanism.
It enables the model to overcome the constraining influence of its initialization, breaking the κ0

barrier to achieve a level of performance unattainable through single-step methods.

6 APPLICATION TO PARAMETRIC MODELS: THE LINEAR SOFTMAX CASE

In this section, we instantiate our general framework for SRLMs within the parametric setting of
linear softmax models.
Definition 2 (Linear Softmax Model). Let d ∈ N be the feature dimension, and let φ : X ×Y → Rd

be a feature map such that ∥φ(x, y)∥2 ≤ 1. Given a radius B ≥ 1, the linear softmax model class
Πφ,B is defined as:

Πφ,B :=
{
πθ : θ ∈ Rd, ∥θ∥2 ≤ B

}
,

where the policy πθ is given by: πθ(y | x) ∝ exp (⟨φ(x, y), θ⟩). This class is parameterized by a
vector θ within a d-dimensional ball of radius B.

By adapting our proof framework with tools from statistical learning theory, we establish a perfor-
mance guarantee for the linear softmax model class, analogous to Theorem 3, thereby demonstrating
that the self-rewarding process remains both stable and effective.
Theorem 5 (Performance Guarantee for Linear Softmax Models). Under the same conditions as
Theorem 3, but applied to the linear softmax class Πφ,B , after T rounds of self-rewarding updates,
the final policy πθT ensures that with probability at least 1− ρ:

Px∼µ [πθT (y
∗
T (x) | x) ≤ 1− δ] ≲

1√
n
· 1

γδ

(
d log

nB

dρ

)3/2
(

1√
c
+

√
κ0

(1 +
√
nc)

(T−1)/2

)
. (8)

Furthermore, if the number of iterations satisfies T ≳ log(cκ0)/ log(1 +
√
nc), then we obtain:

Px∼µ[πθT (y
∗
T (x) | x) ≤ 1− δ] ≲

1√
n
· 1

γδ

(
d log

nB

dρ

)3/2

. (9)

Remark 7. Theorem 5 above instantiates our general framework in Theorem 3 for a continuous
parametric model class. Notably, the complexity term log |Π| from the finite class setting is replaced
by a geometric entropy term arising from covering the parameter space. In particular, the bound’s
complexity factor scales as (d log(nB/(dρ)))3/2, reflecting the metric entropy of a d-dimensional
parameter ball instead of the simple count log |Π|. This signifies a shift from combinatorial complexity
to the complexity of a continuous function class, introducing an explicit polynomial dependence on
the ambient feature dimension d. Moreover, while the iterative procedure eventually cancels out

9
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the effect of initialization, we note that the iteration threshold T ≳ log(cκ0)/ log(1 +
√
nc) still

carries an implicit dependence on d through the initial condition κ0. In worst-case high-dimensional
scenarios (e.g. an uninformative initial policy in a large feature space), κ0 can grow with d, meaning
that more iterations may be required for the benefits of self-alignment to fully manifest.

Despite the above guarantee, the statistical rate in Theorem 5 still exhibits a polynomial dependence
on the ambient dimension d, which can be overly conservative in modern high-dimensional settings.
To mitigate this apparent curse of dimensionality, we refine the analysis by introducing a data-
dependent complexity measure grounded in the spectral structure of the feature space. In particular,
the ambient dimension d is replaced with an effective dimension deff(λ) that reflects the eigenvalue
decay of the feature covariance Σφ. By aligning the complexity term with the concentration of
variance within a lower-dimensional subspace, we obtain stronger bounds that adapt to the true
intrinsic dimensionality of the data, as formalized in Corollary 6.

Corollary 6 (Linear-Softmax under Exponential Spectral Decay). Assume the feature covariance
Σφ := E[φ(x, y)φ(x, y)⊤] has eigenvalues {λi}di=1 satisfying exponential decay λi ≤ C e−αi for
some C,α > 0. Using the effective-dimension argument with ridge parameter λ ≍ c0/n, the iteration
threshold that suppresses initialization is T ≳ log(cκ0)/ log(1 +

√
nc). Moreover, with probability

at least 1− ρ,

Px∼µ

[
πθT

(
y∗T (x) | x

)
≤ 1− δ

]
≲

1√
n
· 1

γ δ

(
log n · log nB

ρ

)3/2
.

In particular, the ambient-dimensional factor d · log(nB/dρ) is replaced by a doubly logarithmic
dependence via log n · log(nB/ρ).

Remark 8 (Effective Dimension and Spectral Decay). Corollary 6 introduces a refined assumption
that the eigenvalues of the feature covariance Σφ decay exponentially, which is consistent with
the feature geometry observed in modern large-scale language models Dong et al. (2021). In
practice, pretrained model representations often exhibit a rapidly decaying spectrum, with most of the
variance concentrated in the top principal components Ethayarajh (2019); Saglam et al. (2025). This
structural property implies that the feature space is effectively low-dimensional. Under an exponential
decay profile λi ≲ Ce−αi, the ridge effective dimension deff(λ) remains substantially smaller than
the ambient dimension d for moderate regularization λ. For instance, choosing λ ≍ 1/n yields
deff(λ) = O(log n) rather than O(d). This shows that although the model may have d parameters, the
complexity of its learned representation is governed by a much smaller effective number of directions.
This observation provides a natural explanation for the apparent paradox that overparameterized
models can still generalize effectively. Intuitively, most parameters correspond to directions in
the feature space with negligible variance and thus do not significantly affect generalization error,
allowing an overparameterized model to behave as if it were much smaller. A more detailed discussion
is provided in Section H of the Appendix. The key insight is that generalization is governed by the
effective dimension deff(λ), not the ambient dimension d. Scaling laws emerge because larger models
have the capacity to learn feature representations with faster spectral decay (i.e., a smaller deff ). This
aligns with benign overfitting, where models generalize well despite over-parameterization by using
a low-dimensional signal structure. While our guarantees hold for linear softmax models, extending
this analysis to full Transformers is a significant open challenge and a valuable direction for future
work.

7 CONCLUSION

In summary, this paper provides the first rigorous theoretical foundation for Self-Rewarding Language
Models (SRLMs), bridging the gap between their striking empirical success and the absence of formal
guarantees. By establishing sharp lower bounds for single-step updates and finite-sample convergence
rates for the iterative paradigm, we explain why SRLMs can reliably overcome poor initialization and
achieve stable alignment. Our results show that dependence on the initial model decays exponentially
with iterations, and that the long-run behavior is governed by provably controlled error terms. These
insights not only clarify the mechanisms underlying self-rewarding but also offer concrete guidance
for designing more robust, scalable, and autonomous alignment procedures in future large-scale
language models

10



540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593

Under review as a conference paper at ICLR 2026

REFERENCES

Sina Alemohammad, Josue Casco-Rodriguez, Lorenzo Luzi, Ahmed Imtiaz Humayun, Hossein
Babaei, Daniel LeJeune, Ali Siahkoohi, and Richard Baraniuk. Self-consuming generative models
go mad. In The Twelfth International Conference on Learning Representations, 2024.

Zeyuan Allen-Zhu and Yuanzhi Li. Towards understanding ensemble, knowledge distillation and self-
distillation in deep learning. In The Eleventh International Conference on Learning Representations,
2023.

Gholamali Aminian, Mahed Abroshan, Mohammad Mahdi Khalili, Laura Toni, and Miguel Ro-
drigues. An information-theoretical approach to semi-supervised learning under covariate-shift. In
International Conference on Artificial Intelligence and Statistics, pp. 7433–7449. PMLR, 2022a.

Gholamali Aminian, Armin Behnamnia, Roberto Vega, Laura Toni, Chengchun Shi, Hamid R Rabiee,
Omar Rivasplata, and Miguel RD Rodrigues. Semi-supervised batch learning from logged data.
arXiv preprint arXiv:2209.07148, 2022b.

Gholamali Aminian, Amirhossien Bagheri, Mahyar JafariNodeh, Radmehr Karimian, and
Mohammad-Hossein Yassaee. Robust semi-supervised learning via f-divergence and α-rényi
divergence. In 2024 IEEE International Symposium on Information Theory (ISIT), pp. 1842–1847.
IEEE, 2024.

Philip Amortila, Dylan J Foster, and Akshay Krishnamurthy. Scalable online exploration via
coverability. In International Conference on Machine Learning, pp. 1392–1455. PMLR, 2024.

Yushi Bai, Jiahao Ying, Yixin Cao, Xin Lv, Yuze He, Xiaozhi Wang, Jifan Yu, Kaisheng Zeng, Yijia
Xiao, Haozhe Lyu, et al. Benchmarking foundation models with language-model-as-an-examiner.
Advances in Neural Information Processing Systems, 36:78142–78167, 2023.

Armin Behnamnia, Gholamali Aminian, Alireza Aghaei, Chengchun Shi, Vincent YF Tan, and
Hamid R Rabiee. Batch learning via log-sum-exponential estimator from logged bandit feedback.
In ICML 2024 Workshop: Aligning Reinforcement Learning Experimentalists and Theorists, 2024.

Armin Behnamnia, Gholamali Aminian, Alireza Aghaei, Chengchun Shi, Vincent YF Tan, and
Hamid R Rabiee. Log-sum-exponential estimator for off-policy evaluation and learning. In
Forty-second International Conference on Machine Learning, 2025.

David Berthelot, Nicholas Carlini, Ekin D Cubuk, Alex Kurakin, Kihyuk Sohn, Han Zhang, and Colin
Raffel. Remixmatch: Semi-supervised learning with distribution alignment and augmentation
anchoring. arXiv preprint arXiv:1911.09785, 2019a.

David Berthelot, Nicholas Carlini, Ian Goodfellow, Nicolas Papernot, Avital Oliver, and Colin A
Raffel. Mixmatch: A holistic approach to semi-supervised learning. Advances in neural information
processing systems, 32, 2019b.

Quentin Bertrand, Joey Bose, Alexandre Duplessis, Marco Jiralerspong, and Gauthier Gidel. On the
stability of iterative retraining of generative models on their own data. In The Twelfth International
Conference on Learning Representations, 2024.

Enric Boix-Adsera. Towards a theory of model distillation. arXiv preprint arXiv:2403.09053, 2024.

Collin Burns, Pavel Izmailov, Jan Hendrik Kirchner, Bowen Baker, Leo Gao, Leopold Aschenbrenner,
Yining Chen, Adrien Ecoffet, Manas Joglekar, Jan Leike, et al. Weak-to-strong generalization:
Eliciting strong capabilities with weak supervision. In Forty-first International Conference on
Machine Learning, 2024.

Haolin Chen, Yihao Feng, Zuxin Liu, Weiran Yao, Akshara Prabhakar, Shelby Heinecke, Ricky
Ho, Phil Mui, Silvio Savarese, Caiming Xiong, et al. Language models are hidden reasoners:
Unlocking latent reasoning capabilities via self-rewarding. arXiv preprint arXiv:2411.04282, 2024.

Rudrajit Das and Sujay Sanghavi. Understanding self-distillation in the presence of label noise. In
International Conference on Machine Learning, pp. 7102–7140. PMLR, 2023.

11



594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2026

Elvis Dohmatob, Yunzhen Feng, and Julia Kempe. Model collapse demystified: The case of regression.
arXiv preprint arXiv:2402.07712, 2024.

Yihe Dong, Jean-Baptiste Cordonnier, and Andreas Loukas. Attention is not all you need: Pure
attention loses rank doubly exponentially with depth. In International conference on machine
learning, pp. 2793–2803. PMLR, 2021.

Kawin Ethayarajh. How contextual are contextualized word representations? comparing the geometry
of bert, elmo, and gpt-2 embeddings. arXiv preprint arXiv:1909.00512, 2019.

Yunzhen Feng, Elvis Dohmatob, Pu Yang, Francois Charton, and Julia Kempe. Beyond model
collapse: Scaling up with synthesized data requires verification. In The Thirteenth International
Conference on Learning Representations, 2025.

Spencer Frei, Difan Zou, Zixiang Chen, and Quanquan Gu. Self-training converts weak learners
to strong learners in mixture models. In International Conference on Artificial Intelligence and
Statistics, pp. 8003–8021. PMLR, 2022.

Shi Fu, Sen Zhang, Yingjie Wang, Xinmei Tian, and Dacheng Tao. Towards theoretical understandings
of self-consuming generative models. In Forty-first International Conference on Machine Learning,
2024.

Shi Fu, Yingjie Wang, Yuzhu Chen, Xinmei Tian, and Dacheng Tao. A theoretical perspective:
How to prevent model collapse in self-consuming training loops. In The Thirteenth International
Conference on Learning Representations, 2025.

Leo Gao, John Schulman, and Jacob Hilton. Scaling laws for reward model overoptimization. In
International Conference on Machine Learning, pp. 10835–10866. PMLR, 2023.

Zhaolin Gao, Jonathan Chang, Wenhao Zhan, Owen Oertell, Gokul Swamy, Kianté Brantley, Thorsten
Joachims, Drew Bagnell, Jason D Lee, and Wen Sun. Rebel: Reinforcement learning via regressing
relative rewards. Advances in Neural Information Processing Systems, 37:52354–52400, 2024.

Yves Grandvalet and Yoshua Bengio. Semi-supervised learning by entropy minimization. Advances
in neural information processing systems, 17, 2004.

Jiawei Gu, Xuhui Jiang, Zhichao Shi, Hexiang Tan, Xuehao Zhai, Chengjin Xu, Wei Li, Yinghan Shen,
Shengjie Ma, Honghao Liu, et al. A survey on llm-as-a-judge. arXiv preprint arXiv:2411.15594,
2024.

Geoffrey Hinton, Oriol Vinyals, and Jeff Dean. Distilling the knowledge in a neural network. arXiv
preprint arXiv:1503.02531, 2015.

Audrey Huang, Adam Block, Dylan J Foster, Dhruv Rohatgi, Cyril Zhang, Max Simchowitz, Jor-
dan T Ash, and Akshay Krishnamurthy. Self-improvement in language models: The sharpening
mechanism. In The Thirteenth International Conference on Learning Representations, 2025.

Jiaxin Huang, Shixiang Shane Gu, Le Hou, Yuexin Wu, Xuezhi Wang, Hongkun Yu, and Jiawei Han.
Large language models can self-improve. arXiv preprint arXiv:2210.11610, 2022.

Ayush Jain, Andrea Montanari, and Eren Sasoglu. Scaling laws for learning with real and surrogate
data. In The Thirty-eighth Annual Conference on Neural Information Processing Systems, 2024.

Thorsten Joachims, Adith Swaminathan, and Maarten De Rijke. Deep learning with logged bandit
feedback. In International Conference on Learning Representations, 2018.

Dong-Hyun Lee et al. Pseudo-label: The simple and efficient semi-supervised learning method for
deep neural networks. In Workshop on challenges in representation learning, ICML, volume 3, pp.
896. Atlanta, 2013.

Zongxia Li, Wenhao Yu, Chengsong Huang, Rui Liu, Zhenwen Liang, Fuxiao Liu, Jingxi Che, Dian
Yu, Jordan Boyd-Graber, Haitao Mi, et al. Self-rewarding vision-language model via reasoning
decomposition. arXiv preprint arXiv:2508.19652, 2025.

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

Matteo Marchi, Stefano Soatto, Pratik Chaudhari, and Paulo Tabuada. Heat death of generative
models in closed-loop learning. arXiv preprint arXiv:2404.02325, 2024.

Hossein Mobahi, Mehrdad Farajtabar, and Peter Bartlett. Self-distillation amplifies regularization in
hilbert space. Advances in Neural Information Processing Systems, 33:3351–3361, 2020.

Long Ouyang, Jeffrey Wu, Xu Jiang, Diogo Almeida, Carroll Wainwright, Pamela Mishkin, Chong
Zhang, Sandhini Agarwal, Katarina Slama, Alex Ray, et al. Training language models to follow
instructions with human feedback. Advances in neural information processing systems, 35:27730–
27744, 2022.

Divyansh Pareek, Simon S Du, and Sewoong Oh. Understanding the gains from repeated self-
distillation. Advances in Neural Information Processing Systems, 37:7759–7796, 2024.

Archiki Prasad, Weizhe Yuan, Richard Yuanzhe Pang, Jing Xu, Maryam Fazel-Zarandi, Mohit Bansal,
Sainbayar Sukhbaatar, Jason E Weston, and Jane Yu. Self-consistency preference optimization. In
Forty-second International Conference on Machine Learning, 2025.

Rafael Rafailov, Archit Sharma, Eric Mitchell, Christopher D Manning, Stefano Ermon, and Chelsea
Finn. Direct preference optimization: Your language model is secretly a reward model. Advances
in neural information processing systems, 36:53728–53741, 2023.

Baturay Saglam, Paul Kassianik, Blaine Nelson, Sajana Weerawardhena, Yaron Singer, and Amin
Karbasi. Large language models encode semantics in low-dimensional linear subspaces. arXiv
preprint arXiv:2507.09709, 2025.

Shai Shalev-Shwartz and Shai Ben-David. Understanding machine learning: From theory to
algorithms. Cambridge university press, 2014.

Ilia Shumailov, Zakhar Shumaylov, Yiren Zhao, Nicolas Papernot, Ross Anderson, and Yarin Gal. Ai
models collapse when trained on recursively generated data. Nature, 631(8022):755–759, 2024.

Kihyuk Sohn, David Berthelot, Nicholas Carlini, Zizhao Zhang, Han Zhang, Colin A Raffel, Ekin Do-
gus Cubuk, Alexey Kurakin, and Chun-Liang Li. Fixmatch: Simplifying semi-supervised learning
with consistency and confidence. Advances in neural information processing systems, 33:596–608,
2020.

Ananda Theertha Suresh, Andrew Thangaraj, and Aditya Nanda Kishore Khandavally. Rate of model
collapse in recursive training. arXiv preprint arXiv:2412.17646, 2024.

Adith Swaminathan and Thorsten Joachims. Batch learning from logged bandit feedback through
counterfactual risk minimization. The Journal of Machine Learning Research, 16(1):1731–1755,
2015.

Vladimir Vapnik. The nature of statistical learning theory. Springer, 2013.

Zhaoyang Wang, Weilei He, Zhiyuan Liang, Xuchao Zhang, Chetan Bansal, Ying Wei, Weitong
Zhang, and Huaxiu Yao. Cream: Consistency regularized self-rewarding language models. In The
Thirteenth International Conference on Learning Representations, 2025.

Koki Wataoka, Tsubasa Takahashi, and Ryokan Ri. Self-preference bias in llm-as-a-judge. In Neurips
Safe Generative AI Workshop 2024, 2024.

Tianhao Wu, Weizhe Yuan, Olga Golovneva, Jing Xu, Yuandong Tian, Jiantao Jiao, Jason Weston,
and Sainbayar Sukhbaatar. Meta-rewarding language models: Self-improving alignment with
llm-as-a-meta-judge. arXiv preprint arXiv:2407.19594, 2024.

Tengyang Xie, Dylan J Foster, Yu Bai, Nan Jiang, and Sham M Kakade. The role of coverage in online
reinforcement learning. In The Eleventh International Conference on Learning Representations,
2023.

Wei Xiong, Hanning Zhang, Chenlu Ye, Lichang Chen, Nan Jiang, and Tong Zhang. Self-rewarding
correction for mathematical reasoning. arXiv preprint arXiv:2502.19613, 2025.

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

Weizhe Yuan, Richard Yuanzhe Pang, Kyunghyun Cho, Xian Li, Sainbayar Sukhbaatar, Jing Xu,
and Jason E Weston. Self-rewarding language models. In Forty-first International Conference on
Machine Learning, 2024.

Shimao Zhang, Xiao Liu, Xin Zhang, Junxiao Liu, Zheheng Luo, Shujian Huang, and Yeyun Gong.
Process-based self-rewarding language models. arXiv preprint arXiv:2503.03746, 2025.

Yufeng Zhang, Fengzhuo Zhang, Zhuoran Yang, and Zhaoran Wang. What and how does in-context
learning learn? bayesian model averaging, parameterization, and generalization. arXiv preprint
arXiv:2305.19420, 2023.

Xuandong Zhao, Zhewei Kang, Aosong Feng, Sergey Levine, and Dawn Song. Learning to reason
without external rewards. arXiv preprint arXiv:2505.19590, 2025.

