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Abstract

Graph Convolutional Networks (GCNs) are widely used for graph-structured data, but their training
dynamics are not well understood. We study nonlinear feature learning in a two-layer GCN
through a minimal XOR Contextual Stochastic Block Model (XOR-CSBM), where successful
prediction requires nonlinear feature formation. By analyzing the population-gradient dynamics,
we derive a tractable difference equation for the relevant representation variables. This reveals that
feature learning proceeds through two distinct phases and ultimately yields task-relevant nonlinear
representations.

1. Introduction

Graph Neural Networks (GNNs) have achieved strong empirical success on graph-structured data
in applications such as molecular modeling, recommendation systems, and traffic forecasting ([5],
[15], [16]). Among them, Graph Convolutional Networks (GCNs) are particularly attractive due
to their simplicity and effectiveness. However, the mechanisms underlying GCN training remain
incompletely understood ([2], [8]). In particular, it remains unclear how GCNs realize nonlinear
feature learning in the presence of graph aggregation.

To study this question, we consider a minimal XOR-CSBM learning problem, where success-
ful prediction necessarily requires nonlinear feature formation from graph-structured data ([4]).
We analyze a two-layer nonlinear GCN trained by online gradient descent and derive a tractable
population-level difference equation for the relevant representation variables. This analysis shows
that the GCN learns nonlinear features through two phases of training dynamics.

Our contributions are as follows. We formulate a minimal XOR-CSBM setting for nonlinear
feature learning in a two-layer nonlinear GCN, derive a population-level difference equation char-
acterizing its training dynamics, and show that feature learning proceeds through two phases that
ultimately yield task-relevant nonlinear representations.

1.1. Related Work

Graph Convolutional Networks (GCNs). GCNs, introduced by [10], are a fundamental GNN
architecture for graph-structured data. Their theoretical properties have been studied from several
perspectives. For example, [3] and [9] established generalization error bounds, while [14] analyzed
oversmoothing in CSBMs.

CSBM and XOR-CSBM. The Contextual Stochastic Block Model (CSBM) is a widely used
generative model for theoretical analysis. In this framework, [13] studied semi-supervised learning
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for GCNs. The XOR model is a minimal linearly inseparable feature model, and [6] analyzed SGD
dynamics for neural networks on XOR. The XOR-CSBM combines CSBM with XOR-type feature
distributions, making the classification task nonlinear and more challenging than in standard CSBMs.
[4] analyzed XOR-CSBM to clarify the role of graph convolutional layers.

Gradient descent for GCNs. Understanding gradient-based learning dynamics is important for
explaining the behavior of neural networks. While online gradient descent was first analyzed for
standard neural networks ([12]), later work extended such analyses to GNNs. For example, [11]
developed an NTK framework for infinite-width GNNs, [2] analyzed gradient descent for two-layer
and linear multi-layer GCNs, and [8] showed that graph structure can make GCN optimization more
intricate than that of MLPs by reducing feature noise.

1.2. Notation

We use boldface letters to denote vectors. For a vector x, ||| denotes its Euclidean norm. For an
integer n, we write [n] = {1,...,n}. I; denotes the d x d identity matrix. The ReLU function is
defined by ReLU(z) = max(0, x). For a vector &, ReLU(x) denotes the element-wise application
of the ReLU function. N (p,X) denotes a Gaussian distribution with mean vector p and covari-
ance matrix X. Ber(p) denotes a Bernoulli distribution. For a set A, Unif(A) denotes a uniform
distribution on A.

2. Setup
2.1. XOR-CSBM

We use the XOR-CSBM model to generate the data, which is a combination of an XOR-Gaussian
Mixture Model for feature generation and a Stochastic Block Model for graph structure generation.

Definition 1 (XOR-Gaussian Mixture Model, XOR-GMM) Let p,, pu_; € R? be two orthonormal
vectors, i.e., ||uy| = ||_1|| = 1 and p{ p_y = 0. First, sample a label y; ~ Unif({£1}). Then,
sample N independent feature vectors {x;|i € [N]} as follows:

%N(el’l’l’]—d) + %N(_Hy’lajd)? Yi = 17
%N<0M—17Id) + %N(_ep‘—lajd)a Y = -1

XL; ~

where 6 > 0 controls the signal-to-noise ratio (SNR). In addition, we define X = [x1,--- ,xy]' €
RNXdu Yy = (yl T Z/N)T € {:t]'}N and write X ~ XOR(Nla K1, y79) lf{(muylﬂ (S [N}} is
generated by the above rules.

We use the Stochastic Block Model (SBM) [7] to generate the graph structure. SBM is a random
graph model that generates intra-cluster edges with probability «, inter-cluster edges with probability
[ and no self-loops.

Definition 2 (Stochastic Block Model, SBM) Let 0 < «, 3 < 1 be the probabilities of the intra-
cluster and inter-cluster edges. We denote its adjacency matrix as A = (A;j)i j=1,.. N, and the
entry is generated as follows:

Ber(e) ifi <j, yi = y;

o Ay =Aji fori>j
Ber(8) ifi < j, yi # v T

Aii =0, Ajj ~ {
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Note that the generation of the graph structure is independent of X conditionally on y. Analo-
gously to the XOR model, we write A ~ SBM(y, «, 3).

This paper focuses on the XOR-CSBM, which is the rule of generating features and the graph
structure as follows:

Definition 3 (XOR-Contextual Stochastic Block Model, XOR-CSBM) Suppose that N,d € N, 0 <
a,B<1L,0>0 py,pu_y €REsatisfy |py|| = |p_y]| = Land ptp_; = 0. We write (y, X, A) ~
XOR-CSBM (4, 1, v, 3,6) when X and A are generated by (1) y ~ Unif({£1}V), (2) given
y,0and py, X ~ XOR(py, b_1,9,0), (3) giveny, acand 3, A ~ SBM(y, a, ().

Rl 4 o © o 8%
o ° :: ° .: °q °
R
L) . '.. .$ °
(a) The example of the graph gener- (b) The example of features gener-
ated by SBM ated by XOR-GMM

Figure 1: The examples of the graph generated by SBM and features generated by XOR-GMM. Red
dots represent data with label +1, and blue dots represent data with label —1.

