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Abstract

When applying differential privacy to sensitive
data, we can often improve performance using
external information such as other sensitive data,
public data, or human priors. We propose to use
the learning-augmented algorithms (or algorithms
with predictions) framework—previously applied
largely to improve time complexity or competitive
ratios—as a powerful way of designing and
analyzing privacy-preserving methods that can
take advantage of such external information
to improve utility. This idea is instantiated
on the important task of multiple quantile
release, for which we derive error guarantees
that scale with a natural measure of prediction
quality while (almost) recovering state-of-the-art
prediction-independent guarantees. Our analysis
enjoys several advantages, including minimal
assumptions about the data, a natural way of
adding robustness, and the provision of useful
surrogate losses for two novel “meta” algorithms
that learn predictions from other (potentially
sensitive) data. We conclude with experiments
on challenging tasks demonstrating that learning
predictions across one or more instances can lead
to large error reductions while preserving privacy.

1. Introduction

The differentially private (DP) release of statistics such as
the quantile g of a private dataset x € R" is an inevitably
error-prone task because we are by definition precluded
from revealing exact information about the instance at
hand (Dwork & Roth, 2014). However, DP instances rarely
occur in a vacuum: even in the simplest practical settings,
we usually know basic information such as the fact that all
individuals have a nonnegative age. Often, the dataset we
are considering is drawn from a similar population as a pub-
lic dataset z € RY and should thus have similar quantiles,
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a case known as the public-private setting (Liu et al., 2021;
Bie et al., 2022). Alternatively, we may be interested in
releasing statistics about each of many datasets x1, ..., Xr;
for example, in the cross-silo setting of federated learn-
ing (Kairouz et al., 2021b) a group of hospitals may each
want to privately release quantile information about their
patients. In all of these settings, we might hope to incorpo-
rate external information to reduce error, but approaches for
doing so tend to be ad hoc and assumption-heavy.

We propose that the framework of learning-augmented
algorithms—a.k.a. algorithms with predictions (Mitzen-
macher & Vassilvitskii, 2021)—provides the right tools for
deriving DP algorithms in this setting, and instantiate this
idea for multiple quantile release (Gillenwater et al., 2021;
Kaplan et al., 2022). Algorithms with predictions is an
expanding field of algorithm design that constructs methods
whose instance-dependent performance improves with the
accuracy of some prediction about the instance. The goal
is to bound the cost C (W) of running on instance x given
a prediction w by some metric Uy (w) of the quality of the
prediction on that instance. While past work has focused on
using predictions to improve metrics related to time, space,
and communication complexity, we instead aim to design
learning-augmented algorithms whose cost Cx (W) captures
the error of some statistic—in our case quantiles—computed
privately on instance an x given a prediction w. We are
interested in bounding this cost in terms of the quality of
the external information provided to our algorithm, Uy (w).

While incorporating external information into DP is
well-studied, c.f. public-private methods and private
posterior inference (Dimitrakakis et al., 2017; Geumlek
et al., 2017; Seeman et al., 2020), by deriving and analyzing
a learning-augmented algorithm for multiple quantiles we
show numerous comparative advantages, including:

1. Minimal assumptions about the data, in our case even
fewer than needed by the unaugmented baseline.

2. Existing tools for studying the robustness of algorithms
to noisy predictions (Lykouris & Vassilvitskii, 2021).

3. Co-designing algorithms with predictions together with
methods for learning those predictions from data (Kho-
dak et al., 2022), which we show is crucial for both the
public-private and sequential release settings.

As part of this analysis we derive a learning-augmented ex-
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tension of the ApproximateQuantiles (AQ) method
of Kaplan et al. (2022) that (nearly) matches its worst-case
guarantees while being much better if a natural measure
Ux(w) of prediction quality is small. By studying Uy, we
make the following contributions to multiple quantiles:

1. The first robust algorithm, even for one quantile, that
avoids assuming the data is bounded on some interval,
specifically by using a heavy-tailed prior.

2. A provable way of ensuring robustness to poor priors,
without losing the consistency of good ones.

3. A novel connection between DP quantiles and censored
regression that leads to (a) a public-private release al-
gorithm and (b) a sequential release scheme, both with
runtime and error guarantees.

Finally, we integrate these techniques to significantly im-
prove quantile release on several real and synthetic datasets.

2. Augmenting a private algorithm

The basic requirement for a learning-augmented algorithm
is that the cost Cx(w) of running it on an instance x with
prediction w should be upper bounded—usually up to
constant or logarithmic factors—by a metric Uyx (w) of the
quality of the prediction on the instance. We denote this by
Cx < Ux. In our work the cost Cx (w) will be the error of
a privately released statistic, as compared to some ground
truth. We will use the following privacy notion:

Definition 2.1 (Dwork & Roth (2014)). Algorithm A is
(e, 9)-differentially private if for all subsets S of its range,
Pr{A(x) € S} < e Pr{A(X) € S} + 0 whenever x ~ X
are neighboring, i.e. they differ in at most one element.

Using e-DP to denote (&, 0)-DP, the broad goal of this work
will be to reduce the error Cx(w) of e-DP multiple quantile
release while fixing the privacy level €. In the rest of this sec-
tion we derive an upper bound Uy (w) on the performance
of Cx(w) in the single-quantile case; doing so for multiple
quantiles is much more involved and shown in Section D.1.

Given a quantile ¢ € (0, 1) and a sorted dataset x € R™ of n
distinct points, we want to release 0 € [X[gn|], X[|qn|+1])>
i.e. such that the proportion of entries less than o is g. As in
prior work (Kaplan et al., 2022), the error of o will be the
number of points between it and the desired interval:

Gap, (x,0) = [{i : X < o}| = lgnl| = | max i = |qn]|

X[;1<0
)]
Gap,(x,0) is constant on intervals I, = (X[x], X[k41]]
in the partition by x of R (let Iy = (—o0,x[;;] and
I, = (X[n],)), so we also say that Gap,(x, I;) is the
same as Gap, (x, o) for some o in the interior of /.

For single quantile release we choose perhaps the most natu-
ral way of specifying a prediction for a DP algorithm: via the
base measure y : R — Ry of the exponential mechanism:

Theorem 2.1 (McSherry & Talwar (2007)). If the util-
ity u(x,0) of an outcome o of a query over dataset
X has sensitivity max, x~x |u(x,0) — u(X,0)] < A
then the exponential mechanism, which releases o w.p.
o exp(5x u(X,0))u(o) for some base measure i, is e-DP.

The utility function we use is uy = — Gapq, so since this is
constant on each interval I; the mechanism here is equiva-
lent to sampling k w.p. oc exp(euq(x, Iy)/2)(Ix) and then
sampling o from Ij, w.p. ocu(0). While using non-uniform
priors for EM is well-studied, the key idea here is to obtain
a prediction-dependent bound on the error that reveals a
useful measure of the quality of the prediction. In particular,

running EM in this way yields o that w.p. > 1 — [ satisfies
1 2 1

gLl Zig W0

W) © W ()

= {exp(—5 Gap,(x,0))u(0)do is the inner

2
G ,0) < =1
ap,(x,0) Zlo

where \I/,((q’a)

product between the prior and the EM score while \PS) =
lim._,q U = 1 ((X[|gn]]s X[|gn|+1]]) is the probability
assigned to the optimal interval (c.f. Lemma D.1).

This suggests two metrics of prediction quality: the neg-
ative log-inner-products U (1) = —log U4 (11) and

UL (1) = —1og U@ (11). Both make intuitive sense: we
expect predictions p that assign a high probability to in-
tervals that the EM score weighs heavily to perform well,
and EM assigns the most weight to the optimal interval.
There are also many ways that these metrics are useful.
For one, in the case of perfect prediction—i.e. if u as-
signs probability one to the optimal interval [} ,|—then

U8 (1) = U@ (u) = 1, yielding an upper bound on the
error of only 2log 5. Secondly, as we will see, both are
also amenable for analyzing robustness (the mechanism’s
sensitivity to incorrect priors) and learning. A final and
important quality is that the guarantees using these metrics
hold under no extra assumptions. Between the two, the first
metric provides a tighter bound on the utility loss while the
second does not depend on ¢, which may be desirable.

It is also fruitful to analyze the metrics for specific priors.
When x is in a bounded interval (a, b) and (o) = ~2stet

b—a
is the uniform measure, then \IJ,(f) (u) = lfi—’;, where 1, is

the minimum distance between entries; thus we recover past
bounds, e.g. Kaplan et al. (2022, Lemma A.1), that implic-
itly use this measure to guarantee qap.q(x3 0) < 2Jog g;}i
Here the support of the uniform distribution is correct by
assumption as the data is assumed bounded. However, an-

alyzing \IJ,((q) also yields a novel way of removing this as-

sumption: if we suspect the data lies in (a, b), we set u to

be the Cauchy prior with location ‘%rb and scale 1’77“. Even

if we are wrong about the interval, there exists an R > 0 s.t.
the data lies in the interval (%2 + R), so using the Cauchy

yields U@ > 5}:;% and thus the following guarantee:
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Corollary 2.1 (of Lem. D.1). If the data lies in the interval
(Ce R) and yu is the Cauchy measure with location “£°
and scale ® 25* then the output of the exponential mechamsm

“)w.p.)l—ﬁ.

+4R

. b—
satisfies Gap,(x,0) < 2log ( ST

IfR = ,1.e. we get the interval right, then the bound is
only an addltlve factor 2 = log m worse than before, but if we
are wrong then performance degrades as O(log(1 + R?)),
unlike the O(R) error of the uniform prior. Note our use of
a heavy-tailed distribution here: a sub-exponential density
decays too quickly and leads to error O(R) rather than
O(log(1 + R?)). We can also adapt this technique if we
know only a single-sided bound, e.g. if values must be
positive, by using an appropriate half-Cauchy distribution.

3. Releasing quantiles across multiple datasets

In the main version of this draft, we consider a sequential
release variant of the multi-dataset example from the
introduction in which the T datasets xi,...,Xp arrive
one-by-one. For example, they could be generated by a
stationary or other process that allows information derived
from prior releases to inform predictions of future releases.
We also consider a public-private application but relegate
it to Section F.2. Note that in this section we use only the
e-independent bound Uy, as U,(f) does not yield a convex
objective. We also again mainly discuss the single-quantile
bound U,((Q) for simplicity, but the general results (c.f. Sec-
tion F) extend naturally to multiple quantiles, and our
experiments also consider the multiple-quantile setting.

Throughout our applications, we will mainly consider a spe-
cific class of priors known as location-scale priors, which
for some measure f : R — Ry have form p, ,(z) =
%f (%) for v € R and ¢ > 0. Such families allows us
to model both the location of a quantile using v = (w, f)—
where w € R? is a linear model from public features f € R?
about the dataset x € R"™—and our uncertainty about it
using o, all while staying in reasonable dimensions.

One notable aspect of location-scale priors is that they
can be re-parameterized so that the upper bounds U,((q)
are convex; this allows the optimal priors to be provably
learned using first-order methods. To show this, we make
use of a connection between these upper bounds and the
likelihood of censored regression (Pratt, 1981), which
for noise ¢ € R models a relationship between features
f; € R? and a variable y; = (w, f;) + & when information
about y; is only provided in terms of an interval [a;, b;)
containing it (e.g. an individual’s income bracket, not their
exact income). If &; is from a location-scale distribution
with v = 0 the log-likelihood given datapoints (a;, b;, f;) is

Zlog f () ay o

E{al b f }n

Observe that for a = x[4,] and b = X[4n)14+1 We have

lan|

U>(cq) (N<w,f>,o) = - 1Og /~L<w,f>,o((a’ b])

b _ 4
—1ogf %f <0 iw’f>> o

which is the negative of L, ; ¢(W, o). We thus adopt the
reparameterization of Burridge (1981), who showed that
(3) is concave w.rt. (v,¢) = (¥, 1) whenever f is log-
concave, a property satisfied by the Gaussian and Laplace
families but not the Cauchy. Therefore, for such f we

have that ¢{? (v, 1), ¢)

(v, ¢). For numerical convenience and other reasons (c.f.
Section F.1) we use Laplace priors for the rest of this section.

= U,((q) (v 1) is convex w.r.t.
3%

Having established a family of priors, we now turn to the
sequential release application. Here we have a sequence
of datasets x4, . .., X7, each with associated public features
f1,...,fr € R? (e.g. day of the week), and we wish to
minimize the average gap + Zz;l Gap, (x¢, 04,:), whose

expectation can be bounded (42) in terms of 7 ZtT:1 U,((f).
For simplicity, we assume individuals do not occur in
multiple datasets x;, e.g. we are releasing the median age
of new users of a service. Note the natural way to avoid
this assumption is to compose the privacy budgets at each
time; empirically our methods are especially useful in the

low privacy regime this entails.

Our analysis suggests that we can apply online learning here,
e.g. doing the following at each ¢ starting with a prior p:

1. release o; using the prior yi; and suffer Gap, (x¢,0¢)

2. update to py1 using online learning on the loss Zscqt)

Because () (0, ¢) = UL (u%’i) is convex for Laplace
priors, online convex optimization (OCO) (Shalev-Shwartz,
2011) lets us compete with the best prior in hindsight accord-
ing to the upper bounds U,(((f) (111), or with the best linear map
w to locations {w, f;). We can again hedge against poor
predictions by mixing with a constant robust distribution.