Lianmin Zheng, Wei-Lin Chiang, Ying Sheng, Siyuan Zhuang, Zhanghao Wu, Yonghao Zhuang,
Zi Lin, Zhuohan Li, Dacheng Li, Eric Xing, et al. Judging llm-as-a-judge with mt-bench and
chatbot arena. Advances in neural information processing systems, 36:46595–46623, 2023.

Xin Zhou, Yiwen Guo, Ruotian Ma, Tao Gui, Qi Zhang, and Xuanjing Huang. Self-consistency
of the internal reward models improves self-rewarding language models. arXiv preprint
arXiv:2502.08922, 2025.

Yiyang Zhou, Zhiyuan Fan, Dongjie Cheng, Sihan Yang, Zhaorun Chen, Chenhang Cui, Xiyao
Wang, Yun Li, Linjun Zhang, and Huaxiu Yao. Calibrated self-rewarding vision language models.
Advances in Neural Information Processing Systems, 37:51503–51531, 2024.

APPENDIX

OVERVIEW

In this supplementary material, we provide additional details and complete proofs to support the
theoretical developments presented in the main paper. The appendix is organized as follows:

• Appendix C. The Use of Large Language Models. We note that large language models were
used to assist in the writing and refinement of this manuscript.

• Appendix D. Proof of Theorem 3: Finite-Sample Guarantees for Iterative Alignment. We
provide the complete mathematical proof for the finite-sample guarantee of the iterative self-
rewarding process. This section details how the influence of the initial model decays exponentially
by recursively controlling the policy condition number.

• Appendix E. Proof of Theorem 1: Lower Bound on Single-Step Failure Rate. We establish the
proof for the failure rate lower bound of a single-step update. This is achieved by constructing a
hard problem instance to reveal the inherent limitations of a single update step, especially when
the initial model is of poor quality.

• Appendix F. Proof of Proposition 2: From Low-Confidence Models to Greedy Decoding
Failure. We prove that a greedy decoding strategy is guaranteed to fail for models that have low
confidence in their own optimal output, thereby formally connecting learning failure with inference
failure.

• Appendix G. Proof of Theorem 5: Performance Guarantees for Linear Softmax Models. We
extend the general theoretical framework to the continuous, parametric case of linear softmax
models. This section details how covering numbers are used to derive performance guarantees for
this specific model class.

• Appendix H. Proof of Corollary 6: Data-Dependent Bounds via Effective Dimension. We
refine the performance bounds for parametric models by introducing the concept of effective
dimension, which is based on the spectral structure of the feature covariance. This allows the
bound to depend on the intrinsic data complexity rather than the ambient dimension.

This appendix provides the full mathematical foundations of our results and demonstrates their
applicability to modern high-capacity models used in practice.
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A ADDITIONAL RELATED WORK

In this section, we discuss additional lines of work related to classical pseudo-labelling and off-policy
batch learning, with the goal of further clarifying the conceptual position of our framework within
the broader literature.

Classical Pseudo-Labelling in Semi-Supervised Learning. Our work shares connections with
classical pseudo-labelling methods in semi-supervised learning (SSL), where a model trained on
labeled data predicts discrete pseudo-labels for unlabeled examples and is subsequently retrained on
the combined dataset (Grandvalet & Bengio, 2004; Lee et al., 2013). Modern approaches integrate
pseudo-labelling with entropy minimization, consistency regularization, and strong augmentation
strategies, yielding methods such as MixMatch, ReMixMatch, and FixMatch (Berthelot et al., 2019b;a;
Sohn et al., 2020). Beyond these algorithmic developments, recent work Aminian et al. (2024) has
proposed divergence-based and information-theoretic formulations of self-training. For instance,
some studies design empirical risk functions and regularizers based on f -divergences and α-Rényi
divergences to make pseudo-labelling more robust to noisy pseudo-labels, thereby placing classical
self-training on a divergence-regularization footing. Other work Aminian et al. (2022a) provides an
information-theoretic framework for self-training under covariate shift, recovering pseudo-labelling
and entropy minimization as special cases.

While conceptually related in leveraging model-generated supervision, our SRLM framework diverges
significantly from classical SSL. SSL approaches typically assume a semi-supervised setting with
a static pool of unlabeled inputs and a fixed pseudo-labelling mechanism that outputs (possibly
softened) class labels. In contrast, SRLMs operate in an off-policy sequential decision-making
setting. Here, the data distribution is inherently non-stationary due to the evolving policy πt; the
supervisory signals are continuous self-rewards derived from model log-likelihoods; and the policy
and reward mechanism co-evolve, forming a coupled dynamical system rather than a unidirectional
teacher–student update.

Pseudo-Reward and Off-Policy Batch Learning from Logged Data. Learning from logged
interaction data is extensively studied in contextual bandits and offline reinforcement learning.
Counterfactual Risk Minimization (CRM) formulates batch learning from logged feedback via
propensity-weighted empirical risk minimization (Swaminathan & Joachims, 2015; Joachims et al.,
2018). In addition, Aminian et al. (2022b) consider semi-supervised batch learning from logged
data, where only a subset of samples contains feedback, and provide upper bounds that motivate
divergence-based regularization terms between the target and logging policies. More recently, other
work has proposed log-sum-exponential (LSE) estimators for off-policy evaluation and learning from
logged bandit feedback, aiming to improve robustness and reinforcing the regularization-centric
perspective (Behnamnia et al., 2024; 2025).

Our SRLM framework shares conceptual alignment with this line of work, as we also optimize a
policy under explicit regularization with respect to a reference (or logging) policy. However, a critical
distinction arises from the data-generation process. The aforementioned logged-data methods assume
a fixed logging policy and operate on a static historical dataset. In contrast, SRLMs iteratively generate
new trajectories, meaning the effective logging policy co-evolves with πt, producing a non-stationary
and endogenous data distribution. Consequently, since our analysis focuses on bootstrapping from
weak initialization and stabilizing the evolving interaction between policy and reward, it lies outside
the static batch-learning assumptions underlying CRM, semi-supervised logged-data methods, and
LSE-based estimators.

B LIMITATION

We acknowledge the significant challenge of extending the rigorous guarantees established in this
work to full, modern Transformer architectures. The intricate components of these models, such
as multi-head attention and deep residual connections, introduce complex non-linear dynamics and
high-dimensional, non-convex optimization landscapes that are not captured by our current linear
setting. Establishing a complete theoretical framework, such as a benign overfitting theorem or a
proof of stable convergence, for such systems remains a major open problem in the theoretical deep
learning community. At present, rigorous theories are largely confined to more tractable settings,
primarily linear models (as adopted in our analysis) or two-layer neural networks. Therefore, bridging
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this substantial gap by extending the analytical framework to full-scale Transformers constitutes a
highly valuable and essential direction for future research.

C THE USE OF LARGE LANGUAGE MODELS

In this work, we make exclusive use of large language models (LLMs) to refine the writing, improve
stylistic quality, and polish the presentation of our manuscript.

D PROOF OF THEOREM 3: FINITE-SAMPLE GUARANTEE FOR ITERATIVE
SELF-REWARDING ALIGNMENT

This section provides the complete and rigorous proof for Theorem 3, our main result establishing
finite-sample guarantees for the iterative self-rewarding alignment process. The proof is structured
to first analyze the performance bounds of a single update step. We then construct a recursive
argument that tracks the evolution of the policy condition number, κt, across successive iterations.
By showing that this parameter is controlled and converges, we formally demonstrate that the
influence of the initial model’s quality decays exponentially, thus ensuring the stability and statistical
efficiency of the iterative alignment framework. Our analysis draws inspiration from the theoretical
self-improvement framework introduced in Huang et al. (2025), but extends it to the more complex
iterative self-rewarding paradigm.

Proof. We begin by formalizing the notation and assumptions underlying the proof. We then establish
a foundational lemma that connects the probability of a model being suboptimal to its performance
gap relative to an optimal comparator.

Notation and Assumptions. For each x ∈ X , assume there exists a maximizer

y∗0(x) ∈ argmax
y∈Y

π0(y | x),

and that π0(y | x) > 0 for all y ∈ Y . We define the deterministic comparator model as

π∗
0(y | x) := I{y = y∗0(x)}.

The performance of any model π is measured by the functional

J0(π) := Ex∼µ Ey∼π(·|x)
[
log π0(y | x)

]
.

In addition, we recall the margin parameter γ > 0, which quantifies the minimum log-probability gap
between the optimal action and any suboptimal action:

γ := inf
x∈X ,t∈[0,T ]

log

(
πt(y

∗
t (x) | x)

maxy′ ̸=y∗
t (x)

πt(y′ | x)

)
.

The assumption of uniqueness ensures γ > 0.

D.1 FROM PERFORMANCE GAP TO SUBOPTIMALITY PROBABILITY.

The central step is to upper bound the probability that the model π1 assigns insufficient probability
mass to the unique maximizer y∗0(x). The following lemma formalizes this connection.

Lemma 7. For any model π1 and any δ ∈ (0, 1), the probability of assigning insufficient mass to the
optimal action satisfies

Px∼µ

[
π1(y

∗
0(x) | x) ≤ 1− δ

]
≤ J0(π

∗
1)− J0(π1)

γ δ
. (10)

Proof of Lemma 7. The proof proceeds in two steps.
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Step 1: Bounding the probability by an expectation. For any q ∈ [0, 1] and δ ∈ (0, 1), the indicator
inequality

I{q ≤ 1− δ} ≤ 1− q

δ

holds. Applying this with q = π1(y
∗
0(x) | x) and averaging over x ∼ µ gives

Px∼µ

[
π1(y

∗
0(x) | x) ≤ 1− δ

]
= Ex∼µ

[
I{π1(y

∗
0(x) | x) ≤ 1− δ}

]
≤ 1

δ
Ex∼µ

[
1− π1(y

∗
0(x) | x)

]
. (11)

Step 2: Relating the expectation to the performance gap. By the definition of γ, for any x ∈ X and
y′ ∈ Y ,

log
π0(y

∗
0(x) | x)

π0(y′ | x)
≥ γ I{y′ ̸= y∗0(x)}.

Taking expectations with y′ ∼ π1(· | x) and x ∼ µ, and noting that y = y∗0(x) almost surely under
π∗
1 , we obtain

J0(π
∗
1)− J0(π1) = Ex∼µ Ey′∼π1(·|x)

[
log

π0(y
∗
0(x) | x)

π0(y′ | x)

]
≥ γ Ex∼µ Py′∼π1(·|x)

[
y′ ̸= y∗0(x) | x

]
= γ Ex∼µ

[
1− π1(y

∗
0(x) | x)

]
.

Thus,

Ex∼µ

[
1− π1(y

∗
0(x) | x)

]
≤ J0(π

∗
1)− J0(π1)

γ
. (12)

Final step. Substituting Eq. 12 into Eq. 11 completes the proof of the lemma, establishing inequality:

Px∼µ

[
π1(y

∗
0(x) | x) ≤ 1− δ

]
≤ J0(π

∗
1)− J0(π1)

γ δ
.

D.2 A REWARD IDENTITY AND THE PERFORMANCE GAP DECOMPOSITION

To derive a tractable bound for the performance gap J0(π
∗
1)− J0(π1), we begin by introducing key

notation and establishing a fundamental reward identity. This identity enables us to decompose the
performance gap into components that can be bounded using statistical learning arguments.

Shorthand Notation and a Baseline-Cancellation Identity. For any policy π : X → ∆(Y), we
introduce the following notation for expectations:

Eπ[·] := Ex∼µ Ey∼π(·|x)[·], Eπ,π′ [·] := Ex∼µ Ey∼π(·|x), y′∼π′(·|x)[·].

Conditioned on x, the random draws y ∼ π(· | x) and y′ ∼ π′(· | x) are independent.

For any measurable function g : X × Y → R, we define the pairwise difference operator:

∆g(x, y, y′) := g(x, y)− g(x, y′).

This leads to the following fundamental baseline-cancellation identity:

Eπ[g]− Eπ′ [g] = Eπ,π′
[
∆g
]
. (13)

This identity is repeatedly used in our analysis to simplify expressions and eliminate baseline terms.
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A Reward Identity via Entropy Regularization. We now derive a pointwise representation for the
reward function r∗0(x, y) := log π0(y | x). Consider the entropy-regularized optimization problem
for a fixed x:

π∗
1,β(· | x) ∈ arg max

π(·|x)∈∆(Y)

{
Ey∼π(·|x)[log π0(y | x)]− β DKL(π(· | x) ∥π0(· | x))

}
.

The unique optimizer is known to have the Gibbs form:

π∗
1,β(y | x) = π0(y | x) 1+1/β

Znorm(x)
, Znorm(x) :=

∑
y′∈Y

π0(y
′ | x) 1+1/β . (14)

Dividing Eq. 14 by π0(y | x), taking logarithms, and multiplying by β yields

β log
π∗
1,β(y | x)
π0(y | x)

= log π0(y | x)− β logZnorm(x).

Rearranging provides the identity

r∗0(x, y) = log π0(y | x) = β log
π∗
1,β(y | x)
π0(y | x)

+ Z0(x), Z0(x) := β logZnorm(x). (15)

The term Z0(x) depends only on x, and therefore cancels out in any pairwise difference. Specifically,

∆r∗0 (x, y, y′) := r∗0(x, y)− r∗0(x, y
′)

= β log
π∗
1,β(y | x)
π0(y | x)

− β log
π∗
1,β(y

′ | x)
π0(y′ | x)

=: ∆r̃0(x, y, y′), r̃0(x, y) := β log
π∗
1,β(y | x)
π0(y | x)

. (16)

Thus, the pairwise differences of the original reward r∗0 are equivalent to those of the transformed
reward r̃0, which resembles the DPO reward r̂0(x, y) := β log π1(y|x)

π0(y|x) but with π1 replaced by π∗
1,β .

Decomposition of the Performance Gap. With the reward identity Eq. 15 and the baseline-
cancellation identity Eq. 13, we now decompose the performance gap.

Recall that π1 is the optimizer of the DPO objective:

π1 ∈ arg max
π:X→∆(Y)

{
Eπ[r̂0]− βDKL(π∥π0)

}
.

This optimality condition implies that for any comparator π∗
1 ,

Eπ∗
1
[r̂0]− βDKL(π

∗
1∥π0) ≤ Eπ1

[r̂0]− βDKL(π1∥π0).

We begin by inserting and subtracting r̂0 terms into the definition of the performance gap:

J0(π
∗
1)− J0(π1) = Eπ∗

1
[r∗0 ]− Eπ1 [r

∗
0 ]

=
(
Eπ∗

1
[r̂0]− Eπ1

[r̂0]
)
+ Eπ∗

1
[r∗0 − r̂0] + Eπ1

[r̂0 − r∗0 ].

Applying the DPO optimality condition to the first term yields

J0(π
∗
1)− J0(π1) ≤ Eπ∗

1
[r∗0 − r̂0] + Eπ1

[r̂0 − r∗0 ] + βDKL(π
∗
1∥π0)− βDKL(π1∥π0). (17)

We next apply the baseline-cancellation identity Eq. 13 to refine the two expectation terms. For the
first term:

Eπ∗
1
[r∗0 − r̂0] =

(
Eπ∗

1
[r∗0 ]− Eπ0

[r∗0 ]
)
−
(
Eπ∗

1
[r̂0]− Eπ0

[r̂0]
)
+ Eπ0

[r∗0 − r̂0]

= Eπ∗
1 ,π0

[
∆r∗0

]
− Eπ∗

1 ,π0

[
∆r̂0

]
+ Eπ0

[r∗0 − r̂0]

= Eπ∗
1 ,π0

[
∆r∗0 −∆r̂0

]
+ Eπ0 [r

∗
0 − r̂0], (18)
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Similarly, for the second term:

Eπ1
[r̂0 − r∗0 ] =

(
Eπ1

[r̂0]− Eπ0
[r̂0]
)
−
(
Eπ1

[r∗0 ]− Eπ0
[r∗0 ]
)
+ Eπ0

[r̂0 − r∗0 ]

= Eπ1,π0

[
∆r̂0

]
− Eπ1,π0

[
∆r∗0

]
+ Eπ0 [r̂0 − r∗0 ]

= Eπ1,π0

[
∆r̂0 −∆r∗0

]
+ Eπ0 [r̂0 − r∗0 ]. (19)

Substituting Eq. 18 and Eq. 19 into Eq. 17 and observing that the baseline terms cancel exactly, we
obtain the final decomposition:

J0(π
∗
1)−J0(π1) ≤ Eπ∗

1 ,π0

[
∆r∗0 −∆r̂0

]
+Eπ1,π0

[
∆r̂0 −∆r∗0

]
+βDKL(π

∗
1∥π0)−βDKL(π1∥π0).

(20)

This decomposition forms the foundation for subsequent statistical analysis of the performance gap.

D.3 BOUNDING THE DIFFERENCE OF REWARD DELTAS VIA REGION DECOMPOSITION

In this section we control the two principal terms in the performance bound Eq. 20, namely
Eπ∗

1 ,π0

[
∆r∗0 − ∆r̂0

]
and Eπ1,π0

[
∆r̂0 − ∆r∗0

]
. Our strategy is to decompose the expectation of

the absolute difference |∆r∗0 −∆r̂0 | into contributions from a good region, where the pairwise reward
differences are uniformly bounded, and a complementary bad region, which captures rare tail events.

Preliminaries. We recall the coupled–expectation shorthand

Eπ,π′ [·] := Ex∼µ Ey∼π(·|x), y′∼π′(·|x)[·],

and the pairwise differences of interest:

∆r∗0 (x, y, y′) := r∗0(x, y)− r∗0(x, y
′) = β log

π∗
1,β(y | x)
π0(y | x)

− β log
π∗
1,β(y

′ | x)
π0(y′ | x)

, (21)

∆r̂0(x, y, y′) := r̂0(x, y)− r̂0(x, y
′) = β log

π1(y | x)
π0(y | x)

− β log
π1(y

′ | x)
π0(y′ | x)

. (22)

We also use the standard concentrability coefficient of a policy π with respect to the baseline π0:

Cπ := Ex Ey∼π(·|x)

[ π(y | x)
π0(y | x)

]
= Ex Ey∼π0(·|x)

[( π(y | x)
π0(y | x)

)2]
.

Good/Bad region decomposition. Fix a threshold η > 0, and define

G := { |∆r∗0 | ≤ η, |∆r̂0 | ≤ η }, B := G∁ = { |∆r∗0 | > η or |∆r̂0 | > η }.

Let D := ∆r∗0 −∆r̂0 . Then

Eπ∗
1 ,π0

[
|D|
]
= Eπ∗

1 ,π0

[
|D| IG

]
+ Eπ∗

1 ,π0

[
|D| IB

]
. (23)

We now bound the two contributions on the right-hand side.

Lemma 8 (Change of measure with concentrability). For any nonnegative measurable function f ,
the coupled expectation under (π∗

1 , π0) satisfies

Eπ∗
1 ,π0

[f ] ≤ C
1/2
π∗
1

(
Eπ0,π0

[f2]
)1/2

, Cπ := Ex∼µ Ey∼π0(·|x)

[(
π(y | x)
π0(y | x)

)2
]
. (24)

Proof. We expand the coupled expectation explicitly:

Eπ∗
1 ,π0

[f ] = Ex∼µ Ey∼π∗
1 (·|x)

y′∼π0(·|x)

[
f(x, y, y′)

]
.

Reweighting the distribution of y from π∗
1 to π0 introduces the ratio

w(x, y) :=
π∗
1(y | x)

π0(y | x)
.
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Hence
Eπ∗

1 ,π0 [f ] = Ex∼µ E y∼π0(·|x)
y′∼π0(·|x)

[
w(x, y) f(x, y, y′)

]
= Eπ0,π0 [w f ].

Applying the Cauchy–Schwarz inequality on the joint law (x, y, y′) ∼ µ⊗ π0 ⊗ π0 gives

Eπ0,π0 [w f ] ≤
(
Eπ0,π0 [w

2]
)1/2(

Eπ0,π0 [f
2]
)1/2

.

Finally, observe that

Eπ0,π0 [w
2] = Ex∼µ Ey∼π0(·|x)

[(
π∗
1(y | x)

π0(y | x)

)2
]
= Cπ∗

1
.

Substituting this expression completes the proof of Eq. 24.