2.2. Two-Layer GCN

To discuss the learning dynamics of GCN, we define a GCN model as follows:

f(X,A): RV 5 X +— Ag(XW)a € RY

A=D'A+1Iy), D :IN+diag<ZAlz’a"' ,ZAM>

where o is the activation function, we use the ReLU function in this paper. K is the number of
neurons, W € R¥K is the first-layer weight matrix and @ € R is the second-layer weight vector.
We denote the jth column of W as w;, so W = [wy, -+ ,wk] and w; € R? for all j € [K].
We assume the second-layer weight vector a is generated by Unif({:l:ﬁ}d) and fixed during the
training process. For simplicity, we sometimes omit the indices of x;, y;, w; and a;. In addition,
the sign of the i th component of f(X, A) corresponds to the prediction of the i th label. Note
that the activation function is performed before the graph convolution operation to prevent loss of
information during convolution because the features that have labels 4+1 and —1 are of the same
mean O (this is mentioned in [4]).
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2.3. Problem Settings

Our purpose is to predict labels from X, A with high accuracy. To achieve this, we update the
first-layer weight matrix W with online gradient descent. In each update step ¢, we generate N
features and labels as (y(t), X A(t)) for the training data from the same distribution as the test
data. We define the empirical loss using the correlation loss

N
1
i=1

and update W by online gradient descent. To analyze the dynamics, we use the population expecta-
tion of gradients

WD = WO —nE o) yo g0 Vw LW y0, X0 A1)
where 1) is the learning rate, ¢ is the number of steps. In addition, W is initialized as w; ~ N (0, I;)

forall j € [K].

3. Learning Dynamics of GCN
In this section, we reveal the behavior of the learning dynamics in the GCN. To this end, we calculate

the population expectation of the gradient and derive the neuron update equations.

3.1. Population Expectation of Online Gradient Descent

To discuss learning dynamics, we define three components of w.

Definition 4 For GCN defined in section 2, let p;, and p,,, be defined as follows.

oy asgn(a—B) >0, plw >0
) —p asgn(a—B)>0, pfw <0 ~Jp_y asgn(a—pB)>0
Hsig = oy asgn(a—pB)<0, pliw>0" Hopp = {ul asgn(a—pB) <0
—p_y asgn(a—pB) <0, piw <0

In addition, define Wsig, Wopp, W1 USing g, and ., as follows:
T T
Wsig = ”sigw7 Wopp = uoppw

'wsig = wSigusigv wopp = woppp’op;n w|) =w — wsig — 'wopp .

This decomposition is introduced to denote the signal learning on the XOR model. We want
Wig to grow and w p,, w | to shrink, but we have to separate w,, from w  due to the symmetry
of the XOR model. [6] utilized this decomposition to analyze the learning dynamics on the neural
network with the XOR model and we apply it to GCN with XOR-CSBM.
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e neuron witha >0 and wTu, <0 eneuron witha<0and wiu, <0
Figure 2: Illustration of the two-phase dynamics of GCN training. The vectors ps, - - - , u, form

a basis for the orthogonal complement of the space spanned by g+ ;. In Phase I only
opposite-signal component shrinks and in Phase II the orthogonal component also decays.

Theorem 5 Consider training the two-layer GCN as in section 2. In each learning step t, define
® @ ()

Wgo> Wopp, W as in definition 4. The population expectations of the gradient are

(t+1) _ . (8) 0 o)) 1, ()
Wsig " = Wsig 119 <4\/Ferf (x/illwft>||> - )wsig)

t+1 t 9w§t> . !
wgp; = wgp)p g _4%erf (ﬁllw%H) B ry(t)wgp)p> W
wi ™ = wl) —ngyw!

where v and g are

(t)
R N O e ) W (g
V8T K ||lw®|| 2[Jw®) |2 2w ®)|2

= sgn(a — f) (Z;g + N(a4f- )2 <1_(1 - O‘;fﬁ)N»

Here, we define parameters ¢, ("), ¢ is a constant that depends on «, 8, which captures the effects of
the graph structure, and v(® is an effective weight decay for each learning step.

Theorem 5 reveals a two-phase learning dynamics. In the first phase, the signal direction is
separated from its opposite direction, while the orthogonal component remains nearly unchanged. In
the second phase, the remaining non-signal directions are suppressed, and the neuron aligns with the
signal direction. This separation is clearest in the small-learning-rate regime. Similar phases were
observed for MLPs ([6]); we show that they also appear in GCNs. Figure 2 illustrates this behavior.

We state in detail analysis of the learning dynamics in section A.2. In addition, we apply this
result to perfect recovery analysis and show that GCN outperforms MLP in section B.

4. Conclusion

In this paper, we analyzed the learning dynamics of online gradient descent for GCNs on XOR-
CSBM. We showed that the training dynamics exhibit two distinct phases, through which the GCN
eventually learns task-relevant nonlinear features.
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Appendix A. Supplement of Learning Dynamics of GCN

In this section, we denote a key point of derivation of Theorem 5 and in detail derivation of learning
dynamics phases stated in section 3.

A.1. Key Insight of derivation of Theorem 5

Here we mention an interesting decomposition that appears in the derivation of Theorem 5. To derive
Theorem 5, we derive and utilize results that separate the influence of the graph when calculating
gradients. In particular, we transform V,, L as follows.

N
Yiy;
Vu o3 S A T wjos,

'i:l j= 1Zk 1 Ajk

=:F;(y,A)
1 N
IEX,y,A[VwL] = -k, NZEA[FZ'(%A)‘ZI] Ewi[yial(w?w)a%‘y]
i=1

Here we used the fact that A and X are independent when given y from the definition of
XOR-CSBM. From this decomposition, the graph structure influences the learning dynamics through
the expectation of F;(y, A).

From this decomposition, one important extension is to study more general data-generating
models in which X and A are dependent, since covariance terms between them may lead to
qualitatively different learning dynamics. This paper considers XOR-CSBM, in which X and A are
independent; extending this to systems where X and A are not independent is left as future work.
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A.2. Derivation of Learning Dynamics Phases from Theorem 5

In this section, we denote how the phases of learning dynamics mentioned in section 3 are derived
from Theorem 5.