However, we face the difficulty that online learning on
losses eﬁ:{? leaks information about x;. There are two
natural solutions. One is to use part of the budget ¢’ < ¢
on a DP online learner (Jain et al., 2012; Smith & Thakurta,
2013) and hope that the reduction in budget allocated to
quantile release is made up for by the improved priors.
We can show provable guarantees for this approach using
DP-FTRL (Kairouz et al., 2021a) (c.f. Theorem FE.5), but
in practice it is too noisy to learn competitive priors, except
with a lot of stationary data (c.f. Fig. 1 (left)). One issue is
that its DP guarantee is too strong, as it it allows swapping
out the entire dataset x; rather than a single entry. It is
unclear if a better sensitivity is possible for Uy, , as changing
an entry can flip the sign of the gradient while preserving
magnitude. We show (c.f. Lem. E.1) that it is possible
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for the e-dependent bound U,(j) over piecewise-constant

priors—remarkably sensitivity decreases with e—but that
upper bound is non-convex for location-scale families,
which are preferable for model learning.

Alternatively, we can replace ¢ with a proxy loss 7 that does
not depend on the data and optimize it using regular OCO.
We can do this because U,(c[f) depends only on the optimal
interval [Xq[|gn]» X¢[|qn|+1])> Whose location and size we
have (public) estimates for: the former via the quantile esti-
mate o; and the size is lower-bounded by the underlying data
discretization, which we have access to in-practice (e.g. age
is reported in years, bicycle trip length in seconds). We use
this information to construct proxy losses 2&3)(<V7 i), 6),
which do not depend on x; and so be learned with (standard)
OCO. Our DP-FTRL analysis (c.f. Theorem E.5) suggested
using different step-sizes for the location and scale, so we
use the COCOB optimizer (Orabona & Tomassi, 2017) as
it provably sets per-coordinate step-sizes without tuning.

We evaluate sequential release on three online tasks, each
consisting of a sequence of datasets needing quantiles:

1. Synthetic: each dataset is generated such that the quan-
tiles are fixed linear functions of a random Gaussian
feature vector, plus noise.

2. CitiBike: the data are the lengths of a day’s bicycle trips,
with the date and NYC weather information features.

3. BBC: the data are the Flesch readability scores of the
comments on a headline posted to Reddit’s worldnews
forum, with date and headline text information features.

In addition to the proxy approach, which we call PubProx,
we evaluate static priors—the uniform, Cauchy, and
half-Cauchy (if nonnegative)—and an approach we call
PubPrev, which uses a Laplace prior centered around the
previous step’s released quantile. Note that using the Uni-
form is equivalent to ApproximateQuantiles (AQ).
For both PubProx and PubP rev we ensure robustness by
mixing with a Cauchy (or half-Cauchy, if nonnegative) dis-
tribution with coefficient 0.1; this nearly always improves
performance for these methods, likely by ensuring their
training data is not too noisy. For a theoretical justification
of this approach, see Section C.2, and to see its effective-
ness, note how in Figure 1 (right) both augmented meth-
ods are almost always better when made robust, especially
PubPrev; in fact, non-robust PubPrev is unable to do
better than Uniform after around day 1600, when the start of
the COVID-19 pandemic significantly affects bicycle trips.

Our main comparisons is time-aggregated performance as
a function of ¢ (c.f. Figs. 2 and 3). All except perhaps Syn-
thetic demonstrate significant improvement by our methods
over the Uniform (AQ) baseline, especially at small €. On
Synthetic and CitiBike, both tasks with features for which a
linear model should provide some benefit, we see in Figure 2
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Figure 1. Comparison of sequential release over time on Synthetic
(left, log,, € = —1/2) and CitiBike (right, log,, ¢ = —2) tasks.
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Figure 2. Time-averaged performance of the sequential release of
nine quantiles on the Synthetic (left) and CitiBike (right) tasks.
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Figure 3. Time-aggregated mean (left) and median (right) perfor-
mance of sequential release of nine quantiles on the BBC task.

that PubProx is indeed the best across all except perhaps
the lowest privacy settings. For BBC, Figure 3 reveals a
large difference between mean and median performance
(note the difference in y-axis scales), with PubProx doing
best for the typical headline but the Cauchy doing better on-
average due to better performance on headlines with many
comments. The result suggests that in highly noisy settings,
the learning-based scheme should help, but it might not over-
come the robustness of a static Cauchy prior in-expectation.

Overall, the results demonstrate the strength of the Cauchy
and half-Cauchy priors, both as unbounded substitutes
for the Uniform and as a means of robustifying learning-
augmented algorithms. They also demonstrate the utility
of our upper bound in providing an objective for learning,
albeit using proxy data rather the DP online learning:
PubProx usually does better than PubP rev despite using
the same information. Overall, PubProx performs the best
at most privacy levels in all evaluation settings (Synthetic,
CitiBike, and BBC) except when the mean is used as the
metric for BBC (Fig. 3, left), where it does almost as well as
the best. Narrowing the performance gap with non-private
OCO (c.f. Fig. 1 (left), where we run COCOB directly on

E,(f’t) )—remains an important research direction.
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A. Related work

There has been significant work on incorporating external information to improve DP methods. A major line of work is the
public-private framework, where we have access to public data that is related in some way to the private data (Liu et al., 2021;
Amid et al., 2022; Li et al., 2022; Bie et al., 2022; Bassily et al., 2022). The use of public data can be viewed as using a predic-
tion, but such work starts by making (often strong) distributional assumptions on the public and private data; we instead derive
instance-dependent upper bounds with minimal assumptions that we then apply to such public-private settings. Furthermore,
our framework allows us to ensure robustness to poor predictions without distributional assumptions, and to derive learning
algorithms using training data that may itself be sensitive. Another approach is to treat DP mechanisms (e.g. the exponential)
as Bayesian posterior sampling (Dimitrakakis et al., 2017; Geumlek et al., 2017; Seeman et al., 2020). Our work can be
viewed as an adaptation where we give explicit prior-dependent utility bounds. To our knowledge, no such guarantees exist
in the literature. Moreover, while our focus is quantile estimation, the predictions-based framework that we advocate is much
broader, as many DP methods—including for multiple quantiles—combine multiple queries that must be considered jointly.

Our approach for augmenting DP with external information centers the algorithms with predictions framework. Motivated
by practical success (Liu et al., 2012; Kraska et al., 2018) and as a type of beyond-worst-case analysis (Roughgarden,
2020), algorithms in this framework have targeted a wide variety of cost measures, e.g. competitive ratios in online
algorithms (Anand et al., 2020; Bamas et al., 2020; Diakonikolas et al., 2021; Diitting et al., 2021; Indyk et al., 2022; Yu
et al., 2022; Christianson et al., 2023; Jiang et al., 2020; Kumar et al., 2018; Lykouris & Vassilvitskii, 2021; Rohatgi, 2020),
space complexity in streaming algorithms (Du et al., 2021), and time complexity in graph algorithms (Dinitz et al., 2021;
Chen et al., 2022; Sakaue & Oki, 2022) and distributed systems (Lattanzi et al., 2020; Lindermayr & Megow, 2022; Scully
et al., 2022). We make use of existing techniques from this literature, including robustness-consistency tradeoffs (Lykouris
& Vassilvitskii, 2021) and the online learning of predictions (Khodak et al., 2022). Tuning DP algorithms has been an
important topic in private machine learning, e.g. for hyperparameter tuning (Chaudhuri & Vinterbo, 2013) and federated
learning (Andrew et al., 2021), but these have not to our knowledge considered incorporating per-instance predictions.

The specific task we focus on is DP quantiles, a well-studied problem (Gillenwater et al., 2021; Kaplan et al., 2022), but
we are not aware of work adding outside information. We also make the important contribution of an effective method for
removing data-boundedness assumptions. Our algorithm builds upon the state-of-the-art work of Kaplan et al. (2022), which
is also our main source for empirical comparison.

B. Problem formulation

A good guarantee for a learning-augmented algorithm will have several important properties that formally separate its
performance from naive upper bounds Uy = Cx. The first, consistency, requires it to be a reasonable indicator of strong
performance in the limit of perfect prediction:

Definition B.1. A learning-augmented guarantee Cyx < Uy is cx-consistent if Cx (W) < cx whenever Ux(w) = 0.

Here ¢ is prediction-independent and should depend weakly or not at all on problem difficulty (for quantiles, the minimum
separation between data points). Consistency is often presented via a tradeoff with robustness (Lykouris & Vassilvitskii,
2021), which guarantees some level of performance ifthe prediction is bad, similar to a standard worst-case bound:

Definition B.2. A learning-augmented guarantee Cyx < Uy is rx-robust if it implies Cx (W) < 1y for all predictions w.

Unlike consistency, robustness usually depends strongly on the difficulty of the instance x, with the goal being to not do
much worse than a prediction-free approach. Note that the latter is trivially robust but not (meaningfully) consistent, since
it ignores the prediction; this makes clear the need for considering the two properties via tradeoff between them.

As discussed further in Section C.2, this existing language for quantifying robustness is one of the advantages of using
the framework of learning-augmented algorithms for incorporating external information into DP methods. We report
robustness-consistency trade-offs for our quantile release algorithms in the same section.

A last desirable property of the prediction quality measure Uy (w) is that it should be useful for making good predictions.
One way to formalize this is to require Uy, to be learnable from multiple instances x;. For example, we could ask for online
learnability, i.e. the existence of an algorithm that makes predictions w; € W in some action space W given instances
X1, ...,X;_1 Whose regret is sublinear in 7"

Definition B.3. The regret of actions wi,...,wr € W on the sequence of functions Ux,,...,Ux, is

» Uxr
maXwew Z?:l Ux, (Wt) — Ux, (W)



Learning-Augmented Private Algorithms for Multiple Quantile Release

Sublinear regret implies average prediction quality as good as that of the optimal prediction in hindsight, up to an
additive term that vanishes as " — 0. Since Uy, roughly upper-bounds the error Cx,, this means that asymptotically
the average error is governed by the average prediction quality minyeyw % Zle Ux, (w) of the optimal w € W. A
crucial observation here is that sublinear regret can often be obtained by making the function Uy amenable to familiar
gradient-based online convex optimization methods such as online gradient descent (Khodak et al., 2022). Doing so also
enables instance-dependent linear prediction: setting w; using a learned function of some instance features f;.

We demonstrate the usefulness of both learning and robustness-consistency analysis in two applications where it is reasonable
to have external information about the sensitive dataset(s). In the public-private setting, the prediction w is obtained from
a public dataset x’ that is assumed to be similar to x but is not subject to privacy-protection. In sequential release, we
privately release information about each dataset in a sequence X1, ..., xr; the release at time ¢ can depend on x; and on a
prediction w;, which can be derived (privately) from past observations. In Section 3 we show that sequential release can be
posed directly as a private online learning problem, while the public-private setting can be approached via online-to-batch
conversion (Cesa-Bianchi et al., 2004). Both are thus directly enabled by treating the prediction quality measures Uy, as
surrogate objectives for the actual cost functions Cx and applying standard optimization techniques (Khodak et al., 2022).

C. Utility of learning-augmented algorithms

In Sections 2 and D.1 we derive a data-dependent function U,(f) = —log \1155) that upper bounds the error of quantile release
using priors p1, . . ., fiy,. As in the single-quantile case, we can construct a looser, e-independent upper bound
& )
Ux = —log Wy =log ). " > U (5)
i=1

using the harmonic mean ¥, of \I'S(qi). We next summarize the usefulness of these upper bounds for understanding and
applying DP methods with external information. Note that all three aspects below are crucial in our experiments.

C.1. Minimal assumptions and new insights

Our guarantees require no extra data assumptions: in-fact, the first outcome of our analysis was removing a boundedness
assumption. This contrasts with past public-private work (Liu et al., 2021; Bie et al., 2022), which makes distributional
assumptions, and is why we can apply these results to two very distinct settings in Section 3.

C.2. Ensuring robustness

While we incorporate external information into DP-algorithms because we hope to improve performance, if not done
carefully it may lead to worse results. For example, a quantile prior concentrated away from the data may have error
depending linearly on the distance to the optimal interval. Ideally an algorithm that uses a prediction will be robust, i.e.
revert back to worst-case guarantees if the prediction is poor, without significantly sacrificing consistency, i.e. performing
well if the prediction is good.

Using the formalization of these properties in Definitions B.1 and B.2, algorithms with predictions provides a convenient way
to deploy them by parameterizing the robustness-consistency tradeoff, in which methods are designed to be rx(\)-robust
and cx (A)-consistent for a user-specified parameter A € [0, 1] (Bamas et al., 2020; Lykouris & Vassilvitskii, 2021). For
quantiles, we can obtain an elegant parameterized tradeoff by interpolating prediction priors with a “robust” prior. In

particular, since \I/,((q’s) is linear we can pick p to be a trusted prior such as the uniform or Cauchy and for any prediction

puse ) = (1 — A + Ap instead. Setting T (uM)) = (1 — )T (1) + AT (p) in (2) yields:
Corollary C.1 (of Lem. D.1; c.f. Cor. E.l1). For quantile q, applying EM with prior u™ = (1 — XN + \p is

2 1/8 2 1/8 ;
(g log m) -robust and (E log 775 ) -consistent.

Thus w.h.p. error is simultaneously at most % log % worse than that of only using the robust prior p and we only have error

% log 11# if the prediction p is perfect, i.e. if it is only supported on the optimal interval. This is easy to extend to the

Py
multiple-quantile metric — log \1/§f) . In fact, we can even interpolate between the polylog(m) prediction-free guarantee

of past work and our learning-augmented guarantee with the worse dependence on m; thus if the prediction is not good
enough to overcome this worse rate we can still ensure that we do not do much worse than the original guarantee.