Bounding the bad–region term. We now derive a usable bound on the bad–region contribution.
Starting from Lemma 8 and choosing the test function f = |D|IB , we immediately obtain

Eπ∗
1 ,π0

[
|D| IB

]
≤ C

1/2
π∗
1

(
Eπ0,π0

[D2 IB ]
)1/2

. (25)

Thus the task reduces to bounding the second moment of D restricted to the bad region.

To proceed, we invoke Hölder’s inequality (equivalently, a second application of Cauchy–Schwarz),
which separates the event probability from the higher–order moment:

Eπ0,π0
[D2 IB ] ≤

(
Pπ0,π0

(B)
)1/2 (Eπ0,π0

[D4]
)1/2

. (26)

Here the first factor controls the likelihood of landing in the bad region, while the second factor
controls the size of the reward differences when such events occur.

The probability of the bad region itself can be bounded via a simple union bound. Since B is the
event that either |∆r∗0 | or |∆r̂0 | exceeds the threshold η, we have

Pπ0,π0(B) ≤ Pπ0,π0

(
|∆r∗0 | > η

)
+ Pπ0,π0

(
|∆r̂0 | > η

)
. (27)

It remains to bound the fourth moment of D = ∆r∗0 −∆r̂0 . By the elementary inequality (a− b)4 ≤
8(a4 + b4), we obtain

Eπ0,π0 [D
4] ≤ 8

(
Eπ0,π0 [|∆r∗0 |4] + Eπ0,π0 [|∆r̂0 |4]

)
. (28)

Finally, by combining Eq. 25–Eq. 28 and invoking the standard fourth-moment bound provided in
Lemma J.2 of Huang et al. (2025), we obtain the following compact estimate.

Eπ∗
1 ,π0

[
|D| IB

]
≲ C

1/2
π∗
1

ΓΥ1/4, (29)

where

Γ := log
(
Cπ0/π1;β

)
+ log

(
Cπ0/π∗

1,β ;β

)
, Υ := P(|∆r∗0 | > η) + P(|∆r̂0 | > η).

In words, the bad–region contribution is controlled by three factors: the concentrability of the
comparator policy π∗

1 , a logarithmic moment term Γ stemming from higher–order tail bounds, and
the tail probability Υ, raised to the quarter power.

Bounding the good–region term. Applying Lemma 8 with f = |D|IG gives

Eπ∗
1 ,π0

[
|D| IG

]
≤ C

1/2
π∗
1

(
Eπ0,π0

[
D2 IG

])1/2
. (30)

Note that on G both |∆r∗0 | and |∆r̂0 | are clipped by η, so the remaining quantity is a bounded squared
error that will be controlled by an empirical process argument.
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Putting the pieces together. From Eq. 23, Eq. 29, and Eq. 30, we obtain

Eπ∗
1 ,π0

[
|∆r∗0 − |∆r̂0 |

]
≲ C

1/2
π∗
1

(
Eπ0,π0

[
|∆r∗0 −∆r̂0 |2 IG

])1/2
+ C

1/2
π∗
1

ΓΥ1/4. (31)

By the same argument with π1 in place of π∗
1 ,

Eπ1,π0

[
|∆r∗0 − |∆r̂0 |

]
≲ C1/2

π1

(
Eπ0,π0

[
|∆r∗0 −∆r̂0 |2 IG

])1/2
+ C1/2

π1
ΓΥ1/4. (32)

Finally, using E[X] ≤ E[|X|] and substituting Eq. 31–Eq. 32 into Eq. 20, we obtain the intermediate
performance–gap bound

J0(π
∗
1)− J0(π1) ≲ (C

1/2
π∗
1

+ C1/2
π1

)
(
Eπ0,π0

[
|∆r∗0 −∆r̂0 |2 IG

])1/2
+ (C

1/2
π∗
1

+ C1/2
π1

) ΓΥ1/4

+ βDKL(π
∗
1∥π0) − βDKL(π1∥π0). (33)

The first (“good–region”) term will be bounded by a uniform convergence argument, while the tail
term ΓΥ1/4 is controlled by choosing η and the clipping level in the empirical loss appropriately.
This completes the good/bad region analysis used to bound the differences of reward deltas.

D.4 FROM EMPIRICAL RISK MINIMIZATION TO A POPULATION-LEVEL BOUND

The bound derived in Eq. 33 depends on the population-level squared difference Eπ0,π0
[|∆r∗0 −

∆r̂0 |2IG]. In this section, we establish a connection between this population quantity and the empirical
performance of the learned policy π1, which is obtained through Empirical Risk Minimization (ERM).
To achieve this, we leverage classical tools from uniform convergence theory, which allow us to
translate the ERM guarantee into a high-probability control of the population-level error term.

The ERM Solution and Its Empirical Loss. To simplify notation, we index the pairwise difference
operator by a policy π:

∆π(x, y, y′) := β log
π(y | x)
π0(y | x)

− β log
π(y′ | x)
π0(y′ | x)

.

From the reward identity in Eq. 15, we note that ∆r∗0 = ∆π∗
1,β . The policy π1 is defined as the ERM

solution over the class Π, minimizing the squared loss with respect to the oracle π∗
1,β . Since the

oracle belongs to the hypothesis class, π∗
1,β ∈ Π, the empirical risk of π1 must be no larger than that

of π∗
1,β , which is zero. Formally,∑
(x,y,y′)∈D0

(
∆π1(x, y, y′)−∆π∗

1,β (x, y, y′)
)2 ≤ min

π∈Π

∑
(x,y,y′)∈D0

(
∆π −∆π∗

1,β
)2 ≤ 0. (34)

A Uniform Convergence Bound via Bernstein’s Inequality. To generalize the zero empirical loss
to the population setting, we appeal to Bernstein’s inequality together with a union bound over the
policy class. Let D0 = {(xi, yi, y

′
i)}ni=1 be i.i.d. samples with xi ∼ µ and yi, y

′
i ∼ π0(· | xi).

To apply concentration inequalities, we require bounded variables. For any policy π ∈ Π, we define
the clipped squared loss

Zi(π) :=
(
∆π(xi, yi, y

′
i)−∆π∗

1,β (xi, yi, y
′
i)
)2 · I{|∆π(xi, yi, y

′
i)| ≤ B, |∆π∗

1,β (xi, yi, y
′
i)| ≤ B

}
,

where the clipping threshold B = Bn,ρ will be chosen later. The empirical and population losses are
then

L̂n(π) :=
1

n

n∑
i=1

Zi(π), L(π) := E[Zi(π)].

On the clipping event, both differences are bounded by B, hence |∆π − ∆π∗
1,β | ≤ 2B. Thus the

clipped loss is uniformly bounded as

0 ≤ Zi(π) ≤ M := (2B)2. (35)
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Because π∗
1,β ∈ Π and by construction Zi(π

∗
1,β) ≡ 0, the ERM property Eq. 34 implies

L̂n(π1) ≤ L̂n(π
∗
1,β) = 0.

Since the clipped loss is always nonnegative, it follows that

L̂n(π1) = 0. (36)

For any fixed π, the variables {Zi(π)}ni=1 are i.i.d. and bounded in [0,M ] by Eq. 35. Bernstein’s
inequality then yields, for all t > 0,

P
(
L(π)− L̂n(π) ≥ t

)
≤ exp

(
− nt2

2Var(Zi(π)) +
2
3Mt

)
.

Using the variance bound Var(Zi(π)) ≤ ML(π), a standard fixed–point calculation leads to the
empirical Bernstein form: with probability at least 1− δ,

L(π) ≤ 2 L̂n(π) + c
M log(1/δ)

n
, (37)

for a universal constant c > 0.

Applying Eq. 115 with δ = ρ/|Π| and union–bounding over all π ∈ Π, we obtain that with probability
at least 1− ρ,

∀π ∈ Π : L(π) ≤ 2 L̂n(π) + c
M log(|Π|/ρ)

n
. (38)

Since Eq. 38 holds uniformly over Π, it applies in particular to the ERM policy π1. Combining with
Eq. 36 yields

L(π1) ≤ c
M log(|Π|/ρ)

n
.

Substituting M = (2B)2 gives the population-level bound

L(π1) ≲
B2 log(|Π|/ρ)

n
. (39)

Finally, we specify the clipping level

Bn,ρ := log
(2nCloss |Π|

ρ

)
.

This selection is motivated by the tail-probability bound provided in Lemma J.1 of Huang et al.
(2025). which ensures that the probability of clipping violations is sufficiently small, of order at most
ρ/(n|Π|). With this selection, we conclude that

Eπ0,π0

[(
∆π1 −∆π∗

1,β
)2I{|∆π1 | ≤ Bn,ρ, |∆π∗

1,β | ≤ Bn,ρ}
]

≲
B 2

n,ρ log(|Π|/ρ)
n

. (40)

This completes the transition from the empirical ERM guarantee to a high-probability population-level
error bound.

D.5 FINALIZING THE PERFORMANCE GAP AND DERIVING THE SUBOPTIMALITY BOUND

In this concluding part of the single-step analysis, we integrate the statistical error bound derived
in the previous section with the main performance gap inequality. This synthesis yields a concrete,
high-probability guarantee on the policy’s performance, which we then translate into a bound on the
probability mass that the policy assigns to the optimal actions.
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Simplifying the Performance Gap Bound. We begin by substituting the statistical error term εstat
from Eq. 40 into the performance gap inequality Eq. 33. This yields

J0(π
∗
1)−J0(π1) ≲

(
C

1/2
π∗
1
+C1/2

π1

)
εstat +

(
C

1/2
π∗
1
+C1/2

π1

)
log(Closs) ρ

1/4 + βDKL(π
∗
1∥π0). (41)

To simplify this expression, we upper bound the policy-dependent coefficients with problem-level
constants. Specifically, by Lemma 4.1 in Huang et al. (2025), we have

Cπ∗
1
≤ κ0, Cπ1

≤ ακ0.

Moreover, we control the KL divergence by the logarithm of the concentrability coefficient:

DKL(π
∗
1∥π0) ≤ logCπ∗

1
≤ log κ0.

Substituting these bounds gives

J0(π
∗
1)− J0(π1) ≲

(
κ
1/2
0 + ακ

1/2
0

)
εstat +

(
κ
1/2
0 + ακ

1/2
0

)
log(Closs) ρ

1/4 + β log(κ0).

For clarity, and because ακ0 is typically of the same order as κ0 in single-step analysis, we further
simplify to

J0(π
∗
1)− J0(π1) ≲ κ

1/2
0 εstat + κ

1/2
0 log(Closs) ρ

1/4 + β log(κ0).

To obtain a cleaner form, we balance the statistical error term and the tail-event term by setting

ρ′ := ρ ∧
(

εstat
logCloss

)4

.

This ensures that the second term does not dominate the first. The inequality then reduces to

J0(π
∗
1)− J0(π1) ≲ κ

1/2
0 εstat + β log(κ0). (42)

Bounding the Suboptimality Probability. We now translate this bound into a high-probability
guarantee on the probability mass assigned to optimal actions. Substituting the above inequality into
Lemma 7 (see also Eq. 10), we obtain

Px∼µ

[
π1(y

∗
0(x) | x) ≤ 1− δ

]
≤ J0(π

∗
1)− J0(π1)

γ δ

≲
1

γδ

(
κ
1/2
0 εstat + β log(κ0)

)
. (43)

Recalling that the statistical error satisfies

ε2stat ≲
B2

n,ρ log(|Π|/ρ)
n

, Bn,ρ ≍ log
(
n|Π|ρ−1

)
,

we conclude

Px∼µ

[
π1(y

∗
0(x) | x) ≤ 1− δ

]
≲

1

γδ

(
κ
1/2
0 log(n|Π|ρ−1)n−1/2 + β log(κ0)

)
. (44)

This provides a direct guarantee on the frequency with which the learned policy under-weights the
oracle’s optimal action.

Extending the Bound to the Policy’s Own Optimal Action. For practical purposes, it is natural to
bound the event in which the learned policy’s own maximizer receives insufficient probability mass.
Define

y∗1(x) := argmax
y∈Y

π1(y | x).

By construction,
π1(y

∗
1(x) | x) ≥ π1(y

∗
0(x) | x).
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Hence, whenever the event {π1(y
∗
1(x) | x) ≤ 1− δ} occurs, it must also be the case that π1(y

∗
0(x) |

x) ≤ 1− δ. In set-theoretic form,

{x : π1(y
∗
1(x) | x) ≤ 1− δ} ⊆ {x : π1(y

∗
0(x) | x) ≤ 1− δ}.

Taking probabilities and applying Eq. 44 yields

Px∼µ

[
π1(y

∗
1(x) | x) ≤ 1− δ

]
≤ Px∼µ

[
π1(y

∗
0(x) | x) ≤ 1− δ

]
≲

1

γδ

(
κ
1/2
0 log(n|Π|ρ−1)n−1/2 + β log(κ0)

)
. (45)

This completes the one-step analysis. The derived inequality provides a high-probability guarantee
that the learned policy π1 assigns sufficient mass to its own optimal actions, with explicit dependence
on the sample size n, the policy class size |Π|, and the policy condition number κ0.

D.6 RECURSIVE BOUND FOR THE POLICY CONDITION NUMBER

The analysis so far has provided a crucial single-step guarantee on the policy’s suboptimality. However,
to understand the long-term behavior of the self-rewarding process, it is essential to move beyond a
single iteration and demonstrate that the policy’s quality, as measured by the policy condition number,
does not degrade over successive generations of training. An uncontrolled growth in the policy
condition number would signify model collapse, where the model becomes increasingly narrow and
overconfident in its own outputs, thereby losing its ability to generalize. The central argument of our
framework rests on proving that the policy condition number at one step is controlled by, and does
not grow excessively relative to, that of the previous step. This stability property is formalized in the
following lemma.

Lemma 9 (One-Step Policy Condition Number Recurrence). Let κt−1 denote the policy condition
number at step t − 1. Assume that for any policy πt, the probabilities assigned to any action are
uniformly lower-bounded by a constant c > 0. Then, the policy condition number at step t, denoted
κt, satisfies the recursive inequality

κt ≲ 1 +
1

c
+
(
1 +

1

c

) log(n|Π|ρ−1)

γδ
√
n

√
κt−1 +

(
1 +

1

c

) β

γδ
log
(
κt−1

)
. (46)

Proof. We illustrate the argument for the inductive step from t = 0 to t = 1; the general case follows
by re-indexing.

D.6.1 TAIL-INTEGRAL REPRESENTATION.

We recall that the policy condition number is defined as

κ1 = Ex∼µ

[
1

π1(y∗1(x) | x)

]
, (47)

where
y∗1(x) := argmax

y∈Y
π1(y | x).

Introducing the random variable

Z(x) :=
1

π1(y∗1(x) | x)
,

we see that κ1 = E[Z(x)]. A useful way to analyze such expectations is through the tail-integral (or
layer-cake) representation:

κ1 = Ex∼µ[Z(x)] =

∫ ∞

0

Px∼µ

(
Z(x) ≥ t

)
dt. (48)

By assumption, the policy assigns at least c > 0 probability to every action, i.e. π1(y | x) ≥ c for all
(x, y). Consequently, Z(x) is bounded:

1 ≤ Z(x) ≤ 1

c
.
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This bounded support implies the following trivial bounds on the tail probability:

P
(
Z(x) ≥ t

)
=

{
1, 0 ≤ t < 1,

0, t > 1
c .

Substituting these observations into Eq. 124, we split the expectation into three parts:

E[Z(x)] =

∫ 1

0

P(Z(x) ≥ t)︸ ︷︷ ︸
=1

dt+

∫ 1/c

1

P(Z(x) ≥ t) dt+

∫ ∞

1/c

P(Z(x) ≥ t)︸ ︷︷ ︸
=0

dt

= 1 +

∫ 1/c

1

P(Z(x) ≥ t) dt. (49)

Thus, the analysis of κ1 reduces to bounding the integral of the non-trivial tail probabilities over the
interval [1, 1/c].

D.6.2 RELATING THE TAIL TO SUBOPTIMALITY.

For t ≥ 1, the event {Z(x) ≥ t} is equivalent to

π1(y
∗
1(x) | x) ≤

1

t
.

Writing δ = 1− 1
t , this becomes π1(y

∗
1(x) | x) ≤ 1− δ. From Eq. 45, we know

Px∼µ

(
π1(y

∗
1(x) | x) ≤ 1− δ

)
≲

1

γδ

(
κ
1/2
0

log(n|Π|ρ−1)√
n

+ β log(κ0)
)
. (50)

Substituting δ = 1− 1
t gives

P(Z(x) ≥ t) ≲
t

t− 1
· 1
γ

(
κ
1/2
0

log(n|Π|ρ−1)√
n

+ β log(κ0)
)
. (51)

Let

A :=
1

γ

(
κ
1/2
0

log(n|Π|ρ−1)√
n

+ β log(κ0)
)
.

Then
P(Z(x) ≥ t) ≲

A

t− 1
t. (52)

To respect probability upper bounds, we refine this as

P(Z(x) ≥ t) ≤ min
{
1,

A

t− 1
t
}
. (53)

D.6.3 DERIVATION OF AN INTEGRAL BOUND ON THE POLICY CONDITION NUMBER

Then, We provide a complete and self–contained derivation of the integral that upper–bounds the
one–step policy condition number κ1. As shown earlier, defining Z(x) := 1/π1

(
y∗1(x) | x

)
and

using the tail–integral identity yields

κ1 = E[Z(x)] ≤ 1 +

∫ 1
c

1

min
{
1, B(t)

}
dt, B(t) := A

t

t− 1
, (54)

where c ∈ (0, 1] is the uniform lower bound on action probabilities and A ∈ (0, 1) is the parameter
that emerges from the suboptimality bound (its explicit form is given in the main text; here we only
use that A < 1). The remainder of the argument is a careful evaluation of the integral in Eq. 54.

Step 1: Identifying the transition point. The integrand min{1, B(t)} switches behavior at the
unique t0 > 1 solving B(t0) = 1. Solving

A
t0

t0 − 1
= 1 ⇐⇒ At0 = t0 − 1 ⇐⇒ t0(1−A) = 1,

we obtain the explicit transition point

t0 =
1

1−A
, (55)

which is well defined under the nontrivial regime A < 1. For t ∈ [1, t0] we have B(t) ≥ 1 and hence
min{1, B(t)} = 1, while for t ∈ [t0, 1/c] we have B(t) ≤ 1 and hence min{1, B(t)} = B(t).
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Step 2: Decomposing the integral. Using the transition point Eq. 131, we split∫ 1
c

1

min{1, B(t)} dt =
∫ t0

1

1 dt +

∫ 1
c

t0

B(t) dt = (t0 − 1) +

∫ 1
c

t0

A
t

t− 1
dt. (56)

The first term evaluates immediately to t0 − 1. It remains to compute the second term.

Step 3: Evaluating the second term via an antiderivative. We simplify the integrand by the
identity t

t−1 = 1 + 1
t−1 , and integrate term–wise:∫

t

t− 1
dt =

∫ (
1 +

1

t− 1

)
dt = t+ ln |t− 1| =: F0(t).

Therefore, ∫ 1
c

t0

A
t

t− 1
dt = A

[
F0(1/c)− F0(t0)

]
= A

[(1
c
− t0

)
+ ln

(1/c− 1

t0 − 1

)]
,

where we used ln a− ln b = ln(a/b) and the fact that t0 > 1 ensures t0 − 1 > 0.

Step 4: Assembling the bound and simplifying. Combining the pieces from Eq. 56, we obtain

κ1 ≤ 1 + (t0 − 1) +A
(1
c
− t0

)
+A ln

(1/c− 1

t0 − 1

)
. (57)

We now substitute t0 = 1
1−A from Eq. 131. First, the linear term simplifies to

t0(1−A) =
1

1−A
(1−A) = 1.

Second, t0 − 1 = 1
1−A − 1 = A

1−A . Using these identities in Eq. 57 yields

κ1 ≤ 1 +
A

c
+A ln

( (1/c− 1)

A/(1−A)

)
= 1 +

A

c
+A ln

( (1− c)(1−A)

Ac

)
.