Phase I: separation of the signal and opposite-signal directions. We initialize each neuron as
w; ~ N(0,1),so0 wg;/Hw(t)H ~ wgtp)p/Hw(t) | ~ 1/+/d when t is small. In this regime 7(*) ~ 0
and thus the update rule in (1) is simplified as

(t+1) (@) 02 (t)
Wyig = Weig T 19 VenK||w® || Wsig
(t+1) _ () 62 (t)
Wopp ~ = Wopp — N9 7z Lorp
(t+1) _  (t)
w, T=wy

In this phase, w barely changes, so ||w® || remains close to its initial value. The above equations
therefore show a clear asymmetry: the signal component w,;, is amplified, whereas the opposite-
signal component w,,, is suppressed. In particular, under the small-learning-rate condition 7 <
VK /g6?, the update for Wopp 18 contractive, and hence w,,, decays exponentially while wg;q
grows exponentially. Thus, the first phase acts as a coarse selection stage, in which the dynamics
distinguishes the correct signal direction from its opposite direction, while leaving the orthogonal
component essentially untouched.

This clean separation of phases relies on the learning rate being sufficiently small. When the
learning rate is larger, this clean separation of timescales may no longer hold, and the two phases
need not be sharply distinguishable.

This regime continues until the signal component becomes non-negligible compared with the
norm of the neuron. Indeed, from the Phase I dynamics,

()
W0 :1<1 ng6? )t
lw®] — Vd VK )
VK logd

so after O( 1907 ) steps, the ratio wgg /||w® || reaches constant order. At this point, the training

leaves the initial linearized regime and enters a second phase in which the nonlinear effect becomes
substantial.

(*) becomes dominant

Phase II: elimination of non-signal directions and alignment. Once w,;,

over w&?,,, we have wgt,?p /|w®]| < 1 and wgg

(t) 1 _02(w§2)2
YWy ——— | 1l—exp| ———— .
VK |w® | 2[lw®|2

Then the update rule (1) becomes

> wglgzn SO

(t) *) 20, (£)\2
(t+1) — (t) 1 20 gwu Wi —0 (wsir)
Wig " = Weig ¥ N9 7R <ﬁerf <ﬁ||w5f>|| ~ Tw®] (1 —exp < 2w 2
_ (t)y2 (t)
(t+1) _ (@) 1 2 0% (wgiy) wy
Wopp — = Wopp = 19 57 (‘9 +1—exp | gm)e Tw ]
_ (t)y2 (t)
(t+1) _ (1) 1 02 (wyig) w
Wi =W T <1 —oxp ( 2P ) ) Tl
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The qualitative behavior now changes in an important way. While w;, continues to increase, both
Wopp and the orthogonal component w | are driven toward zero. In contrast to Phase I, where only

the opposite-signal direction is suppressed, the second phase also removes directions irrelevant to the
(t+1) ()

task. Moreover, when 0 < wy;q/[|w]|| < 1 and 6 > 0, the increment wg;; * — w;, never vanishes.

Hence w,;, continues to grow and eventually diverges to +oo.

Taken together, the two phases reveal a simple mechanism of feature learning: the dynamics
first amplify the signal component against its opposite direction, and then eliminate the remaining
orthogonal noise. This directly implies the following corollary.

Corollary 6 After sufficiently many steps of online gradient descent, the signal component ws;,
dominates both w,, and |w | || for every neuron. In other words, each neuron weight w aligns with
the signal direction.

Appendix B. Application to Perfect Recovery Analysis: Advantage of GCN

In this section, we consider perfect recovery from data generated by XOR-CSBM. First, we demon-
strate the existence of a parameter space where perfect recovery cannot be achieved by any algorithm.
Next, we show that in all other parameter spaces, GCN achieves perfect recovery, whereas MLP
(defined eliminated graph convolution layer from GCN) does not.

B.1. Additional Setup

Before discussion, we define the perfect recovery of the estimator, Two-Layer MLP and Two-Layer
GCN with weighted self loop.

Definition 7 (Perfect Recovery) For (y, X, A) an estimator y(X, A) achieves perfect recovery
when
lim P(g(X,A)=+4y)=1

N—oo

Definition 8 (Two-Layer MLP and Two-Layer GCN with weighted self loop)

1. We define a Two-Layer MLP as follows.

M (XY RV 5 X v 0(XW)a e RY

2. We define a Two-Layer GCN with weighted self loop as follows.
fEON(X,A): RV 5 X+ Ao(XW)a € RY

where
A=D YA+ pIy), D=ply +diag (ZAM, - ,ZAM)

Here p is the weight of the self loops.
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This definition of the MLP is derived from the GCN definition by removing the graph convolutional
layer, and we will use it to compare the MLP and the GCN. This comparison is similar to [8]. In
addition, we define the loss for MLP as follows.

N
1
IMP (Wi y, X) = ¥ > i M (X)),
=1

For simplicity, we sometimes denote f by both fMP and fGCN and L by both LM and LGN,

B.2. Impossibility of Perfect Recovery

To discuss perfect recovery of XOR-CSBM, we assume the scaling of the parameters.

Assumption 1 Consider N, K — oo, gy = log N, «, 3 and 6 are scaled as o = a - qWN’B =
b- %792/(1]\, = cwitha,b,c = O(1).

This scaling is similar to [13], [1], [14]. If we assume this assumption, the sufficiency of the
impossibility to perfect recovery will be derived.

Theorem 9 Under assumption 1, any estimator will miss-classify when

f—f>2+c<

1.

I(a,b,c) := (

To prove Theorem 9, we consider a Maximum Likelihood Estimator (MLE). MLE is the best
estimator for a classification task so if MLE fails perfect recovery any estimator fails, and when
I(a,b,c) < 1 there is a y’ with high probability such that y’ # y and the likelihood of y’ is larger
than that of y. This idea is similar to [13].

B.3. Advantage of GCN against MLP

We consider training the inner weights of MLP and GCN as online gradient descent as in section 2,
and additionally, we consider adding weighted self loop to the adjacency matrix after inner weight
learning. We denote the algorithms in Figure 1 and Figure 2. This weight balances the relative
importance between the features of a node and those of its neighbors when calculating its output.
This is mentioned in [10] and [13] optimized it in GCN with CSBM.