9
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Corollary C.2 (of Lem. D.2 & Thm. D.3; c.f. Cor. E.2). If we run binary AQ on data in the interval (GTH’ + R) for

unknown R > 0 and use the prior ug)‘) = (1 = AN + Ap for each q;, where p is Cauchy (%t °=9) then the algorithm is

! 2 0 2
— 4R%
(i [logy m|? log (mn%) ) -robust and (§¢1°g2 M[logy m|log Tf g ) -consistent.

These results show the advantage of our framework in designing algorithms that make robust use of possibly noisy predictions.
Notably, related public-private work that studies robustness still assumes source and target data are Gaussian (Bie et al.,
2022), whereas we make no distributional assumptions. We demonstrate the importance of this robustness technique
throughout our experiments in Section 3.

C.3. Learning

A last important use for prior-dependent bounds is as surrogate objectives for optimization. As we show in Section 3, being
able to learn across upper bounds Uy, , ..., Ux, of a sequence of (possibly sensitive) datasets x; is useful for both the
public-private and sequential release. Algorithms with predictions guarantees are often sufficiently nice to do this using
off-the-shelf online learning (Khodak et al., 2022), a property that largely holds for our upper bounds as well.

Most saliently, the bound U,((q’s) =—log \I/;q’f) is a convex function of an inner product \1153’5) between the EM score and

the prior p; thus by discretizing one can learn over a large family of piecewise-constant priors, which themselves Lipschitz

priors over a bounded domain. The same is true of the multiple quantile bound U,(f)

U,((q"’si) and thus also convex. Thus in theory we can (privately) online learn the sequence U,((f) with low-regret w.r.t. any set
of m Lipschitz priors (c.f. Theorem E.2). However, in-practice we may not want to learn in the high dimensions needed by
the discretization, and rather than fixed priors we may wish to learn a mapping from dataset-specific features. In Section 3
we thus focus on learning the less-expressive family of location-scale models.

because it is the log-sum-exp over

D. Section 2 details

D.1. Releasing multiple quantiles

To simultaneously estimate quantiles ¢, ..., ¢, we adapt the ApproximateQuantiles method of (Kaplan et al.,
2022), which assigns each ¢; to a node in a binary tree and, starting from the root, uses EM with the uniform prior to
estimate a quantile before sending the data below the outcome o to its left child and the data above o to its right child.
Thus each entry is only involved in [log, m| exponential mechanisms, and so for data in (a, b) the maximum Gap,, across
m(b—a)

. . log2 m
quantiles is O (T log i

), which is much better than the naive bound of a linear function of m.

Given one prior y; for each g;, a naive extension of (2) gets a similar polylog(m) bound (c.f. Lem D.2); notably we extend
the Cauchy-unboundedness result to multiple quantiles (c.f. Cor. D.1). However the upper bound is not a deterministic
function of y;, as it depends on restrictions of x and p; to subsets (0;, 0x) of the domain induced by the outcomes of EM
for quantiles g; and g;, earlier in the tree. It thus does not encode a direct relationship between the prediction and instance
data and is less amenable for learning.

We instead want guarantees depending on a more natural metric, e.g. one aggregating \Iliqi’gi) (w;) from the previous
section across pairs (g;, ;). The core issue is that the data splitting makes the probability assigned by a prior p; to data
outside the interval (o;, ox) induced by the outcomes of quantiles ¢; and ¢, earlier in the tree not affect the distribution
of 0;. One way to handle this is to assign this probability mass to the edges of (0;, 0x), rather than the more natural
conditional approach of ApproximateQuantiles. We refer to this as “edge-based prior adaptation™ and use it to
bound Gap,,,,, = max; Gap,, (x, 0;) via the harmonic mean ) of the inner products glgoes) (11):

Theorem D.1 (c.f. Thm. D.3). If m = 2¥ — 1 for some k, quantiles q1, . . . , ¢ are uniformly spaced, and for each we have
a prior p; : R — R, then running ApproximateQuantiles with edge-based prior adaptation (c.f. Algorithm 2)
ise-DP, andwp. 21— (3

-1
2 Jog,(me1) m/B (6) _ m 1/m
Gap, ., < g¢ 2 [log,(m + 1)]log e Jor¥) = z; W (6)

¢

Here ¢; = and ¢ = # is the golden ratio.

Mogs 0n T 1]
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Figure 4. Maximum gap as a function of m for different variants of AQ when using the Uniform prior, evaluated on 1000 samples from a
standard Gaussian (left) and the Adult “age” dataset (right). The dashed and solid lines correspond to € = 1 and 0.1, respectively.

The golden ratio is due to a Fibonacci-type recurrence bounding the maximum Gap,, at each depth of the tree. \I/,(f)

.. o . . . (a3,54)
depends only on x and predictions p;, and it yields a nice error metric U,(f) = —log \I/,(f) =logX", U, However,
the dependence of the error on m is worse than of ApproximateQuantiles, as ¢'°82™ is roughly O(m°7). The
bound is still sublinear and thus better than the naive baseline of running EM m times.

The @(¢>1°g2 ™) dependence results from error compounding across depths of the tree, so we can try to reduce depth by
going from a binary to a K-ary tree. This involves running EM K — 1 times at each node—and paying K — 1 more
in budget—to split the data into K subsets; the resulting estimates may also be out of order. However, by showing that
sorting them back into order does not increase the error and then controlling the maximum Gap,, at each depth via another
recurrence relation, we prove the following:

Theorem D.2 (c.f. Thm. D.4). For any q1,...,qm, using K = [exp(1/log2log(m + 1))] and edge-based adaptation

guarantees e-DP and w.p. = 1 — 8 has Gap,,,, < % exp (2\/log(2) log(m + 1)) log 7;(/5(?

The rate in m is both sub-polynomial and super-poly-logarithmic (o(m®) and w(log® m) V « > 0); while asymptotically
worse than the prediction-free original result (Kaplan et al., 2022), for almost any practical value of m (e.g. m € [3, 1012]) it
does not exceed a small constant (e.g. nine) times log® m. Thus if the error — log \I/,(f) of the prediction is small—i.e. the in-

ner products between priors and EM scores are large on (harmonic) average—then we may do much better with this approach.

We compare K-ary AQ with edge-based adaptation to regular AQ on two datasets in Figure 4. The original is better at higher
€ but similar or worse at higher privacy. We also find that conditional adaptation is only better on discretized data that can
have repetitions, a case where neither method provides guarantees. Overall, we find that our prior-dependent analysis covers
a useful algorithm, but for consistency with past work and due to its better performance at high ¢ we will focus on the
original binary approach in experiments.

D.2. Quantile estimation via a prediction-dependent prior

The base measure p of DP mechanisms such as the exponential is the starting point of many approaches to incorporating
external information, especially ones focused on Bayesian posterior sampling (Dimitrakakis et al., 2017; Geumlek et al.,
2017; Seeman et al., 2020); while it is also our approach to single-quantile estimation with predictions, a key difference here
is the focus on utility guarantees depending on both the prediction and instance, which is missing from this past work. In the
quantile problem, given a quantile ¢ and a sorted dataset x € R™ of n distinct points, the goal is to release a number o that
upper bounds exactly |gn| of the entries. A natural error metric, Gap, (x, 0), is the number of entries between the released
number o and |gn|, and we can show that prediction-dependent bound using astraightforward application of EM with utility
— Gap,:

11
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Lemma D.1. Releasing o € R w.p. ocexp(—¢ Gap,(x,0)/2)u(o) is e-DP, and w.p. 1 — 8

1 2 1
Gap,(x,0) < (log 5 log @) (1 )> < - (log 5 log \I'S(q)(u)) @)
where U0 () = Yioexp(—e Gap,(x,1;)/2)u(l;) = §exp(—eGap,(x,0)/2)u(o)do is the inner product
between p and the exponential score while \I/(q)(,u) = (Ilan) is the measure of the optimal interval (note
maxy, uq(X, Iy) = — Gap, (X, I|gn)) = 0 and so Ay (u) )( YVe>0)

Proof. ¢-DP follows from u, having sensitivity one and the guarantee of EM with base measure p« (McSherry & Talwar,
2007, Theorem 6). For the error, since we sample an interval I, and then sample o € I, we have

Pr{Gapq(x, 0) = v} = Pr{uy(x, I;) < Z Pr{k = j}luq(xI y<—ry
7 ) ) 8)
S5 exp(-Fhully)  _ exp(-F)
= Yo exp(Suq(x, I))(L) — wie®(p)
The result follows by substituting /3 for the failure probability and solving for ~. O

We can also analyze the error metrics in this bound for specific measures . In particular, if the points are in a bounded interval
(a,b) and we use the uniform measure 14(0) = 1oe(q,5)/(b — @) then qzﬁ?vf) (u) = 1/”‘ , where 1), = miny, X[k+1] — x[k],

and we exactly recover the standard bound of % log g;i, .g.
analysis implicitly uses this measure). However, our approach also allows us to remove the boundedness assumption, which
itself can be viewed as a type of prediction, as one needs external information to assume that the data, or at least the quantile,
lies within the interval (a, b). Taking this view, we can use the prediction to set the location v € R and scale o > 0 of a
Cauchy prior /1, ,(0) = o/(7(0? + (0 — v)?)) without committing to (a, b) actually containing the data. Since we know

that the optimal interval (X[|gp|], X[|gn]+1]] 18 a subset of (b + R) for some R > 0, setting v = 2 and o = 252 yields

o Xkt1] ~X(k] _ 2(b—a)dy/m
> = >
Tk P4 R (b-a)? +AR? ©)

o X[|gn|+1] — X[|gn]]
U (1y0) = = 2 - : — 2
T 02 + MaXpe(|gn),|qn|+1} (V X[k])

IfR =
the guarantee of the uniform prior up to an additive factor 2 log w. However, whereas for the uniform prior we have no
performance guarantees if the interval is incorrect, using the Cauchy prior the performance degrades gracefully as the error
(R) grows. While this first result can be viewed as designing a better prediction-free algorithm, it can also be viewed as
making more robust use of the external information about the interval containing the data.

D.3. Multiple-quantile release using multiple priors

To estimate m > 1 quantiles ¢, . . . , ¢, at once, we adapt the recursive approach of (Kaplan et al., 2022), whose method
ApproximateQuantiles implicitly constructs a binary tree with a quantile g; at each node and uses the exponential
mechanism to compute the quantile ¢; = (g; — ¢,)/(7; — g,) of the dataset %; of points in the original dataset x restricted

to the interval (a;, lA)l) here q, < i and g; > ¢; are quantiles appearing earlier in the tree whose respective estimates a;
and 131- determine the sub-interval (if there is no earlier quantile on the left and/or right of ¢; we use q, = 0, a; = a and/or

q; =1, b; = b). Because each datapoint only participates in O(log, m) exponential mechanisms, the approach is able to run
each mechanism with budget (¢/log, m) and thus only suffer error logarithmic in the number of quantiles m, a significant
improvement upon running one EM with budget €/m on the entire dataset for each quantile, which has error O(m) in the
number of quantiles.

We can apply prior-dependent guarantees to ApproximateQuantiles—pseudocode for a generalized version of which
is provided in Algorithm 2—by recognizing that implicitly the method assigns a uniform prior 4; to each quantile ¢; and
then running EM with the conditional prior fi; restricted to the interval [G;, b;] determined by earlier quantiles in the binary

12
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tree. An extension of the argument in Equation 8 (c.f. Lemma D.2) then yields a bound on the error of the estimate o;
returned for quantile g; in terms of the prior-EM inner-product computed with this conditional prior fi; over the subset X;:

exp (5 (% — 7))

Pr{Gapqi (x,0;) =7} < g (Gises )(Mi)

for ¥ = (1 — ;) Gap,, (X, ;) + g Gapg, (x, l;l) (10)
Note that the error is offset by a weighted combination 4; of the errors of the estimates of quantiles earlier in the tree.
Controlling this error allows us to bound the maximum error of any quantile via the harmonic mean of the inner products
between the exponential scores and conditional priors:
Lemma D.2. Algorithm 2 with K = 2 and &; = ¢/[loga m| V i is e-DP and w.p. = 1 — 3 has
-1
) Y
Nz)
Proof. The privacy guarantee follows as in (Kaplan et al., 2022, Lemma 3.1). Setting the above probability bound (10) to
BYE

m‘yéii)(ﬁi:ﬂi)
q; in the tree. If k; = 1 then i is the root node so 4; = 0 and we have Gap,, (x,0;) < z log (E) To make an inductive

m\w

max Gap,, (x,0;) <
k2

nMs

X

m
[log, m] logm for 8) = (

for each i we have w.p. > 1 — 3 that Gap,, (x, 0;) < 2log # +4; V i. Now let k; be the depth of quantile

argument, we assume Gap,, (X, 0;) < % log géﬁe) Vis.t. k; <k, and so for any i s.t. k; = k + 1 we have that
2 m - . . - 2(k+1)
Gap,, (x,0;) < z log B\ilgf) +(1—a) Gapgi (x,a;) + Gi Gapg, (x,0:) < z log ﬁ\ilgf) 12
Thus Gap,, (x,0;) < ks log s V1, so using k; < [logy m]and &€ = Tog, 77 Yields the result. O

Setting /i; to be uniform on [d;, Bi] exactly recovers both the algorithm and guarantee of (Kaplan et al., 2022, Theorem 3.3).
As before, we can also extend the algorithm to the inﬁnite interval:

Corollary D.1. If all priors are Cauchy with location ¢ 2 b and scale ®=2 and the data lies in the interval (‘%b + R) then

: . R
wp. = 1 — 3 the maximum error is at most 2[log, m|?* log <7Tm;5¢x‘“ .