We have thus established the explicit integral evaluation:

κ1 ≤ 1 +
A

c
+ A ln

( (1− c)(1−A)

Ac

)
(58)

Interpretation and a relaxed form. For small A (the regime of interest), ln(1 − A) ≈ 0 and the
contribution of ln(1/Ac) dominates. A convenient relaxation is then

κ1 ≲ 1 +
A

c
+ A ln

( 1

Ac

)
≲ 1 +

1

c
+
(
1 +

1

c

)
A,

which is often more transparent in subsequent recursive arguments. (The exact definition of A—a
function of γ, δ, n, |Π|, ρ, β, and κ0—is given in the main text and can be substituted as needed.)

Step 5: Final Substitution and the Recursive Relation We now return to the simplified linearized
bound obtained in the previous section and explicitly substitute the full definition of the constant
A. Recall that A was defined in terms of the statistical error and the KL regularization component,
yielding

A =
1

γδ

(
κ

1
2
0 · log(n|Π|ρ−1)√

n
+ β log κ0

)
.

Substituting this expression back into the approximate linear coverage bound, we obtain

κ1 ≲ 1 +
1

c
+

(
1 +

1

c

)[
1

γδ

(
κ

1
2
0

log(n|Π|ρ−1)√
n

+ β log(κ0)

)]
. (59)
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Expanding the terms inside the brackets distributes the dependence on the statistical complexity and
the KL penalty, leading to a more transparent form of the recursion:

κ1 ≲ 1 +
1

c
+

(
1 +

1

c

)
log(n|Π|ρ−1)

γδ
√
n

√
κ0 +

(
1 +

1

c

)
β

γδ
log(κ0). (60)

This recursive inequality explicitly highlights the threefold structure of the coverage update: (i) a
constant offset 1 + 1/c due to the minimal probability assumption, (ii) a term scaling with

√
κ0,

which reflects the statistical complexity inherited from the previous step, and (iii) a logarithmic
dependence on κ0 introduced by the KL penalty.

Step 6: Extension to Arbitrary Generation Steps by Induction The derivation so far has been
presented for the transition from the base step (t = 0) to the first update (t = 1). However, the
underlying reasoning does not rely on any special property of these indices. At a conceptual level,
the argument merely exploits two facts: (i) the tail–integral identity applies uniformly at each step,
and (ii) the suboptimality bound remains valid for every policy πt with coverage coefficient κt.

Consequently, the same sequence of inequalities can be applied recursively at each generation step.
By induction, the bound that relates κ1 to κ0 extends to a general recurrence relation between κt and
κt−1 for all t ≥ 1. Formally, we obtain

κt ≲ 1 +
1

c
+

(
1 +

1

c

)
log(n|Π|ρ−1)

γδ
√
n

√
κt−1 +

(
1 +

1

c

)
β

γδ
log(κt−1). (61)

Interpretation. This recurrence constitutes a stability guarantee for the policy condition number.
It demonstrates that each new generation of the policy inherits its complexity from the previous
generation in a controlled manner: the square–root scaling prevents explosive growth, while the
logarithmic correction encapsulates the effect of KL regularization. Therefore, the recursive inequality
Eq. 61 forms the theoretical backbone ensuring that the policy condition number does not diverge
across iterations, thereby precluding collapse and preserving generalization capacity throughout the
self-rewarding process.

D.7 ASYMPTOTIC STABILITY OF THE POLICY CONDITION NUMBER

Lemma 10 (Asymptotic Stability of the Policy Condition Number). Let the sequence of policy
condition numbers {κt}Tt=0 be governed by the recursive inequality derived in Eq. 61. Then, for a
sufficiently small learning rate parameter β (specifically, β ≲ n−1/2), the policy condition number
at generation T remains bounded. Moreover, the sequence converges exponentially fast to a finite
stable value, ensuring the stability of the self-rewarding process. In particular, the explicit asymptotic
bound satisfies

κt ≲
1

c
+

1

n

(
log(|Π|ρ−1)

cγδ

)2

+
(
1 +

√
nc
)−T

κ0. (62)

Proof. We analyze the recurrence step by step, beginning with a reformulation and then studying its
fixed point and rate of convergence.

Step 1: Compact Form of the Recurrence. Let us define the shorthand

M0 := 1 +
1

c
, (baseline constant) (63)

M1 :=
(
1 +

1

c

) log(n|Π|ρ−1)

γδ
√
n

, (square-root coefficient) (64)

M2 :=
(
1 +

1

c

) β

γδ
, (logarithmic coefficient). (65)

Then the recursive inequality in Eq. 61 can be rewritten in the compact form

κt ≤ M0 +M1
√
κt−1 +M2 log(κt−1). (66)
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Step 2: Bounding the Logarithmic Term. Since κt−1 ≥ 1, we apply the inequality log x ≤ 2
e

√
x

for all x ≥ 1. Substituting into Eq. 66 yields

κt ≤ M0 +M1
√
κt−1 +

2M2

e

√
κt−1

≤ M0 +
(
M1 +

2M2

e

)√
κt−1. (67)

Let K := M1 +
2M2

e , so that the recurrence simplifies to

κt ≤ M0 +K
√
κt−1. (68)

This gives a cleaner functional recurrence governed by

h(κ) := M0 +K
√
κ.

Step 3: Fixed Point of the Recurrence. The asymptotic behavior is determined by the fixed point
U of h, which satisfies

U = M0 +K
√
U. (69)

Setting y =
√
U yields the quadratic equation

y2 −Ky −M0 = 0.

By the quadratic formula,

y =
K ±

√
K2 + 4M0

2
.

Since y =
√
U > 0, we choose the positive solution. Hence,

√
U =

K +
√
K2 + 4M0

2
, U =

(
K +

√
K2 + 4M0

2

)2

. (70)

Step 4: Convergence Rate via Contraction. We now analyze the rate at which the recurrence
converges to its fixed point U . Recall that the recurrence is governed by

κ′
t = h(κ′

t−1), with h(κ) = M0 +K
√
κ.

Since h is monotone increasing and satisfies h(κ) < κ for all κ > U , the sequence {κ′
t}, when

initialized from c > U , is monotonically decreasing and bounded below by U . This ensures that
{κ′

t} converges to U .

To quantify the convergence rate, we invoke the Mean Value Theorem. For any κ > U , there exists
some ξ ∈ (U, κ) such that

|h(κ)− U | = |h(κ)− h(U)| = |h′(ξ)| |κ− U |. (71)

The derivative of h is given by

h′(κ) =
K

2
√
κ
.

Since h′(κ) is a decreasing function of κ, its supremum on the interval [U,∞) is attained at κ = U .
Hence, the contraction factor is

q := sup
κ≥U

h′(κ) = h′(κ) =
K

2
√
U
. (72)

Substituting the explicit expression of U from Eq. 70, we obtain

q =
K

K +
√
K2 + 4M0

. (73)

It is immediate that 0 < q < 1, which confirms that h is a contraction mapping on [U,∞). Conse-
quently, the sequence {κ′

t} converges geometrically to its fixed point U .

Unrolling the recurrence, we arrive at the inequality

|κ′
t − U | ≤ q|κ′

t−1 − U | =⇒ |κ′
T − U | ≤ qT |c− U |, (74)

which provides an explicit bound on the deviation of κ′
T from its fixed point U . This establishes not

only convergence but also the geometric rate of convergence governed by the contraction factor q.
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Step 5: Explicit Upper Bound for κt. Since the original sequence {κt} is pointwise dominated by
the auxiliary sequence {κ′

t}, we may use the contraction analysis of Step 4 to bound κt. Because
{κ′

t} is monotonically decreasing from its initialization κ′
0 = κ0 towards the fixed point U , we have

κ′
T − U = |κ′

T − U |.

Therefore, an explicit upper bound for the original policy condition number after T generations is

κt ≤ U + qT (c− U) , (75)

where U is the asymptotic fixed point defined in Eq. 70, and q is the geometric contraction factor
derived in Eq. 73.

This inequality shows that even if the initial coverage κ0 is large, the sequence converges exponentially
fast towards a finite stable value U . Thus the self-rewarding process is inherently stable and avoids
uncontrolled growth of the policy condition number.

Expanding the bound more explicitly, we obtain

κT ≤ U + qT (κ0 − U)

≤ (1− qT )U + qTκ0

=

(
K +

√
K2 + 4M0

2

)2

+

(
K

K +
√
K2 + 4M0

)T

κ0, (76)

where we have substituted the closed-form expressions for U and q.

To further interpret this result, we approximate the asymptotic bound U for large n. Recalling that
K ≈ M1 +M2, and ignoring higher-order cross-terms, we obtain

U ≈ M0 +M2
1 +M2

2 . (77)

Hence the recursive bound simplifies to

κT ≲ M0 +M2
1 +M2

2 +

(
1

1 +
√
M0/(M2

1 +M2
2 )

)T

κ0. (78)

Equation Eq. 78 makes explicit the decomposition of the bound: the terms M0, M2
1 , and M2

2
determine the asymptotic ceiling, while the multiplicative factor qT ensures exponential decay of the
dependence on the initial coverage κ0. This completes the derivation of the explicit upper bound for
κt.

Step 6: Scaling Analysis. Choosing β ≲ n−1/2 balances the scaling of M1 and M2, giving

U ≲
1

c
+

1

n

(
log(n|Π|ρ−1)

cγδ

)2

,

and the contraction factor simplifies to

q =
K

K +
√
K2 + 4M0

≈ 1

1 +
√
nc

.

Hence,

κt ≲
1

c
+

1

n

(
log(|Π|ρ−1)

cγδ

)2

+
(
1 +

√
nc
)−T

κ0. (79)

This establishes both the boundedness and exponential convergence of the policy condition number
sequence.
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D.8 CONCLUSION OF THE PROOF: BOUNDING THE FINAL POLICY’S TAIL PROBABILITY.

Having established in Lemma 10 that the policy condition number κt is asymptotically stable and
converges exponentially to a finite upper bound, we now translate this stability result into a final
guarantee on the predictive confidence of the learned policy. Specifically, we seek to bound the
probability that the policy πT assigns insufficient mass to its own optimal response y∗T (x) after T
self-rewarding iterations.

From the preceding derivation, we have for any T ≥ 1,

Px∼µ

[
πT (y

∗
T (x) | x) ≤ 1− δ

]
≲

1

γδ

(
κ
1/2
t−1

log(n|Π|ρ−1)√
n

+ β log(κt−1)

)
. (80)

The key step is to substitute the asymptotic bound for κt−1 obtained in Eq. 79 into this inequality.
Recall that the policy condition number decomposes into a stable part, dominated by 1/c for large n,
and a transient part that decays exponentially with T − 1.

Step 1 (Square-root term). Applying the inequality (a+ b)1/2 ≤
√
a+

√
b to the decomposition of

κt−1, we have

κ
1/2
t−1 ≲

(
1

c
+

1

n

( log(|Π|ρ−1)

γδ

)2)1/2

+
(
(1 +

√
nc)−(T−1)κ0

)1/2
≲

1√
c

+ (1 +
√
nc)−

T−1
2

√
κ0. (81)

For sufficiently large n, the second-order term 1
n (·)

2 is negligible compared to 1/c.

Step 2 (Logarithmic term). Since κt−1 is bounded above by a finite constant U , its logarithm is
also bounded. That is,

log(κt−1) ≤ log(U).

With our choice of β ≲ n−1/2, the term β log(κt−1) is O(n−1/2) and therefore of the same asymp-
totic order as the square-root term.

Step 3 (Final substitution). Plugging these bounds back into Eq. 80, we obtain

Px∼µ

[
πT (y

∗
T (x) | x) ≤ 1− δ

]
≲

1

γδ

[
log(n|Π|ρ−1)√

n

(
1√
c
+ (1 +

√
nc)−

T−1
2

√
κ0

)
+O

(
1√
n

)]
≲

log(n|Π|ρ−1)

γδ
√
nc

+
log(n|Π|ρ−1)

γδ
√
n

(1 +
√
nc)−

T−1
2

√
κ0. (82)

Interpretation. The bound consists of two components:

• A stable error term,
log(n|Π|ρ−1)

γδ
√
nc

,

which vanishes at the parametric rate O(n−1/2), demonstrating that the final policy becomes
increasingly confident with more data.

• A transient error term,
log(n|Π|ρ−1)

γδ
√
n

(1 +
√
nc)−

T−1
2

√
κ0,

which reflects the dependence on the initial coverage κ0 but decays exponentially fast in T .

Thus, even if the initial policy is weak (large κ0), its influence diminishes exponentially across
iterations. The long-run behavior of the self-rewarding process is governed entirely by the stable error
term, ensuring that the final policy allocates sufficient probability mass to its own optimal predictions.

The proof is complete.
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E PROOF OF THEOREM 1: LOWER BOUND ON SINGLE-STEP FAILURE RATE.

Before proceeding to analyze the behavior of a full, multi-step iterative self-rewarding process, it is
essential to first understand the fundamental limitations inherent in the mechanism itself. This section
is dedicated to exploring these limits by analyzing the performance of a self-rewarding algorithm
within a fixed query budget, n. This scenario is equivalent to a single, non-iterative application of the
process.

Our objective is to derive a lower bound on the failure rate that any algorithm must incur on some
challenging problem instance. The proof proceeds via an adversarial approach: we will construct a
class of problem instances designed to be maximally difficult, thereby probing for potential failure
modes.

The central finding of this analysis will be that an algorithm’s success is critically dependent on
the quality of the initial base model, as quantified by its policy condition number, κ0. We will
demonstrate that a large initial κ0 (representing a poor starting model) can lead to a high probability
of failure, a scenario termed model collapse. This result is not a critique of a specific algorithm,
but rather a revelation of an intrinsic risk. The vulnerability exposed in this section provides the
primary motivation for the analysis in the subsequent sections, where we will investigate how an
iterative framework can overcome this limitation and guide the process towards a stable and successful
outcome.

Proof of Theorem 1. Our strategy is to establish a necessary condition on the sample size n required
for any algorithm to achieve a given success rate. Let an arbitrary algorithm, after making at most n
oracle calls, produce a new policy. We fix a target failure level ϵ. We will construct a specific hard
problem instance and demonstrate that if the algorithm achieves an expected success rate of at least
1− ϵ on this instance, then its sample budget n must necessarily exceed a certain threshold.

By inverting this relationship, we establish the core result: for a fixed budget n, there exists a
worst-case scenario where the failure rate ϵ must be at least as large as the value dictated by this
threshold. This provides the lower bound on the algorithm’s risk.

In this section we fix the query budget n (the total number of sample-and-evaluate calls the algorithm
may use), and we derive a lower bound on the failure rate ε that any algorithm must incur on some
instance from Π. The proof proceeds in six explicit steps.

STEP 1: CONSTRUCTION OF A HARD PROBLEM INSTANCE.

To establish the lower bound, we construct a problem instance designed to be maximally challenging
for any sharpening algorithm. The construction begins by defining the spaces for prompts and
responses, followed by the strategic design of the data distribution and the model class itself.

Let the prompt space be a discrete set X = {x0, x1, . . . , xd} and the response space be Y =
{y0, y1, . . . , yM}. We fix a margin parameter γ ∈ (0, 1) (which we will later set to γ = 1

2 ) and an
information-sparsity parameter ∆ ∈ (0, 1).

First, we define a prompt distribution µ that concentrates most of its mass on a single, uninformative
point:

µ := (1−∆) δx0 +
∆

d

d∑
i=1

δxi , (83)

where δx denotes the Dirac delta distribution on element x. This construction serves a dual purpose.
The atom at x0, carrying the majority of the probability mass (1 − ∆), acts as an uninformative
sentinel; an algorithm will frequently sample prompts from this region but will learn nothing to
distinguish between the candidate models. Conversely, all distinguishing information resides in the
small ∆-fraction of the distribution mass spread across the “informative” points {x1, . . . , xd}. As
will be shown later, this sparsity, controlled by ∆, is instrumental in amplifying the overall failure
rate from a more fundamental classification error.
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Next, we construct a family of response distributions (P0, P1, . . . , PM ) on Y , designed to be difficult
to distinguish from one another. The distribution for the uninformative prompt is deterministic:

P0 = δy0
. (84)

For the informative prompts, we define a set of nearly uniform distributions, each with a subtle bias
towards a specific response:

∀ i ≥ 1 : Pi =
1

(1− γ)M
δyi

+
∑

j∈[M ]\{i}

1

M

(
1− γ

(M − 1)(1− γ)

)
δyj

. (85)

For each i ≥ 1, the distribution Pi is constructed by taking the uniform distribution over n elements
and slightly increasing the probability mass of a single element yi, while uniformly decreasing the
mass of all other M − 1 elements. The parameter γ controls the margin by which yi is favored,
making it the unique but only marginally most probable outcome. For instance, when γ = 1

2 , the
probabilities are Pi(yi) = 2/M and Pi(yj) =

M−2
M(M−1) for j ̸= i, highlighting that the distinguishing

signal is subtle. This construction ensures that a large number of samples are required to reliably
detect this statistical bias.

Finally, we synthesize these components to define the full model class. For any index vector
I = (j1, . . . , jd) ∈ [M ]d, which serves as a hidden "secret key," we define the corresponding base
model πI as:

πI(· | xi) =

{
P0, i = 0,

Pji , i > 0.
(86)

The model class Π is then the set of all such models generated by every possible secret key:

Π := {πI : I ∈ [M ]d}, which implies log |Π| = d logM. (87)

Through this construction, the task is effectively reduced to a set of d independent n-way classification
problems. Specifically, for each informative prompt xi, the algorithm’s goal is to identify the single
hidden “correct” label ji, as yji is the unique maximizer under the response distribution Pji . The
overall difficulty of this task, and thus the reason this construction is suitable for proving a lower
bound, is compounded by two strategically designed factors.

First, the statistical similarity of the candidate distributions makes the classification inherently
challenging. The distribution Pji is only slightly biased toward its maximizer yji , meaning a large
number of samples at prompt xi are required to reliably detect this subtle statistical bump. With a
limited sample budget, many of the hidden labels ji will therefore remain ambiguous to the algorithm.
Second, an informational scarcity is enforced by the prompt distribution µ. The heavy probability
mass concentrated at the uninformative prompt x0 (a proportion of 1−∆) further dilutes the evidence
available to the learner, as most samples drawn will provide no information about any of the hidden
labels ji.

Together, these two effects—the need for many samples to resolve ambiguity at each informative
prompt and the rarity of encountering such prompts—create the challenging family of models
necessary to prove a tight lower bound on sample complexity.

STEP 2: TUNE ∆ VIA AN INLINED REDUCTION-TO-CLASSIFICATION ARGUMENT.

Fix an arbitrary algorithm and let π̂ be the model it outputs using at most n samples. For a target
failure level ε ∈ (0, 1) we set

∆ := 16 ε.

(Here ∆ is part of the adversarially chosen prompt distribution µ from Step 1.) We now show that if
the algorithm achieved overall success at least 1− ε, then the average misclassification rate on the d
informative prompts must be at most ε/∆ = 1/16.

Success event and its consequence at a fixed informative prompt. Recall from Step 1 that for each
i ∈ [d] the maximizer set is a singleton, yI(xi) = {yj⋆i }, where j⋆i is the unique index of the favored
label at xi. Define the success event at x by

S(x) :=
{
π̂
(
yI(x) | x

)
> 1

2

}
.
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For i ∈ [d] let ĵi := argmaxj∈[M ] π̂(yj | xi) be the algorithm’s predicted label at xi. Because
yI(xi) = {yj⋆i } and π̂(yj⋆i | xi) >

1
2 on S(xi), the maximizer must coincide with the true index:

S(xi) =⇒ ĵi = j⋆i .

Equivalently, using indicator notation,

I{ĵi ̸= j⋆i } ≤ I
{
¬S(xi)

}
⇒ P

[
ĵi ̸= j⋆i

]
≤ 1− P

[
S(xi)

]
.

From overall success under µ to per-coordinate success. All probabilities and expectations below
are taken over the internal randomness of the algorithm, the data it observes on instance πI , and
over a uniformly random I ∈ [M ]d; we abbreviate this by E and P. By definition of the prompt
distribution µ = (1−∆)δx0 +

∆
d

∑d
i=1 δxi

,

EPx∼µ

[
S(x)

]
= (1−∆)EP

[
S(x0)

]
+

∆

d

d∑
i=1

EP
[
S(xi)

]
.

Assume the algorithm attained overall success at least 1 − ε, i.e. EPx∼µ[S(x)] ≥ 1 − ε. Since
P[S(x0)] ≤ 1, we get

∆

d

d∑
i=1

EP
[
S(xi)

]
≥ 1− ε− (1−∆) = ∆− ε,

hence
1

d

d∑
i=1

EP
[
S(xi)

]
≥ 1− ε

∆
.