To analyze the condition of perfect recovery, we simplify the distribution of (w, a) and the degree
matrix in the GCN.

Assumption 2 After the online gradient descent learning of W, each (w,a) of the MLP be-

comes one of (Wgig b1, \/—%) (—wsigptq, ﬁ) (Weigt_1, \;—%) and (—wgigt_1, J—%) each (w,a)

of the GCN becomes one of (wsig i1, W), (—wsigpt1, sgn\(;;?—ﬁ)), (Wsight_15 %) and

(—wsigpt_1, %) The numbers for each patterns of (w, a) are all the same (= %). Also, we

consider the adjusted matrix with weighted self loops A + pI and simplify the degree matrix with
weighted self loops D in the GCN model as D = DI, D = M +p= % + p.

10
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From Corollary 6 and the initialization of W, a, the pair of (w, a) will converge to each pattern
with the same probability. Now K is sufficiently large from Assumption 1 the difference of the
number of each patterns will be negligible. Also about this assumption of the degree matrix, we now
consider that the average degree has O(qy) = O(log N) so it will be satisfied when N — oc.

Theorem 10 We consider MLP and GCN defined in section 2. Under assumptions I and 2,

(i) The MLP after learning with algorithm 1 achieves perfect recovery with c/2 > 1.
(ii) The GCN after learning with algorithm 2 with self loop p =

recovery when
(Va— VB +c
2

o g(a 75y 4N achieves perfect

=I(a,b,c)>1.

From Theorem 10, when L\Q/W > 1and § < 1 GCN can achieve perfect recovery while
MLP fails, so GCN outperforms MLP by leveraging the graph structure. And from Theorem 9 and

10 GCN with optimal weighted self loop becomes one of the best estimators, which is consistent
with Theorem 3.9 of [13].

Appendix C. Expectations of the loss gradients
C.1. Proof of Theorem 5

N
1 Yi 10T
Vw, L = ——= E , g o' (x wj)a;xy
N — IN(7)] v
N
1 Ak
= _N g (a:ij)aja:i

N
; i=1 ZN AJk
N N
AikyiYi iy 1 "(xT
o'(z; wj)ajz; = —— > Fi(y, A)yio'(z; wj)a;z;
Z:: <k 1 Z AJ’“) N ;

N Aiyiy;

Here we denote 3~ S A

~ExyalVwl] = EgyalFi(y, A)yio’ (z7 w)az)
L Ee e AlF (Y, Ao @] w)azi = 1]
5 Ea o AP Ao (2 w)as [y = 1
= %Eyz,~--,yN,A[F1("J>A)|y1 = 1|Eq, [y10' (x] w)az: |y = 1]

1
3B Al (W, Al = —1Ea, [0 (@] w)azafyy = —1]
The following identity holds for the expectation of the expectation of F(y, A).

11
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Lemma 11 When y ~ Unif({+1}"), A ~ SBM(y, o, ),

Eysyn,alF1(y, Ay = 1] = Ey, .y alF1(y, Ay = —1]
a—p Ap a+g\Y
ot B Na+pp? <1_<1_ 2 > )

S0, Bys o yn,alF1(y, A)lyr = 1] = Eyy .y, alF1(y, A)lyr = —1] = g sgn(a — §) and

T T

ExyalVul] = gsm(o - 6)5(Ealyo'(

= gasgn(a— B)Eqy[yo’ (2" w)a]

w)azly = 1]+ Eq, [yo’(z" w)azly = —1])

In addition, the following identity holds for the part of the expectation by «.

Lemma 12 Suppose that y ~ Unif({£1}),2 ~ XOR(py, p_1,y,0). Let wey = pl,w be the
components of iy, of w, €, = w/||w|| be the unit vector along w, and
1

Eqylyo’ (z"w)z] = 4<96ff <¢?|U;H>“l <f 2w u>

7 (o (afa) ~o ()
— | exp — eXp Ew
™ 2||wl|? 2[|wl?

Therefore, the expectation of the gradient is

~Exy.alVwl] = igasgn(a—ﬁ) (06rf(\f“ ) 96rf<\/9%T|1;||>“‘1
*ﬂ( (21102 H%)_QX <29\w\l2>> “’>
= gaVKsgula—p) ((Jﬁerf (éﬁ;n) _”“”)’”
(vt (Vo) - o =)

7= —71 (exp <—92w%> — exp (—92102_1))
V8K |w|| 2[|w]|? 2[jw||?

Here we denote

12
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From definition 4, this equation is equal to equation (1) for all the patterns of s, , (4, Also, when

the MLP

N
1
“Exy[Vu L] = Ex,y[ Zw%w?wm‘”]

T (0ert ()
2 (o () - o0 (S )) =)

~oat (gt )i

this is equal to the result of the GCN when g = 1,sgn(a — §) = 1. In conclusion, the proof of

theorem 5 is completed.
Proof [proof of lemma 11]

Eny-',yN,A[Fl (y7 A)‘yl = 1]

1
Eyo. i yn.A |:Z:§V:11431 Y1 = 1:|
v a2 ]
Zj:l Ajo
1

A [1 e, Ay [T 1]

(N —1a 1
T S [2 + 3050 A " 1]

(N—-1)p8 [ -1
k) k) 7A
Y35 YN 2+Z§V:3A2j

Y2 = —1]

1
Eyy.. A[ :1]
Y2, YN, 1—’—25\[:2 Alj yl
(N —-1)(a—p) [ 1 ]
- Eyy o ynA | ———— |92 = 1
2 Y3 YN 2+Z§V:3A2j 2

13
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Since when given y; A;; ~ Ber(—a;“g ), we denote p = a;ﬁ and
N—1
1 N -1 1
- I e
Y2, YN 1+Z§\7:2Alj 1 nZ:o ( ) 1+n
N-1
N-1 !
- S (N o [
n=0 0
! N-1 1 N
— 1 dr = — (1 —(1—
/O(px+ p) z Np( (1-p)")
N-2
1 N -2 1
- ] S L
Y3, YN, 1"1'2;'\7:31423' Y2 ot n ( ) 2+n
N-2
N -2
_ < >pn(1_p)N2n/ :I:n+1dl’
n=0 0