However, while this demonstrates the usefulness of Lemma D.2 for obtaining robust priors on infinite intervals, the associated

prediction measure \ilgf) is imperfect because it is non-deterministic: its value depends on the random execution of the
algorithm, specifically on the data subsets X; and priors fi;, which for ¢ not at the root of the tree are affected by the DP
mechanisms of ¢’s ancestor nodes. In addition to not being given fully specified by the prediction and data, this makes e
difficult to use as an objective for learning. A natural more desirable prediction metric is the harmonic mean of the inner
products between the exponential scores and original priors p; over the original dataset x, i.e. the direct generalization of

our approach for single quantiles.

Unfortunately, the conditional restriction of y; to the interval [&Z,l; ;] removes the influence of probabilities assigned to
intervals between points not in this interval. To solve this, we propose a different edge-restriction of y; that assigns
probabilities j4;((—o0, @;)) and y1;((b;, 90)) of being outside the interval [a, b;] to atoms on its edges a; and b;, respectively.
Despite not using any information from points outside X;, this approach puts probabilities assigned to intervals outside
[a;, IS,] to the edge closest to them, allowing us to extend the previous probability bound (10) to depend on the original
prior-EM inner-product (c.f. Lemma G.3):

Pr{Gap,, (x,0;) = 7} < exp(e(§; — 7/2))/ U8 (1;) (13)

However, the stronger dependence of this bound on errors 4; earlier in the tree lead to an @(¢1°g2 m) = O(m"7) dependence

1+«f

on m, where ¢ = is the golden ratio:

Theorem D.3. If the quantiles are uniform negative powers of two then Algorithm 2 with K = 2, edge-based prior
adaptation, and ¢; = ¢/[logy(m + 1)| Vi is e-DP and w.p. = 1 — 3 has

—1
2 m S 1/m
max Gap,, (x,0;) < =¢'°52("V[log,(m + 1)]log —=  for ¥ = (Z — > (14)
co g Ui 2w )

13
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(e
Proof. Since ¢; = 1/2V i, setting the new probability bound equal to \Ilf?ig‘:() yields that w.p. > 1 —
m Hi

2 m . 2 m . 2 .
Gap,, (x,0;) < z log M + 2% = z log M + Gap, (x, a;) + Gapg, (x,b;) Vi (15)

If for each k < [log, m] we define Ej; to be the maximum error of any quantile of at most depth % in the tree then since one
of q, and g, is at depth at least one less than g; and the other is at depth at least two less than ¢; we have Ej, < % log

gl
for recurrent relation Ay = 1+ Ag_1 + Ag_2 with Ag = 0 and A; = 1. Since Ay = Fj41 — 1 for Fibonacci sequence
F; = 74)]_5}5_@] , we have
) [logy (m+1)]+1 ) [logy (m+1)]+1
max Gap,, (X, 0;) = max Ej, < ¢ log — > ¢ [logy(m + 1)]log % (16)

k &b 8 B N evVb BUE

O

Thus while we have obtained a performance guarantee depending only on the prediction and the data via the harmonic
mean \Ilgf) of the true prior-EM inner-products, the dependence on m is now polynomial. Note that it is still sublinear,
which means it is better than the naive baseline of running m independent exponential mechanisms. Still, we can do much
better—in-fact asymptotically better than any power of m—by recognizing that the main issue is the compounding error
induced by successive errors to the boundaries of sub-intervals. We can reduce this by reducing the depth of the tree using
a K -ary rather than binary tree and instead paying K — 1 times the privacy budget at each depth in order to naively release
values for K — 1 quantiles. This can introduce out-of-order quantiles, but by Lemma G.4 swapping any two out-of-order
quantiles does not increase the maximum error and so this issue can be solved by sorting the K — 1 quantiles before using

them to split the data. We thus have the following prediction-dependent performance bound for multiple quantiles:
Theorem D.4. If we run Algorithm 2 with K = [exp(+/log 2log(m + 1))], edge-based adaptation, and £; = 5 for some

-1
power p > 1, k; the depth of q; in the K-ary tree, and € = == ( ,E:gl"(mH)] k%)

, then the result satisfies c-DP

and w.p. > 1 — 3 we have max; Gap,, (x,0;) < *- exp (2\/Iog )log(m + 1)) log if p = 2 and more generally

m
Bl
where cj, depends only on p.

max; Gap,, (x,0;) < Z exp (2\/Iog ) log(m + 1)) log ﬁ

Proof. The privacy guarantee follows as in (Kaplan et al., 2022, Lemma 3.1) except before each split we compute K — 1
quantiles with K — 1 times less budget. As in the previous proof, we have w.p. > 1 — 3 that

2 2k?2
Gap,, (x,0i) < — logL + 29, = —log _m
‘ & BEY 5 3w

X

+2(1 = ¢;) Gap, (x,a;) + 2¢; Gapg, (x, b)Vi o (17)

If for each k < [logx (m + 1)] we define E}, to be the maximum error of any quantile of at most depth % in the tree then
since both q, and g; are at depth at least one less than g; we have £}, < 24k where A, = kP + 24,1 and

~k log
Ay = 1. Forthe case of p = 2, A, < 6-2Fand 1/5 = £

m
B (5)7

“"gK (m+1)] 1%2 < %(K 1) so we have that

m 272

(K — 1)2[10gx(m+1)1 log

12
max Gap,, (x,0;) = max B, < —2lesx(mtl]og < —
i i k £ 5\11;5) £ 5\113({8)

Substituting K = [exp(y/log 2log(m + 1))] and simplifying yields the result. For p > 1, A, <272 (2+ ® (3, -p,2)),
where ® is the Lerch transcendent, and 1/& < Ks’l (p), where ( is the Riemann zeta function. Therefore

[log i (m—+1)] 1
max Gap,, (x,0;) = max Fj, < Kif 24+ @ (=-,—p,2] |log < c—p(K — 1)2eex (m+ D1 og
i @ k 2¢ 2 pulE) e B

for e, = (1+@ (5, -.2) /2) (o). 0
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Similarly to Theorem D.3, the proof establishes a recurrence relationship between the maximum errors at each depth.
Note that in addition to the K -ary tree this bound uses depth-dependent budgeting to remove a O(log, m)-factor; the
constant depending upon the parameter p > 1 of the latter has a minimum of roughly 8.42 at p ~ 1.6. As discussed

before, the new dependence O (exp (2\/log(2) log(m + 1))) on m is sub-polynomial, i.e o(m®) V o > 0. While it is

also super-polylogarithmic, its shape for any practical value of m is roughly O(logg m), making the result of interest as a
justification for the negative log-inner-product performance metric.

D.4. Experimental details

For the experiments in Section 2, specifically Figures 6, we evaluate three variants of the algorithm on data drawn from a
standard Gaussian distribution and from the Adult “age” dataset (Kohavi, 1996). In both cases we use 1000 samples and run
each experiment 40 times, reporting the average performance. As we do for all datasets, we use reasonable guesses of mean,
scale, and bounds on each dataset to set priors. As in this section we report the Uniform, we need to specify its range; for
Gaussian we use [—10, 10], while for “age” we use [10, 120].

The original AQ algorithm of Kaplan et al. (2022) is now fully specified. We test two variants of our K -ary modification:
one with edge-based adaptation, and the other using the original conditional adaptation. For both cases we set K as a
function of m according to the formula in Theorem D.2, and we set the power p of the depth-dependent budget discounting
to 1.5, which is close to the theoretically optimal value of around 1.6 (c.f. Thm D.4).

E. Section C details

E.1. Robustness-consistency tradeoffs

While prediction-dependent guarantees work well if the prediction is accurate, without safeguards they may perform catas-
trophically poorly if the prediction is incorrect. Quantiles provide a prime demonstration of the importance of robustness, as
using priors allows for approaches that may assign very little probability to the interval containing the quantile. For example,
if one is confident that it has a specific value = € (a, b) one can specify a more concentrated prior, e.g. the Laplace distribution
around x. Alternatively, if one believes the data is drawn i.i.d. from some a known distribution then p can be constructed via
its CDF using order statistics (David & Nagaraja, 2003, Equation 2.1.5). These reasonable approaches can result in distri-
butions with exponential or high-order-polynomial tails, using which directly may work poorly if the prediction is incorrect.

Luckily, for our negative log-inner-product error metric it is straightforward to show a parameterized robustness-consistency
tradeoff by simply mixing the prediction prior  with a robust prior p:

Corollary E.1. For any prior p : R — Rxg, robust prior p : R — Rx, and robustness parameter A € [0, 1], releasing
A N (2 /B 2 1/8
0 € Rwp. «cexp(—e Gap,(x, 0)/2)t™M (0) for p™ = (1 = N + Ap is (g log 7>-r0bust and (E log ﬂ)'

1
AL (p)

consistent wp. = 1 — f3.

Proof. Apply Lemma D.1 and linearity of %) (M) = (1 - /\)\If,(cq’s)(,u) + AT (p). O

Thus if the interval is finite and we set p to be the uniform prior, using ,u()‘) in the algorithm will have a high probability
guarantee at most % log %-Worse than the prediction-free guarantee of Kaplan et al. (2022, Lemma A.1), no matter how

poor (i is for the data, while also guaranteeing w.p. > 1 — /3 that the error will be at most g log 11175/\ if p is perfect. A similar
result holds for the case of an infinite interval if we instead use a Cauchy prior. Corollary E.1 demonstrates the usefulness
of the algorithms with predictions framework for not only quantifying improvement in utility using external information

but also for making the resulting DP algorithms robust to prediction noise.

The above argument for single-quantiles is straightforward to extend to the negative log of the harmonic means of the inner
products. In-fact for the binary case with uniform quantiles we can trade-off between polylog(m)-guarantees similar to
those of Kaplan et al. (2022) and our prediction-dependent bounds:
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Corollary E.2. Consider priors p, ..., pm @ R — Rsq, Cauchy prior p : R — Rsq with location “—*b and scale

bf?a, and robustness parameter A € [0,1]. Then running Algorithm 2 on quantiles that are uniform negatzve powers

of two with K = 2, edge-based prior adaptation, €; = £ = ¢/[logym| V 4, and priors u =X+ (1 =Np; Viis

4R?
(EHng m|* log <7Tmbz)\;wa) > -robust and (2¢1°g2 " [log, m|log 7 /ﬁ) -consistent wp. = 1 — .

Proof. Apply Lemma D.2, Theorem D.3, and the linearity of inner products making up W and ¥'¢. O

E.2. Learning predictions, privately

Past work, e.g. the public-private framework (Liu et al., 2021; Bassily et al., 2022; Bie et al., 2022), has often focused
on domain adaptation-type learning where we adapt a public source to private target. We avoid assuming access to large
quantities of i.i.d. public data and instead assume numerous tasks that can have sensitive data and may be adversarially
generated. As discussed before, this is the online setting where we see loss functions defined by a sequence of datasets
X1, ..., X7 and aim to compete with best fixed prediction in-hindsight. Note such a guarantee can also be converted into
excess risk bounds (c.f. Appendix H.1).

E.2.1. NON-EUCLIDEAN DP-FTRL

Because the optimization domain is not well-described by the /5-ball, we are able to obtain significant savings in dependence
on the dimension and in some cases even in the number of instances 7' by extending the DP-FTRL algorithm of (Kairouz
et al., 2021a) to use non-Euclidean regularizers, as in Algorithm 1. For this we prove the following regret guarantee:

Theorem E.1. Let 61, . .., 071 be the outputs of Algorithm 1 using a regularizer ¢ : © — R that is strongly-convex w.r.t.
| - | Suppose ¥ t € [T] that lx,(-) is L-Lipschitz w.r.t. | - | and its gradient has {y-sensitivity Ay. Then wp. = 1 — ('
we have ¥ 0* € O that

T *
Z 0(0y;xy) — £(0%;%x4) < w +nL ( (G + Cy/2log ﬁ/> aAon/[log,y T]) T (20)
t=1

where G = B, n(0,.1,) 5UP|y <12 Y) = Ezun0,.1)l|Z]« is the Gaussian width of the unit | - |-ball and C'is the

Lipschitz constant of | - |« w.rt. || - ||2. Furthermore, for any €' < 2log 4, seiting o = %4/2[log, T|log 3 makes the
algorithm (g',6')-DP.

Proof. The privacy guarantee follows from past results for tree aggregation (Smith & Thakurta, 2013; Kairouz et al., 2021a).
For all t € [T] we use the shorthand V; = Vg/x, (6;); we can then define f; = arg ming.g ¢(6) + 13 _(Vs,6) and
b =g — 22:1 V. Then

T

Dl (01) — £, (0%) < Z<vt,9t %) = Z<vt,9t e*>+2<vt,9t 0,)

t=1 t=1

0*) — ¢(61) j
< ¢<>n¢<1 +n 2 IV:l3 + Z IVl 62 = 0] @D

* T
< ¢(9 );(b(el) +nL (LT+ Z |bt|*>

t=1

where the first inequality follows from the standard linear approximation in online convex optimization (Zinkevich, 2003),
the second by the regret guarantee for online mirror descent (Shalev-Shwartz, 2011, Theorem 2.15), and the last by applying
McMahan (2017, Lemma 7) with ¢1(-) = ¢(-) + 173 _1(Va, 5 ¥(-) = 1{(by,-), and ¢2(-) = ¢(-) + 1(gs, -), yielding
16; — 6,]| < n|by|« ¥t € [T]. The final guarantee follows by observing that the tree aggregation protocol adds noise
b; ~ N(0,,02A%[log, t]) to each prefix sum and applying the Gaussian concentration of Lipschitz functions (Boucheron
et al., 2012, Theorem 5.6). O
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Algorithm 1: Non-Euclidean DP-FTRL. For the ITnitializeTree, AddToTree, and Get Sum subroutines see
Kairouz et al. (2021a, Section B.1).