Average misclassification bound at the informative prompts. Using the implication above at each
xi,

1

d

d∑
i=1

EP
[
ĵi ̸= j⋆i

]
≤ 1

d

d∑
i=1

(
1− EP[S(xi)]

)
= 1− 1

d

d∑
i=1

EP[S(xi)] ≤ ε

∆
.

With our choice ∆ = 16ε, the right-hand side equals 1/16. Therefore, if an algorithm with budget n
claimed overall success at least 1− ε, then necessarily the average per-coordinate misclassification
rate would not exceed 1/16. In Step 3 we will show, via a complementary counting argument on how
many samples actually land on each informative prompt, that any budget n smaller than a certain
threshold forces a constant lower bound (≥ 1/8) on the left-hand side, whence a contradiction. This
yields a necessary relation between n and ε that we later invert to obtain the risk-form lower bound.

STEP 3: SELECTING n TO ENSURE COMPLIANCE WITH THE POLICY CONDITION NUMBER
CONSTRAINT

We need to choose n as a function of ε such that every model π ∈ Π satisfies the policy condition
number constraint κ(p)(π) ≲ C. This constraint ensures that the model’s distribution covers the
correct label with sufficient probability.

We begin by recalling the definition of the policy condition measure κ(p)(π):

κ(p)(π) =

(
Ex∼µ

[
1

π
(
yπ(x) | x

)p
]) 1

p

,

where π(yπ(x) | x) is the probability that model π assigns to the predicted label yπ(x) at input x.
The integral is taken with respect to the distribution µ over the inputs.

Next, we split this expectation into contributions from two parts: For x0, where π always outputs y0,
we have:

Px0 [π(y0 | x0) = 1] = 1 and Px0 [π(yj | x0) = 0, j ̸= 0] = 0.
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Thus, the contribution to the coverage from x0 is simply (1−∆), where (1−∆) is the mass allocated
to x0 in the prompt distribution. For each xi with i > 0, we assign a distribution Pi that is a biased
version of a uniform distribution. Specifically, we give the label yi a slightly higher probability
compared to the other labels. The distribution Pi is given by:

Pi =
1

(1− γ)M
δyi

+
∑
j ̸=i

1

M

(
1− γ

(M − 1)(1− γ)

)
δyj

,

The mass assigned to label yi is higher, but the mass assigned to other labels is correspondingly lower.

Thus, the total contribution to the coverage constraint from all points x1, . . . , xd is:

κ(p)(π)p = (1−∆) +∆ ·
(
M(1− γ)

)p
.

To satisfy the coverage constraint κ(p)(π) ≲ C, we need to control the magnitude of the second term
∆ ·
(
M(1− γ)

)p
. To ensure this is bounded by a constant C, we choose n so that:

∆ ·
(
M(1− γ)

)p ≤ Cp.

Solving for n:

M ≍
(
Cp

∆

)1/p

· (1− γ)−1.

Substituting γ = 1
2 , we get

M ≍
(
Cp

∆

)1/p

· 2.

Finally, using the relationship ∆ = 16ε, we obtain the desired form:

M ≍ 1 + C∆−1/p = 1 + C (16ε)−1/p.

This choice of n ensures that the coverage constraint is respected for all models π ∈ Π.

STEP 4: DERIVATION OF THE SAMPLE COMPLEXITY BOUND.

To ensure that the algorithm has success at least 1 − ε, we need to check the sample complexity
under which the per-coordinate misclassification probability remains sufficiently small. To do this,
we proceed with the following steps:

(i) Markov’s Inequality for per-coordinate error. Let n denote the total number of samples
collected by the algorithm, where each sample is a triplet (x, y, log π0(y|x)).
Let ni be the random variable representing the number of samples in the collected dataset of size
n for which the prompt is xi. According to the prompt distribution µ, the probability of any single
sample being drawn for the prompt xi is ∆/d. By the linearity of expectation, the expected value of
ni is:

E[ni] = n · ∆
d
.

For the non-negative random variable ni, Markov’s inequality states that for any a > 0, P[ni ≥ a] ≤
E[ni]/a. By setting a = 2E[ni] = 2n∆/d, we can bound the probability that ni is large:

P[ni ≥ 2n∆/d] ≤ n∆/d

2n∆/d
=

1

2
.

By considering the complementary event, we arrive at:

P[ni ≤ 2n∆/d] ≥ 1

2
.

(ii) Lower bounding the per-coordinate classification error. We now derive a lower bound on the
per-coordinate classification error, EI∼UnifEI

[
I{ĵi ̸= j⋆i }

]
, by showing that a limited sample size n

creates unavoidable informational ambiguity.
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Let D be the dataset of n samples. We define an event Ei where the data is ambiguous for coordinate
i: this occurs if at least two responses for prompt xi were never sampled, and no sampled response
for xi was the unique high-probability one. The total classification error is lower-bounded by the
error conditioned on this event:

EI∼UnifEI
[
I{ĵi ̸= j⋆i }

]
≥ EI∼UnifEI

[
I{ĵi ̸= j⋆i } · I{Ei}

]
. (88)

Conditioned on the data D for which Ei occurs, the posterior distribution over the unsampled labels
for j⋆i is uniform over a set of size at least two. Thus, any guess ĵi has a conditional error probability
of at least 1/2. This allows us to simplify the bound:

EI∼UnifEI
[
I{ĵi ̸= j⋆i }

]
≥ 1

2
EI∼UnifPI [Ei]. (89)

To bound the probability of Ei, we consider the likely scenario where the number of samples for
prompt xi, denoted ni, is small. By Markov’s inequality, P[ni ≤ 2n∆/d] ≥ 1/2. We can therefore
write:

1

2
EI∼UnifPI [Ei] ≥

1

2
EI∼UnifPI [Ei ∩ {ni ≤ 2n∆/d}] ≥ 1

4
EI∼UnifPI [Ei | ni ≤ 2n∆/d]. (90)

The conditional probability of Ei is at least the probability that none of the ni samples correspond
to two specific, fixed responses (e.g., yj⋆i and another yj′), which occurs with probability at least
(1− 3/M)ni for our construction with γ = 1/2. On the event {ni ≤ 2n∆/d}, this is bounded below
by (1− 3/M)2n∆/d.

For a sufficiently small constant c > 0, this term is at least 1/4 whenever the total sample size n
satisfies the condition n ≤ c · dM/∆. Combining these steps, we conclude that under this condition
on n:

EI∼UnifEI
[
I{ĵi ̸= j⋆i }

]
≥ 1

8
. (91)

This establishes a constant lower bound on the per-coordinate classification error when the sample
size is insufficient.

(iv) Sample complexity lower bound. Now, combining all the steps, we conclude that the total
number of samples needed to guarantee that the per-coordinate misclassification error is at least 1/8
is related to n as follows:

n ≥ c · dM
∆

⇐⇒ n ≳
d

ε

(
1 + Cε−1/p

)
. (92)

Thus, we obtain a necessary condition for the algorithm to achieve success at least 1− ε: the sample
complexity must be at least as large as n ≳ d

ε

(
1 + Cε−1/p

)
.

STEP 5: ELIMINATE d IN FAVOR OF log |Π| AND OBTAIN A SCALAR INEQUALITY IN ε.

By construction, log |Π| = d logM . Hence d = log |Π|/ logM . Substituting M(ε) ≍ 1 + Cε−1/p

and ∆ = 16ε into Eq. 92 gives

n ≳
log |Π|

log
(
1 + Cε−1/p

) · 1 + Cε−1/p

ε

≳
log |Π|
ε1+1/p

· C

1 + log
(
Cε−1/p

) .
For the important case p = 1 this simplifies to the familiar form

n ≳
C log |Π|

ε2
(
1 + log(C/ε)

) =
C log |Π|

ε2 log
(
eC/ε

) . (93)

Thus, for any fixed n, if an algorithm could attain failure ≤ ε, then ε must satisfy Eq. 93.
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STEP 6: INVERT THE MONOTONE CONSTRAINT TO GET THE RISK-FORM LOWER BOUND.

Then, we derive the risk-form lower bound: for a fixed sample budget of n samples, what is the
minimum achievable failure rate ϵ(n)? This provides a more practical perspective on the intrinsic
limitations of self-rewarding algorithms.

(i) Reformulating the lower Bound as a monotonic constraint

The established lower bound on the sample complexity n is given by:

n ≳
C log |Π|

ϵ2 (1 + log(C/ϵ))
=

C log |Π|
ϵ2 log(eC/ϵ)

. (94)

To facilitate the analysis, we consolidate the problem-dependent constants into a single term K, and
define a normalized quantity B that represents the effective information per sample:

K := Θ(C log |Π|) , B :=
K

n
. (95)

With these definitions, the lower bound inequality can be elegantly rewritten as a constraint on the
failure rate ϵ:

n ≥ K

ϵ2 log(eC/ϵ)
⇐⇒ ϵ2 log

(
eC

ϵ

)
≥ B. (96)

We now define a function f(ϵ) that captures the left-hand side of this inequality:

f(ϵ) := ϵ2 log

(
eC

ϵ

)
, for ϵ ∈ (0, eC). (97)

The function f(ϵ) is strictly increasing for small ϵ (specifically for ϵ < eC/
√
e), which is the regime

of interest for non-trivial algorithms. This monotonicity ensures that for any given value of B, the
equation f(ϵ) = B has a unique solution.

(ii) The Contrapositive as a Risk-Form Lower Bound

The logical contrapositive of the original theorem statement provides the foundation for our risk-form
bound. The original theorem states that if an algorithm achieves a failure rate of at most ϵ, then its
sample size n must be large enough such that f(ϵ) ≥ K/n.

The contrapositive is: if an algorithm uses a sample size of at most n, then it cannot guarantee a
failure rate ϵ that violates this condition. Therefore, the minimum achievable failure rate for any
algorithm using n samples, which we denote as ϵ(n), is precisely the unique positive solution to the
equation:

f(ϵ(n)) = B =
K

n
. (98)

This leads to the risk-form lower bound: for any algorithm using at most n samples, there exists a
hard instance in Π such that its expected failure rate is at least ϵ(n).

EI∼UnifEI Px∼µ

[
π̂
(
yπ

I
(x) | x

)
≤ 1

2

]
≥ ϵ(n). (99)

The monotonicity of f(ϵ) ensures that as the sample size n increases, B decreases, and consequently,
the minimum failure rate ϵ(n) also strictly decreases.

(iii) Explicit Solution via the Lambert W Function

To obtain a closed-form expression for ϵ(n), we solve the implicit equation f(ϵ) = B:

ϵ2 log

(
eC

ϵ

)
= B. (100)

Let us introduce a substitution s := log(eC/ϵ), which implies ϵ = eC e−s. Substituting this back
into the equation yields: (

eC · e−s
)2 · s = B

(eC)2 · e−2s · s = B

s · e−2s =
B

e2C2
.
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To isolate s, we multiply both sides by −2 to match the form z · ez:

(−2s) · e−2s = − 2B

e2C2
.

By definition of the Lambert W function, where W (z)eW (z) = z, we can solve for −2s:

−2s = W

(
− 2B

e2C2

)
.

For the solution to be physically meaningful (s ≥ 1/2, corresponding to ϵ ≤ eC/
√
e), we must

choose the −1 branch of the Lambert W function, denoted W−1. Thus,

s = −1

2
W−1

(
− 2B

e2C2

)
.

Finally, substituting back ϵ = eC e−s and B = K/n, we obtain the exact, closed-form solution for
the minimum failure rate:

ϵ(n) = eC · exp
(
1

2
W−1

(
− 2K

ne2C2

))
, where K = Θ(C log |Π|). (101)

(iv) Asymptotic Approximation for Large Sample Sizes

While exact, the Lambert W function form is not immediately intuitive. For the practical regime of
large sample sizes (n → ∞), the argument of W−1, which is −2K/(ne2C2), approaches 0−. We
can use the well-known asymptotic expansion W−1(−x) = ln(x)− ln(− ln(x)) + o(1) as x → 0+.
This yields a more interpretable approximation:

ϵ(n) = eC · exp
(
1

2

[
ln

(
2K

ne2C2

)
− ln

(
− ln

(
2K

ne2C2

))
+ o(1)

])
=

√
K

n · ln
(
nC2

K

) · (1 + o(1)).

Substituting K ≈ C log |Π| and simplifying the logarithmic term, we arrive at the convenient and
explicit asymptotic lower bound:

ϵ(n) ≍

√√√√ C log |Π|

n log
(

nC
log |Π|

) . (102)

Thus, we get:

Px∼µ

[
π1(y

∗
1(x) | x) ≤

1

2

]
≳

(
C log |Π|

n

[
log

(
nC

log |Π|

)]−1
)1/2

. (103)

This expression clearly shows that the failure rate decreases primarily as 1/
√
n, modulated by a

slower-growing logarithmic factor. It also explicitly shows how the problem difficulty, determined by
coverage C and model complexity log |Π|, scales the error.

F PROOF OF PROPOSITION 2: FROM LOW-CONFIDENCE MODELS TO GREEDY
DECODING FAILURE.

We prove the proposition by construction. We explicitly design an autoregressive policy π and a
prompt x such that the globally optimal sequence y∗(x) has a probability π(y∗(x) | x) ≤ 1/2, while
guaranteeing that the greedy decoding algorithm is diverted to a suboptimal sequence. The failure is
engineered by creating a local-optima trap at the first decoding step, from which recovery of the true
optimal sequence is impossible.
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STEP 1: SETUP OF THE ADVERSARIAL ENVIRONMENT

Let p∗ ∈ (0, 1
2 ] be the target probability for the optimal sequence. Let the vocabulary be V and the

sequence length be H ≥ 2. We define the unique optimal sequence as y∗(x) = (a, b, y∗3 , . . . , y
∗
H),

where a, b, y∗h ∈ V . We also introduce a distinct trap token z ∈ V where z ̸= a.

STEP 2: CONSTRUCTION OF THE ADVERSARIAL POLICY π

We define the policy π by specifying its conditional probabilities πh(·|y<h, x) for each step h =
1, . . . ,H . The construction ensures two properties: (i) y∗(x) is the unique optimal sequence with
probability p∗, and (ii) the greedy decoder deterministically selects the trap token z at the first step.

STEP 2.1: INDUCING A LOCALLY OPTIMAL TRAP AT THE FIRST STEP

We design the initial probability distribution π1(·|x) to make the trap token z appear more probable
than the correct first token a. Let ε be a small positive constant such that 0 < ε ≤ min

(
p∗

2 , 1− 2p∗
)

.
The second condition, ε ≤ 1− 2p∗, ensures the total probability assigned to a and z does not exceed
1. We define:

π1(y1|x) =


p∗ + ε if y1 = z

p∗ if y1 = a
1−2p∗−ε
|V|−2 if y1 ∈ V \ {a, z}

The greedy decoder’s choice at step 1 is ŷ1 = argmaxv∈V π1(v|x). Since π1(z|x) = p∗ + ε > p∗ =
π1(a|x), the decoder will select ŷ1 = z. Because the first token is incorrect (ŷ1 ̸= y∗1), the final
decoded sequence ŷ is guaranteed to be different from y∗(x), thus ensuring decoding failure.

STEP 2.2: ENSURING GLOBAL OPTIMALITY OF y∗(x) FOR STEPS h ≥ 2

To establish that y∗(x) is indeed the unique global optimum, we define the subsequent conditional
probabilities to elevate the probability of the true optimal path while suppressing the probability of
all competing paths, including the one initiated by the greedy choice z.

Optimal Path: For any prefix of the optimal sequence, y∗<h = (y∗1 , . . . , y
∗
h−1), we set the conditional

probability of the next correct token to 1:

πh(y
∗
h|y∗<h, x) = 1 for all h = 2, . . . ,H.

This deterministic transition ensures that the total probability of the optimal sequence is precisely:

π(y∗(x) | x) = π1(y
∗
1 | x) ·

H∏
h=2

πh(y
∗
h | y∗<h, x) = p∗ · 1H−1 = p∗.

By our initial choice, p∗ ≤ 1/2, satisfying the proposition’s condition.

Greedy Path: For any path beginning with the trap token z, we must ensure its total probability is
strictly less than p∗. It is sufficient to control the probability at step h = 2. We set the maximum
conditional probability following z to be less than what is needed to compete with y∗(x):

max
v∈V

π2(v|z, x) ≤
p∗ − 2ε

p∗ + ε
.

This condition is well-defined because our constraint ε ≤ p∗/2 ensures the numerator is non-negative.
The total probability of the most likely sequence starting with z, which we denote ŷ, is therefore
bounded:

π(ŷ|x) = π1(z|x) ·
H∏

h=2

πh(ŷh|ŷ<h, x) ≤ π1(z|x) ·max
v∈V

π2(v|z, x)

≤ (p∗ + ε) · p
∗ − 2ε

p∗ + ε
= p∗ − 2ε < p∗.

All other paths: For all other possible sequence prefixes, the remaining probability mass can be
distributed (e.g., uniformly) in a way that ensures their total probabilities are also less than p∗. This
construction confirms that y∗(x) is the unique sequence with the highest probability, p∗.
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STEP 3: VERIFYING THE DECODING ERROR

The greedy decoder produces a sequence ŷ starting with ŷ1 = z, while the optimal sequence is y∗(x)
starting with y∗1 = a. Since z ̸= a, the Hamming distance dH(ŷ, y∗(x)) is deterministically at least
1.

dH(ŷ, y∗(x)) ≥ 1.

This confirms a non-zero error. In fact, by setting the continuation of the greedy path to be maximally
different from y∗(x), the Hamming distance can be made arbitrarily large, up to H .

STEP 4: IMPLICATIONS AND CONNECTION TO THE PAPER’S FRAMEWORK

This proposition provides a concrete illustration of the risks associated with unaligned policies, which
are central to the motivation of our paper. Theorem 1 establishes a lower bound on the probability
of learning a policy where π(y∗(x) | x) ≤ 1/2, particularly when the initial model quality is poor
(large κ0). Our Proposition 2 demonstrates the direct consequence of such a policy at inference time:
it can lead to guaranteed and significant errors for standard decoding algorithms like greedy search.

This result bridges the gap between the learning failure (producing an unaligned model) and the
inference failure (incorrect output generation). It underscores the practical necessity of the iterative
alignment framework, which is designed to concentrate probability mass on optimal sequences to
refine the policy, thereby pushing π(y∗(x) | x) above the critical 1/2 threshold and ensuring reliable
decoding as per Proposition 2.

G PROOF OF THEOREM 5: PERFORMANCE GUARANTEES FOR LINEAR
SOFTMAX MODELS

G.1 LINEAR SOFTMAX PARAMETERIZATION AND SELF-REWARDING TRAINING

Parameterized Policies. In practice, a language model policy π is realized by a large neural
network (e.g., a Transformer) whose behavior is governed by a set of parameters θ ∈ Θ ⊆ Rd. The
vector θ encompasses all weights and biases of the model. Consequently, we denote the policy as
πθ. Optimizing over the policy space Π is thus equivalent to finding the optimal parameters θ∗ in the
parameter space Θ.

Language models are typically autoregressive, factorizing the probability of a response y =
(y1, y2, . . . , yH) into a product of conditional probabilities:

πθ(y | x) =
H∏
i=1

πθ(yi | x, y<i). (104)

At each generation step i, the model produces a vector of logits, lθ(x, y<i) ∈ R|V|, which is then
transformed into a probability distribution over the vocabulary V via the softmax function:

πθ(yi | x, y<i) =
exp(lθ(x, y<i)yi

)∑
v∈V exp(lθ(x, y<i)v)

, (105)

where lθ(·)yi
denotes the logit value corresponding to token yi. This mechanism, applying the

softmax function to the outputs of the model’s final linear layer, is what we refer to as the linear
softmax parameterization.

ITERATIVE SELF-REWARDING TRAINING

The training procedure is an iterative loop that begins with an initial model πθ0 and progressively
refines it. At round t, we have the model parameters θt, corresponding to the policy πθt .