These results do not depend on ¥y, therefore

Ey2,--~,yN,A[F1(y7A)|yl =1] = Ey27"'7yN7A[F1(y’ A)lyr = —1]
a—f 48 a+B\Y
atB " Na+Bp <1_ <1_ 2 > )

Proof [proof of lemma 12] We denote z,, = egz and

Balyo’ (27 w)a] = §(Eaniory o (O, +2)w)(0pss +2)]
(—0py + 2)Tw)(—0py + 2)]

+E.n0,1) [0 (
—o'(Op_y + 2)"w)(Op_, + 2)]

+E.on(0,10)]
+Ez~/\/(0,1d)[—0/((—9ﬂ—1 +2) w)(—0p_, + 2)))
1
= E(EZWN(OJ)[U’WM + zy[|wl]) = o’ (0w + 2y ||w]))]0py

—E.,~vonle’ (0w + zullw])) = o' (=0w_1 + 2 |w])]0p_,
+Ezon(0,10) (07 (0w + zu|[w])) + o' (=0w1 + 20| w]]))2]
—Eznvo.1) (0" (Ow-1 + zu[[w])) + o' (=Ow1 + 20 [w]))2])

(0 () -2 ()
= —|ferf| —— |y, —Oerf | ——— | p_4
4 V2|w| V2|w|

A2 (oo () o0 (S )
—|lexp| =—= | —exp | —75 ew
™ 2[|w]|? 2||w]]?

14
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Here we used these formulas for a random variable z ~ A(0, 1) and any constants C, D

EZNN(O,I)[O'/(C + Dz) — g’(_C + Dz)] = erf <\f§D)

2 Cc?
]EZNN‘(OJ)[(O'/(C + Dz)+0'(=C + Dz2))z] = \/;exp <_2l72> )

Appendix D. Information Threshold of Perfect Recovery for XOR-CSBM

We denote the true labels as y* and the estimator as 4. The probability of failing the perfect recovery
is

P :=P(§ # +y*) = > (1-P(§=+y"|4, X)) P(A, X)
AX

= 1- Y PAX|§=+y") Py = +y")
AX

Because y* is generated with a uniform distribution in {il}d, the estimator that minimizes P,
is the maximum likelihood estimator @MLP:

gMIP = argmax P(A, X|y = z)
ze{£1}d
= argmax P(Aly = z) -P(X|y = 2)
ze{£1}V

= argmax logP(Aly = z) + log P(X |y = z) =: argmax f(2)
ze{£1}V ze{£1}V

here we used the fact that A and X are independent when given the label because (X, A) ~
XOR-CSBM. MUY fails perfect recovery when y' € {41} exists such that ' # 4y* and
fy') > f(y*). To prove 9 we show that if I(a,b,c) < 1, there exists a data point u with high
probability such that the log-likelihood increases when the label of only w is transformed.

We denote the label of only u transformed as v/,

Yo = —Yu, Yi = yi (i # w)

and the difference of the log-likelihoods are

P(Aly =y") P(X|y = y*)
fy") = fly,) = log + log
W) =) P(Aly =) P(X|y =y
g Pl =) Pl =
= og " * 0 o
P<Aiu’yu = Yy, Yi = yi) P(wu‘yu = _yu)

We evaluate P(Ju s.t. f(y*) — f(y') < 0) but it is difficult due to the dependence on f(y*) — f(y')
of each u. So we introduce some random variables to remove this dependence.

15
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First, we choose 0 N, 6y = (log N)~! elements from [N] and denote the set of these elements
as U. The probability of u € U/ does not depend on u. Second, we define random variables with this
U

Waim Y log ol = Yavi = vi) P(@ulyn = u3)

* O -
et Py = gy = yy) P(ulye = —u)

Ju — Z log ( zu‘yu yu;yz yzi ’ J := max Ju
e P(Aiulyu =~y vi = y§) ueld

It is easy to show that f(y*)— f(y!,) = Wy +J, and for each u, v’ € U, W,, and W,/ are independent

and W,, and J are so on. We decompose the event {W,, + J,, < 0} as {W,, < —(ngn N Jy <

(nvgn}, (v = (logloglog N)~! and

Par > PQusit ")~ 1) <0) = P( J W+ s <0})
u€[N]

IP<U Wy +Ju < 0}) > P(U{Wu < —Cngv N Ty < CNQN}>

uelU ueU

v

v

P({J <(nvantn [J{wa < —CNqN}>

uel

= P({J <(van})- P< U < —(M]N})

ueU
We use the following lemma on these probabilities:
Lemma 13 Under assumption 1,
(i) We denote (i, = (loglog N Y=L There is a constant C that satisfies

P((J < Cyaw)) = 1— SN
N

(1+0(1)).

(ii) For any constant 5>0

P( U < —CNqN}> > 1 — exp(—dy N1 1(abe)=d)
ueld

Therefore, if I(a,b,¢) = 1 — e < 1, we choose § < € and

P > P({JschN}>-P(U{Wus—chN})

ueU

> (- ngv (14 0(1))) - (1 — exp(—dy N1 (@b=D))
N

_ <1—%(Hoam-(1—exp<—6NN€-5>> .
N N—oo

so we conclude that the MLE fails to perfect recovery.

16
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D.1. Proof of Lemma 13

Proof [proof of (i)] In this proof, we assume a > b but if @ < b the same result will be derived.

P{J < {nan})

—P({J > Cvan})

> 1-P{|J] > (nan})
> 1 Eyualldll
- CNgN

In the last line, we use Markov’s inequality. If we prove

Ey-u,all7]] < Clvan (1 +o(1))

then this proof will be completed. So we now prove this upper bound.
For any real number ¢ > 0,

Eysaltld] < Eyoa [tmaxuu@
(=

~ Byt |osexpltmasl )]
uel

IN

logEy« 14,4 [exp(t max | Jy| )}
uel

log By 14,4 [Z etlJu] = log By

uelU

IN

> Eale™

uel

y*,u}

We estimate E 4 [e!l7#l| y*,1]. We denote ny. = #{u € U|y;; = +1} and when y}; = +1 from the
definition of J,, and the distribution of A on XOR-CSBM,

(oo (2] v
A S
= ( + IV ( 4 —ta—b)+0()>>+

<1 Cﬁj(b(‘g)t Ha —b) +o(1 )))n
a)t—t(a—b)+0(1))> .