Input: Datasets x3, . .., X7 arriving in a stream in arbitrary order, domain © < RP, step-size > 0, noise scale
o > 0, ly-sensitivity Ag > 0, regularizer ¢ : © — R
g1 < Op
T «—InitializeTree(T,o?, Ay) // start tree aggregation

fort=1,...,7do
0y < argming.g ¢(0) + 1{g:, )

suffer (x, (6;)
T «<AddToTree(T,t, Volx, (6:)) // add gradient to tree
g1 —Getsum(T,t) // estimate Zi:l Volx, (0s)

The above proof of this result follows that of the Euclidean case, which can be recovered by setting G = O(\/E) C=1,
and A, = O(L)." In addition to the Lipschitz constants L, a key term that can lead to improvement is the Gaussian width
G of the unit | - |-ball, which for the Euclidean case is O(v/d) but e.g. for || - || = | - |1 is O(y/Iog d). Note that a related
dependence on the Laplace width of © appears in Agarwal & Singh (2017, Theorem 3.1), although their guarantee only
holds for linear losses and is not obviously extendable. Thus Theorem E.1 may be of independent interest for DP online
learning.

E.2.2. LEARNING PRIORS FOR ONE OR MORE QUANTILES

‘We now turn to learning priors p; = (ut[l], SN ut[m]) to privately estimate m quantiles qq, . . . , ¢, on each of a sequence of
T datasets x;. We will aim to set p1, . .., ur s.t. if at each time ¢ we run Algorithm 2 with privacy € > 0 then the guarantees
given by Lemmas D.3 and D.4 will be asymptotically at least as good as those of the best set of measures in F"*, where F
is some class of measures on the finite interval (a, b). The latter we will assume to be known and bounded. Note that in this
section almost all single-quantile results follow from setting m = 1, so we study it jointly with learning for multiple quantiles.

Ignoring constants, the loss functions implied by our prediction-dependent upper bounds for multiple-quantiles are the
following negative log-harmonic sums of prior-EM inner-products:

= 1
= log - = log (22)
Z LU () ; (1gi7) Z §i exp(—e; Gapy, (x;, 0)/2) s (0)do

We focus on minimizing regret max,,e zm ZtT=1 U V() — U,((f) (1) over these losses for priors j[;) in a class Fy, 4 of proba-
bility measures that are piecewise V -Lipschitz over each of d intervals uniformly partitioning [a, b). This is chosen because it
covers the class Fy,; of V-Lipschitz measures and the class of F g of discrete measures that are constant on each of the d in-

tervals. The latter can be parameterized by W € A", so that the losses have the form U,(cf) (pw) =log 237" (se.i, W)™

b_ia .
for s;; € Rio. This can be seen by setting s;;[;; = ﬁsaibfazj 1 exp(—¢; Gap,, (X¢,0)/2)do and
a+ 5% (j— i
pwy, (0) = ﬁwm over the interval [a+ %5%(j —1),a+ 25%j). Finally, for A € [0,1] we also let

FN = {1 - Np+ ﬁ : w € F} denote the class of mixtures of measures p € F with the uniform measure.

As detailed in Appendix H.2, losses of the form — log(st, -), i.e. those above when m = 1, have been studied in (non-private)
online learning (Hazan et al., 2007; Balcan et al., 2021). However, specialized approaches, e.g. those taking advantage
exp-concavity, are not obviously implementable via prefix sums of gradients, the standard approach to private online
learning (Smith & Thakurta, 2013; Agarwal & Singh, 2017; Kairouz et al., 2021a). Still, we can at least use the fact that
we are optimizing over a product of simplices to improve the dimension-dependence by applying Non-Euclidean DP-FTRL
with entropic regularizer $(W) = m(W ,log W), which yields an m-way exponentiated gradient (EG) update (Kivinen
& Warmuth, 1997). To apply its guarantee for the problem of learning priors for quantile estimation, we need to bound the
sensitivity of the gradients Vw U,(cf) (1w ) to changes in the underlying datasets x;. This is often done via a bound on the
gradient norm, which in our case is unbounded near the boundary of the simplex. We thus restrict to y-robust priors for some

! As of this writing, the most recent arXiv version of Kairouz et al. (2021a, Theorem C.1) has a typo leading to missing a Lipschitz
constant in the bound, confirmed via correspondence with the authors.
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v € (0, 1] by constraining W € A" to have entries lower bounded by y/d—a domain where |Vw U,({f) (pw)ll < d/y
(c.f. Lemma H.1)—and bounding the resulting approximation error; we are not aware of even a non-private approach that
avoids this except by taking advantage of exp-concavity (Hazan et al., 2007).

We thus have a bound of 2d/~ on the ¢5-sensitivity. However, this may be too loose since it allows for changing the entire
dataset x;, whereas we are only interested in changing one entry. Indeed, for small € we can obtain a tighter bound:

Lemma E.1. The {5-sensitivity owaU,(ci) (tw) is %min{2, efm — 1}, where &,, = (1 + 1,,>1) max; &;.

Proof for m = 1; c.f. Appendix H.2.1. Let X; be a neighboring dataset of x; and let U,Ej)(,uw) = —log(§;, w) be the
corresponding loss. Note that maxe[q,5) | Gap, (X, 0) — Gap, (X, 0)| < 150
- T 5 - Lo [T € Le
i1 = J exp (—f Gap, (X¢, 0)) doee*z f exp (—f Gap, (xt, o)) do = e s, (23)
a+27%(j-1) 2 a+232(j-1) 2

Therefore since m = 1 we denote w = W[l], St = S¢,1, and S; = S, 1 and have

d ~ 2 ~ 2
VW U)((E) w) VW USE) w = ( St[j] - ..St El > = t[J < St[j] <§t’ W>)
[V U (1) ()2 2 TS G Z <St’w>2 S Gy

(24
< VWU, (uw)Hlmj‘dXIF@I
_ Bypiise,w) s¢[;] exp(£5){s¢,w) . . .. .
where k; = S G WS € G pr( 15 € exp(te) by Equation 23. The result follows by taking the minimum with the
bound on the Euclidean norm of the gradient (Lemma H.1). O

Since e — 1 < 2¢ for € € (0, 1.25], for small ¢ this allows us to add less noise in DP-FTRL. With this sensitivity bound,
we apply Algorithm 1 using the entropic regularizer to obtain the following result:

Theorem E.2. Ford > 2, € (0,1/2] if we run Algorithm 1 on U,((f)( w) =log > ", W)()

and regularizer (W) = m(W  log W) then for

over y-robust priors

log(d)/T
1+ (2\/10g(md)+\/2 log %)U\/log[log2 Tl min{1,&,,}
any V=0, A€ [0,1], and 8’ € (0, 1] we will have regret

with step-size n = 13

VmT
max Z U (pw,) — U () < %(b —a)® + 2max{y — \,0}T log 2
l‘[f]E}-th 1 vdy
2md T
+ % (1 + (4 log(md) + 24 [2log 5/> o/ [log, T min{l,ém}> Tlogd

(25)

wp. = 1 — 3, where 1 is the harmonic mean of 1x, = min, Xe[k+1] — Xek] and €y = (1 + 1py>1) max; €. For any

&' < 2log §; setting o = L4 /2[log, T log +; makes this procedure (', 6')-DP.
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Proof For set of ~y-robust priors p s.t. pr; = min{l — v + A, 1} + w and W € A7 st. Wy

i,j] =
=2 SZI b da ?J n pri1(0)do we can divide the regret into three components:
T T T
Z Hiw,) = U2 (1) = 3, U2 (nw,) = U (pw) + Z U (nw) = UL (p) + 2, U () = UL () (26)
i=1 t=1 t=1
The first summation is the regret of DP-FTRL with regularizer ¢, which is strongly convex w.r.t. || - |;. The Gaussian
width of its unit ball is 24/log(md), by Lemma H.1 the losses are Q—Lipschitz w.rt. || - |1, and by Lemma E.1 the
lo-sensitivity is Ag = %min{Z, efm — 1} < mm{l €m}, so applying Theorem E.1 yields the bound mZITOgd +

nc;T (1 + (41 /log d + 24/21log %) [logy T'| mm{l, 5}) The second summation is a sum over the errors due to
discretization, where we have

T
> Uk ~ U (p)

t=1

log Z<st i — log Z L

S exp(—¢; Gap,, (x¢,0)/2)pp;)(0)do
(=% Gapy, (x¢,0))ppi(0)do — (s¢.i, Wi

I
=

-
Il
—
-
Il
fut

VA
1=
INgE
2
oD
]
o}
PN
»
g
=

t=1:=1
a b—a . (27)
38 S STl exp(=5 Gapg, (x10)) (o (0) — jowy (0))do
t=14=1 Y, /(b —a)
d a+ bfaj
_ i ’Z”: 2=t Say 12e j_yy lPrir(0) = ppig(01.5)ldo VT
t=1i=1 Y, /(b —a) ydap

where the first inequality follows by concavity, the second by using the definition of W to see that {(s;;, W;;) =
b . xf
S xp(—5 Ga, (x, 0 ))uwm (0)do > 32
0ij € (a +b=a =4 (i—1),a T 2 1), and the fourth by the Lipschitzness of pf;; € fv, - The third summation is a sum over the

errors due to y-robustness, with the result following by UL (p) — UL (n) < UL () — log(1—max{y—\,0})— U9 (n) <
2max{y — A, 0} log 2. O

, the third by Holder’s 1nequahty and the mean value theorem for some

Note that in the case of V' > 0 or A = 0 we will need to set d = wr(1) or v = or(1) in order to obtain sublinear regret.
Thus for these more difficult classes our extension of DP-FTRL to non-Euclidean regularizers yields improved rates, as in
the Euclidean case the first term has an extra +v/d-factor. The following provides some specific upper bounds derived from
Theorem E.2:

Corollary E.3. For each of the following classes of priors there exist settings of d (where needed) and ~y > 0 in Theorem E.2
that guarantee obtain the following regret w.p. > 1 — f3':

1. A-robust and discrete ;) € fé,);z)-' @ (‘ij\”\/(l + M) T)

2. A-robust and V' -Lipschitz pp;) € ]-"(/)‘1) o (&“\/%q/(l + %) T3>

3. discrete juj;) € Fo.q4: O (\/%</(1 + %) T3)

4. V-Lipschitz pj;) € Fy,1: (\FW\/ . min{l, sm}) T7)
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Thus competing with A-robust priors with discrete PDFs enjoys the fastest regret rate of @(\/T ), while either removing
robustness or competing with any V-Lipschitz prior has regret O (T3/*), and doing both has regret O (T7/%). When
comparing to Lipschitz priors we also incur a dependence on the inverse of minimum datapoint separation, which may
be small. A notable aspect of all the bounds is that the regret improves with small € due to the sensitivity analysis in
Lemma E.1; indeed for ¢ = O(¢’) the regret bound only has a O(log 5;)-dependence on the privacy guarantee. Finally,

for A-robust priors we can also apply the log b/\’ w“ -boundedness of — log \I/,(cq’g) () and standard online-to-batch conversion

(e.g. Cesa-Bianchi et al. (2004, Proposition 1) to obtain the following sample complexity guarantee:

Corollary E4. For any a > 0 and distribution D over finite datasets x of -separated points from (a,b), if we run

log
the algorithm in Theorem E.2 on T = ( =S

1 o
2 (diTQ (1 + mm{gl,’sm}) + log? >\1¢)) i.i.d. samples from D then

[e3%

1

wp. = 1 — ' the average W = thTzl W, of the resulting iterates satisfies Ex.plogy, L

m
i=1 g (ai-ei) o,
Wy (Nw[i])

min eF ) Ex~plog >, W + a. For a-suboptimality w.rt. pup € ]-"(,)‘1) the sample complexity is

Kri (bray)

log 4, 2 2 ; =
Q ( a25 (A‘:wglw (1 + mln{ell,sm}) + 10g2 )ip))

F. Section 3 details

F.1. Location-scale families
A location-scale model is a distribution parameterized by a location v € R and scale ¢ € R whose density has the form
Hyo(2) = % f (TJ;”) for some centered probability measure f : R — R>(. Unfortunately, we show that no log-concave

f is robust, in the sense that for any R > 0 there exists a dataset of points in the interval (6 + R)™ s.t. A (1o,1) = QR)
(rather than O(log(1 + R?)) as shown for the Cauchy family in Corollary 2.1). On the other hand, log-concave location-scale

families are the only ones for which U,(CQ) is convex, both for the original parameterization and that of Burridge (1981).
We record these facts in the following theorem:

Theorem F.1 (c.f. Thm. F2). Let u1, » be a location-scale family associated with a continuous measure f : R — R.

1. If f is log-concave then 3 a,b > 0 s.t. for any R > 0, ¢ € (0, %] q > L, and 6 € R there exists x € (6 + R)" with
min; Xp; 1] — X[ = ¥ s.L. U,Eq) (1) =aR + log %.