LLM-as-a-Judge Self-Reward. We use a self-reward that is computed by the model itself, where
the reward for a given response is its log-probability under the current policy πθt :

Jself(y | x, πθt) = log πθt(y | x), rt(y | x) := Jself(y | x, πθt). (106)
This choice of reward function systematically increases probability mass on higher-score sequences
and decreases it on lower-score ones, as judged by the model’s own likelihood assignment.
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Data for a Round. Let Dt = {(x, y, y′)}ni=1 be a dataset of n triples sampled by drawing prompts
x ∼ µ and then sampling two responses y, y′ ∼ πθt(· | x). For each pair (y, y′), their relative quality
is measured by the difference in self-reward Jself(y | x, πθt)− Jself(y

′ | x, πθt). This framing avoids
the need for binary preference labels (y+, y−) and instead models the continuous reward difference
directly.

DPO-Style Realization (Square-Loss Form). With the reference policy set to the current policy,
πref = πθt , the DPO-style regression objective for round t is to find the optimal parameters θt+1 by
minimizing the following loss with respect to θ:

LDPO
t (θ) =

1

n

∑
(x,y,y′)∈Dt

(
β

[
log

πθ(y | x)
πθt(y | x)

− log
πθ(y

′ | x)
πθt(y

′ | x)

]
−∆Jt(x, y, y

′)

)2

, (107)

where ∆Jt(x, y, y
′) is the difference in self-reward between the two responses, calculated using the

fixed reference model πθt :

∆Jt(x, y, y
′) = Jself(y | x, πθt)− Jself(y

′ | x, πθt) = log πθt(y | x)− log πθt(y
′ | x). (108)

Minimizing LDPO
t (θ) drives the log-ratio difference of the policy πθ to match the log-probability

difference of the reference policy πθt , effectively performing a regression on the reward difference.
This shifts probability mass toward sequences with higher self-reward scores in a fine-grained manner.

OPERATOR VIEW IN PARAMETER SPACE

This iterative process can be viewed as the sequential application of operators in the parameter space
Θ. For round t, the optimization process defines an operator Tβt,rt : Θ → Θ that maps the current
parameters θt to the updated parameters θt+1:

θt+1 = Tβt,rt(θt) ∈ argmin
θ∈Θ

LDPO
t (θ) with πref = πθt . (109)

After T rounds of training, the final model parameters are the result of composing these operators:

θT = (TβT−1,rT−1
◦ · · · ◦ Tβ0,r0)(θ0). (110)

Because the reward function rt is dynamically determined by the policy πθt at each round, the entire
training loop is self-contained. The model improves its capabilities through iterative generation,
self-evaluation, and optimization, without requiring external human feedback.

G.2 INTRODUCTION AND PROBLEM FORMULATION

G.2.1 OBJECTIVE

The objective of this section is to adapt a general theoretical proof in Section D, originally designed for
a finite policy class Π, to the specific case of the linear softmax model class, denoted Πφ,B . The core
of this adaptation lies in replacing the uniform convergence argument, which relies on the cardinality
of the policy class |Π|, with a more sophisticated technique based on covering numbers. This
modification is necessary because the linear softmax model represents a continuous, and therefore
infinite, class of policies, rendering the original proof’s dependence on log(|Π|) inapplicable. The
new derivation will provide a statistical error bound that correctly characterizes the complexity of the
linear softmax model in terms of its parametric dimension, d.

G.2.2 RECAP OF THE GENERAL ANALYTICAL FRAMEWORK

Our ultimate objective is to upper bound the probability that the learned policy after T iterations, πT ,
assigns insufficient probability mass to its own optimal response, y∗T (x). To build towards this goal,
we first analyze the initial case (T = 1). The established proof provides a general framework for this
first step, which we will adapt.

The core strategy of the framework is to connect the probability of policy failure to a performance
gap. Specifically, for the initial policy π1, the probability of failing to assign sufficient mass to the
initial high quality response, y∗0(x), is bounded by a performance gap term, J0(π∗

1)− J0(π1):

Px∼µ [π1(y
∗
0(x) | x) ≤ 1− δ] ≤ J0(π

∗
1)− J0(π1)

γδ
.
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The bulk of the proof is then dedicated to bounding this performance gap. A key component in this
bound is the statistical error term, εstat, which captures the uncertainty inherent in learning from a
finite dataset of size n. The final bound on the performance gap takes the form:

J0(π
∗
1)− J0(π1) ≲ κ

1/2
0 εstat + β log(κ0).

In the original general proof, the policy class Π was assumed to be finite. The statistical error was
consequently derived using Bernstein’s inequality and a union bound, leading to a term dependent on
the size of the policy class:

ε2stat ≲
B2

n,ρ log(|Π|/ρ)
n

.

Our task is to adapt this critical step. Since the linear softmax model constitutes a continuous,
infinite class of policies, we must re-derive the statistical error term εstat using tools appropriate for
such spaces, namely covering numbers. This will replace the dependency on log(|Π|) with a term
that reflects the complexity of the linear softmax parameter space.

G.2.3 THE LINEAR SOFTMAX MODEL

We consider the linear softmax model class Πφ,B , defined as:

Definition 3 (Linear Softmax Model). Let d ∈ N be the feature dimension, and let φ : X ×Y → Rd

be a feature map such that ∥φ(x, y)∥2 ≤ 1. Given a radius B ≥ 1, the linear softmax model class
Πφ,B is defined as:

Πφ,B :=
{
πθ : θ ∈ Rd, ∥θ∥2 ≤ B

}
,

where the policy πθ is given by: πθ(y | x) ∝ exp (⟨φ(x, y), θ⟩).

This class is parameterized by a vector θ residing in a d-dimensional ball of radius B. Since the
parameter space is a compact but uncountably infinite subset of Rd, the cardinality |Πφ,B | is infinite.
Consequently, any generalization bound that scales with log(|Π|) is vacuous and must be replaced by
a more appropriate measure of model complexity.

G.2.4 THE TOOL: COVERING NUMBERS AND ε-NETS

To handle infinite function classes, statistical learning theory employs the concept of covering
numbers, which measure the "effective size" or richness of the class at a specific resolution ε. This is
formalized through the notion of an ε-net adapted to the linear softmax family Πφ,B .

Definition 4. (ε-net for Πφ,B): Let ε > 0. A finite subset Ψ ⊆ Πφ,B is called an ε-net for the linear
softmax class Πφ,B if for every πθ ∈ Πφ,B , there exists πθ′ ∈ Ψ such that

max
x∈X

max
y∈Y

log
πθ′(y | x)
πθ(y | x)

≤ ε.

We denote by N (Πφ,B , ε) the size of the smallest such ε-net.

This definition provides a metric on the space of linear softmax policies. The key utility of an ε-net is
that it provides a finite discretization of the infinite model class, which allows for the application of
union bounds.

Definition 5. (Covering numbers) Given a model class Π and tolerance ε > 0, the covering number
N (Π, ε) is defined as the cardinality of the smallest ε-net for Π. That is,

N (Π, ε) := min {|Ψ| : Ψ ⊆ Π is an ε-net for Π} .

The covering number quantifies the complexity of the function class. Establishing that this value
is finite (and finding bounds for it, such as for the linear softmax class) is a cornerstone of proving
generalization guarantees for learning algorithms.
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G.2.5 LOSS FUNCTION DEFINITION

Recalling Equation 33 from Section D, we have:

J0(πθ∗
1
)− J0(πθ1)

≲ Eπ∗
θ1

,πθ0

[
∆r∗0 −∆r̂0

]
+ Eπθ1

,πθ0

[
∆r̂0 −∆r∗0

]
+ βDKL(πθ∗

1
∥πθ0)

≲ (C1/2
πθ1

+ C1/2
πθ∗1

)·
(
Eπθ0

,πθ0

[
|∆r∗0 −∆r̂0 |2IG

])1/2
+ (C1/2

π1
+ C1/2

πθ∗1
) Γ Υ1/4 + βDKL(πθ∗

1
∥πθ0)

(111)

where Γ := log(Cπθ0
/πθ1

;β) + log(Cπθ0
/πθ∗

1,β
;β), Υ := P(|∆r∗0 | > η) + P(|∆r̂0 | > η), and the

coupled-expectation shorthand denotes

Eπ,π′ [·] := Ex∼µ Ey∼π(·|x), y′∼π′(·|x)[·],

and the pairwise differences defined as

∆r∗0 (x, y, y′) := β log
πθ∗

1,β
(y | x)

πθ0(y | x)
− β log

πθ∗
1,β

(y′ | x)
πθ0(y

′ | x)
, (112)

∆r̂0(x, y, y′) := β log
πθ1(y | x)
π0(y | x)

− β log
πθ1(y

′ | x)
πθ0(y

′ | x)
. (113)

Then, we also define a preference scoring function, ∆π, as the difference between log-likelihood
ratios:

∆π(x, y, y′) := β log
π(y|x)
π0(y|x)

− β log
π(y′|x)
π0(y′|x)

.

We note that ∆r∗0 (x, y, y′) = ∆
πθ∗

1,β (x, y, y′). Now, since πθ∗
1,β

∈ Πφ,B and πθ1 is the ERM solution,
the empirical squared error of πθ1 must be less than or equal to that of any other policy in Πφ,B ,
including πθ∗

1,β
itself. This implies:∑

(x,y,y′)∈D0

(
∆πθ1 (x, y, y′)−∆

πθ∗
1,β (x, y, y′)

)2 ≤ min
π∈Π

∑
(x,y,y′)∈D0

(
∆π −∆

πθ∗
1,β
)2 ≤ 0. (114)

For clarity and to ensure this report is self-contained, we restate the key definitions from the original
proof framework. For any policy π ∈ Π, the clipped squared loss for a single data point i is defined
as:

Zi(πθ)

:=
(
∆πθ (xi, yi, y

′
i)−∆

πθ∗
1,β (xi, yi, y

′
i)
)2

I
{
|∆πθ (xi, yi, y

′
i)| ≤ Bn,ρ,

∣∣∣∆πθ∗
1,β (xi, yi, y

′
i)
∣∣∣ ≤ Bn,ρ

}
where Bn,ρ is a clipping threshold to be determined. The empirical and population losses are,
respectively:

L̂n(πθ) =
1

n

n∑
i=1

Zi(πθ)

and
L(πθ) = E[Zi(πθ)]

The expectation for L(πθ) is over (x, y, y′) ∼ µ ⊗ πθ0 ⊗ πθ0 . On the clipping event, the loss is
bounded:

0 ≤ Zi(πθ) ≤ M := (2Bn,ρ)
2

G.3 UNIFORM CONVERGENCE BOUND FOR THE LINEAR SOFTMAX MODEL

This section presents the core technical contribution: a new derivation of the uniform population
bound for the linear softmax model class Πφ,B , replacing the original argument based on Bernstein’s
inequality and a simple union bound. Our approach leverages the covering number bound for Πφ,B

to handle the infinite nature of the policy class.
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G.3.1 THE DISCRETIZATION STRATEGY

The standard methodology for establishing uniform convergence for an infinite, continuous function
class involves a three-step process based on ε-nets:

1. Construct a finite ε-net: Use the covering number lemma to establish the existence of a finite
set Ψε ⊆ Πφ,B that serves as a discrete approximation of the entire class.

2. Establish uniform convergence over the net: Apply a concentration inequality (like Bern-
stein’s) and a union bound over the finite elements of the net Ψε. This yields a high-
probability bound that holds simultaneously for all policies in the net.

3. Extend the bound to the entire class: Show that if two policies are close with respect to the
metric used for the ε-net, their corresponding losses are also close. This allows the bound
established for the discrete net to be extended to any policy in the full class Πφ,B , at the
cost of a small approximation error.

We now execute this strategy step-by-step.

G.3.2 STEP 1: BOUNDING THE LOSS OVER AN ε-NET

We begin by constructing a finite approximation of the policy space Πφ,B . Let ε > 0 be a resolution
parameter to be chosen later. Our goal is to construct an ε-net for Πφ,B , which we will denote by Ψε,
with respect to the metric

d(πθ, πθ′) = max
x,y

∣∣∣∣log πθ′(y | x)
πθ(y | x)

∣∣∣∣ .
An ε-net is a finite set Ψε ⊂ Πφ,B such that for any policy πθ ∈ Πφ,B , there exists a policy πθ′ ∈ Ψε

with d(πθ, πθ′) ≤ ε. We will explicitly construct such a net and bound its cardinality.

The construction proceeds in two stages. First, we build a net over the d-dimensional parameter space
ΘB = {θ ∈ Rd : ∥θ∥2 ≤ B}. Second, we show that this parameter-space net induces the desired
ε-net in the policy space.

1. Constructing a Net in the Parameter Space. We need to find a finite set of points {θ11, . . . , θN1 }
in ΘB that forms a net with a specific radius, let’s say r > 0. By a standard volumetric argument,
we can bound the size N of such a net. Consider a maximal set of points {θi1}Ni=1 in ΘB that are
separated by at least r, i.e., ∥θi1 − θj1∥2 > r for all i ̸= j. The open balls of radius r/2 centered at
these points, B(θi, r/2), are disjoint. Furthermore, all these balls are contained within a larger ball
of radius B + r/2. By comparing the total volume of the small balls to the volume of the large ball,
we have:

N · Vol(B(0, r/2)) ≤ Vol(B(0, B + r/2)).

Since the volume of a d-dimensional ball of radius R is proportional to Rd, this implies:

N · (r/2)d ≤ (B + r/2)d =⇒ N ≤
(
B + r/2

r/2

)d

=

(
2B

r
+ 1

)d

.

This maximal packing is also an r-net. We will see that the required radius for our parameter net is
r = ε/2. Substituting this into the bound gives a net size of at most (4B/ε+ 1)d. Standard results in
high-dimensional geometry provide various bounds of this nature; for consistency with the analysis
this proof is based on, we adopt the slightly looser but common bound of the form (C ·B/ε)d. Let
us choose a net for ΘB with radius r = ε/2, which we denote Nε/2, satisfying the size bound:

|Nε/2| ≤
(
8B

ε

)d

.

2. Mapping to a Net in the Policy Space. Let Ψε = {πθ : θ ∈ Nε/2} be the set of policies
corresponding to our parameter net. Now, for any policy πθ ∈ Πφ,B , by construction of Nε/2, there
exists a parameter vector θi ∈ Nε/2 such that ∥θ − θi∥2 ≤ ε/2. We now show that d(πθ, πθi) ≤ ε.
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Recall that the policy is defined as πθ(y | x) = exp(⟨φ(x, y), θ⟩)/Aθ(x), where Aθ(x) =∑
y′ exp(⟨φ(x, y′), θ⟩) is the normalization constant. The log-ratio of two policies is:

log

(
πθ(y | x)
πθi(y | x)

)
= log

(
exp(⟨φ(x, y), θ⟩)/Aθ(x)

exp(⟨φ(x, y), θi⟩)/Aθi(x)

)
= ⟨φ(x, y), θ − θi⟩ − log

(
Aθ(x)

Aθi(x)

)
.

We bound the magnitude of each term. For the first term, we assume a standard condition that the
feature vectors are bounded, i.e., ∥φ(x, y)∥2 ≤ 1 for all x, y. Using the Cauchy-Schwarz inequality:

|⟨φ(x, y), θ − θi⟩| ≤ ∥φ(x, y)∥2∥θ − θi∥2 ≤ 1 · ε
2
=

ε

2
.

For the second term, we analyze the ratio of the normalization constants:

Aθ(x)

Aθi(x)
=

∑
y′ exp(⟨φ(x, y′), θ⟩)∑
y′ exp(⟨φ(x, y′), θi⟩)

=

∑
y′ exp(⟨φ(x, y′), θi⟩) exp(⟨φ(x, y′), θ − θi⟩)∑

y′ exp(⟨φ(x, y′), θi⟩)
.

This is a weighted average of the term exp(⟨φ(x, y′), θ − θi⟩). From our bound on the first term, we
know −ε/2 ≤ ⟨φ(x, y′), θ−θi⟩ ≤ ε/2. Therefore, the exponential term is bounded as exp(−ε/2) ≤
exp(⟨φ(x, y′), θ − θi⟩) ≤ exp(ε/2). Since the ratio Zθ(x)/Zθi(x) is a weighted average of values
within this range, it must also lie within the same range:

e−ε/2 ≤ Aθ(x)

Aθi(x)
≤ eε/2.

Taking the logarithm gives
∣∣∣log ( Zθ(x)

Zθi
(x)

)∣∣∣ ≤ ε
2 .

Finally, by the triangle inequality, we combine the bounds on the two terms:∣∣∣∣log( πθ(y | x)
πθi(y | x)

)∣∣∣∣ ≤ |⟨φ(x, y), θ − θi⟩|+
∣∣∣∣log( Aθ(x)

Aθi(x)

)∣∣∣∣ ≤ ε

2
+

ε

2
= ε.

Since this holds for any state-action pair (x, y), we have d(πθ, πθi) = maxx,y | log(πθ(y | x)/πθi(y |
x))| ≤ ε. We have thus shown that Ψε is a valid ε-net for Πφ,B , and its size is bounded by:

|Ψε| ≤
(
8B

ε

)d

.

Our next objective is to derive a high-probability performance guarantee that holds uniformly over
a finite set of policies Ψε. The derivation begins with a concentration inequality for a single, fixed
policy and then extends it to the entire set using a union bound.

3. Performance Bound for a Single Policy. For any fixed policy πθ, the associated losses
{Zi(πθ)}ni=1 form a sequence of independent and identically distributed (i.i.d.) random variables.
By construction, these losses are bounded within the interval [0,M ]. To relate the true expected loss
L(πθ) = E[Zi(πθ)] to its empirical estimate L̂n(πθ) =

1
n

∑n
i=1 Zi(πθ), we can invoke Bernstein’s

inequality. For any t > 0, Bernstein’s inequality gives:

Pr
(
L(πθ)− L̂n(πθ) ≥ t

)
≤ exp

(
− nt2

2Var(Zi(πθ)) +
2
3Mt

)
.

A key challenge is that the variance term, Var(Zi(πθ)), is unknown. However, for non-negative
random variables bounded by M , the variance can be bounded by the mean: Var(Zi(πθ)) ≤
E[Zi(πθ)

2] ≤ M · E[Zi(πθ)] = ML(πθ). Substituting this into the inequality introduces L(πθ) on
both sides, creating a recursive relationship.

Solving this inequality for L(πθ) in terms of L̂n(πθ)—a process often referred to as a fixed-point
calculation—yields a more practical, empirical version of Bernstein’s bound. Specifically, for a
chosen failure probability δ ∈ (0, 1), we can state the following: with probability at least 1− δ,

L(πθ) ≤ 2L̂n(πθ) + c
M log(1/δ)

n
, (115)

for some universal constant c > 0. This powerful result bounds the true loss for a single, predeter-
mined policy.
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4. Uniform Bound via the Union Bound The bound in Eq. Eq. 115 is insufficient for our needs,
as we require a guarantee that holds simultaneously for all policies πθ′ ∈ Ψε, not just one chosen in
advance. To achieve this uniform convergence, we apply the union bound.

Let Eπθ′ be the "bad" event where the bound in Eq. Eq. 115 fails for a specific policy πθ′ . We want
to bound the probability that at least one of these bad events occurs for any policy in the finite net
Ψε, i.e., Pr(∪πθ′∈ΨεEπθ′ ). The union bound states that this probability is at most the sum of the
individual event probabilities:

Pr

 ⋃
πθ′∈Ψε

Eπθ′

 ≤
∑

πθ′∈Ψε

Pr(Eπθ′ ).

To ensure the total probability of failure is no more than a desired level ρ, we can enforce a much
stricter failure probability for each individual policy. We set the individual failure probability δ for
each πθ′ to be δ = ρ

|Ψε| .

By this construction, the total probability of at least one bound failing is at most:∑
πθ′∈Ψε

ρ

|Ψε|
= |Ψε| ·

ρ

|Ψε|
= ρ.

Consequently, with a total probability of at least 1 − ρ, the bound holds for all policies in Ψε

simultaneously.

5. Final Uniform Bound We now substitute our new choice of δ = ρ
|Ψε| into the single-policy

bound from Eq. Eq. 115. This yields the uniform inequality: with probability at least 1− ρ, for all
πθ′ ∈ Ψε:

L(πθ′) ≤ 2L̂n(πθ′) + c
M

n
log

(
1

ρ/|Ψε|

)
= 2L̂n(πθ′) + c

M

n
log

(
|Ψε|
ρ

)
.