Ea [etu"l

y*,U}

VAN

log

N
o
e}
o
R
(%9
=
=
=
A/~
S
VRS
<> |

17
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In the last inequality, weuse 1 + x < e*andny +n_ — 1 =06yN — 1 =IyN(1+ o(1)). The

same upper bound is derived when y;; = —1, and this upper bound does not depend on y* and U so
a\t
Ey«u,alt]lJ]] < logdnN exp <5NqN <a (6) —tla—0b)+ o(l)))
t
= 4N (1 +o(1) + on (a <%> —t(a —b) + 0(1)))
14 o0(1 a fa\t
Braaldl] < ax (P iy (3(3) - -0 +o))

When we choose t = (log, , log N)~! =loga/b/loglog N,

/ 1 1
Ey-u.allJl] = anCy ( 1022(/17) + logaa/b B
= CanCy(1+0(1)).

In((a—0b) + 0(1)))

Proof [proof of (ii)] Because (v — 0 when N — oo, for any constants §; > 0 there exists Ng > 0
such that

IP><U {w, < —CNqN}> = 1- IP><ﬂ (W, > —quN}>

weld ueU
= 1-]] P({Wu > —CNqN}>
uel
- 1- H (1 -P({W, < —Cnan}))
uelU
> 1- ] 0 =PEW. < —b1gn}))
ueU

for all N > Ny. We use Theorem H.5 in [1] to estimate P({W,, < —d1qn}), we calculate the
moment generating function of W,,.

P(Asulyu = viyo yi = y5) .

Ey*,M,X,A[etW“] = Eyu |Ea |exp [t Z log — — y*, U
e PAiulye =iy = 47)
P =y
x Ex [exp <tlog (@ulyn Z/uz >‘y*,l/{”
P(zulyu = —y3)

P(Azu|yu = —Yu,Yi = yz)

i

= Eyy |[Ea [exp | Z log
1€[N\U

P(muwu = yZ) )
P(zu|ye = —v})

X Eg, [exp <t log

We use the following lemmas on these expectations:

18
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Lemma 14 Under assumption 1,

P(xy|y, = y3) )
P(y|yu = —y})

E., [exp <t log

yZ] = 28(—t0)?[exp(t(t + 1)0*)®((t + 1)0)
+exp(t(t — 1)6%)®((t — 1)0)]% + o(1).

Lemma 15 Under assumption 1,

P(Aiu|yu = i i = yi) U

E,,* E t 1
y* U A |exp Z og P(Aiu|yu — iy = y;“) Yy,

1€[N\U
, N N—6xN
_ N o a (Y (2
= (1 ON (a a(b) +b b(a) +0(1)))
So,
1 1 a\’ b\ 2
——logE[e™] = <a—a(> +b—b(>>—lo D(—tf
logBle™] = 3 ¢ 7)) - tog(a(-16))
2
e log(exp((t + 1)0*)®((t + 1)0) + exp(t(t — 1)6*)®((t — 1))
N
. . —ct(t+2)+o(1) >0
1 a b
= la—aly +b—0b o + 4 —2ct(t+1)+o(l) -1<t<0
—c(t? —1)+o(1) t<-1
=: I(t,a,b,c)
Here we used x — —o0, log ®(z) = — % +0(1). Since both of these two terms take their supremum
att:—%,
—+/b)?
sup [I(t,a,b, )] = 2 \2[) T o(1) = I(a, b, ¢) +o(1) .
teR

Since I(t, a, b, c) is a convex function of ¢ we can apply Theorem H.5 in [1] to P({W,, < —d1gn'}),
then

1
lim —logP({W, < —dign}) = —sup(—dit + I(t,a,b,c)) .
N—oo gN teR

This equation is satisfied for all ¢; > 0 and the right hand side will be — sup;cp / (t,a,b,c) =
—I(a,b,c) when 6; — 0, so for any § > 0 there exists N > 0 such that

1 . .
— logP({W,, < —d1gn}) > —0 —sup I(t,a,b,c) = —§ — I(a,b,c)
qNn teR

for all N > Nj. Therefore, for all N > max(Ny, N1)

(U < ~cvand) = 1= ] (1~ esn(-anti(ob.o)+8)

vl ueU
= 1- (1 _ Nf(f(a,b,c)fs))dzvN

> 1—exp (75NN1—I(a,b,c)—5)>
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then this proof is completed.

D.2. Proof of Lemma 15
Proof For given y*,U, we denote ny. = #{i € [N]\ (U Uu)|y}y; = £1}.

Ea |exp | ¢ Z log ( zu‘yu Yu> Yi yz) y*,Z/I

e\ P(Aiulyu = —y3i yi = v])
PAZU i — Yu ! " PAZU i u ! "
= ]EAiuNBer(a) w EAiuwBer(ﬁ) Lfy)
P(AW‘?JZ a yu) P(Azu‘yz = yu)

((5) 0 (=5)) (@) oo (=))

Because of the distribution of y*, U, P(n, = k) = Q(N_iléNN) (V725N Therefore,

P(A; =¥ oy =yt
Z 10g E41u|yu_ yu;y’b _ylz y*’u
P(Asulyu = ¥y ¥i = ¥5)

X(“(ZY*“‘“)G:QDM <6<§>t+<1_6> (i:g)t)
<ﬁ>t+1—/3<1—/3>t>N5NN

a 7

— (1—51]\\;(a—a(z>t+b—b<Z)t+0(1)>>N—6NN

and the proof is completed.

D.3. Proof of Lemma 14
Proof Using the distribution of X in XOR-CSBM,
P(zu|yu = ys) oxp(—[[@u — Optye IP/2) + exp(— |y + g,y | /2)
lo ~ = log 5 5
P(@ulyu = —y3) exp(—[ley — Oy [12/2) + exp(=[|l@u + O, [[/2)

T
cosh 0x;, p, -

coshfxlp_,.