2. If f is not log-concave then there exists x € R"™ with min; x[; 417 —X[;] > 0 s.1. U,((q) (ttg,1) is non-convex in 6.

Note the latter dataset is not degenerate: for f strictly log-convex over [a, b], any x whose optimal interval has length

< b_T“ has non-convex U,((q) (p,1) =—log \I/S’) (o1)-

We must thus choose between having a robust location-scale family like the Cauchy or an easy-to-optimize log-concave
one. As we can ensure robustness of the learned prior post-hoc using the approach of Section C.2, we choose the latter.
Specifically, we use the Laplace prior, as it is in some sense the most robust log-concave distribution (it has loss O(R)
if x € (0 £ R)", whereas e.g. the Gaussian has loss ©(R?)) and because it yields a numerically stable closed-form

expression (37) for 12&‘” (0, ¢) (unlike e.g. the Gaussian).

F.1.1. IMPOSSIBILITY OF SIMULTANEOUS ROBUSTNESS AND CONVEXITY

Theorem F.2. Let f : R — Ry be a centered probability measure and for each 0 € © define jp(x) = f(x — 0).

1. If f is continuous then Uy (1) is convex in 0 for all sorted dataset x € R™ if and only if f is log-concave.

2. There exist constants a,b > 0 s.t. for any r > 0, ¢ € (0, %] q = %, and 0 € R there exists a sorted dataset

X € (0 £ R)" with mine[, 1] X[;41] — X[i] = ¥ S.L. U,(cq) (o) = aR + log %.
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Proof. For the first direction of the first result, consider any 6,6’ € R and A € [0, 1]. We have that

\I/,(cq) (/ie)/\‘ygcq) (Me/)l_’\

(28)
‘I’gcQ)Merr(l—)\)e')

US (10 -0r) = (UL (1) = (1= X) log UL 1) = log

so it suffices to show that Wy (q) (xo+(1—n)er) = \Ils(Q)(ug)’\\IJ(q) (per)'~>. By the log-concavity of f we have

or—ne A+ (1 =XNy) = fFAz—0)+ (1 =Ny —0)) = flz -0 fly— )" = po(2) no ()" (29

for all x, y € R. Therefore by the Prékopa-Leindler inequality we have that

@ X[|gn|+1] X[|gn]+1] [lan]+1] =2
W (xo+(1-nyor) = f fxo+1-xe (v)dr > J po(x)d J per (v)dx (30)
A

[Lan]] [Lgn]] [Lgn]]
= Uy (q) (110) U (ng)'~

For the second direction, by assumption 3 a < ¢,b > cs.t. A/f(2)f(y) > f(EL)V 2,y € [a,b], i.e. fis strictly
log-convex on [a, b]. Let x € R" be any dataset s.t. X[|¢n]+1] — X[|gn]] < b? and set 0 = X[ign|] — @ 0 = X[|gn]] — “;b.

Then we have

Xlqn]+1] Xlgn]+1] lan)+1] ) lanl +1]
\/J Me(x)dxf por (x)dx = \/J v 1o () de \ e (z dfC
X(lgnl] x

X[lgn]] [Lan]] X[lgn]]
X[|gn]+1]
Vo () per (v)dz
X[lgnl] 3D
X[|qn]+1]
= V@ = 0)f(z —0)dx
X[gn ]
X[lgn|+1] 0+0 X[lgn]+1]
> f f (ac - dx = f tovo (z)dx
X[1qn]] X[[qn]] ?

where the first inequality is Holder’s and the second is due to the strict log-convexity of f on [a, b]. Taking the logarithm of
both sides followed by their negatives completes the proof.

Finally, for the second result, since f is centered and log-concave, by Cule & Samworth (2010, Lemma 1)

there exist constants C,c¢ > 0 s.t. po(z) < Cexp(—clz — 0]) ¥ 8§ € R Let x =
0+R-ny 6+R—(n—1¢ - O+R—2 0+ R — 1), so that [x[g, — 0] =[x — 0] = R —ny > g.
Then
X[|gn|+1]
U9 (g) = f po(x)dr < Cvp exp(—c|X[ign)) — 0]) < Cexp(—cR/2) (32)
X{gn]]
s0 U (1) = —log U0 (1) > log st £ O

Variants of the first result have been shown in the censored regression literature (Burridge, 1981; Pratt, 1981). In fact,
Burridge (1981) shows convexity of U,({q) (,U(v,f> L) wrt. (v, ¢) € R x R.g, i.e. simultaneous learning of a feature map and
5

inverse scale. Convexity of Ux = —log Uy = log >./" ; \y(qt =log X", exp(—log W) follows because log S et

is convex and non-decreasing in each argument. Note that for the converse direction, the dataset x is not a degenerate case;
in-fact if f is strictly log-convex over an interval [a, b] then any dataset whose optimal interval has length smaller than b;“

will yield a non-convex Ui® (10)-
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F.1.2. THE CASE OF THE LAPLACIAN

For the Laplace prior with a = X[|4,|} and b = X[|4n|41] We have

T b2 en ) o2 enl

For 6 < a¢ this simplifies to

a ae a b b—
log 2 — log (/7 — 7%} =log2 —log ((ebT¢ - eTb‘b)ee*%b(z’) _ g 2F ¢| —log (sinh < > a¢>) (34)

and similarly for § > b¢ it becomes

—a a— a b b -
log 2 —log (eb¢_9 - e“¢_9) =log2 —log ((ebT¢ - 67%)6%%_0) i ¢—0|—log (sinh <2a¢>) (35)
On the other hand for 6 € [a¢, bg] it is
log2 — log (2 — e lbo—0l _ e_|“¢_9‘) = log 2 — log (2 — b e“¢_9)

=log2 — log (e*bfTa‘ls (26?4’ _ o0 _ 6“7“%*9)

- a a 36
= L¢+log2—log (26 ¢ el ;b‘b—e%b‘z’_e) (0)
b —a —a a + b
— _ ¢ _
= ¢ — log (e cosh < 3 )>
Thus we have
VO 1) - a¢a+b]og (exp (bT¢>)b cosh (0 — “tbg)) if 0 € [ag,bo] 37
£3) 7110 - 2520 - tog (sinh (520)) cle

Suppose x € [£B]™ and has the optimal interval has separation ¢ > 0, % € [t£B], and é € [Omin; Omax]- Then
@ € [1/0max, 1/0min] and 0 € [£B/0min], and so

2B 2 max
) < +log UT (38)

Omin

UL (

o=

o
Xl

For 6 ¢ [a¢,bd], the derivative w.r.t. 6 always has magnitude 1. Within the interval, the derivative w.r.t. 6 is

_ sinh(%F% ¢—6)
exp(25% ¢)—cosh(6— 242 ¢)”

side the interval, the derivative w.r.t. ¢ has magnitude

a+b . a+b b— b—a la + b] b—a
5 blgn( ¢ — 9) 5 coth( 5 ¢>'\ 5 + 5 th( > gb)

<|a+b|+b—a 2/¢ ‘1 _|a+b|+b—a+l
S2 2 \(b—a) 2 2 ¢

which attains its extrema at the endpoints a¢ and b¢, where its magnitude is also 1. Out-

(39)

_ xD( 222 ) — inh(%tb ¢—
while inside the interval the derivative w.r.t. ¢ is 5% — ¢ a;(ixi(( bza(g)—(c:g;hé—%)d) %)

, which again attains its extrema

at the endpoints a¢ and b¢, yielding magnitudes

b—a b—a b—a la+0b]  b— /b la+b 1 3 la + b
5 + 5 <coth< 5 ¢)+1)+ 5 < 5 <(b_)+3 + 5 <¢+2(b a)+ —— 5 (40)

Thus we have

109 ULD (11 pe 1)l <1 and |a¢U,<g>(u% 1) S4B + Omax (41)
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Figure 5. Public-private release of nine quantiles using one hundred samples from the Adult age (left) and hours (right) datasets. The
public data is the Adult training set while private data is test.
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Figure 6. Public-private release of nine quantiles on one hundred samples from the Goodreads rating (left) and page count (right) datasets,
with € = 1. The public data is the “History” genre while private data is sampled from a mixture of it and “Poetry.”

F.2. Augmenting quantile release using public data

We turn to two applications that depend on optimizing upper bounds Kiq) (0, ¢) on the performance of quantile release using
the Laplace prior with scale % and location %. While our final objective is small Gap,, we will mainly discuss optimizing
Z,(cq) = U,((q), or its expectation if x is drawn from some distribution. In the former case this directly bounds (w.h.p.) the cost
of multiple quantile release via the theoretical results in Section 2 because Ux > — log \I/,(f), while a bound on E, Uy can

bound E Gap,, .. by setting 5. For example, 5 = 25%2 exp(24/1og(2) log(m + 1)) in Theorem D.2 implies Gap,,,, has
expectation at most log(emn) +Exe>

o <exp (2\/10g(2) Tog(m + 1)) : 42)

Our first application is the frequently studied setting where we have a large public dataset x’ € R"Y and want to use it to
improve the release of statistics of a smaller private dataset x € R™. To apply our quantile release method, we must use x’ to
construct a prior y’ for each that makes U,(cq) (') small. If the entries of x and x’ are sampled i.i.d. from similar distributions
D and D', respectively, the convexity of U,(cq) suggests using stochastic optimization find a prior 4 that approximately
minimizes the expectation E,..p/» U, (1) using samples of size n drawn from x’. We provide a guarantee for a variant of
this generic approach that runs online gradient descent (OGD) with separate learning rates for 6 and ¢ on samples drawn
without replacement from x’:

23



Learning-Augmented Private Algorithms for Multiple Quantile Release

Theorem F.3 (c.f. Thm. F4). If D and D’ have bounded densities with bounded support then there exists an algorithm
optimizing Uy, over T datasets X} of size n drawn from x' € RN without replacement that runs in time O(mN) and returns
a set 1/ of m Laplace priors s.t. w.h.p.

Ey-pnUx (i) < ‘min Expn Ux(p) + O (TVq(D,D’) + m"> (43)
peLap’y N

B,omin %max

where Lapp , . is the set of Laplace priors with locations in [+B] and scales in [Omin, Omax] and TV (D, D’) is
the total variation distance between the joint distributions of the order statistics {(X[Lqm 1 X[lain J‘H])}Zl forx ~ D" and
m

! / ! /7
{ X[lqu+1])}i=1f0r x ~D
For N » mn, the suboptimality of u’ for the upper bound Uy will depend on the statistical distance between the quantile
intervals of D and D’: even if D and D’ are dissimilar, similar order statistic distributions will ensure good performance.
Note, as in Section C.2, we can hedge against large TV (D, D’) by mixing the output z/ with a robust prior.

We evaluate this approach, which we call Public Fit or PubFit, on Adult (Kohavi, 1996) and Goodreads (Wan & McAuley,
2018), both used previously for DP quantiles (Gillenwater et al., 2021; Kaplan et al., 2022). Because our guarantees improve
with different step-sizes for 6 and ¢, we use COCOB (Orabona & Tomassi, 2017) as PubFit’s stochastic solver. We also
test a robust version where its output is mixed with a half-Cauchy distribution, and three baselines: the Uniform prior, just
using the quantiles of the public data (public quantiles), and using the public quantiles to set the location parameters
of m Cauchy priors (public Cauchy).

Adult tests the D = D’ case, with its “train” set the public dataset and a hundred samples from “test” as private. Figure 5
shows that public quantiles does best at small €, as is expected with no distribution shift, but it cannot adapt to
the empirical distribution of a small number of private points, and so is worse at € > 1. Among the rest, PubF it is most
similar to public—quantiles at small € but still does well at large ¢.

We use the Goodreads “History” and “Poetry” genres to evaluate under distribution shift by fitting on all but a small fraction
of data from the former and releasing quantiles of samples from varying mixtures of the two datasets. As expected, the
performance of public quantiles deteriorates with more samples from “Poetry.” For book ratings, PubFit is best
among the remaining methods, but without much change with distribution shift, possibly due to an incomplete fit of the data.
For page counts, the PubFit methods and public Cauchy both do as well as public-quantiles when most data
is from “History,” but PubFit (robust) deteriorates least—and much less than regular PubF it—as the distribution
shifts. This highlights the importance of robustness analysis, and suggest the former as a good method to start with, as
it takes advantage of similar public and private distributions (Fig. 5) while never doing much worse than the default method
(Uniform) when the the distributions are dissimilar (Fig. 6).