The term log(|Ψε|) quantifies the complexity cost of generalizing from a single policy to the entire
net. A larger net requires a stronger guarantee for each policy, which widens the overall bound.

Finally, by substituting the known bound on the cardinality of the ε-net, |Ψε|, which depends on the
dimensionality d of the policy class and the desired resolution ε, we arrive at the final expression:

L(πθ′) ≤ 2L̂n(πθ′) + c
M

n

(
d log

(
8B

ε

)
+ log

(
1

ρ

))
.

This inequality provides a concrete, uniform performance guarantee over the discrete skeleton Ψε

of our policy class. The subsequent analytical step is to extend this guarantee from the discrete net
to the entire continuous policy class Πφ,B , ensuring our conclusions apply to any policy we might
select. The next step is to extend this guarantee to the entire continuous class Πφ,B .

G.3.3 STEP 2: BOUNDING THE APPROXIMATION ERROR

To extend the bound from the net Ψε to the full class Πφ,B , we must demonstrate that the loss
function Zi(πθ) exhibits a form of local stability or continuity. Specifically, if two policies πθ and
πθ′ are close in the log-ratio metric, their corresponding losses must also be close. This property
ensures that the bound on a net element πθ′ provides a good approximation for the bound on any
policy πθ it covers. We formalize this in the following lemma.
Lemma 11. (Lipschitz-like Property of the Loss Function): Let πθ, πθ′ ∈ Πφ,B with πθ′ ∈ Ψε.
Suppose that on the clipping event {|∆πθ | ≤ Bn,ρ, |∆

πθ∗
1,β | ≤ Bn,ρ, |∆πθ′ | ≤ Bn,ρ}, we have that

max
x,y

∣∣∣∣log( πθ(y | x)
πθ′(y | x)

)∣∣∣∣ ≤ ε.

Then, the difference in the clipped squared loss is bounded by:

|Zi(πθ)− Zi(πθ′)| ≤ 8βBn,ρε.

45



2430
2431
2432
2433
2434
2435
2436
2437
2438
2439
2440
2441
2442
2443
2444
2445
2446
2447
2448
2449
2450
2451
2452
2453
2454
2455
2456
2457
2458
2459
2460
2461
2462
2463
2464
2465
2466
2467
2468
2469
2470
2471
2472
2473
2474
2475
2476
2477
2478
2479
2480
2481
2482
2483

Under review as a conference paper at ICLR 2026

Proof of Lemma 11. By definition, Zi(πθ) =
(
∆πθ (xi, yi, y

′
i)−∆

πθ∗
1,β (xi, yi, y

′
i)
)2

on the clip-

ping event. Let D(πθ) = ∆πθ −∆
πθ∗

1,β . We want to bound
∣∣D(πθ)

2 −D(πθ′)2
∣∣. Using the identity

a2 − b2 = (a− b)(a+ b), we have:∣∣D(πθ)
2 −D(πθ′)2

∣∣ = |(D(πθ)−D(πθ′))(D(πθ) +D(πθ′))| .
The first term is:

|D(πθ)−D(πθ′)| =
∣∣∣(∆πθ −∆

πθ∗
1,β )− (∆πθ′ −∆

πθ∗
1,β )
∣∣∣ = |∆πθ −∆πθ′ | .

Let us analyze this difference:

∆πθ (x, y, y′)−∆πθ′ (x, y, y′)

=

(
β log

πθ(y | x)
πθ0(y | x)

− β log
πθ(y

′ | x)
πθ0(y

′ | x)

)
−
(
β log

πθ′(y | x)
πθ0(y | x)

− β log
πθ′(y′ | x)
πθ0(y

′ | x)

)
= β

(
log

πθ(y | x)
πθ′(y | x)

− log
πθ(y

′ | x)
πθ′(y′ | x)

)
. (116)

By the triangle inequality and the ε-net property, the magnitude is bounded by:

|∆πθ −∆πθ′ | ≤ β

(∣∣∣∣log πθ(y | x)
πθ′(y | x)

∣∣∣∣+ ∣∣∣∣log πθ(y
′ | x)

πθ′(y′ | x)

∣∣∣∣) ≤ β(ε+ ε) = 2βε.

The second term is:

|D(πθ) +D(πθ′)| =
∣∣∣∆πθ −∆

πθ∗
1,β +∆πθ′ −∆

πθ∗
1,β

∣∣∣ .
On the clipping event, we have |∆πθ | ≤ Bn,ρ, |∆πθ′ | ≤ Bn,ρ, and |∆πθ∗

1,β | ≤ Bn,ρ. By the triangle
inequality:

|D(πθ) +D(πθ′)| ≤ |∆πθ |+ |∆πθ′ |+ 2|∆π∗
1,β | ≤ Bn,ρ +Bn,ρ + 2Bn,ρ = 4Bn,ρ.

Combining these two bounds, we get:

|Zi(πθ)− Zi(πθ′)| = |D(πθ)
2 −D(πθ′)2| ≤ (2βε)(4Bn,ρ) = 8βBn,ρε.

This completes the proof of the lemma. □

Implication of Lemma 11 This lemma allows us to control the variation of both the population loss
L(πθ) and the empirical loss L̂n(πθ) as we move away from the points in the net. Specifically, for
any πθ ∈ Πφ,B and its closest neighbor πθ′ ∈ Ψε:

|L(πθ)− L(πθ′)| = |E[Zi(πθ)− Zi(πθ′)]| ≤ E [|Zi(πθ)− Zi(πθ′)|] ≤ 8βBn,ρε.

∣∣∣L̂n(πθ)− L̂n(πθ′)
∣∣∣ = 1

n

n∑
i=1

|Zi(πθ)− Zi(πθ′)| ≤ 1

n

n∑
i=1

8βBn,ρε.

G.3.4 STEP 3: COMBINING THE BOUNDS AND OPTIMIZING

We can now assemble the pieces to derive a uniform bound over the entire class Πφ,B . For any
πθ ∈ Πφ,B , let πθ′ ∈ Ψε be its covering element, i.e., the policy in the net such that d(πθ, πθ′) ≤ ε.
Using the triangle inequality and the results from the previous steps:

L(πθ) ≤ L(πθ′) + |L(πθ)− L(πθ′)|

≤
(
2L̂n(πθ′) + c

M

n

(
d log

(
8B

ε

)
+ log

(
1

ρ

)))
+ 8βBn,ρε

≤ 2L̂n(πθ) + 8βBn,ρε+ c
M

n

(
d log

(
8B

ε

)
+ log

(
1

ρ

))
≤ 2L̂n(πθ) + 8βBn,ρε+ c

M

n

(
d log

(
8B

ε

)
+ log

(
1

ρ

))
.
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This inequality holds with probability at least 1−ρ for all πθ ∈ Πφ,B simultaneously. The right-hand
side contains an error term that depends on our choice of the resolution ε. This term consists of an
approximation error 8βBn,ρε, which decreases as ε → 0, and a statistical error (the term with M/n),
which increases as ε → 0 due to the log(1/ε) factor. To obtain the tightest possible bound, we must
choose ε to balance this trade-off.

Let’s simplify the error term by substituting M = (2Bn,ρ)
2 = 4B2

n,ρ and ignoring constants:

Error(ε) ≍ βBn,ρε+
B2

n,ρ

n

(
d log(

B

ε
)

)
.

A standard approach to minimize such an expression is to set the two terms to be of the same order of
magnitude:

βBn,ρε ≍
B2

n,ρ

n

(
d log(

B

ε
)

)
⇒ ε ≍ Bn,ρ

nβ

(
d log(

B

ε
)

)
.

Ignoring the logarithmic dependency on ε for a first-order approximation, a near-optimal choice in
learning theory for balancing an error of the form ε+ d

n log(1/ε) is achieved by

ε ≍ d log n

n
.

When this is done, both terms become of the order O(d log n/n). The total error is dominated by
this rate. Therefore, after optimizing for ε, the uniform convergence bound takes the form:

∀πθ ∈ Πφ,B : L(πθ) ≲ 2L̂n(πθ) +
1

n
·B2

n,ρ

(
d log

nB

d
+ log

(
1

ρ

))
.

G.4 THE REFINED STATISTICAL ERROR AND INTEGRATION INTO THE MAIN PROOF

G.4.1 DERIVATION OF THE NEW ε2stat

We now apply the uniform bound derived above to the empirical risk minimizer (ERM) policy, πθ1 .
The ERM property from the original proof states that L̂n(πθ1) = 0 (Eq. 36). Substituting π = πθ1

and L̂n(πθ1) = 0 into our new uniform bound yields:

L(πθ1) ≲
1

n
·B2

n,ρ

(
d log

(
nB

d

)
+ log

(
1

ρ

))
,

This bound on L(πθ1) is precisely the population-level squared error on the clipped region. We can
therefore define our new statistical error term, ε2stat, as:

ε2stat :=
1

n
·B2

n,ρ

(
d log

(
nB

d

)
+ log

(
1

ρ

))
.

This result replaces the original Eq. 40. The key difference is the replacement of the complexity term
log(|Π|) with d log

(
nB
d

)
, which correctly captures the dependence on the parametric dimension d of

the linear softmax model.

It is also necessary to update the choice of the clipping parameter Bn,ρ. The original choice was
motivated by controlling tail probabilities over a union bound of size n|Π|. The analogous choice in
our setting is to control tails over n samples and the |Ψε| policies in the net. A suitable choice is:

Bn,ρ := log
(
2nCloss|Ψε|ρ−1

)
= log

(
2nCloss

(
8B

ε

)d

ρ−1

)
.

With an optimal ε ≍ d logn
n , this becomes

Bn,ρ ≍ log

(
nCloss

(
nB

d log n

)d

ρ−1

)
≍ d log

(
nB

d

)
.

This shows that Bn,ρ scales polynomially with d and logarithmically with n, which is consistent
with the overall structure of the bound. For simplicity in the final expression, we can absorb these
logarithmic factors into Bn,ρ and write the rate as 1

nB
2
n,ρd.
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G.4.2 INTEGRATION INTO THE GLOBAL PROOF STRUCTURE

With the newly derived statistical error term, we can now return to the main flow of the proof. The
inequality 33 provides a bound on the performance gap J0(πθ∗

1
)− J0(πθ1) in terms of the population

squared error:

J0(πθ∗
1
)− J0(πθ1)

≲ Eπθ∗1
,πθ0

[
∆r∗0 −∆r̂0

]
+ Eπθ1

,πθ0

[
∆r̂0 −∆r∗0

]
+ βDKL(πθ∗

1
∥πθ0)

≲ (C1/2
πθ1

+ C1/2
πθ∗1

)·
(
Eπθ0

,πθ0

[
|∆r∗0 −∆r̂0 |2IG

])1/2
+ (C1/2

πθ1
+ C1/2

πθ∗1
) Υ Θ1/4 + βDKL(πθ∗

1
∥πθ0)

(117)

where Γ := log(Cπθ0
/πθ1

;β) + log(Cπθ0
/πθ∗

1,β
;β), Υ := P(|∆r∗0 | > η) + P(|∆r̂0 | > η), The term

under the square root is precisely bounded by what we defined as ε2stat. Substituting this new bound
yields:

J0(πθ∗
1
)− J0(πθ1) ≲ (C1/2

πθ∗1
+ C1/2

πθ1
)εstat + (C1/2

πθ∗1
+ C1/2

πθ1
) log(Closs)ρ

1/4 + βDKL(πθ∗
1
∥πθ0).

The remainder of the proof proceeds exactly as in the original version, using this updated definition
of εstat. After bounding the concentrability coefficients and KL divergence term, and balancing the
error terms, we arrive at the clean form:

J0(πθ∗
1
)− J0(πθ1) ≲ κ

1/2
0 εstat + β log(κ0).

Finally, we substitute this refined bound on the performance gap back into the initial inequality that
connects it to the probability of failure. This yields the final, adapted result for the linear softmax
model:

Px∼µ [πθ1(y
∗
0(x) | x) ≤ 1− δ] ≤

J0(πθ∗
1
)− J0(πθ1)

γδ

≲
1

γδ

(
κ
1/2
0 εstat + β log(κ0)

)

≲
1

γδ

κ
1/2
0 Bn,ρ

√√√√d log
(
nB
d

)
+ log

(
1
ρ

)
n

+ β log(κ0)

 .

≲
1

γδ

(
κ
1/2
0 · 1√

n

(
d log(

nB

dρ
)

) 3
2

+ β log(κ0)

)
(118)

By definition of the round-1 policy maximizer, we denote

y∗1(x) ∈ argmax
y∈Y

πθ1(y | x). (119)

It immediately follows that the maximizer y∗1(x) dominates the baseline target y∗0(x) pointwise, in
the sense that

πθ1(y
∗
1(x) | x) ≥ πθ1(y

∗
0(x) | x) , ∀x ∈ X .

Consequently, whenever πθ1(y
∗
1(x) | x) ≤ 1 − δ, it must also hold that πθ1(y

∗
0(x) | x) ≤ 1 − δ.

Equivalently, {
x : πθ1(y

∗
1(x) | x) ≤ 1− δ

}
⊆
{
x : πθ1(y

∗
0(x) | x) ≤ 1− δ

}
. (120)

Taking probabilities under x ∼ µ and invoking the previously established bound for the right-hand
event, we obtain

Px∼µ

[
πθ1

(
y∗1(x) | x

)
≤ 1− δ

]
≤ Px∼µ

[
πθ1

(
y∗0(x) | x

)
≤ 1− δ

]
≲

1

γδ

(
κ
1/2
0 · 1√

n

(
d log

nB

dρ

)3/2

+ β log κ0

)
. (121)

48



2592
2593
2594
2595
2596
2597
2598
2599
2600
2601
2602
2603
2604
2605
2606
2607
2608
2609
2610
2611
2612
2613
2614
2615
2616
2617
2618
2619
2620
2621
2622
2623
2624
2625
2626
2627
2628
2629
2630
2631
2632
2633
2634
2635
2636
2637
2638
2639
2640
2641
2642
2643
2644
2645

Under review as a conference paper at ICLR 2026

This expression replaces the original Equation 45. It successfully adapts the general proof architecture
to the linear softmax model by incorporating a complexity measure, d log(n), derived from covering
number arguments, instead of the inapplicable log(|Π|) term. The recursive argument for subsequent
iterations (t > 1) would then proceed from this new single-step bound, with the complexity term
propagating through the analysis of the policy condition numbers κt.

G.5 BOUNDING THE POLICY CONDITION NUMBER κ1

Our next objective is to establish a sharp upper bound for the coverage parameter

κ1 := Ex∼µ

[
1

πθ1(y
∗
1(x) | x)

]
, y∗1(x) ∈ argmax

y∈Y
πθ1(y | x). (122)

Define the nonnegative random variable

Z(x) :=
1

πθ1(y
∗
1(x) | x)

. (123)

Its expectation admits the standard tail–integral representation:

Ex∼µ

[
Z(x)

]
=

∫ ∞

0

Px∼µ

(
Z(x) ≥ t

)
dt. (124)

1. Support of Z and reduction of the integral. By assumption there exists c ∈ (0, 1] such that

c ≤ πθ1(y
∗
1(x) | x) ≤ 1, ∀x ∈ X . (125)

Consequently,

1 ≤ Z(x) ≤ 1

c
, and P

(
Z(x) ≥ t

)
=

{
1, t ∈ [0, 1),

0, t > 1
c .

(126)

Hence Eq. 124 reduces to

Ex∼µ

[
Z(x)

]
=

∫ 1

0

1 dt +

∫ 1
c

1

Px∼µ

(
Z(x) ≥ t

)
dt

= 1 +

∫ 1
c

1

Px∼µ

(
Z(x) ≥ t

)
dt. (127)

2. Relating the tail P(Z ≥ t) to the round-1 failure bound. For any t ≥ 1, set 1/t = 1− δ so
that δ = (t− 1)/t ∈ (0, 1]. Then

Px∼µ[Z(x) ≥ t] = Px∼µ

[
πθ1

(
y∗1(x) | x

)
≤ 1

t

]
= Px∼µ

[
πθ1

(
y∗1(x) | x

)
≤ 1− δ

]
.

Invoking the round-1 bound (cf. Eq. 121) yields

Px∼µ[Z(x) ≥ t] ≲
1

γδ

(
κ
1/2
0 · 1√

n

(
d log

nB

dρ

)3/2
+ β log κ0

)
=

t

t− 1
A, A :=

1

γ

(
κ
1/2
0 · 1√

n

(
d log

nB

dρ

)3/2
+ β log κ0

)
. (128)

For notational convenience define

B(t) :=
t

t− 1
A, t > 1. (129)

Since probabilities are at most 1,

P
(
Z(x) ≥ t

)
≤ min{1, B(t)}, t ∈ [1, 1/c]. (130)
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3. Exact integral evaluation via the switch point t0. The function B(t) is strictly decreasing on
(1,∞), with limt↓1 B(t) = +∞ and limt↑∞ B(t) = A. Hence there exists a unique t0 ∈ (1,∞)
solving B(t0) = 1, namely

t0 =
1

1−A
, provided A ∈ (0, 1). (131)

We now distinguish two regimes:

(i) Nontrivial regime: A < 1 and t0 ≤ 1/c. Then

min{1, B(t)} =

{
1, t ∈ [1, t0],

B(t), t ∈ [t0, 1/c],

and therefore ∫ 1
c

1

min{1, B(t)} dt = (t0 − 1) +

∫ 1/c

t0

B(t) dt. (132)

Using the antiderivative∫
B(t) dt = A

∫ (
1 +

1

t− 1

)
dt = A (t+ ln |t− 1|) + const, (133)

we obtain ∫ 1/c

t0

B(t) dt = A
[(

1
c − t0

)
+ ln

(
1/c−1
t0−1

)]
. (134)

Combining Eq. 127, Eq. 132, and Eq. 134 yields

E[Z(x)] ≤ 1 + (t0 − 1) +A
[(

1
c − t0

)
+ ln

(
1/c−1
t0−1

)]
. (135)

(ii) Saturated regime: either A ≥ 1 or t0 > 1/c. In this case min{1, B(t)} ≡ 1 on [1, 1/c], hence

E[Z(x)] ≤ 1 +

(
1

c
− 1

)
=

1

c
. (136)

4. A concise, numerically stable upper bound. To present a single bound covering both regimes,
note that for A ∈ (0, 1),

E[Z(x)] ≤ 1 + (t0 − 1) +A
(

1
c − t0

)
+A ln

(
1/c−1
t0−1

)
= t0 +A

(
1
c − t0

)
+A ln

(
1/c−1
t0−1

)
. (137)

Using t0 = 1
1−A and the elementary bounds lnu ≤ u − 1 and lnu ≤ ln(1/c) − ln(t0 − 1) for

u = 1/c−1
t0−1 , one arrives at the clean relaxation

E[Z(x)] ≲ 1 +
1

c
+
(
1 +

1

c

)
A, whenever A ∈ (0, 1) and t0 ≤ 1

c
. (138)

Combining Eq. 138 with the trivial bound Eq. 136, and recalling Eq. 122–Eq. 123, we get the final
estimate

κ1 = Ex∼µ

[
1

πθ1(y
∗
1(x) | x)

]
≲ 1 +

1

c
+
(
1 +

1

c

)
A ∧ 1

c
(139)

(where a ∧ b := min{a, b}), with A given by Eq. 128–Eq. 129.

5. Specialization to the linear softmax model. Substituting the explicit form of A,

A =
1

γ

(
κ
1/2
0 · 1√

n

(
d log

nB

dρ

)3/2
+ β log κ0

)
,

into Eq. 139 and using the non-saturated branch yields the advertised bound

κ1 ≲ 1 +
1

c
+
(
1 +

1

c

) 1
γ

(
κ
1/2
0 · 1√

n

(
d log

nB

dρ

)3/2
+ β log κ0

)
. (140)
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Remarks.

(i) The constant A aggregates the statistical error and regularization effects. The “nontrivial”
case A < 1 corresponds to the high–confidence regime where the failure tail is integrable
with a logarithmic correction.

(ii) The monotonicity of B(t) justifies the unique switch point t0 and the split–integral evaluation.
The clean relaxation Eq. 138 trades a small slack for algebraic transparency.

(iii) The dependence on d and n enters through the covering–number–driven statistical term,
producing the characteristic factor n−1/2

(
d log nB

dρ

)3/2
.