20
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T t
P(@ulyu = y3) cosh bz, .
Ex |exp (t log u y| =B, || ————2 | |¥*
|: ]P( u‘yu - _yu) * COSh ngl,l,_yz
Because x,, ~ %N(Quy;, I+ %J\/’(—Huy* , I ;) the expectation is

E cosh Oz p,- \*| |
o | \coshtmlp ) [V = 2Fevion)

v
+5 EzNN (0,1,)

cosh(#? + 6z7 oy )) |

cosh(0zT'p_.)

cosh —02 4 02" oy )
cosh(0zTp_.) >

cosh(6? + 0¢)
- ngngol) [( cosh(6() ) ]

cosh —0? + 6¢)
cosh(6() )

= Eeopn(o,1)[(cosh( 92 +6€))"] - E¢nr(o,1)[(cosh0¢) ™ 9.

From assumption 1 6 = @(q]lV/Q) and cosh(62 + 0¢) ~ e19+¢l cosh ¢ ~ 1<, so
coshfxlp, . \? 1 o0
E | |y — 22 —10¢)d
o [(Cosht%cguy;> y ] o {/0 exp(—¢~/ ¢)d¢

+/0 exp(—§2/2+t9C)dC]

—0o0

+5 Eg C~N(0,1)

1

X UOO exp(—£2/2 + t6% + t0€)d¢
-6

-9
- / exp(—£2/2 — t6* — t&f)dg]

—0o0

— 20(—th) [et(t+1)92<1>((t F1)0) + VP (1 — 1)9)}
|

Appendix E. Informational Lower Bound of MLP and GCN

We prove that there is a sufficient condition that MLP and GCN predict true labels for all of the test
data. We keep in mind the models we learned in Algorithms 1 and 2, but we use neurons and self
loops defined in Assumption 2 and Theorem 10.

For an estimator ¢ the probability of perfect recovery is

P( () {senly) =sen(@)}) =1 —B( | {wigi <0) > 1 Y P({ysdi < 0}) .
1€[N] 1€[N] 1€[N]

Here we used the union bound. If all P({y;9; < 0}), € [N] decrease more quickly than N~}
when N — oo, the right hand side will converge to 1 when N — oo and the perfect recovery will be
achieved. The following proposition claims that the MLP and GCN satisfy this order condition for
the given parameter condition.
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Algorithm 1 Learning MLP

Input: p‘l, /1/_17 a7ﬂ7 0
Initialization: w; ~ N (0, I),a; ~ Unif(+1/VK), Vj € [K]
Learning Step:
while ¢ < T do
(¥, X, A1) ~ XOR-CSBM(py, p_y, @, 3, 6)
WD . w® _ nVW(t)LMLP(W(t);y(t),X(t))
end while
Prediction Step:
(y,X,A) ~XOR-CSBM(py, p_4,,f3,0)
Output: sgn(fMF (X))

Figure 3: The learning algorithm for MLP

Algorithm 2 Learning GCN

Input: g, pn_,,0,5,0
Initialization: w; ~ N (0, I,),a; ~ Unif(£1/VK), Vj € [K]
Learning Step:
while ¢ < T do
(y®, XM AD) ~ XOR-CSBM(puy, p_y, a, 8,6)
WD o w®) _ nvw(t)LGCN(W(t>;y(t),X(t),A(t))
end while
Prediction Step:
(y,X,A) ~XOR-CSBM(p,, p_4,,f3,0)
A+—A+pIn
Output: sgn(f°°N(X))

Figure 4: The learning algorithm for GCN
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Proposition 16

(i) Let us think of the MLP after learning with algorithm land denote its output as QMLP. Under
assumptions I and 2

R qu log P({y;gt"" < 0}) = — ¢

(ii) Let us think of the GCN after learning with algorithm 2 with the self loop p = log?ﬁq N and

denote its output as @GCN. Under assumptions 1 and 2

lim — log P({y;55N < 0}) = —I(a,b,¢) .

N—oo N
Roughly speaking, this proposition argues that P({y;gM™" < 0}) = exp(—qn - §) = N~ 3 and
P({y:9SCN < 0}) = exp(—qn - I(a,b,c)) = N~ Ha:be) g0 the MLP achieves perfect recovery
when § > 1 and the GCN does when I(a, b, c) > 1.

E.1. Proof of Proposition 16

Proof [proof of (i)] We denote h = ylgﬁ\/ILP for simplification. To use Theorem H.5 in [1], we
calculate this moment generating function

K
Elexp(th)] = Ey x .w al[exp(th)] n Y o(@lwi)a
k=1

Under the assumption of (wy, ai), the expectation of W, a becomes
ylt\/fw ;
Ew alexp(th)] = exp <4 (1ol - rm?u_n))

Here we used o(x) + o(—x) = |z|. We don’t care the scale of ¢ so we rewrite %t as t, and the
expectation of remains is

Blexp(th] = § (Baeion |exp (10027l ~ =) )|

— +Eeeion [op(#(- 0+ 2l - 1)) |
= +E. w01 [exp(—t(’ZTﬂﬂ — 6+ ZTM_ﬂ))]
1
= 1 E.n0,1) [GXP<—75(’ZTHJ1| — -0+ ZTN—lD)})

= E. v, [et‘eﬁl} “E. a0, [e_t‘zq

We use the following formula for a random variable z ~ N (0, 1) and any constants C, D
2
E.non[eC* P = e T (¢“PO(C + D) + e “Po(C — D))
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so, we rescaled ¢ as x = t/,/qn and

Elexp(th)] = 2" ®(—t)(e?®(t+ 0) + e (¢t — 0))
—ilogE[exp(th)] = —z?— L1og O(—z+/qn) + 0o(1)
qN gnN
—(;V log(e"™Y N ®((x + /) \/an) + e VN B((x — Vo) )
2 Jex+o(l) x>0
= (-2 —\ex+o(l) —\e<z<O0 .
—Zpcqo(l) t<—ye

Here we used for z < —1, log ®(x) = —% + O(1). Since this function is convex and its supreme
is — 35, the proposition is proved by Theorem H.5 in [1]. |

Proof [proof of (ii)] We denote h = yig)iGCN for simplification. The key idea of this proof is the
same as the part of (i) and we calculate this moment generating function

N K
ZZ o(aj wi)ar .