F.2.1. GUARANTEES

Theorem F.4. Suppose for N = n we have a private dataset x ~ D™ and a public dataset X' ~ D’ N both drawn
from k-bounded distributions over [+ B]. Use i.i.d. draws from the public dataset to construct T = |N/n| datasets

x, ~ D' and run online gradient descent on the resulting losses by (0,9) = LSE; (65&")(0[i], B1i1)) over the parameter
space 0 € [+ B/owmin|™ starting at 0 = 0y, and ¢ € [1/0max, 1/0min]™ starting at the midpoint, with stepsize B/ for 0
and ZpgE_omin | [78 for ¢, obtaining iterates (01,01), ..., (01, dr). Return the priors p; = o for @ = % Zthl 0,

PLi) 2]
and ¢ = % 2:{:1 ¢y the average of these iterates. Then i’ = (,u1 e ,um) satisfies
2B 4 1 N max
B U (1) < min ~ ExwpnUs(p) + 2 1 log 2t DNOwmax ) 1y gy

KELapE . o max Omin 5,

5 m(n +1) 4B 4km(n + 1) Nomax 2(n+1) 4
+ (B + 4B0max + 0ax) —x  t 2 p— + log 7 N log 7

1 / 4B 2 1 N 2 max
+(”tv)5 <3+ +al0g 250 )6’ i >
Omin

(44)

where Lapg , .. is the set of Laplace priors with locations in [+ B] and scales in [0min, Omax]-
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Proof. Define D;b" to be the conditional distribution over z ~ D'" s.t. 1, > 1, with associated density pip(z) = p(?_l%
w

)

where p, = { o <th o' (z) < kn?i. Then we have for any p* € Lap’y that

B,0min;0max
E,wpn UX(H/) = EZ~D"UZ(,UJ/) —E,opm UZ(.U/) + EZ~D’”UZ(NI) - Ez~D{p"UZ(ﬂ/> + ]Ez~D§b"UZ(.U/)
< f UL () (pl2) — 7'(2)) + j Ua () (5 (2) = (%)) + Egopr n Un (1) + &,

< By Us(*) + j (U () + Ux())ol2) — o/ ()] + f (Ua) + Ua*))\0'(2) — ()] + o

(45)
where &, is the error of running online gradient descent with the specified step-sizes on samples z} ~ D;}" fort =1,...,T.
Now if z has entries drawn i.i.d. from a x-bounded distribution D™ (or D’'"), then we have that

P
f Py, (y)dy =Pr(¢, <9 :z2~D") <n(n—-1) mz%lé(Pr(|z — | <42 ~D) < wn? (46)
0 ZE

where p, is the density of v, for z ~ D™ (not to be confused with the conditional density p,, over z); the same holds for
the analog p,"/}z for D'". Since this holds for all 1) > 0 and log % is monotonically decreasing on y > 0, this means the worst-

case measure that p,, can be is constant over [0, /] and thus S(qf Py, (y)log L dy < kn’ Sg’ log +dy = kn*¥(1 + log ),

and similarly for pj, . We then bound the first integral, noting that U, = LSEi(Uz(qi)) < max; US%) + logm <
2B 1 Jog %’A and that the r.v. 9, depends only on the joint distribution over the order statistics of D™ and D'":

Omin

2B 2MOmax

[y + v)iota) - a1l < | ( +1log

Omin wz

) @) - /)

2B 2MOmax 1
<2( + log —ome )Tvq<D,D'>+ j |p(z) — p/(z)|log —
Omin 'l/) P <t z

(47)

VAN

2B OMO , v , 1
2 ( +1og 21 ) TV,(0.0)+ [ (panw) + 0l () o5 Sy
0

Omin
2B 2MOmax
< 2( + log Z1Tma )
Omin

For the second integral we have for p/, = § vy P (2) < kn?4) that

1
TV, (D, D) + 2kn*y (1 + log w)

j (U + Va0 () — oly(2)

_ f (U (i) + Ua(u*))
P=1)

" f (U + Ual*)o (2)
Y <

2p) 2B 2M T max 2B 2M O max
. J ( + log =0 > p(z) + J ( +log ) ple) 49
1- p’éb 2= Omin ¢ Py <t Omin wz

4B Am?o2
= 2py, ( + log m U“’“) +J 0'(z)log —
Omin (0 Yy <t

4B 4m?2o? 1
< 2602 + log M Tmax | | kny (1 + log —
Omin '(/) ¢

Finally, we bound £y, By -boundedness of 7', the probability that 3 ¢ € [T'] s.t. ¥, < ¢V t € [T'] is at most kn>*T'y, so if
we set ¢ = 25/7317/% then w.p. > 1 — /3’ /2 the sampling z} from x’ as specified is equivalent to rejection sampling from D/,",
on which the functions U, are bounded by -25- + log zm"% Therefore with probability > 1 — 3’/2 by Shalev-Shwartz

Omin

(2011, Theorem 2.21) and Theorem H.1 we have that w.p. 1 — 3'/2
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/ 4B 2MOmax 4
5111 < (B + (Umax - Umin)(4B + Umax)) % +2 (O'min + log m; a ) log ﬂ’
( 1) 4B 2 2( 1) 4 )
m(n + MO max n+
= (B + 4Bomax + 02,.) —x 2 <Umin + log m > N log 7
Combining terms and substituting the selected value for v yields the result. O

F.2.2. EXPERIMENTAL DETAILS

For our public-private experiments we evaluate several methods on the Adult (“age” and “hours” categories) and Goodreads
(“rating” and “page count” categories). For the former we use the train set as the public data, while for the latter we use the
“History” genre as the public data and the “Poetry” genre as the private data (Wan & McAuley, 2018). The public data are used
to fit Laplace location and scale parameters using the COCOB optimizer run until progress stops. We use the implementation
here: https://github.com/anandsaha/nips.cocob.pytorch. All evaluations are averages of forty trials.

We use the following reasonable guesses for locations v, scales o, and quantile ranges [a, b] for these distributions:

e age: v =40,0 =5,a =10,b =120
e hours: v =40,0 =2,a=0,b = 168
e rating: v =2.5,0 =0.5,a=0,b=5
[ ]

page count: v = 200, 0 = 25,a = 0, b = 1090

1—gq

Note that, here and elsewhere, using g-dependent range for b only helps the Uniform prior, which is the baseline. The scales
o are used to set the scale parameter of the Cauchy distribution for public quantiles—its location is fixed by the
public quantiles. Meanwhile the locations v are used to set to scale parameter of the half-Cauchy prior used to mix with
PubFit for robustness (using coefficient 0.1 on the robust prior). We choose this prior because the data are all nonnegative.

F.3. Sequential release

Sequential release can be done with provable guarantees by applying DP-FTRL (Kairouz et al., 2021a), again using two
different step-sizes:

Theorem F.5 (c.f. Thm. F.6). Consider a sequence of datasets x; € [+ B]|™ with bounded features £, and suppose we set

Laplace priors 1, ; = [L<vy ;.85 o via two DP-FTRL algorithms applied separately to the variables v; and ¢; of the losses
¢t i ¢t i

UE'T\ﬁ) and@)( %) This is (¢',8")-DP

min min"” max

Ux, ({vi, £i), @i) with budgets 5, with respective step-sizes S) (
and w.h.p. has regret

T

& di +o m 2
A max
t; i (142 . glfg Z x (tewi gy.0) = O | = —=—A| G\ [mlog (50)

t=1
04€[0min,Tmax]

Thus we can do as well as any sequence of Laplace priors p; with locations determined by a fixed linear map from f;, up
to a term that decreases at rate @(ﬁ) Furthermore, running quantile release with budget £ — €’ ensures (e, §’)-DP for
each dataset x;. Note that using different step-sizes allows us to separate the difficulty of learning a d-dimensional linear
map from the difficulty of learning a scale parameter of magnitude at most oy, ax.-
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F.3.1. GUARANTEES

Theorem F.6. Consider a sequence of datasets x; € [+R]™ and associated feature vectors f; € [+F]%. Suppose we
[+

set the component priors [ ; of |1, as the Laplace distributions p; = [, 5> , , where vi; € B/omm] and
Pti P

¢i € [1/0max, 1/0min| are determined by separate runs of DP-FTRL with budgets (¢'/2,0'/2) and step-sizes m =

= B_ 2mey — ,and 1y = B}_/FU““‘“ M3 = . Then we have regret
Tmin [1og2(T+1)1T(1+\/2md log % log ) Tmax 2[log2(T+1)]T(l+\/2m log £ log )

B(F 4+ 1) + 0max

Omin

w: l;cni); Z Uxt Mt Xt (M<W1 i), Uz) <

€[ min 7Umax]

2
md[log,(T + 1)|T <4 + j\/delog 7 log — )

(5D
For sufficiently small €' (including €' < 1) we can instead simplify the regret to

4 m[log,(T + 1)|T

51

(BFd% +B+ amax> (52)

2
2mlog — 5 1og 5

Omin

Proof. Note that

(a;) 2
m m e p(gx; t)
Z v, LSE; (49 1) |3 < |£:3 Z (f(q)) < F%d (53)

exp(ZXt 1,

and

2
m m g(%
(2, LSES(€9, )2 < (4B + 7na)” Y] (pr())) < (4B + O (54)

m (qi)
j=1 =1 i exp(6”

xt,ft
and so applying Theorem E.1 twice with the assumed budgets and step-sizes yields

max Uy, ( < w o) = max LSE; E(Ql (Vi ¢¢i)) — LSE; L) Vi, §;
wie[iB]d Z t }U't f(:u< ife), 1) vield B Z x¢,f \ VL0 d)t,l)) z( xt)ft( i sz))

mm
o'ie[a'minyo'max] ¢ E[

o max’ o m]n]

o v —vill3 2 T, 2\ (@)
<] g tm [logy(T + DT | 1+ =4 [2mdlog = log 5 Z |V, LSE: (62413
i=1 j=1

S (S — 00)° 2 T 2\ & .
+i=21 ory Mg (T + IT | 1+ 5 [2mlog 77 log ;(%JLSE A9 ))?

2B*md 2 2
< 7m + m[logy (T + 1)|TF?d ( \/2mdlog 7 log 5,>

m Urnm

(55)

m ) 2 T, 2
m + 12 [IOgQ(T + 1)]T(B + arnax) <1 + ; 2m log ﬁ IOg 5/>

2BF 2 2
< 2md[log, (T + 1)|T (1 + /\/de log — 5 log — >
€

Omin

2 2
+ (B + omax)a | 2mflogy (T + 1)|T <1 + o 2m log 7 log — )

Omin

2
<

Omin

(B(F + 1) + 0max) o | md[logy (T + 1)|T (1 + 62/\/2md10g 5 log 2>
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F.3.2. EXPERIMENTAL DETAILS

For sequential release we consider the following tasks:

e Synthetic is a stationary dataset generation scheme in which we randomly sample a one standard Gaussian vector
a for each feature dimension (we use ten) and another b of size m + 2, which we sort. On each day ¢ of T
we sample the public feature vector f;, also from a standard normal, and the “ground truth” quantiles g; on that
day are then set by {a, f;) + b[;;1]. We generate the actual data by sampling from the uniform distributions on
[(a,f:) + bpij,<a, ;) + bp;417]. The number of points we sample is determined by |[100/(m + 1)] plus different
Poisson-distributed random variable for each; in the “noiseless” setting used in Figure 1 (left) the Poisson’s scale is
zero, so the “ground truth” quantiles are correct for the dataset, while for Figure 2 (left) we use a Poisson with scale
five. For the noiseless setting we use 100K timesteps, while for the noisy setting we use 2500.

e CitiBike consists of data downloaded from here: https://s3.amazonaws.com/tripdata/index.html,
We take the period from September 2015 through November 2022, which is roughly 2500 days, although days with
less than ten trips—seemingly data errors—are ignored. For each day we include a feature vector containing seven
dimensions for the day of the week, one dimension for a sinusoidal encoding of the day of the year, and six weather
features from the Central Park station downloaded from here https://www.ncei.noaa.gov/cdo-web/,
specifically average wind speed, precipitation, snowfall, snow depth, maximum temperature, and minimum temperature.
These are scaled to lie within similar ranges.

e BBC consists of Reddit’s worldnews corpus downloaded from here: https://zissou.infosci.cornell.
edu/convokit/datasets/subreddit-corpus/corpus-zipped/. We find all conversations corre-
sponding to a post of a BBC article, specified by the domain bbc.co.uk, and collect those with at least
ten comments. We compute the Flesch readability score of each comment using the package here https:
//github.com/textstat/textstat. The datasets for computing quantiles are then the collection of scores
for each headline; the size is roughly 10K, corresponding to articles between 2008 and 2018. As features we combine a
seven-dimensional day-of-the-week encoding, sinusoidal features for the day of the year and the time of day of the
post, information about the post itself (whether it is gilded, its own Flesch score, and the number of tokens), and finally
a 25-dimensional embedding of the title, set using a normalized sum of GloVe embeddings (Pennington et al., 2014) of
the tokens, excluding English stop-words via NLTK (Loper & Bird, 2002).

We again use reasonable guesses of data information to set the static priors, and to initialized the learning schemes.

e Synthetic: v =0,0 =1, a = —100, b = 100
e CitiBike: ¥ = 10,0 = 1,a =0,b = 50/(1 — q)
e BBC: v = 50,0 =10, a = —100 — 100/(1 — ¢), b = 100 + 100q

We use a and b for the static Uniform distributions, v and o for the static Cauchy distributions, in the case of nonnegative
data (CitiBike) we use v for the scale of the half-Cauchy distribution, and for the learning schemes we initialize their Laplace
priors to be centered at v with scale 0. We again use the COCOB optimizer for non-private and proxy learning, and for robust-
ness we mix with the Cauchy (or half-Cauchy for nonnegative data) with coefficient 0.1 on the robust prior. For the PubPrev
method, we set its scale using 0. For DP-FTRL, we heavily tune it to show the possibility of learning on the synthetic
task; the implementation is adapted from the one here: https://github.com/google—-research/DP-FTRL. All
results are reported as averages over forty trials.
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G. Additional proofs for multiple quantile release

Lemma G.1. In Algorithm 2, for any i € [m] we have

1. Gapg, (%;,0) < Gap,,(x,0) +%; VoeR
2. Gap,,(x,0) < Gapg, (X;,0) +4; ¥ o € [a;, bi]

where 4; = (1 — ¢;) Gap, (x, ;) + ¢ Gapg (x, b;).