G.6 RECURSIVE ANALYSIS AND ASYMPTOTIC BEHAVIOR OF POLICY CONDITION NUMBER

The analysis of the first iteration (t = 1) provides the essential foundation for a recursive framework
that extends our performance guarantees to an arbitrary number of iterations T . At its core, the
argument relies on the observation that the bound on the policy performance at iteration t is determined
by two factors: (i) the statistical accuracy of the update at that step, and (ii) the inherited coverage
coefficient from the previous iteration, κt−1. The recursive nature of this dependency induces a
dynamic system of bounds whose long-term stability properties must be carefully analyzed.

Recursive Formulation. By induction on t, the derivation for κ1 extends naturally to arbitrary t.
Specifically, the coverage parameter at iteration t satisfies the recurrence

κt ≲ 1 +
1

c
+
(
1 +

1

c

) 1
γ

(
κ
1/2
t−1 ·

1√
n

(
d log

nB

dρ

)3/2
+ β log κt−1

)
. (141)

This recurrence encapsulates the interaction between statistical error, represented by the square-root
term, and regularization effects, represented by the logarithmic term. The combination ensures
that although κt may initially be large, successive iterations prevent uncontrolled growth, enforcing
stability in the long run.

Simplification via Constants. To streamline the analysis, we define

M0 := 1 +
1

c
, M1 :=

(
1 + 1

c

) 1

γ
√
n

(
d log nB

dρ

)3/2
, M2 :=

(
1 + 1

c

)β
γ
.

Substituting these definitions, the recurrence can be written more compactly as

κt ≤ M0 +M1
√
κt−1 +M2 log κt−1. (142)

The presence of both
√
κt−1 and log κt−1 reflects the dual statistical–regularization structure of the

update process.

Bounding the Recurrence. Although Eq. 142 is nonlinear, we can simplify its analysis. Using the
classical inequality log x ≤ 2

e

√
x for x ≥ 1 (a condition satisfied since κt−1 ≥ 1 as an expectation

of inverse probabilities), we obtain

κt ≤ M0 +K
√
κt−1, K := M1 +

2
eM2. (143)

This upper bound reduces the problem to a square-root recursion, which admits tractable asymptotic
analysis.

Fixed-Point Analysis. The iterative map h(κ) = M0 +K
√
κ has a unique positive fixed point U ,

obtained by solving U = M0 +K
√
U . Solving this quadratic in

√
U yields

U =

(
K +

√
K2 + 4M0

2

)2

. (144)

This fixed point represents the stable asymptotic value of the coverage parameter. Its existence
guarantees that the self-rewarding process cannot diverge indefinitely; rather, it is inherently stable
and bounded by problem-specific constants.
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Convergence Rate. The contraction rate of the iteration is determined by the derivative of h(κ) at
the fixed point:

h′(κ) =
K

2
√
κ
, h′(U) =

K

2
√
U
.

Defining

q :=
K

2
√
U

=
K

K +
√
K2 + 4M0

< 1, (145)

we observe that 0 < q < 1, which implies that convergence to U is geometric. The deviation from
the fixed point shrinks by a factor of at least q at each iteration, guaranteeing rapid stabilization.

Explicit Bound for Finite T . This geometric contraction yields an explicit finite-T bound:

κt ≤ U + qT
(
κ0 − U

)
(146)

for all T ≥ 1. The residual dependence on the initialization decays exponentially, while the
asymptotic behavior is governed entirely by U .

Asymptotic Behavior and Practical Implications. To obtain further intuition, consider the regime
where β ≲ n−1/2, so that the statistical term M1 dominates the regularization term M2. In this case,
the fixed point satisfies

U ≍ M0 +M2
1 ,

leading to the explicit bound

κt ≲ M0 +M2
1 +M2

2 +
(
1 +

√
M0/(M2

1 +M2
2 )
)−T

κ0

≲
1

c
+

1

n

( 1

cγ

)2(
d log

nB

dρ

)3

︸ ︷︷ ︸
Asymptotic Stable Value

+
(
1 +

√
nc
)−T

κ0︸ ︷︷ ︸
Decaying Initial Condition

. (147)

This final bound highlights two crucial features. First, the influence of the initialization κ0 vanishes
exponentially fast with T , ensuring robustness to poor starting conditions. Second, the asymptotic
stable value decreases as n grows, confirming that larger sample sizes yield improved coverage
and reduced statistical uncertainty. These insights reinforce the interpretation of the self-rewarding
process as not only stable but also statistically efficient in the large-sample regime.

G.7 FINAL PERFORMANCE BOUND FOR ARBITRARY ITERATION T

Having established the asymptotic stability of the coverage coefficient, we are now prepared to present
the main performance guarantee for the policy πθT after an arbitrary T rounds of self-rewarding
training. The derivation closely parallels the single-step analysis, but it crucially leverages our
recursive understanding of κt across iterations.

From Coverage to Performance. The probability that the policy πθT assigns insufficient prob-
ability mass to its own optimal response y∗T (x) is controlled by its performance gap relative to the
KL-regularized optimal policy. This gap, in turn, depends on the statistical error of the learning step
at iteration T , which is governed by the coverage coefficient of the previous iterate κt−1. Formally,
we obtain the T -step analogue of the single-step bound:

Px∼µ

[
πθT (y

∗
T (x) | x) ≤ 1− δ

]
≲

1

γδ

(
κ
1/2
t−1 ·

1√
n

(
d log

nB

dρ

)3/2
+ β log κt−1

)
. (148)

This expression links the performance at iteration T to the coverage inherited from iteration T − 1.

Substituting the Asymptotic Bound. The crucial final step is to substitute into Eq. 148 our explicit
asymptotic bound for κt−1 from Eq. 147. This replacement eliminates the iteration-dependent and
unknown κt−1, yielding an expression in terms of fundamental parameters of the problem (n, d, c)
and the initial condition κ0.
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By taking the square root of the bound on κt−1 (and applying the inequality
√
a+ b ≤

√
a+

√
b),

we obtain a clean decomposition. As T grows, the dominant contribution arises from the square root
of the asymptotic stable value, which scales with 1/c. The residual dependence on the initialization
decays exponentially and quickly becomes negligible. Substituting these estimates back into Eq. 148,
and noting that the β log κt−1 term is of lower order, we arrive at the final result:

Px∼µ

[
πθT (y

∗
T (x) | x) ≤ 1− δ

]
≲

1

γδ
√
n

(
d log

nB

dρ

)3/2( 1√
c
+
(
1 +

√
nc
)−T−1

2
√
κ0

)
.

(149)

Interpretation. This inequality, the culmination of our analysis, provides several insights into the
behavior of the self-rewarding process for the linear softmax model class:

• Statistical Complexity. The leading error term scales as 1√
n
(d log n)3/2, quantifying the

inherent learning difficulty of the parametric model. Performance improves as n increases,
while higher dimensionality d incurs increased complexity. This replaces the inapplicable
log |Π| term in the finite-class setting with a refined, distribution-dependent complexity
measure.

• Stability and Self-Correction. The second term inside the parentheses demonstrates
exponential decay of the influence of the initial coverage κ0. Even if the initial policy is
poorly calibrated (large κ0), its effect on performance vanishes rapidly as T grows. This
validates the intuition that the self-rewarding loop is self-correcting.

• Long-Term Performance. In the limit T → ∞, the decaying initialization term disappears
entirely. The ultimate performance is dictated solely by the statistical error and the problem’s
intrinsic difficulty, captured by c. This confirms that the process converges to a stable,
initialization-independent error floor.

Conclusion. Equation 149 completes the adaptation of the general recursive argument to the linear
softmax model class. It provides a rigorous and interpretable guarantee: the model’s performance
stabilizes to a predictable asymptotic rate, while transient initialization effects are washed out
exponentially fast. This establishes both the robustness and the efficiency of self-rewarding training
in this setting.

H PROOF OF COROLLARY 6: DATA-DEPENDENT BOUNDS VIA EFFECTIVE
DIMENSION

We strengthen the parametric guarantee by replacing the ambient dimension d in the statistical factor
with a data-dependent effective dimension. This mitigates “curse of dimensionality” and better reflects
the spectral structure of the feature covariance under the data distribution.
Definition 6 (Ridge effective dimension). For any λ > 0 define the ridge effective dimension

deff(λ) := Tr
(
Σφ

(
Σφ + λI

)−1
)

=

d∑
i=1

λi

λi + λ
,

where {λi}di=1 are the eigenvalues of Σφ in nonincreasing order. It holds that 0 ≤ deff(λ) ≤
rank(Σφ) ≤ d and deff(λ) is nonincreasing in λ. In the isotropic case Σφ = I and for λ ≪ 1 we
have deff(λ) ≈ d.
Lemma 12 (Metric entropy with covariance geometry). Let F := {fθ(x.y) = ⟨θ, φ(x, y)⟩ : ∥θ∥2 ≤
B}. For the L2(µ) metric induced by Σφ, the ε-covering number of F satisfies

logN
(
ε,F , L2(µ)

)
≲ deff

( ε2

B2

)
· log

(
cB

ε

)
,

for a universal constant c > 0. Consequently, whenever an argument in the proof of Theorem 5 uses
the ambient-dimension entropy bound logN ≲ d log(c′B/ε), it can be replaced by the covariance-
adaptive bound above.
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Proof of Lemma 12. Diagonalize Σφ = UΛU⊤ and reparameterize θ = Uz. The L2(µ)-norm
is ∥fθ∥2L2(µ)

= θ⊤Σφθ =
∑

i λiz
2
i . Cover the ellipsoid {z :

∑
i λiz

2
i ≤ B2} by axis-aligned

slabs with granularity matched to λ
1/2
i . Summing the logarithms of the per-axis covering counts

yields
∑

i log
(
1 + cBλ

1/2
i /ε

)
. A monotone integral comparison together with the ridge truncation

λi/(λi + ε2/B2) gives the stated deff(ε
2/B2) dependence. □

Explicit regimes for the ridge effective dimension. The following elementary bounds will be
useful:

deff(λ) =

d∑
i=1

λi

λi + λ
≤

d∑
i=1

I{λi ≥ λ}+ 1

λ

∑
i:λi<λ

λi ≤ rank(Σφ) ∧ Tr(Σφ)

λ
. (150)

We quantify deff(λ) under concrete spectral assumptions and then substitute it into the parametric
bound of Theorem 5.
Assumption 2 (Spectral regimes). Let {λi}di=1 be the spectrum of Σφ in nonincreasing order. We
consider the following cases.

(A) Exponential decay. There exist constants C > 0 and α > 0 such that λi ≤ C e−αi for all i.

(B) Polynomial decay. There exist constants C > 0 and p > 1 such that λi ≤ C i−p for all i.

(C) Spiked+small tail. There is an integer r ≥ 1 and ϑ > 0 such that λi ≥ ϑ for i ≤ r and∑
i>r λi = τ with τ > 0 possibly small.

Lemma 13 (Effective dimension under Assumption 2). Under Assumption 2 the following bounds
hold for all λ > 0.

(A) Exponential decay implies logarithmic scaling:

deff(λ) ≲ log
(C
λ

)
.

In particular, choosing λ ≍ c/n gives deff(λ) ≲ log n.

(B) Polynomial decay yields a power-law in λ:

deff(λ) ≲
(C
λ

)1/p
.

In particular, choosing λ ≍ c/n gives deff(λ) ≲ n1/p.

(C) Spiked+small tail gives r +O(1) when λ dominates the tail:

deff(λ) ≤ r +
τ

λ
.

Hence for any λ ≥ τ we have deff(λ) ≤ r + 1. If moreover r = O(log d), then deff(λ) =
O(log d).

Proof of Lemma 13. (A) Let m =
⌈
α−1 log(C/λ)

⌉
. Then λm ≲ λ and thus #{i : λi ≥ λ} ≤

m ≲ log(C/λ). The tail sum obeys
∑

i>m λi ≲ e−αm ≲ λ, so the second term in Eq. 150 is
O(1). (B) Let m =

⌈
(C/λ)1/p

⌉
so that λm ≲ λ. Then #{λi ≥ λ} ≤ m ≲ (C/λ)1/p and∑

i>m λi ≲
∫∞
m

x−pdx ≍ m1−p, making the tail contribution ≲ m1−p/λ ≍ (C/λ)1/p. (C) Split
the sum at r and use Eq. 150 on the tail:

∑
i>r

λi

λi+λ ≤ 1
λ

∑
i>r λi = τ/λ. □

Corollary 14 (Parametric bound with effective dimension). Under conditions of Theorem 5, fix any
λ > 0. With probability at least 1− ρ,

Px∼µ

[
πθT

(
y∗T (x) | x

)
≤ 1− δ

]
≲

1√
n
· 1

γ δ

(
deff(λ)·log

nB

ρ

)3/2

·

(
1√
c
+
√
κ0

(
1+

√
nc
)−(T−1)/2

)
.
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Proof Repeat the proof of Theorem 5 and Corollary 4 replacing the ambient-dimension entropy
bound by Lemma 12. The empirical Bernstein step and the iterative self-correction argument are
unchanged, yielding the same stability–transient factor

(
1/
√
c+

√
κ0(1 +

√
nc)−(T−1)/2

)
and the

covering-number contribution with deff(λ). □

Corollary 15 (Substitution into the parametric risk bound). Under the conditions of Theorem 5, the
following explicit forms hold when d in the statistical factor is replaced by deff(λ).

(A) If Σφ has exponential spectral decay and λ ≍ c/n, then

Px∼µ[πθT (y
∗
T (x) | x) ≤ 1− δ] ≲

1√
n
· 1
γδ

(
log n·log nB

ρ

)3/2
·
( 1√

c
+
√
κ0(1+

√
nc)−(T−1)/2

)
.

Thus the dependence on d is replaced by a double logarithm in n.

(B) If Σφ has polynomial decay of order p > 1 and λ ≃ c/n, then

Px∼µ[πθT (y
∗
T (x) | x) ≤ 1− δ] ≲

1√
n
· 1
γδ

(
n1/p·log nB

ρ

)3/2
·
( 1√

c
+
√
κ0(1+

√
nc)−(T−1)/2

)
.

Here the ambient dimension d no longer appears. The rate is governed by the spectral exponent p.

(C) In the spiked+small-tail model with rank r spike and tail mass τ , any λ ≥ τ gives

Px∼µ[πθT (y
∗
T (x) | x) ≤ 1− δ] ≲

1√
n
· 1
γδ

(
(r+1)·log nB

ρ

)3/2
·
( 1√

c
+
√
κ0(1+

√
nc)−(T−1)/2

)
.

If r = O(log d), the d-dependence is reduced to O(log d) inside the statistical factor.
Remark 9 (Choice and interpretation of λ). The parameter λ is an analysis device that interpolates
between ambient and intrinsic complexity.

• In isotropic or full-rank regimes with flat spectra, taking λ ↓ 0 recovers deff(λ) ≈ d.

• With spectral decay, e.g., λi ≍ i−p for p > 1, one has deff(λ) ≪ d for moderate λ,
tightening the bound.

• A practical choice is λ ≍ c
/
n (or any monotone schedule λT ), which trades a slightly larger

bias in the entropy radius for a sharply reduced deff(λ). The contraction threshold in T
remains unaffected because it depends only on n and c.

Remark 10 (When does deff(λ) look like log d?). Two representative scenarios lead to a logarithmic-
in-d dependence.

(i) Log-rank energy concentration. Suppose the spectrum concentrates on r = O(log d)
leading directions, in the sense that

∑
i>r λi ≤ τ with τ small. Taking λ ≥ τ gives

deff(λ) ≤ r + 1 = O(log d) by Lemma 13.

(ii) Geometric decay until the ambient cutoff. If λi ≍ C ρ i with ρ ∈ (0.1), then for any λ
above the tail floor one has deff(λ) ≍ log(C/λ). If additionally λ is chosen proportional to
τ :=

∑
i>r̃ λi for some r̃ = O(log d), then deff(λ) ≲ r̃ +O(1) = O(log d).

In both cases, substituting deff(λ) = O(log d) into the statistical factor replaces
(
d log(nBdρ )

)3/2
by(

log d · log(nBρ )
)3/2

.

I EMPIRICAL RESULTS

Following the Iterative DPO setup described in SRLMs (Yuan et al., 2024), we utilized the Llama-3
Base 8B model on the GSM8K reasoning task. We tracked the Monte-Carlo estimate of κt (defined
as the average inverse probability of the greedy decoding path) over T = 3 iterations.

• Base Model: Llama-3 Base 8B.
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• Dataset: GSM8K (Training set used for self-generation; Test set used for evaluation).
• Method: We implemented 3 iterations of Self-Rewarding training:

– Generation: At each iteration t, the model generates N = 4 candidate responses for
prompts drawn from the training set.

– Scoring: The model acts as a judge to score its own responses (Self-Reward).
– Training: We construct preference pairs from the scored responses and train model
πt+1 using DPO.

Since iterating over the entire output space Y to compute the exact expectation E[1/π(y∗|x)] is
intractable, we employed a Monte Carlo estimation method on the test set (Dtest). For a subset of
samples xj (j = 1...M,M = 200) from the test set:

1. Greedy Decoding: We generated the model’s current optimal solution: ŷj =
argmaxπt(y|xj).

2. Probability Calculation: We computed the Average Log-Probability (LogProbt(xj)) for the
generated sequence to ensure numerical stability.

3. Estimation: We estimated κt by averaging the inverse probabilities:

κ̂t ∝
1

M

M∑
j=1

exp(−LogProbt(xj))

To enhance readability and visualize the relative contraction, we normalize the value at
t = 0 to 100. Since we work with the average log-probability per token rather than the full
sequence log-probability, this Monte-Carlo estimate is a monotone proxy of the theoretical
κt, up to a length-dependent scaling factor. This is sufficient for visualizing its contraction
behavior across iterations

The table below presents the results over 3 iterations of self-rewarding training on GSM8K, starting
from the zero-shot Llama-3 Base 8B model. We report the GSM8K test accuracy, the Avg. Max
LogProb along the greedy decoding path, and the normalized policy condition number.

Iteration (t) Model Stage GSM8K Acc (%) Avg. Max LogProb (↑) κt (Normalized, ↓)

0 Base model (zero-shot) 41.2% -2.20 100.0
1 Iterative DPO (R1) 47.5% -1.81 67.2
2 Iterative DPO (R2) 50.3% -1.70 60.7
3 Iterative DPO (R3) 50.1% -1.69 60.4

Table 1: Trajectory of the policy condition number κt and accuracy over 3 self-rewarding iterations

Analysis of Results.

1. Verification of Theorem 3 (Contraction). Across the three self-rewarding iterations, we
observe a monotone contraction of the normalized policy condition number, from 100.0 at
t = 0 to 67.2, 60.7, and 60.4 at t = 1, 2, 3, respectively. This contraction is accompanied
by consistent improvements in the Avg. Max LogProb along the greedy decoding path
(from −2.20 to −1.81, −1.70, and −1.69), indicating that the policy becomes increasingly
concentrated on a smaller set of high-probability trajectories. These trends are qualitatively
consistent with the contraction behavior predicted by Theorem 3, where the dependence on
the initial condition κ0 decays geometrically towards a model-dependent floor U according
to κT ≤ U + qT (κ0 − U).

2. Support for Remark 4 (Two-Stage Dynamics). The trajectory in Table also exhibits the
“two-stage” behavior described in Remark 4. The first iteration (t = 0 → 1) corresponds
to a self-stabilization phase: the condition number drops sharply from 100.0 to 67.2, while
GSM8K accuracy increases from 41.2% to 47.5%, suggesting that the policy rapidly moves
out of a poorly conditioned, high-entropy regime. Subsequent iterations (t = 1 → 3)
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form a refinement phase: both the reductions in κt (from 67.2 to 60.4) and the accuracy
changes (hovering around 50%) become much smaller, indicating that the policy has entered
a well-conditioned region and further updates mainly perform fine-grained adjustments.
This empirical two-stage pattern mirrors the qualitative picture underlying Remark 4.

This trajectory aligns with empirical studies on larger models, such as the observation in Yuan et
al. (2024) regarding Llama 2 70B, which showed significant performance jumps in early iterations
followed by a plateau.

In summary, this evidence demonstrates that the policy condition number κt is not merely a theoretical
construct but a tangible metric capturing the internal sharpening process that drives self-rewarding
alignment.
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