1 k=1

Elexp(th)] = Ey x.4,w alexp(th)]

U\‘f

With the same calculation as part (i), the expectation of W a will be

Z/lt\/>’w
Ew alexp(th)] = exp [ F— == Zz‘hg @] | = ] )
J=1
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We rewrite %t as t, and the expectation of remains is
N
Blexp(in] = By [Eax |exp(e Y Al - el v
j=1

= E, [Eml [eythNS(\mjruﬂ—\mfufﬂ)

Y

N
tAL(|2T py|— 2T p_
XHEAU,G:]‘ [eyl ([ pyl—lzs 1|)|y}
Jj=2

_ E(Ezl ML) [eths(\e+z1Tu1|—|z{u,1\)}
2 ~. )

1 ) T 1 _.T
« |:2EA12,ZQNN(O,Id) |:etA1J(\9+zz pil—lz5 n_q]) |y1 — 17y2 — 1}

TN-1

1 1aT | T
+ §EA12,z2~N(O,Id) [6tA1J(‘z2 pal =16+ 22 ) |y1 =1y = _1]

_ T, |_ T
'HEleN(O,Id) |:6 tans(|z7 py|—=10+27 p_q|

[e_tAlj |0+23 py|—123 1yl

1 -
X |:2EA12,Z2NN(O,I(1) )|y1 = _1’y2 =1

N—
+ EEAH z2~N(0,14) [e_tAljuzgul‘_‘9+Z2Tu71|)|y1 =—-1,y0 = _1H 1)
2 ) k] ?

_ E, N(OI)[etqwsaﬂz?ul\—\z?u,ln}
1~ s>4d

a+h  «
X |:1 — 9 + §]Ez2NN(07Id) [et(

|9+zgu1\—\zgu71|)}

N-1

4 gEzQN ML [e—t<|6+z§u1|—|z%u1>ﬂ

Because 21,z ~ N(0,1,), 2T puy, 2Fu_1, 23y and 22 pu_ are generated independently with
N (0, 1). We use the same formula as the part (i) and the expectation becomes
Elexp(th)] = 2et252q12\'@(—tsqN)(etsanqJ(tsqN +0) 4 e N D (tsqy — 0))
X [1 — aTJFB + ae” B(—t) (D (t + 0) + D (t — 6))

+BD(—t)e” (e PD(—t + ) + P D(—t — 9))} M
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-1 1
—logE[exp(th)] = —t?s’qn — — log ®(—tsqy)
anN aN

1
v log(e"*%N & (tsqn + 0) + e W D(tsqy — 0))

b
O B (1) (D(t + 0) + e D (¢ — 6))

—bD(—t)e!” (e PDB(—t + 0) + ?D(—t — 0)) + o(1)

1
= —22s> — —log ®(—xs\/qN)
aN

— L g (VRN B (25 £ VO VAN + e VN D (25 — /O)VAN))

qN

Here we define a new variable x = t/,/qn and

1
Ii(z) = —a?s*— q—log O(—zs\/qn)
N
1
L log(e" V(a4 VO)) + e (s — V) i)
4N
a+b =2 < x >
I(x) = —eiND| ———
X|a(e™VeP + «/ch> +e <I>< - \/CQN>>
[ < <\/QN VAN
+b (e‘m\/g(b(_x + «/ch> + em\/E<I><_x — \/ch>>}
VAN
With g, 6 > 1 from the assumption 1 and for z < —1, log ®(x) = —% + O(1), I and Iy are
—a’2282 —zsy/e+o(l) x>0
Li(z) = { —22s2 —2asy/c+o(1) —% <z <0
Py eto(l) o<
a+b  ae®Ve 4 bhe Ve
Lir) = ——- 5 o(1)
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_ 2 ) . )
M, which is attained at

Therefore, the upper bound of —i log Elexp(th)] is I(a,b,c) =
T = —%. Because [ (x), I2(x) are convex function, with Theorem H.5 in [1],
1
lim —logP({h < 0}) = —sup({i(x) + I2(z)) = —I(a,b,c)
N—oo gN z€R

and this proof is completed. |

Appendix F. Experiments

Learning Dynamics of GCN Figure 5 shows the results of the neuron dynamics observed in
simulated training of the GCN with the offline gradient descent and numerical solutions of (1). From
Figure 5, although the solution in (1) differs from the experimental results in the latter part of the
experiment, we confirm that there are two phases. In Phase I wy;, increases exponentially, w
decreases exponentially, and w | dose does not change. In Phase I w begins to decrease, and wg;,
continues to increase but the rate of increase slows down.
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(a) homophilic case (o« = 0.15, 8 = 0.05)  (b) heterophilic case (o« = 0.05, 5 = 0.15)

Figure 5: The dynamics of wig, wopp, w . N = 1000,d = 500, K = 500,60 = 1.5,n = 1. The
solid lines are the averages of |w; sig|?, |w; opp|?, ||ws, 1 ||* and the dotted lines are the
numerical solutions of (1).

Experiments of Perfect Recovery Figure 6 shows the accuracy of the MLP, GCN, GCN with
optimal self loops. To see the perfect recovery we used models with parameters of 2. The white areas
are where no estimators can achieve perfecta recovery, the light gray areas are where only GCN with
optimal self loops achieves perfect recovery, while the dark gray areas are where both GCN with
optimal self loops and MLP achieve perfect recovery.

Although perfect recovery has not been achieved because we are considering a finite NV, Figure 6
shows that the GCN with self-loops outperforms the MLP. In addition, Figure 6 indicates a regime
where the GCN outperforms the MLP even without self-loop optimization. Because perfect recovery
is impossible for any estimator there, understanding finer notions of performance, such as prediction
accuracy below the perfect recovery threshold, remains an important open problem.
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Figure 6: The accuracy of MLP, GCN, and GCN with optimal self loop. For N = 500, d = 200 and
fixed a, b, we calculated the accuracy varying 6. We generated test data 1000 times and
calculated the accuracy, and plotted the average and standard deviation. The white areas
are where no estimators can achieve perfect recovery (I(a, b, ¢) < 1), the light gray areas
are where only GCN with optimal self loops achieves perfect recovery (I(a,b,c) > 1 and
5 < 1), and the dark gray areas are where both GCN with optimal self loops and MLP
achieve perfect recovery (5 > 1).
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