Proof. For o € [d;,b;] we apply the triangle inequality twice to get
Gapg, (%;,0) = | max j — [Gin;]|
X[j]<°

= | max j+ max j—|gn|+ |¢in] — max j—|gn]|

Rpjp<o  Xp)<as X[5]<a:
(56)
< Gap, (x,0) + ||G([2in] — |g;n])] + lg;n] — max j—|G;( max j — max j)]
X[ <di X[5]<bi X[ <ai
< Gap,, (x,0) + (1 — ) Gapg‘ (x,a:) + G Gapg (x, bi)
and again to get
Gap,, (x,0) = | max j — |g;n]|
Xp1<o
= | max j+ max j— |G| + [Gini] — [gin]|
X[j1=o X[j]<qi
(57)
< Gapg, (%i,0) + | max j—|gi( max j+ max j)| —|g(|gin] —lg;n)| - lg,n]
X[5]<G: x5 <bi X[5] <
< Gapg, (%;,0) + (1 — &) Gap, (x,a;) + ¢ Gapg, (%, bi)
For o < a; we use the fact that IED ST j< maXy ;| <, 7 and the triangle inequality to get
Gapg, (Xi,0) = |Gini]
= [¢i( max j— max j)]
X[j]<bi X[5] <0
< |¢; max j|+|(1—¢;) max j| — max j
14 x[j7<b; Al =a) X[j]<@i 7] X[4] %o (58)
=@ max j|+[(1—q) max j|— max j+ |gn]| - |G(lan] —lg,n))] — lg,n]
X[]]<bi X[4] <a; X[j]<0
< Gap,, (x,0) + (1 - G) Gapgv(x7 ai) + §; Gapg, (%, bi)
For o0 > b; we use the fact that max, . _j, J < maXx ;<o J and the triangle inequality to get
71<bi
Gapg, (%i,0) = |(1 — )]
=[(1=¢)( max j— max j)]
X[j]<bi x[j]<ai
< max j —|¢ max j— |(1 —¢;) max j
X[4] <Oj qu X[4] <i)i J l( qZ) x[j]<&i J (59)
= max j—[¢ max j—[(1—¢) max j—|gn|+|@([@n]—[gn])]+1gn]
X[j]<o X[j]<b,i X[j]<Qi
< Gap,, (x,0) + (1 — G) Graupgv(x7 a;) + G Gapg, (%, bi)
O
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Lemma G.2. For any v > 0 the estimate o; of the quantile q; by Algorithm 2 satisfies

exp (£;(8 —7)/2)
‘1'55“5” (f1:)

Pr{Gap,,(x,0;) =7} < (60)

Proof. We use k; to denote the interval 1 ,Ej ) sampled at index ¢ in the algorithm and note that o; corresponds to the released

number o at that index. Since o; € [d;, b;], applying Lemma G.1 yields

Pr{Gapqi (X7Oi) = '_Y} = Z Pr{kl = j}lGapq_(x,f;i))Zﬂ/
j=0 ’

s, exp(—e Gapg, (%0, 7)/2) i) gy (105,
S g expleug, (%, 1) /2) i (1) 61)

exp(£3i/2) < TONAIEC
s \Ij(qiaai)(A ) Z eXp(—(—: Gap% (X, I]( ))/2)'”’([7( ))1Gap v(x,f](vi))Z’y
% Hi 4

< el = 1)/2)

O

Lemma G.3. For any vy > 0 the estimate o; of the quantile q; by Algorithm 2 with edge-based prior adaptation satisfies

exp(e(di —7/2) (62)

Pr{Gap,, (x,0i) = 7} < \IlS(QiaEi)(Mi)

Proof. Applying Lemma G.1 yields the following lower bound on \I/((;) (X4, fi;):

S expleug, (R, 10)/2) (1) = expleug, (&, 150/ 2)pa( (—0,4]) + expleug, (Rir I0)/2) i [ 0))

1=0
+ 3, exp(eug, (%, 1) /2)pi(D)
1=0
maxs; <a; J
= ). exp(—£Gapy, (&, [ 0 (—00,d,])/2) (T 0 (=0, d;])
1=0 (63)
+ ) exp(—eGapg, (R, Lo 0 [bi,0))/2)pi(1i 0 [bi, 0))
l:maxx[j]d;i 7
maxx[j]d;i 7
+ > exp(—e Gapg, (&, [ 0 [, bi]) pi (1 0 a5, bi])
l=maxx[j]<@i 7
> W) (1) exp(—£74/2)
Substituting into Lemma D.2 yields the result. O
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Lemma G.4. Suppose qy < q1 are two quantiles and oy > o01. Then

m.

max Gap,, (x,0;) > max Gapq (x,01—-4)
b

0.1 i i=0,1
Proof. We consider four cases. If | go|x|| < maxy; <o, j and [g1]|X || < maxyx;; <o, j then

Jaolx] < min{lonfxl]. s j} < max{larx), max j} < mas
X[j]<01 X[j]<00
and so
maxGapq (x,0;) = max j —|qol|x|| = > max Gap,, (X, 0i-1)

1=0,1 X[]]<00

If |go| X |] < maxy <o, j and |q1|x|| > maxx <o, j then

E)

lgo|x]] € max j < max j <|q|x|]
x[j1<01”  X[j)<00

and so both improve after swapping. If |go[x|| > maxy <o, j and |g1[x|| > maxx <o, j then

[

max j < min{|qo[x|], max j} <max{lqolx|], max j} <l|qfx|]
X[31<01 X< X[4] <00

and so

ggﬁGapqi(xoi)=x§r}%gglj—lq1IXIJ max Gapy, (x, 0i-1)

Finally, if [go[x|] > maxx <o, j and |q1|x|| < maxx;; <o, j then

max j < |go|x[| < [q1[x]| < max j
X[j]<01 X[j]<00

so swapping will make the new largest error for each quantile at most as large as the other quantile’s current error.
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H. Additional proofs for online learning
H.1. Online-to-batch conversion

Theorem H.1. Suppose an online algorithm sees a sequence lx, (+), ..., lx.(-) : © — [0, B] of convex losses whose data
X1,...,X7 are drawn i.i.d. from some distribution D, and let 0+, . ..,01 be its predictions. If maxgco Zthl Uy, (01) —

b (0) < Ry, 6 = 257 0, and T = (Ta + 52 log %) for T = minogp<ra T, thenwp. =1 —
Focpls(0) < < minExply(0) + o (71)

Proof. This is a formalization of a standard procedure; we follow the argument in Khodak et al. (2022, Lemma A.1).
Applying Jensen’s inequality, Cesa-Bianchi et al. (2004, Proposition 1), the assumption that regret is < Rz, and Hoeffding’s

inequality yields
T T T
2 .1 Rr 2 2
Ex~pfx( Z Ex~plx(0;) < Z x, (0¢) +BU 10g5/ Ieré%leZExt(H)—i—T—i-B Tbgﬁ
t=1 t=1 t=1 (72)
. Ry 2 2
< mnin Ex~pflx(0) + T + 2B T log 7
w.p. = 1 — §’. Substituting the lower bound on T yields the result. O
H.2. Negative log-inner-product losses
For functions of the form f;(u) = —log SZ s¢(0)pu(0)do, Balcan et al. (2021) showed O(T3/*) regret for the case

s¢(0) € {0,1} V 0 € [a, b] using a variant of exponentiated gradient with a dynamic discretization. Notably their algorithm
can be extended to (non-privately) learn — log \1/&? (1), since s; in this case is one on the optimal interval and zero elsewhere.
However, the changing discretization and dependence of the analysis on the range of s; suggests it may be difficult to
privatize their approach. The discretized form — log(s;, w) is more heavily studied, arising in portfolio management (Cover,
1991). It enjoys the exp-concavity property, leading to O(dlog T") regret using the EWOO method (Hazan et al., 2007).
However, EWOO requires maintaining and sampling from a distribution defined by a product of inner products, which
is inefficient and similarly difficult to privatize. Other algorithms, e.g. adaptive FTAL (Hazan et al., 2007), also attain
logarithmic regret for exp-concave functions, but the only private variant we know of is non-adaptive and only guarantees
O(\/T )-regret for non-strongly-convex losses (Smith & Thakurta, 2013). The adaptivity, which is itself data-dependent,
seems critical for taking advantage of exp-concavity.

Lemma H.1. If fi(pw) = —log X", @j{i&wfor sti € RL, then |[Vw fi(pw)|1 < d/yV W e AT s.t. Wy, 51 =
~v/d Y i, j for some v € (0,1].

Proof.
m 1 a
_ Seaf]
\Y% = \Y% =
[V fuluw )l = 221 Vwiafluw)lh (Z {(st,i, W[; ]>> ,;; (st,i, Wrip)?
(73)
<d
(Z (s4,i, W [i]>> Z <St i» W ®W1> /1
where the first inequality follows by Sedrakyan’s inequality and the second by W; ;1 > v/d. O
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H.2.1. PROOF OF LEMMA E.1 FORm > 1

Proof. Let X; be a neighboring dataset of x; constructed by adding or removing a single element, and let U,Ej) be the
corresponding loss function. We note that changing from x; to X; changes the value of Gap,, (x¢,0) at any point o € [a, b]
by at most 1 and so the value of the exponential score at any point o € [a, b] is changed by at most a multiplicative factor
exp(—e;/2) in either direction. Therefore

a+ b;aj
St,i[4] :J e exp(—¢; Gap,, (X,0)/2)do
at+=7*(3—1) - (74)
a_'»bda‘7
€ exp(te;/2) J exp(—¢; Gap,, (x¢,0)/2)do = exp(te;/2)s; i[5
a+272(j-1)
where + indicates the interval between values.
|VwUE (W) = VUL (W)
m d m -1 -1 ~ 2
- 2E (X e (2 8o
S\ Ger Wi ) Gse W[z]>2 72 Gy Wi ) iy Wiap)?
m -1 m ~ m 1 2
= Z v Z Zd] St,i[4] _ St,i[4] 2ir=1 G Wiy
i'=1 (Sers Wiinp) \ i=1j=1 (e W2 G Wia)? 2004 m 75
m —1 m d Zm S¢, Lil4] 2
= Z; ZZ t,i[4] 1 (81,6, X[i))? &i'=1Ts, . W70
i1 <St iy W[ ]> \ i=1j=1 <Wt zaW[z]>4 <§t,7,7 > Z’L/ 1 <S =, 1[J >
m 1 -1 m d d
St,i[4]
< e 7o w2l migl < - max|l =gl
(1';1 (st W[i’]>> ;1 ]; (st,is W >2 ! Y !
where we have
7;’“]' i o S¢.ils [i’] i)W i iz St,ils [i’]
Kij = <Sf []>2 ml : € &, 5 Y — L = exp(+2maxe;) (76)
<St,iax[i]> Z _ Stil4] <St,i7W[i]> eXp(iE) S¢.i[4] i
=1 <Stx’i/’w[i/]> =1 sy il W >exp( )

Substituting into the previous inequality and taking the minimum with the ¢; bound on the gradient of the losses from
Lemma H.1 yields the result. ]

H.2.2. SETTINGS OF ¥ AND d FOR COROLLARY E.3

1. A-robust and discrete ;) € féﬁ: y=2A

2. A-robust and V-Lipschitz up;j € Fyry: v = Aand d = N V“’;“V\/ (14 mnznd) 7

8/
3. discrete pp;) € Foa: v = mi/@
4. V-Lipschitz ;) € Fya: v = fWW and

oo [ ]
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Algorithm 2: ApproximateQuantiles with predictions

Input: sorted unrepeated data x € (a, b)™, ordered quantiles ¢y, . . ., ¢, € (0, 1),
priors fi1, . . ., fim : R — R, prior adaptation rule » e{conditional, edge},
privacy parameters €1, . . ., £, > 0, branching factor K > 2

// runs single—quantile algorithm on datapoints X
Method quantile (X, q, €, u) :
| Output: o € (a,b) w.p. ocexp(—¢ Gap,(%,0)/2)u(o)

Method recurse (j, 'R qQ, B) :

// determines K —1 indices i whose quantiles to compute at this node
if |j| > K then

i (-][HJ'\/KH7 T ’J[[(K—l)\j\/fﬂ])

else

i

// restricts dataset to the interval (a,b)
Ei A min}([k]>dk

ki — max, . k
Xi— (X[l XEy)
// sets relative quantiles ¢; and restricts priors to the interval [&JA)]
forj=1,...,]i|do
Gigyy — (@i, —9)/(@—q)
if r = conditional then
N Hip o (0)
‘ Hipy (0) « % oela,b]

else A A
L 'ai[j] (O) - lu’i[j] (0)106((1,5) + p“i[j] ((_007 d])6(0 - d) + /’Li[j] ([b7 OO))(S(O - b)

// computes K —1 quantiles o; and sorts the results
0f «— (quantile (}zi,qi[l],€i[l]/|i‘,/:Li[l] ), - ,quantile ()Aci’Q~i[|i\]’ei[\i\]/|i‘7ﬂi[\i|] ) )
0; <—sort (0j)
// recursively computes remaining indices on the K intervals induced by o
if |j| < K then
\

0 «— 0;
else

o « concat (recurse ((Juj,+ [fj/x1-11) » & Gy 85 01)) - (071)))

for j =2,...,]i|do
o «concat (o0, recurse ((J{g-1)i/K1+11> " J(7l/K1-11)  Gig 1> Gigy» Of—1], OL]) )
0 «<—concat (o, (o[j]))

0« concat (o, recurse ((Ji(k—1)i/K1+1] -~ +J[31) > Gige 1y @ O[ 135 5) )

| Output: o
Output: recurse ((1, e ,m) ,0,1, —00,00)
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